REMARKS ABOUT A
“GENERAL SCIENCE OF REASONING

Comments on Peter Clarke’s « Frege, neo-logicism and applied mathematics ».

Michel PATY

1.

As | amnot at all a specialistof Gottlob Frege’swork, my commentsintended
initially to befocusedon anaspecthatemergegrom the lastpartof PeterClarks’s
paper« Frege,neo-logicismand applied mathematics 31, where he treatsthe
guestionof « appliedmathematics »an aspecthatappealedo me and that was
triggeredby Frege’srelationshipbetweennumbersand concepts,and reasoning.
Starting with this concern,l have beenled by my subjectto propose some
considerationgboutfoundationsandrationality which will go — briefly - in two

directions.Thefirst direction is that of a distinction between logical and rational
foundationswhilst the seconddirectionis thatof takinginto accountasa factthe
historical developmentof mathematicsamongthe sciences,which modifies the
termsof anyfoundationaprogram.In delineatingtheseconsideratios, | found that
what | had in mind could apply to mathematicsitself as well as to « applied
mathematics »thus deviating somewhatfrom my first explicit purpose.In

conclusionl shallconsiderthe possibility of a rational foundationprogrammefor

mathematicahndphysico-mathematicaciencesvhich would takeinto accountthe
changesn thescientificcontentandthewideningsof the forms of rationality that,

in my view, makethesechangegossible.Suchfoundationgor knowledgewould

not be any more static, but dynamical and would be possibly consideredonly

retrospectively. theywould be « forward foundations »jn a sensethatwill be
discussedh detailelsewher&

F. Stadler(ed.),Inductionanddeductionin the sciences
Kluwer, Dordrecht, 2004, p.185-193.

1 PpeterClarke,« Frege neo-logicismandappliedmathematics, in this volume.

2 Michel Paty,« Desfondementsersl'avant. Sur la rationalitédesmathématiquest dessciences
formalisées», Contributionto the ColloqueInternationak<Apergusphilosophiquesn logique et

en mathématiquesHistoire et actualité des théories sémantiquest syntaxiquesalternatives»,
Nancy,30 sept.-4od. 2002 (forthcoming).



2.

Let us first start from Frege’s concernswith his logicist programme for
mathematicsand for science3. According to him, the logical foundation of
arithmetic(if it werepossible,which he hoped)would entail thatarithmeticcanbe
seenasakin to a generalscienceof reasoningaboutobjects.This is madeevident
by PeterClark’s statement: « To the question“Why does arithmetic apply to
reality ?”,thelogicist providesthe clearanswer *becauset appliesto everything
thatcanbe thought”. It is the most generalsciencepossible. »And PeterClarks
emphasizes« In the simplestcasefor which the questionarises— the application
of cardinalnumbers- [Frege’s] solutionis that arithmeticis applicableto reality
becausdhe conepts, under which things fall, themselvesfall under numerical
concepts. %

A questionarisesat this stage: is not this strong connexion- a quasi
identification — betweenconcept and number, related to the fact that Frege’s
conceptionof knowledgeis, asfar asl know, a pre-kantianrealism,accordingto
which objectghataredescribedy thoughtcorrespondlirectly to objectsthatexist
in reality ? And objectghatexistcanbe counted this beingtheir first qualification.
Thoughtwould begin by couwnting, and it would be possible for thought to
construceverythingfrom numbers.

To this rathersimple view, one can object that the entities that are
describedby scientific thought (mathematics,physics, etc.) are never known
directly, but through our mental and conceptualelaborations :the conceptsby
which we representthem are not only numerical ones. They are symbolic
representationgndnot all symbolsarenumbers.Relationsof symbolscan make
sensewithout beingrelationsof numbers(suchare, for example,letters of the
alphabetclusteredin wordsP. Numbers,as such, are too restrictedto be ableto
represenanykind of possibleobjects.Evenif we restrictourselvedo mathematical
— and « applied mathematical »- knowledge we see that other types of
mathematicaéntitiescanbe invokedto expressconceptavhich areof the quantity
type and of the continuousquantity type, for example geometricor algebraic,
includingdifferentialonesfor continuityandchange Moreover thesequantitiesare
notonly relatedto « measure fin themeaningof theword in XVII" century,i.e,
proportions ratios),butalsoto respectivepositions(as Descartesaid, « order »,
in his 1627Rulesfor thedirectionof themind) ; or, asRiemannwrotein his 1854
Dissertation on the foundationsof geometry speakingon the properties of
manyfolds,theyarenot concernednly by metrics,but alsoby topology(analysis
situs).

3 Gottlob Frege,Die Grundlagender Arithmetik. Eine logisch-mathematischentersuchungiber
denBegriffder Zahl, BreslauW. Koebner1884 (Engl. transl.by J.L. Austin, The Foundationsof
Arithmetic, Oxford, Blackwell, 1950. Frerch transl. by C. Imbert, Les Fondementsde
l'arithmétique Paris, Seuil, 1970); Gottlob Frege,Ecrits logiqueset philosophiquestransl. in
Frenchfrom GermanpParis,Seuil,197 ; J.vanHeijenoort,From Fregeto Gédel.A sourceBook
in MathematicalLogic (1879-1931)Cambridg€Mass.),HarvardUniversity Press,1967.

4 PeterClarke, ibid.

S |t is true that Fregehimself considereca more generalsymbolic notation than pure numbers
(ideography).



As to the applicability of mathematicsit is directly connectedwith the
various possibletypesof magnitudesor quantitieswhich can be usedin the «
application » field (for instance,physics). Take, as an example,geometrical
reasoningand,in particular thequalitativestudyof curvesrepresentedby systems
of differential equationsasinauguratedoy Poincaréattheendof XIX th century.
Exact solutions, with numbers, are overrunnedby qualitative ones, which
reasoningcan grasp much more powerfully. This shows how mathematical
reasoning(and by way of consequenceagasoningn other sciantific disciplines
where mathematicalthought is used) is not restrictedto numbers. To these
considerationspn canadd quantumtheory, be it quantummechanicsor quantum
field theories,andthe mathematicghat goeswith it, i.e. statevectorsof Hilbert
spacendlinearoperatorgctingon themwith theirnoncommutingpropertieslt is
difficult to reducesuch conceptualentities merely to numbers.They actually are
consideredin their complex mathematicalform, which entails their relational
capacitieshy mathematician®r theoreticalphysicists(and evenby experimental
physicist8) whentheythink aboutthemandoperatewith them And the common
remarkthat« everythingendsinto numbers» if we evoke,for instance nhumerical
approximationsfor the solutions of equations,or for the comparisonswith
experimentatiata,or computerbinarycalculationgor simulatingproblems,is not a
satisfactoryanswerto the questionof the intelligibility of such mathematicalor
mathematize@ntities,becausdt is a practicalandnot a principle andfoundational
one.

Theimpossibility to found mathematicsand evenarithmetic, on pure
logic, is atleastcoherenwith suchastateof thingswhoseconsciousnessomesto
usfrom thelessonsof mathematicahndphysicemathematicateasoningractice.

3.

After this preliminary comment let us come to the logic-versus-reason
considerationThe basicquestionaboutFrege’sprogramseemsto me to be the
following : is reasor(generallyspeakingasthe mentalfunctionfor understanding)
to be fundamentallyidentified with logic ? (andconsequentlyfo arithmetic ?)As
we know, theansweris : no ; becausalreadywith mathematicsve cannotidentify
mathematicalreasoningwith arithmetic alone (or refer to it alone)as we have
arguedandevenlesswith logicalone,asGoédel'stheoremdemonstrates.

The questioncan also be consideredfrom the point of view of the
intellectualactivity in the mathematicafield for which many mathematicianseea
kind of duality andcompettion betweenogic andintuition, the first corresponding
to therequirementf rigor, the secondo the procesgandnecessitypf invention.
Mathematical theoriesare theoriesabout some mathematicalcontent, and this
mathematicatontenthasnot beengivenby purelylogical operation®f the thought.
It impliessomeintuition, for its inventionaswell asfor its understanding intuition

6 Michel Paty,« Theconcepbf quantumstate newviewson old phenomena, in A. Ashtekar,
R.S.CohenD. Howard,J. Renn,S. Sarkar& A. Shimony(eds.),Revisitingthe Foundationsof
RelativisticPhysics: Festschriftin Honor of John Stachel « BostonStudiesin the Philosophy
andHistory of Science »Dordrecht, Kluwer, forthcoming.
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is aword —indeed a concept-thatmanymathematicianandtheoreticalphysicists,
andalsophilosophersyusesincethebeginningof philosophy,with a meaningthat
is not fixed from oneto anotherandthroughthetimes. This is one of thereasons
why thelogicistswould like to evacuatet from the languageof metamathematics,
and most contemporaryphilosophersfrom the languageof the philosophy of
knowledge But its permanenusethroughthetimes— evenwith variedmeanings,
from Aristotle to DescartesKant, Poincaré Hilbert, Weyl, Einstein-, testimonies
thenecessityf havinga philosophicakconceptto maintan an aspecof knowledge,
andof eventhemostpreciseandexactknowledge which escapemerereductionto
logic.

Poincaré’s statements about the opposition between the two
mathematicablispositionsof logic and intuition are well known : « Logic is for
demonstrationintuition for invention ». To Poincaréageometemwho would lack
intuiton would be in the samesitation as a grammarianwho, althoughhe would
know all of grammar,would lack ideas. Hilbert himself expressedomesimilar
ideas,which appess interestingand significantas comingfrom the pioneerof the
axiomatizationof geometry.He stated,in 1922, with a referenceto Kant, thatthe
sound matter of mathematicsis given independentlyof any logic and that
consequentlymathematicswill never be founded by logic alone, evidencing
henceforththe reasonof the failure of Fregeand Dedekind (this being statedten
yearsbeforeGodel’'stheorem)To him, Hilbert, on the contrary,« the beforehand
conditionfor applyinglogical reasoningss the preenceof somethinggivenin the
representatiorsomeextralogicalobjectswhich intuitively happerno be thereasan
immediateexperiencepreviousto anythought.(...) If thelogical deductions to be
madefirm, it hasto bearon objectswhich canbe grasgd by all their sides, and
which are such that their distinctive signs, their reciprocal relationships be
identifiable with them, as somethingwhich is not reducibleto anythingelseand
whichdoesnotneedt. »8

The non reducibility of the mathematicatontent(i.e. what is givenin
themathematicatelationships}o purelogic entails,in my view, thatintuition in the
senseof PoincaréandHilbert pertainsto reasoning in no caseit is erasedunder
psychological considerations.For these mathematicias (as for the physicist
Einstein), intuition is a kind of synthetic apprehensiorof the given by the
understandinghis apprehensiofully pertainingto whatwe call reasoningwhich
refersto « rationality ».

In a way, that one has to hold on both logic and intuition in
mathematicateasoningdespitehe oppositionof thesetwo functionsof the mind,
pointsat the factthata structureccontentof knowledgecannotbe renderedby its
structurealone.Thetheoreticaland conceptualcontentof mathematicqor of any
rationalknowledge)cannotbe generatedy its logical structurationActually, it is
somethingmoreof the contrary :althoughwe canrecognizea posteriorithat the
structureis co-generatedvith the content,in our knowledgethe structurecomes

7 Henri Poincaré, « La logique et lintuiton dans la science mathématique et dans
I'enseignement »|.'Enseignemenimathématique 1, 1889, 157-162 (Repr. in Henri Poincaré,
CEuvres Paris,Gauthier-Villars(11vols., 1913-1965)yol. 11, pp. 129-133.

8 David Hilbert, « Neubegriindungder Mathematik » (1922), in David Hilbert, Gessamelte
AbhandlungenBerlin, B. 3, 1935.



posteriorto the mathematicatontent.To us, thelogical structurecomesout from
thecontentoncethe latter is producedand madeknown to us : the (mathematical)
content shows itself endowedwith a logical structuration.When dealing with
knowledge , we must considerthe effective sciencewhich is producedand made
intelligible, andwhenconsideringt, one cannotescapehe factof mathematicabr
scientific invention or creation. Even if mathematical reality (taken as all
mathematicatontentsakentogether)or physicalreality (thatoneto which physics
is refered,in the « real,external,world ») areconsideredeparatelffrom human
mind and objectivated,as knowledgethey are the productof intellectual mind
activity. Any « foundationalprogram», and the logical one itself, is a program
abouta givenknowledgeand cannotignorethesedimensionsof knowledge.The
invention processfrom which the (mathematicalor else)knowledgecontent has
beenissuedprecedegherecognitionof its logical struduration.Onecannotinvent,
when reasoning,with logic alone, even if logic is implicitly presentin this
reasoningFor reasoningoperatesvith objects, statementssymbolsthat are not
univoquelygiven, neitherat the startnor in the courseof its opeation. The mind
(its function of understandinghasto chooseand eventuallyto connectbetween
thementities (propositions)that were previously unconnectedThe mathematical
philosopherJeanCavailled statedsomethingof this kind in his 1938 Doctoral
dissertation, Méthode axiomatique et formalisme. Essai sur le probléme du
fondementesmathématiques « Mathematicss richerthanlogic, insofarasit is
aneffectivethoughtandanyeffectivethoughtsupposespplyingabstracthoughtto
anintuition »10, « Torejector to foundatheory » hewrotein his Remarquesur
la formation de la théorie abstraite des ensembleghis complemetaryDoctoral
dissertation)« is neitherdefinitive nor devoidof degrees (...) it cannotbe done
simply by logical investgation ;(...) the pragmaticconsiderationsf the militant
mathematicianell thelastword »11. Asfor him, accordingto anothemathematical
philosopherpy theway a Cavailles’disciple,Jean-Toussaimesanti,« hewanted
to catchthe“mathematicakxperence”,in its necessarynouvemenof constitution,
andin it, consubstantialo this necessityJogic itself »12. And Gilles-G. Granger
(also a former Cavailles’ disciple) emphasizeghat for Cavailles,the historical
developmentof mathematicsis rational and there is an objectivity of the
mathematicalbecoming,while noting the fascinating paradoxof the history of
mathematicswhich is at the sametime imprevisible and rationall3 Cavailles
himself, who hada spinozianinspiredconceptionof animmanentdevelopmenbf
mathematicsstatedin his posthumousbook Sur la logique et la théorie de la

9 JeanCavaillés(1903-1944) prematurelycarriedoff by deathin the Nazis’ handsin occupied
FrancewherehehadaleadingResistancectivity, wasa philosopherandlogician.

10 jeanCavailles, Méthodeaxiomatiqueet formalisme, Essaisur le problémedu fondementdes
mathématiquegThesis, 1937, 1* ed, 1938), Introductionby Jean-ToussainbDesanti, Prefaceby
HenriCartan,Paris,Hermann,1981. (My emphasisMP).

11 jJean Cavaillés, Remarquessur la formation de la théorie abstraite des ensembles
(Complementarylhesis, 1937, 1% ed,1938),in JeanCavaillés,PhilosophiemathématiquePreface
by RaymondAron, Introducton by RogerMartin, Paris,Hermann 1962, pp. 23-174.

12 jean-ToussainDesanti, « Souvenir de Jean Cavaillés », in Jean Cavaillés, Méthode
axiomatiqueet formalisme.Essaisur le problémedu fondementdes mathématiqueg1981 ed.).
Introductionby Jean-TossaintDesanti,Prefaceby Henri Cartan,Paris,Hermann,1981.

13 Gilles-GastorGrangerSciencelangage philosophie Collection « Penservecles sciences,
EDP-SciencedRaris, 2003, chapteon « JeanCavailléset I'histoire », pp. 76-84.
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science that « the true meaningof a theory doesnot standin an aspectthat is
understoody the scientisthimselfas essentiallyprovisional, but in a conceptub
becomingwhich cannobestopped»14.

4.

We couldtransformFrege’sworry aboutidentifying reasoningwith dealing-with-
numbersnto thefollowing one: doesreasoningn generalhavea direct connection
with mathematicalreasoning ?We consider the question, this time, taking
mathematicasanykind (andall thekinds) of mathematicatheoriesand concepts,
thosewhichareknownto us, but alsotakinginto accountthe fact, toughtto us by

the effectivenessof mathematicsas Cavaillésrecalled,that mathematicsare not

closedand that more mathematicsare to be invented. We are temptedto say,
pursuingtheparallel :moremathematicshroughmorereasoningsmorerationality

modes, which are to be invented with them. For reasoning,and rationality,

consideredh generalis (possibly)akin to mathematicateasoningwhich includes
the extension(by the creativity of the mind) of mathematics(inasmuchas
rationality, in its exercising,implies the extensionof what we are usedto call

rationality,or modes of rationality).

It is clear,from all what precedesandfrom manyotherconsiderations
whichwe cannotexhausin this shortspace thatreasoninggitherin mathematics
or generallyspeaking,is definitely not to be identified with logic becausdogic is
too restrictive and cannotby its only exercise,when one is reasoningabout
somethingmodify or generatehe premises.for examplewhen building theories
(mathematicabr physicalones,or otherkindsof theories).

Thatreasonings not reducedo logic, or evenis not basedon logic,
doesnot mean,clearly, that elaboratingscientific theorieswould be illogical for
that.Logicis still presentpeit implicitly, asa kind of regulation,a criterion along
thepathof the« working thought»15> which makesemergeknowledgesandforms
of knowledge.Actually, we areno more, with this kind of considerationsin the
domainof foundationsof knowledgein the usualsensethatconsiderdoundations
thatwould be alreadygiven, but in the domainof the extengon (or growing) of
knowledge.A questionariseswhetherone canspeakagain of « foundations»
whenoneknowsthatsoundknowledgds subjecto modifications,andevenmore,
thatit would not be knowledgein the full senseif it was to stay static. Canwe
considerwith some meaninga foundationfor a knowledge which has, as a
fundamentaproperty,to bedynamicalj.e. to bemodifiedwith time ?If this could
be consideredit would haveto beon theconditionof thinking anewthe conceptof
foundation.Thepropertyof stability is generallyrequiredfor foundations,andwe
know that mathematicaland more generally scientific knowledgesare relatively
stable,inasmuchastheyaregrowing and in a way cumulating.New knowledge

14 jeanCavailés, Surla logiqueet la théoriedela science(written in 1942, 1% ed., 1946), 3%d,
Paris,Vrin, 1976.

15 | mean by the expression« working thought » what | would call in French: « la penséeu
travail ». The ideaof scientific or rationalthought as a working action has beendevelopedby
Gilles-GastonGrangerhnotably in his Essaid’'une philosophie du style, Paris, Armand Colin,
1968; reed. Paris,OdileJacob,1988.
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increasethe precedenbne, and its discoveryandformulationbasethemselven
thepreviousone,whilst atthesametime it canentaila completechangeof meaning
of conceptstheoriesandbodiesof knowledge.

In short, stability hasto copewith instability. Is this foundation AWe
shallnot solvethe problemhere, but only notethatthe exerciseof reasons in all
casegheonly instanceof judgement reasorandits operatingforms of rationality,
mathematicalphysical,etc.,andcommononesas well. Theseforms themselves
are changing,actually they are enlarging,as we suggestedto make the new
knowledgespossible and give us the intelligibility of these,and to continue
understandinghe previousones,but in a somewhatmodified way, from another
point of view (generally,a more unifying one). The forms of rationality are
changing, but their function standsand, with the function, something stable
throughits own motionand modifications.Sucha problemcanwell be considered
asaproblemof foundation notfor logic butfor reasonln renewedkantianterms :
whataretheconditionsin therationalstructuresf the mind for a dynamicalandat
thesamedime relatively secur&knowledgebepossible ?

5.

To completewhat has beensketchedabove, let us considerthe questionof the
« applicationof mathematics »n its relation with the foundationalproblemand
with the problemof the generalizatiorof aspectof mathematicateasonto reason
in general.To say somethingof it in a few words, the so-called« applicationof
mathematics »Jet us say in physics, is pulled by the external world which
manifeststselfempirically.But, atthesameime, this « application »{or, to sayit
better this « useof a mathematicatool for reasoning »jransformsthe empirical,
by assimiating it, into rational constructions and representatiod§. The
legitimation of this transformationof an hypothetical-empiricalinto a rational-
intelligible is givenby its successn representinghe physicalphenomenabut also
in anticipatingthem,ard a conditionfor it, from thetheoreticalpoint of view, is the
systematical character, which requires that the representationconstitutes a
theoretical system. (Examplesare wellknown : classical mechanics,relativistic
electrodynamicsgeneralrelativity, thermodynamicsand we can add quantum
physicg’).

The justification of this processof rationalization does not therefore
comefrom beneath(from static foundations) neitherdoesit comefrom before(as
if all presentandfuture knowledgewas already containedin its previousforms),
butit comedrom forward.| meanthatwe know thejustificationandfoundation(as

16 Michel Paty, « Intelligibilité et historicité (Sciencerationalité, histoire) », in J. J. Saldafia
(ed.),ScienceandCultural Diversity. Filling aGapin the History of Science Cadernosde Quipu

5, México, 2001, pp. 5995 ; « Lesconceptslela physique: contenugrationnelset constructions
dand'histoire », Principia(Florianopdis, Br), 5, n°1-2, junho-dezembr@001, 209- 240 (English

version: « The conceptsof physics: rational contentsand constructionsin history », in J.

MargolisandT. Rockmore(eds.) forthcoming.

17 For thelastone,seein particular. Michel Paty, « La physiquequantiqueou I'entrainementle
la forme mathématiquesur la penséephysique »,n C. Mataix y A. Rivadulla (eds.), Fisica
cuanticay realidad. Quantumphysicsand reality, Madrid, Editorial Complutense 2002, pp. 97-
134; « Theconcepbf quantum state: newviewson old phenomena »gp. cit.
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firm ground)of a given piece of theoreticalknowledgeonly when it has been
alreadyachievedr completedMaybethis situationis alsothatone of nonempirical
knowledgesuch as mathematicsas its seemto appearfrom what we havesaid
previously.Ilt seemsndeedathemreasonabldo think thatif knowledgeis takenas
adynamicalprocessandis unachievedunclosed,its true foundationhas not been
alreadyattainedandis not yet attainablewith the meanghatwe presentlydispose
of.

A lastremarkwhich would needlarger developmentsabout formal
considerationinkedto thesciencesf nature which mayclarify alegitimateuse of
the expressionk rationalreconstruction »This expression,usedfor instanceby
Imre Lakatos, Elie Zaharand others, hasthe inconvenienceo leadto think that
constructionof scienceby itself would not be rational (indeed, Reichenbach,
Popperand many othersthoughtso) for it needsa « rational reconstruction »,
whenwe havesuggestedpn the contrary,thatevenintuition in creative scientific
work sitson thesideof therational. Fromwhathasbeensaidabout« mathematical
application »to othersciences andessentiallyphysicsis concerned, we canthen
understandhemeaningof akind of « rationalreconstruction »n the sameway as
we understandthemeaningof « axiomatizingatheory ».Botharemeaningful ,not
becausdherewould have beena lack of rationality in the creationand in the
discovery of new knowledge, or in a non axiomatized theory. (Rational)
reconstructiorand axiomatizationactually considerthe given theory from another
pointof view, thepointof view of the« economy »of the propositionsandof the
theoreticalstructure.In these the theoreticalstructureis rearrangedn sucha way
asto showadeductiveandlogical sequencé&om transformedremisesor starting
principles or axioms. These premises, principles, axioms, cary the physical
content(in the caseof this science)which canbe evaluatedandcaneventuallybe
consideredhenceforth as the new basic (foundational) and « natural » (or
« reasonable »gonceptsThe correlativeobtentionof a direct rational-and-logsal
view canbeseen asfor itself, asachange- indeed,anextension- of the forms of
rationality operatingon this body of knowledge.

The senseof thesereflections is that, despite the failure of the
foundational program in the logical sense,there remainsa meaning for a
« foundational »concern,which is groundedin the function of rationality, that
makesnathematicahndscientificknowledgenot only somethingknown to us, but
deeplyintelligible to us.
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