EE103 (Fall 2010-11)

4. Triangular matrices

e terminology
e forward and backward substitution

® Inverse
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Definitions

a square matrix A is lower triangular if a;; = 0 for 57 > i

a1 0 0 0
a21 22 - 0 0
A= : : . 0 0
Un—11 Qp—1,2 an—1n—-1 0
i an1 An2 T Ap n—1 Ann |

A is upper triangular if a;; = 0 for j < i (A’ is lower triangular)
a triangular matrix is unit upper/lower triangular if a;; = 1 for all ¢

a triangular matrix is nonsingular if the diagonal elements are nonzero
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Forward substitution

solve Az = b with A lower triangular and nonsingular

aii 0 s 0 I bl
a1 az2 --- O T2 | | b2
i ani an2 Ann 1 L Ln _ i bn i
Algorithm:

I = bl/all
Lo = (52 — a21$1)/a22
r3 = (b3 — aszirq — a32x2)/a33
Ln = (bn — Qp1d1 — Ap2X2 — = — an,n—lxn—l)/ann

Cost: 1+3+5+---+(2n —1) = n? flops
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Recursive formulation

Block matrix formulation (for n x n matrix A)

[all 0 ] I . bl
Ag1 Ao X2 B,

e ayyisscalar, Ag1is (n—1) x 1, Aggisn X n

e 1, is scalar, X5 is an (n — 1)-vector, b is scalar, By is an (n — 1)-vector

e a1 # 0, Ass is nonsingular and lower triangular

Forward substitution

1. Ir1 .— bl/all

2. solve Ay Xo = By — Asq1x1 by forward substitution
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Back substitution

solve Ax = b with A upper triangular and nonsingular

ayr - a1 n—1 A1n L1 b1
0 "t Qp—1n—1 0An—1n Ln—1 bn—l
o --- 0 Ann, Tn b,
Algorithm:
T, = by/apn,
LIpn—1 = (bn—l — an—l,najn)/an—l,n—l
In—2 = (bn—2 — Qp—2n—1Ln—-1 — an—Q,nxn)/an—Z,n—Z
ryp = (b1 — Q12X2 — Q133 — alnxn)/afll

Cost: n? flops
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Right inverse of a triangular matrix

to compute a right inverse, write AX = I as
A[Xl Xy - Xn]:[el ey vc- en}

X} is column k of X; ey is kth unit vector (of size n)

then compute the X's by solving n sets of linear equations
AXl = €1, AXQ = €9, .y AXn — €En

using forward or backward substitution

Conclusion: if A is triangular and nonsingular, then it has a right inverse
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Left inverse of a triangular matrix

to compute a left inverse, write YA =1 as ATYT =1, i.e.,
AT[Yl Yo .- Yn}:[el ey - en}

Y}, is column k of Y1, ey is kth unit vector (of size n)

then compute the Y}'s by solving n sets of linear equations
ATY1 = €1, ATY2 — €9, e ooy ATYn — €n

using forward or backward substitution

Conclusion: if A is triangular and nonsingular, then it has a left inverse
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Inverse of a triangular matrix

if right and left inverse exist, they must be equal:

Y =Y(4AX) = (YA)X =X

Conclusion: if A is triangular and nonsingular, then it has an inverse A1

AAT =A71A=1T

o A~ !is lower triangular if A is lower triangular

o A~!is upper triangular if A is upper triangular
° (AT)—l — (A—l)T

e solution of Ax = b can be expressed as z = A~ 1D
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Summary

if A is triangular and nonsingular (has nonzero diagonal elements), then:

o Ar =bor ATx = b can be solved in n? flops

o A and A’ have inverses

e A has a full range: Ax = b is solvable for all b

e A has a zero nullspace: unique solution of Az =0isz =0
o Al has a full range: ATz = b is solvable for all b

e A’ has a zero nullspace: unique solution of ATz =0is z =0
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