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Passivity-Based Attitude Synchronization in S£/(3)
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Abstract—This paper addresses passivity-based motion coor-
dination of rigid bodies in the Special Euclidean group SE(3)
under the assumption that the agents exchange information over
strongly connected graphs. In this paper, we especially focus on
one of the motion coordination problems on S E(3) called attitude
synchronization. We first develop a passivity-based distributed
velocity input law to achieve attitude synchronization. Using the
notion of algebraic connectivity, we then establish a connection
between the speed of convergence and the structure of the in-
terconnection graph. We also prove attitude synchronization in
the leader-follower case and in the cases of communication delay
and temporary communication failures. Finally, the performance
of our developed control laws is demonstrated through both
numerical simulation and experiments on a planar (2-D) test bed.

Index Terms—Algebraic connectivity, attitude synchronization,
cooperative control, motion coordination, passivity-based control.

I. INTRODUCTION

OTION coordination or cooperative control is an active
M area of current research [1], [2] with numerous practical
applications such as sensor networks, robot networks, coor-
dinated control of satellites and formation control of aircraft
[3]-[7]. In addition, motion coordination is also motivated by
scientific interest in cooperative behavior in nature such as
flocking of birds and schooling of fishes [8]. The goal in cooper-
ative control problems is to design a distributed control strategy
using only local information so that the aggregate system at-
tains specified behaviors, such as consensus [2], [9], flocking
[12]-[16], synchronization [17], [18], or coordination [19].
Limitations on available information make the cooperative
control problem challenging and require a theory and viewpoint
quite different from conventional problems. Graph theory has
been applied to the analysis of such problems where agents and
their communication are represented by nodes and edges of a
graph, respectively. In this approach, the graph Laplacian plays
an especially important role in the analysis of convergence and
connectivity of such distributed systems. The graph Laplacian
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has been utilized to prove consensus and flocking, analyze the
connectivity, determine the convergence value and to construct
team objective functions in several references [2], [7], [9], [23].

More recently, passivity and passivity-based control have
proved useful for the problem of motion coordination of
multi-agent systems [10], [11], [24]-[28], [32]. In [24], [25]
passivity-based control laws are presented for output synchro-
nization of networks of passive nonlinear systems. Output
synchronization is proved by employing the sum of storage
functions as a Lyapunov function candidate. As shown in
these references, passivity-based control enables one to handle
communication delays and switching topology within a unified
(energy-based) framework. Likewise, in [26] and [27] passivity
is used to study the problem of steering the differences between
the outputs of agents to a prescribed compact set, and to address
the formation control or path synchronization problem.

Motion coordination in non-Euclidean space is gaining in-
creasing interest [10], [11], [19], [20], [22], [28]-[32], motivated
by many practical systems such as underwater vehicles, satel-
lites, and visual feedback systems. Reference [19] considers a
model of identical planar particles whose phase variable evolves
on the circle S*, and designs steering control laws to stabilize
the closed-loop system. They show global phase stabilization,
circular formations and balancing in all-to-all communication
which may be an unrealistic assumption in multi-agent systems.
In contrast to [19], [29] and [30] attain global convergence in
the presence of communication limitation. These control laws
instead require information other than orientations of neighbors
in order to use a consensus estimator. References [10], [11], [20],
and [28] consider multiple rigid bodies with attitude dynamics
represented by Euler-Lagrange equations, while the former
part of [20] and [32] use a kinematic model. Note that [10],
[11], [28], and [32] more or less use the notion of passivity. For
the kinematic model, [32] presents a passivity-based velocity
control law consisting only of the relative information, and [20]
a control law which achieves global convergence by using a
consensus estimator [21]. For the dynamical models, [10] and
[20] present control laws achieving global convergence under the
assumption that their own absolute angular velocities are avail-
able for control, where [10] uses an external input and [20] does
not. Reference [20] also proposes a control input attaining local
convergence based only on relative information. On the other
hand, [28] proposes a passivity-based control law achieving
global convergence, which uses only relative information but
requires an external input.

In this paper, we address passivity-based attitude synchro-
nization in S E/(3) based on some techniques developed in [24],
[25], and [32]. Throughout this paper, we mean by attitude syn-
chronization that all the rigid bodies’ translational velocities are
equal and orientations converge to a common value. We con-
sider a group of rigid bodies in S F/(3) whose interconnection is
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represented by a strongly connected graph. First, we show that
the kinematics of arigid body in SE(3) is passive. Then, we de-
velop a passivity-based distributed velocity input law to achieve
attitude synchronization under the condition that all the orien-
tation matrices are positive definite. Namely, our proposed ve-
locity control scheme does not achieve global convergence, but
it is instead easy to implement, since it depends only on local
relative information between its own reference frame and that
of its neighbors.

We next introduce the notion of algebraic connectivity in
order to establish a connection between the speed of conver-
gence and the graph structure. The speed of convergence is a
useful metric for the design of the information graph as well as
for the analysis of the performance of cooperative control for a
given network. Note that its counterpart in consensus has been
extensively studied [2].

We also show attitude synchronization in the case of a leader-
follower network and we address the practically important cases
of time delays in communication, and temporary communica-
tion failures.

We finally show the performance of our control laws through
numerical simulation and through experiments. Note that the
experiments are performed on a planar (2-D) test bed.

The main contribution of this paper is to extend several
standard results in consensus [2] (such as convergence, com-
munication delays, leader following, connectivity analysis
and switching topology) to a motion coordination problem in
SFE(3), and to show that these problems can be handled within
a unified energy-based framework. In addition, our work has
the following technical advantages over other works on motion
coordination in SF(3) or SO(3) [10], [11], [19], [20], [22],
[28]-[30]: 1) only strong connectivity is assumed on the graph
while other energy-based works require strongly connected
balanced graphs or connected undirected graphs and 2) this
paper clarifies a connection between the speed of convergence
and the graph structure for attitude synchronization in SE(3).

This paper is organized as follows. Section II formulates
rigid-body motion in SE(3) and the graph structure considered
in this paper. In Section III, we first show that the rigid-body
motion in SE(3) is passive, and introduce the attitude syn-
chronization problem. Then, an angular velocity control law
is proposed based on passivity and achievement of attitude
synchronization is proved. We also show if there are commu-
nication delays and/or a leader, attitude synchronization is still
attained. Section IV analyzes the connectivity and possibility of
communication losses. We demonstrate our results through nu-
merical simulations and experiments in Section V and present
conclusions in Section VI.

II. SYSTEM DESCRIPTION

Throughout this paper, we consider the motion of a group of
n rigid bodies in 3-D space (see Fig. 1). Let X, be an inertial
coordinate frame and %,, i € {1,...,n} a body-fixed coor-
dinate frame whose origin is located at the center of mass of
body 4. Assume that all the coordinate frames are right-handed
and Cartesian. We denote by p; € R? the position of the rigid
body i € {1,..., n} in a fixed inertial coordinate frame Y.

’ ’

We will use e5:% € R3*3 to represent the rotation matrix of a
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Fig. 1. Rigid-body motion in SE(3).

body-fixed frame J; relative to an inertial coordinate frame 3.y, .
Here, &; € R3,¢7¢; = 1and §; € R specify the direction of ro-
tation and the angle of rotation, respectively. The notation “A”
(wedge) is the skew-symmetric operator from R? to the space
of 3 x 3 skew-symmetric matrices, namely

A

&1 0 =& &
L) =] & 0 —&
&3 & & 0

The notation “V” (vee) denotes the inverse operator to “A”. The
transformation €% is orthogonal with unit determinant, i.e., an
element of the Special Orthogonal group SO(3). A configura-
tion consists of the pair (p;, e¢) and hence the configuration
space of the rigid-body motion is the Special Euclidean group
SE(3), which is the product space of R? with SO(3). We use
the 4 x 4 matrix

£:6; .
gi = {60 ﬂ iefl,...,n}

as the homogeneous representation of (p;, e5:%) € SE(3).

Let us now introduce the velocity of each rigid body to rep-
resent the rigid-body motion of the frame I; relative to Xy, .
Define the body velocity V; := (v;,w;) and

Vb= [ug Qg} , ie{l,....n}
where v; € R? and w; € R? are the linear and angular veloci-
ties of body ¢ relative to XJ;, respectively. Then, each rigid-body
motion is represented by the kinematic model

gi=gVE, ie{l,...,n} 4))
The main advantages to using the above homogeneous repre-
sentation are global and geometric descriptions of rigid-body
motion, which greatly simplify the analysis in the 3-D space.
For more details on the rigid-body motion in SF(3), refer to
[33] and [34].

The interconnection of a network of rigid bodies is repre-
sented by a weighted, directed, and strongly connected graph
G=W,EW),whereV :={1,...,n},E CVxVand W
are the node set, the edge set and the positive weight set, respec-
tively. The neighbors of body ¢ are defined as [2]

Ni={jeVI|(.)e&}
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Namely, agent 4 received information from agent j if j € N;.
The weights w;; > 0 represent the reliability of each communi-
cation link. We moreover define the weighted graph Laplacian

matrix
E wj, ifj=1
JEN;
LW = [LWL]] = _wq',j-, lfJ e M
0, it ¢ N

which plays an important role in this paper.

III. ATTITUDE SYNCHRONIZATION

In this section, we investigate the attitude synchronization
problem in S F(3). We first show that the kinematic model (1) is
passive and we use this property to develop an output feedback
law for attitude synchronization.

A. Passivity in SE(3)
We first define the energy of rotation

- 1 -
o (65101) = §tr(13 — 8%y >0

where I, is the n X n identity matrix. By the definition,
¢(e51%) = 0 if and only if €% = Iy. Then, its derivative
along the trajectories of (1) is given by

a N Vv T
(;.S(efiei) = <sk (efiei) ) w; 2)

sk (eéiei) = % (eéiei _ e*éiei) )

(see, e.g., [34]). The term sk(ef%)Y satisfies sk(ei%)Y =
sin(f;)&;, and hence sk(e®%) is interpreted as an operator ex-
tracting the direction of rotation and the angle from %% Note
that sk(e?)V can also be viewed as the state vector with re-
spect to the rotation as long as |0;| < 7/2 because of the fact
that the rotational axis and the angle uniquely determine the ro-
tation matrix if |6;| < 7/2. Thus, <,b(e5 %) is given by the inner
product of the angular velocity and the state vector with respect
to the rotation. Moreover, we define the total energy of transla-
tion and rotation

where

2
P(gi) = ||(I4 —9:)J|IF
= —||pz||2 + plet)
1. 0
Ji= [203 L}
V2
where || - || represents the Frobenius matrix norm (||A]|r =
tr(AT A)Y/?) and || - || the Euclidean vector norm.

Lemma 1: The time derivative of 1/(g;) along the trajectories
of (1) satisfies

P(g;) = (th
Vb=
f w;
&by
i = 3
i ] o
Proof: Immediate from [35, pp. 42, Lemma 1]. ]
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Fig. 2. Attitude synchronization in SE(3).

If we now consider the velocity V;* as an input and the vector
form of the rigid-body motion 1I; as an output, Lemma 1 says
that the rigid-body motion in S E(3) (1) is passive from the input
V! to the output I1; in the sense defined in [36], since integrating
(3) from O to T yields

/ (VY Tt = p(g:(T)) — $(3:(0) = —$(e:(0)). (@)

B. Attitude Synchronization in SE(3)

The goal of this section is to design the velocity input V;* so
that the group of rigid bodies achieves attitude synchronization
in the sense of the following definition.

Definition 1: A group of rigid bodies is said to achieve atti-

tude synchronization, if v; = v; V4,5 € {1,...,n} and
thm o(e Eieieéfgj):OVi, je{l,...,n}. 5)

Equation (5) implies that the orientations of all the rigid bodies
asymptotically converge to a common value (see Fig. 2).

According to the above definition of attitude synchronization,
in the remainder of this section we fix

v =v; Vi, 5 €{1,...,n} (6)

in the input terms V.®, and present an angular velocity con-
trol law that achieves attitude synchronization. It is clear from
Lemma 1 that the kinematic model (1) is also passive from w;
to sk(e& )V with the storage function ¢>(651 ).

We propose the angular velocity control law

. v
w; =k; Z w;jsk (6_51'91' egjef)

JEN;

ie{l,....n} (7

where k; > 0 are feedback gains. This control law is distributed,
i.e., is composed only of the rigid body’s own information and
that of its neighbors. It should, in addition, be noted that
e~¢i%¢8i% is the relative orientation of rigid body j from
the frame 3J; and hence the angular velocity law (7) does not
require %% itself.

As a consequence of Lemma 1, we have the following the-
orem. Throughout this paper, we refer to a real matrix ), which
is not necessarily symmetric, as a positive definite (positive
semi-definite) matrix if and only if z7Qz > 0 (z7Qx > 0)
for all nonzero vector x.
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Theorem 1: Consider the n rigid bodies represented by (1).
Under the assumptions that all rigid body orientation matrices
are positive definite and the interconnection graph is fixed
and strongly connected, the angular velocity control input (7)
achieves attitude synchronization in the sense of (5).

Proof: See Appendix A. ]

Remarks:

1) In the proof of Theorem 1, a potential function Uy is de-
fined as a weighted sum of the energy functions of rotation
#(e5:%) and used as a Lyapunov function candidate. This
choice is quite natural from the viewpoint that the kine-
matic model (4) is passive. In addition, this potential func-
tion enables us to remove the balanced graph assumption of
earlier approaches, e.g., [24], [25], and thus prove attitude
synchronization for a wider class of information graphs,
namely, strongly connected graphs.

2) If the rotation matrix e and linear velocity v; are given
by

X [cosf;, —sinf; O
&% = | sinf; cosh; O
L o 0 1
1
v,= 10| Vie{l,...,n} (3)
0

the kinematics model (1) is equivalent to the 2-D model
considered in [14]. If the rotation matrix and linear velocity
are represented by Z-Y-Z Euler angles and [0 0 1]7T,
respectively, then (1) is equivalent to the 3-D case in the
above reference. It should be noted that [14] takes into ac-
count a nonholonomic constraint, whereas this paper does
not since we are interested in the full 3-D motion.

3) The inequality |#;| < w/2 is necessary and sufficient to
satisfy the assumption that all rigid bodies orientation ma-
trices are positive definite. Note that the satisfaction of this
inequality at the initial time implies that it holds for all time
t > 0 as shown in the following Lemma.

Lemma 2: Consider the n rigid bodies represented by (1).
Suppose that the angular velocity (7) is the input to each rigid
body. If all rigid body orientation matrices are positive definite
at the initial time, then they remain positive definite for all time
t > 0.

Proof: See Appendix B. [ |

A similar assumption appears in [14], [17], [18], and [37].
Note that there are several works investigating global conver-
gence. For example, the [19] assures it under the assumption of
all-to-all communication, which may be a strong assumption on
graphs. On the other hand, [20], [29], and [30] investigate global
convergence in the presence of communicative limitation. How-
ever, these control laws require information other than the orien-
tations of neighbors due to the use of a consensus estimator. In
addition, global convergence is also achieved in [10] under the
assumption that all the rigid bodies know their own attitude with
respect to the inertial frame. In contrast to these works, due to
the assumption |0;(0)| < m/2, we may have to initially align the
rigid bodies by determining their orientation axes in order to sat-
isfy |6;(0)| < 7/2V i. However, our result is instead applicable
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to the situation where only the relative orientation is available
for control and communication is more limited as long as the
graph is strongly connected.

4) Reference [9] presents a consensus algorithm under the as-
sumption that the information graph has a directed span-
ning tree, which is a weaker condition than the strong con-
nectivity. However, in SFE(3), it is difficult to adopt the
approach of [9], which is based on eigenvalue analysis.
Though balanced or undirected graphs are assumed in most
previous research works adopting approaches other than
eigenvalue analysis [2], [14], [16], [20], [28], we assume
neither of them. Meanwhile, in [38] and [39] a state-depen-
dent weighted graph is investigated to maintain connect-
edness while the weights are time-invariant and indepen-
dent of the state in [2], [16], and this paper. Note that these
are completely different assumptions. Indeed the former
assumes that the weights are symmetric, i.e., w;; = wj;,
whereas the latter does not require it.

5) Though the problems under consideration are quite dif-
ferent from ours, passivity-based motion coordination is
also investigated in [26] and [27], which suggests that pas-
sivity is a useful tool in motion coordination.

6) The final orientation value depends on the initial configu-
ration of the system and on the graph. We are not aware
of any research that tries to find the convergence value in
SO(3), while a convergence value is clarified in the case
of the Euclidean space in [2] and [23].

7) The velocity input (7) achieves not only (5) but also

for the following reason. Equation (1) yields

V'ib :gL—lgl

w;  v; _ e*éiei _e*figipi efﬂi@i D
0 0| 0 1 0 0
_ O 6*57'91']52.
0 0 '

Focusing on the (1,2)-element of (10), we obtain p; =
eS:%y; . It follows from (5) and (6) that the present velocity
input also achieves (9). The property (9) is called flocking
in [13], [15], and [16]. We add v; = v; Vi, j to the def-
inition of attitude coordination in order to assure the (9).
Indeed, without v; = v; Vi, 7, all the rigid bodies go in dif-
ferent directions while their attitudes converge to the same.

(10)

C. Communication Delays

In this section, we consider attitude synchronization in the
presence of communication delays. We assume that the delay
is time invariant and finite, which is the same situation as [24]
and [25].

In this case, attitude synchronization is redefined as

lim ¢ (e*éi(t*TiJ)gi(t*Tiy)eéy(t)ej(t)) -0

t—oo

Vi, je{l,...,n},

’

i F]
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where T;; > 0 is the delay in the communication from agent 4
to agent j. Accordingly, we modify the input (7) as

wi =k Z wijsk(e—éi(t)ei(t)eéj(t—Tji)ej(t—Tji))V,
JEN:
ie{l,...,n}

k; >0, (12)

based on [24] and [25]. Then, we have the following corollary.
Corollary 1: Consider the n rigid bodies represented by (1).
Then, under the assumption that all rigid body orientation ma-
trices are positive definite, and the interconnection graph is fixed
and strongly connected, the velocity input (12) achieves attitude
synchronization in the sense of (11).
Proof: This corollary is proved in the same way as The-
orem 1 by using the potential function

Udelay = Y %gb(eé, (16:(0))
i=1 "

n t R
+D 0 yiwi; '/t_T p(e M) dr.

i=1 jEN; i

|

Remark that the control input (12) does not consist of rela-

tive information with respect to neighbors and all the neighbors

have to communicate to agent ¢ their own attitude matrices with

respect to the inertial frame, which is different than the other

part of this paper. This implies that all the agents should share
the same inertial frame in contrast to the delay free case.

D. Leader Following

We consider here the case that one rigid body, labeled 0, acts
as a leader as in [12] and [14]. Suppose that rigid body 0 moves
with a constant velocity and orientation. Other agents may or
may not have the leader as a neighbor. In this case, attitude syn-
chronization is defined by

lim (e &%) =0 Vie{l,...,n}

t—o00

(13)

which means that the orientations of all agents converge to the
orientation of the leader. In this case, we modify the angular
velocity input (7) as

w; =k; Z wi]-sk(e_é“'e“' eéjef)v
JEN;

+c,;w1;gsk(e_é“'6“' ebofo )Y

ki, w;o >0, iE{l,...,n} (14)

where ¢; = 1 if rigid body ¢ and the leader are neighbors and
¢; = 0 otherwise. With this control input we have the following
corollary.

Corollary 2: Consider the n rigid bodies represented by (1)
and the leader moving with a constant velocity and orientation.
The angular velocity (14) achieves attitude synchronization in
the sense of (13) if it follows that:

1) the relative orientation matrices between the leader and the

agents are positive definite;

1123

2) the interconnection graph excluding the leader is fixed and
strongly connected;
3) there exists at least one ¢ satisfying ¢; = 1.
Proof: This corollary can be easily proved by using the
potential function

n
Yi _é0. £
Uleader := Z k_ld)(e &t 65090).
i=1 Y

|

In Section III-C, we stated that the final orientation value is

determined by the initial configuration (Remark 6). On the other

hand, in the leader-follower case, the orientations of all agents

converge to the leader’s orientation. Of course, we can converge

all agents’ orientations to a desired one if it is chosen as the
leader’s orientation.

IV. CONNECTIVITY ANALYSIS

A. Algebraic Connectivity

The purpose of this section is to analyze the relationship be-
tween the graph structure and the speed of convergence of the
network to its final configuration. We first introduce an index
Uexp evaluating the speed of convergence. In order to measure
the speed, Uy, should satisfy the following two conditions:

1) attitude synchronization is achieved if and only if

lim;_,c Uexp = 0 holds;

2) Uexp(0) is independent of the graph. A
Note that the function Uy = >0 vi/ki ¢(ef%)
=30 vi/2k; tr (I — e%% ) defined in Appendix A does not
satisfy condition 1) and it is necessary to consider a different
function. Olfati-Saber et al. [2] employs a function evaluating
the error between the position of each agent and the conver-
gence value. However, this type of function cannot be used
directly since the convergence value is unknown in this paper.
Alternatively, functions of the orientation errors between rigid
bodies also satisfy condition 1), and such a function can be
easily constructed by using the graph Laplacian L.,. However,
the use of L, is prohibited due to condition 2). For the above
reasons, we define the function

Usp (1) = tr ((eéa)e(t))T( M 13)65(t>e<t>)
=237 ple Hhe) 2 0
=1 j=1

to evaluate the speed of convergence, where M denotes the
graph Laplacian of the nonweighted complete graph (i.e., w;; =
1V i,7), namely

M :=nl, — 1,1

where 1, = [L,...,1]7 € R" and W/ =
[e=61 M) =& ®MM]T  This function evaluates the
relative orientation for all rigid bodies regardless of the actual
connectivity, and satisfies both of the above conditions. Notice
that the potential function Uy, in the previous section is defined
by the individual agent’s energy functions ¢(e%:%), rather that
the energy of the relative orientations.
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(a) Graph 1 (Amin2(Lysym) = 2.5)

Fig. 3. Second smallest eigenvalues of L ... for various information graphs.

Before stating the main result of this section, we introduce the
following notation. Let Ly, := 1/2(L + L) denote the sym-
metric part of a matrix L. The notation diag(vyi, ..., yn) rep-
resents the d1agonal matrix with diagonal elements v, ..., v,
and L., denotes L., := diag(v1,...,¥n)Lw, where v/ Ly, = 0,
S LR Let Amin (L) and Apin 2(L) be the smallest
eigenvalue and the second smallest eigenvalue, respectively, of
any real symmetric square matrix L. We can now state the fol-
lowing.

Theorem 2: Consider the n rigid bodies represented by
(1). Then, under the assumption that the relative orientations,
e~8i%i¢8i% Vi j. are positive definite, there exist positive real
numbers a. and b, such that

Uexp (t) S Qe Uexp (0)67)\“““2 (L’YSym )bet .

15)
Proof: Appendix C ]
Because of the independence of U,(0) on the graph
structure, Theorem 2 implies that the larger the value of
Amin 2(L~sym) for a given graph, the faster the right-hand side
of (15) converges to 0. In general, Amin2(Lysym) is called
algebraic connectivity of a graph, and it is well-known in
consensus [2] that it is a measure of the speed of convergence.

Generally speaking, the graph with many distributed edges
has a large algebraic connectivity. In order to illustrate it, we
prepare three graphs in Fig. 3, where all the edges have weights
1. Graph 1 has a larger A\min2(L~sym) than Graph 2, which illus-
trates that the algebraic connectivity of a graph with distributed
edges is large, and Graphs 2 also has a larger Amin2(L~sym) than
Graph 3, which indicates the fact that the algebraic connectivity
of a graph with many edges is large. These facts imply that the
algebraic connectivity and hence the speed of convergence de-
pend not only on the number of edges but also on their distri-
bution. Reference [40] investigates the problem of choosing the
weights of an undirected graph so as to maximize or minimize
some function of the eigenvalues of the associated graph Lapla-
cian, and [41] and [42] propose methods to maximize the second
smallest eigenvalue of the graph Laplacian of the state depen-
dent graph.

Theorem 2 also gives another important insight into conver-
gence analysis. In the inequality (15), the error of orientations
between rigid bodies exponentially converges to 0, though The-
orem | only shows asymptotic convergence. Notice that The-
orem 2 assumes the positive definiteness of the relative orienta-
tions, while Theorem 1 that of the individual orientations. The-

(b) Graph 2 (Amin2(
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(c) Graph 3 (Amin2(Lysym) = 1)

Ny o Uy
1 00
[ o]

0f t,

Lysym) =

tl+1

Fig. 4. Brief connectivity loss.

orem 2 at least guarantees a type of local exponential conver-
gence even with the initial conditions of Theorem 1 since, even-
tually, the relative orientations will converge to value less than
/2, at which time the remaining convergence will be exponen-
tial. An assumption similar to Theorem 2 is made in [17], where
exponential synchronization is proved.

B. Brief Connectivity Loss

In this section, we investigate the situation where the infor-
mation graph changes over time. Although other interpretations
may be possible, we suppose that the disconnection represents
communication failures. To study the effect of communication
failures we utilize the concept of brief instability developed in
[43]. This concept will be instrumental in capturing the fraction
of the time that the graph may remain disconnected (see Fig. 4).

Let G be a certain set of possible graphs with n nodes and
let s(t) : [0,00] — G be the piecewise constant switching
signal with consecutive switching times separated by a dwell
time, 7p > 0. Namely, any two consecutive switching times ¢,
and ;41,0 > {0,1,2,...} satisfy t;41 — t; > 7p, [ > 0. The
signal s(¢) belongs to either the following subsets of G:

1) G. C G: a subset composed of strongly connected graphs;

2) Gqc € G: a subset composed of not strongly connected
graphs.
It is obvious from the definitions that G = G. U G4, holds true.
Let us now introduce the connectivity loss time 7'(7, ¢), which
is the length of the time when the graph belongs to G4. over any
time interval [7, ¢]. The function T'(7, t) is clearly given by

T(r,t) /Xsr

COER S

Brief connectivity losses [43] means

T(rt)y<alt—7)+Ty Vt>7>0 (16)
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Fig. 5. Graph Topology (Simulation 1).

holds for some Ty > 0 and 0 < a < 1. The scalar value « is
called the asymptotic connectivity loss rate, and 7 is called the
connectivity loss bound.

Theorem 3: Consider the n rigid bodies represented by (1).
Assume that the relative orientations, ¢ 4% €% Vi, j, are pos-
itive definite. Then, if the inequalities (16) holds, there exists a
lower bound of 7p such that the angular velocity (7) achieves
attitude synchronization in the sense of (5).

Proof: See Appendix D. ]

Roughly speaking, the inequality (16) means that the frac-
tion of the connectivity loss time is small, and the existence of
a lower bound of 7p assures that the graph does not switch fre-
quently.

In previous works, various approaches are adopted to deal
with switching topology, for example, in [9], [12], [13], [16],
[24], [25], and [44] where the concepts of joint connectedness,
nonsmooth analysis, dwell time and uniform connectedness are
all employed. Note that some works [12], [13], [24], [25], [44]
among them handle a wider class of switching graphs than this
paper, though they consider motion coordination not in S E(3)
but in the R"™.

V. NUMERICAL SIMULATIONS AND EXPERIMENTS

In this section, we demonstrate the effectiveness of our re-
sults by numerical simulation and experiments carried out on a
mobile robot test bed. Specifically, Theorem 1 (attitude synchro-
nization) is demonstrated through both simulations and experi-
ments, Theorem 3 (switching topology) is demonstrated through
simulations, and Theorem 2 (speed of convergence) is demon-
strated through experiments.

A. Numerical Simulations

1) Simulation 1 (Attitude Synchronization): In this simula-
tion we show numerically that the angular velocity (7) with
k; = 1,4 € {1,...,5} attains attitude synchronization. In our
simulations the group consists of five rigid bodies with the kine-
matics described by (1).

We first demonstrate the results in Section IV assuming the
information graph structure with w;; = 1, (j,7) € € depicted
in Fig. 5. Note that this graph is strongly connected but is not
balanced. We run the simulation under the following initial
conditions.

0)=[1 0 3]"
(0)=[-021 —0.50 0.77]"
pO)=[2 -1 2]"
(0)=1[052 —0.76 0.52]"
=03 1 2]

1125

Eo °E
I /&
FooA
_5“, — 2
_5 —— ,,,,,,,,,,,,,”J‘
0 5 10 15 ~4
x [m]

Fig. 6. Trajectories of the rigid bodies (Simulation 1).

—-0.50]"

We remark that the orientation matrices are positive definite at
the initial time. Figs. 6 and 7 show the trajectories of the rigid
bodies and rotation vectors &;6;. In Fig. 6, the encircled number
is associated with the corresponding one in Fig. 5. We see from
Fig. 6 that the rigid bodies smoothly adjust their orientation and
move in the same direction. In Fig. 7, the rotation vectors &;6;
asymptotically converge to a common vector. From these fig-
ures, we can confirm that attitude synchronization is achieved
by the angular velocity input (7).

2) Simulation 2 (Switching Topology): We next investigate
the switching topology and confirm that attitude synchroniza-
tion is still achieved. The initial states are changed as below
since the relative orientation matrices should be positive definite

]T
£3(0)63(0) = [—0.13 051 —0.51]"
pa(0)=[-1 -2 0]"
€4(0)64(0) = [—0.14 051 —0.51]"

In this simulation, two types of graphs are repeated periodically
every 2[s] (see Fig. 8), where one belongs to G and another Gqc.
Suppose that the graph is strongly connected at the initial time.
Since these graphs are balanced, the weighted graph Laplacian
L, satisfies 1Ly, = 0. Thus, v = 1 and L, = L. Due
to the change of the graph, the connectivity loss time 7°(0, t)
satisfies 7'(0,¢) < 1/2t, namely @« = 1/2,7p = 0. In this
simulation, the lower bound of 7 should be greater than O in
order to achieve attitude synchronization. Similarly to the pre-
vious simulation, Fig. 9 shows the trajectories of the position
and orientation of each rigid body, and Fig. 10 the rotation vector
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time [s]

Fig. 7. Time responses of rotation vector &;6; (Simulation 1).

x (s(t))=0

Fig. 8. Graph topology (Simulation 2).

N @Q =

VET
(e

Fig. 9. Trajectories of the rigid bodies (Simulation 2).

&;0;. We see from Fig. 9 that all the rigid bodies eventually con-
verge to a common orientation and move toward the same di-
rection. Fig. 10 illustrates that ¢;6; asymptotically converge to
a common vector. These results suggest that attitude synchro-
nization is achieved even in the switching topology case.

B. Experiments

In this section we present the experimental results on a planar
(2-D) test bed. If the rotation matrix %% and linear velocity v;
are set as

A [cos#;, —sinf; O
&% = | sinf; cosh; O
| 0 0 1
1
v, =101, ’1;6{17...,4}
1 0

then the kinematics model (1) is equivalent to the 2-D case.
Fig. 11 illustrates the experimental environment including the
vehicles, camera, PC, and CF transmitters. The four vehicles
(Fig. 12) are controlled by a digital signal processor (DSP) from
dSPACE Inc., which utilizes a power PC running at 2.8 GHz.
Control programs are written in MATLAB and SIMULINK, and

time [s]

implemented on the DSP using the real-time workshop and
dSPACE Software such as ControlDesk, RealTime Interface,
and so on. The DSP energizes the RF transmitters, which send
commands to the vehicles. An MTV-7310 camera is mounted
above the vehicles and has a resolution of 470 x 570.

The video signals are available in real time via a frame
grabber board PicPort-Stereo-HrD and image processing soft-
ware HALCON. The sampling period of the controller and the
frame rate provided by the camera are 0.001[s] and 30[fps],
respectively. The positions and orientations of the rigid bodies
are calculated from the image data. Note that the experimental
test bed is currently not distributed and the present law is imple-
mented in a centralized way. In order to implement kinematic
control on the vehicle network, we first designed a local PI
controller a priori to track reference signals and then input
the kinematic control laws as velocity reference signals (see
Fig. 13). The total control system is depicted in Fig. 14, which
illustrates only two rigid bodies for simplicity.

Fig. 15 shows a graph from this experiment. The control gain
k; = 0.125,V ¢ is empirically selected. Let the weights of the
graph be w;; = 1, (j,7) € £. The experiment is carried out with
the initial conditions

p1(0) =[0.14 0.39]"m 6,(0) = —67.1°
p2(0) =012 0.61]"m 6(0) = —43.0°
p3(0) =[0.97 0.87]"m 65(0) = 80.6°
p4(0) =10.31 0.85]"m 64(0) = 0.18°. (17)

The experimental results are shown in Figs. 16 and 17, which
illustrate the orientation and position of the vehicles, respec-
tively. In Fig. 9, the circles denote the initial positions of the
vehicles. We can see from Fig. 16 that the orientations of the
vehicles asymptotically converge to a common value and from
Fig. 9 that vehicles eventually move in the same direction.

We next demonstrate the speed of convergence of attitude
synchronization for various networks shown in Figs. 18(a),
19(a), and 20(a), where the controller gain k; V ¢ are the same
as the previous experiment. The initial conditions (17) are
changed to 0,(0) = —37.8, 62(0) = —27.7, 63(0) = 43.1,
64(0) = 20.0 in order to guarantee that the relative orientation
matrices are positive definite. The experimental results are
shown in Figs. 18(b), 19(b), and 20(b), which illustrate the
orientations of the rigid bodies. The graph structure in Figs. 19
and 20 achieves faster convergence than that of Fig. 18. These
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Fig. 10. Time responses of rotation vector £;6; (Simulation 2).
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Fig. 12. Vehicles.
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Fig. 15. Graph topology.
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Fig. 16. Time responses of orientation.
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Fig. 17. Time responses of positions.

results suggest that the bigger Amin2(Lysym) is, the faster

convergence is attained as stated in Section I'V-A.

VI. CONCLUSION

In this paper, we have investigated passivity-based attitude
synchronization in SE(3) of the kinematics of rigid bodies.
We first have developed a passivity-based control law locally
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Fig. 18. Experimental result for graph 1 (Amin 2(Lysym) = 1.0).
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(a) graph 2 (b)
Fig. 19. Experimental result for graph 2 (Amin 2(Lysym) = 2.0).

60

= l

mmn 9
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(a) graph 3 ()
Fig. 20. Experimental result for graph 3 (Amin2(Loysym) = 2.0).

attaining attitude synchronization. Passivity has been also em- nection between the speed of convergence and the graph struc-
ployed in connectivity analysis and we have established a con-  ture. We have also shown the facts that the passivity-based con-
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trol input still attains attitude synchronization in various situa-
tions such as the cases with communication delay, a leader and
a topology switching. The simulation and experimental results
have demonstrated the validity of our results.

A further direction of this research is to extend the results of
this paper to pose (position and attitude) synchronization.

APPENDIX A
PROOF OF THEOREM 1

Before proving this theorem, we prepare the following
Lemma on properties of the graph Laplacian.
Lemma 3:

1) If the graph is strongly connected and the weights are pos-
itive, there exists a vector ~y satisfying 47 L., = 0 whose
elements are positive [9], [46].

2) If the graph is strongly connected, rank(Ly) = n — 1 [2].
Proof: Define the potential function

Uy = Zl THE), o) = Sor (17— 5%

where qﬁ(eéiei) is the energy function of rotation of rigid body
and +; are elements of the vector «y satisfying

1129

From the fact that a”b = —1/2tr(ab) holds for any 3-D vectors
a € R? and b € R3, we next obtain (19), shown at the bottom
of the page. Thus, (19) can be rewritten as

Ua= 32 3 iy (—9e") + (%)

=1 ]EM

1 . R R .
_Ztr ((efiei + 6*51‘91')(] _ eﬁieiefjej))) )

Since rotation matrices % V i are assumed to be positive def-
inite, the following inequality holds [45]:

—tr ((eéigi + e*éiei)(]' _ e*éieieéjej ))

< umin (€57 4 760t (T = 7606850 ) (20

where Apin (€59 4 €75%) is a minimal eigenvalue of a matrix
eti% 4 ¢—¢i% Therefore, the derivative of the potential function
satisfies

Ua <37 3 iy (=9(e") + 9(e")

i=1 jEN;
! £, —£:6; —£:0; ;0
’YTLW =0, ,YT — [’Ylw-w’}’n]a —5)\min(eé +e 3 )qﬁ(e 3 efj .7) .
v >0 Vie{l,...,n}. (18)
From Lemma ) 3, ) the term
From the (2) and (7), the derivative of this potential function _;—; D e, Vitij (—(;5(651'91') + (b 93’)) satisfies
along trajectories of the kinematics model (1) is given by
. " oo\ T > D i <_¢(e&6i) + (’b(egjej))
Up = Z il (Sk(e& i)V) w; i=1 jEN,
— [; £ g
i=1 ¢(e£1 1)
S 0\ T L —i0i £10,\V — : —0. 2
= Z Viwij (Sk(e %) ) sk(e™5% %)V, v Lw : )
i=1jeN; P(esno)
- T ~ ~
(sk(ef’e’)v) sk(e=8f: 800V
1 é.e. _é.gv é.g. T 1 AP
= —itr (sk(e Piigk(eT et J)) cath= —itr(ab)
1 : : f o £ o i : 1, ¢ :
_ _gtr ((efiei _ 6—5494)(6—549i65j9]‘ _ e_fjej eﬁiei)) < Sk(efiei) — 5(6&01' _ e—&%))
— _ltr (eéjej _ eéiez‘e*fjej eéiei _ e*éieie*fzﬂi efj9j + effieie*éjej eéiei)
8
1 ~ ~ ~
= —tr (e% - 8—2&91'66]9]') (- tr(A) = tr(AT), tr(AB) = tr(BA))
1 ~ ~ ~ ~ ~
= —Ztr (2] —2e50 2T 4 2e59% 4 (8% 4 70 ) (T — =8P 65-791'))
~ ~ 1 ~ ~ ~ ~ ~ 1 ~
— _gb(e&@f) + (b(e&jej) _ Ztr ((66191 + 6—6797)(1 — &b efj@i)) < ¢(65797) = 5t;r([ — 66797)> (19)
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This yields the following inequality, and hence the deviation of
the potential function is nonpositive definite:

n
%Z Z YiWij Amin
i=1jen,

x (e84 eS80 p(emtibieti%) < 0. (22)
The inequality (22) means the potential function Uy is non-in-
creasing for all £ > 0. Let us now define the set Ey = {65191 €
SO(3),Vi | 6% > 0 U, = 0}. Then, the set E4 is character-
ized by all trajectories satisfying ¢p(e %% %% ) =0V j € N,
Vi. Therefore, Lasalle’s Invariance Principle [47] and strong
connectivity of the information graph prove attitude synchro-
nization of (5). [ ]

APPENDIX B
PROOF OF LEMMA 2

In this proof, we use the fact that the positive definiteness of
the rotation matrix e%% is equivalent to ¢(e%:%) < 1.

Let a(t) € {1,...,n}, t > 0 denote the rigid body with the
maximal energy function at time ¢, i.e.,

a(t) :== arg  max qb(eéia"(t)).

i€{l,...,n}

Then, the derivative of this potential function qﬁ(eé" 92) along
the trajectory of the kinematics model (1) is given by
R : T
Pefotn) = (sk(efaeaw) wa

= (SKk(e57)) 3 R sk(eE et

JENG
= Z kawaj (Sk(eéaea)v) Sk( 6] J) .

JEN,

Calculations similar to (19) and (20) yields the inequality

HeSt) < 3 Kooy (—(e0) + 9(e57)

JENG

1 N N N ~
— (e 0ot %))
It is clear from the definition of « that
—p(e5"") + $(e5”) S0V

Since )\mm(ega ateéab “)p(I — e‘éﬂaﬁeéﬁ'eﬂ') > 0, the in-
equality qﬁ(ef& =) < 0 holds true. We thus obtain

BB 07 D) < (e (00-0)
< (e 09a(0)y <

Vie{l,...,n}, t>0
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from the assumption that the rotation matrices are positive def-
inite at the initial time. This inequality implies that all the rigid
bodies’ orientation matrices are positive definite for any time
t > 0. This completes the proof.

APPENDIX C
PROOF OF THEOREM 2

Before proving this theorem, we present the following
lemmas.
Lemma 4: Define the function

cXP - 222 ZIZj

i=1 =1

éz‘ei efl 01 )

where «; and +; are given by (18). Then, f]exp satisfies the in-
equality

min Jim Uexp < onp < max Jin

RIS —Uexp-
il kK - =i kiky P

(23)

Proof: By the definition of Uey, and lNIP,Xp, we immediately
obtain

3

n

éq’ei &6,
i,l /{: k‘l Z Zl € )
> ViVl —&:0; ge
< Uexp < max = ZZ% o) (24)
=1 l=1
and
Do 20l =i (60T (M 1))
i=1 1=1
=Ucxp- (25)
Thus, (23) follows from (24) and (25). [ |

Lemma 5: There exists an € > 0 satisfying

* €
Uexp S _E)\miHZ(L'ysym)

Z% (

T(M @ I3)ef ) . (26)

Proof: The derivative of chp along trajectories of (1) is
given by in (27), shown at the bottom of the next page. Making
a calculation similar to (21), we obtain

Z Z 'Yiwijeé]gj = Z Z ’Yiwijeé’e’-

(28)
i=1 jEN; i=1 jEN;
It follows from (28) that
DR D) IR
Yiwij€
i=1 jEN;
DI DIP I ECY

i=1 jEN;
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and from (29)

Z o Z > quwijtr (e 67

i= 1]ej\/ J_I))

= Z Z > yiwgjtr (6_5191 &% — e‘éleleéwgw)

i=1 jeN;
= (30)

( 510 E]

holds true. Hence, we have (31), shown at the bottom of the
page. Since the rotation matrices e=6i0i 6105 4 ,J are assumed
to be positive definite, they satisfy the following inequality [45]:

—tr ((e_éiei 65191 + 6—5191 eéﬁi)([ _ e_éieieéjej ))
< —)\min(e_é"g" 65191 + 6—5191 65101)“ (I _ 6—5101 eéﬂj) .
(32)

1131

Substituting the inequality (32) into (31) yields

exp = _Z n Z Z rYLwZ]

=1 i=1jEN;
X)\min(e_&ei 65191 4 6—5191 efi “')tI‘ (I _ e—fiﬁ’i eEjGj) . (33)

Let us now define

= min A (€6 (D9 EBE) 4 ~E1(D01(1) £ 18,1

it

Then, € > 0 because of the assumption that
e 6 (10:(1) 8 (D0 ()  are positive definite for all i and
7. From this definition, (33) can be rewritten as (34), shown at

ViVl
kiky

exp —22

=1 =1

- A (o
ORI

~ ~ T
(S ( —fi9i6§19l)V) (_Wi+wl)
_éigieélel)V)Twi

%WU)U (sk( —é:9; 5,0,)) k(e_éieieéjej)\/

i=1 1=1 jEN;
. . . ) 1 .
_222 3> mlw”tr( k(eS8 )sk(e 6800 ) <'.'aTb = _itr(ab))
=1 I= 1]6./\/
= — Z Z Z ViVt ’LUUtI' ( éieieélel _ e-éz@z eéiei)(e—éieieéjej _ e—éjej eéiei))
i=1 l= 1]6/\[
Z M Z Z yiw;jtr (e ( —£:6; 651916—5797 eé,iﬁj _ 6—5191 65.791') i 27)
i=1jeN;
1 _ s ~
exp - Z i Z Z ’yzw”tr( 5 8 flele 5 0; 5_7 7 e flele§701) ( (29))
i=1jEN;
= Z N Z Z %w”tr( éigieélel(e*éieieéjej _ I))
= i=1 jEN;
C3 S e (bt o )
i= 1]6_/\/
Z L Z > iwigtr (7600 (0G0 1)) (- (30)
= i=1 jEN;
=SS 5 gt (o6 i )
=1 Vsl jen;
=-3 % 33 qiwijte ((6—5701 0 4 =€t Gy (1 _ =it eéjej)) . 31)
=1 "1 i=1 jen;
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the bottom of the page. Due to a property of the Kronecker
product, 17 (M @ I3)et®z = 0V x and the Courant-Fischer
theorem [46], the following inequality is satisfied:
)‘minZ(L'ysym)xT(eég)T(M ® 13)(M ® I3)eéex

< 2T ()T (M ® I3)(Lysym @ I3)(M @ I3)ea.

This implies that (¢5%)” (M & I3)((Lrysym — Amin 2 (Losym)1) @
I3)(M ® I3)e? is semipositive definite, and that

—tr ((eé")T(M & I3)(Lysym ® I3)(M @ 13)659)
< Amin2(Lysym)tr ()7 (M @ I5)(M @ I5)e? )

= —nAmina(Lsym)tr ((e5)7 (M @ L))
(oMM =nM). (35)
The inequality (26) now follows from the inequalities (34) and
(39). [ |
Now, we are ready to prove Theorem 2.
Proof: From Lemmas 4 and 5, we get
B € 1
Uexp S - ; — ~

It follows from the comparison principle [47] that

Uexp S Uexp(o)efe/n)\min 2(Lysym) ming ; kik; /vivi Z;;l 'y,/klt.
(36)
The inequalities (23) and (36) together imply the inequality (37),
shown at the bottom of the page. The proof is thus completed
taking:
o a. = max; v/ kiki/min, ; vy /kiki > 0;
o be = e/nmin;  kiki/viv Y1 n/ki > 0;
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.« ¢ — minilt)\min(e—éi(t)ez‘(t)eét(t)el(t) + e~&®oi(t)
efﬁ(t)&(t))‘
|

APPENDIX D
PROOF OF THEOREM 3

Proof: From Lemma 3 in Appendix A it follows that
if s(t) € Gac, then the algebraic connectivity satisfies

Amin2(Lysym(s(t))) = 0 and Amin2(Lysym(s(t))) > 0
otherwise. By using the characteristic function, the inequality
(15) can be rewritten on the interval [¢,t;) as

Uesp(t) < afUexp(ti)e ™ A XEONE=1) (38

where af := ming)eg e, A* 1= Milg(t)eg. Amin2(L,.ym)les
and a, be, € are defined in the proof of Theorem 2 (Appendix
B). The inequality (38) implies that

Uerp(t) < a3 Unp ()™ (=t Tt01) (39)

holds true on the interval [t,t;), where T'(t;,t) :=
[l X(s(r))dr = X(s(t))(t — t;). Similarly, it follows
from (15) that the function Uy, satisfies

Uesp(ti) < afUep(tia)e it =Tt 40)

on the interval [¢;,t; ). Substituting (40) to (39) yields the in-
equality

Uerp(t) < (a:)2UeXp(ti_1)e—Y(t—ti_l—T(ti_l,t))_
By iterating the above calculation, we obtain

Uexp (t) < (GZ)N" (07t)Uexp(())e—A*(t—T(o,t))
= Uexp(o)e—)\*(t—T(O,t))+]n(aZ)Ns(o_t)
= Uexp((])e—)\*(t—T(O,t))+NS(0’t) In(a’)

n
~ o7/ _é Ny

n
=1 i=1 jEN;
—
1 N
= — GZ k—ltr ((859)
=1

€ "

(L,® 1'3)@59)

== 53 P () (ML, M @ I)e)

€ N
-5 Z—itr ((efg)T(MLWmM ® Ig)ef") . (34)
=
max g "/z:"/l —Ami €/n min; ; k; : " :
Uexp S i v ’];:1;7; exp(o)e >‘1111112(L‘ysy1n) / il kmkl/‘ﬁ’ﬂ Zl:l ’Yl/klt' (37)
mlni’l m
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where N(7,t) denotes the number of graph switches over the
interval (7, ). From the assumptions of the theorem, T'(7,t) <
a(t — 1)+ Ty and N4(0,t) < t/7p are satisfied and hence

e B e
_ Uexp(o)e(—k*(l—a)—l—ln(a:)/T”)t—A*TO .

This inequality implies that when —\*(1— ) +1In(a?)/7p < 0
is satisfied, then we have

lim Uney(£) = 0 @1)

t—o0

which is a necessary and sufficient condition for attitude syn-
chronization. Thus a sufficient conditions for (41) is given by

S Ina}

’

P71 -a)

which means the existence of a lower bound of 7p to achieve

attitude synchronization. This completes the proof. [ |
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