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We introduceg-properinterval graphsasinterval graphswith interval modelsin which no interval is properly con-
tainedin morethangq otherintervals,andalsoprovide a forbiddeninducedsubgraptcharacterizationf this classof
graphs We initiate a graph-theoretistudyof subgraph®f g-properintenval graphswith maximumcliquesizek + 1
andgive anequvalentcharacterizatioof thesegraphsby restrictedpath-decompositiorBy allowing the parameter
q to vary from 0 to k, we obtaina nestechierarchyof graphfamilies,from graphsof bandwidthat mostk to graphs
of pathwidthat mostk. Allowing both parameterso vary, we have aninfinite lattice of graphclassesorderedby
containment.
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1 Introduction

Interval graphsmodeltheintersectiorstructureof a setof intervals of ary linearly orderedstructureand
have applicationsin fields asdiverseasVLSI channelrouting, molecularbiology andscheduling.Our
interestin subgraph®f interval graphsstemsin partfrom the completionproblem[5] andalsofrom the
elusivenessf resultsrelatingseveralgraphparameterdasedon linearlayoutsof graphs.Pathwidthis a
graphparametecloselyassociatedvith interval graphsof importanceo bothalgorithmicandstructural
graphtheory andwith applicationsto VLSI layout[6, 11]. Bandwidthis anotherwidely studiedgraph
parameterwith applicationsto sparsematrices[1], and notoriousfor the difficulty of its computation
evenfor trees[3]. Recentlyin a studyof problemsmotivatedby molecularbiology, Kaplanand Shamir
[5] shaved a someavhat surprisingconnectiorbetweerbandwidthand pathwidth,usingthe well-known
notion of properinterval graphs,or equivalently unit interval graphs. A similar connectiorwas shovn
by [2] basedon a variantof the pursuit-ezasiongameof Copsand Robberswherethe Cop searches
graphby visiting its verticesin an attemptto apprehendhe Robberthatmoveswith afinite speedalong
graphedges. Dependingon the rules of the game,the minimum speedneededby the Robberto avoid
capturereflectseither the bandwidth,or the pathwidthof the graph. In this paperwe generalizeand
extendthis connection.Wefill in the gapbetweerbandwidthandpathwidth,by giving a classof graphs
parameterizedy two integerswherevaryingoneparametechangedandwidthgraduallyinto pathwidth.
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In the next sectionwe introduceg-properinterval graphsand give somepreliminary definitionsand
resultsrelatedto thesegraphs.In section3, we give a forbiddeninducedsubgraphcharacterizatiorior
g-properinterval graphs. In section4, we fix a maximumclique size, k + 1, andvary ¢ from O to &
to studysubgraph®f g-properinterval graphswith maximumclique sizek + 1. We characterizgéhese
nestedamiliesof graphsthatrangefrom bandwidthk to pathwidthk graphsasq rangedrom 0 to k&, by
propertief theirrestrictedpath-decomposition8y varyingbothg andk we obtainaninfinite lattice of
graphclassesorderedby containmentln sections weinvestigatestructuralpropertieof thesegraphsby
studyingthe edgemaximalgraphsandtheir minimal separatorsin section6 we show thattheseclasses
provide alternatve characterizationef k-caterpillarsandk-paths.andwe introducethe classof k-raysas
acompactandsimplecharacterizatioof graphsof bandwidthat mostk.

2 g-proper interval graphs

We usestandardyraphtheorynotation,ascanbefound,for instancejn [4]. An interval modelof agraph
canbe specifiedby the left andright endpointsfor eachinterval; thesecanbe expressedsintegersi(v)
andr(v), respectrely. Theinterval graphwith this interval modelhasa vertex for eachinterval andan
edgeuv if andonly if the (closed)intervals[i(v), r(v)] and[l(u), r(u)] have non-emptyintersection.

Definition 2.1 A graphG is a g-properinterval graphif it hasan interval modelsud thatno intervalis
properly containedn more thangq otherintervals.

Fact 2.2 O-properinterval graphsare usuallycalled properinterval graphs.

In generalaninterval [a;, b1] is saidto be properlycontainedn interval [az, b,] if eithera; > a, and
by < by ora; > as andb;, < by. We shaw thatin the context of avoiding propercontainmentsn interval
modelsit sufficesto dealonly with propercontainmentsvherestrictinequalitieshold on bothsides.

Definition 2.3 Interval[ay, b1 ] is 2-sidedproperly containedn interval [az, bo] if a1 > a2 andb; < bs.

Theorem 2.4 For anyintervalmodelM of anintervalgraphG we canfind a new interval modelN of G
suc thattheonly properinterval containment®f IV are the 2-sidedproperinterval containmentsf M.

Proof. Withoutlossof generality(w.l.0.g.),letall interval endpointof M beintegersbetweerl andsome
maximumvaluemaz. For eachvertex v, definee(v) = 1/(r(v) — l(v) + 2) We constructa new interval
modelN of G by replacingtheinterval [I(v),r(v)] of everyvertex v by [[(v) — €(v),r(v) + €(v)]. Note
thatno new propercontainment®r nonemptyintersection®f intervalsareintroducedby thesechanges.
Additionaly, all properinterval containmentsvhich werenot 2-sidedin M arenotproperin N. =

Thefollowing corollaryis immediate.

Corollary 2.5 If anintervalgraphG is notg-properinterval thenin anyinterval modelof G wecanfind
aninterval which is 2-sidedproperly containedn at leastq + 1 otherintervals.

3 Forbidden subgraphs

A graph(G is saidto be H-free,for afixedgraphH, if it doesnotcontainaninducedsubgraphsomorphic
to H. We denoteby K, theg-clique (g completelyconnectedrertices)andby K, , thecompletebipartite
graph(with partitionsof p andq vertices).
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Definition 3.1 We denoteby T, the graph consistingof a K, and 3 additional non-adjacentvertices,
ead adjacentto everyvertex of the K.

In the following, we generalizethe earlier characterizatiorof properinterval graphsto the classof
g-properinterval graphs.

Theorem3.2 [10] G is a O-properinterval graphif andonlyif G is a T;-free (equivalently K 3-free)
interval graph.

Theorem 3.3 G is a g-properinterval graphif andonlyif G is a T, -freeinterval graph.

Proof. (onlyif) AssumeG containsaninducedl 41, consistingof acopy of K, andthe3 non-adjacent
verticesa, b, ¢, andconsideran interval modelof G. Let (w.l.0.g.) theintenal of b lie entirely between
intervals of a andc andlet I be the (non-empty)commonintersectiorof all the intervals corresponding
to verticesof K, intersect. Sinceintervals of a, b, c musteachintersectl, the interval of b mustbe
properlycontainedn I andtherebyG is not g-properinterval.

(ify Assumethat G is interval but not g-properandtake ary integer interval modelof G. Modify this
model by fixing the overall minimum left and maximumright endpointsandin turn for eachvertex of
G extendingits interval left andright asfar aspossible with integer endpointsonly, while maintaining
aninterval modelof G. Let b be avertex whoseinterval is 2-sidedproperlycontainedn all intervals of
somevertex setK, with |K| > ¢ + 1, asguaranteedby Corollary2.5. Lettheinterval of z € K havethe
leftmostright endpointr(z) (of verticesin K). By our constructionjf we extendtheinterval of b to r(x),
theresultinginterval modeldoesnotrepresenthegraphG. Henceb acquiredanew neighbore ¢ K such
thatr(b) < I(c) < r(z). Thismeanghatc is (in G) adjacento every vertex in K but notto b. Similarly
we cannotmove the left endpointof b to the left becausef somevertex a with similar propertiesasc.
Note thata andc arenot neighborssincetheinterval of b lies entirely betweentheir intervals. ThusG
containsaninducedl ;. =

4  An infinite lattice of graph classes

In this sectionwe defineaninfinite lattice of graphclassesprderedby containmentwhich will seneto
elucidatetherelationshipbetweengraphsof bandwidthat mostk andgraphsof pathwidthat mostk. We
first definebandwidthandpathwidth.

Definition 4.1 G hasbandwidthat mostk if there existsa bijection f : V(G) — {1,2, ..., |[V(G)|} suh
thatfor everyedge uv of G wehave|f(u) — f(v)| < k.

Definition 4.2 [11] A path-decompositiof a graph G is a sequencef bags subsetsof the vertex

setV(G) of G, whoseunionis V(G), sud that for each edge of G there is a bag containingboth its

end-verticesand the bags containingany givenvertex are consecutiven the sequence The maximum
cardinality of a bag, minusoneg is calledthewidth of thepath-decompositionG haspathwidthat mostk

if andonlyif it hasa width &£ path-decomposition.

The pathwidthparametecanalsobedefinedin termsof restrictednterval graphs.

Definition 4.3 Givena path-decompositioX, ..., X, of a graphG, theinterval modelcorresponding
toit is givenbyl(v) = min{i : v € X;} andr(v) = max{i : v € X;}. We saythe path-decomposition
specifiesan embeddingf G into theinterval graphwith this interval model.
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Theorem4.4 [6] G is the subgaphof aninterval graphwith maximunclique sizeat mostk + 1 if and
onlyif G haspathwidthat mostk.

In arecentpaper KaplanandShamir[5] shaov a connectiorbetweerbandwidthandinterval graphs.

Theorem4.5 [5] G is thesubgraphof a 0-properinterval graphwith maximunclique sizeat mostk + 1
if andonly if G hasbandwidthat mostk.

A definition analogougo the oneabove, for graphsof pathwidthat mostk, follows immediatelyfrom
Theoremd.4 usingthe notion of g-properinterval graphs:

“G is the subgraplof a k-properinterval graphwith maximumclique sizeat mostk + 1 if
andonly if G haspathwidthat mostk.”

Wefill in thegapbetweertheseawo definitionsof bandwidthandpathwidth,by defininga classof graphs
parameterizedby two integersk andq wherevarying the parameteg from 0 to k£ graduallymovesthe
classfrom graphsof bandwidthat mostk to graphsof pathwidthat mostk.

Definition 4.6 We denoteby By, 4, for integers 0 < ¢ < k, the classof graphsthat are subgaphsof
g-properinterval graphswith maximunclique sizeat mostk + 1.

Fact4.7 By and By o containpreciselythe graphsof pathwidthat mostk and bandwidthat mostk,
respectively

This factfollows from Theoremst.4and4.5. Trivially, we havethat By, , C By o for ary k < k' and
g < ¢'. Hencethegraphclasseq By, 4 : 0 < g < k}, orderedundercontainmentform aninfinite lattice,
wheretheleastupperboundof By, and By g IS Brax {k,k'},max {q,¢'} @NAtheir greatestower boundis
Bmin{k,k’},min{q,q’}-

We concludethis sectionby giving an alternatve characterizatiof the graphsin Bj, , in termsof a
restrictedpath-decomposition.

Definition 4.8 Afull width k¥ path-decompositioiX, ..., X,,, hasall bagsof cardinality ¥ + 1 and | X; N
X,-+1|=k'f0r1§i<m.

Analogousrestrictionshave previously beenappliedto the studyof tree-decompositionsf graphs.Note
thatin afull path-decompositioX, ..., X,, eachbagexceptX; is the leftmost(lowest-numbereddag
for exactly one vertex and similarly eachbag except X,,, is the rightmost(highest-numberedag for
exactly onevertex.

Theorem4.9 G € B 4 if andonlyif G hasa full width k path-decompositiorky, ... X,,, whee each
vertex that doesnot belongto eitherbag X; or X, appeasin at leastk — ¢q + 1 bags.

Proof. (if) AssumeG hasa path-decompositioXy, ..., X,, asin thestatemenbf the Theorem.Consider
the correspondingnterval modell(v) = min{i : v € X;} andr(v) = max{i : v € X;}. If G is not
g-properwe find, by Corollary2.5,aninterval 2-sidedproperlycontainedn atleastq + 1 otherintervals.
We thereforefind £ — ¢ + 1 consecutte bags,X;, Xit1, .., Xitk—q, With ¢ > 1 andi + k£ — ¢ < m that
shareg + 2 vertices.Eachof thebagsX;1, ..., Xi+x—q hasto betheleftmostbagfor atleastoneof the
remainingverticesin bag X, —,. But thisis a contradictionsincefor thesek — ¢ bagsthereareonly
k — ¢ — 1 suchvertices.We concludethatG is g-proper
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(only ify Considera g-properinteger interval modelof a supegraphof G with maximumclique size
k + 1. W.l.o.g. we canassumehat no two intervals are equal. We shav that this supegraphof G,
and thereforeG itself, hasthe desiredpath-decomposition.Order verticesof G by left endpointof
intenals uy,ua, ..., Uy, thusu; € V(G) with [(u;) < I{u;y1) and by right endpointsof intervals,
v1, V2, ..Uy, breakingties arbitrarily. We constructa full width k£ path-decompositionf G' definedby
X = {ul,u2,...,uk+1} andX,- =X, 1U {UkJrz'} \ {’Uz',l} for 2 <i<n-k. Notethatvl € X,
(andsimilarly v; 1 € X; 1,2 <4 < n — k) asotherwisethe maximumclique sizewould exceedk + 1.
By constructionall bagsthushave sizek + 1 andaredistinct,andthis is indeeda path-decomposition
of G sinceevery pair of verticescorrespondingo intersectingntervalsbelongsto acommonbag. Let v
be a vertex not containedn bagsX; or X,,_; which appearsn the leastnumberof bags,p. Thereare
p vertices,includingv, whoseleftmostbagis amongthesebags. Therearethereforek — p + 1 vertices
otherthanv thataresharedby all thesep bags,andeachof theseverticesbelongsto morebagsthanv
does.Theinterval of v mustthereforehave beenproperlycontainedn theinterval of ¥ — p + 1 vertices.
Sincetheinterval modelis g-properwe concludethatk — p + 1 < ¢ + 1 andthereforep > k — ¢ sothat
eachvertex notin bagsX; or X,,_; belongsto atleastk — ¢ + 1 bagsa

5 Edge maximal graphs

In this sectionwe investigateseveral importantstructuralpropertiesof graphsin By, , by focusingon
edgemaximalgraphsin theseclassesOur first goalwill beto shav thatthe full path-decompositiongf
Theorem4.9 specifyan embeddingnto an edge-maximagraph. First somepreliminarydefinitionsand
results.

Definition 5.1 We denoteby C}, 4, for integers 0 < ¢ < k, theclassof edge maximalgraphsin By, 4.

NotethatCy,, C Cj, o for g < ¢' andCy g N Crr g =0 for k < k'

For aconnectedyraphG, asubsebf verticesS C V (G) is aseparatoof G if thereexist verticesu and
v, notin S, which aredisconnectety removal of S. S is aminimal separatoof G if no propersubsebf
S is aseparatar

Definition 5.2 For a graphG we definethe separatograph S(G) to be the unionof all subgaphsof G
inducedby minimalsepaators of G.

Lemmab.3 If G € C}, 4 with full width k£ path-decompositioXy, ..., X,,, thenthe minimal sepaators
of G are {Y; =X;N Xi+1}1§i§mfl-

Proof. We show thatY;,1 < 4 < m — 1 is a minimal separatar Let » be a vertex for which X; is a

rightmostbagandlet v be a vertex for which X, is a leftmostbag. Clearly, Y; is a separatosince
its removal disconnects; andv. No propersubsetof Y; is a separatosinceboth« andv areadjacent
to all verticesof Y; (otherwiseG would not be maximal),andthe removal of Y; separates into two

connectedyraphscontainingu andv, respectiely. Moreover, ary separatoof G mustproperlycontain
someX; N X; 1 in orderto splitits interval representatioimto two disjoint parts.=

We cannow shaw thatthefull path-decompositioof G € By, of Theorem¥.9 specifiesanembedding
of G into agraphin Cj, 4.
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Fig. 1: The3-rayon 7 vertices(a graphin Cs,»), its separatographthe 2-rayon 5 vertices(a graphin C5,1), andits
separatographthe 1-rayon 3 vertices(a graphin Ca,0).

Lemma5.4 G € Cy, if andonly if G hasan interval modelcorrespondingto a full width & path-
decompositionXy, ..., X,,, with £ — ¢ + 1 beingthe minimumnumberof bagsto which anyvertex notin
X; or X, belongs.

Proof. Theforwarddirectionof the proofis a corollaryto Theoremd.9. For the otherdirection,we note
thatby Theorem4.9 G is a subgraphof a graphin Cj, ,. Moreover, intersectionf adjacentagshave
sizek andby Lemmab.3thesearepreciselythe minimal separatoref G. Any connectedyraphwith no
(k + 2)-cliguewhereall minimal separatorinduce K, is a k-tree[12]. Theonly subgraph®f graphsin
Ch,q thatarek-treesarethe maximalgraphsandhenceG € Cy 4. »

We turn to anothermain resultof this section. Proskurevski [7] shows thatfor £ > 0 the separator
graphof a k-caterpillar(a graphin Cy i), is a (k — 1)-caterpillar(a graphin Cy_1 x—1). Thefollowing
Theoremgeneralizeshisresult(seeFigurel for anexample.)

Theorem5.5 Letq andk beintegerssudhthat0 < ¢ < k andk > 0. Wethenhave

‘ f Criig ifg<k
s@:cec={ gt {is]

Proof. We first show thatfor G € Cj, , whereq < k, S(G) € Ci_1,4. It follows by Lemma5.3 that
{Y; = X; N X1 h<i<m—1 formsapath-decompositionf S(G) with thecorrespondingnterval model.
Notethatall bagsin {Y;} aredistinct,sincetheequalityof ¥; andY;; wouldimply thatY; = X; N X, .
Sinceall bagsX; aredistinct, this would meanthat X, ; hasa vertex appearingonly in this bag,which
contradictsTheorem4.9. EachbagY;, 1 < i < m, hassizek by Lemmab5.4. Moreover, sinceeach
vertex of G appearsn atleastk — ¢ + 1 bagsof {X;}1<i<m it mustappearin atleastk — g bagsof
{Yi}i<i<m. Any bagY;, 1 < i < m — 1 is therightmostbagfor exactly onevertex, sinceotherwisethe
correspondingX;11 would betherightmostfor two verticesin G. Similarly, eachbagy;, 1 < i < m is
leftmostfor exactly onevertex. FromLemma5.4we thereforeconcludethat.S(G) is agraphin Cy_y 4.
In theabove agumenttheonly placewe assume < k is in theargumentthatall bagsY;, 1 <i <m
aredistinct. In the caseof ¢ = k£ we may haveY; = Y;11. By removing all duplicatebagsfrom



Classef graphswith restrictedinterval models 173

{Y:}1<i<m, We obtaina path-decompositionf S(G) with otherwisethe samepropertiesasabove. Since
k = q we needonly show thetrivial restrictionthateachvertex appearsn at leastonebag. This proves
thatS(G) isin Cr—1,k—1-

To prove equalityof thetwo graphclasses{S(G) : G € C 4} = Ci_1,4 for 0 < ¢ < k, it remains
to shaw thatfor ary graphH in Cj_; , with afull width £ — 1 path-decompositioly, ..., Y,,,—; thereis
agraphG in Cy, 4 with S(G) isomorphicto H. Let usdefinethe edgemaximalgraphG whoseinterval
modelcorrespondso the path-decompositioX; = Y;_; UY; for1 < ¢ < mandX; = Y; U {u} and
Xm = Y U {v} with new verticesu andv notappearingn H. G hasH asits separatographand
satisfiesalsothe remainingcriteria, asit is easyto checkusingLemma5.4. For ¢ = k — 1, we already
shavedthatG € Cy ;—1 andhenceG € Cy, j, With S(G) = H. =

6 Caterpillars, paths and rays

In this sectiorwe continuetheinvestigatiorof theedge-maximagraphclasse€’y, 4, providing alternatve
characterizationsf k-caterpillarsaandk-paths andintroducingthe classof k-raysasacompactandsimple
characterizatiomf graphsof bandwidthat mostk. We alsogive a simplealgorithmfinding, for a given
k-caterpillarG, the minimumgq for whichG € Cy, ,.

In the studyof graphswith a treestructureor a linear structure the k-trees,k-caterpillarsand k-paths
arewell-known (notethatsomeauthorscall k-caterpillars' k-paths” but we follow theearlierterminology
introducedin [7, 13] which impliesthat 1-pathsareexactly paths just as1-treesareexactly trees).Their
iterative definitionsarerelatedasfollows: (i) The completegraphon k& + 1 verticesis a k-tree. (i) A
k-treewithn +1 > k + 1 verticesis obtainedrom a k-treeonn verticesby addinga new vertex adjacent
to a k-clique, anditerative applicationsof this operationsuffice to constructary k-tree. (iii) A vertex of
degreek in a k-treeis calleda k-leaf. (iv) A k-pathis a k-treewith two k-leaves. (v) A k-caterpillaris
a k-treeconsistingof a k-pathwith additionalk-leaves(“hair” vertices)adjacento someof its separator
k-cliques.

It is well-known that k-treesare preciselythe edgemaximal graphsof treewidth £ andsimilarly k-
caterpillarsare preciselythe edgemaximalgraphsof pathwidthk. Takahashiet al. [13] introducethe
analogougraphparametefor k-pathsby sayingthata graphhasproperpathwidthat mostk if andonly
if it is a subgraphof a k-path. (Note that Kaplanand Shamirin their paper[5] give the name“proper
pathwidth”to a differentparametewhich they latershaw to be equivalentto bandwidth.)Thefollowing
graphclassedave themostrigid linear structureamonggeneralizationsf paths.

Definition 6.1 We denoteby k-raysthe classof edge-maximalgraphsof bandwidthat mostk.
SeeFigurel for anexampleof k-rays.
Theorem6.2 Cy i, Ck,xr—1 andCy o are preciselythe k-caterpillars, k-pathsand k-rays,respectively

Proof. The claimsfor k-caterpillarsandk-raysfollow from the abose commentsaandFact4.7. To prove
theclaimfor k-paths we needto shav thatk-pathsarepreciselythegraphsin Cj, —1. By Theoremy.9,
we know that ary graphG in Cy x—1 hasa full width & path-decompositioX, ..., X,,, whereeach
vertex notin X; or X,, belongsto at least2 bags. By Lemma5.4 we know that the graphwith the
correspondingnterval modelis a graphin Cj, y—2+1 = Cg,x—1, henceG itself hasthis interval model.
Moreover, Cy r—1 C Cp, SothatG is a k-caterpillarand we needonly shav that G hasat mosttwo
verticesof degreek. By definitionthereare exactly two verticesappearingnly in X; and X,,,. Every
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othervertex in G mustappeain atleasttwo disjointbagsX; and X, 1, eachcontainingk othervertices,
andmustthereforenave atleastk + 1 neighborsa

Corollary 6.3 For ead positiveinteger n and any k < n, C,o containspreciselyone graph (up to
isomorphismyith n vertices{vs, ..., v, }. Thisgraphhasintervalmodell(v;) = i,r(v;) =i + k.

Proof. This follows from the definition of full width k& path-decompositionandLemmabs.4 sincewith
g = 0 theonly path-decompositiomatisfyingthoserestrictionsupto are-labelingof vertices|s givenby
{Xi}ISiSTL—k WheI'EXz' = {’Uz', Vit1s---» Ui—i—k}- ]

Thefollowing characterizatiowf k-raysfollows immediatelyfrom theabove:

Corollary 6.4 LetG bea graph. Thefollowing statementsire equivalent:
1. G hasbandwidthat mostk.
2. G € Byyp.
3. G isasubgaphofthek-rayon |V (G)| vertices.
4

. G hasa path-decompositioR X; }1<i<n—r Whee X; = {v;,vit1, ..., viyr } for somelabeling of
its verticesV (G) = {v1, ..., vn }.

We concludethis sectionwith a simplealgorithmfor the following problem: Givena k-caterpillarG
whatis the minimumvalueof ¢ for whichG € Cy, 4?

Let afull path-decompositioof a k-caterpillarG be P(G) = {X;}o<i<m, thisis theuniquewidth-k
path-decompositiom which no bagis a subsebf another

ForabagX;, 0 < i < m, of P(G), letusdefinethe entryvertex v;, to betheonly vertexin X; \ X; ;.
Let the exit vertex of X;, u;, betheonly vertex in X; \ X;11. We will saythatv; replacess;. Forthe
vertex ug appearingonly in X, ary othervertex in X, canbesaidto replacet. Similarly, thevertex v,,,
appearingnly in X,,, canbe saidto replaceary othervertexin X,,,.

Thewidth-(k—1) path-decompositioof H = S(G) isgivenbybagsY; = X;NX;11 = X1\ {vit1}-
We have shovnin Theoremb.5that,forg < k, G € Cry = H € Cr_1,4. Wheng < k-1, H isthusa
(k — 1)-path.We will now prove theinverserelation.

Lemma 6.5 Givena k-pathG andits sepaator graphH = S(G), forall g < k, H € Cy_1,4 = G €
Chyq-

Proof. Let usassumehatG hasaninducedsubgraptisomorphicto T;;. We will shov thatso does
H. Let thethreemutually non-adjacen{independentyerticesof the copy of Ty in G bew;, ws and
ws. Considerthe path-decompositio (G) = {X;}o<i<m andwlog. letw, betheentryvertex of some
X;, wy betheexit vertex of someX;, j < ¢ andws bethe entry vertex of someX;, ¢ < I. Since
all the neighborsof w, sharebagswith w,, we canalwayschoosew; to be the exit vertex of X; ; and
ws to bethe entry vertex of the bag succeedinghe bag of which ws is the exit vertex. Thusws is in
X;N...nX;_;. Sinced is not a k-caterpillar w, is in morethanonebagandi < [ — 1. Thecopy
J of Kg4q isin X; N...N X; andthereforealsoin the correspondindgagsof a pathdecompositiorof
H, Y;_1N...NnY;_1. Theverticesexit(Y;—1), entry(Y;) andentry(Y;_,) areindependenin H, andthus,
togethemwith J formin H aninducedsubgraptisomorphicto T4 1. =
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Theorem6.6 For a k-path G, the smallestvalue of ¢ for which G € Cy, is the smallestg for which
H= S(G) €Cr 14.m

The theoremfollows from Lemma6.5 and suggestghe following high-level classificationalgorithm
determiningthe smallesiy for which a givenk-caterpillarG is in Cy 4:
Algorithm 6.7 :
Decomposition: Constructa path-decompositio (G) = {X;}o<i<m. Setg = k.
Hair? If X; N X;_1 = X; N X,y for somei > 0, thenG ¢ Cj ,—1. Returng .

Iteration: WhileG containsno hair vertices
Find H = S(G).
Decemeny. SetG = H.

Return: ¢ —1i.eG € Crq—1 andG ¢ Cj, 2.

A path-decompositio?(G) of G canbe constructedn linear time by finding verticesof degreek
andtheir neighborhood#n G, removing the k-leavesanditeratingthe process.Eachconstructiorof the
separatographS(G) anddeterminatiorof the presencéor absencedf hair verticescanbedonein linear
time using,for instancethe stringrepresentatioof G (cf. [8]).

7 Future Research

We intendto investigatefurtheralgorithmicissuesrelatedto ¢-properinterval graphs.Indeed,in [9], we
give somepreliminaryresultsrelatedto the compleity of computingvariousgraphparameterassociated
with thegraphclassed By, : 0 < ¢ < k}. Thesegraphclassedorm aninfinite lattice whenorderedby
containmentVariousgraphparametersanbe definedby fixing a particularchainor a setof elementsn
thelatticeandaskingfor theleastclassin thechaincontainingagivengraph.Pathwidthandbandwidthare
examplesof suchparameterslefinedby thediagonaly = k£ andtheline ¢ = 0 of thelattice,respectiely.
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