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We introduce� -properinterval graphsasinterval graphswith interval modelsin which no interval is properlycon-
tainedin morethan � otherintervals,andalsoprovide a forbiddeninducedsubgraphcharacterizationof this classof
graphs.We initiateagraph-theoreticstudyof subgraphsof � -properinterval graphswith maximumcliquesize ���	�
andgive anequivalentcharacterizationof thesegraphsby restrictedpath-decomposition.By allowing theparameter� to vary from 0 to � , we obtaina nestedhierarchyof graphfamilies,from graphsof bandwidthat most � to graphs
of pathwidthat most � . Allowing both parametersto vary, we have an infinite lattice of graphclassesorderedby
containment.

Keywords: interval graphs,pathwidth,bandwidth

1 Introduction
Interval graphsmodeltheintersectionstructureof a setof intervalsof any linearly orderedstructure,and
have applicationsin fields asdiverseasVLSI channelrouting, molecularbiology andscheduling.Our
interestin subgraphsof interval graphsstemsin part from thecompletionproblem[5] andalsofrom the
elusivenessof resultsrelatingseveralgraphparametersbasedon linearlayoutsof graphs.Pathwidthis a
graphparametercloselyassociatedwith interval graphs,of importanceto bothalgorithmicandstructural
graphtheory, andwith applicationsto VLSI layout [6, 11]. Bandwidthis anotherwidely studiedgraph
parameter, with applicationsto sparsematrices[1], andnotoriousfor the difficulty of its computation
evenfor trees[3]. Recently, in a studyof problemsmotivatedby molecularbiology, KaplanandShamir
[5] showeda somewhatsurprisingconnectionbetweenbandwidthandpathwidth,usingthewell-known
notion of properinterval graphs,or equivalently unit interval graphs.A similar connectionwasshown
by [2] basedon a variantof the pursuit-evasiongameof CopsandRobbers,wherethe Cop searchesa
graphby visiting its verticesin anattemptto apprehendtheRobberthatmoveswith a finite speedalong
graphedges.Dependingon the rulesof the game,the minimum speedneededby the Robberto avoid
capturereflectseither the bandwidth,or the pathwidthof the graph. In this paperwe generalizeand
extendthis connection.We fill in thegapbetweenbandwidthandpathwidth,by giving a classof graphs
parameterizedby two integerswherevaryingoneparameterchangesbandwidthgraduallyinto pathwidth.

1365–8050c



1999Maisondel’Informatiqueet desMathématiquesDiscr̀etes(MIMD), Paris,France



168 AndrzejProskurowskiandJanArneTelle

In the next sectionwe introduce � -properinterval graphsandgive somepreliminarydefinitionsand
resultsrelatedto thesegraphs.In section3, we give a forbiddeninducedsubgraphcharacterizationfor� -properinterval graphs. In section4, we fix a maximumclique size, �� � , andvary � from 0 to �
to studysubgraphsof � -properinterval graphswith maximumcliquesize �� � . We characterizethese
nestedfamiliesof graphs,thatrangefrom bandwidth� to pathwidth � graphsas � rangesfrom 0 to � , by
propertiesof their restrictedpath-decompositions.By varyingboth � and � weobtainaninfinite latticeof
graphclasses,orderedby containment.In section5 weinvestigatestructuralpropertiesof thesegraphsby
studyingtheedgemaximalgraphsandtheir minimal separators.In section6 we show that theseclasses
providealternativecharacterizationsof � -caterpillarsand � -paths,andwe introducetheclassof � -raysas
a compactandsimplecharacterizationof graphsof bandwidthatmost � .
2 � -proper interval graphs
We usestandardgraphtheorynotation,ascanbefound,for instance,in [4]. An interval modelof agraph
canbespecifiedby the left andright endpointsfor eachinterval; thesecanbeexpressedasintegers �������
and ������� , respectively. The interval graphwith this interval modelhasa vertex for eachinterval andan
edge��� if andonly if the(closed)intervals � �����������������! and � �"���#���������#�$ havenon-emptyintersection.

Definition 2.1 A graph % is a � -properinterval graphif it hasan interval modelsuch thatno interval is
properlycontainedin more than � otherintervals.

Fact 2.2 0-properintervalgraphsareusuallycalledproperintervalgraphs.

In general,an interval � &(')�+*,'- is saidto be properlycontainedin interval � &�./�+*�.+ if either &('102&3. and*,'546*7. or &('986&�. and *:'5;<*7. . We show thatin thecontext of avoidingpropercontainmentsin interval
modelsit sufficesto dealonly with propercontainmentswherestrict inequalitiesholdon bothsides.

Definition 2.3 Interval � & ' �+* '  is 2-sidedproperlycontainedin interval � & . �+* .  if & ' 0=& . and * ' ;<* . .
Theorem2.4 For anyintervalmodel > of an intervalgraph % wecanfinda new intervalmodel? of %
such that theonly properinterval containmentsof ? are the2-sidedproperinterval containmentsof > .

Proof. Without lossof generality(w.l.o.g.),let all intervalendpointsof > beintegersbetween1 andsome
maximumvalue @A&CB . For eachvertex � , defineD)�����FE �HG ���������JIK�������L � � We constructa new interval
model ? of % by replacingtheinterval � ���������"�������! of every vertex � by � �������MIKD)�������"�������JNDO�����! . Note
thatno new propercontainmentsor nonemptyintersectionsof intervalsareintroducedby thesechanges.
Additionaly, all properinterval containmentswhich werenot2-sidedin > arenot properin ? .

Thefollowing corollaryis immediate.

Corollary 2.5 If an intervalgraph % is not � -properinterval thenin anyintervalmodelof % wecanfind
an intervalwhich is 2-sidedproperlycontainedin at least �P � otherintervals.

3 Forbidden subgraphs
A graph% is saidto be Q -free,for afixedgraphQ , if it doesnotcontainaninducedsubgraphisomorphic
to Q . Wedenoteby R�S the � -clique( � completelyconnectedvertices)andby R�THU S thecompletebipartite
graph(with partitionsof V and � vertices).
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Definition 3.1 We denoteby W S the graph consistingof a R S and 3 additional non-adjacentvertices,
each adjacentto everyvertex of the R S .

In the following, we generalizethe earlier characterizationof properinterval graphsto the classof� -properinterval graphs.

Theorem3.2 [10] % is a 0-proper interval graph if andonly if % is a W ' -free(equivalently, R '+U X -free)
intervalgraph.

Theorem3.3 % is a � -properinterval graphif andonly if % is a W SZY[' -freeintervalgraph.

Proof. (only if) Assume% containsaninducedW SZY[' , consistingof acopy of R SZY[' andthe3 non-adjacent
vertices&��-*)�-\ , andconsideran interval modelof % . Let (w.l.o.g.) the interval of * lie entirelybetween
intervalsof & and \ andlet ] bethe(non-empty)commonintersectionof all the intervalscorresponding
to verticesof R SZY[' intersect. Sinceintervals of &��-*)�-\ musteachintersect] , the interval of * mustbe
properlycontainedin ] andthereby% is not � -properinterval.
(if) Assumethat % is interval but not � -properandtake any integer interval modelof % . Modify this
modelby fixing the overall minimum left andmaximumright endpointsandin turn for eachvertex of% extendingits interval left andright asfar aspossible,with integerendpointsonly, while maintaining
an interval modelof % . Let * bea vertex whoseinterval is 2-sidedproperlycontainedin all intervalsof
somevertex set R , with ^ R=^�86�_ � , asguaranteedby Corollary2.5.Let theinterval of Ba`AR havethe
leftmostright endpoint����Bb� (of verticesin R ). By ourconstruction,if weextendtheinterval of * to ����B�� ,
theresultinginterval modeldoesnot representthegraph% . Hence* acquiredanew neighbor\dc`eR such
that ���f*7�g;<�"��\:�_46����B�� . This meansthat \ is (in % ) adjacentto every vertex in R but not to * . Similarly
we cannotmove the left endpointof * to the left becauseof somevertex & with similar propertiesas \ .
Note that & and \ arenot neighborssincethe interval of * lies entirelybetweentheir intervals. Thus %
containsaninducedW S"Y[' .
4 An infinite lattice of graph classes
In this sectionwe defineaninfinite latticeof graphclasses,orderedby containment,which will serve to
elucidatetherelationshipbetweengraphsof bandwidthat most � andgraphsof pathwidthat most � . We
first definebandwidthandpathwidth.

Definition 4.1 % hasbandwidthat most � if there existsa bijection hai3j���%k��lnm � � � �:opoqoq�O^ jr��%k�,^ts such
that for everyedge ��� of % wehave ^ hJ���#�uIvhJ�����:^�4=� .
Definition 4.2 [11] A path-decompositionof a graph % is a sequenceof bags, subsetsof the vertex
set jw��%k� of % , whoseunion is j���%k� , such that for each edge of % there is a bag containingboth its
end-verticesand the bags containingany givenvertex are consecutivein the sequence. Themaximum
cardinality of a bag, minusone, is calledthewidth of thepath-decomposition.% haspathwidthat most �
if andonly if it hasa width � path-decomposition.

Thepathwidthparametercanalsobedefinedin termsof restrictedinterval graphs.

Definition 4.3 Givena path-decompositionx�')�:opoqoq�"xzy of a graph % , the interval modelcorresponding
to it is givenby �������_E|{r}p~Lm:�_i���`axz�"s and �������gE�{z����mO�_i���`�xz�!s . We saythepath-decomposition
specifiesan embeddingof % into theintervalgraphwith this intervalmodel.
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Theorem4.4 [6] % is thesubgraphof an interval graphwith maximumcliquesizeat most �� � if and
only if % haspathwidthat most � .

In a recentpaper, KaplanandShamir[5] show a connectionbetweenbandwidthandinterval graphs.

Theorem4.5 [5] % is thesubgraphof a 0-properintervalgraphwith maximumcliquesizeat most�P �
if andonly if % hasbandwidthat most � .
A definition analogousto the oneabove, for graphsof pathwidthat most � , follows immediatelyfrom
Theorem4.4usingthenotionof � -properinterval graphs:

“ % is thesubgraphof a � -properinterval graphwith maximumcliquesizeat most �d � if
andonly if % haspathwidthat most � .”

Wefill in thegapbetweenthesetwo definitionsof bandwidthandpathwidth,by definingaclassof graphs
parameterizedby two integers � and � wherevarying the parameter� from 0 to � graduallymovesthe
classfrom graphsof bandwidthatmost � to graphsof pathwidthat most � .
Definition 4.6 We denoteby �9� U S , for integers �N4��N4�� , the classof graphsthat are subgraphsof� -properintervalgraphswith maximumcliquesizeat most �� � .
Fact 4.7 � � U � and � � U � containpreciselythe graphsof pathwidthat most � andbandwidthat most � ,
respectively.

This factfollows from Theorems4.4and4.5. Trivially, wehave that ��� U S�� �9�7� U S � for any ��4<��� and��46�H� . Hence,thegraphclassesmO��� U S i/��4=�d4<��s , orderedundercontainment,form aninfinite lattice,
wheretheleastupperboundof ��� U S and ����� U S � is �g�M���b� � U � ���7U �M����� S�U SZ��� andtheir greatestlowerboundis�g�M� �b� � U �7� �7U �M� �b� S�U S � � .

We concludethis sectionby giving an alternative characterizationof thegraphsin �9� U S in termsof a
restrictedpath-decomposition.

Definition 4.8 A full width � path-decompositionx�')�,oqoqop��xry hasall bagsof cardinality �P � and ^ xz�C�xr�qY['C^/E�� for
� 4=��;=@ .

Analogousrestrictionshave previouslybeenappliedto thestudyof tree-decompositionsof graphs.Note
that in a full path-decompositionx ' �,oqopoq�"x y eachbagexcept x ' is the leftmost(lowest-numbered)bag
for exactly onevertex andsimilarly eachbagexcept x y is the rightmost(highest-numbered)bag for
exactlyonevertex.

Theorem4.9 %�`<� � U S if and only if % hasa full width � path-decompositionx�'H�,oqopo xzy where each
vertex thatdoesnot belongto eitherbag x�' or xzy appears in at least ��Iv�� � bags.

Proof. (if) Assume% hasapath-decompositionx ' �:opoqop��x y asin thestatementof theTheorem.Consider
the correspondinginterval model �������kE2{r}q~�m:��iL� `Nx � s and ��������E¡{z�H��m:�ki��K`=x � s . If % is not� -properwefind, by Corollary2.5,aninterval 2-sidedproperlycontainedin at least�� � otherintervals.
We thereforefind �dIv�_ � consecutivebags,xz�"��xz�pY['H�,oqopoq�"xz�qY �O¢ S , with �£0 � and �#¤��Iv��;N@ that
share�P � vertices.Eachof thebagsxz�pY['��,oqoqop��xr�qY �O¢ S hasto betheleftmostbagfor at leastoneof the
remainingverticesin bag xz�pY �)¢ S . But this is a contradiction,sincefor these�wI¤� bagsthereareonly��Iv�9I � suchvertices.We concludethat % is � -proper.
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(only if) Considera � -properinteger interval modelof a supergraphof % with maximumclique size�� � . W.l.o.g. we can assumethat no two intervals are equal. We show that this supergraphof % ,
and therefore % itself, has the desiredpath-decomposition.Order verticesof % by left endpointof
intervals � ' ��� . �,oqopoq�"�b¥ , thus � � `¦j���%k� with ����� � ��4n����� �pYu' � and by right endpointsof intervals,� ' ��� . �,oqoqo ��¥ , breakingties arbitrarily. We constructa full width � path-decompositionof % definedbyx ' E§m:� ' ��� . �,oqopoq�"�#� Y[' s and x � E¡x � ¢ '�¨ mO�b� Y�� s9©km:� � ¢ ' s for

� 4ª��4¬«	I=� . Note that � ' `6x '
(andsimilarly � � ¢ ' `�x � ¢ ' � � 46��4<«eI � ) asotherwisethemaximumcliquesizewould exceed�k � .
By construction,all bagsthushave size �r � andaredistinct,andthis is indeeda path-decomposition
of % sinceevery pair of verticescorrespondingto intersectingintervalsbelongsto a commonbag.Let �
bea vertex not containedin bagsx�' or x ¥�¢b� which appearsin the leastnumberof bags,V . ThereareV vertices,including � , whoseleftmostbagis amongthesebags.Therearetherefore�zI�Vw � vertices
otherthan � thataresharedby all theseV bags,andeachof theseverticesbelongsto morebagsthan �
does.Theinterval of � mustthereforehavebeenproperlycontainedin theinterval of ��IeV� � vertices.
Sincetheinterval modelis � -properwe concludethat ��IAVd � ;=�P � andthereforeV06�dIK� sothat
eachvertex not in bagsx ' or xr¥�¢b� belongsto at least �dI	�P � bags.

5 Edge maximal graphs
In this sectionwe investigateseveral importantstructuralpropertiesof graphsin ��� U S by focusingon
edgemaximalgraphsin theseclasses.Our first goalwill beto show that thefull path-decompositionsof
Theorem4.9 specifyanembeddinginto anedge-maximalgraph.First somepreliminarydefinitionsand
results.

Definition 5.1 We denoteby ®�� U S , for integers ��4=�d4<� , theclassof edgemaximalgraphsin �9� U S .
Notethat ® � U S � ® � U S"� for �d4=�H� and ® � U S��A® � ��U SPE�¯ for �1;6�(� .
For aconnectedgraph% , asubsetof vertices° � j���%k� is aseparatorof % if thereexist vertices� and� , not in ° , whicharedisconnectedby removal of ° . ° is aminimalseparatorof % if nopropersubsetof° is aseparator.

Definition 5.2 For a graph % wedefinetheseparatorgraph °_��%k� to betheunionof all subgraphsof %
inducedbyminimalseparatorsof % .

Lemma 5.3 If %§`¤® � U S with full width � path-decompositionx�')�:opoqoq�"xzy thentheminimalseparators
of % are mO±��LE<xz�²��xz�pY['HsH'�³���³�y ¢ ' .
Proof. We show that ±���� � 4´��4´@¦I � is a minimal separator. Let � be a vertex for which xz� is a
rightmostbagand let � be a vertex for which xr�qY[' is a leftmostbag. Clearly, ±�� is a separatorsince
its removal disconnects� and � . No propersubsetof ±�� is a separatorsinceboth � and � areadjacent
to all verticesof ±�� (otherwise% would not be maximal),andthe removal of ±�� separates% into two
connectedgraphscontaining� and � , respectively. Moreover, any separatorof % mustproperlycontain
somex � �1x �qY[' in orderto split its interval representationinto two disjoint parts.

Wecannow show thatthefull path-decompositionof %ª`e� � U S of Theorem4.9specifiesanembedding
of % into a graphin ® � U S .
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Fig. 1: The3-rayon 7 vertices(a graphin µ ��¶ � ), its separatorgraphthe2-rayon5 vertices(a graphin µ ��¶ � ), andits
separatorgraphthe1-rayon3 vertices(a graphin µ ��¶ · ).
Lemma 5.4 %¸`2® � U S if and only if % has an interval modelcorrespondingto a full width � path-
decompositionx�')�,oqoqop��xry with ��Iv�P � beingtheminimumnumberof bagsto which anyvertex not inxw' or xzy belongs.

Proof. Theforwarddirectionof theproof is a corollaryto Theorem4.9. For theotherdirection,we note
thatby Theorem4.9 % is a subgraphof a graphin ®�� U S . Moreover, intersectionsof adjacentbagshave
size � andby Lemma5.3 thesearepreciselytheminimal separatorsof % . Any connectedgraphwith no
( �k � )-cliquewhereall minimal separatorsinduce R�� is a � -tree[12]. Theonly subgraphsof graphsin®£� U S thatare � -treesarethemaximalgraphsandhence%ª`�®�� U S .

We turn to anothermain resultof this section. Proskurowski [7] shows that for �=0´� the separator
graphof a � -caterpillar(a graphin ®�� U � ), is a ( �rI � )-caterpillar(a graphin ®£�)¢ '�U �O¢ ' ). The following
Theoremgeneralizesthis result(seeFigure1 for anexample.)

Theorem5.5 Let � and � beintegerssuch that ��4=�d46� and �10N� . We thenhave

m,¹5�f%k��i/%º`�®�� U S s9E
» ®��O¢ '�U S if �d;<�®��O¢ '�U �O¢ ' if ��E¼�

Proof. We first show that for %½`<® � U S where �	;´� , °P��%k�r`�® �O¢ '�U S . It follows by Lemma5.3 thatmO±��LE<xz�C�zxr�qY[')sH'�³���³�y ¢ ' formsapath-decompositionof °_�f%k� with thecorrespondinginterval model.
Notethatall bagsin mO±��!s aredistinct,sincetheequalityof ±�� and ±��qY[' wouldimply that ±��[E�xz�,�5xr�qY�. .
Sinceall bagsxz� aredistinct, this would meanthat xz�qY[' hasa vertex appearingonly in this bag,which
contradictsTheorem4.9. Eachbag ±���� � 4´�r;´@ , hassize � by Lemma5.4. Moreover, sinceeach
vertex of % appearsin at least �1I=�� � bagsof mOx � s '�³���³�y it mustappearin at least �1I6� bagsofmO± � s '�³���¾�y . Any bag ± � , � 4<��;<@¿I � is therightmostbagfor exactly onevertex, sinceotherwisethe
correspondingx �qY[' would betherightmostfor two verticesin % . Similarly, eachbag ± � , � ;À�_4�@ is
leftmostfor exactly onevertex. FromLemma5.4we thereforeconcludethat °_��%k� is agraphin ®£�)¢ '�U S .

In theaboveargument,theonly placewe assume�d;<� is in theargumentthatall bags±���� � ;=��4N@
are distinct. In the caseof �ÀEn� we may have ±��AEÁ±��pYu' . By removing all duplicatebagsfrom
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mO± � s '�³���¾�y , weobtainapath-decompositionof °_�f%k� with otherwisethesamepropertiesasabove.Since�AE¬� we needonly show thetrivial restrictionthateachvertex appearsin at leastonebag. This proves
that °_��%k� is in ®��O¢ '+U �O¢ ' .

To prove equalityof thetwo graphclasses,m)°_�f%k��i�%Â` ®�� U S szEº®��O¢ '+U S for �A4Ã�14Ä� , it remains
to show thatfor any graph Q in ®��O¢ '�U S with a full width �dI � path-decomposition± ' �:opoqoq��± y ¢ ' thereis
a graph % in ®£� U S with °_�f%k� isomorphicto Q . Let usdefinetheedgemaximalgraph % whoseinterval
modelcorrespondsto thepath-decompositionx � E¬± � ¢ '£¨ ± � for

� ;|�g;�@ and x ' Eº± '�¨ mO�Ls andxryÅEÂ±�y ¨ mO�²s with new vertices � and � not appearingin Q . % has Q asits separatorgraphand
satisfiesalsothe remainingcriteria,asit is easyto checkusingLemma5.4. For ��Eª�zI � , we already
showedthat %º`A® � U �)¢ ' andhence%º`A® � U � with °P��%k�FE�Q .

6 Caterpillars, paths and rays
In thissectionwecontinuetheinvestigationof theedge-maximalgraphclasses® � U S , providingalternative
characterizationsof � -caterpillarsand � -paths,andintroducingtheclassof � -raysasacompactandsimple
characterizationof graphsof bandwidthat most � . We alsogive a simplealgorithmfinding, for a given� -caterpillar % , theminimum � for which %¬`�® � U S .

In thestudyof graphswith a treestructureor a linearstructure,the � -trees,� -caterpillarsand � -paths
arewell-known(notethatsomeauthorscall � -caterpillars“ � -paths”,but wefollow theearlierterminology
introducedin [7, 13] which impliesthat1-pathsareexactly paths,just as1-treesareexactly trees).Their
iterative definitionsarerelatedasfollows: (i) The completegraphon �z � verticesis a � -tree. (ii) A� -treewith «� � 06�� � verticesis obtainedfrom a � -treeon « verticesby addinganew vertex adjacent
to a � -clique,anditerative applicationsof this operationsuffice to constructany � -tree. (iii) A vertex of
degree � in a � -treeis calleda � -leaf. (iv) A � -pathis a � -treewith two � -leaves. (v) A � -caterpillaris
a � -treeconsistingof a � -pathwith additional � -leaves(“hair” vertices)adjacentto someof its separator� -cliques.

It is well-known that � -treesarepreciselythe edgemaximalgraphsof treewidth � andsimilarly � -
caterpillarsarepreciselythe edgemaximalgraphsof pathwidth � . Takahashiet al. [13] introducethe
analogousgraphparameterfor � -pathsby sayingthata graphhasproperpathwidthat most � if andonly
if it is a subgraphof a � -path. (Note that KaplanandShamirin their paper[5] give the name“proper
pathwidth”to a differentparameterwhich they latershow to beequivalentto bandwidth.)Thefollowing
graphclasseshave themostrigid linearstructureamonggeneralizationsof paths.

Definition 6.1 We denoteby � -raystheclassof edge-maximalgraphsof bandwidthat most � .
SeeFigure1 for anexampleof � -rays.

Theorem6.2 ® � U � �+® � U �O¢ ' and ® � U � are preciselythe � -caterpillars, � -pathsand � -rays,respectively.

Proof. Theclaimsfor � -caterpillarsand � -raysfollow from theabove commentsandFact4.7. To prove
theclaim for � -paths,we needto show that � -pathsarepreciselythegraphsin ®�� U �O¢ ' . By Theorem4.9,
we know that any graph % in ® � U �O¢ ' hasa full width � path-decompositionx�')�:opoqop��xzy whereeach
vertex not in x�' or xzy belongsto at least2 bags. By Lemma5.4 we know that the graphwith the
correspondinginterval modelis a graphin ® � U �O¢ .�Y['�E´® � U �O¢ ' , hence% itself hasthis interval model.
Moreover, ® � U �O¢ ' � ® � U � so that % is a � -caterpillarandwe needonly show that % hasat most two
verticesof degree � . By definition thereareexactly two verticesappearingonly in x�' and xzy . Every
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othervertex in % mustappearin at leasttwo disjointbagsx � and x �qY[' , eachcontaining� othervertices,
andmustthereforehaveat least �k � neighbors.

Corollary 6.3 For each positiveinteger « and any �Ä;¦« , ®�� U � containspreciselyone graph (up to
isomorphism)with « verticesm:� ' �,oqopoq�"��¥�s . Thisgraphhasintervalmodel �"��� � ��E��+�"����� � ��E��bN� .
Proof. This follows from thedefinitionof full width � path-decompositionsandLemma5.4 sincewith��EÀ� theonly path-decompositionsatisfyingthoserestrictions,upto are-labelingof vertices,is givenbym:x � s '+³b��³ ¥�¢b� wherex � EÃm:� � ��� �pYu' �:opoqop��� �pY ��s .

Thefollowing characterizationof � -raysfollows immediatelyfrom theabove:

Corollary 6.4 Let % bea graph.Thefollowingstatementsare equivalent:

1. % hasbandwidthat most � .
2. %º`e� � U � .
3. % is a subgraphof the � -rayon ^ j���%k�,^ vertices.

4. % hasa path-decompositionm:x � s '�³���³ ¥�¢#� where x � EÆm:� � �"� �qY[' �,oqopoq�"� �qY ��s for somelabelingof
its verticesjw�f%k�FE|mO� ' �,oqoqop����¥bs .

We concludethis sectionwith a simplealgorithmfor the following problem:Givena � -caterpillar %
whatis theminimumvalueof � for which %¬`�®�� U S ?

Let a full path-decompositionof a � -caterpillar % be Ç���%k�_EºmOx � s �:³���³�y , this is theuniquewidth-�
path-decompositionin whichno bagis asubsetof another.

For abag xz�Z�L��;=�F4¤@ , of Ç���%k� , let usdefinetheentryvertex ��� , to betheonly vertex in xz�/©Lxz� ¢ ' .
Let the exit vertex of xz� , �b� , be the only vertex in xr��©Pxz�pY[' . We will saythat ��� replaces��� . For the
vertex ��� appearingonly in xr� , any othervertex in xr� canbesaidto replaceit. Similarly, thevertex ��y
appearingonly in xzy canbesaidto replaceany othervertex in xzy .

Thewidth- �f��I � � path-decompositionof Q§E6¹5�f%k� is givenby bags±��LE<xz�+��xz�pYu'_E<xz�qY['C©#m:���qY[')s .
We haveshown in Theorem5.5that,for �d;6�#�L%ª`A®�� U SgÈ QÉ`�®��O¢ '�U S . When �d;<��I � �[Q is thusa�f��I � � -path.We will now provetheinverserelation.

Lemma 6.5 Givena � -path % andits separator graph Q½E|¹5��%k� , for all �z;¼�b��QÊ`	® �O¢ '�U S È %¡`® � U S .
Proof. Let us assumethat % hasan inducedsubgraphisomorphicto W SZY[' . We will show that so doesQ . Let the threemutually non-adjacent(independent)verticesof thecopy of W SZYu' in % be Ë ' ��Ë . andË�X . Considerthepath-decompositionÇ���%k��EÄmOxr�Zs:�:³���³�y andwlog. let Ë_. betheentryvertex of somexr�"�PËg' be the exit vertex of some xdÌ/��Í<;Æ� and Ë_X be the entry vertex of some xrÎ!�P�1;Æ� . Since
all theneighborsof Ë_. sharebagswith Ë�. , we canalwayschooseËP' to be theexit vertex of xz� ¢ ' andË�X to be the entry vertex of the bagsucceedingthe bagof which Ë�. is the exit vertex. Thus Ë�. is inxr���¤o,o:o/�xrÎ ¢ ' . Since % is not a � -caterpillar, Ë_. is in morethanonebagand ��;ª�[I � . The copyÏ

of R�SZYu' is in x�Ì_�vo,o:oH��x�Î andthereforealsoin thecorrespondingbagsof a pathdecompositionofQ��[± � ¢ ' �Ao,o:o���± Î ¢ ' . Theverticesexit( ± � ¢ ' ), entry(± � ) andentry(± Î ¢ ' ) areindependentin Q , andthus,
togetherwith

Ï
form in Q aninducedsubgraphisomorphicto W SZYu' .
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Theorem6.6 For a � -path % , the smallestvalueof � for which %Ð`�®£� U S is the smallest� for whichQ§E6¹5��%k�P`A®��O¢ '+U S .
The theoremfollows from Lemma6.5 andsuggeststhe following high-level classificationalgorithm

determiningthesmallest� for which a given � -caterpillar% is in ®�� U S :
Algorithm 6.7 :

Decomposition: Constructa path-decompositionÇ���%k��EÃm:x � s �,³b��³by . Set�kE�� .
Hair? If x � ��x � ¢ ' E<x � �1x �qY[' for some�F06� , then % G`A®�� U �O¢ ' . Return � .

Iteration: While % containsno hair vertices
Find QÅEÀ°_�f%k� .
Decrement� . Set%ÄE<Q .

Return: �5I � i.e %º`�®�� U S ¢ ' and % G`�®�� U S ¢ . .

A path-decompositionÇ���%k� of % canbe constructedin linear time by finding verticesof degree �
andtheir neighborhoodsin % , removing the � -leavesanditeratingtheprocess.Eachconstructionof the
separatorgraph¹5��%k� anddeterminationof thepresence(or absence)of hairverticescanbedonein linear
timeusing,for instance,thestringrepresentationof % (cf. [8]).

7 Future Research
We intendto investigatefurtheralgorithmicissuesrelatedto � -properinterval graphs.Indeed,in [9], we
givesomepreliminaryresultsrelatedto thecomplexity of computingvariousgraphparametersassociated
with thegraphclassesmO� � U S�i���46�w4À��s . Thesegraphclassesform aninfinite latticewhenorderedby
containment.Variousgraphparameterscanbedefinedby fixing a particularchainor a setof elementsin
thelatticeandaskingfor theleastclassin thechaincontainingagivengraph.Pathwidthandbandwidthare
examplesof suchparametersdefinedby thediagonal��E�� andtheline ��EÀ� of thelattice,respectively.
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