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nm mo decem termini initiales addantur habebitur 1,54.9768.
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e §. I.
tur \Vm, quac fuperiore differtatione de {ummationg
8, feriernm methodo geometrica expofui, diligen-
- tins confideraffem , eandemque fummandi ratio-
Ty nem analytice inveftigaffem ; perfpexi, id, quod geo-
= metrice elicui, deduci yofle ex peculiari guadam fum-
0% mandi methodo, cuius iam ante triennium in Differ-
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satione de fummatione ferierum mentionem feceram;
pofimodum Vero de ca non amplius cogitaveram. Vim
igitur analyricae mothodi penitius perferutatus, deprehendi
non folum formulam geowmetrice inuentam in ex con-
tineri; fed etiam cius Ope adhuc pluribus terminis ad-
ficiendis magis perfici pofle, ita vt randem veram fum-
mam abfolute exhibeat. Geometrica autem via eosdem

terminos inuenire fumme diffictle—videturs

§. 2. In illa autem differtatione de fammatione fe-
rierum , fi faerit terminus gc?:gcralis cuinsplam feriel &,
elnsque index 7, gninerfali modo pro termino fumma-
torio exhibui fequentem formam fudn—4-5-+ ;?ﬁﬁm
;‘%;——{—-etc. ex qua differentialin ipfius &, quin X per
n dari ponitur, a &ifferentialis 4m, quod conflans 2=

fumitur, poteftatibns, deftrnenturs; ien vt fumma alge-
braica obtineatur, fi quidem xdn integrationem admittat.
In integratione vero ipfins wdn tant adiici debet con-

flans, ve tota expreffio euanefeat pefito A= 0.

ia igionr hane formulam ciusque vinm ac-

Hyeratione perfequi conflitui ) ante Omni%
moduin, ( an Srmulam fom confecutus expenam :
Singularie coim eft wnaiyhs, qm in hac re fam vius,
gt complusa fads praeciara m Analytea {uppeditat,
partim NOWL PAItin jam COBLIR, quac autemn nusquam

quantum recordor {1tis euidenter funt demonfirata.
§. 4. Fx patura calenli infinitefimalis fequitur, 1
fuerit v ouomodocungue per x et conflantes datum
i per _ ] >
atque loco & popatur x-—i- dx tum abitorum y in y—-4r.
L] . Si
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i jam porro X clemento 4 angeatur, vel & zheat in
3 2dx; tm loco y habebitur 3 —— s dy—-ddy. Atque
G a denuo elemento dx crefeat, g transibit in pt-g dy
- addy+4d°7, vhi coefficientes funt iidem qui in po-
reflatibus binomii. Ex his fc:qultisx G loco .& DONGEUE
y—-mdx tam gy abire in hanc formam jﬁh’.—.}—'g"jjr"._le

ﬂ:(‘m:])'d{"b’ _{—-"r_’:'_(ﬂ]_z_—.:l-)(_ni__"ﬂ dij’-—-%-“ etc.

SIt iﬁm—mﬁrum—i—ni—‘r—i—t—l-itum_m_ﬂuin_c-._tu5
infnitc magnus, quo mdx quantitatern finitam fignificare
queat; erit yalor, quem y, pofito X —- 4 dx loco x, ha-
bebit, ifter - ﬂ?’-—l—@:d—;—y —%—m—ja—f ,?ﬂ—:{—i—- ete.
i nanc fiat mdx—a fen 1 — 7o, induet y, { pro & po-
patur & ——a, hanc formam ¥ f—'éf'é—ﬁ—-l,:‘ T 8y

azddy
) T ! —‘}_ I.2.3. d.’}:z
-~ eic. in qua omnes termin funt finitae  magoitadi-

118,

& 5.

§. 6. Hanc ipfam feriem, quae valorem ipfius y

eransmutatam exhibet, i loco & poumatur X—i—4, pri-
mus prodaxit C1. Taylor in Methode Increm. inu. eamque
ad multos egregios vius accommodauit.  Sequitnr feili-

* cet primum clenatio hinomii ad gquamcungue dignita-
temn. Wt fiquaeratur vator ipfius (x——a)" pono y=a™ )
eritque (x—a)" valor ipfius y , fi loco &' ponatur x~+4.
Com igitar fit dy—ma™rdx dy—=m(m—1)a"""

max”

dz et ita porro erit (x—i- QA e

i

i ( 717 e T )(l" ‘."‘h".vrn._,_.3

Iz

—}- efe.
B = | §. 4.
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§. *7. Hanc porro feriem T'aylorus adhibet ad radi-
cem €X quacuncile aequatioue proxime inueniendam, id:
quod hoc. pacto. perficit.  Sit. aequatio. quaecunque In-

cognitam 2 {AolTers, nempe—Z =05~ vbi—Zefi—quan—
titas. ex incognita 2 et cognitis. vtcungue compofita.
Deinde: fumit & pro. valore ipfi = prope aequali, et.
quantitatem ipfius Z , quae prodit {iloco z popatur A”
ponit =y, ita. vt foret y==o,, i x eflec verus. ipfius &
valor.. :

§. 8. At cam x 4 vero ipfius z valore aliquan-
tum discrepet, ponit verum ipfius 3 valorem efle x—-a:
Quare perfpicium. eft fi in ¥ loco & ponatur & -— 4

tum euanitorum . At loco- x i popatar X—-& tam.

G iy | etddy. . afd%y

abibit y in y—ta2 - E5E - 5% —-etc.. Hancob—
. awy. . . ’

rem: exgo erit 0=y Ta - rame—i- et Ex qua acqua-

tione valor ipfius. & erutus. dabit: complementum 2 ad &

addendum, requifitum,, quo- obtineatur incogpita. Z..

_ §. 9. Quia autem x ad ¥ prope accedzre ponitur,,
erit. @ ‘quantitas valde parua, ita vt prac: duobus ter-

minis. initialibus. fequentes omnes enanefcere queant..

; i (e g — o Y% e g L JEE o
Hocqug pacto oritur a=—"p, Atque 3= %.— g, quieft:
valor ipfius 2 oulto-magis propinguis quam- A tantum.
Vt pro hac aequatione 3" —g2—20==0C erit y — xS~ 3&”

i

. o . I geipzo. 285z
— 20 et dy= g & —3, ideoque == — TR AT

‘ Sumto nunc primo T §; erit 8= 3t hocque valore:
" denuo pro & pofito proxime . innenietur..

§.10.8i porro detur conditio quaecuaque fnctionis y,,
goe certo ipfius & cafu locum habeat, formula: fuperior
: abibit.
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ghiibit i aequationem, in. qua proprietas ipfius ¥ conti-~
aebitar..  Vt £y huinsmodi fuerit funétio ipfins & vt eva~
nefcat pofito ¥=—0; pono g4==— X, fiet enim hoc mo-
] - e o xmdy x2ddy _xfd%y
dO‘ x.—i——- g0 z;d;tquxide;lt 0 .'—-_‘gjdj e '+— Loz OX2 1.2.3 dx®
. " Y :
dy 20 gt In qua ae-

et ey T e g T s AR

:
T

guatione omninm. earum fan@ionum ipfius & natura con- .

tinetur ,, quae. euanefeunt pofito x=0.-
§ 11. Si proy ponatur [2d¥;. erit” dy—=zdxy.

ddy—=dzdx; d°y=d*zdx e. quibus valoribus fub-
' wn x%ds . *x°4dz etc. in

 flitutis  habebitur Jrdx =% — & iaade T

Gus—2 4 «-per-—{eriem... infini-
@am exhibetur.. Atque haec eft generalis quadratura cur~
mrum , quam C7. Tob: Beymoulli in AG: Lipfl tradidit;
analyfin. autem , qua. ad. hanc. feriem peruenit,, non ad-
fnxit.. ' ‘ '
§ 12. Miffi autenr bis., quae ad noffram inflitu=
vy Toinus pertinent, pergo ad ferics. Sit igitur fe—
ries quaccunque AtrBECHD----m=- ~+ X5
fn: qua A denotat’ terminum primum 3 B fecundum ; et
X eum: cuivs index- eft x;, ita vt X 6t terminus ge—
neralis {Erief propofitae.. Popatur autein formmma huiuvs.
progreflionis A A4=B4-CH+Di- == X~ §;eritS
serminus: fummatoriis ;. atque amm S quam X, fi fe-
ries. fuerit determimata .
pofitd. ‘

yam feriei, quot fint vnit
Gribatur x— 1,.babebitar prl

ex. - et confantibus- erunt COmM=

6. 15. Quia fam S exhibet fampan tot termino= -
ates in x; foim S loco &
cor fumma. termino Witimo X
B g . _ immi--
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W imminunta.  Hac igitur fibflitntione abibit S in & — X,
Comparentns €1g0 hacc cumn fiperiore formula; eric §

et g=—=—1; quamobrem valor ipfius S transmu-
=y . q jo

drl‘i az s
tatus feu § — X erit == - - s et

WE 4t iz 5 -
Ex quo oritur iffa aequaiio L.,_, Cim— g ;;—3;,3
ol :
'—.1_2,55{3;&"}‘.‘ Ctc.

§. 1 - ius_ergo. aequationis_ex dato ter=
mino ﬁ]mnmtouo fexm cuiusque inuenitur terminus ge-

eralie. Quod autem, cum alins {it facillipwum , {u-
peﬂuum foret hac methodo ad terminum gemcm]em ex
fummatorio inueniendum vti. Id autem maxime com-
modi huic aequationi accidit, vt fingull termini fint
‘ewoluti, eaque idcirco ad fingulaves vius poffit ac-

commodari. Methodo enim .cogpita haec feries X —

ds  dds a7 s .
aET ¢x2—+‘1” 25— etc. poteft inuerti vt ex ter-

mino generali X determinetur fummatorius S; quod
ipfintn maxime defideratur.

' . ds 6dX ddx
§. 15. Pomamus igitur g maX ~ 35 +EE

Fd3x 44X

Eta -+ etee im vt fir S—mafXde 48X
jjcﬁ—ag:f—.l- etc. Et"it ergo ﬁ‘;f__ﬁgf_i—gjjx_{_
WE L BE e e BEUE S e
et G —EE T e atgue i et

§. 16, Subiliuantr ergo iflae feries loco cuiusque
termini fuperioris feriei; et termini fimiles inter fe com~
parentuy nibilogue aEqifmies ponantur.  Quo fafto cogf-
ficentes o, B, ete. ita detepminabuntur, vt {it, vti
fequitur: : . Lo Quam 3
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“conftituunt huins indolis, vt quisque terminus €X omni-
bus antecedentibus determinetur; cxiffente termino pri-
mo ~— 1. Numeri autem per quos finguli rerminorum
antecedentinm dinidi debent, conftittunt progreflionem
a W allifiv hypergéometricam dictam; 2, 6, 24, 120,

=20, 5040, 6tc.  Ipfa atitetn Teries coéfficientiom e, €
et ita eft comparata, vt vix credam pro ea termi-
pum generalem poffe exhiberi.

§. 18. Pro inflituto ergo noftro contenti effe de-
bemus feriem  coéfficientium  quousque - libuerit conti-
anaffe, id quod ex lege progrefionis facile perfici pot~
eft. Inueni autem hanc feriem, vt fequitnrs

, 1 1 R e
‘-‘_'I. t 11_-:--——1_1.:.3.:'.‘_%_—()-—‘ 1.2.2.4:5. 8 G

‘ " b
-5 —+0 R TN PP - Y 2

1u2.7.44 5:6.7.6

. 2617
15.2+O*1=--~—-—‘17. 30
in qua ferie notabile eft, quod omnes termini pares prace
ter {ecundum euanefcant.

~,

§ 1g.
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§. 19. Si ergo loco a, &, v etc. hi termini fub-

ftitnantur ; habebitur terminus fummatorins S== fXdx

X ax a%% A8 X s d7X

-t 1= -+ voz3.z0®8 T 1.2.3.¢.560%F -+ Z; Ly aws T a— ——g-10.8%7
, sd9X - gord’ T X zsdf3X

M 11_.6d.x5’ +:1 = 15.21008 T k T L e b 15.20%°8

617085 X
t7300K1 5 —}— ¢tC.

§. 20. Series haec infignem habet vium in fom-

mis  progrefhontm .aigebraicarum“":inueni-cndi‘.s-;ﬂc_]ua*rum#—m-f-'

in terminis generalibus x nusquam in denominatorem
ingreditur. Quia -enim hac ratione x vbigque. habet ex-
ponentes affirmatiuos integros, «€ius differentialia tandem
euanefcent,, atque {eries abrumpetur, wnde- ipfe termiw
nus {ummatorius finjto terminorum NUIMEL0 TEperietur.
In quo inueniendo flatim OmRes termini, qul X non
continent reiici poffunt, quia in [Xdx tanta conflans
addi debet, quae faciat vt fiat S =0, pofito »=0.

§. 21. Quo vius huius formulae clarius percipiatur,
exempla quaedam afferre connenit.  Sit ergo X = x fen
{eries fummanda haec 1 -+2-73 : - &'} prop-

. xt . e ; ax
ter [Xdx=" erit famma S==—, ¢eft enim 7 con-
flans, et propterea relicitur, €t fequentia differentialia
{ponte euanescunt. Sit porro Xo—ux* feu ifta feries
P T i fommanda, erit - [Xdr=
s x

E — - . {rngy oy &6 — __3_ [ o ? e
ot T —2& ideoque {fumma fenelS:__ 2 4T

§. 22. Sit nunc.haec feries generalis poteftatum

pumerorum nataralivm propofita T-i-2" 8" —— 4"+

g% —}- ctc. Cuius terminus generalis eft x". Habebitur
xﬂ—l—-:

: —a" o= ——.  Differentiali -
ergo X =" et JXdw—= —— Differentialia antem

ita
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'E :ﬁjb— lsala{ebunt *vt fit dx__m'“—', ﬁxfg:: n(n—1)(n-2)
.ylé\d.x s g =n(n—1)(n—2)(n—13) (11——-4.)3:“—5, ete.
sio.dn? i igitur valorlbus ﬁlbﬁltutls erit terminus fymmaro- ”
Y T x* mc (el
5:ad#te ' feriei pr0poﬁfac S= ——1—'— T —
)
o2 IO g)(n——+> e
AT D L T 1 T r e ;:
‘orem '(n——r)-———-—(n 6) &"=7 1)~ (=8) 5 T | L
tex-- O Rk 8. 3o 21§ -=-~--10,66 . R
ndegr; ":,-};l(ﬂ—I)———‘“(ﬁ—IO)59I a1 n(n—x)—- n~m)7f‘*w .. A
’?rim" 2.3~~--=~13.2730 “7 2.3 ---14. 6 ‘ B
ictur. -
o A= 1) = = (n—14) 3617 - 4
___.__l'loln.. —- ._ = . + ctc‘._.___._. Ad i __.____....__._.‘.. e i e e ; -
iftans Begmmemmm T 16. 510 : ‘ ‘-
P 'qmm feriem, quomsque opus eft continuandam , opor-
; tet, vt fupcnor 111a feries a E, Y » €tc. eousquc con-
atur, tinuetor. _ .. -
x fen T ” Lo
rop- %. 23. Ex hac igitur generali fummatlone feriei
com - £njus terminus generalis eft a® confici poflunt fimmae
falia fpecialium ferierum poteftatum vt fequitur:
feries fx =% o | - '
o fx“““’—-l—f—%—'%’ | -
e at x=
A
atim
s
bitur «
3
item Iom III. . C o Jrr=

itz
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7‘756 "f. ot Cpe®
Jar= 2 - - e, i1
27 7x5

fr“—"ﬁ—l— —Jr—"—-—
G
fxs’:,—;-l—xg—i— —

Iz 10
o oo x ‘7
fx — 11 1 i r ‘R‘
! 1% 11 E 6 4- =
- I x x na. :1.’)0 11X 11% Il
fx — ]z t I 12 ‘ l - BT
uacg

22.177 s&aacs" ‘5.903
rx'=———+ S s T

10 T 2738

"l __14wP 143208 ygzo6 659..“' 6p1x®
12 6o i 2B 20 l Tz 420
m” 713 grptlt

14302 14:%7 | o1x% g3, 7
R i a e +%
s

30 14 0 6
_9:3(-‘12_' 14zR0r 4.29%5”'_1_ .ggsgcﬂ 913':4 ] SUC
z4 ! i . 16 T
pl6

4275 14" | gaxt? :4-33‘.;9' 260x7 1352 ‘14.‘.:%
B T e iF Pt s

15 * 3

2

§. 24. Sin autem x non vbique habuerit expo-
nentes affismatino$ in termino gemerali ferie, tum quo-
que expreflio fummae Infinitis- conflat terminis; quia
huiusmodi feries genelalem fummationem non admit-
tunt, fed guasque quadraturas inuoluunt. Interim ta-
men obferuaii ope hujus methodi einsmodi ferics fa-
cile admodum proxime fummari pofle;, quod infignem
habet viilitatem in fériebus, quae parum conuergunt,
et alias difficulter fammantur,  Quod quomodo. effici~
endum {3, exemplis gocebo. )

& 25. Confiderabo igitur primum feries harmo-
nicas , € pr e ceteris qmdun hanc I-+3-+5-+ 1 €te.
cuius torminus generalis eft L) fummatorius vero, fit
S, quaeritar, Eft ergo X = : et fX dx¥= Conil.

. aX 1 0 —res, 45X
~—lx.  Ague porio ;TS o) g@s — x50 ags
e 1 8T8

oo — = ete. His  fubflitutis  prodit -5 = Confi.
~t=
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—- ;; - 129&" - mo.'icw‘ - 25:1_‘.6" + ‘2429.’:‘ - ;x—:fz‘“
— e+ etc.  Vbi-conftans addenda ita de-
efle comparata vt pofito x=o fat S=—e¢; Ex
vem ob omnes termines infinite magnos couﬁam

s ¢afum affumi oportet, quo fumma feriei eft . .cognita
spr® : qm ergo habebitur, fi certus terminorum numexus in
_:j;_z e wram fammam colhgatur. Addantur -ergo ro fermini
. initiales T —-3—4-% --~-3; repericturque -eorum fum-
=T a':2,928’96825q9682539; cui aequalis efle
L4925 3617 debet-fumma- eorundem ‘terminorum- ex--formula--nem=
o ‘ Conﬁ /10 4 Lt TFOODEG — T5ROEoo0s 1 sy sEmoRONTE
CXpo- - rammsosssess L6 Quo facto reperietur propter/1o—
I quo- 2,302585002904045684 conftaps illa - addita
H quia ==0,5772156649015329; hacque femel deter-
‘adrrut-'— -minata fumma guotcungue - terminorum, 11111us feriei re-
:TS ?" - pcnetnr,, :
¥ d—
fignem ©7§ 297. Hac igitar ratione inueﬂigau'i fummam 100,
ergunt 000, 10000 etc. terminorum feriei I -4-1 -5 ’—{r—“
effici~ elc,: muemque vt fequitnr:
,\_fxo = ,9289682539682539
larmo- . J1o0 = 5,1893775176396203
~1 ete, : J1o00 = 9, 4854708605503440
0, fis {10000 = 9,%78760603604453823
Cogi’rx J1o0000 == 12, 0901461298634280
c dﬂg Jrooooo0 == 14., 59272677228657236
onft. . S

C e

g 56, AG conitmtem 'VBIO detelmmandam alivm
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§. 28. Si primus tantum terminus feriei 1 capiz-

tur; erit S—=1, et x==1 ideoque Jx=o. Habebi~ .

tur ergo ex aeqmtlonc O 4227843350984670:;‘_

e B e st A B — S+ etc. Huius. .
ergo feriei admodum irregnlaris. et ne conuergentis qui-
.dem inuenta eft famma quam proXime. Seriei auteim.
in infinitum continuatae {umma erit: =/oo—-0, 577~

2156049015 3295 quaeﬂprodltmpoﬁta et

§. 29. Progrediamur nunc ad hanc {eriem 1 -%—«-
3 4 1-+i-1 etc. confiderandam,. in qua ef’c X =
et [Xdx— Conft. 4-3/(2x~1) atque dx__(m_ﬁz

a3z —.4 6 dsX —2.4.6.8:70

I TRy @ = aeayee etc.. His. igitar inuentis.

erit feriei. propofitae. fumma. Sz Conft. /(22 ~1),
1 8 ] '

T e T R SR S
as(;;zjim_i_ﬂzjgi’:ﬂ” ’[210131)“‘—%-2250(22’;;?1);‘5‘_; etc..

§. so. Conffans. auteny qnantms' in hoc cafo adtw
addendis aliquot terminis non. tamy expedite poteft de-
terminari quam in caf praccedenti. Hoc vero cafu
" fubfidium aliquod vfi venit, quo haec conflans ex prae-
cedente determinart poteﬁ Scilicet. feriei 1 -1
_ 2 etc. in infinitum continuatae fimma eft == Conft.
—t2Joo. Subtiahatur ab huiug feriei duplo priox feries
harmonica; habcbitur r—f-4-5—% etc. cuius famma vt
conftat eft /2. Erit ergo /2 == conft. /oo~ /oo —0,
go=215 erc. ideoque haec conftans quaefita = 0 ,
$351814227307392.

§ 3%.
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capiz-- -4 §. 31. Pergo ad feries magis compoﬁtas, et con=
1bebi~ : : -‘;ﬁi‘dero hanc 1 ~3—+3 - & etCa Iemprocam quadra-

—_—X ! ;
%‘"‘.’ s K rum “cuius. terminus. genemhs eft Z=X. Eritergo-
uins. .. - L — : aX = X 45X

kit .-;;;‘w—;*—SG etc. HIS fubﬁltums etit To-ji+d -

anterr.

P S COD& '-— z 2m2 st + 30305 4‘2327 + 9Qx9 e

577-

_69;, = aclﬁ_"l— eter—V brconﬂanns—qmnmms-ex

2730

cafu fpecmh debet determinari..

= ' ‘ ,§. 32. Ipfo ergo actn addidi decem terminos ini-
=Ty ales feriei  iftins,, quorum fummam  inweni 1,

nentis. 540767731166540. Ad hanc ergo cum fit hoc cafu

e=1y
. ‘Iiwéo—oaaa"}‘ ————— — s735000555555855 ~1—  TooTesEOHEEEs
- —etc. Ex hoc ergo prodit conftans illa addenda =1,
64493406684822643647.. Huicque conftanti acqualis
eft feriei in infinitum continuatae fumma; pofito enim

r2—cv fit S=—Conft. euanefcentibus. ommbus terininis.

§. 33. Simili modo pro ferie reciprocz cuborum
T 43— - ~-etc. fi addantur decem teumm ini-
tiales habebitur eorum fumma haec 1,197531983 6 74193.
¥nde inuenitnr conftans, quae in ﬁ]mmatlone huius fe-
riei -addi-debet-==1-,202056903359594.. Atque huic
nYUMmero aeqnahs et feriel 1 I-+ &< ininfinitum
coltinuatae fomma. Atque pro biguadratis T 3%~ ip
wi-gtc, et fumma —1,0823232337110824..
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34 Confideremus nunc hac methodo feriem, qua
area circuli, cunius diameter eft 1 —I4-i—I-4I_e,
vel 545 A etch cuis te}minug. generalis eft
==y vel refoluendo in facores a— . Ad
farnmam ergo huivs feriei quam proxime inueniendam
et X =z —r atque [ X dxr=— Conft. —

dX__ —« 4 B ) S

]4 L—r

11' x‘-—z?et

X 4-.8.12 -
EE“—::_(,4.W_ 33 L:’}:Lh.. P — -v-”"-«};'s_—-r(xx :—3)4—"'}"-(-43:‘:: ;)T"C tG"."”“]Ai;X
his-erit ferie] A~ % -~ - e fumma S—=
42— T 1 ; H Y

COII]ﬁ:. - % l+5ﬂ—~3 __I— %( 4x%—z T am—a )—F H ( {gz—gzl2 ™ (4.9&—1}1) —i—
. ¥ 1 2 1 1. . 1034 1

% (G~ et ) — & (e — age ) = 2 (e
~ lenye ) —He (famayie —m—ye)-ctc.  Haec vero feries
etiamfi decem termini addantur non  fatis conuergit,
quo valor conftantis commode poffit exhiberl, Con-
ftans autem guater fumta exhibet peripheriam circnlj
exiffente diametro — 1z, ‘




