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Abstract

We construct a pinching semiconjugacy from a quadratic polynomial
fe(z) = 2% + ¢ with ¢ € (0,1/4) to f1/4(z) = 2* + 1/4 on the sphere. By
lifting this semiconjugacy to their natural extensions, we investigate the
structure of the regular leaf space of fi/4 in detail.

1 Introduction

As an analogy to hyperbolic 3-orbifolds associated with Kleinian groups, Lyu-
bich and Minsky[2] introduced hyperbolic orbifold 3-laminations associated with
rational maps. For a given rational map of degree > 2, considering its natural
extension and regular leaf space is the first step to the construction of such a
hyperbolic orbifold 3-lamination.

However, the global structures of the regular leaf spaces of rational maps are
not precisely known except only a few examples. Here is one of such examples.
For f.(z) = 2? + ¢ with ¢ in the main cardioid of the Mandelbrot set, all regular
leaf spaces of f. are topologically the same as that of fy(2) = 22, which is 2-
dimensional extension of 2-adic solenoid[3, Example 2][2, §11].

Now we may expect the simplest deformation of these regular leaf spaces
as ¢ tends to 1/4 along the real axis. Then the dynamics inside the Julia sets
degenerate from “hyperbolic” to “parabolic”, though the dynamics on and outside
the Julia sets are still topologically the same as fy. In this paper, we describe the
structure of the regular leaf space of fi4(z) = z* + 1/4, whose Julia set is called
the cauliflower, by using a pinching semiconjugacy from f. with ¢ € (0,1/4) to
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fi7a. We will see that the transversal structure of those regular leaf spaces are
preserved, however, the dynamics on the invariant leaves corresponding to the
fixed points are change from “hyperbolic” to “parabolic”.

In this section, we first survey some basic notion of complex dynamics of
quadratic maps and their natural extensions. In §2, we construct tessellation
(or tiling) of the interior of the filled Julia sets of f. with ¢ € (0,1/4] in a
dynamically natural way. In §3, we construct a pinching semiconjugacy from f.
with ¢ € (0,1/4) to fi/4 by gluing tile-to-tile homeomorphisms and the conjugacy
on and outside the Julia sets. In §4, we lift such a semiconjugacy to their regular
leaf spaces and describe their degeneration.

1.1 Preliminaries

The Julia set. Let us set fo(z) = 2> + ¢ (c € C) and consider it as a rational
map on the Riemann sphere C = C U {oo} with f.(c0) = co. The filled Julia set
K. of f.is defined by

K.:={z€ C:{f(2)}, is bounded}.

The Julia set J. of f.is the boundary of K.. One can easily check that those sets
are forward and backward invariant under the action of f..

Now suppose that K. is connected. (Thus sois J..) We denote the unit disk by
. For the outside of K, there exists a unique conformal map ¢, : C—K, — C—D
such that

* ¢(fe(2)) = de(2)? and
° qbc(z)/z — 1 as z — o0.

Moreover, if J. is a Jordan curve, ¢! continuously extends to ¢ ' : C — D —
C - K?.

Now let us restrict our interest to the case of ¢ € (0,1/4]. In our particular
situation, it is known that J. are Jordan curves, and thus by looking through the
map ¢, ', the dynamics on and outside the Julia sets are topologically the same
as z — 22 For 0 € R/Z, set 7.(0) := ¢ (e*™). Then points on J. are bijectively
parameterized by angles in R/Z. See [4, §18] for more details.

We define some more notation:

e a. := (1 —+/1—4c¢)/2 which is the attracting (or parabolic iff ¢ = 1/4)
fixed point of f. with multiplier A\, =1 — /1 — 4c.

e (. :=(14++/1—4c)/2 which is the repelling (or parabolic iff ¢ = 1/4) fixed
point of f. with multiplier A, =1+ /1 — 4ec.



The natural extension. Next we follow [2, §3]. For f. as above, let us consider
the set of all possible backward orbits

N, = {,2 = (20,2-1,--.): 20 €C, fozp1) = z,n}.

This set is called the natural extension of f., and is equipped with a topology
from Cx C x---. On this natural extension, the lift of f. and a natural projection
are defined by

Q>

fo(2) = (fo(20), 20, 2—1,...) and

Te(2) == zo.

It is clear that fc is a homeomorphism, and satisfies 7, o fc = f.om,.. For a fixed

point a € C of f., set a:= (a,a,...) € N,.

The regular leaf space. An element 2 = (zp,2_1,...) € N, is regular if there
exists a neighborhood Uy of 2y such that its pull-back U_,, along the backward
orbit Z are eventually univalent. For example, co = (00, 00, .. .) is not regular for
any ¢ € C.

Let R, denote the set of regular points in N.. R. is called the regular leaf
space of f.. A leaf of R. is a path connected component of R.. By [2, Lemma
3.1], leaves of R, are Riemann surfaces:

Lemma 1.1 Leaves of R. have the following properties:

e For each leaf L, we can introduce a complex structure such that w, : L — C
1s an analytic map.

e 7. branches at Z = (zo,2_1,...) if and only if Z contains a critical point in

{z_.}.
° fc maps a leaf to a leaf isomorphically.
This lemma holds for any ¢ € C. In our case, we have:
Proposition 1.2 If ¢ € (0,1/4], R. has the following properties:
o Re=N.— {0, d}.
e Fach leaf of R. is isomorphic to C.

This proposition is immediate from lemmas in [2, §3].



2 Making tiles

For the first step, we will decompose the interior K¢ of K. with ¢ € (0,1/4] into
countably many tiles and describe their relations.

Before making tiles, we introduce some notation. For ¢ € (0,1/4], let 1.(0)
denote the interval [a., ;] C R. In particular, I;,4(0) = {1/2}. Since 1.(0)
contains no critical orbit, preimages of 1.(0) by f. are univalently spread out
with one of their endpoints on the Julia set. Set Z. := U5, fo “(1.(0)). For
0 € Q/Z of the form k/2", we denote the connected component of Z. containing
Ye(0) by 1.(0). As ¢ — 1/4, I, degenerates into 7,4 which is the grand orbit of
the parabolic fixed point 1/2.

2.1 Tiles of K¢ with c € (0,1/4)

Suppose ¢ € (0,1/4). Then a is an attracting fixed point and K7 is its attracting
basin. On a neighborhood of «., there exists a linearizing coordinate ®. which
analytically conjugates the action of f. near a. to w — A.w near the origin.
Moreover, we can extend this map to &, : K — C, and it is unique up to
multiplication by a constant[4].

For the purpose of better understanding the difference between the cases of ¢ €
(0,1/4) and ¢ = 1/4, let us take an additional conjugation by w — w+1/(1—\.)
on C. Then we can uniquely define ®, : K — C such that

o O.(fc(2)) = ADe(2)+1;
o O.(a.)=1/(1—-X.), ®.(0) =0; and
e O, is infinitely branched covering whose branch points are [ J;», f*({0}).

Now let us set a. := 1/(1 — A.), which tends to +oo as ¢ — 1/4.
For m € Z, set

Ac(m,+) :={w e C: \"a. < |w — ac| < AN'a., Imw > 0}
Ac(m, =) :={we C: \""a. < |w — ac| < AN'a., Imw < 0}
and we call them the fundamental semi-annuli. Let A. denote the collection of

all of the fundamental semi-annuli.
Note the following two facts:

e The vertices of fundamental semi-annuli on the interval (—oo,a.) are the
images of the grand orbit of 0. In particular, all of the ramified points
(critical values) of ®. are on the interval (—oo, 0].

e All components of Z.N K¢ are mapped univalently onto the interval [a., 00).



For the boundary of A.(m,=+), we call the edge on the interval (—oo,a.) (resp.
[a.,0)) the critical edge (resp. degenerating edge). We call the edges shared by
Ac(m —1,%£) or A.(m + 1,%) the circular edges.

By the facts above, ®;! : C — (—00,0] — K? is a multi-valued function
with univalent branches. Such a branch V. : C — (—00,0] — K¢ determines a
unique angle § € Q/Z of the form k/2" such that U ([a., c0)) U~.(0) = 1.(6).
Thus for A.(m,+) € A., U, also determines a unique simply connected set 1" =
T.(0,m,+) C K¢ such that T is the closure of W .(A.(m,+) — (—00,0]). We call
such a T" a tile, and the triple (6, m,+) the address of the tile T. We also define
T.(0,m,—) in the same way. We denote the collection of all possible T" by 7, and
call it the tessellation of KZ. Now it is clear that K. is the closure of | J{T € 7.}.

For each T € 7., ®. maps T to an A € A, homeomorphically. For the
boundary of T, critical (resp. degenerating, circular) edges are defined by the
boundary arcs corresponding to the critical (resp. degenerating, circular) edges

of A.

Now we give relations among tiles:

Proposition 2.1 For T =T.(0,m,+) € 7., we have the following properties:

(1) fo(T)=T.(20,m + 1,+). Moreover, f7X(T) =T.(0/2,m —1,+)UT.(0/2 +
1/2,m —1,4).

(2) T shares the circular edges with T.(0,m — 1,4) and T.(0,m + 1,+).
(3) T shares the degenerating edge with T.(6,m,—).
(4) T shares the critical edge with T.(6 + 2™, m,—).

The similar holds if we replace T' by T.(6,m,—). In particular, T.(6,m,—) shares
the critical edge with T.(0 — 2™, m,+).

Proof. The first three properties come from the definition of tiles. One can
easily check property (4) in the case of § = 0. For general 6 of the form k/2" €
Q/Z, suppose that T = T.(6,m,+) shares the critical edge with 7" € 7.. Then
T" is the form T.(6',m,—) since ®. maps T and 7" to A.(m,+) and A.(m,—)
respectively. Now f™ sends T univalently to 7.(0,m + n,+) which shares the
critical edge with T.(2™*" m + n,—). Thus f™"(T") = T.(2™"",m + n, —). Note
that f*(TUT") joins I.(0) and I.(2™*™). By pulling it back by a suitable univalent
branch of f*, TUT" must join I.(0) and I.(f 4+ 2™). This implies ' =0 +2". B

2.2 Tiles of Kf/4

Next we make the tessellation 7;,, for K7 /4 in the same way as above. Now
a1/4 = 1/2 is the parabolic fixed point and Kf/4 is its parabolic basin. On an



Figure 1: The tessellations of 2% + 0.2 and 2? + 1/4

attracting petal of o4, there exists a Fatou coordinate ®;,, which analytically
conjugates the action of fi/4 to w — w + 1. Moreover, we can uniquely extend
this Fatou coordinate to @4 : Kf/4 — C such that

o Oy /u(fr/a(2)) = Prja(2) + 1,
° @1/4((]) = O, and
e ®y/4 is infinitely branched covering whose branch points are J, f13({0}).

(See [4] again.)
For m € 7Z, set

Ayjg(m,+) ={w e C:m <Rew <m+1,Imw > 0}
Ajjy(m, =) ={weC:m <Rew <m+1,Imw < 0}

and we call them the fundamental semi-cylinders. Let A, ;4 denote the collection
of all of the fundamental semi-cylinders.
Note the following two facts, and compare with the case of ¢ € (0,1/4):

e The vertices of fundamental semi-cylinders on the real axis (—oo,c0) are
the images of the grand orbit of 0. In particular, all of the ramified points
(critical values) of ®;/4 are on the interval (—oo,0].

e All components of Z;/, are outside of the domain of ® 4.

For the boundary of A;/4(m, %), we call the edge on the real axis the critical edge.
We also call the edges shared by Ay/s(m —1,£) or Ayu(m + 1,%£) the circular
edges. Note that A;/4(m,£) has no edges corresponding to degenerating edges of
fundamental semi-annuli.



Now CI)I_/14 : € = (—00,0] — K7, is a multi-valued function with univalent
branches. Such a branch ¥/, : C — (—00,0] — K7 /4 determines a unique angle
0 € Q/Z of the form k/2" such that I1,4(0) € Z; 4 is the limit of Wy ,4(¢) as ¢ tends
to 400 along the real axis. Thus for A;,,(m,+) € A; /4, V1,4 maps the interior of
Ai/4(m, +) to a simply connected subset of K7 /4 Since ¥ /4 extends continuously
to the boundary of A;/4(m,+), we denote its image by T' = T1/4(6,m, +) C K7 ;.
We also define T3,4(6, m,—) in the same way. We denote the collection of all
possible T' by 7,4, and call it the tessellation of K7 1 Now it is also clear that
K14 is the closure of | J {T € 7'1/4}.

For each T' € 7y/4, ®. maps T to an A € A;/4 homeomorphically. For the
boundary of T', critical (resp. circular) edges are defined by the boundary edges
corresponding to the critical (resp. circular) edges of A. Note that T} ,4(6, m, %)
does not contain the point 11/4(6) € Jisa, and has no edges corresponding to
degenerating edges.

The relations among tiles are given in the same way as Proposition 2.1:

Proposition 2.2 For T = Ty,4(0,m,+) € Ty,4, we have the following properties:

(1) fi2(T) = T1/4(20,m + 1,4). Moreover, fl_/i(T) = Ty4(0/2,m — 1,4) U

(2) T shares the circular edges with T1/4(6,m £ 1,+).

(3) For any n € Z, T shares a point I ,,(0) € Ty with Ty/4(0,n,+) and
T1/4(97n7_>'

(4) T shares the critical edge with Ty ,4(0 + 2™, m, —).

The similar holds if we replace T' by Ty,4(0, m, —).

3 Construction of the semiconjugacy
Here we construct a semiconjugacy which pinches Z, to Z; 4:

Theorem 3.1 For ¢ € (0,1/4), there exists a semiconjugacy H, : C — C from
fe to fia such that

e H. maps @—_Zc to ((_:—Il/4 homeomorphically and is a topological conjugacy
between f.|(C —Z.) and f1/4|(C —Ty/4);

o For each § = k/2" € Q/Z, H. maps an arc 1.(0) onto a point I,4().

Proof. The rest of this section is devoted to the proof of this theorem. Let us
fix c € (0,1/4).



Conjugation on tiles. First we make a homeomorphism between A.(0,+) —
lac,00) (a tile minus its degenerating edge) and A;,4(0,+). Take w € A.(0,+) —
[ae, 0), and set re := w — a, with (@, — 1 =)\.a. <r < a.and 0 <t < 7. Now
set

he(w) := (a, — r) + i tan Tt

S A1/4(0, +).

Then h. is a homeomorphism between A.(0,+) — [a.,00) and A;/4(0,+) which
preserves the action of S.(w) = A.w+ 1 on the (outer) circular edge of A.(0,+) —
lac, 00) to that of Sy 4(w) = w + 1 on the (left) circular edge of A;/4(0, +).

he(uw)

Figure 2: h,: Ac(0,+) — A1/4(0,+)

By using this property, for any m € Z, we can extend h. to A.(m,+) —[a., 00)
by

he : Ac(m, +) — [ac, 00) — Ayja(m, +)
w — h(S;™(w)) + m.

Then h, gives a homeomorphism between A.(m,+) — [ac,00) and Ay/u(m, +).
Similarly, we define h. on A.(m, —) — [a., 00). Then we obtain a homeomorphism
he : C — [a., 00) — C, moreover, h, is a topological conjugacy between S, |(C —
lac,00)) and S 4.

Next, let us take 6 of the form k/2" € Q/Z, and take m € Z. We de-
fine a map between T,(6,m,+) — I.(f) (a tile minus its degenerating edge) and
T1/4(0,m, +) as follows: There is a unique branch \I/? /4 of @1*/14 which maps the
interior of A;/4(m, +) to the interior of T} ,4(6, m, +). It is clear that \If‘{/4 extends
continuously to the boundary of A;/4(m,+). For z € To.(0,m, +) — 1.(0), set

H : T.(0,m,+) — 1.(0) — Th/4(0,m, +)
2 \I!?M oheo®.(2).

This definition gives a homeomorphism H, : K, — I, — K7 /4> IOTEOVeT, by the

definition and the combinatorics of tiles, H. is a topological conjugacy between
Jel(Kg = Ze) and fi/4| K3,



Continuous extension. For § € Q/Z of the form k/2", set H.(I.(6)) =
I )4(0) = 71/4(0). Then H, : K UZI, — Kf/4 UZy,, is a semiconjugacy which
pinches the arcs in Z. to the points in 7, /4. Now we claim that we can continu-
ously extend this H, to H, : K. — K. Fix a point ¢ € J.. Since J, is a Jordan
curve, there exists an angle § € R/Z such that ( = ~.(0). Let z, € K UZ, be a
sequence converging to . We show that w,, := H.(z,) € K} /4 UZ,,4 converges to
M/4(0)-

Take a small interval of angle [¢,#'] containing 6, where ¢ and ¢’ are of the forms
(2k — 1)/2™ and (2k + 1)/2™ respectively with the same k and m > 0. Then
Y(t) and 7.(t') bound a small piece of J., and the piece, say J!, is a Jordan arc
containing ¢. Take an open arc C' C K such that C' only passes though tiles of
angles in [t,#'] and C' N J. = {7.(t),7.(t)}. (See Remark 2 below.) Let V denote
the small open set with 0V = C'UJ.. By the definition of H., H.(V)NJy /4 =: ‘]{/4
is a piece of Jy,4 which is a small Jordan arc with endpoints v;,4(t) and 7 4(t').

Since z, € V.U J! for all n > 0, w, € H.(V) U J{/4 for all n > 0. If there
exists a subsequence {n;} C {n} such that w,, converges to a point in K7,,
then z, — ¢ € K_ by the definition of H.. This contradicts ¢ € J.. Thus w,
accumulates on J] /1 Since ¢ and ¢ are arbitrarily close to 6, w, must converges

to v1/4(0).

Extension to a global semiconjugacy. Finally we define H. outside the Julia
set by

HC:C—KC—NE—KWL
Z = Qb;/lzl o ¢C(Z>7

which gives a topological conjugacy on the domain, and continuously extends to
the conjugacy H. : C — K — C — Kf/4. Then H, inside and outside J. are

continuously glued along J.. Now H, : C — C is a desired semiconjugacy. H

Remark. There are other possible choices of the conjugacy h. : C—[a., 00) — C
with better regularity. For example, for w = a, + re with r > 0 and 0 < t < 2,

one may also use
logr —loga., . —t
hc(w):—g S —i—ztaunw2 :

log A

Remark 2. The arc C' in the proof above exists. First, take tiles T = T,(t, —m, +)
and 7" = T.(t',—m,—). By Proposition 2.1, T" and T" share the critical edges
with 77 = T.(k/2™ ', —m, —) and T] = T.(k/2™~', —m, +) respectively, and then
Ty and 77 share the degenerating edges. Now we can join 7.(t) and 7.(t') by an
arc via I.(t), T, Ty, T7,T', and I.(t').



4 Degeneration of the regular leaf spaces

Finally we investigate the structure of R4, the regular leaf space of fi/4, and

the degeneration of the invariant leaf corresponding to (..

We begln with some notation and preliminary remarks. For ¢ € (0,1/4], let
us set Z, := 7, 1(Z,). Now we take a sequence of angles 6 := (6y,6_1,...) such
that O is of the form k/2™ and 6_,, = 20_,,_1. Since Z. contains no critical orbit,
6 corresponds bijectively to a connected component of 7, which consists of the
backward orbits {z_, },_, satisfying z_, € I.(f_,). We denote such a component
1.(0). Note that I,(f) is an arc if ¢ € (0,1/4), or a point if ¢ = 1/4. Note also
that for 0 = (0,0,...), fc(f)) is the component corresponding to the backward
orbits which are always in the interval I,(0) = [a, 8.]. Thus I.(0) contains @,
one of the two irregular points of N..

For ¢ € (0,1/4], the set

Lc = {2 — (20’271, . ) E RC . Z—n — ﬁc}

is invariant under the action of f, and is a leaf isomorphic to C. (We will construct
the isomorphism later.) Note that [1/4( ) = 61/4 = d1/4 does not belong to Ly 4.
On the other hand, for ¢ € (0,1/4), 1,(0) — {a.} is a subset of L.

Now the main result is:

Theorem 4.1 For ¢ € (0,1/4), there exists a semiconjugacy H.: N, — N4
from f. to fl /4 with the following properties:

(1) H :N.—T. — Nijg — j1/4 is a topological conjugacy between fc\(/\fc — fc)
and fi/4|(Nija —Ziya).

(2) For 0 as above, H, maps the arc I.(6) to the point f1/4(é).
(3) HY(LijaU{dnsa}) = Lo U {a.}.
(4) For a leaf L in R, — L., H.(L) is a leaf in Rija — Liya.
(5) For a leaf L in R4 — Lya, H:Y(L) is a leaf in Re — L.
Proof. For 2 = (z9,2_1,...) € N, set

H.(2) = (Hu(20), Ho(2_1),...) € Nija.

Since H, is a semiconjugacy from fc to f1/4, one can easﬂy check that H, is
surJectlve continuous, and satisfies H o fc fl /4oH Thus H is a semiconjugacy

from fc to f1 /4 on their respective natural extensions. In particular, since H,
C-I.-C-1, /4 18 a topological conjugacy, corresponding lift to the natural
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extensions [:[C N — ic —- M /4 — fc is also a topological conjugacy. Thus we
obtain property (1).

Property (2) comes from the definition of H, above and the one-to-one corre-
spondence

A

1) «— 6 «—— I,4(0).

Let us show property (3). Take 2 = {z_,} € L.. Then 2z, — [, implies
H.(z—n) — Hc(B:) = Bija = aijs and thus He(L.) C Ly U {@1/4}. Since
ﬁc(dc) = (4, we have HC(LC U{ac}) C Ly U {d1/4}. On the other hand, we
claim that for w = {w_,} € L1ys and 2 = {z_,} € H (), w_,, — Br/a implies
Z_p — B, and thus ]:Ic_ 1(L1/4) C L.. Take a subsequence z_,, converging to
a point (. Note that ¢ must be in the Julia set, since otherwise one can show
that 2 = & or co and it contradicts to H.(2) = w € Rq/4. By continuity of H,,
H.(z_p;) = w_pn, — H.(¢) and this implies { € H;*(31/4) = 1.(0) = [c, B]. Since
¢ € J., ¢ = B and we conclude the claim. Since H (&) = Hgl(fl/4(0)) =

A A

1.(0) € L. U {&.}, we have
]:.’(;1([/1/4 U {d1/4}) = .H;l(Ll/gl) U ]:Igl(&l/zo - LC U {dc}

Now one can easily check property (3). X
To show properties (4) and (5), for x € {c,1/4} and ¢ as above, we define
open arcs n.[0] : (1,2) — R, — Z, by

B0(r) = (67 (e, o7 (1263 7 (1162 ),

Note that the points

200 = (7.(60),%(0-1),...) € L.

are accessible by 7, [6](r) by letting r tend to 1. Thus for each x € {c,1/4}, 2 6]
and 7.[0] are in the same leaf of R., except when * = 1/4 and 0 = 0, that is,
2,0] = G ya.

We show property (5) first. Take a leaf L # Ly, from Ry4. By property
(1), ﬁc_l(L — f1/4) is homeomorphic to L — f1/4, which is path connected. Now
any connected component of H . 1(L N fl /4) C fc is an arc and has an endpoint
of the form %.[f], which is accessible by 1.[d]. Since H,(2.[0]) = 2 /4[9] € Lis
accessible by n1/4[é], we have 771/4[é] C L — Ty, and thus ne[d] ¢ H;'(L — T1/4)-
Then we conclude that any component of H “HLN I /4) is attached to an arc in
H:Y(L —T,/4), and thus H'(L) is path connected.

Since H,'(c0) = co, H, Y (G1ya) = I.(0), and L C Rujs = Nijs — {00, G1y4}
(Proposition 1.2), we have
H (L) ¢ N,—{s}Ul(0) C R.

C
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and thus there is a leaf L’ of R, which contains H'Y(L). By property (3) and L #
Ly, L' is not L.. Now L C H.(L') C R4 — L1/4 and H.(L') is path connected
by the continuity of H,. Thus ﬁc(L’ ) is contained by a leaf in Ry /4 — L4, which
must be L. This implies H,(L') = L and we have

L'c HY(H(L))=H Y (L) c L.

Thus H (L) is L', a leaf in R, — Lv.

 Property (4) comes from property (5). Take a leaf L’ from R, — L.. Since
H.(L') contains no irregular point and is path connected, there is a leaf L # Ly,
of Ry/4 containing H,(L'). Then L’ C H;'(L). By property (5), H- (L) is a leaf
+ L., which must be L/. Thus L' = H;*(L) and this implies H.(L') is L, a leaf
in R1/4 - L1/4. |

Dynamics on the invariant leaves. Let us describe property (3) in further
detail. Now the semiconjugacy H, maps L. U {é&.} onto L4 U {&1/4}. Within
R. and R4, we observe this as following.

For ¢ € (0,1/4), L. compactly contains all but one component of 7, YZ.)NLe.
The exception is 1.(0)—{.}. Since I(0) (resp. @ ,4) is invariant under the action

of f, (resp. f1/4) and H_ Yéum) = 1,(0), the map
H,:L.— fc(f)) — Lyy4

is a semiconjugacy from fc\(L .y (0)) to f1/4]L1/4

Let us describe this semiconjugacy more precisely. For ¢ € (0,1/4) (resp.
¢ =1/4), take a linearizing (resp. Fatou) coordinate ®} on a neighborhood (resp.
repelling petal) TI. of 3, such that the action of f, is conjugate to S (w) = Mw+1.
(Recall that A} = 1.) In particular, we may assume that II. contains z = 1 and
®F(1) = 0. Then for any Z = (z9,2-1,...) € L., there exists an N such that
z_p €I, for n > N. By [2, §4], the isomorphism between L. and C is given by:

&7 (2) = (SH)M(@F (2-n))-

One can easily check that <I>+( ) does not depend on the choice of N. Then the
isomorphism (I>+ L. — C has the following properties:

o BF(fu(2)) = NDE(E) + 1

e (®+)71(0) is the backward orbit of z = 1 along the interval (., 1];

e if ce (0,1/4), b, := & (5.) = 1/(1 — \.) tends to —co as ¢ — 1/4; and
o if c € (0,1/4), F(L.(0) — {a.}) = (—00, b,
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Now let us consider the map

CiD;FM oH, o (®H)™:C—(—00,b]—C

for ¢ € (0,1/4), which is a semiconjugacy from SI|(C — (—o0,b.]) to Sfr/4. The
slit (—o0, b,] is just like pinched and pushed away to “inﬁpity”. Topologically the
same thing happens on the invariant leaves. By H.., a slit I.(0)N L, is pinched, and
pushed away to Bl /4. As a result, 7 /14(J1 /4) N Ly4 is split into two components.
(See Figure 3)

Figure 3: L. for ¢ = 0.2 and L4

Notes.

1.

For ¢ € (0,1/4], R, has the structure of Riemann surface lamination. More
precisely, each point of R. has a neighborhood homeomorphic to D xT', where
D is a topological disk and T is a Cantor set, and each t € T, D x {t}
corresponds to a topological disk on a leaf of R.. (See [2, §2].) For ¢ €
(0,1/4), H. preserves the Cantor set direction of such neighborhoods, and the
holonomies of fibers of 7, and 7y 4.

The hyperbolic 3-lamination of f. is constructed by adding “height” to the
leaves of R, to obtain leaves isomorphic to H3. Though the actual construction
in [2] is very complicated, we may hope that the pinching H, will naturally
extend to this hyperbolic 3-lamination and describe the degeneration as c tends
to 1/4.

For a quadratic polynomial with an attracting cycle, we can consider its degen-
eration to a parabolic cycle with multiple petals. To investigate the associated
degeneration of the regular leaf spaces, the method developed in this paper
would be useful. Make a semiconjugation between the maps, and lift it to
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their natural extensions. Then the lifted semiconjugation would give us es-
sential information about the degeneration (or bifurcation) of the regular leaf
spaces. See part 2 of [1].
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