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5.21 VisualPŕecisof Xaero . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

5.22 FADE2D PerformanceversusErroronTUV(Mosaic) . . . . . . . . . . . 189

5.23 FADE2D PerformanceversusErroronAPV(Bash) . . . . . . . . . . . . . 190

5.24 FADE2D PerformanceversusErroronSEV(Bash) . . . . . . . . . . . . . 190

5.25 FADE2D PerformanceversusErroronSIG(Bash) . . . . . . . . . . . . . 190

5.26 FADE2D PerformanceversusErroronORV(Bash). . . . . . . . . . . . . 190

5.27 FADE2D PerformanceversusErroronTUV(Bash) . . . . . . . . . . . . . 190

5.28 FADE2D PerformanceversusErroronTCV(Bash) . . . . . . . . . . . . . 190

5.29 FADE2D PerformanceversusErroronAPV(CVS) . . . . . . . . . . . . . 191

5.30 FADE2D PerformanceversusErroronSEV(CVS) . . . . . . . . . . . . . 191

5.31 FADE2D PerformanceversusErroronSIG(CVS) . . . . . . . . . . . . . 191

5.32 FADE2D PerformanceversusErroronORV(CVS) . . . . . . . . . . . . . 191

5.33 FADE2D PerformanceversusErroronTUV(CVS) . . . . . . . . . . . . . 191

5.34 FADE2D PerformanceversusErroronTCV(CVS) . . . . . . . . . . . . . 191



xiii

5.35 FADE2D PerformanceversusErroronAPV(Mosaic) . . . . . . . . . . . . 192

5.36 FADE2D PerformanceversusErroronSEV(Mosaic) . . . . . . . . . . . . 192

5.37 FADE2D PerformanceversusErroronSIG(Mosaic) . . . . . . . . . . . . 192

5.38 FADE2D PerformanceversusErroronORV(Mosaic) . . . . . . . . . . . 192

5.39 FADE2D PerformanceversusErroronTUV(Mosaic) . . . . . . . . . . . 192

5.40 FADE2D PerformanceversusErroronTCV(Mosaic). . . . . . . . . . . . 192

5.41 HCGQMversusCrossingsfor ORV (Mosaic) . . . . . . . . . . . . . . . 194

5.42 HCGQMversusCrossingsfor TCV (Mosaic) . . . . . . . . . . . . . . . 195

5.43 HCGQMversusCrossingsfor TCV (Xaero) . . . . . . . . . . . . . . . . 195

5.44 HCGQMversusCrossingsfor TUV (Mosaic) . . . . . . . . . . . . . . . 195

5.45 HCGQMversusCrossingsfor TUV (Xaero) . . . . . . . . . . . . . . . . 195

5.46 HCGQMversusCrossingsfor TCV(CVS) . . . . . . . . . . . . . . . . . 195

5.47 HCGQMversusCrossingsfor ORV (Xaero) . . . . . . . . . . . . . . . . 195

5.48 HCGQMversusCrossingsfor SIG(Mosaic) . . . . . . . . . . . . . . . . 196

5.49 HCGQMversusCrossingsfor SIG(Xaero) . . . . . . . . . . . . . . . . 196

5.50 HCGQMversusCrossingsfor SEV(Mosaic) . . . . . . . . . . . . . . . 196

5.51 HCGQMversusCrossingsfor SEV(Xaero) . . . . . . . . . . . . . . . . 196

5.52 HCGQMversusCrossingsfor APV (Mosaic) . . . . . . . . . . . . . . . 196

5.53 HCGQMversusCrossingsfor APV (Xaero) . . . . . . . . . . . . . . . . 196

6.1 Matrix asaGraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

6.2 SquareWaveguidevisualizedasaNormalisedFrequency . . . . . . . . . 204

6.3 A structureplot of dwb512 . . . . . . . . . . . . . . . . . . . . . . . . 207

6.4 A cityplot of dwb512 . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

6.5 A Matrix Reordered. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

6.6 Two 3D Viewsof dwb512b . . . . . . . . . . . . . . . . . . . . . . . . 211

6.7 An AGD 2D SpringLayoutof dwa512 . . . . . . . . . . . . . . . . . . 211

6.8 An AGD 3D SpringLayoutof dwa512 . . . . . . . . . . . . . . . . . . 211

6.9 An AGD HierarchicalLayoutof dwa512 . . . . . . . . . . . . . . . . . 213

6.10 An AGD CircularLayoutof dwa512 . . . . . . . . . . . . . . . . . . . 214



xiv

6.11 An AGD Tutte StyleLayoutof dwa512 . . . . . . . . . . . . . . . . . . 216

6.12 An AGD PlanarizationLayoutof dwa512 . . . . . . . . . . . . . . . . . 216

6.13 RandomLayoutof dwa512 . . . . . . . . . . . . . . . . . . . . . . . . 217

6.14 Layoutof dwa512 after1 Iterationof FADE2D . . . . . . . . . . . . . . 217

6.15 Layoutof dwa512 after30 Iterationsof FADE2D . . . . . . . . . . . . . 217

6.16 Layoutof dwa512 after50 Iterationsof FADE2D . . . . . . . . . . . . . 217

6.17 Layoutof dwa512 after80 Iterationsof FADE2D . . . . . . . . . . . . . 217

6.18 Layoutof dwa512 after140Iterationsof FADE2D . . . . . . . . . . . . 217

6.19 ColourRangefor Edges. . . . . . . . . . . . . . . . . . . . . . . . . . . 219

6.20 bcspwr07 asastructureplot . . . . . . . . . . . . . . . . . . . . . . . 220

6.21 bcspwr07 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 220

6.22 bcspwr09 asastructureplot . . . . . . . . . . . . . . . . . . . . . . . 220

6.23 bcspwr09 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 220

6.24 1138bus asa cityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

6.25 1138bus asa graphdrawing . . . . . . . . . . . . . . . . . . . . . . . 221

6.26 bcspwr10 asastructureplot . . . . . . . . . . . . . . . . . . . . . . . 221

6.27 bcspwr10 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 221

6.28 bfw398a asa cityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

6.29 bfw398a asa graphdrawing . . . . . . . . . . . . . . . . . . . . . . . 221

6.30 bfw398b asa cityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

6.31 bfw398b asa graphdrawing . . . . . . . . . . . . . . . . . . . . . . . 222

6.32 bfw782a asa cityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

6.33 bfw782a asa graphdrawing . . . . . . . . . . . . . . . . . . . . . . . 222

6.34 dw2048 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

6.35 dw2048 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . 222

6.36 qh768 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

6.37 qh768 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . . 223

6.38 dw8192 asacityplot view . . . . . . . . . . . . . . . . . . . . . . . . . 223

6.39 dw8192 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . 223

6.40 fidapm02 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . 223



xv

6.41 fidapm02 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 223

6.42 plat362 asa cityplot view . . . . . . . . . . . . . . . . . . . . . . . . 224

6.43 plat362 asa graphdrawing . . . . . . . . . . . . . . . . . . . . . . . 224

6.44 qh882 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

6.45 qh882 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . . 224

6.46 dwa512 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

6.47 dwa512 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . 224

6.48 nos4 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

6.49 nos4 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . . . 225

6.50 plsk1919 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . 225

6.51 plsk1919 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 225

6.52 nos7 asastructureplot . . . . . . . . . . . . . . . . . . . . . . . . . 225

6.53 nos7 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . . . 225

6.54 plskz362 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . 226

6.55 plskz362 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 226

6.56 qh1484 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

6.57 qh1484 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . . 226

6.58 rdb3200l asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . 226

6.59 rdb3200l asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 226

6.60 sherman4 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . 226

6.61 sherman4 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 226

6.62 cry10000 asacityplot . . . . . . . . . . . . . . . . . . . . . . . . . . 227

6.63 cry10000 asagraphdrawing . . . . . . . . . . . . . . . . . . . . . . . 227

6.64 dwg961a asa cityplot . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

6.65 dwg961a asa graphdrawing . . . . . . . . . . . . . . . . . . . . . . . 227

6.66 Plainqh1484 graphview . . . . . . . . . . . . . . . . . . . . . . . . . 237

6.67 View of qh1484 with quadtree . . . . . . . . . . . . . . . . . . . . . . 237

6.68 5thLevel Horizonof qh1484 . . . . . . . . . . . . . . . . . . . . . . . 237

6.69 5thLevel Horizonof qh1484 with quadtree. . . . . . . . . . . . . . . . 237

6.70 4thLevel Horizonof qh1484 . . . . . . . . . . . . . . . . . . . . . . . 237



xvi

6.71 4thLevel Horizonof qh1484 with quadtree. . . . . . . . . . . . . . . . 237

6.72 3rdLevel Horizonof qh1484 . . . . . . . . . . . . . . . . . . . . . . . 238

6.73 3rdLevel Horizonof qh1484 with quadtree . . . . . . . . . . . . . . . 238

6.74 2ndLevel Horizonof qh1484 . . . . . . . . . . . . . . . . . . . . . . . 238

6.75 2ndLevel Horizonof qh1484 with quadtree . . . . . . . . . . . . . . . 238

6.76 1stLevel Horizonof qh1484 . . . . . . . . . . . . . . . . . . . . . . . 238

6.77 1stLevel Horizonof qh1484 with quadtree. . . . . . . . . . . . . . . . 238

6.78 Plainbcspwr09 graphview . . . . . . . . . . . . . . . . . . . . . . . . 239

6.79 View of bcspwr09 with quadtree. . . . . . . . . . . . . . . . . . . . . 239

6.80 5thLevel Horizonof bcspwr09 . . . . . . . . . . . . . . . . . . . . . . 239

6.81 5thLevel Horizonof bcspwr09 with quadtree. . . . . . . . . . . . . . 239

6.82 4thLevel Horizonof bcspwr09 . . . . . . . . . . . . . . . . . . . . . . 239

6.83 4thLevel Horizonof bcspwr09 with quadtree. . . . . . . . . . . . . . 239

6.84 3rdLevel Horizonof bcspwr09 . . . . . . . . . . . . . . . . . . . . . 240

6.85 3rdLevel Horizonof bcspwr09 with quadtree. . . . . . . . . . . . . . 240

6.86 2ndLevel Horizonof bcspwr09 . . . . . . . . . . . . . . . . . . . . . 240

6.87 2ndLevel Horizonof bcspwr09 with quadtree. . . . . . . . . . . . . . 240

6.88 1stLevel Horizonof bcspwr09 . . . . . . . . . . . . . . . . . . . . . . 240

6.89 1stLevel Horizonof bcspwr09 with quadtree . . . . . . . . . . . . . . 240

6.90 FADE2D ForceComputationsversusError on1138bus . . . . . . . . . 243

6.91 FADE2D ForceComputationsversusError ondwg961a . . . . . . . . . 243

6.92 FADE2D ForceComputationsversusError onbfw398a . . . . . . . . . 243

6.93 FADE2D ForceComputationsversusError onbfw782a . . . . . . . . . 243

6.94 FADE2D PerformanceversusErrorondw2048 . . . . . . . . . . . . . . 244

6.95 FADE2D PerformanceversusErroronrdb450 . . . . . . . . . . . . . . 244

6.96 FADE2D PerformanceversusErrorondwa512 . . . . . . . . . . . . . . 244

6.97 FADE2D PerformanceversusErroron1138bus . . . . . . . . . . . . . 244

6.98 FADE2D PerformanceversusErroronbfw398b . . . . . . . . . . . . . 244

6.99 FADE2D PerformanceversusErroronqh1484 . . . . . . . . . . . . . . 244

6.100HCGQMversusCrossingsfor bcspwr09 . . . . . . . . . . . . . . . . . 246



xvii

6.101HCGQMversusCrossingsfor bcspwr07 . . . . . . . . . . . . . . . . . 246

6.102HCGQMversusCrossingsfor rdb968 . . . . . . . . . . . . . . . . . . 246

6.103HCGQMversusCrossingsfor sherman4 . . . . . . . . . . . . . . . . . 246

6.104HCGQMversusCrossingsfor nos7 . . . . . . . . . . . . . . . . . . . . 246

6.105HCGQMversusCrossingsfor dw2048 . . . . . . . . . . . . . . . . . . 246

6.106HCGQMversusCrossingsfor qh1484 . . . . . . . . . . . . . . . . . . 247

6.107HCGQMversusCrossingsfor plsk1919 . . . . . . . . . . . . . . . . . 247

6.108HCGQMversusCrossingsfor bfw398b . . . . . . . . . . . . . . . . . 247

6.109HCGQMversusCrossingsfor bfw782a . . . . . . . . . . . . . . . . . 247

6.110HCGQMversusCrossingsfor olm1000 . . . . . . . . . . . . . . . . . 247

6.111HCGQMversusCrossingsfor qh768 . . . . . . . . . . . . . . . . . . . 247



List of Tables

4.1 Errorsin thenonedgeforcecomputation FADE2D differentvaluesof � . . 126

4.2 Averagedsumof �.-0/*1 - 23- -4657198:/;-7�.-0/*1 and �.-0/;1 - 23- - �.-0/*1 interactionsfor

variousgraphswith varyingfixedaccuracy parameterof � , with errorsas

shown in Table4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.3 The count of �.-0/;1 - 23- -4:5<198=/;- - �.-0/;1 and �>-?/;1 - 23- - �.-0/;1@�BA interactions

and the C error for the first iterationof FADE2D for variousgraphswith

varyingfixedaccuracy parameter. . . . . . . . . . . . . . . . . . . . . . 128

4.4 Time in seconds,to computetwo dimensional(2D) andthreedimensional

(3D) wave-frontdrawings. � is thevaluefor thefixedaccuracy parameter

of eachFADE algorithm. D is thenumberof iterationsof FADE perstepin

thebreadthfirst traversal. EF�FG is thethicknessof thewave. . . . . . . 152

5.1 Edgetypesfrom theresourceflow graphusedto form eachview . . . . . 162

5.2 Sizesof subgraphviews, extractedin theBauhausprojectfrom four soft-

waresystems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

5.3 GraphDrawing AestheticMeasuresof thefinal drawings . . . . . . . . . 181

5.4 GraphDrawing AestheticMeasuresof VisualHorizonsof VariousViews

from Bash,CVS,MosaicandXaero . . . . . . . . . . . . . . . . . . . . 186

6.1 Combinatorialpropertiesof thematricesusedin thiscasestudy. . . . . . 208

6.2 Time in seconds,to computeoneiterationFADE2D with a particulartheta,

ascomparedwith oneiterationof thespringlayoutin AGD. Herethetime

perrun is averagedacrossthefirst 400runsof eachalgorithm. . . . . . . 212

6.3 GraphDrawing AestheticMeasuresof thefinal drawings . . . . . . . . . 233



xix

6.4 GraphDrawing AestheticMeasuresof VisualHorizonsof Matrix Market

Graphs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235



Abstract

The pastdecadehasseenan explosion in the amountof information that is collected,

analyzed,explored,or simply storedin the hopethatoneday it canbeused.The rateat

which we cancollect andstoredatais rapidly outstripping the provision of tools for the

effectiveanalysisandexplorationof suchdata.This thesisis concernedwith theprovision

of modelsandmethodsfor suchtools.

Relationalinformation visualizationis concernedwith thepresentationof abstract re-

lationaldata,in a visualform. Theessentialideain relationalinformation visualizationis

that theuser’s perceptualabilitiesareemployed to understandandexploresuchinforma-

tion. Visually, humanscanperceivemorepatternslinking local featuresin thedata.

Graphmodelsaretypically usedto representrelationalinformation,wherethevisual-

izationof suchgraphsis referred to asgraphdrawing. Existing modelsandmethodsfor

graphdrawing tendto effectively dealwith only relatively smallgraphs(atmostahundred

nodes).This thesisis concernedwith investigatingefficient techniquesfor drawing large

graphswith thousandsof nodes.

Efficiency in theproductionof thedrawing is only oneof themany relatedissueswhen

dealingwith large graphs.Equally significantare the problemsof screenspaceuse,the

cognitive loadon theuser, andthe time to renderthepicture. Further, thepicturecreated

mustbeameasurablyhighquality. Thecentralparadigmpresentedin this thesismarriesa

solution to all theseproblemsusingasinglegraphmodel.

This thesisprovidesthemodels,measuresandmethodsrequiredto produceandevalu-

atethedrawing of largeamountsof relationalinformation. Theeffectivenessandefficiency

of the methodsareevaluatedwith rigorousquality measuresusingdatafrom application

domains.



C H A P T E R 1

Intr oduction

“...all life is only a setof picturesin thebrain, amongwhich there is no dif-

ferencebetwixtthosebornof real thingsandthosebornof inward dreamings,

andthere is nocauseto valueoneabovetheother.” - H.P. Lovecraft

1.1 Purpose

A byproductof the explosive growth in the useof computingtechnologyis that orga-

nizationsare generating,gathering, and storing dataat a rate which is doubling every

year [298]. The ability for a mid-sizedorganizationto storeterabytesof datais easily

within reach.Theprovision of massivestoragetechnology is rapidlyoutstripping thepro-

vision of toolsfor theeffectiveanalysisandexplorationof suchvoluminousdata.Clearly

this datais of little valueunlessuseful information andhenceknowledgecanbe derived

from it.

Applicationdomainswhichdealwith suchvoluminousdatainclude:geographicinfor-

mationsystems(see[220, 282]), geophysicaldatasystems (see[46, 155, 205]), financial

analysissystems (see[278]), softwaredevelopment(see[37, 161,211]), softwarereverse

engineering(see[199,221, 238]), andsoftwareevolution (see [236,246, 296]).

Theamountof datamakestheanalysistaskdifficult. Oneapproachto this problemis

to convertthedataintopicturesandmodelsthatcanbegraphicallydisplayed.Theintuition

behindtheuseof suchgraphicsis thathumanbeingsareinherentlyskilledatunderstanding

datain visualforms.



1.1Purpose 2

Figure 1.1: Credit CardApplicationDataVisualization. Reproducedby courtesyof FrankSuits
(IBM)

For example,Figure1.1showstheresultsobtainedfor asetof creditcardapplications.

Thecolourof thesphereis thecreditlimit for thatcardholderasdeterminedby asoftware

analysis.A banker cananalyzesuchdatain this visual form to seepatternsthatmayhelp

with marketingor risk analysis.For example,thevastmajority of thosewith a long work

history havea largecredit limit , regardlessof currentdebtratio.

It is becomingincreasinglyapparentthatmorepowerful graphicalinformation explo-

rationtoolsarerequiredastheamountandcomplexity of datathatthesetoolsareexpected

to handlesteadilyincreases.Largescaleinformation visualizationis theprocessof graph-

ically representinglarge amountsof abstractinformation on screen,which a usercanin-

terpretin waysnot possiblefrom the raw dataalone. This thesisis concernedwith the

graphical displayof largeamountsof information.

In someapplicationdomainsthe information spacecan be modeledin termsof its

atomicentitiesandtheir interrelationships, that is, asrelational information. Techniques

which producegraphicalrepresentationsor abstractviews of suchrelationalinformation

now form a substantive componentof many graphicalsoftwaresystems. Examplesof do-



1.1Purpose 3

Figure 1.2: Dependencies betweenmodifications to a large program. Reproducedby courtesyof
StephenNorth (AT&T), from [133]

mainswhich includetheuseof graphicalrelationalinformationdisplayinclude:software

understanding (see[3, 12, 42, 198, 211, 242]), programcomprehension(see[219, 101,

165, 174, 176, 263]), softwarevisualization(see[11, 12, 37,24,143,227,260]),andweb

site maintenance(see[135, 168, 200,203, 296, 297]). This thesisis concernedwith the

visualizationof largeamountsof relational information fromsuch domains.

Relationalinformation is typically modeledin termsof a graph � ; theatomicentities

of thedomainform thesetof nodesH andtheinterrelationships form thesetof edgesI .

An exampleof a pictureof relationalinformationis shown in Figure1.2,wheretheedges

representdependenciesbetweenmodificationsto a largesoftwaresystem. Notethatin this

picturethenaturalclustersof thesoftwaremodulesareapparent.

In contrast,considerthe relational information drawn in Figure 1.3, which aims to

show theInternetinfrastructurein SouthKorea. In this drawing, therelationships (which

arecrucial in understandingthe actualinfrastructure)aredifficult to identify andfollow.

Thelayoutof this graphis of poorquality. Theproblemof creatinga high quality picture
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Figure 1.3: Internet infrastructurein SouthKorea,NIC Korea

of a graph,is to assigna location for eachnodeanda route for eachedge,so that the

pictureis easyto follow; this is theclassicalproblemin GraphDrawing[60]. Thisthesisis

concernedwith drawinglargegraphs, that is, graphswith thousands of nodesandedges.

A goodvisualrepresentationof a graphcaneffectively convey information to theuser

but a poorrepresentationcanconfuseor worse,mislead[74, 229,230, 289]. Graphdraw-

ing aimsto developalgorithmsandmethodsthatproducehighqualitypicturesthatareeasy

to follow. Generally, therearefour relatedproblemswhendealingwith thevisualization

of largegraphs.A brief discussion of eachproblemfollows.

1. Computation: Classicalgraphdrawing algorithmsandapproachestendto dealonly

with relatively smallgraphs.Thishasresultedin thedevelopmentof techniqueswhichare

unableto scalewhendrawing larger graphs.The primarybottleneckis the large amount

of computational effort thesemethodsrequireto layout even mediumsizedgraphs.The

graphin Figure1.4 is a simplified modelof a smallpartof theInternet(28107nodesand
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Figure 1.4: Artistic visualization of internetconnectivity andgeography, courtesy of Bell Labs

29664edges).Thisdrawing took20CPUhoursona400Mhz Pentiumto layout.Thetime

complexity of thealgorithmusedto producethe layout in Figure1.4 is �,���
JK� , wheren is

the numberof nodes[69]. Even with expectedincreasesin processorspeed,onecannot

expectto usethis algorithmfor realtime layout.Fastlayoutalgorithmsarerequired,even

for largegraphs,asinteractiveapplicationsrequirereal-timeresponse.Thecomputational

efficiency of a graphdrawing algorithmandthesizeof thegraphto renderarecrucialfac-

torsfor any practicaltechnique.

2. Screen Space: The challengingproblemof making fast algorithms is further com-

poundedby theneedto make effectiveuseof thescreenspace.Showing partof theentire

layoutin detailor zoomingout to fit theentiredrawing arecommontechniques.Thereare

a varietyof othervisualization techniqueswhich attemptto fit largeamountsof relational

information ontoa computerscreen.Sophisticatedinteractive systems employ the recur-
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siveuseof glyphsto elidepartsof thedrawing [289].

3. Cognitive Load: Relatedto the problemof the effective useof screenspaceis the

issueof load,in termsof cognition. Evenif theproblemsof computationalcostandscreen

spacecanthesolved,thereis clearlyaneedto reducethecognitiveloadplacedontheuser

causedby drawing toomuchextraneousinformation. Whendealingwith largeamountsof

information, theoverriding desireis to simplify thedrawing to highlight theglobalstruc-

tureswhile deemphasizingtheirrelevantdetail.

4. Rendering: Interactive drawing systemsoften draw eachnodeandedgeasa unique

element,underpinnedby a querymodelwhich supportsthe interactive selectionof nodes

andedges.As thegraphsbecomelarge, it is difficult to maintainresponsive realtimeup-

datesif thousandsto tensof thousandsindividualgraphicalelementsmustberedrawn each

timea largemodificationto thevisualizationoccurs.

This thesisaddressesthe four problemsof; computation, screenspace, cognitive load,

andrendering.

In addition, this thesisis concernedwith the quality of the picturesproduced. It is im-

portantto rememberTufte’sassertion[278] that:

“...if a visualizationisn’t wortha thousandwords,thehell with it”

Thusalongwith theability to quickly layoutandconciselyabstractthegraphs,we require

hardmeasuresto evaluatethedrawingsandtheabstractrepresentationsproduced.

1.2 Contrib utionsof this Thesis

The goal of this thesisis to develop models,measures,andmethods which enablegood

visualizationsof largeamountsof relationaldata.

As such,theforemostcontributionof this thesisis theestablishmentof theFADE visu-
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alizationparadigm,thatmarriesrapidgraphdrawing, geometricclustering,visualabstrac-

tion, andmeasurementbasedonadimension freehierarchicalcompound graphmodel.

Thespecificcontributionsof this thesisare:L Theintroduction of computationally inexpensive methodsto createthehierarchical

compound graph.Thegoal is to rapidly form a clusteringof thegraphthatexhibits

relatively highcohesivenessandlow coupling.L A suiteof fastapproximateforce directedalgorithms, basedon this graphmodel,

to layout anddisplay the naturalclustersin a graph. Thesealgorithmsprovide a

significant algorithmic improvement to the classicalforce directedgraphdrawing

algorithm for largegraphs.L The notion of a visual précisbasedon this model. This notion admitsa rangeof

abstractviewsof theunderlyinggraphdrawing, reducingboththevisualweightand

thetimeto renderthedrawing. Suchviewsprovideaskeletonof thegraphatvarious

levels of abstraction.Largergraphscanberepresentedmoreconcisely, on a higher

level of abstraction,with fewergraphicsonscreen.L Qualitymeasuresof themodel,thedrawings,andprécisfrom themodel.

We have evaluatedandvalidatedthis graphmodelandtheFADE paradigmin two case

studies,eachof which involvesthe visualization of large amountsof applicationdomain

specificrelationalinformation. We usea prototypegraphdrawing systemwhich imple-

mentstheFADE algorithms basedon thehierarchicalcompoundgraphmodel.Theresults

andsubsequentdiscussionof theseresultsaresupporting contributionsof this thesis.The

casestudiesare:L A Software Visualizationcasestudy, which presentsgraphdrawings,visualprécis,

aesthetic,andclusteringresultsof large graphsextractedfrom a rangeof views of

differentsoftwaresystems.L A Matrix Market casestudy, which presentsa comparative studyof existing visual-

izationswith FADE graphdrawingsandvisualprécisalongwith aestheticandclus-

teringresults.
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1.2.1 Publications

Sometheideaspresentedin thisthesishavealreadybeenpublishedin thefollowingpapers:M
AaronQuigley andPeterEades2000[237]:

“ FADE: Graph Drawing, Clustering, and Visual Abstraction” in Joe Marks ed.:

Proc. 8th Int. Symp.GraphDrawing, GD (20-23Sep2000;Williamsburg, USA);

Springer-Verlag,Lecture Notesin ComputerScience, LNCS 1984:197-210(ISBN:

3-540-41552-8).M
AaronQuigley, MargotPostemaandHeinzSchmidt2000[238]:

“ReVis: Reverse Engineering by Clusteringand Visual Object Classification”, in

Proc. Australian SoftwareEngineeringConference, ASWEC2000(28-29April 2000;

Canberra,Australia);IEEEPress,AustralianNationalUniversity, pp. 119-125(ISBN:0-

7695-0631-3).M
AaronQuigley andPeterEades1999[236]:

“ PROVEDA: A schemefor ProgressiveVisualizationandExploratory Data Analysis

of Clusters” in Proc. SoftwareVisualizationWorkshop,SOFTVIS’99(1-2Dec1999;

Sydney, Australia); University of TechnologySydney, pp. 67–74(ISBN: 0-7259-

1081-X).M
AaronQuigley 1999[233]:

“Automated Tool Supportfor a large scalediagrammingTool”, in Proc. 2nd Aus-

tralian Work. on ConstructingSoftware EngineeringTools,AWCSET’99(1stOcto-

ber1999;Sydney, Australia);MacquarieUniversity Sydney, pp. 55-58(ISBN: 0 864

185731).M
AaronJ.Quigley [239]:

“Large Scale3D Clusteringand Abstraction” in JesseJin ed.: Proc. Pan-Sydney

AreaWork. On Visual Information Processing, VIP2000, to appear(1-2 Dec; Syd-

ney, Australia).
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1.3 Summary

Therestof this thesisis arrangedasfollows:N Chapter2 introducesthe visualization andpresentationbackgrounddetailsfor the

areasaddressedin this thesis.Graphdrawing, aesthetics,algorithms, andprior work

on largescalegraphdrawing andclusteringaredescribed.N Chapter3 developsmodels, methods,andmeasuresfor clusteringandvisualabstrac-

tion usedwithin the FADE paradigm.The useof a “hierarchicalcompound graph”

for graphclusteringandqualitymeasurementis presented.A geometricapproachto

the creationof hierarchicalcompoundgraphsandthe notionof “visual précis” are

described.N Chapter4 describesthe FADE paradigmanda suiteof layout algorithmsbasedon

the modelsandmethodsintroducedin Chapter3. The FADE suiteof efficient lay-

outalgorithms is derivedfrom work in thedomainof particlesimulationswhichwe

review. The FADE paradigmmarriesthedrawing, clustering, andabstractrepresen-

tationof graphsinto a “progressivecycle” of measurableimprovement.N Chapter5 presentsa casestudyonSoftwareVisualization.Theaim is to presentthe

resultsof applyingthelayoutalgorithms,abstractionmethods, andvariousmeasures

from the FADE paradigmto the drawingsof “views” from graphsextractedfrom a

varietyof softwaresystems. Thevisualizationof theseviewsmayhelpa reverseen-

gineeror softwareevolver identify structuresandnaturalclusterswithin thedrawing

of thesystem.N Chapter6 presentsa casestudyon Matrix Market Visualizations. We first aim to

compareFADE drawingsto existingstructureandcityplot visualizations. Thesecond

aim is to presenttheresultsof applyingthelayoutalgorithms, abstractionmethods,

andvariousmeasuresfrom the FADE paradigmto the drawings of the structured,

semi-structured,andclusteredmatricesfrom a rangeof applicationdomains.The

visualizationof this matrix dataallows analyststo identify patterns,structures,and

thenaturalclusterswithin thesedatasets.
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possible futureresearch.N AppendixA givesa descriptionof the pictures,videos,threedimensional models,

andgraphdataincludedon theCD-ROM accompanying this thesis.N AppendixB givesa descriptionof theperformanceresults,horizonmeasurements,

andclusteringmeasurementsfrom thecasestudiesin Chapters5 andChapter6 in-

cludedon theCD-ROM accompanying this thesis.
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Background

“Dr awingis speakingto theeye; talking is paintingto theear.” - JosephJou-

bert

This thesisintroducesthe FADE paradigmwherethegoal is to provide fastlayoutal-

gorithmsandefficientabstractrepresentationsfor largegraphsof thousandsof nodes.The

definitionof what constitutesa large graphvariesconsiderablyandhastendedto evolve

at the samerateascomputing power increases.Whereaspapersdescribinglarge graphs

with 50 to 100nodesin theearly80’s werenot uncommon, it is now commonly accepted

thatlargegraphsconstitute thousandsto tensof thousandsof nodes.A relatedproblem,is

theissueof “screenrealestate”.Screenrealestateis simply a way to describetheamount

of screenareaa visualizationsystemhas,aswith physicalreal estateit is a scarceand

expensivecommoditythatis not to bewasted.

In this Chapterwe providebackgrounddetailsfor relationalinformation visualization

andgraphdrawing. Section2.2describesgraphdrawing andsomecommongraphdrawing

conventions. Severalbroadlyacceptedaestheticcriteria,for graphdrawing, aredescribed

in Section2.2.2. Graphdrawing algorithmsarediscussedin Section2.2.3with particu-

lar emphasisin Section2.2.4onthe“force directed”classof algorithmonwhich theFADE

paradigmis based.Section2.2.6introducestherelevantbackgroundfor clusteringin graph

drawing. And finally, Section2.2.7reviewsrecentdevelopmentsin multilevel graphdraw-

ing methods.

We begin in Section2.1 by introducingand reviewing visualizationandspecifically

relationalinformationvisualization. Next, in Section2.1.3wedescribe“visualabstraction”
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Figure 2.1: “KnowledgeNation” diagramfrom theAustralian LaborParty [144]

andhow it relatesto largescaleinformationvisualization.

2.1 Visualization

Visualization is classicallydefinedastheprocessof formingamentalimageof somescene

asdescribed[293]. However, sincetheadventof graphicworkstationsit hasbecomesyn-

onymouswith thecomputationalprocessof makingdatavisible. With graphicworkstations

now soubiquitousin almosteveryaspectof dayto daylife, it is prosaicto try andmotivate

interestin visualizationby statingthatimagesareapowerful way to show data.

We know visualization is important;what is moreimportantto addressis thequestion

of “readability”. Bad information visualizations areunfortunatelyall too common [89].

Examplesincludethe widely scorned“meatballsandspaghetti”diagram[144] shown in

Figure2.1from theAustralianLaborParty. An equallypoorvisualizationof theinterrela-

tionshipsbetweenKoreanInternetserviceprovidersis shown in Figure1.3.

Thecentralquestionof visualizationis not, “do we usegraphicsto representinforma-

tion?”, ratherit is “How do we creategraphicalpresentationsthatareeasyto understand

andwhicheffectively andefficiently convey information?”.
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Figure 2.2: Visualizationof a vectorsizemeasure of software[250].

2.1.1 Inf ormation Visualization

A numberof visualization toolscanbeusedto renderasceneunderpinnedby ageometric

modelin two or threedimensions, suchasthePOV-RAY scenerenderingtool [175] . This

differsfrom information visualizationwhich is thegraphicalpresentationof abstract data.

Classicalvisualizationssuchasthosefoundin medicaltextsareoftenbasedonthepresen-

tationof a geometricmodelin somesimplified form. With informationvisualizationthere

is noa priori geometricmodel;ratherthereis abstractdatain theform of asymbolic model

of information. A symbolic modelconsistsof a setof symbols which representactualel-

ementsof information. To allow the symbolic modelto be visualizedit canbe assigned

a geometry. This geometryallows abstractconceptsor measuresto bevisualized;seefor

example thevectorsizemeasureof software in Figure2.2. In thisvisualization,thesquare

regionsrepresentmodulesof a softwaresystem. The heightof eachtower expressesthe

sizeof individual componentswithin eachmodule. And thecolourof a tower represents

its relativecomplexity.

An importantissuein visualizationis readability, thatis, thedegreeto whichsomething

is intelligible andcaneasilybeunderstood.Readabilityis not a measureof artisticworth

or visual appeal. Historically, the questionof readabilityhasbeenconfinedto the field

of typography, in which issuesof design,arrangement,style,andappearanceof type are
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Figure 2.3: Alphabet of capital Romanletters with metaphorical ornaments by Daniel Hopfer

amongthefactorsaffectingthereadabilityof text. Severalreadabilitymeasuresfor textual

documentsareavailable. Thesemeasuresquantify the structureof languageuseand its

relative level of complexity. ThesemeasuresincludetheFlesch readingeasemeasureand

theFlesch-Kincaidgradelevel measure[90]. For thepurposesof this thesis,theneedto

communicatethe meaningof the text is muchmoreimportantthanthe needto convey a

senseof style, thatis, wedesirefunctionover form.

An artisticexample of wherefunctionhaslost out to form canbeseenin Figure2.3.

This is a visually appealingtype facewith heavy embellishment but is not intendedasa

book face. It cannotbe saidthat this representationefficiently conveys the lettersof the

English alphabet.Other, lessornaterepresentationsconvey theinformation just asclearly

with muchless“visual ink” [277,278].

This thesisis concernedwith thereadabilityof diagramsusedto graphicallyrepresent

relationalinformation.

2.1.2 Relational Inf ormation Visualization

Relationalinformation consistsof elementsof information and their interrelationships.

Typically this is modeledin termsof a graphof nodesandedges.For complex relational
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Figure2.4: Classdiagramof awebbasedsoftwaresystem,courtesyof Team10from theSENG205
Liquid Miro project [234]

information othergraphmodelssuchasan“attributedgraph”canbeused.An attributed

graph is usedto modelinformation which containsmorethanoneattribute per dataele-

ment.A relationalinformation visualization is henceasimplified drawing thatconveysthe

relations,elements,andattributesof theunderlyingabstractsymbolic modelof the infor-

mation. An exampleof a relationalinformationvisualization is shown in Figure2.4. This

representsasoftwaredesignin termsof classes,theirattributes,andinterrelationships. The

shapeof eachelementin this diagramindicateswhetherit is a client, server or form page

on theWWW, or whethertheelementis a softwarecomponentin theclassicalsense.The

arcsindicateeithersoftwareactions(suchasgettingtheusername)or WWW actions(such

asredirectingaURL request).

2.1.3 Visual Abstraction

In datamodeling,abstraction is theprocessof deriving theessentialfeaturesof thedata.

Abstraction, from theLatin abstrahere meaning“to withdraw”, indicatesthatanabstrac-
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tionprocessshouldremoveunnecessarydetail,to createtheabstractform of thedatawhich

typically highlights its essentialfeatures.

Visual abstraction is theprocessof creatingan imagewhich departsfrom representa-

tionalaccuracy, to someextent.Abstractartists,suchasPabloPicasso,oftenusedabstrac-

tion to selectand thenexaggerateor simplify the forms suggestedby the world around

them.Thesimplifieddrawingsin medicalillustrations,architecturalsketches,andsubway

mapsall employ somedegreeof visual abstractionto createthe simplification. For the

purposesof this thesis,an illustration is apictureor diagramthatis usedto clarify text.

A photorealistic computervisualization is the creationof an imagethat matchesthe

underlyingmodelascloselyaspossible. Themodelmustthereforebevery detailed,with

lighting, reflection, transparency, and atmosphericconditionsif it is to be displayedas

realisticallyaspossible. Hence,themodelusedmustbeverydetailed.Intuitively thevisu-

alizationshouldlook likeaphotographof thescene.SyntheticPhotorealism is a largepart

of thefield of computergraphicsandhasnumerousconferences,symposia,anddedicated

journalseachyear, suchasSIGGRAPH [13, 59,132,170].

Abstractinformationtypicallyhasnophotorealistic equivalent. For example,thevector

size measurevisualization shown in Figure 2.2 is usedin cost and effort estimationof

softwareprojects[250]. The softwaremodules,componentsizes,andcomplexities have

beenmappedto this artificial simplified cityscapegeometry. Often the visualizationof

abstractrelationalinformation is closerto thenotionof illustrationthanphotorealisim.

Examplesof visualabstractionarecommonin medicalillustration,architecturalsketch-

ing, andsubwaycartography(seeFigure2.6);although thesevisualizationsdonotattempt

to createphotorealistic results.Thesevisualabstractionsaresimplifieddrawingsthatcon-

vey the informationin the underlyinggeometricmodelof an object. As such,they have

beensuccessfullyusedin a widevarietyof applicationdomainsfor hundredsof years.

In general,drawingsof amodelor informationdiffer from photorealisticvisualizations

in termsof context sensitivity, informationfiltering, information hiding, visualdistortion,

elision, aestheticappeal,andusercontrolasdescribedbelow.
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Context sensitivity

Medical illustrationsof sectionsof thehumanbrain typically show anoverview with fine

levels of detail wherethey are needed.This detail-in-context view allows certainparts

of thevisualization to beselectedthenemphasized(while otherpartsaredeemphasized).

Often the “context” of the drawing canbe at a differentscale,so thereis morespacefor

thedetailedpartsof theillustration.

In this thesis,we extendthis notion of context to “visual précis” (drawings) that en-

compassboth a local- andglobal-context for a variety of differentviewing schemes,as

describedin Section3.11.

Filtering

Dependingon thedomain,filtering is oftenusedbeforeany visualization takesplace.Ele-

mentsof themodelcanbeassignedana priori importanceor classificationtype,thenonly

elementsaboveacertainthresholdor in aparticularcategoryareconsidered.For example,

anarchitecturalsketchof a new building maybe basedon a large underlyingmodelthat

containsinformation aboutducting, lighting,andlandscaping.Onefilteredview mayjust

includethe basicstructureof the building so the unnecessarydetailscanbe filtered out

beforethisdatais considered.

This techniqueis oftenappliedin relationalinformation visualization;for examplethe

extractionof a minimum spanningtreeof the datais a form of filtering [135, 201]. This

treecanthenbe usedto show the main “stem” of the relationalinformation. Filtering is

typically a pre-processingstepthat resultsin certainpartsof the modelbeingeffectively

ignored.Unlikehidingwhich incorporatesthedatabut doesn’t presentit until calledfor.

Distortion

Distortion techniquesinclude intelligent zoom[289], presentationemphasis[209, 257],

andfisheye views suchasthatshown in Figure2.5 [157, 207,208, 256,264, 265]. How-

ever, asthe modelsbecomelarge, the cognitive load on the useror computational effort

requiredto rendersuchlargeamountsof graphicalinformation becomesprohibitive. Hy-
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Figure 2.5: Fisheye view of a software call graph

perbolicviews canalsosuffer from this cognitive andcomputationalload [168]. Hybrid

hyperbolic viewers for tree exploration, basedon filtering coupledwith “elision” tech-

niques(seenext section)havebeendevelopedby Munzner[200].

Hiding and Elision

Often in information visualization the amountof data in the model to be visualized is

large. Informationhiding is the computational processof selectively ignoring or not yet

presentingpartsof the information. Note, thereis a clear distinction betweenfiltering,

which is a pre-processingstepandhiding, which is partof thevisualizationprocess.Hid-

ing techniquesthatcanbedirectly appliedto thedrawingsof largerelationalinformation

modelsinclude: pan-scan[48, 122, 219] (small window view of a large virtual canvas),

zooming[257,280, 302], clusterbasedviews,andfractalviews [160].

Informationhiding canbe basedon the notion of visual elision. Unlike filtering or

simple hiding, elisionmethodsattemptto “hint” at informationthat is not fully displayed.

Numerousmethods employ “glyphs” to convey informationaboutthe hiddenpart of the

model. A glyph is a visual symbol, suchas a stylised figure, that impartsinformation

nonverbally. Glyphscanbe stylised(coded)accordingto attributessuchascolour, size,
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orientation, shape,or texture. Clearly, this hiding processreducesthedetail in thevisual-

ization. Lessdetail resultsin lessgraphicalinformationto draw but this canalsomake it

harderfor theuserto interprettheinformationusingthemoreapproximateview. Thetrade

off canbesimplystatedas:

For largemodels,thesimplerthevisualization,themoreapproximatetheview

of themodel.

Hopefully, eachglyph caneffectively convey someusefulmeaningaboutthe part of the

model that it represents.In most systems that employ elision, the elided partscan be

visualizedin detailasthey areneeded.

If themodelhasanassociatedlogicalgroupingthenthisoftensuggests thebestchoice

for whatpartsshouldbehiddenandelided. A “hierarchical-clustering”providesaneven

moresophisticatedmodelfor elision.Someapplications usethenaturalclusteringor hier-

archicalstructureof thedatato decidewhatpartsareto behidden.For example,a model

of a car canbedescribedin hierarchicaltermswith a part-of relationship.Then,instead

of drawing thewheelsat thegreatestlevel of detail(tread,colour, letters,nuts,andbolts)a

simple cylinderglyphcanbeusedto suggestthewheelandtherestis hiddenby elision.

Warenotedthatelision in information visualizationis analogousto thecognitive pro-

cessof “chunking” [289]. Chunkingis theprocessof cognitively groupingsimpleconcepts

into larger ones. Concepts,andhencechunks,are formedbasedon hypothesistesting.

Multiple hypothesesareheldin memoryandarecontinually refinedandevaluatedagainst

oneanother[55].

In this thesis,we integrateautomaticanduserdirectedelisiontechniquesacrossmul-

tiple levels of detail. This integrationallows effective visual informationexplorationand

hypothesistesting of largerelationaldatasets;seeSection3.11for moredetailsontheuse

andgenerationof “visual précis”.

Aestheticappeal

Thevisualabstractionof theLondonunderground(with inset),shown in Figure2.6,repre-

sentsthousandsof man-hoursof continualrefinementoverthepastseventy years.Thereare
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Figure 2.6: Diagramof theUK Londonunderground,with inset

thousands of detailsfrom a possible modelof theundergroundsystemthathave beenab-

stracted(filtered)away. Theexactdetailsof thetopographyareremoved,althoughrelative

orientationsaremostlypreserved.For example,theEmbankmentstationis topographically

duenorthof Westminster station, not dueeastasthezoomedsectionof themapshown in

insetwould suggest. Thenumberof trackson a givenline is not shown. Therelative size

of thestationsis not shown; however thefact thata station is aninterchangestationoften

indicatesthatit is a “larger” station.

Clearly, sucha mapis not very useful for navigating the streetsof Londonor asan

aid in finding onestation from anotherat streetlevel. However, that is not the intended

purpose of this visualization.This fact is crucial in determining theusefulnessof a given

visualization,that is, “What is its intendedpurpose?”.Herethe mapis intendedto help

peopleplan journeys usingthesubway in orderto get from stationA to station B. In this

regard,it hasproved a useful,popular, andenduringvisualizationthat continuesto help

mill ionsof usersdaily.

As notedby Eades[70] andStrothotte[266] visualizationssuchasthat in Figure2.6

arevery popular. Thesemapsare readableandusefulwhich typically stemsfrom their
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aestheticappealratherthangeographiccorrectness.Theaestheticappealstemsfrom the

simplicity andcleanlinessof thedrawing. Unnecessarydetailhasbeenremoved to make

room for station iconsandnames. The lines aredrawn with uniform thickness,mostly

at �'O , +��?O or P��?O , cornersarerounded,linesdo not crossat a stationnameunlessit is an

interchangestation.Along with this, thecolourcodingavoidsintroducingvisualnoiseby

placingopponentcoloursin parallel.

Twelvecolours:Q Red,Green,Yellow, Blue,Black,White,Q Cyan,Gray, Orange,Brown andPurple

aregenerallyrecommendedfor codinginformation.This setconsistsof theelevencolour

namesfound to be mostcommonin a cross-culturalanthropological study, with the ad-

dition of Cyan [289]. Additionally, this set is reasonablyfar apartin the colour space.

All twelve of thesecoloursareusedin the Londonundergroundmap(white is usedasa

negative spaceboundedbetweentwo thin black lines). The first six coloursare easiest

to discernandin theundergroundmapthesecoloursareusedto codethemostimportant

lines,in termsof usage.

Relationalinformationvisualization is alsoguidedby the aestheticsof the drawings

produced.In this thesiswe useour casestudiesto addressthe intendeduseandaesthetic

appealof graphdrawing from variousdomains. Our goal is to demonstrateour FADE

paradigmis usefulfor the largescaledrawing of graphsto show their structure.We also

aim to the use“visual précis” to show abstractionsandimproved aestheticappeal,along

with theuseof colourto show low level patternsin thedata.

UserControl

Usercontrol for informationvisualization,simply stated,is putting the userinto the in-

formationvisualization loop. Insteadof simply enteringthe model, runningthe system

andviewing theresult(aswouldhappenwith aphotorealistic rendering,for example),the

useris interactingwith thevisualizationsystem. Userscanperformactionswhich include:

selectingpartsof the datathey want to seein moreor lessdetail, performingsearches,
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Figure 2.7: Making a picture from abstract relational information

moving partsof thedataaround,deleting,andediting. As such,information visualization

mustbeconstruedasa processof iterative observation andexploration of theinformation

available,thatis, a form of exploratorydataanalysis.

2.2 Graph Drawing

Graph drawingis theprocessof makingapicturefrom relationalinformation.Researchin

graphdrawing hasdevelopedconsiderablysincegraphicsworkstationswereintroducedin

the1980s[32, 60,69, 97,121, 147,241, 248]. Theproblemis to developagraphdrawing

algorithm, which assignsa locationfor every nodeanda routefor every edge.Oncethe

graphdrawing algorithmhasassigneda geometry, it is thenpossible to rendera picture,

thatis, avisualizationof thegraph.Thisprocessis illustratedin Figure2.7.Wenow define

thebasiccombinatorial conceptsthatarerequiredfor this thesis.

An undirectedgraph �R�S�TH%UVIW� , consistsof a finite nonempty set H of nodesanda

finite (possibly empty)set I of edges.An edge1YXZI is anunorderedpair of nodes.An

edge1��[��8\U^]�� is saidto join or connectthenodes8 and ] where 8 , ]_X`H . If 1��a�b8cUV]"�
is anedgeof � , thenthenodes8 and ] arecalledadjacentnodesor endpointsof 1 , while8 and 1 areincident, asare ] and 1 . Theorder of � refersto thecardinalityof thenodeset,

whereasthesizeof � refersto thecardinalityof theedgeset.Thereforeagraphhasbothan

order � andsize D . A simplegraphis onethatcontainsno“loops” or “multiple edges”.A

loop is anedge1d�e��8\U^8=� thatconnects8 to itself. Multiple edgesexist whentwo distinct

edgesin I connectthe samepair of nodesin H . An exampleof a graphdrawing of a

undirectedgraphis shown in Figure2.8.

Thedegreeof a node � , is thenumberof edgesin I incidenton � . An isolatednode
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hasdegree0 andanendnodehasdegree1. For example,a completebinarytreeof depthf has(0g endnodesandfor fih  , (?g��j( nodesof degree! (thenon-leafnodesof thetree)

andonenodeof degree( (therootnode).Theminimumdegreeof � is theminimum degree

amongthenodesH of � . Themaximumdegreeof � is similarly defined.In graphdrawing,

thedegreeof a graph refersto the maximum degree. In a graphof regular degreeevery

nodehasthesamedegree;examplesincludethePetersengraphandany “completegraph”.

A graphis completeif every two distinct nodesareadjacent.A moreusefulmeasure,for

non-regulargraphs,is theaveragedegreeof a graphwhich is theaveragenumberof edges

incidentoneachnodeof thegraph.

Examplesof thesemeasuresare:Q Theknowledge nationgraphshown in Figure2.1has23 nodes,55 edges,degreeof

19andanaveragedegreeof 5.Q The classdiagramshown in Figure2.4 has8 nodes,11 edges,degreeof 4 andan

averagedegreeof 3.Q Theexample graphshown in Figure2.9and2.8has16nodes,26edges,degreeof 4

andanaveragedegreeof 3.

A sub-graph k� of � consists of a setof nodesandedgesof � . Formally, k�l�S�mkHnU�kIo�
with kH pnH and kI%paI , suchthat both endpointsof eachedgein kI arein kH . Edges

betweenelementsof kH are called internal edgesand all other edgesare referredto as

externaledges, asthey have at leastoneendpoint that is externalto thesub-graph k� . A

sub-graphthat hasthe sameorderas � , is calleda spanningsub-graph of � . If k� is a

sub-graphof � , then � is thesupergraphof k� .

Undirectedgraphsare often usedfor modeling symmetric relationshipsbetweenel-

ementsof information. As suchthey provide a simpleandextensibleway to represent

bidirectional relationsor relationsandtheir inverserelations.However, in somemodeling

problems, the symmetric aspectof thesegraphsdoesnot adequatelysatisfy the require-

mentsof theproblemdomain.Insteadadifferenttypeof graph,namelya “directedgraph”

is used.A directedgraphor digraphconsistsof asetof nodesandedges,whereeachedge
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is an ordered pair of nodes.Edgesin a directedgrapharecalledarcs or directededges.

The orderinggiveseachedgea specific“direction” or “orientation”, which is typically

representedby an arrow-headin a graphdrawing. An exampleof a graphdrawing of a

directedgraphis shown in Figure2.18.

Othergraphmodels,suchasthe hypergraph[149], the clusteredgraph[86], andthe

compound graph[268] arediscussedin moredetailin Section 3.3.

It is importantto notethesizeof thegraphswe areconcernedwith in this thesis.For

example, theannualGraphDrawing competitionconsiderslargegraphsto bein therange

of  <�'��� nodes. For the purposesof this thesis,we are interestedin simple undirected

graphsthathave a largeorder � greaterthan ��Uq����� andthathavea size D within anorder

of magnitudeof theorder � of � . This meanswe arenot interestedin, for example, visu-

alisingthecompletegraphon ��U^����� nodes(which has  7(�U^+�P�#�Ur�'��� edges).Likewise,the

approachespresentedin this thesisarenot sufficient for visualizingweb-graphs,without

somepre-processingor additional filtering approaches.Insteadwe would like to visualize

graphsof ��U^����� nodesthatcontainupto �?�"Uq����� edges.

2.2.1 Drawing Conventions

The combinatorialproperties,mentionedabove, of a graph � canbe determinedbefore

any graphdrawing takesplace. Graphtheoreticpropertiessuchaswhetherthe graphis

directedor undirected,or whetherthe graphis planaror not, determinethe classof the

graph. Often this classindicateswhich particular“graph drawing convention” shouldbe

used.A drawingconventionis a not a formal agreementabouthow a drawing should be

createdbut it is ratheraspecificrule thatadrawing mustfollow.

Commontwo dimensionaldrawing conventionsinclude:Q Planardrawing, whereno two edgescross,seefor exampleFigure2.4.Q Straight-line drawing, whereedgesaredrawn asstraightlines,seefor example Fig-

ure2.8.Q Polyline drawing, whereedgesaredrawn asa sequenceof connectedlines,seefor
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Figure 2.8: A straight-line drawing

exampleFigure2.9.Q Orthogonal drawing, whereedgesaredrawn aspolylines,consisting of horizontal

andverticalsegments.Nodesaredrawn at integerx,y coordinatesof a rectangular

grid, seefor exampleFigure2.19Q Downwarddrawing, wheretheedgesof anacyclic digrapharedrawn asmonotoni-

cally decreasingarcsin theverticaldirection,seefor exampleFigure2.18.

Themostappropriatesetof drawing conventionsfor a graphis oftenapplicationdomain

specificanddependentuponthecombinatorialpropertiesof thegraph.If theseconflictthen

it becomesa matterof determininganappropriatetradeoff or changingthecombinatorial

propertiesof thegraphto suit theconventionrequired.

2.2.2 Drawing Aesthetics

Thequestionof readabilitydoesnot justpertainto text, it alsoclearlyappliesto drawings.

For drawings, thequestionis “For a givendrawing how easyis it to understandandhow

effectively andefficiently doesthatdrawing convey information?”. Graphdrawing algo-

rithms attemptto find a geometricalconfigurationof nodesandedgeswhich hasa high

level of readability, accordingto somesetof criteria.
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Figure 2.9: A polyline drawing

Regardlessof thenatureof thegraph,or themethodusedto draw thatgraph,thepri-

maryrequirementis thattheresultantdrawingshouldbereadable.Researchhasshown that

maximizing thereadabilityof a drawing is crucialto conveying theinformationcontained

in theunderlyinggraph[52, 114, 229, 230,231,232, 273].

Unfortunately, readabilityis oftenaverysubjectivematterandmeasuringthereadabil-

ity of aspecificdrawing is opento evenmoreaspectsof personaltasteandpreference.For

example, thedrawing in Figure2.1 washeavily scornedthroughout theAustralianmedia

whenit wasfirst published.Could this be the “best” possible drawing of the knowledge

nationgraph? Without objectivemeasures,it is impossibleto compareandcontrasttwo

drawingsor eventwo layoutmethods in a scientificmanner.

The identificationof importantfeaturesof drawings hasbeenresearchedsincegraph

drawing algorithmswerefirst developed[60, 229, 230]. Thefeaturesidentifiedareusedto

form measuresof readability. Thesefeaturesof thedrawing aretypically calledaesthetic

criteria andhavebeencodifiedasasetof formal aesthetics.Broadlyspeaking,measuring

a graphdrawing in termsof theseaestheticcriteriashows whetherthedrawing has“great

beauty”or not.

Althoughthe featuresof the drawing which impactthe formal aestheticarenot inde-

pendent,abroadlyacceptedsetof basegoals(aestheticcriteria)havebeenidentified.Some

of themoresignificantaestheticmeasuresareinformally describedbelow.

Minimizing the number of edgecrossings, hasbeenshown to beamongthemostimpor-
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tantgoalsfor thecreationof anaestheticallypleasinggraphdrawing [114, 229, 230,232,

289]. Drawingswith a largenumberof crossings,especiallythosecausedby long edges,

aredifficult to follow [229]. Thedrawingsin Figure2.10to 2.17show thedifferencebe-

tweena drawing with many edgecrossings,all theway throughto a drawing of thesame

graph,with none. A randompositioning of the nodesof the graphproducesa drawing

similar to theonedisplayedin Figure2.10. This graphdrawing hasunquestionably poor

readabilitydueto thelargenumberof edgecrossings. An alternateexampleis theKorean

ISPinformationvisualization show in Figure1.3,whichexhibits many edgecrossings.The

resultsof applyinganedgecrossingmeasureto a seriesof layoutscanbeseenin Figures

2.10-2.17.

Maximizing edgelength uniformity is oftenusedin applicationswhereall edgesareof

equalsignificance. Onewayof representingthis is by ensuringthatthelengthof eachedge

in thedrawing is uniform. This aestheticcriteriacanbeextendedto edgesetlengthuni-

formity, whereedgesareassignedto categories,eachof which hasa desirededgelength.

Oftenwewish to maximizetheuniformity of thelengthof eachedge,or setof edges.The

resultsof applyingsucha measure,wheretheidealedgelengthis 300units,to a seriesof

layoutscanbeseenin Figures2.10to 2.17.

Maximizing the distance betweennon-adjacent nodesensuresthat no falserelation-

ships, basedon proximity areinferred. If nodesthatarerelatedaredrawn closetogether

then nodesthat have no direct relationship shouldnot be close. Cognitively the worst

caseoccurswhengeometricallycloseyet non-adjacentnodes,appearto theuseraslogi-

cally connected.For example,thedrawing shown in Figure2.12appearsto have a dense

groupingof nodesof the left of the drawing. This visualgroupingoccursbecausemany

non-adjacentnodesarebeingdrawn closetogether. In the context of the otherdrawings

this intuition is clearly false,but alonethis groupingmight be perceived asa morecon-

nectedsetthanit actuallyis. Theresultsof applying anaveragednon-adjacency distance

measureto aseriesof layoutscanbeseenin Figures2.10to 2.17.
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Figure2.10: Random Drawing of an800NodeTriangular Meshwhich has109425edgecrossings
andaverage edgelength of 6018andannon-adjacent nodedistanceof 10504

Figure2.11: Figure2.10after10 iterationsof aforce-directedlayout. Crossings= 5964Avg. Edge
Len=293Non Adj. NodeDis = 2497

Figure2.12: Figure2.10after20 iterationsof aforce-directedlayout. Crossings= 5096Avg. Edge
Len=269Non Adj. NodeDis = 2605

Figure2.13: Figure2.10after40 iterationsof aforce-directedlayout. Crossings= 2803Avg. Edge
Len=255Non Adj. NodeDis = 3292



2.2Graph Drawing 29

Figure2.14: Figure2.10after70 iterationsof aforce-directedlayout. Crossings= 2632Avg. Edge
Len=262Non Adj. NodeDis = 3682

Figure 2.15: Figure 2.10 after 100 iterations of a force-directed layout. Crossings = 1876 Avg.
EdgeLen=273Non Adj. NodeDis = 4099

Figure2.16: Figure2.10after140iterationsof a force-directedlayout. Crossings= 588Avg. Edge
Len=277Non Adj. NodeDis = 5632

Figure 2.17: 800nodetriangular meshdrawn with no crossingsandanaverageedgelength of 287
anda non-adjacent nodedistanceof 6444.
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Maximizing the symmetriesin the drawing aimsto displaywhethertheunderlying

graphhasduplicateparts,or nearduplicatepartsin its structure.Thesymmetricalgraph

drawing shouldreflecta balancein displaying thosesymmetries. Typically, symmetries

providea formal balanceto the layoutwhich canmake theprocessof understandingthat

grapheasier. If repeatedor nearrepeatedsectionsof thegrapharedrawn with rotational

or reflexivesymmetry, thentheunderstandingof onesectionoftenresultsin a fastercom-

prehensionof theothersymmetricsections.Informally, thesequenceof drawingsin Fig-

ures2.10to 2.17increasein symmetry. Measuresof symmetryaredifficult to defineand

compute;see[229]. Thedifficulty oftenarisesfrom thenatureof measuringexactversus

nearsymmetry. Userscanoften perceive symmetrieseven whenthe underlyingdrawing

hasnostrict reflectionsor rotationalsymmetries.

Maximizing the angular resolution of the drawing aims to ensurethe individual

edgesdrawn, areclear anddistinct. Theangular resolutionof a drawing is theminimum

angleformedbetweenapairof edgesthatareeithercrossingor incidentonthesamenode.

A drawing that exhibits a low angularresolution,suchasFigure1.3 typically suffers a

visualeffect calledblobbingwhich makesidentifying individualedgesdifficult andhence

makesthedrawing hardto follow andunderstand.

Ar ea is a measureof how efficiently a drawing usesavailablescreenspace.Thearea

occupiedby a drawing is typically measuredby themaximum f and s -extentof thenode

positions,andthe t -extentin thecaseof measuringvolumefor threedimensionaldrawings.

Thegoalof thisaestheticis to ensurethatareaefficientdrawingsareproduced,sincescreen

realestateis avaluablecommodity not to bewasted.

Aspect Ratio is a ratio measureof the lengthof the longestsideto the shortestside

of a rectanglewhich enclosesall thenodesof thedrawing. A drawing with a high aspect

ratio maybedifficult to effectively visualizeasit will not conveniently fit on a computer

monitor. It is notuncommonfor very largegraphs,drawn with thepopularSugiyamastyle

layouts, to suffer from veryhighaspectratios.Thisis primarily dueto thegraph’stopology

andtherankingprocessdonewithin theSugiyamaalgorithm.
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Other Aesthetics

Given the natureof the graphsthat this thesisaims to address,several other important

criteria, thatany reasonablemulti-level layout techniqueshould meetareintroduced.An

informaldescriptionof threesuchcriteriaaregivenbelow.

Minimize the intr oduction of edgecrossingsby abstraction to ensurethat higher

level views or visualprécisarenot lessaestheticallypleasantthanthedrawing of theun-

derlyinggraph.Any abstraction,representsasimplified form of theunderlyinggraph.De-

pendingon thesizeandcombinatorial propertiesof thegraph,this simplificationdeparts

from representationalaccuracy, to a variablerangeof possible degrees. Using an auto-

matic simplification methodit is entirely possible to generatea simplified drawing with

edgecrossings,wheretheunderlyinggraphdrawing hasnone.Any simplification method

shouldaim to minimize theintroductionof suchartifactsof thesimplification process.

Glyphs representinggroupsof nodesshould not overlap asthis would severelyaf-

fect the readabilityof thedrawing. An abstractionprocessgroupsnodes,which arethen

drawn usinga glyph. As with the underlyingdrawing, nodeswhich aredrawn closeto-

getheror overlapping imply relationshipswherenoneexist. At higherlevelsof abstraction,

thefalsepositivesmayresultin amoredistortedview of theunderlyingelementsandtheir

interrelationships.

Minimize the variance in abstraction aspectratios to ensurea smoothvisualmap-

ping betweenabstractionlevels. The FADE drawing paradigmis basedon providing high

level simplified viewsof theunderlying graphstructure.Userscanmovebetweenlevelsor

canselectively show variouspartsat differentlevels of abstraction.Maintaining a similar

aspectratio betweeneachvisualprécisof thegraphprovidesa visual landmarkto aid the

userin movingbetweenlevels of detail.

Typically, altering the layout of a graphto improve one aestheticcriteria can nega-

tively impactanother, that is, thecriteriaarenot independentandsometradeoff between

the criteria mustbe determined.This determination is often basedon the natureof the

application, the type of the graphand the purposeto which the drawings areput. This

determination gives rise to a sub-setof aestheticcriteria that are important for a given
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Figure 2.18: A graphdrawn with theSugiyamaAlgorithm, usingGraphWin (AGD)

applicationdomain. This determination is crucial, asattemptingto satisfya large num-

berof criteriasimultaneously is at bestcomputationally expensive andat worsefutile and

infeasible[52, 60, 114, 229,232,273].

2.2.3 Graph Drawing Algorithms

Hundredsof graphdrawing algorithms, refinements,andspecializations have beendevel-

opedover thepasttwentyyears[60, 76,272]. Most of theseattemptto producedrawings

accordingto somesub-setof thedrawing conventionsoutlinedin Section2.2.1andmany

attemptto addressthedrawing aestheticsdiscussedin Section2.2.2. Many toolkits have

beendevelopedfrom thesealgorithms. A typical toolkit containsthreeor four paradigms.

Onesuchtoolkit is AGD [2]. Threepicturesfrom AGD areshown in Figures2.18,2.19,

and2.8.

Figure2.18shows a layered graphdrawing from AGD. Layeredgraphdrawings are

alsoknow ashierarchical or Sugiyamastylelayouts. Typically this drawing conventionis

usedto effectively representhierarchiesof information. Informally, layeredgraphdrawing

algorithmsconsistof threesteps.Thefirst stepis calledlayerassignment,wherethenodes
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Figure 2.19: An orthogonal drawing

of the grapharepartitioned into u layers. This partitioning canbe basedon the domain

knowledgeof the graph,suchasa setof partial ordersor is basedon the combinatorial

propertiesof thegraph.Thesecondstepconsistsof thenodesin eachlayerbeingpermuted

to reducethenumberof edgecrossingsbetweenlayers.Thethird stepaltersthehorizontal

positionsof thenodes,andedgesarestraightenedto improvethereadabilityof thedrawing.

The original layeredgraphdrawing algorithmwasfirst proposedby Sugiyama,Tagawa

andToda[271]. Subsequentwork hasrefinedthe methodalongwith addingmany new

techniquesfor layer assignment and crossingreduction[40, 73, 76, 210]. The layered

graphshown in Figure2.18consists of 10nodesand25edgesdrawn on9 layers.

Figure2.19shows an orthogonal graphdrawing from AGD. The objective of an or-

thogonal graphdrawing algorithm, is to producea drawing with nodecentresandedge

bendson“grid points”, with edgesdrawn aspolylinesconsistingof horizontalandvertical

line segments[36, 60, 261].

A varietyof orthogonalgraphdrawing algorithms exist [25, 27,77,78, 179,215,216,

217, 261], and eachtries to satisfya setof aestheticcriteria; theseincludeminimizing

the area(or volume),minimizing the numberof edgebends,minimizing the maximum

numberof bendsin a single edge,minimizing crossings(or intersections)and giving a

goodaspectratio to thedrawing. Thenotionof orthogonallayouthasalsobeenextended

to threedimensionalorthogonaldrawing [17, 26,51, 77,78,179, 218].

Theplanarorthogonalgraphdrawing shown in Figure2.19has16nodesand24edges
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Figure 2.20: Exampleof edgeandnonedgeforces in a simple forcedirectedmodel.

andcontains9 edgebends. This is the samegraphasshown in Figure2.9, which is a

layeredpolylinedrawing.

Figure 2.8 shows a straight line graph drawing from AGD, producedby a “force

directed” layout algorithm. This generalclassof layout algorithms are popularand in

widespreaduse. Experiencewith force directedalgorithms show that they oftenproduce

aestheticallypleasingdrawings. We now describe“force directed”algorithms morefor-

mally, as it is this classof algorithmwe baseour FADE drawing andvisual abstraction

paradigmon.

2.2.4 ForceDir ectedGraph Drawing Algorithms

Force directedgraphdrawing algorithms, alsoknow asspring algorithmsor spring em-

bedders continueto figure notablyamongthe latestdevelopmentsin graphdrawing [75,

98, 116, 121, 237, 283]. Forcedirectedalgorithmstendto emphasizesymmetry, maxi-

mizeedgelengthuniformity, maximizethe distancebetweennon-adjacentnodes,andas

by-producttendto minimisethenumberof edgecrossings.

Forcedirectedalgorithmsview thegraphasavirtual physicalsystem, wherethenodes

of thegrapharebodiesof thesystem.Thesebodieshaveforcesactingonor betweenthem.

Oftentheforcesarephysics-based,andthereforehaveanaturalanalogy, suchasmagnetic

repulsionor gravitationalattraction.For examplein Figure2.20theedgescanbemodeled

asgravitational attractionandall nodeshave an electricalrepulsionbetweenthem. It is

alsopossible for thesystemto simulateunnaturalforcesactingon thebodies,which have
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Figure 2.21: Showing thespring modelfrom initial drawing ( v ) to thefinal layout( w ) with a mini-
mumenergyconfiguration.

no direct physical analogy, for examplethe useof a logarithmic distancemeasurerather

thanEuclidean[69].

Regardlessof the exact natureof the forcesin the virtual physical system,force di-

rectedalgorithmsaim to computea locally minimum energy layoutof thenodes.This is

usuallyachievedby computing theforcesoneachnodeanditeratingthesystemin discrete

timesteps.Theforcesareappliedto eachnodeandthepositionsareupdatedaccordingly.

A commplementaryapproachviews thegraphasanenergy systemandalgorithms try to

minimisetheenergy in thesystem[147].

Force-directedalgorithms areoftenusedin graphdrawing dueto their flexibilit y, ease

of implementation, andtheaestheticallypleasantdrawingsthey produce.However, classi-

cal forcedirectedalgorithmsareunableto handlelargergraphsduetheinherentO(�\J ) cost

at eachtimestep,where � is thenumberof bodiesin thesystem.This is a commonprob-

lem andhasprohibitedthepracticaluseof forcedirectedalgorithmsfor evenmoderately

sizedgraphsof a few hundrednodes.TheFADE layoutparadigm,introducedin this thesis,

overcomesthis computationallimitation to allow largegraphsto bedrawn, andabstractly
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represented.

Background

The simulation of a virtual physical systemfor objectplacementpre-datesthe develop-

mentof force directedalgorithms for graphdrawing [240]. Given that it is NP-hardto

draw a graphso that all edgelengthsare the same,Eadesfirst proposeda heuristic al-

gorithm for drawing undirectedgraphsin two dimensions, basedon simulating a virtual

physical model[69]. Thismodelis now referredto asthe“springmodel”,sinceeachnode

is modeledasa ring with springsreplacingthe edges.In this modelnon-adjacentnodes

repeleachotheraccordingto an inversesquarelaw. Given an initial randomlayout, the

springsandthe repulsive forcesmove the systemto a locally minimal energy state,that

is, an equilibrium configuration,which is thendrawn. Eadesnotedthat in suchan equi-

librium configuration,all theedgestypically haverelatively uniformlength,andnodesnot

connectedby anedgearedrawn far apart.Further, drawingsof anequilibrium configura-

tion tendto displaytheunderlyingsymmetriesin thegraph[60, 75, 102, 193,214]. The

example shown in Figure2.21shows the effect of iteratively applyinga simple force di-

rectedalgorithm to aninitial randomlayoutof a graph.Theresultantdrawing exhibits the

threeprevious aestheticcriteria noted,namely: edgelengthuniformity, nodeseparation

andsymmetry.

Sincethe original springmodel, therehave beena large numberof refinementsand

specializations to theclassof forcedirectedalgorithms[18, 23,69,75,97,102,115, 116,

118, 148, 237, 270, 269, 280, 283]. The flexibil ity andsimplicity of the original force

directedapproachhasallowednumerousdomainspecificcustomizations,algorithmic im-

provementsandapplicationsto bedeveloped[60, 93,135,193, 237, 238,249,269, 295].

Refinements

Oneof themostsignificantrefinementsto thebasicspringmodelis theforcedirectedal-

gorithmof KamadaandKawai [147] whichattempts to modelthegraphtheoreticdistance

betweentwo nodesby their geometricdistancein thegraphdrawing. Thealgorithmmod-

elsaforcebetweeneachpairof nodeswhichis proportionalto thedifferencebetweentheir
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geometricandgraphtheoreticdistances.At eachstepin thealgorithm,thenodewith the

highestenergy is moved to a new location. This algorithm performsa gradientdescent

basedonclassicalnumericalanalysismethods to reacha localminimum.

An inherentweaknessof many force directedalgorithms, suchas the springmodel

andtheKamadaandKawai method,is thatthey oftenresultin equilibrium configurations

at a local minimum suchasthat shown in frame x*x;x of Figure2.22. Drawings of such

local minimumarelessaestheticallyappealingthana globalminimum. To overcomethis

problemnumerousoptimizationsandheuristicshavebeenproposed.

A classof force directedalgorithmsthat uses“randomness”to avoid endingup at a

local minimum waspioneeredby DavidsonandHarel [57] and independentlyby Men-

donca[189]. Thisapproachdraws from astatistical mechanicstechniquecalledsimulated

annealing. The goal is to reducesomecostfunction of the system, while avoiding local

minima.Thekey tosuchapproachesis thataprobability functionis usedto allow increases

in thecost,in thehopeof reachinga lower globalcostin the long run. Coupledwith this

in simulatedannealing,is the notion of a falling “temperature”.At the beginning of the

simulation thetemperatureis high,sotheprobabilityof acostincreaseis high,suchasthe

move from configurationx to y in Figure2.22.As thesimulationprogresses,thetempera-

tureis steadilyloweredaccordingto somecoolingschedule,sotheprobabilityof choosing

a statewith a highercosttendsto zero. Thecouplingof a moresimplified simulatedan-

nealingprocesswith a force directedlayout,wasindependently developedin thefield of

informationvisualizationfor documentclustering[44]. TheHarelsimulatedannealingap-

proachhasbeenrefinedandextendedin a varietyof algorithms andsystems. Someof the

improvementsinclude: moreefficient adaptive coolingschedules[94, 279, 280] andpar-

allel algorithms [39, 54, 162, 197]. Themaindrawbackof simulatedannealingfor graph

drawing, is thefactthatit is computationallyexpensive,soits usein graphdrawing, where

interactivity is crucial,is ofteninfeasible.

FruchtermanandReingold’s grid basedforcedirectedapproach[97] usesa moresim-

plistic coolingschedulethanthatof thesimulatedannealingclassof algorithms.Finally,

an alternateapproachto find the global minimum is the conjugategradient methodas

presentedin [280].
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Figure 2.22: FramesI,II,III show the steepest decent approachto energy minimization. Frames
I,a,b,cshow a simulatedannealing approach

Specializations

The rangeof specializationsandcustomized applications,that usethe force directedap-

proachinclude:magneticor orthogonalspringsfor directionaledgealignment[139, 206,

270, 269], forcesthatmaintaintopology[23], symmetric graphdrawing [75, 184] to dis-

playgeometricautomorphismgroups[75, 184], dynamicgraphlayout[34, 180], threedi-

mensional springalgorithms[98, 167, 197,214, 239], clustervisualization[44, 136, 236,

288], onlinegraphexploration[135, 136], websitevisualization[68, 71, 126, 249, 296],

avoiding nodeoverlaps[102, 295], softwarevisualization [97, 119, 238, 243, 262, 263,

264], constraintbasedlayout[118, 148,288], threedimensionalviewpoint location[134,

292], andmorerecently, large scalegraphlayout [98, 99, 113, 115, 116, 237, 239, 283,

284].

Wenow review aselectedrangeof specializations.Q Althoughmostforcedirectedalgorithmstreatnodesassingularities,in practicethis

is not thecase.In many applicationsnodesmustberepresentedaslabeledentities.
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Gansneretal. [102] haveshown amethodto reducenodeoverlapsandvisualclutter.

This approach,basedon an improved force directedlayout,appliesa postprocess

nodepositioningusingaVoronoidecomposition of space[91].Q Tunkelang[280] providesa force directedalgorithmframework for experimenting

with numericaloptimizations. This framework supportsthe interactive drawing of

small to mediumsizedgraphs. Tunkelangincludesan empirical evaluation of a

variantof theconjugate gradientmethodsearchstrategy to find a globalminimum.

This framework alsosupportssimpleBarnes-Hutandgrid variantoptimizationsto

thesimpleforcedirectedapproach.Q BrandesandWagner[34] have shown a forceddirectedalgorithmusinga bayesian

paradigmfor “dynamicgraphlayout”. Dynamicgraphlayout refersto thelayoutof

graphsthatchangeover time.Q Huanget al. [71, 135, 136] provideanonlinemodifiedforcedirectedalgorithmfor

graphexploration,wherethe graphis partially unknown. Along with the classical

repulsiveandattractive forcesthisalgorithmincludesmany unnaturalforcesto indi-

cateclustersandthedirectionof exploration.Q Wills et al. [295, 296] demonstratea postprocessforcedirectedrepellingalgorithm

to avoid nodeoverlaps,for large to very largegraphs.This methodis usedin con-

junctionwith acomputationally inexpensive initial layoutmethodsuchasahexago-

nalor circularlayout.Q Frick’s GEM algorithm[94] incorporatesseveralheuristicrefinementsto the basic

forcedirectedapproach.

Along with variousspecializations,therehavealsobeena widevarietyof graphdraw-

ing systemsdevelopedwhich includeforcedirectedmethods,suchas:daVinci [96],

GraphViz [164], FADE [237], GEM [95], GraphEd[127], GraphLayout Toolkit [181],

Graphlet[129,128], Jiggle[280], Leda[187, 186], andVCG [255].

However, onecommonfeatureof mostforcedirectedlayoutschemesis their inability

to scalewhendrawing largergraphs.Theproblemstemsfrom thehighcomputationalcost
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of force directedplacement,typically ���b��Jq� asnotedin [23, 60, 97, 118, 136, 135, 173,

237, 249,280, 284]. Although suchalgorithmsandtheir specializations areclearly very

popularandwell researched,it wasnotuntil veryrecentlythatresearchaddressedtheiruse

in drawing largeandvery largegraphs.

2.2.5 Lar geScaleGraph Drawing

Thereareseveral inter-relatedandinter-dependentissueswhich mustbeaddressedwhen

dealingwith largegraphdrawings;theseinclude:Q thecomputationaleffort involvedin determininganaestheticallypleasantdrawingQ theeffectiveuseof screenspaceQ thecognitiveeffort placedon theenduserwhenviewing a largegraphdrawingQ theability to presenthigh level visualstructures,suchasclustersQ andthe actualtime to renderlarge amountsof two or threedimensional graphical

information.

Graphdrawing systemsthatdealwith thousandsof nodestypically addressoneor possibly

two of theseissues,but rarelyall five. We now give anoverview of existing researchthat

addressestheseissues.Q FruchtermanandReingold’s grid based,forcedirectedapproach[97] placessetsof

nodesinto cellsbasedon their locationswithin asimplegrid. To reducetherequired

number of computations,only nodeswithin cellsor neighbouringcellsexert forces

on oneanother. This methoddraws on researchfrom the domainof gravitational

physics,specificallymethods to addressthe“ N-BODY” problem.Thecomputational

efficiency aspectsof theFADE paradigm,introducedin this thesis,likewisedraw on

researchinto the“ N-BODY” problem;seeChapter4 for moredetails.Q Graphexploration techniques[71, 135, 136, 137, 200, 201] arebasedon a query

graph model. Thesetechniquesattemptto addressmost of the problemsassoci-

atedwith largegraphdrawing, by allowing theuserto interactively visualizeonly a
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Figure 2.23: A schematic view of thetree

Figure 2.24: Skeleton view with meta-node
glyphs.Reproducedby courtesyof
ScottMarshall from I. Hermanetal. (1998) [123]

smallportionof theentiregraphatany onetime. Underlyingthisgraphdrawing ap-

proachis an interactive graphquerysystemwhich supportsthe query-exploration

cycle. Theseapproachesdiffer significantly from traditional graphdrawing sys-

tems,sincethey rely on visualising only a relatively small part of the graph. OF-

DAV [71, 135, 136, 137] augmentsthis approachby addinga trail of focusnodes

which indicateswherethe userhaspreviously exploredthe graph. The hyperbolic

visualizationapproachof Munzner[200, 201] usesa threedimensional hyperbolic

view with the currentfocusnodeat thecenter. This hyperbolic view is basedon a

Klein modelwheretheprojectedareais a spherein threedimensionalspace.Q An algorithmfor thedirectedacyclic graphdrawing thatemploys informationhid-

ing to limit thenumberof visualelementonscreen,in termsof extractingaskeleton

of the graph,is presentedby Hermanet al. [123]. The skeletonof a graphis the

setof nodesandedgesthat aredeterminedto be significantby a given metric (see

Figure2.24).This skeletonis consideredto bethestructural backboneof thegraph

andcontainssignifigant landmarks of thegraph.Thisextensionof theReingoldand

Til ford algorithm[241] providesschematicviews of the graphbasedon the skele-

ton andreplacesnon-skeletalpartsby a coloursaturatedTrapezoidalglyph set(see

Figure2.23).Q NicheWorks is a graphdrawing systemfor very largegraphsin theregionof 10,000

to 100,000nodes[295,296]. Theprimaryfocusof thissystemis to addressthecom-

putationaleffort involved in largescalegraphdrawing. This system,although origi-
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nally designedfor telephony applications,hasbeenextendedto otherproblemareas

suchassoftwaremodificationvisualization,websiteanalysisandtheexploration of

databasesfor datapatterns.Thebasicapproachof NicheWorksis to initially position

thenodesaccordingto computationally inexpensive ( �z���.� ) layoutmethods.These

methods include:circularlayout,hexagonallayout,andradiallayout.Thisapproach

workswell whentheintentionis to seetheoverall structurein thegraph;whetherit

is connected,disconnected,or two-connected.After theinitial placement,incremen-

tal algorithmssuchassteepestdescent,repulsion,andnodeswappingcanbeapplied

to improve the layout. Herelargescalevisualizationis supportedby panandzoom

features.Q Recentadvancesin theuseof graphtheoreticpartitioningapproachesfor largegraphs,

which aresuitedfor usein the force-directedalgorithms, arediscussedin Section

2.2.7.

Theuseof clustering,bothto reducethevisualcomplexity andthecomputational com-

plexity of producingthe drawing, is an areaof researchthat shows greatpromisein ad-

dressingtheissuesassociatedwith largegraphdrawing. This is discussednext.

2.2.6 Clustering in Graph Drawing

Graphdrawing systemswhich show high level clustersfrom theunderlyinggraph,rather

thanthe entiregrapharebecomingincreasinglycommon [50, 66, 72, 73, 86, 177, 235,

237, 244]. Thesetechniquestypically concentrateonaddressingtheeffectiveuseof screen

spaceby showing high level structures,that is, clusters,ratherthantheentiregraphat the

lowestlevel of detail.

In theareaof graphdrawing, Sablowski andFrick [249] first proposedamethodwhich

initially attemptsa graphtheoreticclusteringto reduceboth the sizeof the graphto be

drawn andthe visual complexity of the resultantdrawing. Developedindependentlyfor

documentrelationshipvisualization, the Narcissussystem[119] showed that a force di-

rectedapproachcouldbeusedto yield clustersthatare“visually apparent”.As notedby

bothsetsof authors,their respectiveapproachescoupledwith a forcedirectedlayout,tend
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to displaythe naturalclustersof thegraphor dataset. It is this intuition, that is realized

andevaluatedin this thesisfor largegraphsandtheir visualization.

The multilevel representation introducedby Feng[86] shows the entiregraphandits

differentlevelsof abstraction.Eachlevel of abstractionrepresentsaclusteringof thenodes

of the graph. Subsequentwork hasshown how this methodcan effectively usescreen

spaceby presentinghigh level structures,ratherthantheentiregraph.Follow on work by

Duncanetal. [50, 66] introducesacluster-baseddrawing methodwhichfirst hierarchically

clustersthe graphvia a balancedaspectratio (BAR) tree. This allows propertiesof the

clusteringsuchasbalanceandconvex clusterregionsto beachieved.This clustertreecan

thenbe drawn on variouslevels of detail. Unfortunately, whenthe initial embeddingis

bad(accordingto variousaestheticmeasures)thenthis methodcangeneratepoorclusters

with low cohesionandhigh coupling[50]. This techniqueis promisingfor interactive or

dynamicgraphlayout if the goalsof this methodcanbe balancedagainstpossiblylarge

changesto theclustertree. Largechangesin theclustertree,althoughnot significantin a

graphtheoreticsense,canalterthelayoutenoughto destroy theusers’overall mentalmap.

The multiway ratio cut methodof RoxboroughandSen[244], basedon a technique

from circuit partitioning, aimsto simplify thedrawing by first identifying naturalclusters

whichcanbedrawn usingasimplecircularlayout.

Higres,a simplified clusteredgrapheditor, allows for therecursivedefinitionandedit-

ing of large clusteredgraphs[177]. Finally, the clusteredgraphmodelhasbeenwidely

acceptedandcanbefoundin commercialgraphdrawing softwaresuchasGraphlet,GLT

andD-Abductor[194, 195].

Theproblemsassociatedwith theeffectiveuseof screenspaceandthecognitiveeffort

placedon the enduserwhenviewing a large graphdrawing arecommonthroughout the

areaof information visualization. Collectively, techniquesthat dealwith forming an ap-

proximateor distortedview, to enhancethevolume or readabilityof data,aremethodsfor

visualabstraction.This is dealtwith in moredetailin Section2.1.3.
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Figure 2.25: Multil evel graph partitioning,Figureadapted from [80, 150]. Theiniti al clusteringis
projectedup asthegraph is successively uncoarsened. This is refinedat eachuncoarsening stepto
give therefinedpartitioning.

2.2.7 Multile vel Method Graph Drawing

Parallelto thework in this thesis,Walshaw introduceda multilevel algorithmfor forcedi-

rectedgraphdrawing [283,284]. Walshaw producedthis forcedirectedmethodmotivated

by the needto investigatealternatelythe micro- andmacro-structuresfrom the resultsof

large graphpartitioning algorithms. This layout methodis basedon a multilevel graph

partitioningmethod.In general,multilevelmethodspartitiona representativegraph,called

the“coarsenedgraph”,which is muchsmallerthantheunderlyinggraph,calledthe“fine

graph”. The processof creatingthe smallergraphs,the coarsenedgraphsis referredto

ascoarseningthegraph, suchastheseriesof graphs� O to �>{ shown in Figure2.25. The

coarseningtypically haltswhen the coarsegraphhasa few hundrednodes. The initial

partitioning is thenmadeon thesmallestcoarsegraph,for example�o{ in Figure2.25.

Thelayoutalgorithmproceedsby first applyingaforcedirectedlayoutto thecoarsened

graph. The graphis then projectedand modified back thougha seriesof increasingly

“finer”, that is, more detailedgraphs. At eachstagethe refinedpartitioning is usedto
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minimize the amountof computation requiredin applying the forcesin the system. As

in theFruchtermanReingoldapproach,non-adjacentregionsdo not exhibit forceson one

another. Finally, thepartitioning andassociatedlayoutof theoriginal underlyinggraphis

formed,seeFigure 2.25.

This method,which is a developmentof greatpracticalimportancefor graphdrawing,

differsfrom theFADE paradigmin severalways.Q TheFADE paradigmdoesn’t requirethecomputationof anew graphcoarseningwhen

thegraphchanges.As suchit supports small graphupdatesandis suitable for dy-

namicgraphlayoutandadjustment.Q TheFADE paradigmsupportsmultilevel visualizationof largegraphs.This is based

on a geometricdecomposition ratherthansomegraphtheoreticpartitioning of the

graph.Q The FADE paradigmoffers geometricbasedvisual précis along with measuresof

theiraccuracy in representingtheunderlyinggraph.

An earliermethodby Harelet al. [113, 115] useda multilevel approachto speedup

a simulatedannealingprocess.This methodwassuccessfullydemonstratedon generated

graphsof up to 3000nodes. This method,althoughbasedon the multilevel method, is

not aselegantor scalableas the refinedmethodpresentedby Walshaw, as it containsa

quadratictime component.As notedin [115], a local beautificationstep,which tendsto

dominatethecomputation,wasrequiredto removecrossingsfor graphsof largegenerated

binarytrees.

A methodby Kobourov et al. [98] basedon the notionof “set filtration” and“neigh-

bourhooddetermination”is actuallyanothermultilevel variant.A setfiltration is a simple

coarseningstep,in themultilevel sense.Theuncoarseningandrefinementis achievedby

there-introductionof nodesin a barycenterplacementmanner. In this methodthegraphs

arepositionedin higherdimensionsandprojecteddown for “smoother”drawings in two

or threedimensions.
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Models: Clustering and Visual Abstraction

“Lo giciansmayreasonaboutabstractions. But the great massof menmust

haveimages. Thestrongtendencyof themultitude in all agesandnationsto

idolatry canbeexplainedonnootherprinciple.” - ThomasMacaulay

Thischapterdescribesthemodels,measuresandmethodsusedfor theclustering,visual

representation,andabstractionof largeamountsof relationalinformation. The“hierarchi-

cal compoundgraphmodel”, describedin Section3.3, supportsour FADE graphdrawing

andabstractionparadigm,describedin Chapter4. Further, this clusteredgraphmodelis

usedin variousclusteringquality measuresdescribedin this chapter. The application of

our graphdrawing andabstractionparadigm,basedon this graphmodelandthe testing

of our clusteringandgraphdrawing aestheticmeasures,is describedin thecasestudiesin

Chapters5 and6.

First, we motivatethis chapterby giving anoverview of theproblemsassociatedwith

large scalegraphdrawing in Section3.1. We describehow the “hierarchicalcompound

graphmodel”supportsall theareasof largescaleinformationvisualizationthatweaddress

in this thesis,from performanceto visualabstraction.Section3.2presentsanintroduction

to the clusteringterminology usedin this thesis. Section3.3 describesmodelsfor graph

clusteringandspecificallythe“hierarchicalcompoundgraphmodel”.

We provide an introduction to thenotionof a “quality measure”of a graphclustering

in Section3.4. In Section3.5, we describein detail our clusteringquality measuresfor

“hierarchicalcompoundgraphs”. Thesemeasuresallow differentclusteringsof thesame

graph,from differentlayouts,to becomparedandevaluated.Section3.6 reviews existing
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methodsfor graphclustering.

This thesisis primarily concernedwith geometricgraphclustering,soSection3.7 re-

viewsexisting geometricgraphclusteringmodels. Section3.7.1discusseshow “hierarchi-

calspacedecomposition” methodsform thebasisof ourhierarchicalcompoundgraphgen-

erationtechnique.Thesedecomposition methodsarecomputationallyinexpensive,making

themsuitablefor FADE. However, the“hierarchicalcompoundgraphs”createdmayexhibit

many artifactsof thecreationprocess.In thecasestudies,we show how thehierarchical

compound qualitymeasurescanbeusedto testtherelative inaccuraciesin suchgenerated

graphs.

In Section3.11, we describehow the “hierarchicalcompoundgraphmodel” canbe

usedin thecreationof avarietyof abstractviews(“visual précis”)of theunderlyinggraph.

A précisis a sub-graphextractedfrom a “hierarchicalcompoundgraph”. A visualprécis

is thedrawing of anextractedsub-graph.Thetypesof précisinclude: “horizons”, “event

horizons”,“cut views”, “multi-cut views”, and“bell curveviews”.

3.1 Moti vation

Informally, a hierarchicalcompoundgraphconsistsof a setof nodesandedges,clusters

(groupsof nodes)and “implied edges”(abstractionsof edges). This chapterdescribes

modelsfor hierarchicalcompoundgraphs,their visual forms,andquality measures.The

aimof thesemodelsis toaddressfour relatedissuesin largescaleinformationvisualization:Q Thereis a needto significantlyimprove theperformanceof classicalforcedirected����� J � graphdrawing algorithms if they areto beusefulfor drawing largegraphs.Q Drawing algorithmsmustaddresslargescaledynamicgraphlayout if they areto be

usefulin realworld applicationdomains.Q Screenrealestateis a scarcecommodity, sothegenerationby “hierarchicalcluster-

ing” of higherlevel views of largegraphsarerequired.Theseviews, called“visual

précis”,areprojectionsof abstractrepresentationsof theunderlyinggraph.
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hardquantitativemeasuresof suchclusteringsareneeded.

The FADE paradigmincludesclustering(to createabstractionsof the largegraph)andvi-

sualization (to createpicturesof differentlevelsof abstraction).Themethodusesacombi-

nationof geometricandcombinatorialtechniques.We mapthegraphnodesto geometric

points, clusterthesepoints usinggeometricmethods,thenusetheresultto producea “hi-

erarchicalcompoundgraph”. As notedin otherdomains, to realizethis modelwe must

addresstwo problems[80, 140]:Q Graphnodeshaveno intrinsicgeometricinformation; wemustsynthesizethegeom-

etry.Q Geometricclusteringis suitable for a graphonly if thegeometricdistancebetween

nodeimagesreflects theunderlying graphtheoreticrelationships.

The FADE drawing paradigmdescribedin the next chapteraddressesbothof theseprob-

lems. In fact, the first problemis addressedby all graphmethods,that is, their goal is

to synthesize a geometryfor the graphso that it canbe visualized.The secondproblem

is specificallyaddressedby forcedirectedgraphdrawing methodssuchasthosein FADE.

Forcedirectedmethodsattemptto produceadrawing sothatrelatednodesaredrawn close

together.

The FADE paradigmoperateson both geometricandcombinatorial modelsfor clus-

tering andvisual abstraction.This chapterdescribesmodelsfor both aspects,aswell as

measuresfor thequalityof both.

3.2 Terminology for Clustering

Clusteringis theprocessof groupingsimilar objectsinto naturallyassociatedsubclasses.

Clusteringis onemethodfor partitioning theobjectsof a set.This processresultsin a set

of “clusters”whichsomehow describetheunderlyingobjectsatamoreabstractor approx-

imatelevel. Theprocessof clusteringis typically basedon a “similarity measure”which



3.2Terminology for Clustering 49

Figure 3.1: Six nationsareclustered, based on a geopolitical similarity measure.

allows the objectsto be classifiedinto separatenaturalgroupings.A similarity measure

(or dissimilarity measure) quantifiestheconceptualdistancebetweentwo objects,that is,

how alike or disalike a pair of objectsare. Determiningexactly what type of similarity

measureto useis typically adomaindependentproblem.A clusteris thensimplyacollec-

tion of objectsthataregroupedtogetherbecausethey collectively possesa stronginternal

similarity basedon sucha measure.For example,theclusteringin Figure3.1 is basedon

a similarity measurethatusespolitical considerations, geographicconnectivity, andgeo-

graphicdistancesto clusterthesix countries.Thehigherlevel groupings| and / , represent

abstractionsof the underlyingcountries.Point data consistsof a setof attributeditems.

Clusteringof pointdataattemptsto placeitemswith similarattributesinto groups.A clus-

tering methodis a procedurewhich yields a set of clustersthat possessstronginternal

similarities.

Clusteringis a fundamentalscientificprocessin a varietyof disciplinesandhasbeen

studiedfor hundredsof years.Clusteringis usedin areassuchas:medicine[8, 259,304],

anthropology [65, 178], economics[67, 156], soil analysis[303], datamining [108, 140,

286, 287], reverseengineering[213, 294], programcomprehension[107, 183,281, 301],

softwaremaintenance[182], andsoftwareengineeringin general[82, 103,104, 130, 138,

204]. Basicallyany field of endeavor thatnecessitatestheanalysisandcomprehensionof

largeamountsof datamayuseclustering.

Formally, aclustering1 of asetH is a list }>~KU�} J U9���9�3}"� of subsetsof H , suchthat:
1This thesisconcerns itself with hard clusteringwhichdiffersfrom thatof fuzzyclusteringwhichassigns

eachnodeadegree of membershipin severalclusters.
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}:~\��} J ���<�<�9��},����H , and}��"��}������ for all ����@��� (3.1)

Thebreadthof applicationof clusteringhasspawnedagreatwealthof supportingconcepts

andterminology. Wenow review themainitems:

Unsupervised classification is the useof computing technologyto aid in the automatic

clusteringof typically large datasets,without any a priori knowledgeof their classifi-

cation [8, 65, 140]. This clusteringapproachis commonly appliedto problemsin “ex-

ploratorydataanalysis”,wherelitt le a priori knowledgeis known aboutthe structureof

the data. Further, supervisedmethodstypically employ a training setof classifiers,the

formationof which is a computationally expensive process[156, 192]. Thegoalof unsu-

pervisedclassificationis to automatically createasetof clusterssothatobjectswithin one

clusteraremoresimilar to eachotherthanthey areto objectsin anothercluster. Recently,

thetermclusteringhasbecomesynonymouswith thetermunsupervisedclassification.

Exploratory data analysisis theformationof a hypothesisaboutthestructureandnature

of particulardata.Typically, exploratorydataanalysisis usedwhenthereis relatively lit-

tle a priori knowledgeaboutthedataandany assumptionsmaycausemisleadingresults.

Confirmatory data analysisis basedon a hypothesisthat the datahasa particularform

or structure,andthe analysisis simply performedto confirm the hypothesis. This thesis

mainlyconsidersclusteringfor exploratorydataanalysisandhow thisclusteringrelatesto

largescalevisualization.

3.3 Models for graph clustering

As notedin Chapter2, graphsare often usedin modelingrelational information. The

scaleof the information containedin suchgraphshasresultedin theneedfor methodsto

aggregateor approximatethegraph.Suchapproximationtechniquescreaterepresentations

athigherlevelsof abstractionandareoftenbasedon“graphclustering”techniques.

Graph clustering is the processof groupingsimilar nodesof a graphinto a setof sub-
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graphs. This processis often basedon somesimilarity measurethat is usedto cluster

the nodes.Unlike point dataclustering,thesesimilarity measurestypically considerthe

edgesaswell asthe nodes[79]. For example, the dissimilarity betweentwo nodesmay

beproportional to thegraphtheoreticdistancebetweenthem. Graphclusteringis usedin

variousfieldssuchas;VLSI design[30, 41, 159], parallelprocessing[62, 64, 152, 153],

network analysis[87, 173], hyper-mediaanalysis[121, 135, 201, 203, 249, 276, 297],

graphdrawing [16, 66, 79, 86, 98, 210, 237,283], andsoftwaremaintenanceandreverse

engineering[9, 112, 141, 142,163,169, 188, 221,262,281].

Thereasonsfor graphclusteringvary but thegoalof creatinga smaller, moreabstract

andsimplerrepresentationof thegraphis generallythesame.Ideally theclustersformed

shouldbe the natural clusters of the graph;however asnotedby Edachery[79], thereis

no universally acceptedformal definitionfor a naturalcluster, insteadonly someintuitive

understanding,seeSection3.4.

Graph clustering methodstakeagraph� andproduceaclustering} for thatgraph.Such

methodscanbedichotomizedaseither“graphtheoretic”(discussedin Section3.6)or “ge-

ometric” (discussedin Section3.9). Broadly speakinga graphclusteringmethodshould

produceclusterswith high “cohesion”andlow “coupling”, that is, thereshouldbemany

internaledges2 anda low “cut size”. The cut sizeor external costof a clusteringsimply

measureshow many edgesareexternalto all sub-graphs,that is, how many edgescross

clusterboundaries.Theseedges,alsoreferred to asan edge separator set, if takenaway

wouldresultin asetof disconnectedsub-graphs.Somedegreeof uniformity of clustersize

is often a desirablepropertyof the resultsproducedby a clusteringmethod. A uniform

graph clusteringis where � Hi�V� is “close to” � H���� for all �VU���X)�; �Ur(�Uq!��
���
��Uru:� . The formal

definitionof “closeness”heredependson thedomain.

Hierar chical clustered graph. The clustersof a graphcanbe clusteredthemselves, to

form a higherlevel clustering,andtheclustersof clusterscanbeclustered,andsoon. A

“hierarchicalclustering”is a collectionof clusterswith thepropertythatany two clusters

areeitherdisjoint or nested[81, 140]. Weneedto modelthis “hierarchicalclustering”in a

formal way. A hierarchical clusteredgraph( ��}\� ) consistsof anunderlyinggraph � and
2Thisnotioncanbeextendedto includeweightedgraphs.
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Figure 3.2: Hierarchical compoundgraph with nodes, clusters, edges in redandimplied edgesin
green

a rootedtree
�

suchthat the leavesof
�

areexactly the nodesof � [86]. Herethe tree�
representsaninclusionrelationship, soa leaf of thetreerepresentsa nodeof thegraph

whereasaninternalnodeof thetree,referredto asa twig, representsa setof graphnodes,

that is, a cluster. Eachtwig 2 of
�

representsa cluster}�� consistingof thenodesof � that

aretheleavesof thesub-treerootedat 2 .
Implied edgescomeaboutbecausethe clustersproducedby a graphclusteringmethod

have no inherent interrelationships (edges)betweenthembut insteadcanhave “implied

edges”.Theintuition behindanimplied edgeis that two clustersareconnectedby anim-

plied edgeif thenodesthat they containarerelated.Thereareseveralwaysto formalise

thisintuition. Unlessotherwisenoted,animpliededgeis definedasfollows. If nodef in }c�
hasanedgeto nodes in };� , thenthereis animpliededgefrom }6� to }�� . Multiple edgescan

be ignored,or summed to form weightedimplied edges.Thresholdingcanform another

typeof implied edge,whereclustersareconnectedby an implied edgeonly if thereis at

leasta certainnumberof actualnode-to-nodeedges.Clearlyotherapproaches,including

theuseof domainknowledgeaboutthenodeattributesandtypesof interrelationships,are

possible.

A Hierar chical compound graph consistsof a hierarchical clusteredgraph ( ��}\� ) and
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animpliededgeset� , asshown in Figure3.2.

Précis are extractedsetsof clusters,implied edges,nodesand edgesfrom hierarchical

compound graphs,usedto form abstractrepresentationsof the underlying graphs. Sup-

posethat( � ,
�

, � ) formsa hierarchicalcompound graphwith nodesH�~rU�H J U9���9��U�H`� and

clusters}=~KU�} J U9�9����U�}"� which arenodesof
�

suchthatevery leaf of
�

is a descendantof

exactly one }"� . Theprécisdefinedby }:~KU�} J U��9�9��U3},� and H�~qU�H J U9�9�9��U�H`� is a graphwhose

nodesetis ( }>~KU�} J U9�9����U�}"� ) and(Hj~KU�H J U9���9��U�H`� ) with implied edgesbetweentheclusters,

realedgesbetweenthenodes,andimpliededgesbetweenclustersandnodes(whicharein-

ducedby inclusion). This modeldiffersfrom theclusteredgraphmodelof Feng[86] with

regardto impliededges,andit is quitecloseto the“compoundgraphmodel”of Sugiyama

andMisue[268] .

A visualprécisis thedrawing of aprécis.Thisextendedgraphmodel,with animplied

edgeset,allows a varietyof précisto beextractedfrom thehierarchicalcompoundgraph,

suchas“horizons”.

Horizons arethesimplestform of précisdrawn from thehierarchicalcompound graph.A

horizon is a préciswhereall theclustersareequidistantfrom therootof theinclusion tree�
andall thenodesarelessthanor equalto thesamedistancefrom therootastheclusters.

A hierarchical compoundgraph methodcreatesahierarchicalcompoundgraphfrom an

underlyinggraph.Typically thesearerecursiveclusteringmethodswhichproduceanested

seriesof clustersandimplied edges.A hierarchicalcompoundgraphmethodmay ignore

the edgesand implied edgesand take only the attributesof the nodesandclustersinto

consideration, in whichcaseit is equivalentto a hierarchicalpointdataclusteringmethod.

3.4 Quality Measuresfor Graph Clustering

A graph clustering quality measure gives a quantitative measureto the “goodness”of a

particularclustering.Suchameasureis a functionthatreturnsavalue,thatmaybeusedto

comparetherelativequalityof two differentclusterings} and }�� of agraph� .

Ideally, giventheoptimal clustering}=�¡ q¢ of a graph,it is relatively easyto formulatea

qualitymeasure.Sucha measureshouldcomparetheoptimal clusteringwith a solution }
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from any givenclusteringmethod. Onesuchmeasureis theMinkowskimeasure £¥¤ which

is basedon thenormalised¦ J distancebetweenrepresentativematricesfor theclusterings}"�¡ q¢ and } [117, 192]. To computethis measure,we first describeeachof theclusterings}"�¡ q¢ and } with anadjacency matrix § , where

§¨�ª© �«� ¬­® ­¯ � if � and � arein differentclusters,and if � and � arein thesamecluster
(3.2)

Denotethe adjacency matrix for },�¡ q¢ by ° andthe adjacency matrix for } by ± andthe

numberof elementsin thematrixas ²�°³² .
. Then, £�¤d�´°zUV±«�µ�·¶ ¸ �ª© � �´°��¹�º�»±��¼��� J²½°³² (3.3)

Anothermeasurewhich usesthe optimal clusteringis the all-pairs measure £¿¾�  [156].

Thisqualitymeasuredeterminesavaluefor overall differencebetweenthematrices.

£�¾� *�´°zUV±«��� �������VU����À��°��¹�½�l±��¼�½�Á '�Â�*�Ã�����b�VU´�*�À��°��¼�Ä��l±��¼�7�_��������VU�������°��¹���% '�_� (3.4)

Theprimarydrawbackof suchmeasuresis thea-priori needfor }:�¡ q¢ , theoptimalor “true”

clustering.In generaltheremaybeasetof optimal clusteringsratherthanjustone.Further,

with realapplicationdatait is notpracticalto expectthatanoptimalclusteringis computed

beforethe clusteringtakesplace. However, a testbedof graphs,for which an optimal

clusteringis known, might be generatedto performa comparative studyof the qualities

producedby differentgraphclusteringmethods.In practice,this testbedapproachis often

usedto measurethe performanceof new clusteringmethodsagainstexisting techniques,

suchasKoschke’s framework [163] describedin Chapter5.

A differentapproachis to formulatemeasuresbasedon the desirablepropertiesone

might expecta goodclusteringto have. Suchmeasuresthenallow the relative quality of

two differentclusteringsto becompared,without having to know theoptimalclustering.

This is thegeneralapproachtakenin thisthesis,thatis, to measureandvalidatetherelative

quality of theclusteringstrategiesacrossdifferentrelationalinformationdomains.These
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quality measurescanbedichotomizedas“graphtheoretic”or “geometric”,dependingon

thenatureof theattributesusedto determinethemeasure.

Suchmeasures,althoughclassicallyappliedto a singlelevel of clustering,canbeex-

tendedor generalizedto producequalitymeasuresfor hierarchicalcompoundgraphs.This

thesispresentstwo heuristicsetsof measurements, calledthe“clusteringqualitymeasures

for hierarchicalcompoundgraphs”and the “clustering quality measuresfor geometric

graphclustering”.

Herewespecifyseveralmeasures,graphtheoreticandgeometric,relatedto bothgraph

drawing andhierarchicalcompound graphs.Thegoal is to thenevaluateseveralof these

measureson the drawing, clusteringandabstractrepresentationof differentlarge graphs

from real world domains.This evaluation is describedin the casestudiesin Chapters5

and6. Thesemeasures,for hierarchicalcompound graphs,caneitherbegraphtheoretic,

whichareoutlinedin Section3.5or geometric, whichareoutlinedin Section3.8.

Briefly thesetwo setsof measuresinclude:Q IEP Measure:ImpliedEdgePrecision- graph theoretic.Q LCA Measure:LowestCommonAncestor- graphtheoretic.Q CoCoMeasure:CouplingandCohesion- graphtheoretic.Q NNS Measure:NodeNeighbourhood Similarity - graphtheoretic.Q SoSEMeasure:Sumof SquaredError - geometric.Q MV Measure:MinimumVariance- geometric.

3.5 Clustering Quality Measures for Hierarchical Com-

pound Graphs

A clustering qualitymeasurefor hierarchical compoundgraphsis afunctionwhichreturns

a numberfor an entirehierarchicalcompoundgraph. This measure,aswith all absolute

or ordinalclusteringmeasures,allows the relative quality of a particularcharacteristicof
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Figure 3.3: Graphwith cluster regionsandtheclusteredgraph with implied edgesa,b,c,d

two differentclusteringsto becompared.Typically, sucha measureis usedto evaluatethe

qualityof onecharacteristicof a clustering.In thissensetheseclusteringmeasurescanbe

thought of asa setof desirable propertiesof the clustering. In graphdrawing, different

applicationdomainscan have different typesof graphs,which requiredifferent setsof

propertiesof the drawing to be consideredto ascertaintheir relative qualities. Likewise

clusteringcanhavedifferentconstraints,which requiredifferentpropertiesof theresultant

clusteringsto beconsideredto ascertaintheir relative level of quality. In Chapters5 and6

we useapplicationdomaindataandhighlight the usefulnessof certainmeasures,dueto

thecombinatorialpropertiesof thegraphs.

IEP Measure: Implied EdgePrecision

The impliededge precisionmeasure ��IcÅ givesa valuefor how well theimplied edgeset� of ahierarchicalclustering,expressestheunderlyingconnectivity of thegraph� . This is

a connectednessmeasure,andis definedasfollows: suppose thatyou have a hierarchical

compound graphdefinedon � with asetof clusters} , a rootedtree
�

andanimpliededge

set � . Supposethat } and }�� areconnectedby animplied edge1 . Thenumberof possible

pairsof nodesthatcouldgive riseto theimpliededgee is � Æ��
�¹Æ � � . For eachpair of nodes8»XZÆ and ]ÇXZÆ � , theremaybea pathin Æ��ÇÆ � from 8 to ] . Implied edgesarisefrom

suchpaths.In a specificexample, for somepair 8�X�Æ and ]ÈX»Æ � , theremaybeno path

from 8 to ] . For example,nodes �XÇÆ�É and G¿XÇÆ�Ê in Figure3.3arenotconnectedby a
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pathin Æ«Éi��Æ�Ê . However, theclustersÆ�É and Æ�Ê areconnectedby theimpliededgey .
We canmeasurethe“precision” of an implied edge1 astheratio of thenumberof actual

pathsto possiblepaths.

Thiscanbeformalizedasfollows: givenanimpliededge1 betweentwo clusters} and} � , theprecision Ë of 1 is

Ë«��17�µ�  � }º�ª� } � �³ÌÍ<Î�ÏKÐqÎ�Ï � Ñ ÍrÐ (3.5)

where Ñ ÍKÐ � ¬­® ­¯  if thereis apathin }z��} � from 8 to ]� if not,
(3.6)

and �µIcÅ%�  � ���?Ì Ò ÎqÓ Ëº��17� (3.7)

Considertheexampleshown in Figure3.3.

Ë«��y*�
�����
 7('�Ëº��ÔK�µ���"���Ë«��|��µ���"���Ë«��/��
�F�"��#���µI�Å%�����&+;#'�
(3.8)

Thereisadifferencebetweentheprecisionof theimpliededges| and / , althoughappearing

to have similar connectivity properties,they areactuallyquitedifferent.Theimplied edge| suggeststhat the nodesin cluster ÆÀÊ are connectedto the nodesin cluster Æ�Õ ; this

connectivity suggestiononly appliesto half thenodesin Æ�Ê . Whereas,the impliededge/ suggestsaconnectionwhich is moreprecise,sinceonly onenodein ÆÀÉ doesnothavea

pathassuggested.Clearly, theclusteringshown in Figure3.3isnotagoodclusteringin that

theimplied edgesetdoesnot seemto abstracttheunderlyingconnectivity accurately. The

impliededgeprecisionof theclusteringsin Figures3.7,3.8and3.9is1. Theconnectedness
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suggestedby all theimpliededgesshown is valid asthereexist possible pathsfor all node

pairs.

Althoughtheseexamplesrepresentidealizedclusterings,in practicea goodclustering

methodshouldproducea very preciseimplied edgeset, if it is to be useful for abstract

visualizationor measurement.The �µIcÅ is measuredon the absolute scaleandcan be

computedin lineartime,usinga breadthfirst searchapproach.

LCA Measure: LowestCommonAncestor

The lowestcommonancestormeasure ¦m}.Ö givesa valuefor how well the implied edge

set � of a hierarchicalclusteringrepresentsthe couplingandcohesionof the clustering.

The intuition for this measureis as follows: an edgeof the graphthat is deepinsidea

seriesof clustersbut yet causesan implied edgeconnectionhigh up in the clustertree,

hasa largereffect on couplingthananedgethat resultsin an implied edgeonly between

clustersdeepin the tree. A goodclusteringshouldhave the vastmajority of its implied

edgesdeepin theclustertree.Here,dueto thenormalization, the ¦m}.Ö is measuredon the

ordinal scale.This is a coupling andcohesionmeasure,andis definedasfollows,suppose

youhaveahierarchicalcompoundgraphclusteringdefinedon � . Givenanedge1 thenthe

lowestcommonancestorof 1 is thedeepestinternalnode 2 of theclustertree
�

which is

anancestorof bothendnodesof 1 . Thepre-leavesof 1 aretheparentsof theendpointsof1 .
The ¦�}�Ö measurecanbeformalizedasfollows: for eachedge1 of � denotethedepth

of the lowestcommonancestorof 1 by ×"��17� andthemaximumdepthof a preleafof 1 byØ ��17� . The ¦m}.Ö measureis definedby:

¦m}�ÖÙ� ¸ Ò�Ú´Û3Ò�Ü ×"��17�¸ Ò�Ú´Û3Ò�Ü Ø ��17� (3.9)

Alternateformulationsincludeusingtheaverageandminimumpre-leafdepth.

For example,considerthehierarchicalclusteredgraph3 � shown in Figure3.4andthe

associatedclustertree
�

shown in Figure3.5. If theschemafor creatingtheimpliededges
3Without theimpliededgesthis is notahierarchical compoundgraph.



3.5Clustering Quality Measuresfor Hierar chical Compound Graphs 59

Figure 3.4: Hierarchically clusteredgraph Ý , with four of its edges labeled v*Þ3ß�Þáà�Þáâ .

Figure 3.5: Theclustertree ã for thehierarchically clusteredgraphshown in Figure3.4
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of a compoundgraphis simply the basicconnectivity, thenthe four graphedgeslabeledy�UqÔ<Uq|7Uq/ causeimplied edges,betweenvariousclusters.Theoutercluster, which contains

all thenodesandedgesof thegraphis at level 0 andtheclustercontainingnodes <#�U9 <ä"U� <P
is at level 3. Hencethe edge y betweennodes  7( and  7# first causesan implied edge

betweena clusteron level ( andoneon level ! . Thenodesof y arecontainedin a level  
cluster(that is, theinternalnode å shown in Figure3.5,is thelowestcommonancestorof

theedgey .)
×���y*�µ�n Ø ��y*�
��!×"��y��Ø ��y�� �F�"��!'!�!�!�! (3.10)

Clearly, if anedge1 causesanimpliededgeall thewayup theclustertreeto theroot (that

is, thenodesof 1 havetherootnodeastheir lowestcommon ancestor)thenthisratioreturns� for 1 since 1 causesmaximalcouplingandnorealcohesion.TheedgesÔ<Uq|7Uq/�Uq1 have the

rootnodeastheir lowestcommon ancestor, soeachcontributes� to theoverallmeasure.

Of coursethis mustbeconsideredwith thefact thatsixteenedgesof thegraphhave a

valueof  , five of theedges((1,3),(2,4),(7,9),(8,9),(8,10))have a valueof �"��� , two edges

((14,18),(14,17))have a valueof �"�&G�G�G , andoneedge y hasa valueof �"��!'!�! . Giving an

overall ¦m}.Ö measurefor thishierarchicalgraphclusteringof:

¦�}�Öæ���µ�
���"�$#'('��( (3.11)

This indicatesthat theclustertree � shown in Figure3.5hasa moderatelygoodcohesion

factor. A simpleinspectionshows that if theclusterwith nodes��U^G wereincludedin the

clusterwith nodes � 'U9 7( this measurewould improve to �"�&ä which is a quality improve-

ment,accordingto this ordinalmeasure.Althoughusefulfor suggestingplaceswherethe

clusteringcanbe improved, we aresimply interestedin this measureto shown how the

implied edgescanbeusedto quantify theoverall couplingandcohesionin a hierarchical

compound graph.
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Figure3.6: Two single level graph clusteringswith four clusterseach. Whereç¥è»é�Þ3ê respectively

Figure 3.7: First level clustering ë ~ of thegraphandits inducedclusteredgraph Ý ~
CoCoMeasure: Coupling and Cohesion

Oneof themostbasicabsolutescalemeasuresof thequality of a clustering,is thedirect

couplingandcohesionquality measureÆ¥Æ . This measurecomparesthenumberof inter-

clusteredgesI"�$ì�¢ Ò�í , thatis, thoseinsideaclusterboundary, with thenumberof intra-cluster

edgesI"��ì�¢ í ¾ , that is, thoseedgescrossinga clusterboundary. I:�$ì�¢ í ¾ is alsocalledthecut

size î of theclustering. Æ¥ÆÁ� � I��$ì�¢ Ò�í �7�ïî� I�� (3.12)

For example,from Figure3.6, thenmeasuredon anabsolutescale î��ð+ is ( ~ñ times

betterthan îZ�Sä . The maximumvaluefor }>} is 1, whenall the edgesareinternalandî��ò� . Theminimumvaluefor }=} is -1, whenall theedgesareexternaland î��ó� I�� , that

is, � I,��ì�¢ Ò�í �.�ô� . It is possibleto scalethe measureso thatmeasurementslie in the range���"U9 7� , where0 is a bad clusteringand1 is a goodclustering,accordingto the notion of

couplingandcohesion.
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Figure 3.8: Secondlevel clustering ë J of thegraph andits inducedclusteredgraph Ý J
The Æ�Æ is a singlelevel measurewhich canbeextendedto bea hierarchicalaverage

weightedmeasureÆ�-?Æ�- , which measuresthecouplingandcohesionacrossthe levelsof

the clustertree. Given a clustertreewith levels ¦ , an equalweighting õ for eachlevel

(whichsumto 1) anda singlelevel couplingandcohesionmeasureÆ�Æ , thenwe compute

thehierarchicalcouplingandcohesionasfollows.

Ì � õc�=�% (3.13)

Æ¥-0Æ¥-d� Ì � õc�6öµ}=}m��¦º�÷� (3.14)

� ¦ø� is the heightof the clustertree. For the two level clustertree ( � ¦¥��� ( ) shown in

Figure3.8,with aweightingof �"��� for eachõ then

Æ�-?Æ�-������$#�('#�(�#�(Æ¥ÆÂ��¦�~á�µ���"�&G�!�G�!Æ¥ÆÂ��¦ J �µ���"�&ä" <ä" 
(3.15)

If themeasureis usedwith nodifferentiationbetweenlevelsthen õZ� ~ù ú,ù .
For thetwo level clustertreeshown in Figure 3.9,with a weightingof �"��� for eachõ

then Æ�-?Æ�-��F�"�&+��'G�G�ä (3.16)

Any intuitive comparisonis dependenton anabsolutescaleandthe fact thateachlevel is
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Figure 3.9: Differentfirst andsecond level clustering ë ~ çÂèFê , ë J ç�èRê of thegraph shown in
Figure3.8

assignedanequal õ weighting. A differentway to formulatethe õ valuesis to assignthe

lowestandhighestlevels of thetreevaluesof zeroandtherestof thelevelsareassigneda

normaldistributionof õ aboutthemedianlevel.

NNS Measure: NodeNeighbourhoodSimilarity

Thenodeneighbourhoodsimilarity measure HûHF± givesavaluefor how similar thenodes

of a givenclusterare,in termsof their relative neighbouring nodes.The Æ�-?Æ�- , �µI�Å and¦�}�Ö measuresusebetween-clustercomparisonswhereasthiscanbethoughtof asamore

traditionalwithin-cluster measureof clusteringquality. Theintuition for thismeasureis as

follows,agivensetof nodesin aclustershouldbeassimilar to eachotheraspossible. One

wayto determinetheirrelativesimilaritiesis to considertheiradjacentnodes.Thenodesof

a goodclustershouldhave many of thesameneighbours,whereasa poorclusterhasfew.

This is a nodesimilarity measureon theordinalscale,andis definedformally asfollows:

givenasetof nodesH andedgesI , a cluster} and 8cUV]zX`} , thentheneighbourhoodof 8
is �7]æX�H[�T��8\U^]��«XÇIm�����78�� . Notethatthenode 8 is includedin its own neighbourhood.

The joint neighbourhood of 8cUV] is ü.�b8=�«�ïü>��]�� . The shared neighbourhood of 8\U^] isü>��8=�.�Èü>��]�� . Theneighbourhoodsimilarity ý���8\U^]�� of nodes8 and ] is 57þ�� where 5 is the

sizeof thesharedneighbourhood and � is thesizeof thejoint neighbourhood.

Wherethe numberof clustersis ± , thenthe nodeneighbourhoodsimilarity measure
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HûHF±ï�  ± ÿÌ � (� }"���9öø� }"���7�R ÌÍ © ÐrÎKÏ�� ý���8\U^]�� (3.17)

To maximizethismeasure,aclustershouldcontainacompletesub-graph,whereeachnode

is connectedto everyothernodehenceall theneighbourhoodsareequal.

3.6 Methods for Graph Clustering

A graphtheoretic clusteringis oneformedby consideringthenon“geometricattributes”,

andthestructuralinformationof thegraph.Thesestructuresincludebiconnectedcompo-

nents,paths,triangles,andcirclesof cliques[33, 79,244,63] . Graphtheoreticclustering

typically requiressomea priori decisionsto bemadebeforeclusteringcanbegin, suchas

thenumberof clusters,thedegreeof uniformity, themaximum clustersize,or therequired

cut-size[8, 64,79, 192, 223]. This form of theclusteringproblemis closelyrelatedto the

“graphpartitioning” problem[30, 80, 83, 145, 154,274]. Broadlyspeakinggraph parti-

tioning is a simpler form of graphclusteringthat doesnot considerany attributesof the

nodes,andhastwo mainobjectives:Q to split thegraphinto anumberof sub-graphswith low couplingQ to achieveadegreeof uniformity in sub-graphsize.

Graphpartitioning is often usedasa pre-processingstepin the field of parallelcom-

putation, whenthecomputational problemcanbemodeledin termsof agraph[223, 275].

For parallelization,the partitioning effort is generallytwo-fold, first to identify areasof

concurrency in theproblemandsecondto divide theproblemsoasto “load balance”the

effort acrossa numberof processingunits. Communication betweenprocessingunits is

expensive in termsof how long it takes,regardlessof thearchitecture,sothefirst objective

is to reducethe overheadin communication betweenprocessingunits [61]. The second

objective aimsto distribute thecomputationaleffort evenly acrosstheprocessingunitsso

asto maximizethroughput andhencereduceprocessingtime [223].
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Examplesof graphtheoreticclustering,to partitiona largecomputationmodeledasa

graphinclude;matrix ordering[153], VLSI design[149], computationalmechanics[10],

parallelpartialdifferentialequationsolvers [58, 285], parallelEulerequationsolvers[56],

physical mappingof DNA [152,153],andgraphdrawing [113, 115,249, 283]. Thisareaof

clusteringis rich with methodsandtechniquesasdescribedin a bookon decompositions

of graphsby Bosak[30]. Thereare two excellent survey papers,althoughnot entirely

disjoint, on graphclusteringfrom Elsner[80] andPothen[223]. Falkneret al. [83] give a

comparative analysisof theupperboundsfor severalgraphpartitioning algorithms, for a

varietyof graphtypes,bothsimulatedanddomainspecific.This approachcanbetakento

extremesandtheusefulnessof parallelpartitioningsolvers,to aid in partitioningproblems

for parallelizationhasbeenquestionedby Hendrickson[120].

Point datacanalsobe modeledin termsof a graph,by inducingedgesbetweenoth-

erwiseindependentdataelements.Onesuchapproachis basedon creatinga “minimum

spanningtree” of thepointdata,which inducesa graph.This graphcanthenbeusedwith

avarietyof graphtheoreticclusteringmethods,to clustertheunderlyingpointdataset(see

[8, 30,65,140,192].

Currently, mostgraphclusteringis a form of basicgraphpartitioningwhich doesnot

considerattributednodes.Someof themostimportantgraphtheoreticclusteringmethods

include:Q Nodesimilarity basedalgorithmsQ Kernighan-LinandvariantalgorithmsQ Graphgrowing algorithmsQ Spectral� -sectionalgorithmsQ Multilevel partitioningalgorithms.

Mostgraphtheoreticclusteringmethodscanbespecializedwith domainspecificinforma-

tion, typically this information is usedby similarity measuresin the clusteringprocess.

Thesedomainspecificspecializationsarefurtherdiscussedin [80, 223] andareoutside the

scopeof this thesis.
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We now briefly describethe relevantgraphtheoreticclusteringmethodswhich relate

to theformationof hierarchicalcompound graphs.

3.6.1 Graph Growing Methods

Graph growing is a clusteringapproachthat forms sub-graphsbasedon expandingnode

sets. Graph growing methodstypically selecta startingnodeand add nodesto it until

the sub-graph(cluster) is big enough. The addition of nodesis generallyachieved by

walking thegraphto selectively addnodesto thecurrentcluster. Thesemethods,although

conceptuallyquitesimple,havevery fastrunningtimesandcanoftenfind goodclustering

solutions,or at leastprovidegoodstartingpointsfor othermoresophisticatedmethods.A

breadthfirst graphgrowing methodis incorporatedinto MeTiS [151] andParMeTis [154]

whicharelibrariesof multilevel methodssimilar to thosedescribedin Section3.6.4.

Basicgreedygraph growingmethods, addnodesbasedon information immediatelyat

handwithout worrying aboutthe effect of thesedecisionslater. Typically thesemethods

startby randomlyselectinga nodewhich is assignedto a cluster. Thenext adjacentnode

to getaddedto this cluster, shouldbein somesense,themostpromisingchoicebasedon

some“selectionfunction”. A selectionfunction simply gives a scoreto a nodebasedon a

rule suchas,hasthe lowestdegree,maximizesthedecreasein cut-size,or minimizesthe

increasein cut-size.Oncetheclustersizereachessomea priori limit or no suitablenode

canbeaddedto thecurrentcluster, anew clusteris formedandastartingnodeis selected.

This processcontinuesuntil all the nodesare in clusters,resultingin a clusteringof the

nodesof thegraph.

A goodexampleof agreedygraphgrowing clusteringmethod(GGGC) is thatof Gerl-

hof et al. [104] which is an agglomerative methodderived from Kruskal’s algorithmfor

findinga minimumspanningtree[35]. This methodinitially assignseachnodeto a single

clusterandinsertsall the edgesinto a list sortedby weight. The weight is derived from

thesumof thedegreesof theendpoint nodesof theedge.Eachedge1��[��8\U^]�� is visited

in descendingorderwith 8)X�}.~ and ] X�} J . If the endpoint nodesof the edgeare in

separateclusters,that is, }.~¿��Á} J and � }:~7� � � } J ����� , where � is theoptimal clustersize
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decideda priori , thenthe two clustersarejoined,otherwisethe edgeis discarded[105].

This approachcanbe further improved by a “boundedlook-ahead”anda “new-chance”

edgelist. The boundedlook-aheadis usedto detectsituations whereit is advantageous

to rejectthecurrentedgeandto considerotheredgesfirst. Theuseof a new-chanceedge

list resultsin edgeswhich arerejectedin the look aheadstep,alwaysbeingre-considered

beforethe clusteringfinishes. Theseheuristicsgive the basicmethoda limited foresight

andmemory. Empiricalevaluations,of theseheuristics,haveshown thencanproducehigh

qualityclusterings[35].

ThesemethodsaremoresophisticatedthantheFarhat-algorithm[84], whichselectsthe

startingnodein a greedyfashionandthenproceedsto grow until therequiredclustersize

is formed. A greedyregion growing methodis alsoincorporatedinto ParMeTiS [154]. A

variantof graphgrowing is theMarkov clusteralgorithmwhich simulatesflow in a graph

by first relatingit to a Markov graph. In this method, graphflow is alternatelyexpanded

andcontractedbasedontheexpectationthatflow betweendenseregionswhicharesparsely

connectedevaporate,resulting in ahighqualityclustering[63].

3.6.2 Kernighan-Lin variant Methods

No discussion of graphtheoreticclusteringmethodswould becompletewithoutmention-

ing the well known Kernighan-Lin(KL) graphpartitioning algorithm[159]. This is one

of the earliestgraphpartitioning algorithms andalthoughnow over thirty yearsold, this

methodis still importantandwidely useddue to the quality of the partitionsproduced.

Given oneof the areasthis thesisconcernsitself with is programcomprehensionfor re-

verseengineering,it is worth notingthat theKL algorithmwaspre-datedby Kernighan’s

seminalwork ongraphpartitioningproblemsrelatedto programsegmentation[158].

The KL algorithmis not directly applicableto clusteringlarge graphsdue to its in-

herentlylargerun time complexity which is approximately �	��

��������
�� . KL hasspawned

a large numberof variants[41, 87, 145,267] andis often usedby othergraphclustering

methods, suchasthemultilevel methoddescribedin Section3.6.4whicharesuitedto large

graphs.
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The clusteringmethoddevelopedby KernighanandLin [159] wasmotivatedby the

difficulties involved in optimizing the placementof circuits onto a setof printedcircuit

cards.Eachcardcontainsa sub-setof circuitsandthegoal is to minimize thenumber of

connectionsbetweencircuits on differentcards. Clearly this is just a form of clustering

asdescribedin Section3.3,however until thedevelopmentof theKL algorithm, theopti-

mizationof circuit cardlayoutwasamanualtaskrequiringthousands of manhourswhich

wasa costly, tediousanderrorproneeffort.

The KL algorithmstartswith an initial setof clustersanditeratively improvesthem.

In their original paperthe initial clusteringwas randombut nowadaysthe algorithm is

usedto improve the quality of clusteringsfound by other computationally inexpensive

methods[80, 151,154, 223], suchasthosedescribedin Sections3.6.4and3.6.1.TheKL

algorithmhasbeenextensively surveyed in both researchpapersandbooks. We propose

only to giveabrief description hereandreferthereaderto [80,159,223] for furtherdetails.

This descriptionis basedon having two initial clusters�
� and � � . The KL algorithm

makesiterative improvementsby swappingsub-setsof equalnumbersof nodesbetween

thetwo clustersto reducethecut-size.At thebeginning of eachiterationthediff-valuefor

eachnodeiscomputed.Thisis theamountthecut-sizedecreasesif thenodeismovedto the

othercluster. Thegain-value for a pair of nodes������� and ����� � is theamountthecut-

sizechangesif weswap � into � � and � into � � . Thegain-valuesdeterminewhatparticular

sub-setof nodesshouldbeswapped.As described,thisis basicallyagreedyalgorithm, that

attemptsto maximizethereductionof edgecutsizeateachiteration.Thepowerof theKL

algorithmcomesfrom thefact thatit alsocontainsaninter loop thatspecifiessomeswaps

mustbemadea numberof times,even if theseswapsresultin negative gains,that is, an

increasein edgecut size.Thehopeis thata few negative gainsavoidslocal minima in the

clusterspaceby reachinga statewheremoresignificantedgecut reductionsarepossible,

therebyreducingthe overall edgecut size in the long run. At eachiteration, the best

clusteringfoundso far is recordedandif a seriesof stepswith suchnegative gainsdon’t

improve thecut size,thebestclusteringcanberestored.Theacceptanceof negativegains

meansthat the KL algorithmisn’t a straightforward greedymethod. It typically results

in goodquality clusteringalbeit at the costof �	��
!���"����
�� which hassincebeenrefined
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to ����#$� by FiducciaandMattheyses[87]. As notedby many authors[80, 87, 151,152,

153, 223], the KL algorithmis useful in a local post-processing phase,to further reduce

thecut-sizeof goodinitial clusteringproducedby anotherfastermethod.

3.6.3 Spectral BisectionMethods

Spectral% -sectionalgorithms, for exampleaspectralbi-sectionmethod,operateonanaug-

mentedmathematicalrepresentationof thegraph,notdirectlyon thegraphitself. Spectral

% -sectionalgorithms take thefollowing approach:

I Considerthegraphundirectedsoit hasa symmetricmatrix representation.

II CreatetheLaplacian&'�)(�� , which is almostthesameastheadjacency matrix *+�)(�� ,
exceptthediagonalentriesareequalto thedegreesof thenodes.

III Computethe secondeigenvector , of & . This is usedin a relaxed problemwhich

approximatestheNP-completebisectionproblem.

IV Partition thenodesinto two sub-graphs-.� and - � basedon themedianeigenvector

component.

V Thetwo sub-graphsneednot beof equalsize. Then, / -0�1/3254 and / - � /326
8794 .

This is calledthe m-partition, wherethe 4 th largestor smallestcomponentof the

secondeigenvectoris usedto determinethepartitions[45].

This methodcanbeextendedto a recursivespectralbisection(RSB) which is a heuristic

techniquefor finding a recursive minimumcut graphbisection[45]. For graphclustering

andpartitioning considerablestudyhasgoneinto eigenvaluesandeigenvectors[6, 47, 53,

166, 196, 224, 225]. Notablesurveys on this areaareby Mohar [196] andMerris [190,

191].

3.6.4 Multile vel Methods

A multilevel methodclusters(partitions)a representative graph, called the “coarsened

graph”, which is muchsmallerthanthe underlyinggraph,called the “fine graph”. The
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clusteringis thenprojectedandmodified backthougha seriesof increasingly“finer”, that

is, moredetailedgraphs,until a clusteringof theoriginal underlyinggraphis formed,see

Figure 2.25.Theprocessof creatingthesmallergraphs,thecoarsenedgraphsis referred

to ascoarseningthe graph, suchasthe seriesof graphs(!: to (<; shown in Figure 2.25.

Thecoarseningtypically haltswhenthecoarsegraphhasa few hundrednodes.The initial

partitioning is thenformedfrom thesmallestcoarsegraph,for examplethepartitioning of

(�; in Figure2.25.

To clusterthecoarsestgraph,a varietyof clusteringmethodscanbeused;thesemeth-

ods include: spectral,Kernighan-Lin,breadthfirst region growing and greedygrowing

methods. The initial clusteringof (=; is usedto generatea clusteringof (�> by reversing

the coarsening,that is uncoarseningthe graph. The approximateclusteringof (?> is then

refined,for example by moving or swappingnodesto reducethecut size. This processis

thenrepeatedfor eachuncoarseningstep,until a refinedclusteringof the original (finest

graph) (<: is produced.

Althoughmultilevel methodsarerelatively new, they arepopulardueto their simplic-

ity, computational efficiency andeaseof implementation.Thesemethodshave beensuc-

cessfullyparallizedto handlemuchlargergraphpartitioning problems. Differentmethods

implementa rangeof coarseningstepssuchasneighbourhoodgrowing, maximalmatch-

ing [62], heaviestedgematchingandrandommatching[150,152, 153].

Recallthatmultilevel partitioningschemeshavealsorecentlybeenusedin graphdraw-

ing to providesignificantperformanceimprovementsto someclassicallayoutmethods[98,

116, 283], aswediscussedin Section2.2.7.

3.7 Models for Geometric Graph Clustering

Typically dataanalysisis concernedwith theexploration of setsof pointdata.In suchdata

setseachelementhasmultiple attributes.Viewedgeometricallytheseattributesallow the

points to berepresentedin n-dimensional space.Thusa similarity measurefor point data

canbebasedon Minkowskidistances; for exampletheEuclideandistancebetweenpoints

is often usedto determinetheir relative similarities. Pointsthat arecloserin Euclidean



3.7Models for GeometricGraph Clustering 71

spacearesomehow moresimilar thanthosethat are far apart. Generally, this similarity

measureis well suitedto aid in theexploration of patternswhicharebasedon thedistance

relationshipswithin a setof points. This approachimpliesthatthen-dimensional spaceis

isotropic whichmeanssuchmeasuresarenot invariantto lineartransformations.

A moregeneralapproachis to usea geometricsimilarity function @A�CBED�B�F�� . Wherethe

function @ is symmetricandreturnsalargevalueif B and B F aresimilar. Howeverthis level

of generalitycomesat a high cost; for example,formulating a robust similarity measure

for abstractcategoricaldataor dataof highdimension is oftenimpractical[178].

A graphwith an assignedgeometryis “spatialdata”consisting of points,lines,poly-

lines, and polygonsin two dimensions and surfacesor volumes in three. The efficient

andscalablerepresentationof spatialdatais importantin a varietyof applications in soft-

warevisualization [12, 37, 142, 161, 211], reverseengineering[188, 263], graphdraw-

ing [219, 98, 237, 296], computergraphics[13, 22, 172, 252, 253], computeranima-

tion [13, 59, 266], imageprocessing[253,266], andcomputationalgeometry[20, 21,185,

226, 252, 253].

Many applicationsin theseareasrely on theability to manipulatespatialdata.As the

storagecapacityandspeedof availablecomputing technologyincreaseddramaticallyover

thepast30years,applications thatuselargermodelsof spatialdatawerecalledfor. Repre-

sentingsuchlargecomplex spatialdatamodelsusingnaivedatarepresentationtechniques

proved unsuitable. Similar to thedifferencebetweensearchinga file systembasedon flat

files andone basedon a database,often the primary weaknessof a representationof a

modelis thatit doesnotscalewell to handlelargeramountsof data.

Onesuchmodelfor spatialdatarepresentationis basedontherecursivedecomposition

of spaceto form a hierarchyof regions. Thesedivide andconquermethodsarereferred

to as hierarchical spacedata structures. Examplesof suchhierarchicaldatastructures

includequadtrees[88, 299],kd-trees,bintrees,PR-trees [252,253, 254], andbinaryspace

partitions[21, 66]. Hierarchicaldatastructuresallow anapplicationto focusonsubsetsof

dataleadingto ascalablerepresentationwith improved execution.
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3.7.1 Hierar chical SpaceDecomposition

Spacedecompositionis thepartitioningof geometricspaceinto smallerregions.Onesuch

methodfor partitioning planarspaceis referredto aspolygonaltiling [253,254], or tessel-

lation [21]. Eachpartition canberepresentedin termsof equationsof lines,which define

thepolygonal perimeterof thepartition. Eachpartitionof spaceis referredto asanatomic

tile, sinceit is the finest granularityrepresentationof a unit of space. A regular tiling

haspolygonaltiles with edgesof equallengthandequalinterior angles,seefor example

Figure3.10.

A hierarchical spacedecomposition isarecursivepartitioning of space,wherethetiling

usedis an infinitely repetitive patternandis infinitely decomposable into an increasingly

finer tiling. Thesetwo constraintssatisfytheearlierdefinitionof a hierarchicalclustering.

If the spacecontainsa point set,thena hierarchicalspacedecomposition inducesa hier-

archicalclusteringof the point set. Further, if the geometricspacecontainsthe drawing

of a graph,thenthehierarchicalspacedecomposition inducesa hierarchicalclusteringof

nodesof thegraphandhencea graphtheoreticclustering,this is discussedin moredetail

in Section 3.9andChapter4.

A furtherconstrainton thetiling is thatof “similarity”. A similar tiling exists whena

tile at any level G of thehierarchicalspacedecomposition, hasthesameshapeastheroot

tile. For exampleyou cannothave a similar tiling basedon hexagonsasin Figure3.11,

becausetiles musteitheroverlapor misspartsof space,therebyinvalidating thepartition-

ing constraint.Clearlyothertypesof spacedecompositionarepossible, suchasarecursive

Voronoidecomposition of space.Sucha partitioning, is polygonalin naturebut typically

is neitherregularnor similar. Voronoidiagramstake time �	��
'�����H
�� perlevel of thehier-

archyto compute[91].

A verygeneralclassof hierarchicalspacedecompositionsarebasedon“quadtrees”.In

generala quadtreeis a datastructureusedto recursively grouppixelsanda octtreeis one

that recursively groupsvoxels. Typically this groupingtakesplacein a top-down fashion

ratherthanabottomupagglomerativemanner. To createaquadtree,apartitioningmethod

recursively dividesspacein a regular, similar andpolygonalmanner.
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Figure 3.10: Regularpolygonal tiling
of a point setin theplane. Figure 3.11: Hexagonal non-regular tiling.

We are concernedwith definingquadtreesthat are usedfor the storageof large ge-

ometricallyattributed graphs,not images. Eachnode(vertex) hasa location,and in its

simplest form eachedgeroutecanbederivedfrom its associatednode’s locations.In this

thesisweconsideraquadtreeto beis a rootedtreewhereevery internalcell, referred to as

a twig, hasa maximum of four daughtercells. Every internalcell representsa squareof

two dimensional space(a tile), with the root cell representingthe entirespace,asshown

in Figure 3.12. Eachdaughtercell representsat most �; of the spaceof its parent,that

is, a quadrantof space,hencethe namequadtree.This differs slightly from the classical

definition,whereif a cell is classedasinternalthenit hasexactly four daughtercellseach

of which is classedasempty, full or partially full. Theregionsof spacewhich have been

greyed-outin Figure3.12,arenot daughtersof their parentcells, insteadthey simply do

not exist in our quadtreestructure.This definitionis very similar to thedefinitionof a PR

Quadtree[254], excepthereall thenodesareinitially known.

The classicaldefinition of a quadtreestemsfrom the imageprocessingfield, which

usesquadtreesto aggregatedatahaving identicalor similar values,ratherthanpoint sets.

In generaltheconstructionof aquadtreecanbedifferentiatedon thefollowingbases:

I Type of data: Is the data in point format or is information basedon regions or
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Figure 3.12: Quadtreedecomposition of a point setin theplane.

volumes?

I Decompositionrules: Are thedaughtercellsregularpolygonsandis thedecompo-

sitionasimilar tili ng, thatis, arethepolygonsthesameshapeoneachlevel?

I Resolution: How many timesis thedecomposition processperformed?Is it based

onana priori selectionor basedon theinputdata?

We usequadtreesto form hierarchicalclusteringsof spacewhich in turn areusedto

form hierarchicalcompoundgraphs.Therefore,ourquadtreeconstructionis basedon:

I Type of data: A graphdrawing wherenodeshave unique B - and J -point locations.

(centroidsof thelabeledsquareasshown in Figure 3.12)

I Decompositionrules: A simple �; split of theparentsquarecell into smallersquare

cellsthatareregular-polygonal, thusinducingasimilar tiling.

I Resolution: Nodesarespilt until eachleaf cell containsonly onenode. This is a

maximaldecomposition.
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The daughtersof the root cell are labeledNE, NW, SW and SE to indicatewhich

quadrantthey correspondto; SW standsfor the south-westquadrant(or the bottomleft

quadrantin simplerterms).Therecursivesplitting continuesaslongasthereis morethan

onenode(point location)in asquare,sothateachleafcell containsatmostonenode(point

location)of thegraph.Thesplit is basedon themedianx andy lines.

Supposethat K is a setof points. A quadtreefor K consistsof a rootedtree L , a set

K+M.NOK anda region �3M for all nodes� of L , suchthat:

I If � is the root of L then KPM�2QK and �RM is definedasfollows. Supposethat the

minimum/maximumextent for the x/y valuesof the points in K are B
S=TVU , BWS!XZY ,
J[S=TVU , J[S!XZY . Then �3M is theminimum enclosingsquarecentredat:

BWS=TVU]\^BWS
X_Y` D J[S=TVUa\bJ[S!XZY` (3.18)

I If � is anodeof L suchthat / KPMc/[26d then � is a leaf.

I If � is a nodeof L with / KPMc/<efd thenconsiderthequadrantsgh� , g � , g]> , ga; of �3M .
If K+M
ijgaTlk2nm ,then � hasadaughtero with ��pq2fgaT andKPpq2bK8M
ijgaT

1 Lemma (Depth of a Quadtree)

Thedepthof a quadtreefor a setof nodesK in theplaneis at most rCs1t��)uwvyxz��\ >
� , wherec

is thesmallestdistancebetweenany two pointsin K ands is thewidth of therootcell.

2 Lemma (A quadtreeof depth d storing a setof K nodeshas {|� ` K}� nodes)

Eachnodeleaf in the quadtreecontainspreciselyonenode. Further, twigs have at least

two daughters.Thusthetotalnumberof nodesis at most
` K .

Classicalquadtreeswere developed by Finkel and Bentley in 1974 [88]. Although

over tenyearsold, thesurveys andbooksby Samet[252, 253,254] still provide themost

comprehensive review andanalysisof treebaseddatastructuresandtheir application.A

quadtreeis the simplest form of a datastructurebasedon a recursive decomposition of

space. Due to its simplicity andeaseof implementation it is usedin a wide variety of

theapplicationdomainsthatdealwith spatialdata.Quadtreesweremotivatedby theneed

to reducethe storagespacerequiredfor two dimensional imagesand threedimensional
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Figure 3.13: Nonotreespace decomposition anddatastructure

models. However, aswe show in Chapter4, thereductionin computation andvisualcom-

plexity areoftenmoredramaticandof greaterimportancethanstoragespacereductionfor

informationvisualization.

Oneof themajorcontributionsof this thesisis thenew applicationof suchhierarchical

datastructuresto the creationof hierarchicalcompoundgraphsandtheir usein the lay-

out,abstractrepresentation,andmeasurementof largegraphs.This thesisalsointroduces

several variantsof the quadandocttrees,namelythe generalfamily of orthogonal
!� or


 > decompositions. For example,the nonotreeshown in Figure3.13canbe usedin the

abstractrepresentationanddrawing of largegraphs.

3.8 Quality Measuresfor Geometric Graph Clustering

A geometricgraphclusteringquality measure givesa quantitative measureto the“good-

ness”of a particularclustering,in termsof it geometricattributes. Sucha measureis a

function that returnsa valuethat canbe usedto comparethe relative quality of two dif-

ferentgeometricclusterings�cT ,��~ of thedrawing of a graph ( . Graphtheoreticclustering

considersthe non-geometricattributesof a graph. However, if the graphcanbe viewed

geometrically, andeachoneof its geometricattributescanbemappedto anindividual di-

mension, in 
 -dimensionalspace,theneachnodeof thegraphcanbeconsideredapoint in


 -dimensional space.
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Classicalgeometricclusteringis basedon thestatistical analysisof thedistribution of

such 
 -dimensional point sets. Basedon this analysis,“clouds” or clustersof pointsare

identifiedandgrouped.However, determiningexactly which type of statisticto measure

a-priori is a difficult andhighly domaindependentissue.Assumingthedatahasa simple

normal distribution, may lead to the discovery of a good naturalclusteringof the data

setbut it may alsoleadto grossinaccuraciesin the interpretationof that data[65]. The

difficulty in this clusteringapproachis knowing thestructureof thedatabeforeclustering

begins.

Regardlessof the clusteringschemeused,quality measuresbasedon measuringdif-

ferentgeometricaspectsof the clusterscanbe formulated.Typically, suchmeasuresare

usedto evaluatethequalityof onegeometriccharacteristicof aclustering.Thesemeasures

canbe extendedto apply to hierarchicalcompoundgraphs.Examplesof suchmeasures

include:

I SoSEMeasure:Sumof squarederror.

I MV Measure:Minimumvariance.

A geometricclusteris typically describedby arepresentativepoint in thecluster. Thepoint

is typicallysomecommoncentrepoint,measuredaccordingtosomedistancefunction.The

commonpoint is typically thecentreof massof thepoint setbut it mayalsobethemost

representative point. The distancemeasureusedcanbea simple Euclideanmeasureor a

Manhattendistance.

SoSEMeasure: Sum of Squared Err or

The sum-of-squared-error measureis oneof the mostbasicgeometricmeasuresusedin

determining the clustersof point data[140]. It canalsobe usedto measurethe relative

quality of two differentclusterings. This quality measureis basedon the following intu-

ition, a setof point datain a clustershouldbeuniformly closeto therepresentative point

usedto describethisclusterin anabstractmanner.

This is ageometriccohesivenessmeasure,andis definedasfollows. Supposeyouhave

a hierarchicalgraphclusteringdefinedby ( , a setof clusters� anda rootedtree L . Then
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/ �3T�/ is the numberof graphnodesin a given cluster ��T . Cluster �3T hasa mean ��T for

its nodeset. Summing thesquareddifferencesbetweenthemeanfor eachclusterandthe

points in thecluster, givesa measurefor theoverall level of cohesionin thatcluster. One

wouldexpectarandomgroupingof nodesto resultin averypoorqualitymeasure,whereas

denselocalizedgroupsgivemuchbetterresults.

Thiscanbeformalizedasfollows,given acluster��T themean��T is:

��T 2 d
/ �3T�/

�
Mw����� � (3.19)

andthesumof squarederrorsis:

@��.@���2
� � ��
T��<�

�
M1�����

� ��7^��T � � (3.20)

This measurecan be appliedto the entire tree L , either by consideringonly the actual

nodelocationsa clustercontains,regardlessof the level in theclustertree,or theclusters

of clustersmaybe consideredthe elements� of the clustering. This is a measureon the

ordinalscale,for usein crosscomparison,it mustbenormalisedsinceit simply represents

the total squarederror involved in representingthis set of nodesby increasinglymore

abstractpseudonodes.

MV Measure: Minimum Variance

The @��h@�� measureis often modified to encompassa more generalclassof similarity

measure�@ . Theminimumvariancemeasurecomparesall theinter-nodedistancesbetween

points in a cluster. As with the @��.@�� it canalsobeusedto measuretherelative quality

of two differentclusterings.This quality measureis basedon the following intuition, a

setof point datain a clustershouldbeuniformly closeto eachotherandnot just a single

representative, asin the @��.@�� measure.

This is a geometriccohesivenessmeasure,and is definedas follows, averagingthe

squareddifferencesbetweenall pairs of nodesin a clustering,gives a measurefor the

overall level of cohesionin theclustering. As with the @a�.@�� measure,arandomgrouping
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of nodesresultsin averypoorqualitymeasure,whereasclusteredpointsgivebetterquality

results.Thismeasurecanbeformalizedasfollows:

*$T<2 d
/ �3T�/ �

�
M1�����

�
� �����

� ��7^� � � (3.21)

andthesumof squarederrorsis:

���92 d`
� � ��
T��<� ��/ �RT�/w7^*$T�� � (3.22)

Finally, aswith the @a�.@�� thismeasureis ontheordinalscaleandmustalsobenormalised

for crosscomparisons.

3.9 Methods for Geometric Graph Clustering

Geometricgraphclusteringis strongly relatedto “dataclustering”.Data Clusteringis the

groupingof point data into groupsaccordingto somelabeledsetof patterns.As such,a

graphthat hasbeendrawn in two or threedimensionscould be clusteredasif the nodes

weresimplypointdata.

Someof themostimportantgeometricclusteringmethods,mostof whichdisregard the

connectivity information include:

I Distancemeasurebasedalgorithms

I CoordinateBisection/InertialBisection

I Partitionalalgorithms/k-means

I Inducedspanningtreeof pointset.

The areaof dataclusteringtypically dealswith high dimensional data. Data elements

having 150-200attributesthatcanbeincludedin a similarity measurearenotuncommon.

This thesisconcernsitself with thegenerallayout,clustering,andabstractrepresentation

of simple graphs.As such,further discussion of dataclusteringbasedon a dataof high

dimension is outsidethescopeof this thesis.
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3.9.1 Coordinate/Inertial splitting

Coordinatesplitting is a divisive methodthatemploys thegeometricalcoordinatesof the

nodesin two or threedimensions to compute a clustering. Typically, it involvesfinding

a planeparallelto thefixedcoordinatex-,y- or z-axisthatdividesthegraphinto two sub-

graphs. If the two sub-graphsshouldhave an equalnumberof nodesthenthis is called

coordinate bisection. Regardlessof therelative sizeof thesub-graphs,thedividing plane

is orthogonal to oneof the axis planes. This methodcanbe appliedrecursively to pro-

ducea hierarchicalclusteringin the form of a binary tree,which is a balancedtreein a

coordinatebisection.Creatingthis typeof balancedrecursive nodegroupingwith x- and

y-axesis effectively the sameascreating“bintrees” in imageprocessing[253] andalso

relatesto quadtreesfor representingpoint data.Although in theworsecasethequality of

thepartitions formedmaybepoor, this is a computationally cheapmethodthatproduces

reasonableclustersin practice[80, 106, 223].

Differentrotationsof thenodesetin two or threedimensionscanresultin verydifferent

clusteringthanif fixedaxesareused.Thisisaweaknessof thisclusteringmethodbut it can

beovercomeby the“Inertial Bisection”method[212]. An Inertial Bisectionmethodfirst

determinesthecentreof massandtheprincipalaxisof inertia,thatis, theaxisof minimum

angularmomentum. This formsthe“adjustedaxes”whichareindependentof overallnode

rotation. Anothervariantof this method,computesthe separatorof the nodesetusinga

circle ratherthanastraightline.

In this thesiswe show how variantsof this form of decomposition areusefulnot only

for clusteringthe nodesof a graphbut alsofor improving theperformanceof a classical

graphlayout methodwhich resultsin drawings that canbe viewed andexploredacross

multiple levels of abstraction.

3.9.2 Partitional/k-means

Thek-Meansmethodis oneof themostcommonly usedgeometricalclusteringtechniques.

In k-Means, thecoordinatesof thenodes,in 
 -dimensional space,areusedto computea

clusteringbasedon somesimilarity measure.Sucha similarity measureis typically based
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onsquaredEuclideandistances.Thek-Meansmethodis populardueto its simplicity, ease

of implementation,time complexity of �	��
�� (where 
 is thenumberof clusters),andthe

factthatit oftenreturnsgoodclusteringresults.

Thek-Meansmethodproceedsasfollows:

I First randomlyselectG nodesfrom thegraphthatareusedastheinitial clustercen-

tres.Or selectG randompointswithin thehypervolumecontainingthegraphdrawing

II Assign eachnodeof thegraph,to its closestclustercentre

III Recomputetheclustercentres,usingthecentroidof currentmembership

IV Repeattheassignmentprocessif the“minimizationcriterion” is notmet.

Theminimization criterion is usedto determinewhethertherehasbeena minimal or zero

changein thestateof theclustering.Thestateof theclusteringcanbemeasuredin terms

of a sumof squarederror criterion ( @��E� ) which hasa similar formulationasthe @��h@��
measureshown in 3.20 . The centroidof a particularclustering ��T is ��T and @��=� is

typically expressedas:

@��=��2 �
M1�����

� ��7^��T � � (3.23)

Thek-Meansmethodis sensitive to the initial clusteringandmayconverge to a local

minimumif theinitial clusteringis poorlyselected[140]. Numerousspecializationsto the

basick-Meansalgorithmhave beendeveloped[4, 8, 192, 259] to overcome theproblems

associatedwith selectinganinitial clustering.Severalof thesemethodsalsoincorporatea

thresholding schemefor thesplit-push andmerging of clusters,suchasISODATA [192].

Recentmethods, restrictthecentroid ��T to bea nodeof thecluster, thesocalledmedoid

of thecluster[140].

3.10 Geometric Hierar chical Graph Clustering Methods

A graphdoesnot constitute spatialdataas it simply containsnodesand edges(no ge-

ometry). However, an attributed graph,wheresomeof theattributesaregeometric,does
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Figure 3.14: A graphdrawing overlaid with a hierarchical space decomposition.

Figure 3.15: The inclusion tree � of a Hierarchical CompoundGraph,of the graph and space
decomposition shown in Figure3.14
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constitutespatialdata.Graphdrawing algorithmssynthesizegeometriesfor graphswith-

out geometricattributes. Oncethe graphhasan associatedgeometry, thena hierarchical

geometricspacedecomposition methodcanbeusedto recursively clusterregionsof space

containing thenodelocations,suchasthatshown in Figure3.14.This recursiveclustering

is ahierarchicalclusteringof regionsof two or threedimensionalspace.

Given a graphdrawing, thenany hierarchicalspacedecomposition inducesa hierar-

chical graphclustering,suchas that shown in Figure3.15. This hierarchicalgeometric

clustering,which can be measuredwith geometricmeasures,inducesa graphtheoretic

clustering,which canbe measuredwith theoreticmeasures.The graphtheoreticcluster-

ing is alsousedto form thehierarchicalcompoundgraphassociatedwith this hierarchical

geometricspacedecomposition.

Weaimto usecomputationally inexpensivehierarchicalspacedecompositionmethods,

suchasquadtreesasshown in Figure3.14,to clusterthenodesof a largegraphdrawing.

Thesehierarchicalclusteringarethenusedto createa hierarchicalcompoundgraphwith

implied edges. This compoundgraphis then usedin our FADE paradigmto draw and

abstractlyrepresentlargegraphsusing“visual précis”.

3.11 Visual pr écis

Hereweaddresstheeffectiveuseof screenrealestateandthecomputationaleffort involved

in renderinglargegraphs.We usethehierarchicalcompoundgraphmodelto supportour

notion of a “visual précis”, which is simply an abstractvisual representationof the un-

derlyinggraph. Our “visual précis” arerelatedto meshgenerationin thefield of surface

modeling [13, 170, 171]. This relationshipcomesaboutbecausethe spacedecomposi-

tion methods, suchasquadtrees,areusedin boththeformationof hierarchicalcompound

graphsandapproximate meshgeneration.However, in surfacemodeling a meshpoint is

an approximation of somepoint in space.In a “visual précis”, a region of spacedefines

a cluster, which is anabstractrepresentationof a setof relationaldataelementsandtheir

interrelationships.

Formally, a visualprécisis a two or threedimensional projectionof a précisextracted
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Figure 3.16: A hierarchical inclusiontree � of a 168node graph.

from a hierarchicalcompoundgraph. Recall that, a précisconsists of a setof clusters,

impliededges,realnodes,andrealedges.A précismaycontainany combinationof these,

as long as it representsan abstractview of the entire underlyinggraph. Pŕecis, which

primarily containclustersandimplied edgesarecalledhigh level précis. In a précis,the

only graphedgesarebetweennodeswhicharebothincludedin theprécis.All otheredges

areincludedasimpliededgesor areabstractedinto clusters.Thedefinitionof apréciscan

applyto any typeof inclusiontreeregardlessof its arity. As aresult,regardlessof theshape

of spacedecomposition usedto form thehierarchicalcompoundgraph,thesevisualprécis

drawing techniquescanbeapplied.

Unlessotherwisestated,animpliededgeexistsbetweentwo clusters�!� and � � whenat

leastonerealedge�A2Q�C�ED��R� connectsnodesin thetwo clusters,thatis, �P�8�E� and ���8� � .
An implied edgecanalsoexist from a cluster � to a single node � , where � 2¡���ED��R� and

�8�8� .

Thehierarchicalinclusiontree L shown in Figure3.16representsapossible clustering

of the nodesof a graph. Herethe root clustercontainsfour clusterswith ¢y¢ , £ , d1¤�¥ and
` ¢ nodesrespectively. We will make reference to this inclusion tree in the description

of our abstractionandviewing techniques.Note,this treeis not a hierarchicalcompound

graphasit only representstheinclusiontree L of thehierarchicalcompoundgraph,without

referenceto edges� or theimpliededges¦ . An exampleof ahierarchicalcompoundgraph

is shown in Figure3.2.

Theviewing methodsintroducedin this thesis,to visualizeprécisextractedfrom hier-

archicalcompoundgraphs,include:
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I EventHorizonviews

I Horizonviews

I Cutviews/Multi-cut views/Distortions

I SurfaceViews

I Bell CurveViews.

An eventhorizonis simplyapréciswhichconsistsof nodesandclustersfrom any level

of abstraction.As such,aneventhorizonview is our generaltermfor theclusteredgraph

drawing of a précis. A surfaceview is our term for a threedimensional projectionof an

eventhorizon.Suchsurfaceviews arethreedimensional tree-maps.In a surfaceview the

level of abstractionfor a particularnodeor cluster, is typically renderedasa colouron a

simple ”hypsometricscale”.A hypsometricscaleis aascalein themargin or cartoucheof

amapthatshows whichshadesor coloursrepresentwhichelevations.

The visual weight of a particularvisual précis, is the percentageof clusters,nodes,

impliededges,andedgesdrawn ascomparedto thetotalnumberof nodesandedgesin the

graph.A visualweightcutoff is simplyauserdefinedpercentageusedin determininghow

many clusters,nodes,edges,andimplied edgescanbe includedin a given précis. Other

moresophisticatedmethodsfor determiningthevisualweightcutoff canincludemeasuring

theprocessorspeed,thegraphicscardcapacity, thescreensize,andmonitor resolution.

Pŕecis which include many high level clustersand implied edges,allow us to draw

visual préciswhich reducethe visual weight, complexity, andrenderingtime for the vi-

sualization quitedramatically. This reductiondoesnot comefree sincewe areremoving

detail and showing only approximations. In discussing eachtype of view, we note the

possibleeffectsof thesereductions.

Horizon views

Intuitively a horizon view is the extent to which the usercan seeinto the hierarchical

compound graph.It is a level basedview, which is thesimplest form of abstractionusing

context sensitivity, elision, andusercontrol techniques.Hierarchicalcompound graphs
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Figure 3.17: Two Horizonsof a Graph,asa Multilevel Drawing.

Figure 3.18: Nodesandclusterednodes(of � ) in a 4th level horizon view



3.11Visual pr écis 87

formedusingstandardrecursive spacedecomposition techniques,typically do not have a

uniformnodedepth;thatis, thedistancefrom leafnodeto theroot,asshown in Figure3.18.

Suchspacedecomposition techniquescanbeaugmentedto ensurethatall thenodesof the

graphexist only at thebottomof thetree,by repeatedlyclusteringshallow nodesuntil they

areof thesamedepthasthedeepestnodes.

Insteadof thispotentially costlyalgorithmic approach,wepreferto defineourviewsin

line with theexisting recursive spacedecomposition methods. As such,our horizonsare

précis,whichcontainclustersat thesamelevel of abstraction(depth)alongwith realnodes

which exist at this level of abstractionor higher. Realedgesbetweennodesin theprécis

areincluded.Edgesbetweennodesin differentclustersarealsoincludedasimpliededges

andedgesbetweenrealnodesandclustersareincludedasimpliededges.

The level of abstraction(depth)for a particularhorizon view can be determinedin

severalways;theseinclude:interactiveselection,a priori userselection,or selectionbased

on somevisual weight cutoff. Typically, high level horizonviews have a muchsmaller

visualweightthantheunderlyinggraphdrawing. Here,thecutoff canbeusedto determine

the lowestlevel horizondrawing permissible.Figure3.19shows an underlying graphof

400nodesoverlaidwith ahierarchicalspacedecomposition to thethird horizonlevel. The

rootcell is split into four quadrants(level 1). Eachof theseis split into amaximumof four

quadrants(level 2). Eachof thesequadrantsis againsplit to form level 3. This level defines

a précisof clustersimpliededgesandnodeswhich canbeextractedfrom thehierarchical

compound graph.

Thereareseveralwaysto draw avisualhorizondefinedby aprécis.Figure3.19shows

bothatwo dimensional“tree-map”anda“clusteredgraphdrawing” of thehorizondefined

above. A tree-mapconsistsof squaresshowingtherelativedensitiesof nodesin aparticular

region. A clustered graph drawing shows eachnodeandclusteralongwith the implied

edges,andedgesbetweenthem.

Typically therearemany visualhorizonsthatcanbeextractedfrom ahierarchicalcom-

poundgraph,asshown in the threedimensionaldrawing in Figure3.20. The multilevel

representationsof Fenget. al [73, 86], showed several waysto visualizethe levels of a

clusteredgraphin asinglemultilevel representation.Here,theprécisextractedin theform
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Figure 3.19: 400 nodegraph, anda horizon,drawn asa tree-map with hypsometrictints andasa
clusteredgraph.
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Figure 3.20: Differenthorizonsandtheir drawings anda multilevel representation view.
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of visualhorizonsareusedto reduce,ratherthanincrease,theamountof graphicalinfor-

mationon display. Thegoalhere,is to show how thevisualhorizondrawingscanreduce

thevisualweight,therebymakingthemsuitablefor largescalegraphdrawing, ratherthan

single multilevel representations.

Thetop left imagein Figure3.20shows a graphof 93 nodesand111edgesdrawn in

two dimensions. The top right imageshows a multilevel representationof two horizons

&a� and & � alongwith theunderlyinggraphdrawing (!p , similar to thosedescribedin [86].

In the multilevel view, eachdrawing is embeddedin a transparentplane. Clearly &§� is

moreabstractthan & � asit usesfewer clustersandimplied edgesto representtheoverall

structureof ( .

Theclusteringthat inducesthehorizon &0� is shown in themiddle left of Figure3.20.

Our visualhorizondrawing of &'� (overlaidwith thespacedecomposition information) is

at thetop on themiddleright. Theclusteringthat inducesthehorizon & � is shown on the

bottom left of Figure3.20alongwith thevisualhorizondrawing on thebottomright.

Singlehigh level horizondrawingsareusefulasthey canprovide an initial simplified

view of thestructureof largegraphs.However, they canalsobeusedin interactivesystems

whereuserscandecreasethedepthof thehorizon.This in turn resultsin lessdetailbeing

shown which providesa moreabstractview of the data. Alternatively, they canincrease

thedepthof thehorizonto show agreateramountof uniformdetail.

In an interactive systemsomeform of animatedvisual transition effect is requiredas

theusermovesfrom onelevel to thenext. We identify threepossible transitiontechniques:

I Fading: Thenodes,clusters,implied edgesandedgesarefadedin or out asappro-

priatewhenmovingbetweenhorizonlevels.

I Animation : Moving to a deeperhorizon, the nodesand clustersare animatedas

moving from theirparentslocationto theirnew locations.Moving to alowerhorizon

hastheoppositeeffect.

I Combination: Nodes/clustersarefadedin andthenanimatedto theirfinal locations.

Usinga level view, it is possible to reducethevisualweightof thevisualizationquite

dramatically. Takinga horizona few levelsup from thedeepestnodes,often reducesthe
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Figure 3.21: On theleft a graph drawing of 1000nodes and1997edges. On theright a high level
view with 31 nodes and33 edges.

visual weight by over 90%. As a techniquefor initial visual inspection of the overall

structureof a large graph,horizonviewing seemspromising. For example,the horizon

drawing on therighthandsideof Figure3.21representsa 98%reductionin visualweight,

yet theoverall structureremainsclearlyvisible.

However, this drawing techniqueclearly hassomedrawbacks. If the userwantsto

inspecta nodethat happensto be at the very lowest level of the hierarchicalcompound

graph,then the entire graphmust be drawn accordingto this drawing technique. This

bringsusbackto the original problemsof renderingtime andthe effective useof screen

space.

For approximateor overview drawings,horizonviewsclearlyreducethevisualweight

andcomputationaleffort in creatingthepicture.However, for interactivedataexploration,

thistechniquecanbeusedinitially andthenin conjunctionwith othertechniquesdescribed

here.
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Figure 3.22: Simplecut from selectednodeto root of thetreein Figure3.16

Figure3.23: A précisview of theinclusiontree,with thesub-tresselided,of thecut in Figure3.22

Cut views

Graphvisualizationsystemsaretypically usedin exploratory dataanalysis. A common

operationis to searchfor, or querythelocationof a particularnodein thegraph.As noted

above,tovisualizeaparticularnodethehorizonmustbedeepenoughtoencompassit. This

oftenresultsin thedrawing of largeamountsof graphicalinformation, simply to seeone

nodeat the requiredlevel of detail. Herewe introduce techniques,thatusethe inclusion

treeto supportthecreationof visualabstractionsfor suchqueriesandsearches.

A cut is a précisthrougha hierarchicalcompoundgraphfrom a singlenode.A cut is

usedto shown thedetail, local- andglobal-context of thatnode.Thedetail is givenby the

nodeitself, the local context is given by clusterstowardsthebottomof the inclusiontree

(closeto thatnode)andtheglobalcontext is givenby clusterstowardsthetopof thetree.

A cut methodcreatesa précisfrom a singlenode. Cut methodscanbe formulatedin

differentways,with themostbasiccutmethodshown in Figures3.22and3.23.Figure3.22

shows a selectednodeanda cut from thatnode.Herethecut methodformstheprécisby
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Figure 3.24: Straight cut from a single
nodeto theroot of a 5000nodegraph

Figure 3.25: Underlying drawing of
the5000node graph

markingthepathfrom thenode � to theroot of the inclusion treeasopen. Edgesfrom �
to othernodes,whoseparentclustersaremarkedasopen,areincludedin thecut. Nodes

or clusters,whoseparentsaremarkedasopenandimpliededgesbetweenthoseclustersor

nodesareincludedin thecut. This methodis calleda straight cut andFigure3.23shows

anabstractview of theclustersandnodesof the cut in termsof the inclusion treewhere

sub-treesareelidedaway. Thedrawing of a cut is usefulfor showing onenodealongwith

thelocalandglobal-context for therestof thegraph.

Takefor exampleauniformdistributionof nodesbasedonak-wayhierarchicaldecom-

position of spacewith K nodes.Thena cut shows G nodesin detail and G|7¨d©�C�"���Wª3K}�
nodesor clusterednodesin a localandglobalcontext. For example,40nodesor clustered

nodesaredisplayedwhenasinglenodeis selectedin amillion nodegraphdrawing, which

hasa uniform distribution, andis clusteredaccordingto a quadtreehierarchicalspacede-

composition.

Figure3.24shows the drawing of a cut, extractedby the straightcut methodfrom a

hierarchicalcompoundgraph,basedontheunderlyinggraphshown in Figure3.25.Clearly

this is not a greatvisualization,asmuchdetail andsomestructurehave beenlost, when

comparedwith theoriginal in Figure3.25.However, if differentprojectiontechniquesare

used,then the nodescan be drawn larger and the clusterssmaller, hencebalancingthe
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Figure 3.26: A multi-cut view of two selectednodesto root of thetreein Figure3.16

Figure 3.27: Thedifferent contexts andelidedsub-treesfor themulti-cut in Figure3.26

overallpictureandallowing thedrawing of nodelabels.

Thecut techniquecanbeextendedto show multiple cutsfrom a setof nodes;andthis

is called the multi-cut view. Figure3.26shows an inclusiontreeoverlaid with an event

horizon,asa resultof computing two straightcutsfrom two selectednodes.Figure3.27

shows theareasof localdetailalongwith the local- andglobal-context for eachnode.The

nodesandclusterson different levels of abstraction,alongwith the edgesand implied-

edgesform the event horizon of this précis. A drawing of this précis, which includes

differentlevelsof abstraction,is aneventhorizondrawing.

Herethelocal-contextsaredisjoint but if thenodesweregeometricallyclosethey may

well sharea larger local-context area.This approachis usefulfor addressingtheclassical

detail-in-context problemof showing nodesin detailalongwith their globalconnectivity.

Figure3.28shows a multi-cut from 12 nodesin threegroupson the peripheryof the hi-

erarchicalcompoundgraph. Figure3.29shows a multi-cut from 60 nodesin six groups.

Wheretheindividual cutsintersectthey form aneventhorizon.In thedrawing of a multi-
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Figure 3.28: A multi-cut basedon
12 nodesfrom thegraph in Figure3.25

Figure 3.29: A multi-cut basedon
60 nodesfrom thegraphin Figure3.25

cut, the local contexts becomesharedandtheglobalcontext is shown at a lower level of

abstraction.Figure3.29,hasavisualweightof 5%. Thisrepresentsa95%reductionin the

numberof nodesrequiredto effectively visualizethis nodesetwhile retaininga context

view.

Thesecut views allow for an approximatedrawing of a setof nodes,which reduces

the visual complexity andcomputational effort in renderingthe visualization. As noted

above, differentprojectionsof the underlyingevent horizondrawings arepossible.Fig-

ure 3.30shows a simplesingle focusfisheye view of the drawing in Figure3.29. Other

moresophisticatedprojectiontechniquesincludemultiple foci [208, 257] andintelligent

zoomtechniques[289].

SurfaceViews

As notedearlier, asurfaceview is a threedimensionalprojectionof aneventhorizonprécis

extractedfrom a hierarchicalcompoundgraph.Thesevisualizationsclearlyshow thedif-

ferentlevelsof abstractionin multi-cutsfrom ahierarchicalcompoundgraph.

Figure3.31showsagraphdrawing from ourcasestudyin Chapter6. Theeventhorizon

drawing of a multi-cut is shown in Figure3.32. Thesurfaceview of this eventhorizonis

renderedasathreedimensionalpicturein Figure3.33.Thissurfaceshowsthenodesdrawn
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Figure 3.30: Simplefish-eye projectionof the60 straight cut-slice view from Figure3.29

at the“highestlevel”, thesharedlocalcontext asthe“middle level”, andtheglobalcontext

at the“lowestlevel”. Figures3.34,3.35,3.36and3.37,show othermulti-cutsandsurface

views of this graph(the peaksin the threedimensional surfaceviews representnodesin

theprécis).

Bell curveviews

Cut-views are formed by well definedcuts throughthe clustertree structure. This can

resultin thedetailandlocal context of acut view not includingnodesandclustersthatare

geometricallyclose,asa resultof thembeingfar away in theinclusiontreestructure.This

problemcanbe overcomeby the useof neighbourhoodtechniquessuchas“Bell curve”

views. A bell curveview is a simplequadric surfacethrougha volumedefinedby the

layout and the height of the cluster tree. This can be extendedto a surfacethrough4

dimensional spacefor threedimensionaldrawings,wherethefourth dimensionis defined

by theheightof theclustertree. In threedimensions thecurve is a tracewhich is rotated

aboutthenodefrom which thecurve is defined.This rotationformsa surfacecut through

the volume defined. The précis is thenformedas follows: nodesinside the volume are
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Figure 3.31: 2D drawing of the
underlying graph rdb450

Figure 3.32: 2D drawing of a multi-cut (event
horizon), from Figure3.31

Figure 3.33: 3D drawing of aneventhorizon, showing detail, local- andglobal-context using hyp-
sometrictints
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Figure 3.34: 2D drawing of anevent
horizon extractedfrom rdb450,
showing two areas of detail

Figure 3.35: 3D drawing of an event horizon,
showing two regions of detail

Figure 3.36: 2D drawing of anevent
horizon extractedfrom rdb450,
showing multiple areasof detail

Figure 3.37: 3D drawing of an event horizon,
showing multiple regionsof detail
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includedin theprécis.However, if all childrenof aparentinsidethevolume,arenot inside

thevolumethenthatclusteris includedin theprécis.Thehighestclusterscontaining only

nodesnot coveredby a clusteralreadyin theprécisareaddedto theprécis. This surface

generatesthegeometriclocal-context of anodeby includinggeometricallyclosenodesand

aglobal-context beincluding clustersfar from thenode.As with level views,thesesimple

quadricsurfacesdefineaneventhorizonwhichcanbedrawn. Nodesinsidethevolumeare

drawn at thelowestlevel of detailandtheclosestclusterednodesto thesenodesaredrawn

atvaryinglevel of localandglobalcontext.

A multi-cutmethodwhich takesdifferent“angles”throughtheclustertreecanapprox-

imatea surface. This techniquemay provide an elegantparameterizedapproachto the

generationof detail-in-context views.

3.12 Remarks

Thehierarchicalcompound graph,describedin Section3.3,providesthebasisfor thehier-

archicalcompoundgraphquality measuresintroducedin this thesis.Thegeometricclus-

teringapproachtakenhereis basedonarecursivedecomposition of space.Thisclustering

method,aswe show in the next chapter, createsinclusion treesthat cangreatly improve

the performanceof classicalforce directedlayout methods. The visual précis drawing

techniquespresented,dramaticallyreducethe visual weight andcomputational effort in

creatingthevisualizations.

In this thesiswe do not proposeto study the effectivenessof any of thesedrawing

techniquesbut ratherthequalityof thedrawingsof theprécisextracted.Giventhenumber

of possible précisfor any graphis large,werestrictour interestto theclusteringandgraph

drawing aestheticmeasurementof horizonviews. Therearetypically {|�C�"���H
�� horizonsin

any given hierarchicalcompoundgraph.

Along with measuringcomputationalperformance,classicalgraphdrawing aesthetic

measures,andour quality measuresthe aim is also to study the quality of the horizons

basedonaestheticmeasuresin eachof thecasestudies.
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The FADE paradigm

“Art, likemorality, consistsof drawingtheline somewhere.” - GilbertChester-

ton

ThischapterdescribestheFADE paradigmwhich is embodiedin asuiteof graphdraw-

ing algorithms. Thesealgorithmsarebasedon the hierarchicalcompound graphmodel

introducedin Chapter3 for theclustering,visual representation,andabstractionof large

amountsof relationalinformation. Eachmemberof the FADE suiteusesa fastgeometric

clusteringof the locationsof the nodesbasedon simple recursive spacedecomposition

techniques.This geometricclusteringinducesa graphtheoretichierarchicalclustering

which is usedto build a hierarchicalcompoundgraphfor viewing andmeasurement.The

hierarchicalcompoundgraphis theninput to force-directedalgorithms that improve the

relationbetweenEuclideanandgraphtheoreticdistancesin theunderlyingdrawing. This

improvementin the underlyingdrawing in turn improves the graphtheoreticclustering

andhenceimprovesthequalityof thehierarchicalcompoundgraph.Iteratingthis process

furtherimprovesboththedrawing andthehierarchicalcompoundgraph.

Forcedirectedgraphdrawing methods,suchasthoseoutlinedin Section2.2.4,proceed

by makingsmall iterative changesto the layout of the graph;eachchangereducessome

energy function for the systemof forces. Although sensitive to the initial layout, these

methodsoftenproduceaestheticallypleasantdrawingsdueto thenatureof theinteracting

forces.Groupsof relatednodesaredrawn together, whereasunrelatednodesaretypically

drawn far apart.Severalauthorshave commentedthatforcedirectedlayoutsoftenexhibit

the naturalclusteringsof the graphthat one hopesto discover andvisualize[136, 173,
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249]. Our hypothesis,called the progressivecycleshown in Figure4.1, marriesgraph-

drawing, hierarchicalcompoundgraphcreation,andvisualprécis. Theprogressive cycle

suggeststhata drawing with high energy haspoorquality bothasa visualizationandasa

hierarchicalcompoundgraphaccordingto any geometricor graphtheoreticmeasureused.

As the forcesareappliedand the drawing improves andmoves towardsa lower energy

state,thehierarchicalcompoundgraphimproves.

We aim to show that the accuracy of the force calculationin our FADE paradigmis

not the determiningfactor for the quality of the graphdrawings produced. Section4.2

describeshow force directedgraphdrawing algorithmsrelateto the N-BODY problemin

particlesimulation. We alsoreview theexisting forcedirectedalgorithms which have de-

rivedmethodsfrom this areain Section4.2 andgive a specificexamplein Section4.2.1.

Section4.2.2,introduces“tree codes”which provide thebasisfor theFADE suiteof algo-

rithms describedlater in this Chapter. Section4.3 introducesthe FADE paradigm,along

with describingdifferent“cell openingcriterion”. Section4.3.4describesthescalingand

accuracy measureusedto comparethe performanceand accuracy of the FADE suiteof

algorithms, with classicalforcedirectedmethods. Section4.4 describesthebasictwo di-

mensional FADE2D algorithmin detail,alongwith anoverview of thegeometricclustering

algorithmused.Section4.5describesa threedimensional forcedirectedlayoutalgorithm

calledFADE3D. As weshow hereandin ourcasestudies,theuseof aninitial randomlay-

outmaynotbesuitablestartingpoint for thedrawing of largegraphsusingaforcedirected

layout. Section4.6describesa “wave front” algorithmwhich maybeusedin conjunction

with a two or threedimensional FADE method;this aimsto producea reasonableinitial

drawing (low energy state)from which furtheriterative improvementsarepossible.

4.1 Overview

Themainideaof theFADE paradigmis thefollowing. Givenaninitial layoutmethod,such

asrandomplacement,agraphcanbeassignedgeometricattributes.Thisprocesscreatesa

graphlayout,whichcanthenberenderedto produceagraphdrawing. This is theclassical

graphdrawing “pipe-line” [146], asindicatedin Figure4.1.
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Figure 4.1: TheProgressiveCycleof Drawing andHierarchical CompoundGraphImprovement

In the FADE paradigm,we take the graphlayout andperforma geometricclustering

(typically by recursive spacedecomposition) of the locationsof thenodes.This process,

alongwith impliededgecreation,formsa hierarchicalcompoundgraph,asshown in Fig-

ure4.1. Thehierarchicalcompoundgraph,which includesthedecomposition tree,allows

usto approximatethenonedgeforcesin our forcedirectedgraphdrawing algorithms. Us-

ing the decomposition tree,FADE computesforces;the nonedgeforcesmay be approxi-

matelycomputed.After computing theforces,they areapplied,andtheunderlyinggraph

layout is updated.This in turn requiresthe recomputation of the hierarchicalcompound

graph,which wasformedon theprevious locations. This process,if iterated,is calledthe

progressivecycle where,as the graphdrawing improves, the quality of the hierarchical

compound graphalsoimproves.

Roughlyspeaking,the progressive cycle of FADE proceedsas the repeatloop in al-

gorithm 1. The stoppingcondition can be a simple counter, an evaluation basedon an

aestheticmeasure,or a condition derivedfrom thegraphclusteringmeasurespresentedin

this thesis.Furtherdiscussion of possible stoppingconditionsis outside thescopeof this

thesis,insteadwefocusonadiscussionof thenonedgeforcecomputation. Theprogressive

cycle canbeslightly modifiedfor differentplatforms. Insteadof computing thenonedge
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Algorithm 1 FADE paradigm
begin

ComputeInitial Layout
repeat

ComputeEdgeForces
MoveNodes
ConstructGeometricClustering
for eachnode� do

ComputeApproximateNonedgeForceson �
end for
MoveNodes
UpdateBoundingArea/Volume

until StoppingCondition
end

force for eachnodein turn; the nodesandpseudonodesmay be addedto an “interaction

list” for eachnode.An interaction list is thelist of twig nodesandleaf nodesof theinclu-

siontreethatareinvolvedin thecalculationof theapproximate nonedgeforceon � . Such

lists canbeused,for example,in aparallelworkloaddistribution of forcecalculations.

Thequalityof thehierarchicalcompound graphcanbeevaluatedby variousclustering

qualitymeasuresintroducedin Section3.4. Thehierarchicalcompoundgraphis alsoused

to extractpréciswhich canberenderedasgraphdrawings. Thequalityof thesedrawings,

alongwith thedrawingsof theunderlyinggraph,canbeevaluatedusingthegraphdrawing

aestheticmeasuresdescribedin Section2.2.2.Evaluationswith thesemeasures,usingdata

from two application domains,arediscussedin Chapters5 and6.

In general,theperformanceimprovementin our FADE paradigmcomesfrom comput-

ing nonedgeforcesusinga recursiveapproximationof groupsof nodes,ratherthanall the

node-to-nodenonedgeforcesdirectly. To achieve this, we form a recursive spacedecom-

position of the locationsof thenodesin a graphdrawing, to form a geometricclustering

of thegraph.Differentspacedecompositionsgeneratedifferentrecursive geometricclus-

teringsof thenodesof thegraph.Therecursive clustering,representedassub-trees,does

notdirectlyproduceahighquality geometricclusteringof thenodepositions,nor is it nec-

essarilya high qualitygraphtheoreticclustering.However, theclusteringdoesfacilitatea

dramaticimprovementin theperformanceof forcedirectedalgorithms,asshown in Sec-



4.2Particle Simulation 104

tion 4.3 below. Further, it allows for multi-level viewing of hugegraphsat variouslevels

of abstraction.As thequality of thedrawing improves(asit reachesa lower energy state

of theforcesystem), thequality of clustering, exhibitedby the inclusion treeimprovesto

a reasonableamount.This clustering,if it is of sufficient quality is appropriatefor visual

abstraction.Evaluationsof theperformanceof FADE in applicationdomainsis discussed

in Chapters5 and6.

The FADE layoutandviewing paradigmprovidesa novel techniquefor clusteringand

drawing largegraphs,alongwith a geometricviewing techniquebasedon thatclustering.

This modeldraws togetherthreedifficult problems, that is, performance,abstraction,and

clustering,andusesthe sameunderlying model to tackle each. Moving from drawing,

to viewing the graphin detail, to viewing a visual précis is integratedinto one model.

Basingthedecompositionof thegraphfirmly in thegeometricdomainallows for a wealth

of existing visualpresentationandaugmentation methodsto beapplied[38, 60,121, 168,

263, 266, 292].

Our FADE paradigmis relatedto theclusteringandvisualizationmethodsof Walshaw

andHarelmentionedin Section2.2.7. Themaindifferencewith thegraphtheoreticclus-

teringapproachof Walshaw [283] andHareletal. [113, 115] is thatweapproximateforces

basedon actualgeometricinformation,ratherthanpreprocessedapproximate forces.This

differenceallows our force-directedmethodsto beusedin interactive drawingsthatshow

high-level intermediateresults. The FADE methodcan also be appliedto large graphs,

without distorting theresultantdrawing dueto anapproximatedunderlyinggraphcluster-

ing structure.All theperformanceandtimemeasuresin thischapterwerecomputing using

an implementation in Parlanse,runningon a 500MhzPentiumIII processorwith 512Mb

of memory.

4.2 Partic le Simulation

Modeling largenumbersof interactingparticlesthroughlong- andshort-rangeforceshas

interestedphysicistsfor centuries(see[5, 125,222, 275]). Celestialmechanicsinvolves

chartingthe motion andinter-play betweenheavenly bodiessuchassuper-novas, black-
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Figure4.2: Fabry-Perot Imageof theSimulationof two Interacting Galaxies. Reproducedby cour-
tesyof ProfessorG. Bothun of TheElectronic UniverseProject[31]

holes,galaxies,stars,comets,andplanets.Methodsandtechniquesto modelsuchinterac-

tionshavebeendevelopedover thecenturiesbut until recentlymodelinglargeparticlesets

wasinfeasible.Otherfieldsof sciencealsorequiremodelingsystemsconsisting of inter-

actingparticlesets,suchasplasmaphysics,biological macromoleculesimulation,andthe

vortex methodin fluid dynamics[43, 125,131, 222]. However, regardlessof thedomain,

thesamebasicproblempresentsitself: theequationof motionof a systemwith morethan

two interactingparticlesdefiesananalyticalsolution.

As computershave becomemore powerful over the past few decades,particle re-

searchershavedevelopedsimulatorsthatplot thetrajectoriesof multipleparticlessimulta-

neously. Thesimulation includestheposition, mass,andvelocity of eachparticle ,]�¬« .

As such,the force ­ on any one particle can be computedby consideringthe position

andmassesof all theotherparticlesin thesimulationalongwith any otherexternalinflu-

ences(suchasmagneticfieldsin plasmasimulations).For classicalsimulationsthiscanbe

expressedas:

­�®°¯±®°XZ²�2}³<´�µ�¯)¶·®3\¸³�²¹¯±U�ºH\9³�»)Y¼®°»�¶·U½XZ² (4.1)
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Where,

I ³<´)µ�¯±¶±® is a rapidly decayingfunctionof distance,suchastheVanderWaalsforce in

chemicalphysics.

I ³�²¹¯±Uzº is a long-rangeforce,suchasgravitationalattractionor electricalrepulsion.

I ³�»)Y¼®°»�¶·U½XZ² is an external force, typically independentof the positionandnumberof

particles,suchasanexternalelectricfield.

Since ³�»)Y¼®°»�¶·U½XZ² is an independentforce, it is calculatedseparatelyfor eachparticle,which

contributes {��)«P� to thecomputation timefor ­a®°¯±®°XZ² . In suchsimulations ³�´)µ�¯±¶·® is typically

{��)«P� aswell, becausethe force decaysrapidly andeachparticle interactssignificantly

only with a small numberof its nearestneighbors. If only both of theseforce calcula-

tionswererequiredto betakentogetherit would resultin thedevelopmenta very fastand

scalablealgorithm.However, thecomputation of ³�²¾¯±U�º presentsaproblembecauseif done

directly, it requires{|��« � � operations.Soanalgorithmthatcalculates­�®°¯±®°XZ² by directparti-

cleto particlecomparisonfor the ³ ²¹¯±Uzº forcewill beaquadratic timealgorithmandassuch

will only besuitablefor simulationsof a few thousandparticlesusingstateof theart high

performancecomputers.However, many simulationsin physics, suchasin astrophysics,

andplasmaphysics, requirelarge numbersof particleswith long rangeforces. Suchnu-

mericalsimulationsarereferredto asthe « -bodyproblemandtypically involve10 � � - 10� >
particles.Thecostof {|�)«P�¼� is excessive in mostcases,andprohibitive in others.

In certainsimulationsthe ³�²¾¯)Uzº forcecanbeanelectrical repulsionforce. In theclas-

sical force directedlayout technique,the force betweenevery pair of unconnectednodes

is often modeledasan electricalrepulsion[60]. It is this realizationthat connectedthe


 -bodyproblemto graphdrawing [236,237, 296], sothat:

­�®°¯±®°XZ²�2}³<´�µ�¯)¶·®3\¸³�²¹¯±U�ºH\9³�»)Y¼®°»�¶·U½XZ² (4.2)

is ageneralizationof thenonedgeforcesin theforce-directedlayout.Whenusingtheclas-

sicalforce-directedapproachfor graphdrawing, thesame{|��«P��� scalingproblemoccurs.
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In other 
 -body fields, approacheshave beendevelopedto reducethe computationalef-

fort in calculatingthe long range ³�²¹¯±U�º forcesby meansof approximationor estimation.

Eachandeverymethodthatattemptsto approximatethe ³E²¹¯±Uzº forceintroduceserrors.The

domainof the simulation often dictatesthe acceptablelevel of inaccuracy. Typically the

accuracy of theapproximationis tradedoff againstafasterrunningtimefor thesimulation.

Wereview two of thesemethodsnext.

4.2.1 PIC Codes

Onesuchestimationmethodis theparticle-in-cell(PIC) method.A regularmeshis placed

overthesimulation areaandtheparticlescontributetheirmassesto createasourcedensity.

Thesesourcedensitiesareusedin theestimation of theforcefield for themesh.Theforces

aretheninterpolatedfrom themeshto theparticlepositions.PIC codeshavebeenpopular

in particlesimulationsbut have two primarydrawbacks:

I PIC codeshave difficulties dealingwith non-uniformparticledistributions,that is,

wheretheparticledistribution is clustered[222]. In Chapter5 we show reverseen-

gineeringgraphs,thatexhibit highly non-uniformdistribution in their layout.Chap-

ter 6, includesgraphsthat are suitablefor dynamicupdateswith suchPIC code

methods.

I PICcodescannotaccuratelymodelthelocalcorrelationsbetweenparticlesin bound-

arycases,whichcanresultin greatinaccuraciesin thismethoddueto theimposition

of anartificial grid which inducesthoseboundaries.

Themodifiedforce-directedalgorithmof FruchtermanandReingold[97] follows the

PIC approach. Unfortunately, PIC basedmethodsprove unsuitable for approximating

nonedgeforcesin graphdrawings which do not exhibit a uniform nodedistribution. An

initial randomdrawing of any graphwill have uniform nodedistribution, however asthe

nodesaremoved(dueto edgeandnonedgeforces),theirdistributionbecomesincreasingly

lessuniform(in all but themosttrivial cases).

Attemptsto overcomesomeof theweaknessesof PIC approacheshaveemployedfiner

gridsto obtainbetterresolutionin denserareasof thesimulationandadaptivegrid refine-
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ment(see[222]); theserefinementshave notbeenadoptedfor graphdrawing. A moreso-

phisticatedmethodthatattemptsto moreaccuratelymodellocalinteractionsis theparticle-

particle particle-meshtechnique��¿ > � . It is aneffectivecompromisebetweenthepossible

numberof particlesandthespatialresolutionif theparticlesareapproximatelyuniformly

distributedandrelatively low precisionis required.In theforce-directedmethodfor graph

drawing, therequiredprecisionof theforcecalculationmightbelowered;however aguar-

anteethataswe iteratetheprocess,eachgraphdrawing hasuniformly distributednodesis

unrealistic. As hasbeennotedin otherfields,if theparticledistribution is clustered,��¿ > �
is notsuitable.

4.2.2 TreeCodes

The simultaneouswork of Appel [7], JernighanandPorter(see[222]) exploit the real-

izationthatparticlesinteractonly stronglywith their nearestneighbours andlessdetailed

information is requiredto computethe interactionswith moredistantparticles.This fact

comesfrom thetypical ³ ²¹¯±Uzº forcesusedin suchsimulations;for examplegravitationalat-

traction.Basedonthisrealization,theearlydevelopmentfocusedoncreatingcomplex data

structureswith listsandpointerswhichattemptedto modelthe“close-neighbourhood” and

the“distantgroups”for eachparticlein thesimulation. Theseapproachesprovedsuccess-

ful but oftenresultedin largeerrorsbeingintroducedto thesimulation dueto unphysical

groupingof particles.Anotherproblemarosefrom thecomplexity of thedatastructures;

thesebecomemore “tangled” as the simulation progresses,which makes it difficult to

predictrun-timeor memoryrequirementsa priori. Somedatastructurescanrequireanar-

bitrary amountof spaceto holdchangeandupdateinformation.Tangling canoccurwhen

certainboundaryconditionsof thesimulationareapproached,resultingin large amounts

of mostly redundantandinterrelatedadditionsto thedatastructure.

Barnes-Hutintroduceda schemeto recursively group particlesbasedon an oct-tree

decomposition of space[14]. An oct-treeis a threedimensionalextension of thequadtree

describedin Section3.7.1. This schemeovercomesthe tanglingproblemby rebuilding

the decomposition tree for eachtimestepof the simulation. By rebuilding at eachand
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Figure 4.3: A two dimensionalspace decomposition of 10000 uniformly distributed bodies on a
unit disk. Reproducedby courtesyof M. Warrenfrom WarrenandSalmon(1992) [290]

every timestep,thisschemeensuresthattheparticlegroupingsaresystematicallyupdated,

therebyavoiding the unphysical groupingproblemof the prior methods. The previous

schemestakenominal {���
'�����H
�� timebut thearbitrarynatureof thedatastructuresmeant

thiswasdifficult to analyzeandtypically notachievedin practice.TheBarnes-Hutscheme

hasa complexity of {���
'�"�y�H
�� which can be rigorously proven [14, 222] undersome

reasonabledistributionsof particles(see[222,275]).

By usingatreedatastructure,theBarnes-Hutscheme,itsderivativesandrelatedschemes

arecollectively referredto astreecodesin theastrophysicsliterature[5, 7, 14,28,43,222,

275]. Any methodusedto speedup N-BODY forcecalculationsby theuseof a systematic

andrecursive division of spaceinto a seriesof x��1rCr�u canbe considereda treecode. The

Barnes-Hutschemeis basedon anoctary-treecode,whereasbinary-treecodeswerelater

developedby otherssuchasPressandBenz(see [222]).

Determiningthe closeneighbourhood, called a “near-field”, of a particularparticle

requires{|��«8��� operationsif calculateddirectly. The treedatastructureprovidesa way
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Figure 4.4: A comparison on the numberof direct node-to-node calculationsrequired upto 256
nodes, comparedwith a À§Á"Â�Ã�Ä1ÅEÂ<Æ andwith a constantof 10

of determiningthedegreeof closenesswithoutexplicitly calculatingthedistancebetween

every pair of particles. The force on an individual particle B from otherparticlesin the

“near-field” is, onaverage,evaluatedby directparticle-to-particleinteraction,whereasthe

forcedueto moredistantparticlesin the“f ar-field” is includedasa groupcontribution. In

atree-codemethodtheforce ³�Ç of “near-field” particlesis computedexactly, while the ³ È
of “f ar-field” is approximated.

Tree codeswere first developedin the context of galacticsimulations involving the

studyof thecollisionof galaxies.Treecodesmaybebasedonregular(quadtree, Oct-tree)

andirregular (Voronoi) spacedecompositions. Othertrees,suchasa nine-way recursive

decomposition (nono-tree), which is a memberof theorthogonal 
H� family of two dimen-

sionaldecompositions,is illustratedin Figure3.13.Regulartreessuchasthis canbebuilt

in lineartime.
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Figure 4.5: Fifteennonedgeforcecomputations involving node a

Figure4.6: A single nonedgecomputationona with apseudonoderepresenting the15nodes,from
Figure4.5

4.3 Force-directedAlgorithms by DecomposedEstimation

Classicalforce-directedmethodsarebasedon thedirectcomputationof all node-to-node

forces,whichdramaticallylimits thenumberof nodesthatthesealgorithmscanhandle,as

shown in Figure4.4. In FADE, thenode-to-nodeforcecalculationsareapproximatedbased

on thenotionof well-separatedclusters, asin otherN-BODY basedmethods[5, 7, 14,28,

43, 110,125,222].

As notedin [110, 222,275],any forcecomputationerrorsoccurdueto round-off, trun-

cation, and discretenesseffects, which makes it unreasonableto computethe forcesto

extremelyhigh precision.Typically, for particle basedsimulations, in for exampleastro-

physics, it is sufficient to have the approximation errorsof the treecodebe of the same

orderasthesenumericalerrors.For visualization,thisrequirementis not thesamebecause

our goal insteadis to reacha minimum energy stateratherthantheensuringtheaccuracy

of theforces. Usinga two dimensionalelectricalrepulsionas ³E²¹¯±U�º , thenthex component
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of thisnonedgeforceis definedasfollows:

³�²¹¯±U�º�É YÊ2 �
Ë M1Ì ��Í ��Î]Y_Î

Ï
��o��°ÐcM©D±Ð � ��� �'Ñ

��Ya7^�wY
o<��ÐcM�D±Ð � � (4.3)

Where o<��Ð3M�D±Ð � � is the euclideandistancebetweenpoints � and � and Ï is a weighting

factor. The y componentof a two dimensional layout is similarly defined. Eachpair of

nodesmustbecomparedin thenonedgeforcecalculation,in theclassicaldefinition. For

example, considerjust the nonedgeforce on node Ò in Figure4.5. Direct calculationof

thenonedgeforceon node Ò requiresfifteen forcecomputations,onefor each �)ÒWD��R� pair.

However, thegroupof nodescanbeclusteredandrepresentedasa new pseudonodewith

weight Ó¨2fdw£ , asshown in Figure4.6. If this pseudonodeis used,thenwe save 14 force

computations,at theexpenseof clusteringthenodesandtheaccuracy in theforcecompu-

tation. However, if the nodeandclusterare“f ar apart”, thenthe inaccuraciesintroduced

by the approximationareminimal. Findingsuchclustersin an efficient manner, andde-

termining whetherthenodeandtheclusteraresufficiently“far apart”,aretwo keys to the

FADE paradigm.As described,this is a mono-poleapproximation of theforces,dueto the

single pseudonoderepresentingall thenodesin thecluster. Higherorderapproximations,

thatis, Ð ®°µ -order multipoleexpansionapproximations,arebriefly discussedin Chapter7.

In the basicFADE method,called FADE2D, the clustersare createdby generatinga

quadtreespacedecomposition of thelocationsof thenodesin thelayout.Thisdecomposi-

tion generatesa canonicalsetof squares.Thesedefinea hierarchicalgeometricclustering

(partitioning) of the locationsof the nodes. This partitioning in turn inducesa graph-

theoretichierarchicalclusteringof the nodesof the graph, that is (along with implied

edges),a hierarchicalcompoundgraph.

Theprocessof creatingsuchquadtreesisdescribedin Section3.7.1.Figure3.14,shows

an exampleof a quadtreespacedecomposition for a given graphlayout. In FADE, the

recursive division of spacegeneratedby thequadtreeis not usedlike a grid asin thePIC

codesbut insteadasabookkeepingstructureandinclusiontree.Thetreestructureprovides

a systematic way to determinethe degreeof closenessbetweennodeswithout explicitly

calculatingthedistancebetweeneachpair of nodes.
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Theroot cell of theinclusion treehasa massequalto thetotal numberof nodesin the

graph,that is 4�ÒÔuwu1¶Õ¯·¯)®q2�/Ö«¬/ . Thecentreof massof the root cell is theaverageof both

the B and J -locations of thenodesin thegraphlayout. So,asthe treeis constructed,the

massof eachcell is setto bethesumof themassesof its daughters.As a resulteachcell

containsacentreof mass,which is theaverageof thecentresof massof its daughtercells.

It is the distancebetweenthis centreof massandan individual nodethat is usedto

determinethe closenessbetweena cluster(cell) anda node. If the centreof a clusteris

far enoughaway, accordingto a “cell openingcriterion”, then the node-to-pseudonode

nonedgeforce is computed.If theclusteris too close,thenits daughtercellsareresolved

andthe processcontinues.This approachmeansthat the contribution of closenodesis

computeddirectly, aspertheclassicalmethod,whereasthecontribution of distantnodesis

takeninto accountonly by including node-to-pseudonode forces,representingmany node

pairs.Sooverall theforceonanode� is

× ���<�H2 �
� ��Ø Ë M Í

× M � \ �
� ��Î Ë M Í tÙM

� \ �
� ��� Ë M Í x�M

� (4.4)

I × M � is dueto theedgeforces

I t[M � is dueto thenode-to-nodenonedgeforcesandKQ���<� is thesetof closenodes.

I x�M � is dueto the node-to-pseudonode nonedgeforcesand ���C� � is the setof distant

nodes.

Overall, thereis a time saving by introducing approximationsinto the force calcula-

tion (aswith treecodes).By approximating theforces,FADE introducesanerror into the

force calculation. Measuring,quantifying, and constraining this error is the subjectof

considerablestudyin otherN-BODY fields(see [5, 14,222]) wheresucherrorscancause

catastrophicinaccuraciesin thesimulations[290]. Whereasin FADE, in general,thegreater

theerror in the forcecalculation,themoreiterationsof FADE arerequiredto reacha low

energy state.

Althoughwerestrictour interestin thisChapterto theinclusiontreeof thehierarchical

compound graph,it is worth noting that our overall goal is more than just particlesim-
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ulation. Unlike particlesimulation, FADE addressesthe measurementand formationof

abstractrepresentationsof thedata.Thehierarchicalcompoundgraphallows measuresof

clusteringquality to beformulated,asdescribedin Section3.4,andprovidesmeansto ex-

tractprécisof theunderlyinggraph.Drawing theseprécis,allowshighlevel abstractviews

of theunderlyinglargegraphsto bevisualized.

4.3.1 Barnes-HutCell Opening Criterion

After computingthe edgeforces,FADE proceedsby determiningthe nonedgeforceson

eachnodeof the graphin turn. The cell openingcriterion is a measurethat determines

whethera clusteris far enoughaway from the currentnodeto be considereda pseudon-

ode in the nonedgeforce calculation. The simplestcell openingcriterion (alsocalleda

multipoleacceptability criteria), formulatedby BarnesandHut [14] is:

Ú
oÜÛÞÝ (4.5)

where
Ú

is the width of the cell, o is the Euclideandistancebetweencurrentnode,and

the centreof massof the cell and Ý is the “fix ed accuracy parameter”. The fixedaccu-

racy parameter allows the overall runtimeof FADE andhencethe accuracy of the force

computation to becontrolled.

Thevalueof Ý is chosena priori andnotchangedduringthecomputationof theforces.

For astrophysical simulation,acompromise of Ý0ß ¤3àád - d�àâ¤ , oftenprovesto beapractical

choice(see[222]). For FADE the valueof Ý is typically in the range ¤3à¾ã - d�à¾ã , sincethe

edgeforcestendto dampenthelargererrorsintroducedin thenonedgeforcecalculation.

Usingthis cell openingcriterionthenfor eachnode-to-pseudonode criterioncheck;if
Ú v[o ÛäÝ , thenthecell is distant, the internalnodesof thecell areignoredandthenode-

to-pseudonodeforce,is addedto thecumulative forcefor thatnode.Otherwise,thecell is

resolvedinto its daughtercells,eachof which is recursively examined. Cellsareresolved

by continuing thedecentthroughthe treeuntil eithertheopeningcriteria is satisfiedor a

leafnodeis reached.

Considerthe example shown in Figure4.7. Herea quadtreespacedecomposition is
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(a) SpaceDecomposition (b) å<æ cell opening criterion

Figure 4.7: Comparing node 5 and6 with the North-Westpseudonode, where ç�èzé �0ê�ë�ì¹í½ë and
ç�èzé � êÜî½ìÖïÙð .

usedto geometricallyclusterthenodesof this graphlayout in Figure4.7(a),asindicated

by thequadtreedrawing over thegraphdrawing. Thepicturein Figure4.7(b)graphically

depictstheuseof theBarnes-Hutcell openingcriterionfor two nodes5 and6 with avalue

of 1.0for thefixedaccuracy parameterÝ .
In Figure4.7(b),theleafnode5 is comparedwith thepseudonodefor thelargestnorth

westcell, which is oneof the daughternodesof the root cell. In the simplestcase,the

weightof thepseudonode is determineddirectly by theweightof thecell. Theweightof

the cell is the numberof nodesthat it contains,or the numberof nodesthat its daughter

cellscontain.Theweightof this cell is 5 sothepseudonodehasa weightof 5. Thevalue

for
Ú

is thewidth of thecell thatcontainsthepseudonodeand o � is theEuclideandistance

from the centreof the nodeto the centreof the pseudonode.Thus
Ú v[o is ¤3à¾ã�¤ in this

case. Given that Ý 2 dyàâ¤ , FADE computesan approximatenonedgeforce betweenthis

nodeandtheweightedpseudonodeandaddsthis forceto thecumulativenonedgeforcefor

node5. Thisapproximatecomputationhasresultedin asaving of four node-to-nodeforce

computations.

Again in Figure4.7(b),the leaf node6 is thencomparedwith thepseudonodefor the
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Figure 4.8: Theminimumdistancefrom nodes5,6,7,8,9,10to theedgeof thenorth-westcell.

largestnorth westcell. Here o � is the distancebetweennode6 and the pseudonodein

the north-westcell. Thus
Ú vyo is d�à¹ñ�ò in this case. Here the value doesnot fulfill the

criterion
Ú vyo ÛóÝ , hencethe pseudonodeis resolved into its daughternodes,which are

the pseudonodesrepresenting(0,1) and (2,3,4). The pseudonode(0,1) doesfulfill

thecriterionandhencethenode-to-pseudonodeforce is addedto thecumulative nonedge

forcefor node6. FADE continuesby testing
Ú vyo ÛÞÝ for thepseudonode(2,3,4). Again

thecriterionis notmet,soeachof thedaughtercellsareresolvedanddirectnode-to-node

forcesarecomputed,the resultsof which areaddedto the cumulative nonedgeforce for

node6.

In this example,thenonedgeforcesdueto nodescloseby areincludedasdirectnode-

to-nodeforce contributions,whereasmoredistantnodesareincludedasgroupcontribu-

tions; thisexampleis typical.

Theaccuracy of a treecode,usingthiscell openingcriterion,hasbeenshown to admit

potentially unboundederrorsunlessÝ	ô dwvcõ ¢ [251]. This canbecatastrophicin particle

simulation, so threealternatecell openingcriteria, which addressthis unboundederror

problem,aredescribedbelow.
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Figure 4.9: The maximumdistancefrom the centre of massof the north-westcell to the edgeof
thecell.

4.3.2 Other Cell Opening Criteria

Theminimumdistancecell openingcriterion(alsocalledtheMin-distanceacceptancecri-

teria),formulatedby SalmonandWarren[251] aimsto avoid grosserrors,in certainpatho-

logical cases,wherethe centreof massis nearthe edgeof the cell. This cell opening

criterionis: Ú
ön÷ «.p ÛÞÝ à (4.6)

where
Ú

is thewidth of thecell and
ön÷ «$p is theminimumhorizontalor verticalEuclidean

distancebetweenthe currentnodeandthe edgeof the cell. This criterion measuresthe

minimum distancefrom the nodeto any point in the cell, which is independentof the

contentsof the cell. Hence,this measurecan be appliedwithout computing the exact

locationsof the nodesinside the cell. Figure4.8, shows the minimum distancefrom the

centreof eachnodeto theedgeof thenorth-westcell.

The Bmaxcell openingcriterion is motivatedby the largestpossibleerror in a dis-

tribution of nodesin a cell. For any distribution of nodesin a cell, the largesterror is

proportional to themagnitudeof thesingleapproximation,andamonotonically increasing

function of the distancefrom the centreof massto the edgeof the cell, divided by the
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distanceto thenode[15, 251]. Thiscell openingcriterionis:

ø S!XZY
o ÛùÝ à (4.7)

Where
ø S
X_Y is theminimumdistancefrom thecentreof massof thecell to theedgeof the

cell. This is illustratedin Figure4.9.

Finally, othercell openingcriteriarefinements,suchasthatby Barnes,haveattempted

to addressthe unboundederror problemof relatively off-centermassdistributionswith-

out introducingextraneouscomputation(see[15]). Barnes1995cell openingcriterion,

illustratedin Figure4.10is:

o�ú
Ú

Ý
\¬û � à (4.8)

Here û is theEuclideandistancefrom thecentreof massof thecell, to themiddleof the

cell. If the centreof massis reasonablycloseto the middle of the cell, that is, not close

to theedge,thenthe û[� termdoesnot contribute greatly. However, asthecentreof mass

tendstowardstheedgeof thecell, the ûy� termcontributesmuchmore,therebyavoidingthe

pathological unboundederrorcase.

For FADE, the accuracy of the force calculationis not the determiningfactor for the

quality of a graphdrawing. Our casestudiesindicatethat, a few very large errorsin a

given force calculationare typically dampenedby the edgeforcesandareaveragedout

over many runsof FADE. As such,the unboundederror problemis not assignificantas

with particlesimulationsandwe typically adopttheMin 7 distancecell openingcriterion

in our casestudies.In Chapter7 we suggestpossible refinementsto our FADE paradigm

with theuseof othercell openingcriterion.

4.3.3 Fixed Accuracy Parameter

For a reasonablyuniformdistribution of nodeswith a nonzerofixedaccuracy parameterÝ
thesumof node-to-nodeandnode-pseudonodeinteractionsis {|��
'�����?
�� . Thiswasdemon-

stratedby Hernquist[125] usinga simplified geometry, with a singleparticlein thecentre

of a homogeneoussphericalparticledistribution. However, in contrastwith this idealized
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Figure 4.10: Theoff centre cell opening criterion for thenorth-westcell.

model,thecomputation requiredandtheerrorsintroducedalsodependsstronglyon:

I thechoiceof cell openingcriterion

I thevalueof thefixedaccuracy parameter

I theratioof theaverageinterparticledistanceto thewidth of theroot cell.

The relianceon Ý is evident. Take, for example, the caseof Ý 2 ¤ ; this is obvi-

ouslyequivalentto computingall node-to-nodenonedgeforcesdirectly, aspertheclassical

methodof force directedcomputation. In fact,having Ý 2ü¤ is slower thanthe classical

method,asthe time requiredto build andnavigatethe treeis unnecessaryeffort. Choos-

ing a very large Ý resultsin very few node-to-nodecomputations.This reductionin direct

computation producesavery fastrun timefor FADE sincethenumberof forcecalculations

approaches« . As Ý is increased,progressively larger pseudonodesare includedin the

approximate force calculationfor eachnode,until only the root nodeis includedin the

approximation. However, steadilyincreasingÝ resultsin the force calculationbecoming

extremelyinaccurate.

Thetradeoff betweenaccuracy andspeedis very importantfor FADE, asit allowslarge

graphsto bedrawn with relatively inaccurateforces.Studyingtherelationship betweenÝ
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andtheinaccuraciesintroducedrequiresmeasuresto comparetheapproximateforceswith

somebenchmarks.A techniquefor measuringtheerrorsis describedin Section4.3.4.

FADE example

Herewe provide an annotatedexampleof how changingthe valueof the fixed accuracy

parameteraffectsthe force computationin our FADE paradigm.In this example,starting

in Figure 4.11, FADE computesthe nonedgeforceson the node ý , indicatedby a star.

Herethe edgeforcesarecomputedfirst, so we omit the edgesfrom further drawings, to

emphasizethe node-to-nodeand node-to-pseudo-node force contributions. Figure 4.11

shows a graphicaldepictionof theinteractionlist, that is, thenodesandpseudonodesthat

contribute to nonedgeforce calculationfor ý when Ý 2 ¤ . This is the classicalforce

directedcase,with only node-to-nodeforce calculations,andevery nodein the graphis

includedin theinteractionlist for ý .
As the value for Ý increases,the numberand relative weight of the pseudonodes in

theinteractionlist alsoincrease.Theweightof a particularpseudonodeis depictedasthe

areaof the pseudonode image. This is illustratedin Figures4.12 to 4.16. This increase

in node-to-pseudonodeinteractionscausesa resultantdecreasein the numberof node-

to-nodeinteractionstherebyreducingthe run-timeof FADE. It is also importantto note

that, on average,the largestpseudonodesfirst appearon the peripheryof the interaction

regionof ý . This is thereasonfor thepreviously statedobservationthat,onaverage,nodes

interactby directnode-to-nodenonedgeforceswith close-bynodes,whereasapproximate

forcecontributionsareincludedfor distantgroupsof nodes.Theprecisedeterminationof

closeor distantnodesis dependenton thechoiceof Ý andthedistributionof thenodes.

FADE treatseachpseudonode asa singlepoint massthatapproximatesa setof nodes

within that cell. This approachfollows the monopole tree codemethodsfrom particle

simulation. However, it is alsopossible to increasethe accuracy of the FADE paradigm

without increasingthe sizeof the interactionlist for a given Ý . Multipole moments treat

the pseudonodesashaving multiple centresof mass,ratherthantreatingthemassingle

point masses.Di-pole andquad-polemethodsarepopularrefinementsto the basictree

codemethod.Clearly, if themultipoleexpansionis carriedout to a high enoughorder, it
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containsthetotal informationof thenodedistributionin thecell. As notedearlier, however,

accuracy in the force calculationis not thedriving factorfor the useof thesemethodsin

forcedirectedlayout. As such,we leave furtherdiscussion of thesemultipolemethodsto

Chapter7.
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Figure 4.11: node-to-nodeinteractionlist, with andwithout edges, for node þ with ÿ ê¸ë , that is,
theinteraction list asin theclassical force-directedmethod

Figure 4.12: Interaction list for node þ with ÿ êOë�ì ë � and ÿ êOë�ì°î

Figure 4.13: Interactionlist for nodeþ with ÿ êOë�ì�� and ÿ ê^ë�ì �
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Figure 4.14: Interactionlist for nodeþ with ÿ êOë�ì�� and ÿ ê î½ì ë

Figure 4.15: Interactionlist for nodeþ with ÿ êÜî½ì�� and ÿ ê î½ì �

Figure 4.16: Interactionlist for nodeþ with ÿ ê��yì ë and ÿ êOï�ì ë
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4.3.4 Err or Measure

Although accuracy in theforcecomputationis not thedeterminingfactorin thequalityof

thefinal drawing produced,it is an important factorthatmustbeaddressedandmeasured

in our casestudies.Thequestionof tradingoff accuracy againstperformanceis relatedto

theinitial layout,thestructureof thegraph,thechoiceof Ý , theshapeof thedecomposition,

andthedensityof thenodedistribution. Extensive analysisof tree-codeperformanceand

accuracy, in theparticlesimulation context, hasbeenperformedsincethedevelopmentof

treebasedmethods[5, 28, 124,125, 222]. Typically theseanalyseshave focusedon how

accurately agiventree-codecalculatestheforces,sincethis is oftenthelimiting factorfor

goodenergy conservation. Thesestudieshave resultedin error measuresthat charthow

accuratelya treecodeapproximatesthetruepathof agivenparticlefrom startstateto end

stateoveragivennumber of timesteps.

FADE usesthesameclassof errormeasureasin theclassicalN-BODY simulations.To

giveacomparativeanalysis,only thenonedgeforcesarefactoredinto theerrorcalculation

hereandin ourcasestudies.In reality, theedgeforcestendto dampenout theerrorsin the

nonedgeforces,resultingin veryaccurateoverall forces,evenwith relatively highnonedge

forcecomputation errors.In FADE, theerrormeasureis usedto seehow closelythenodes

of thelayoutfollow thepathasprescribedby thenonedgeforcesin thedirectnode-to-node

computation method.This errormeasuregivesa valuefor theglobalconservationrather

thanan absolute accuracy measure.The error measure( � ) is given in termsof a three

dimensional layout(theforcecomponentin the 	 direction,canbesafelyignoredfor a two

dimensionalerrormeasure).Morepreciselytheerrormeasure� is definedasfollows:

�l2 ��Y \
����\
���
¢ (4.9)

Wherefor G�2ÞBED�J<D�	
� ª 2�� � ÇT°�<� ��� ®�¶·»±»ª T 7�� pÕTV¶Õ»���®ª T �_�� ÇT°�<� ��� ®�¶Õ»±»ª T � �

���� (4.10)

wherethe x,y,z components of the approximatedforceson a node , are � ®�¶Õ»)»Y¼T , � ®�¶Õ»)»�ZT , � ®�¶Õ»)»�ÕT
andthex,y,z componentsof thedirectlysummedforceson , are � p_Tâ¶Õ»���®Y¼T , � pÕTV¶Õ»���®��T , � pÕTV¶Õ»��C®�ÕT .
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Theresultsof applyingthiserrormeasure,to asetof examplegraphs,whichhavebeen

given a randomlayout in a fixed boundedareaareshown in Table4.1. Herethe error is

averagedover a selectionof runsof a basicimplementationof FADE. In this example, we

randomlyselect � ,Õv ` iterationsfrom thefirst ,!2 ¥[¤�¤ iterationsof FADE2D; thealgorithm

describedin Section4.4. Table4.2 shows the total number� of force calculations(both

node-to-nodeandnode-to-pseudonode), averagedover thesameiterations,as Ý increases.

Table4.3shows boththeerrormeasuresandtheforcecalculations� for theopeningiter-

ationof FADE, whenthenodesareinitially randomlyplaced.Thesametrendsareevident

in all tables.Someremarkson thisdatashouldbemade:

I The � measureshows that as Ý increases,the error climbs, as predictedby other

N-BODY work.

I An increasein densityof nodesin the unit squarein the initial drawing causesthe

errorsto steadilyincrease,astheoptimal inter-nodedistanceis basedon a uniform

springlength,regardlessof nodedensity.

I An initial randomlayout,in a scaledunit square,providesa uniform distribution of

nodeswhich achievesthe {|�C
'�"���H
�� time asshown by Hernquist[124,125]; this is

shown in Table4.3.

Onecanalsosee,from thedifferencebetweenTables4.2and4.3,thatFADE performs

betterontheinitial randomdistribution thansubsequentiterations.This is primarily dueto

two factors.

I Theruntimeof FADE is dominatedby the force calculationbut is not thesamefor

every iteration. FADE rebuilds the treeab-initio beforeeachiterationwhich takesa

differentamountof effort dependingon thedistributionof thenodelocations.

I If thegraphhasnaturalclusters,thenasthedrawing improvestheseunderlyingstruc-

turesbecomeapparentandhencetheuniformity in thelayoutdecreases.
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Nodes Ý 26àâ¤Rd Ý 2jà¾¤�£ Ý 2jàád Ý 2�àâ¢
1277 .00000000004 .0000008380 .0000138081 .00047509631
1832 .00000000038 .0000009288 .0000220585 .00048515007
2487 .00000000032 .0000014832 .0000232423 .00053358670
3242 .00000000047 .0000016704 .0000328129 .00063418773
5052 .00000000072 .0000026256 .0000319591 .00066698126
7262 .00000000126 .0000041525 .0000379348 .00068908789
9872 .00000000234 .0000048062 .0000449909 .00074681910
12092 .00000000259 .0000044238 .0000487464 .00075540835

Nodes Ý 2jàâ£ Ý 2n¤RàV¥ Ý 26d�à¾¤ Ý 2jdyà `
1277 .0019500795 .00539801978 .0150509131 .025228532713
1832 .0019884802 .0048182771 .0143546497 .026913635200
2487 .0021842746 .00505085568 .0153926954 .026407794374
3242 .0022511564 .00578494003 .0166393935 .029829451384
5052 .0025214306 .00678366025 .0180891907 .034157615132
7262 .0025843103 .00651497615 .0193562692 .035122402799
9872 .0027210468 .00680969862 .0198439982 .037554443325
12092 .0026423973 .00676360044 .0190950007 .036336674694

Nodes Ý 26d�àâ£ Ý 2
` àâ¤ Ý 2 ¢3à¾¤ Ý 2ùñ3àâ¤

1277 .04870902448 .09047355384 .15279595472 .1984136239
1832 .05031801678 .09611990368 .14670438657 .183907956324
2487 .05278841594 .10133313388 .16345486364 .22532728982
3242 .06925755366 .11768116360 .21565771798 .27166379940
5052 .06653620606 .12022535238 .20829714237 .27506811254
7262 .07176602972 .14557621557 .23911949148 .32061095159
9872 .07563862996 .15569051335 .28185172218 .40812468249
12092 .07631118917 .16711961048 .29151599631 .39025153426

Table 4.1: Errorsin thenonedgeforcecomputation FADE2D differentvaluesof ÿ
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Nodes Ý 2�àâ¤3d Ý 2jà¾¤�£ Ý 26àád Ý 26àâ¢
1277 1626234 1566126 1201892 423883
1832 3349876 3172705 2196379 646963
2487 6175171 5689191 4003452 1228431
3242 10497905 9976598 7122082 2018581
5052 30283941 29384859 11939403 4039201
7262 52710204 45329015 28552538 6583002
9872 97383575 81553666 49370679 10293893
12092 146095891 122938983 73202939 14354588

Nodes Ý 2jàV£ Ý 2n¤3àâ¥ Ý 2jdyàâ¤ Ý 2�d�à `
1277 215991 134256 80293 61401
1832 318063 193133 113807 86004
2487 576627 338519 190656 142405
3242 900897 507110 278911 207081
5052 1928381 902910 569929 440039
7262 2710759 1463403 769205 558272
9872 4051174 2143683 1092473 779698
12092 5614529 2922024 1472483 1050497

Nodes Ý 2�d�àV£ Ý 2
` à¾¤ Ý 2n¢Ràâ¤ Ý 2Þñcà¾¤

1277 44040 28330 15106 10126
1832 60289 36887 16960 9264
2487 100390 61135 30182 19772
3242 142071 85264 41651 27893
5052 293882 189293 801920 69930
7262 376987 219244 108758 71079
9872 513238 288505 130067 79922
12092 691404 384630 175169 111860

Table 4.2: Averaged sum of Â! ½é#" - $% -&(')"�*3é+ zÂ! ½é," and Â! ½é," - $% - Â! ½é," interactions for various
graphs with varying fixedaccuracy parameter of ÿ , with errors asshown in Table4.1
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Nodes - ÿ êOë�ì ë - ÿ ê¸ì ë�î - ÿ ê¸ì ë �
1277 1629452 .0 1626900 .00000000 1618085 .000000060
3830 14665070 .0 14657297 .000000001 14416952 .000000062
5052 25517652 .0 25506310 .000000001 24902915 .000000077
12092 146204372 .0 146083109 .000000004 138336227 .00000013

Nodes - ÿ ê¸ì°î - ÿ ê¸ì�� - ÿ ê¸ì �
1277 1548402 .0000001 834649 .00000027 390064 .00000028
3830 12947392 .0000001 4382696 .00000026 1631375 .00000027
5052 21703741 .0000002 6439792 .00000032 2292324 .00000032
12092 107119059 .0000002 21158111 .00000028 6751967 .00000029

Nodes - ÿ êOë�ì�� - ÿ êÜî½ì ë - ÿ êÜî½ì��
1277 196752 .00000028 97337 .000000288 56756 .00000028
3830 755402 .00000027 342516 .000000273 196829 .00000027
5052 1051930 .00000033 478822 .000000330 277517 .00000033
12092 2995143 .00000029 1305468 .000000291 755903 .00000029

Nodes - ÿ êÜî½ì � - ÿ ê��yì ë - ÿ ê��yì ë
1277 25769 .00000029 12711 .000000293 10185 .00000029
3830 84656 .00000027 38881 .000000279 30800 .00000028
5052 116414 .00000033 51241 .000000335 40536 .00000033
12092 308811 .00000029 124983 .000000297 97034 .00000029

Nodes - ÿ ê�ï�ì ë - ÿ ê � ì ë - ÿ ê^ðyì ë
1277 9130 .00000028 7611 .000000271 6071 .00000025
3830 27580 .00000027 22946 .000000256 18487 .00000023
5052 36824 .00000033 30545 .000000316 24420 .00000030
12092 88860 .00000029 73775 .000000274 58893 .00000025

Nodes - ÿ ê��[ì ë - ÿ ê^íyì ë - ÿ ê�.yì ë
1277 4853 .00000026 4034 .000000301 3348 .00000036
3830 14728 .00000024 11830 .000000291 9870 .00000035
5052 19702 .00000030 16020 .000000339 13283 .00000039
12092 46566 .00000026 38047 .000000301 31950 .00000036

Nodes - ÿ ê î¼ë�ì ë - ÿ êÜî1î½ì ë - ÿ êÜî/�yì ë
1277 2865 .00000044 2515 .00000052 2249 .00000060
3830 8589 .00000042 7483 .00000050 6790 .00000058
5052 11491 .00000046 10063 .00000054 9139 .00000060
12092 27421 .00000043 24173 .00000051 21653 .00000059

Table 4.3: Thecount of Â! ½é#" - $% -&(')"�*3é+ - Â! ½é," and Â! ½é," - $% - Â! ½é," ê - interactions andthe 0 error
for thefirst iterationof FADE2D for variousgraphs with varying fixedaccuracy parameter
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Figure 4.17: Initial random layout of a 326nodetriangular-meshandits final drawing

4.4 FADE2D

FADE2D is our basicdrawing algorithmfor undirectedgraphs,in two dimensions,using

a simple forcemodelanda quadtreespacedecomposition to createthehierarchicalcom-

poundgraph.TheFADE2D algorithmdirectlycomputesthenode-to-nodeforcesfor edges

andapproximatesthenonedgeforcesusinga tree-codeapproach,wherethetreeis recon-

structedab-initio for everynew iterationof FADE2D. Roughlyspeaking,FADE followsthe

generalschemadescribedin Algorithm 1. In this sectionwe describein moredetailhow

FADE2D works.

For FADE2D, the initial layoutmerelyassignsrandomlocationsto thenodes.This is

a simple techniqueto give thegraphaninitial layout. This layoutcanthenberenderedto

producea graphdrawing (albeit a very badoneby almostevery aestheticandclustering

measure).In Section4.6,we suggestanalternateinitial layoutstrategy which is suitable

for the graphsin both of our casestudies.For now, we restrictour interestto the initial

randomplacementasit providesaconsistentstartingquality.

For example,Figure4.17shows theopeningandfinal drawing of a triangularmeshof

326nodes.Initially the 326nodesareassignedrandomB - and J -locationsandthe route

for theedgeis definedby its startandendnodelocations.This layout is thenrenderedin

theimageon theleft of Figure4.17.
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Algorithm 2 describesthecomputation of theedgeforcesin FADE2D. Thedamping

parameterL decreasesthe valueandhenceeffect of the attactive force. If the damping

parameteris
`

thentheforceis directlycalculatedandappliedto eachnode.

Algorithm 2 Compute2D EdgeForces
Input: EdgeSet�
Input: L , which is adampingparameter
Require: Läú `
begin

for ,!2�d to / �a/ do×21 ¤3�1 �54 ,�6±à�7[�wu1,±r�,·�½
�x��
& 1 �84Ö,�6)à¹,·o©�1Ò©r�9��½
�t;:�<= Y 1 �54Ö,�6)àâ�½
 oÔ«8s[o©��à B - �84Ö,�6)àâu>:ZÒ?7@:Z«PsÙo©��à¹B= � 1 �54 ,�6±à¾�½
�o©«PsÙo©��à¾J - �54 ,�6±àâu):ZÒ?7+:Z«8s[o©��à¹J
o 1 A = Y � \ = � �
if oPk2 ¤ then×21 ��&b7boÔ� Ñ

3
L

end if× Y 1 ×
Ñ
= Y1vyo× � 1 ×

Ñ
= �zvyo

if �84Ö,�6 is notfixedthen
�84Ö,�6)àâ�½
 o©«PsÙoÔ��à B 1 �84Ö,�6)à¾�½
�o©«PsÙo©��à¹B +

× Y
�84Ö,�6)àâ�½
 o©«PsÙoÔ��à¹J 1 �84Ö,�6)à¾�½
�o©«PsÙo©��à¾J +

× �
�84Ö,�6)àVu):ZÒ?7@:Z«PsÙoÔ��à B 1 �84Ö,�6)àâu>:ZÒ?7@:Z«PsÙo©��à¹B -

× Y
�84Ö,�6)àVu):ZÒ?7@:Z«PsÙoÔ��à¹J 1 �84Ö,�6)àâu>:ZÒ?7@:Z«PsÙo©��à¾J -

× �
end if

end for
end

Algorithm 3 and Algorithm 4 describehow a regular geometricclustering,which

includesquadtreesandnonotrees,is constructedin a top-down manner. Herethenodesare

simply addedto the treeoneat a time. Note thatanagglomerative treeconstructionmay

givesomeperformanceimprovement;however, treeconstruction takesonly a tiny fraction

of thetotalandtheimprovementwouldbenegligible.

Algorithm 4 describestheprocessfor creatingtwigs andleavesof the inclusion tree,

regardlessof orthogonal decomposition used.Thenodeandthecurrentcell (theroot) are

passedinto thismethod.If thecell is empty, thenit is updatedto containthedetailsfor this
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Algorithm 3 Build 2D OrthogonalGeometricClustering
Input: NodesK , ClusteringArity Width *
Input: BoundingBox BCB of K
Require: K k2 m
Require: * is apositive integervalue7ysÙs@: 1 newCell(BDB , * )

for ,!2�d to / K / do
addNode(K [i], root, * )

end for

node.If thecell is full, thenthenodedetailsit currentlycontainsareremovedandstored

andthecell is split. This node,andtheoriginal node,arethenreintroducedat this cell’s

parentlevel by arecursivecall to thismethod.Finally, if thenodeis spilt thenthecentreof

massof thiscell is updatedandits weightincremented.Referencesto thedaughtercellsare

storedin anarrayandthe index to this arrayis determinedby theindexOfDaughter

method.For example,in a quadtree,wheretherearea maximumof four daughtercells,

this methoddetermineswhetherthenodelocationis in thenorth-west, south-west, north-

eastor south-eastquadrantandselectsthe index accordingly. If thereis no daughtercell

for thecurrentindex, thenoneis created.Oncea referenceto thecorrectdaughtercell is

determined,thenthismethodis recursively calledwith thenodeandthisdaughtercell.

Thecrux of theFADE2D methodis the“ComputeApproximate NonedgeForce” step,

shown in Algorithm 5. It shouldbe notedthat
3

in Algorithm 5 is the sameclassof

weighting factorastheedgeresilience
3

in Algorithm 2. Theseweightsaretypically set

at1 for directforcecalculation.In aninteractivesettingthesevaluescanbealtered,likwise

whenthevalueof Ý is largethentheoverallnon-edgeforcecalculationis inaccuratesothe

edgeforcescan be madeto dominate. If non-edgeforcesbetweennodeswith an edge

betweenthemarenot computed,thenthe theattractive forceson anedgeshouldbalance

whenthe edgeis at it’ s ideal length(if
3

is 1). In Section3.7.1we describedhow the

internalnodesof theinclusiontreestructureof thehierarchicalcompoundgraph,thetwigs,

containequivalents for thecentreof massandweight. Theweightis typically thenumber

of nodesthatthecell contains.Oncethesehavebeendefinedfor eachtwig node,thenthey

canbeusedby theforceapproximation routine.

FADE2D hasbeenimplementedin aprototypegraphdrawing tool, for thelayout,draw-



4.4FADE2D 132

Algorithm 4 addNodeto aGeometricClustering
Input: node,cell
Input: ClusteringArity Width *
Require: x��1r�rlk2 m
Ensure: Thereareat most *$� daughtersof thiscell
begin

if cell is emptythen
x��1rCrÕàâx�sw
E:Z�½
E:�u 1 
�sÙo©�
x��1rCrÕà¹B 1 
 s[o©��à B
x��1rCrÕà¾J 1 
�sÙo©��à¾J
x��1rCrÕàâx�sw��
F: 1 d

�sÙoÔ��à Ð�Ò?7[�½
E: 1 x��1r�r
x��1rCrÕàVu):ZÒG:_�<u 1 × �<rCr

elseif cell is full then
x��1rCrÕàVu):ZÒG:_�<u 1 u�Ð�r�,�:
- 1 x��1rCr_à Ð�Ò?7[�½
E:
&
K 1 x��1rCrÕàâx�sw
E:Z�½
E:�u
&
Kjà Ð�Ò?7[�½
E: 1 m
x��1rCrÕàâx�sw��
F: 1 ¤
x��1rCrÕà¹B 1 ¤
x��1rCrÕà¾J 1 ¤
ÒÔo©o©«PsÙo©�©��
 s[o©��D�-�D�*��
ÒÔo©o©«PsÙo©�©��&
KjD�-�D�*��

else � Cell is split
�

x��1rCrÕà¹B 1 ��x��1rCrÕàâx�sw��
F: Ñ x��1rCrÕà B<�=\b
�sÙo©��à¹B
x��1rCrÕàâx�sÙ��
F:�\Þd

x��1rCrÕà¾J 1 �)x��1rCrÕàâx�sÙ��
F: Ñ x��1rCrÕà¹Jc��\b
�sÙoÔ��à¹J
x��1rCr_à¾x�sÙ��
E:�\ùdx��1rCrÕàâx�sw��
F: 1 x��1rCrÕàâx�sw��
F:�\Þd

,±
�o©�zB 1 indexOfDaughter(cell,node,* )
if x��1rCrÕàâo©Ò��Wt(<H:Z�>7yuI4 ,)
�o©�zBJ6<2 m thenBCB 1 boundBoxOfDaughter(cell,node,* )
x��1rCrÕàâo©Ò��Wt(<H:Z�>7yuI4 ,)
�o©�zBJ6 1 newCell(BDB , * )

end if
addNode(node,cell.daughters[index], * )

end if
end
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Algorithm 5 Compute2D ApproximateNodeForces:2daproxforce
Input: node,cell , ForceIntensity

3
,

Input: CriterionType,Cell OpeningCriterion ÝRequire: x��1r�rlk2 m
begin= Y 1 
 s[o©��à B|7^x��1rCrÕà¹B= � 1 
�sÙo©��à¾J.7bx��1rCrÕà¾J
o 1 A = Y � \ = � �
if oPk2 ¤ then

if CriterionType 2KBML then

� 1 x��1rCrÕà¹ÓÊ,·oG:�<
o

elseif CriterionType 2ù��*ON then

� 1 x��1rCrÕà¹4�Ò�B
o

elseif CriterionType 2bKù�QP�BML thenR Y 1 x��1r�rÕà B	7^x��1rCr_à¾x¼BR � 1 x��1rCrÕà¾J$7Ox��1rCrÕàâx�J
û+S 1 R Y S \ R � S
� 1 x��1rCrÕà¹ÓÊ,%TG:�<T§7^û S

else � CriterionTypeis OrthogonalDistanceU
if VXWHYHVIZ[VXWH\IV then] ^ _a`cbdbfe�gih TGj�kVXWHY(V@l�m eonqp5_r`cbdbse�gth TGj�k
else u UseHorizontalDistanceU] ^ _a`cbdbse�gth TGj�kVXWH\IVcl�m eonip5_a`cb�bse�gih T?j�k
end if

end if
if
] vxw

OR cell is a leaf then u UseApproximationUy2^ _a`cb�bse�_rz@{!| j p5}�~ T S|�z T `�� TG� ^ |�z T `Ge ����� y p WJYc�|�z T `�� T?� ^ |�z T `Ge ���K� y p WJ\)�
else u Resolve for thedaughtercellsU

for h���� to V _a`cbdbse TI� {J� k(j `>�#� V do
2daproxforce(node,cell.daughters[i],} , CriterionType,

w
)

end for
end if

end if
end
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ing andvisualprécisof avarietyof graphsandhierarchicalcompoundgraphsfrom differ-

ent domains. Application casestudiesfor FADE2D, along with performancemeasures,

errormeasure,aestheticmeasures,andclusteringmeasures(describedpreviously) arede-

tailed in Chapter5 andChapter6. Thesecasestudiesincludelargesoftwareengineering

graphsextractedfrom a codeanalysisandmatrix market graphs,from a rangeof applica-

tion domains.

For FADE2D with the �DL cell openingcriterion, theeffect of having differentvalues

for thefixedaccuracy parameter
w

is shown in Figures4.11to 4.16.Of coursetheresultant

inaccuraciesof this approximationmethodalsoincrease;seefor exampleTable4.1 and

Table4.3.

A visualprécisof qh1484 (from Chapter6) is shown in Figure4.18,which is typi-

cal of the high level horizondrawings that the FADE paradigmconstructs.A drawing of

add32 producedby FADE2D, agraphof �?�G�Gm nodesand �#�G�?� from theGraphPartitioning

Archive [283,284], is shown in Figure4.19.

4.5 FADE3D

FADE3D is a straightforward threedimensional extension to FADE2D. The original tree-

codemethodof Barnes-Hut[14] wasdesignedfor astrophysical simulations,of planets,

stars,andotherheavenly bodiesin therealworld. This requiredmodeling a threedimen-

sionalenvironmentwhich they achievedwith an extension of thequadtreespacedecom-

position calledan “octtree”. An octtree is a recursive decomposition of spaceinto eight

octantsinsteadof four quadrantsasin thetwo dimensional quadtree.As is shown in Fig-

ures4.20,4.21,4.22and 4.23.

Figures4.20,4.21and4.22,show thetop threelevelsof thespacedecomposition of a

drawing of nos7, from thecasestudyin Chapter6. Thefirst figure, theroot cell, shows

thesmallestcubeenclosingall thenodesof thegraphdrawing. Thesecondfigure,demon-

stratestheeightway divisionthatoccursin a octtreedecomposition of space.Figure4.22

representsthedecomposition to thesecondlevel of granularityin the inclusiontree. Fig-

ure 4.23 is a representationof the entireocttreeof a spacedecomposition of bfw782a,
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Figure 4.18: A visual précis of qh1484, from the matrix market (seeChapter6), drawn with
FADE2D
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Figure 4.19: FADE2D drawing of add32 ( �+�c�>� nodes) from theGraphPartitioning Archive [283,
284]
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Figure 4.20: Rootcell of octtree decomposition of nos7

which is a graphwith two largedisconnectedsub-graphs.

The FADE paradigmis basedon the hierarchicalcompoundgraphmodel, which is

independentof any particulardecomposition method;thusit is independentof dimension.

TheFADE3D methodusesa cubicaldivisionof spacefor graphlayout,clustering, andthe

generationof visualprécis.Theprimaryadvantageof thethreedimensional variantof the

FADE2D algorithm, aswith all threedimensional forcedirectedplacement,is thattheextra

dimension allows greaterfreedomin placingthenodes.This canresultin a morenatural

representationof thegraphandhencetheinformation thatit represents.

Figure4.24,shows theresultsof applyingbothFADE2D andFADE3D to a graphfrom

the Matrix Market casestudyin Chapter6. The picture in the upperleft cornerof Fig-

ure4.24is producedby FADE2D, describedin theprevious section.Therestof thedraw-

ingsin Figure4.24areproducedby FADE3D. We includethethreedimensionalmodeland

avideosimulation, for thisdata,in AppendixA.

Theformulation of FADE3D differs littl e from its two dimensionalcounterpart.How-



4.5FADE3D 138

Figure 4.21: Eight daughtercellsof theroot cell of anocttreedecomposition of nos7

Figure 4.22: Secondlevel of anocttreedecomposition of nos7
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Figure 4.23: CompleteOcttreeof bfw782b

ever, it is importantto notethat the formulationof thecell openingcriterion remainsthe

same.

The extra dimension roughly doublesthe computational effort in building the tree,

which is still negligible comparedto theeffort involved in thenonedgeforcecalculation.

The force computation involves a few extra floating point operations,andthe total over-

headin moving from two dimensionsto threedimensionsis around25%;seefor example

Table4.4 for a performancecomparisonof the two andthreedimensional WAVE-FRONT

algorithms.

Figures4.25and4.26arealternatetwo dimensionalprojectionsof a threedimensional

layoutof thegraphqh1484. Figures4.27,4.28and4.29arevisualprécisof athird, fourth

andfifth level horizonprécisof qh1484 (seeAppendixA).

Figures4.30and4.31arealternatetwo dimensionalprojectionsof a threedimensional

layoutof thegraphdwa512. Figures4.32,4.33and4.34arevisualprécisof asecond,third

andfourth level horizonprécisof dwa512 (seeAppendixA).
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Figure 4.24: RDB209 a graph of a Reaction-diffusion Brusselator Model, from ChemicalEngi-
neering, drawn with FADE2D thenwith FADE3D andviewedfrom different3D viewpoints
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Figure 4.25: FADE3D drawing of qh1484

Figure 4.26: FADE3D drawing of qh1484
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Figure 4.27: Third level horizon drawing, of qh1484, with a visual weight of �@� drawn with
FADE3D.

Figure 4.28: Fourth level horizon drawing of qh1484, with a visual weight of �c� drawn with
FADE3D.
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Figure 4.29: Fifth level horizon drawing of qh1484, with a visual weight of �)�,� drawn with
FADE3D.

Figure 4.30: FADE3D drawing of dwa512
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Figure 4.31: FADE3D drawing of dwa512

Figure 4.32: A visual précis of dwa512a, from thematrix market, drawn with FADE2D
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Figure 4.33: Third level horizon drawing, of dwa512, with a visual weight of �@� drawn with
FADE3D.

Figure 4.34: Fourth level horizon drawing, of dwa512, with a visual weight of �c�@� drawn with
FADE3D.
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Figure 4.35: dwb512 a graph of theSquareDielectric Waveguideproblemin Electrical Engineer-
ing, drawn with FADE3D andviewed from six different 3D viewpoints. Thebottom two drawings
arewithout nodes but includea colour coding of thestrengthsof theedges.
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Figure 4.36: Starting to passa wave of thickness� through a graph. Black - fixed, Red- in the
wave, Grey - asyetunassigned

4.6 WaveFront FADE

A wave-front layoutis abreadthfirst traversalof thegraphstructurecoupledwith thestan-

dard FADE algorithm,either in two or threedimensions. As notedearlier, althoughour

layout methodis computationally inexpensive per iteration, it typically requiresa large

numberof iterationsto movetheenergy statefrom arandomconfigurationto a low energy

statewhich exhibits an aestheticallypleasantdrawing. For example, take a large graph

which hasbeenassigneda randomlayout. Thefirst few iterationsof FADE typically im-

prove the micro relationalstructurerapidly but ignore the macrostructure. This results

in adjacentnodesbeingdrawn togetherbut having little regardfor non-adjacentrelation-

ships(nonedgeforces). Large graphscanoften remainin this tangledstateor requirea

prohibitive numberof iterationsof FADE to improve theaestheticsof the layout. Seefor

example the threedimensional drawing of the triangularmeshgraphof �G�(���G  n nodes,

shown in AppendixA.

Observation of this behaviour resultedin the developmentof the “wave-front” force

directedlayoutmethod.This is a computationally inexpensive approachto thegeneration
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Figure 4.37: Midway throughpassing a wave of thickness� through a graph. Black - fixed, Red-
in thewave, Grey - asyetunassigned

of theinitial layout.Thealgorithmusesa“wave”, which is asubgraphthatmovesthrough

thegraphfrom aroot,in abreadthfirst fashion,asshown in Figures4.36and4.37.At each

stepin the traversal,forcesareapplied ¡ times,only to the nodesin the wave, denoted

by the red nodesin Figures4.36 and4.37. After the wave passesthrougha node,it is

fixed,denotedby theblacknodes.Thewavehasagiventhicknessg , whichresultsin each

nodebeingconsideredin a forcecalculationgxp ¡ times. A thicker wave-front typically

improvesthe layout,but increasesthe runtime. Nodesthathave yet to enterthewave do

not have an assignedgeometry. Whena new nodeis addedto the wave, it is assigneda

locationwithin a boundingcircle or sphereof an adjacentnodein the wave, that hasa

geometry. The bounding circle or sphereis definedby the radiusof theedgeconnecting

thisnodeto thenodefrom which it takesits geometry.

Algorithm 6 describesthebasicwave-frontmethod, with a singleroot. Alternatefor-

mulationsof the wave-front includethe selectionof a randomsetof roots,ratherthana

singleroot. ThefunctionbreathFirstWaveexpandsthecurrentwaveGraphto includenew

nodes,connectedto the currentwaveGraph,while removing nodesthat have beenin the

waveGraphfor a numberh of iterationsof breathFirstWave where h¢� j�k h�_)£;|�`@�@� . This
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ensuresnodesonly remainin thewave front for a fixednumber( j�k h%_r£¤|�`@�@� ) of iterations

beforethey areconsideredfixedandnot re-consideredin theforcedirectedplacement.

Algorithm 6 Compute2D WaveFrontDrawing
Input: graph,thickness,ForceIntensity } , forceapplication count ¡
Input: CriterionType ¥§¦ , Cell OpeningCriterion

w
Input: ClusteringArity Width ¨
begin¡©�?�Jª ^ m¡©�?�F« ^ m

for eachnode¬ do u ReachEachDisconnectedComponentU
if not ¬ eo­?� � gi| then u NodeNot Yet PositionedU¬ e�­?� � gt| ^ j �+{F`g �?¬ `c®¯� �>°Fk ^ ¬¬ e � ^ ¡©�G�Jª¬ e � ^ ¡©�G�F«­;` °(j�k ^ �g �?¬ `c®¯� �>°Fk e�g �I¬ h�|E� ^ j �+{F`

while g �?¬ `c®�� �c°!k e�g �?¬ h�|F� do u PassingWavefrontUg �?¬ `c®¯� �>°Fk ^ breathFirstWave(g �?¬ `c®�� �>°Fk , ­I` °Hj�k ,j�k h%_r£¤|�`@�@� )
2DEdgeForces(g �?¬ `c®¯� �>°Fk eo`c­G�¤`@� )
for i in 1 to m do u Apply forces ¡ numberof timesto thissub-graphU

for eachnode { in g �?¬ `c®¯� �>°Fk e�|±z,­I`@� do u NonedgeForcesonEachNodein
WaveFrontU�C� ^

boundBoxofNodes(g �?¬ `c®�� �c°!k e�|�z+­I` )�,z,z j ^ BuildGeometricClustering( g �?¬ `c®�� �c°!k e�|�z+­I`@� ,̈ ,�C� )
2DAproxForce({ , �,z+z j ,} ,¥§¦ ,

w
)

end for
end for

endwhile
end if

end for
end

Figure4.38 shows a two dimensional drawing of a � �GmGm nodegraphcomputedby a

wave-frontmethod.Thisgraphis arandomlygeneratedgraphseededwith £ clusters.Here

£²� �#³ andthe inter-clusterconnectivity is weak. Figure4.39shows a differentdrawing

of thesamegraph.Herea high level threedimensional visualprécisfrom thehierarchical

compound graphis overlaidwith acubicalhierarchicalspacedecomposition.

Table 4.4 provides a comparative analysisof a two and a threedimensionalwave-

front algorithm. Thesetimesareaveragedover 50 runsof thewave-frontalgorithm. The
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Figure 4.38: A FADE drawing, by thewavefront method, of a randomly generatedclusteredgraph,
with ´�µ��c¶ centresand ·¸µº¹/�>�c� nodes.
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Figure 4.39: 3D Visualprécisof a threedimensional layout of thegraphshown in Figure4.38

Figure 4.40: A FADE3D drawing, by thewavefront method, of dwa512, with »�µ�� , ¼tµ½¹>¾�� and¿ µ��
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2D 2D 2D 3D 3D 3DÀMÁ2Â@Ã Ä ÀDÁ©Â@Ã Ä ÀDÁÆÅaÃ Ç ÀDÁÈÂ@Ã Ä ÀÉÁ2Â@Ã Ä ÀMÁÊÅaÃ Ç
Graph Ë ÌÊË Ë ÍEË Î ÁÐÏ Î ÁÈÇ Î ÁÈÇ Î Á2Ï Î Á2Ç Î Á©Ç

dwa512 512 1004 0.66824 1.8654 1.1719 0.8446 2.2465 1.2501
bfw782a 782 3394 1.3338 3.8798 2.3465 1.6045 4.592 2.55
qh1484 1484 2492 2.4773 7.2217 4.472 3.2927 8.963 4.845
qh768 768 1322 1.1233 3.379 1.809 1.4976 4.021 2.078

plsk1919 1919 4831 3.2275 9.5322 6.633 3.8342 10.819 7.4941
cry10000 3699 7164 7.1737 20.7732 15.308 8.6492 23.511 17.464
bcspwr10 5300 8271 12.32 32.8294 16.29 18.126 47.822 18.512
dw8192 8192 17404 19.3218 55.644 37.011 23.973 68.989 44.063
rdb3200l 3200 7840 6.1424 18.715 11.967 7.671 22.29 13.687

add20 2395 7462 4.313 12.4418 6.1903 3.345 20.63 7.5567
add32 4960 9462 11.9706 35.7006 16.749 17.6928 52.301 18.616
data 2851 15093 6.6929 19.2406 11.4234 7.8314 22.448 12.0814
crack 10240 30380 24.919 72.5043 32.710 40.177 115.513 52.4268

whitaker3 9800 28989 28.3418 89.0405 42.6301 47.203 151.049 56.52
fe4elt2 11143 32818 33.092 107.015 61.45 45.662 139.72 75.25

cti 16840 48232 51.86 188.531 101.3961 83.2675 266.413 118.534

Table 4.4: Time in seconds,to compute two dimensional (2D) andthree dimensional (3D) wave-
front drawings. ¼ is the valuefor the fixed accuracy parameter of eachFADE algorithm. ¿ is the
numberof iterations of FADE per stepin the breadth first traversal. »�µÑ� is the thicknessof the
wave.

thicknessof thewave is heldconstant,while thefixedaccuracy parameterandthenumber

of iterationsof the FADE algorithm per stepin the traversal is modified. As expected,

tripling the numberof iterationsof FADE per step,approximatelytriples the runtimefor

thewave-frontmethod.Further, thethreedimensionalwave-frontis typically 25%slower

thanits two dimensionalequivalent. However, increasingthe inaccuraciespermitted(by

increasingthevalueof
w
) quickly reducestherun-timefor bothtwo andthreedimensional

algorithms.

Thedatain Table4.4comesfrom thecasestudyin Chapter6 anda graphpartitioning

archiveof largegraphsusedin a multi-scaleforcedirectedresearch in [283, 284].

4.7 ExampleDrawings

Additional two andthreedimensional examplesareincludedin AppendixA aspictures,

threedimensionalmodels, visualprécisandvideosimulations.
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4.8 Remarks

This Chapterhaspresentedthe FADE paradigmfor largegraphdrawing. By usingthehi-

erarchicalcompoundgraph,this suiteof force directedalgorithmsprovide considerably

fasterlayouts.Althoughtheseestimationmethodsintroduceanerror into theforcecalcu-

lation we canmeasureandcomparetheseerrors,which allows us to studythe effectsof

usingdifferentvalues,andhow theseaffect theoverall performanceof thealgorithmand

thedrawingsproduced.We usethe FADE2D algorithmfor detailedstudyin thefollowing

casestudies.

ThethreedimensionalFADE3D algorithmrequiresroughly25%morecomputationfor

the samefixed accuracy parameter, as its two dimensional counterpart.The wave front

algorithm, couplesagraphtheoretictraversalwith eithera two or threedimensional FADE

forcedirectedlayout.Thecomputationalefficiency of thismethodstemsfrom theinclusion

of asmallsectionof thegraph,atany onetime,while computing a layout.Theaim of this

methodis not to producea final drawing but ratherto producea betterinitial drawing that

FADE2D or FADE3D canimproveupon.

Overall, theparadigmdescribedhereusesthehierarchicalcompoundgraphmodelfor

forcedirectedplacement.This, coupledwith themeasuresandvisualprécisdescribedin

Chapter3 allows us to marry the layout,abstractrepresentation,andclusteringmeasure-

ment,usinga single graphmodel.
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CaseStudy I: SoftwareVisualization

“Data is not information, Information is not knowledge, Knowledge is not

understanding, Understanding is notwisdom.” - Clif f Stoll andGarySchubert

Software visualizationis theuseof computergraphicsandanimationto helpillustrate

andpresentvariousaspectsof a softwaresystem. Examplesof suchaspectsincludethe

algorithms anddatastructuresusedin a pieceof software,or detailsof which functional

components accessdatafrom eachother. As such,softwarevisualizationis a very broad

field rangingfrom aidsfor teachingalgorithmsto techniquesfor displayinglargesoftware

systems. It is researchin thelatterform thatwe addressin thiscasestudy.

Visualization of sourcecodefalls into two broadcategories,namelystaticanddynamic

visualization.Staticaspectsof thesoftwareincludestructures,suchascall relations,which

canbegleanedfrom theraw sourcecode.Identifyingdynamicrelationsor dynamicstruc-

turessuchasmemoryusage,requiresthesoftwareto beexecutedandsuchdynamicdatato

becollected.Thelargedatasourcesusedin thiscasestudycomeaboutfrom a staticanal-

ysisof four softwaresystems, andassuch,we donot furtheraddresstheissueof dynamic

softwarevisualizationin this thesis.

Thesedatasets,calledresourceflow graphs, consistof architectural quarksandtheir

interrelationships, seeFigure5.1. Given that eachresourceflow graphcontainsseveral

typesof nodesandmany differenttypesof relationships, thesegraphshave beenfurther

refinedinto a setof views. Often theseviews consistof a large numberof disconnected

components. For thepurposesof this casestudyandto contrastit fairly with thenext, the

graphsareconsideredasasinglegraph.Not asaseriesof smallersub-graphs.
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Thework of Koschke[163] demonstrateshow theseviewscanbeusedin thedetection

of componentsby automaticandsemi-automatic means.This work shows thatautomatic

componentdetectionis atbestonly moderatelysuccessful.Basedonthis,asemiautomatic

methodis proposedby Koschke to integratetheuserinto the componentdiscovery loop.

This integrationincludestechniquessuchasallowing theuserto modify weights,control

searchparameters,andapplycombinations of discovery techniques.As noted,othermore

visual interactiontechniquesmight allow betteruserfeedback.It is this intuition that is

realizedandevaluatedin this casestudyfor the visualizationandabstractrepresentation

of theseviews from the underlyingresourceflow graphs.All the performanceandtime

measuresin thischapterwerecomputingusinganimplementationin Parlanse,runningon

a500MhzPentiumIII processorwith 512Mbof memory.

5.1 Context

For thepurposesof thiscasestudy, we restrictour interestto programcomprehensionand

reverseengineering.Specifically, our goal is to evaluatetheFADE paradigmin producing

visualizationsthat canbe usedby softwareengineersin the taskof comprehendingand

classifying sectionsof anexisting softwaresystem. In this sectionwe presentthecontext

of ourevaluation.

5.1.1 The BauhausProject

In this Chapterwe investigate the drawing, abstractrepresentationand measurementof

a rangeof mediumto large graphsfrom the “BauhausProject”. The Bauhausproject

is a researchcollaborationbetweenthe Institute for ComputerScienceof the University

of Stuttgart(ICS) andtheFraunhoferInstitutefor Experimental SoftwareEngineeringin

Kaiserslautern(IESE).Thesegraphshave beenusedin thedetectionof componentsfrom

“legacy softwaresystems”by automaticandsemi-automatic means.This work on archi-

tecturerecovery showed that automaticcomponentdiscovery is at bestonly moderately

successful.Oneproposedrefinementis to integratetheuser, usinga visual tool, into the
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componentdiscovery loop.

For thepurposesof this thesis,we focusonfive issuesin thiscasestudy:

Ò Thevisualizationandabstractrepresentationof theoverall structuresandedgesets

in thesegraphs.

Ò Discussion of the drawingsandtheir abstractrepresentations,in termsof their po-

tentialin componentdiscovery.

Ò Themeasurementof variousaestheticsof thefinal drawing andsomehorizondraw-

ings(abstractrepresentations),introducedin Chapter2.

Ò Theperformancemeasurementof theprimarylayoutalgorithm(FADE2D) from our

FADE paradigm,introducedin Chapter4.

Ò The useof our hierarchicalcompoundgraphquality measuresfrom Chapter3, to

determineif thereis progressive cycle of layout andclusteringimprovementwith

thisclassof data.

5.1.2 ReverseEngineering

A legacysoftware systemis anolderapplication programwhich continuesto beusedbe-

causethecostof replacingit or redesigningit is prohibitive [247]. Suchsystemsaremain-

tainedandupdated,to repairor addnew featuresasrequired,althoughthey areoftenlarge,

monolithic, anddifficult to modify. Lehmanhypothesizedthat “a programusedin a real

world environmentmustchange(adapt)or becomeprogressively lessusefulin thatenvi-

ronment”.His hypothesis is bornout in practicewhereanorganizationevolvesits software

systems to meetthechangingbusinessenvironment.Software evolution, ratherthantotal

re-development, is now standardfor mostof thebusinesssoftwaresystemsin use. Busi-

nesseshaveto cometo realizethattheircoderepresentsavaluablecommercialassetrather

thanbeinga disposalcommodity.

A large percentageof softwareengineeringactivity dealswith suchlegacy systems,

asopposedto from scratch softwaredevelopment (forward engineering).Further, most
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programmerswork on softwarethatotherpeoplehave designedanddeveloped.As such,

existing researchhasshown thatup to 50%of asoftwareevolverstimecanbespentdeter-

mining theintentof sourcecode[202]. Clearly, supporting this taskto enhancetheability

of a softwareengineerto effectively analyzesuchlegacy softwaresystemsis animportant

task.

Globally, therearemany billionsof linesof legacy codeundergoingconstantevolution.

It is this codethat currentsoftwareengineersmustdealwith, ratherthanany idealized

softwaresystemof the future. Softwareevolution continuesto be an ad-hoc,haphazard,

andoftenundocumentedprocessof continualchange.Corporatecultureseemsto accept

thischaoticapproachwith studiesshowing thatlessthanonein fivecompaniesmaintaina

completeapplicationinventory, lessthanonein 30know therateatwhich theircodebases

arechanging,andlessthanonein 100companiescollectquality informationabouttheir

softwareprojects[245].

Thereareseveralunfortunatesideeffectsto this pervasive attitude in softwareevolu-

tion:

Ò Oftenthecodeis theonly reliabledescriptionof thesoftwaresystem.

Ò Existing documentationdoesnot typically reflect the softwaresystemcurrently in

use,thatis, it is outof date.

Ò Whateveroriginaldesigntookplace,if any, tendsto becomemorecomplex andless

structuredover time.

Ò It is oftenonly thesoftwareitself thatreliablyencodesthebusinessrulesof anorga-

nization.

Theseeffectsareoften seenin practiceandhave given rise to the needfor program

understandingor program comprehensiontechniques.Thesetechniquestypically require

manualeffort beforeany higherlevel abstractconceptscanbeformedby “ReverseEngi-

neering”.ReverseEngineeringis theprocessof analyzinga subjectsystemto identify the

system’s componentsandtheir interrelationships,andcreaterepresentationsof thesystem
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in anotherform or atahigherlevel of abstraction[49]. “Componentdiscovery” is onetype

of reverseengineeringanalysis.

5.1.3 ComponentDiscovery

In OO termsanobjectis aninstanceof a classwith methods andattributes.A component

is an instanceof a classdescriptionwith genericmethodsthroughwhich it canadvertise

the functionality it supportsto the systeminto which it is loaded. Insteadof relying on

thesedefinitions,weuseKoschke’s terminology for components,whichwenow review.

A componentis a computational elementof a larger system. A connectorlinks or

holdstogethercomponents.Accordingto Koschke [163], anatomiccomponentis a low-

level software component(non-hierarchical)built from types,variables,and functions.

A further distinction, betweentwo kinds of atomiccomponents,namely“AbstractData

Types” (ADT) and“AbstractDataObjects”(ADO) canbe madeasfollow. An abstract

data type is in an encapsulatedabstractionfrom which instancesof that typecanbe cre-

ated. An abstract dataobjectconsistsof a setof primitive variablesandconstantsalong

with routines.Thereis only oneinstanceof anADO sincethedeveloperhasnotplacedthis

into a groupingsuchasanADT. Along with atomiccomponents, connectorsdescribethe

interactionsor communication betweenthesecomponents. Dependingon the language,

connectorsinclude: pipes,methodcalls, sharedvariables,sockets,andfiles. At higher

levels of abstraction,atomiccomponentscanbeconnectorsbetweenmoreabstractarchi-

tecturalelements.Finally, a hybrid componentis a state-basedADT or an ADO with a

subordinatedtype.

In an attemptto identify and classify the knowledge embodied in legacy systems,

Koschkepresentsaframework for thecomparisonof automaticandsemi-automatic atomic

componentidentificationtechniques[163]. Thesetechniquesaidin theidentificationof the

components of asoftwarearchitecture.

The purposeof this casestudy is to investigatewhetherthe FADE paradigmis suit-

ablefor visualizing the softwareviews describedin [163] to aid in low level component

identification.
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Note that we do not directly addressthe relatedproblemof “designrecovery” [111].

Designrecoveryis thecouplingof domainknowledge,externalinformation, anddeduction

to theobservationsof thesubjectsystem, to identify meaningfulhigherlevel abstractions

beyondthoseobtaineddirectlyby examiningthesystemitself [49].

5.2 Description of Graphs in this casestudy

The datasetsusedin this casestudyarebasedon extractedelementsandrelationsfrom

the staticcodeanalysisof 4 softwaresystems.Thesesystems areBash, which contains

approximately 38,000linesof code(38Kloc), CVS(41Kloc), Mosaic(37Kloc) andXaero

(31Kloc) [163].

5.2.1 The Software

TheBourne-AgainSHell (Bash)is a freewareUnix commandinterpreter. It providesfea-

turessuchas:interactivecommandline editing, shellprogramming,promptexpansion,job

control,aliasing,andcommandhistory. Thecurrentversionof Bashis 2.05,whereasthis

analysisdatacomesfrom version1.14.4.Givenits open-sourcenature,Bashhasaheavily

ported,modified,andmaintainedstructure.

TheopensourceConcurrentVersionsSystem(CVS), is a tool to provideversioncon-

trol in individualor collaborativesoftwaredevelopment.Versioncontrolsallow asoftware

developerto retrieveanolderversionof thesoftware.This is crucialfor trackingandman-

agingtheongoingfeaturedevelopmentof software. Insteadof storingevery pastversion

of everyfile, CVSonly recordsthedifferencesbetweenversions(thedeltas). Further, CVS

insulatesdifferentdevelopersfrom eachother. Eachdeveloperworkson a local copy and

it is only later, oncheck in, thatlocalcopiesaremergedby CVS.Thisanalysisdatacomes

from CVS Version1.8.

XAERO is an X-windows AnimationEditor for RealisticObject movements. It is

a physics basedkinematic simulation andanimationsystembasedon rigid bodymodels.

Xaero includesan editor for definingsimple virtual scenesconsisting of basicthreedi-
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Figure 5.1: “Entities” and their interrelationships. Reproducedby courtesy of RainerKoschke
from [163]

mensional objects.Theseobjectscanbeconnectedwith links suchas: springs, dampers,

rods,andjoints. Along with theobjectsandconnections,a usercandefineforcessuchas:

gravitation, air resistance,andfriction alongwith otherunnaturalforces.Oncethesceneis

built andtheforcesdefined,thescenecanbeanimatedthrougha seriesof timesteps.This

analysisdatacomesfrom XaeroVersion1.7.

Mosaic, from theNationalCenterfor SupercomputingApplicationsat theUniversity

of Illinoi s, is an Internetinformation browser and WWW client. This software, which

is freely availablefor internaluse,is no longerunderdevelopment. The final versionof

MosaicsupportsHTML 3.2.Thisanalysisdatacomesfrom MosaicVersion3.0onUnix.

5.2.2 Elementsand Interr elationships

As notedin Section5.1.1,our aim is to visualize, abstractlyrepresentandmeasureour

FADE paradigmagainstthe raw referencedataproducedby the Bauhausproject. These

resourceflow graphsareoutput from a non-commercialoff the shelf (NCOTS) reverse
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engineeringtool calledRIGI [265] from theUniversityof Victoria in Canada.Thesource

codefrom eachreferencesystemis loadedinto RIGI andthenvariousstaticanalyzesare

performed.This tool allows elementsof thesoftwareto be identifiedsuchasprocedures,

variables,constants,andsubprograms. Further, staticrelationshipssuchascallsanddata

accesses,betweentheseelementsareidentifiedandprovidedto thereverseengineer.

Koschke describesin greaterdetail the resourceflow graphsin termsof theelements

(entities) andtheir interrelationships (see[163]). Thesuitability of anautomatic clustering

techniqueis oftendependentontheclassandqualityof theentityandrelationshipdescrip-

tionsavailable. For thepurposesof this thesis,we describe,with referenceto Figure5.1,

only theentitiesandrelationshipsof theviews thatwevisualize.

Ò arecord consistsof agroupof logically relatedelementsthatform somecollective

abstraction.

Ò a record component is anelementthat is enclosed in a typedeclarationor

enclosed in aninstanceof a record.

Ò is-part-of-type( { , ¬ ): thetypeelement{ is partof thedeclarationfor type

element¬ (this is a transitive relation).

Ò parameter-of-type( { , ¬ ): thesub-program{ hasa formalparameterof type

¬ .
Ò return-type( { , ¬ ): thesub-program{ returnsavalueof type ¬ .
Ò variable-of-type( { , ¬ ): thevariable{ is of type ¬ .
Ò member-of-type( { , ¬ ): theelement{ is of type ¬ .
Ò parameter-of-type( { , ¬ ): thesub-program{ hasa formalparameterof type

¬ .
Ò local-var-of-type( { , ¬ ): thesub-program{ hasa localvariableof type ¬ .
Ò reference
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Subgraph Type (view) Edgetypesused
Typecompositeview is-part-of-type enclosing

Typeusageview parameter-of-type return-type
member-of-type variable-of-type
local-var-of-type

Objectreferenceview set use address
Signatureview parameter-of-type return-type

Sameexpressionview same-expression
Actualparameterview actual-parameter

Dominateview dominate

Table 5.1: Edgetypesfrom theresourceflow graph usedto form eachview

(a) set( { , ¬ ): thesub-program{ setsthevalueof ¬ .
(b) use( { , ¬ ): thesub-program{ usesthevalueof ¬ .
(c) address( { , ¬ ): thesub-program{ takestheaddressof ¬ .

Ò actual-parameter( { , ¬ ): theelement{ is anactualparameterin acall to ¬ .
Ò same-expression( { , ¬ ): theelement{ appearsin thesameexpression as ¬ .
Ò dominate( { , ¬ ): thesubprogram{ dominatesthesubprogram¬ , aseverypathto

¬ passesthrough{ .

Views

A resourceflow graphor resourceusagegraphis a graphmodelthat initially describesa

largelysyntacticview of code[263,265]. A view is a subgraphof theresourceflow graph

representingsomespecialaspect.In general,views canbeusedeitherto answerspecific

questionsor to performhigh level analyses,suchasthosedescribedin [42, 142, 163,85,

174, 176, 188, 263, 265]. For example,a simple call view canaid in theautomatic or user

guideddetectionof dead-code.

In thiscasestudywepresentthevisualization,abstractrepresentationandmeasurement

of sevenviewsextractedfrom resourceflow graphsof Bash,CVS,Mosaic,andXaero.The

sevenelementaryviews aredirectly derived from thesourcecodeandhave beenusedin

componentdiscovery research.The edgerelationsfor eachview that mustbe extracted

from theresourceflow grapharedescribedin Table5.1.Theseviews include:
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Ò A typecompositeview consistsof typeandrecord componentnodes;thisshowshow

typesarebuilt. The Bashtype composite view is shown in Figure5.6, for CVS in

Figure5.7,for Mosaicin Figure5.8,andXaeroin Figure5.9.

Ò A typeusage view consists of subprogram, type, variableandconstantnodes;this

givesa cross-referencedview of the usageof types. The CVS type usageview is

shown in Figure5.10.

Ò An objectreferenceview consistsof subprogram, variable(object)andconstant(ob-

ject)nodes;thisgivesanindicationasto whichvariableor constantsareaccessedby

a particularsubprogram.Thedatausedin this casestudyonly containsanapproxi-

mation of this view. Theunderlyinggraphcomesfrom a staticdataflow analysisof

thecode,soall relationshipsexplicitly declaredin thecodeareincluded.TheBash

objectreferenceview is shown in Figure5.11,for Mosaicin Figure5.12,andXaero

in Figure5.13.

Ò A signatureview consistsof subprogramandtypenodes;thisspecifiestheparameter

interfaceof the subprograms. The Bashsignature view is shown in Figure5.2, for

CVS in Figure5.5,for Mosaicin Figure5.4,andXaeroin Figure5.3.

Ò A sameexpressionview consistsof variableandconstantnodes;this shows which

entitiesoccurin thesamelegal combination of symbols that representa value,that

is, in thesameexpression. TheCVS sameexpressionview is shown in Figure5.14.

Ò An actualparameterview consistsof subprogram, variableandconstantnodes;this

shows exactly which variablesor constantsform the actualparametervaluesto a

givensubprogram.TheBashactualparameterview is shown in Figure5.15.

Ò A dominanceview consistsof subprogramnodes;this givesanindicationof which

subprograms strictly dominateeachother, asdescribedin Section5.2.2. The CVS

dominanceview is shown in Figure5.16, for Mosaicin Figure5.17,andXaeroin

Figure5.18.
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Graph Type Bash CVS Mosaic XaeroV ÓÔV V ÕtV V ÓÖV V ÕqV V ÓÔV V ÕtV V ÓÔV V ÕtV
Typecomposite view 749 767 �G³ � �?�,� �?�#�I� n¤� �?  � �#�I� � � �G�

Typeusageview 835 880 � � n � � � n � � �  #m �?�,�G� � �#�#� �,�G� n
Objectreferenceview 749 1275 �G�#� � ³?  � �G�G� �?³?  ³G�#� � n �G�

Signatureview 277 284 �?³#� n¤� � �G� ³G� � �?�#� ³ � ³ �G� �,�
Sameexpressionview 171 224 �,�?  � � � �,� � � �#�#� �?�Gm
Actualparameterview 295 347 �?m n �G�#� n � �G³ � n   �#�G�

Dominateview NA NA n¤� � n¤�G� �  #�#� �  #�#³ �G� �G  �G� �#�
Table 5.2: Sizesof subgraphviews,extractedin theBauhausprojectfrom four software systems.

Onceeachview hasbeenformed,it canbe describedin simplecombinatorial terms.

The numberof nodesand edgesfrom eachview of eachsystemin this casestudy are

describedin Table5.2.

5.3 The Experiments

To investigate the FADE progressive cycle in producingdrawings and visual précis we

testedtheFADE2D, WAVE-FRONT andFADE3D algorithmson theviews describedin Sec-

tion 5.2.

Theresultsof thiscasestudyarepresentedin following fivesections.First,wepresent

a picturegallerycomparisonof differentfinal layoutsproducedby FADE2D andFADE3D

in Section5.4. Secondin Section5.5 we presentthe hardgraphdrawing aestheticmea-

suresof the layoutsdiscussedin thepicturegallery. Third, we presenta varietyof visual

précisdrawings alongwith performance,clustering,andaestheticmeasurementsin Sec-

tion 5.6. Fourth, we presentthe errorsversustime taken measurements,for a rangeof

approximationsusedwith FADE2D in Section5.7. And finally, in Section5.8we evaluate

thehierarchicalgraphclusteringmeasuresintroducedin Chapter3.

5.4 Results:PictureGallery

Thegraphsin this casestudytypically consistof numerousdisconnectedsubgraphs.Al-

thoughthelayoutof eachsubgraphcanbecomputedseparately, with a spacedecomposi-
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tion persubgraph,wechooseto considertheentiregraphin asinglespacedecomposition.

This approachallows us to comparethe performanceanderrorsof our FADE paradigm

without considerationfor thegraphtheoreticstructuresin eachgraph.Unfortunately, this

approachhasseriousconsequencesfor thecreationof high level visualprécis,sincedis-

connectedsubgraphscanbedrawn with impliededgesbetweenthembecauseof thenature

of thegeometricclusteringmethodused.

Thisconservativeapproachis takento allow usto comparetheresultsof ourclustering,

aesthetic,andhorizonmeasuresbetweenthis casestudyandthematrix market casestudy

in Chapter6. Wefurtherdonotshow any directionin theedges,to allow afair comparison

with the drawings of undirectedmatrix datashown in Chapterrefcase2.In practice,the

utili ty of suchdrawing wouldbemuchincreasedby theuseof edgedirectioninformation

eitherin edgecolourcodingor by theuseof arrows.

The drawings shown in Figures5.2 to 5.18arethe resultof applyingeithera two or

threedimensional wavefront layout to the graph,followed by a numberof iterationsof

FADE2D or FADE3D to furtherimprove thedrawing. Furtherdrawingsof thesegraphsare

includedin AppendixA.

Distinctedgesets,within aparticulargraph,arecolourcoded.For example,Figure5.2

is the drawing of a signature view extractedfrom the resourceflow graphof Bash. This

view consists of return-type andparameter-of-type edges;eachof which is

drawn with adistinct colour. For thepurposesof consistency theedgesin thesegraphsare

assigneduniform idealedgelengths.
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Figure 5.2: BashSignature View, with redreturn-type edges andgreenparameter-of-
type edges
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Figure 5.3:
Xaero Signature View, with red return-type edges and green
parameter-of-type edges

Figure 5.4:
Mosaic Signature View, with red return-type edges and green
parameter-of-type edges 1

aThe labels × and Ø in this andotherfiguresareannotationusedin thediscussingthefigure in Sec-
tion 5.4.1.
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Figure 5.5:
CVSSignatureView, with redreturn-type edgesandgreenparameter-
of-type edges

Figure 5.6:
BashTypeCompositeView, with redenclosing edgesandblueis-part-
of-type edges
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Figure 5.7:
CVSTypeCompositeView, with redenclosing edgesandblueis-part-
of-type edges

Figure 5.8:
Mosaic Type Composite View, with red enclosing edges and blue is-
part-of-type edges
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Figure 5.9:
Xaero Type CompositeView, with red enclosing edgesand blue is-
part-of-type edges

Figure 5.10:
CVS Type UsageView, with redparameter-of-type, yellow return-
type, green member-of-type, cyan variable-of-type and blue
local-variable-of-type
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Figure 5.11:
Bash Object Reference View (drawn with FADE3D), with red set, green
use,andblueaddress

Figure 5.12:
Mosaic Object Reference View (drawn with FADE3D), with red set, green
use,andblueaddress
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Figure 5.13:
Xaero Object Reference View (drawn with FADE3D), with red set, green
use,andblueaddress

Figure 5.14: CVSSameExpressionView (drawn with FADE3D)
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Figure 5.15: BashActual ParameterView (drawn with FADE3D)
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Figure 5.16: CVSDominanceView

Figure 5.17: Mosaic Dominance View
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Figure 5.18: XaeroDominance View
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5.4.1 Discussion

Thesubgraphsextractedfrom the resourceflow graphof eachsoftwaresystemrepresent

a view of thesoftware.Theseviews areusedin a rangeof graphtheoreticanalysesof the

softwaresystems.We do not provide a full analysisof the knowledge gainedfrom such

visualizations,asexisiting work hasshown the utili ty of suchdrawings, insteadin this

discussion, our aim is to evaluate, in generalterms,theuseof the FADE paradigmfor the

visualizationof theseextractedviews.

Thediscussionof theresultsfocuseson two areas:

Ò Theappropriatenessof theFADE paradigmfor thevisualizationof eachgraphtype.

Ò Discussion of individualgraphs,in termsof structure,with referenceto littl edomain

knowledge.

TypeCompositeViews

Providing avisualization of atypecompositeview toareverseengineeror programevolver

shouldallow themto visually identify aspectsof thestructureof thecomposition of types

within aparticularsystem.Theevaluationof any understandinggainedis outsidethescope

of this thesis,insteadwe restrictour interestto generaldiscussion of thepotentialof such

visualizations.

UsingtheFADE visualizationswe first notethattheis-part-of-type edgesform

a spanningsetof eachsub-graph.This is an immediateandobviousobservation, from

eachof thevisualizationsin Figures5.6,5.7,5.8,and5.9 of the typecomposite view. In

eachdrawing the is-part-of-type edgesform a visual backbonefor the drawing,

whereastheenclosing edgesform the visual hair to end-nodeswhich arerecord-

components. Nodesthat are connectedto suchend-nodesaretype nodes. Type

nodeshaveanis-part-of-type relationshipto othertypenodes.

In theFADE visualization of theTypeCompositeView of Bashshown in Figure5.6,a

reverseengineercaneasilyidentify a singlelargegroupof typenodes,alongwith several

smallergroups.Thelargegroupconsistsof two weaklyconnectedregionsof nodes,drawn

on the left. In an interactive visualization, a reverseengineercan query the namesof
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the nodes. An obvious startingpoint for suchqueriescanbe the nodeslinking the two

regionsin the largesubgraph.In this case,thetypenodesconnectingtheseregionsrelate

to process andjob control.

In the FADE visualizationof the Type CompositeView of CVS shown in Figure5.7,

thereis onemain subgraphwith many is-part-of-type relationships.This visual-

izationshows anexampleof why a reverseengineermayfirst filter theview. By filtering,

you caneffectively ignorethemany small subgraphssoasto focuson the larger groups.

In this case,thelargestsubgraphincludestypenodesrelatingto client-state, ver-

sioning andstreaming.

In theFADE visualizationof theTypeCompositeView of Mosaicshown in Figure5.8,

therearetwo majorconnectedgroupslabeled̈ and � connectedthroughonenode.Other

groupsof nodeshave beenlabeledto facilitatediscussion. Likewise, � and ¥ areonly

weaklyconnected.As with theBashtypecompositeview, reverseengineersaretypically

interestedin locatingsuchconnectionpoints,whenstartingto understandthe software.

Suchpoints of interestdo not necessarilyrepresent“software interfaces”but rather, are

signpostsa reverseengineercanfollow [188].

In this case,the singlenodeconnecting̈ to � is a process-id type. The large

groupat ¨ pertainsto XM andX11 typeswith a strongcouplingto userdefinedtypesin

Mosaic.XM is aMotif widgetwith functionscapableof displayingHTML 3.2andimage

formatssuchasGIF andPNG. Thegroupdenotedby � relatesto process control,

file control,streams andqueues. Thesub-groupingdenotedby ¥ containstypes

relatedto JPEGimagehandling.

TheXaeroTypeComposite View shown in Figure5.9 includeslargesubgraphs.Such

largedisconnectedgroupsareof particularinterestto areverseengineer, asthey representa

verycleardecouplingbetweenthetypesin use.Categorizationof eachgroupingcanaid in

theoverall processof understanding. In this case,thelargegrouping on theleft represents

X11 typesandthe largegroupon the right includesmodeling types,suchas:vectors,

spheres, cylinders, forces, material, andcolour.

A visualizationsuchasthat in FADE, wherenodesthat areadjacentaredrawn close

together, allows the reverseengineerto quickly identify high level groupings in the type
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composition within a particularsystem. However, the granularityof the understanding

gainedfrom suchavisualization is difficult to measure.

TypeUsageViews

Theappropriatenessof our FADE drawing of thisclassof view, whichcontainsmoreedges

thanany of theotherclasses,is not immediatelyapparent.A reverseengineercanhowever

usesucha visualization to querynodesnot connectedto a major group. For example,

in Figure5.10 if a variableor constantis not associatedwith the majorcomponent,then

it typically hasa members-of-type relationship(drawn in green)with its associated

type.

Object ReferenceViews

Providing a visualizationof an object reference view to a reverseengineeror program

evolver shouldallow themto visually identify aspectsof thestructureof interactionsbe-

tweengroupsof elementswithin thesystem, at a very approximatelevel. Suchvisualiza-

tionstypically exhibit largeamountsof local interactionsalongwith a few interactionsto

othercollectionsof nodes.As with thetypecompositeview, identificationof theconnect-

ing nodesandcategorizationof thegroupscanform anessentialpart in theunderstanding

of thesystem.

An exampleof this is shown in Figure5.13.AppendixA includesavideoof this three

dimensional graphdrawing, alongwith the model itself. Here,thereis onelarge group,

connectedto two othersmallergroups. Both of thosegroupsare further connectedto a

third group.

Thelargestgroup,is agoodexampleof wheretheFADE paradigmfails. Herethereare

many tightly connectednodeswhichresultsin acombinatorialsubgraphstructurewith low

diameter, which is difficult to draw usingforcedirectedmethods. Althoughthis is a poor

drawing of thissubgraph,overall theothersubgraphstructuresandtheir interrelationships

areevident in this drawing. The largestgroupis connectedto two of thesmallergroups,

only byaddress edges.Thesmallersubgraphsconsistprimarily of set anduse edges.
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Examination of the nodes,in this example, revealsa rich array of domainspecific

aspectsaboutwhich nodesare interactingandwhat the namesof thosenodesare. For

example, the small groupon the top left of Figure5.13containscollision detectionand

sceneconfigurationsubprograms.

Signature Views

Signatureviews provide an overview of how sophisticatedor complex the type usageis

within aparticularprogram.Suchvisualizationsaid in theidentificationof thestructureof

subprogramtypeusage.

Suchvisualizationsmakesapparentseveralaspectsof theunderlying code:

Ò Themostheavily usedtypesareeasilyidentified.

Ò Sub-programsusingthesametypes,althoughnotnamedthesameor evenco-located

in code,aredrawn closetogether.

Ò Distinct sub-groupings,whichuseonly oneor two types,aredrawn asdisconnected

graphicalcomponents.

Ò Symmetryor asymmetryin theedgecolouring, indicatesthesameusagepatternof

typesby differentsub-programs.

Ò Certaintypesareusedprimarily to passinformation to subprograms

(paramter-of-type), whereasothersareprimarily usedto collect information

from subprograms(return-type).

Thesignatureviewsof Bash,CVS,Mosaic,andXaeroshow thatmostsubprogramsuse

only oneuserdefinedtypeat a time, wherethenodesof high degreearetypes.However,

thereareafew sub-programsthatusemultiple types.Thevisualeffectcalledbarrelingcan

be seenwheremultiple subprogramsusethe samepair of typesandthe visual effect we

call crossbaringoccurswheresubprogramsusethreeor four userdefinedtypes.

WhereasBashusesmany userdefinedtypesbothto passandcollectinformationfrom

sub-programs, CVS predominately usesuser definedtype to passinformation to sub-

programs.This is evidencedby the fact that over 95% of subprogramsthat sharetypes,
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do so with parameter-of-type edgesonly. Mosaichas11 major typeswith some

clearlyusedfor passingandothersfor collectinginformationfrom subprograms.

Artif actsof ourdrawing paradigm(denotedby ¨ and � in Figure5.4)areaptlydemon-

stratedin thesignatureview of Mosaic. Thedrawing of thesharedtypesin section̈ is

typicalwhenthenumberof sub-programsthatsharetwo or moretypesrepresentlessthan

half of all thesub-programsusingthosetypes.Whereassection� shows theeffect when

themajority of nodessharetwo or moretypes. Due to the forcesexertedin the FADE2D

algorithm, the type nodesaredrawn closetogetherin section � which resultsin a large

numberof edgecrossings.Althoughaestheticallyunappealing,it is visually apparentthat

thesetwo typesarehighly related.

In this case,both typesXtPointer andWidget comefrom the X11 X-Windows GUI.

Thisshouldnotbesurprising,sinceMosaicis agraphicalWWW client.

Xaerohasa few typeswhich arepredominatelyusedfor passinginformation to sub-

programs.Herea reverseengineercanfocuson thenodesconnectingthesectionsof the

graphto build anunderstandingof whatcomponentsarein thissystem.

The typeusagein MosaicandXaeroindicatesthatvastmajority of subprogramsthat

interactwith the userinterfacetypesdo not useothertypes,this indicateslow coupling.

Thosesubprogramsthat do interactwith othertypesandthe userinterfacetypesmay be

goodcandidatesfor interfaceinspection.

Other Views

The other threeviews in this casestudy, namelythe sameexpressionview, the actual

parameterview andthe dominateview arebasedon eithersmall or very simple graphs.

Theseviews are suitablefor interactive queryingor filtering to locatea nodeor set of

nodes.In termsof aiding in identifying structuresin thecodeit is unclearif theseviews

help.

Conclusions

As discussedin Section2.2.6, the FADE paradigmtendsto producedrawings wherethe

naturalclustersandstructuresare visually apparent.For a reverseengineer, eachview
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bashSignature view 279 286 39 1.037 .002 .075 .431 .706
cvsSignatureview 299 307 32 1.041 .001 .14 .453 .673
mosaicSignatureview 491 568 1045 1.308 .001 .094 .154 .271
xaero Signatureview 481 803 7632 1.238 0. .028 .045 .12
bashTypeComposite View 749 767 727 1.334 0. .006 .11 .3
cvsTypeComposite View 1139 1137 1195 1.307 .001 .147 .134 .307
mosaicTypeCompositeView 4642 5197 36859 1.2 .001 .048 .013 .096
xaero TypeComposite View 1804 2069 11518 1.099 0. .005 .032 .133
bashTypeUsageView 837 882 4304 1.035 .001 .111 .054 .157
cvsTypeUsageView 1087 1232 7634 1.181 .001 .088 .032 .119
mosaicTypeUsageView 3087 3120 18076 1.051 0. .012 .019 .066
xaero TypeUsageView 1960 2367 30318 1.113 0. .012 .02 .083
bashObjectReferenceView 749 1275 10922 1.087 0. .02 .039 .146
cvsObject ReferenceView 820 1386 17323 1.532 .001 .038 .02 .062
mosaicObject ReferenceView 446 725 3069 1.065 .001 .02 .015 .075
xaero Object ReferenceView 863 2690 121488 1.16 0. .006 .004 .032
bashSameExpressionView 171 224 204 1.011 .012 .288 .132 .34
cvsSameExpressionView 237 414 625 1.078 .005 .116 .056 .116
mosaicSameExpressionView 24 12 0 1.373 .058 .988 .983 .988
xaero SameExpressionView 244 430 679 1.161 .004 .088 .033 .098
bashActual Parameter View 297 349 424 1.021 .003 .071 .124 .313
cvsActual Parameter View 401 630 2563 1. .001 .011 .026 .073
mosaicActual Parameter View 59 68 61 1.039 .019 .307 .177 .307
xaero Actual Parameter View 257 299 173 1.036 .01 .192 .078 .256

Table5.3: GraphDrawing Aesthetic Measuresof thefinal drawings

providesa uniqueinsightinto specificaspectsof thestructureof thesystem.Of particular

notearethenaturalclusteringsandcoloursymmetriesexhibitedin thesignature view and

thehigh level interactiongroupsin theobjectreferenceviews.

5.5 Results:Graph Drawing Aesthetics

Table5.3 gives the graphdrawing aestheticmeasuresfor the underlyinggraphdrawings

shown in thepicturegalleryin Section5.4.

5.5.1 Discussion

Table5.3 indicatesthat object referenceviews consistof many stronglyconnectedsets

of nodes,which result in stronglyclusteredgroupswith many edgecrossingsin the two
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dimensionaldrawings.Further, thedrawingsaretypically displayedwith auniformaspect

ratio.

Due to the natureof the force modelusedin the FADE paradigm,disconnectedsub-

graphsforceeachotherapartslowly over many iterations.As such,iteratingFADE a large

numberof timesquickly reducestheratioof theminimuminternodedistanceto themaxi-

mumextentof thedrawing. Although eachedgehasthesameideallength,theexamplesin

thiscasestudyshow thattheeffectof theinteractingforcescanresultin someedgesbeing

elongated,seefor exampleFigure5.13.Table5.4showsthat,dependingonthestructureof

thegraph,someedgescanbemuchlongerthaneithertheaverageor minimumedgelength.

Thisnegatively impactsonthegoalthatnodeswith anedgebetweenthemshouldbedrawn

closetogether. However, asTable5.4 shows, theminimumedgelengthis typically close

to theaverageedgelengthin thedrawing.

5.6 Results:Horizon Drawings(Visual Précis)

Figures5.19to 5.21show examplevisualprécisextractedfrom a hierarchicalcompound

graphof differentviews. Theaim hereis to assesswhethersuchabstractrepresentations

canbeusedby reverseengineersin studyingthestructuresexhibitedin thedifferentvisu-

alizationsof theviews. Thesegraphshavehighly connectedsubgraphswhich aredifficult

to draw usinga forcedirectedapproach.Drawingsof suchsubgraphstypically consistof

many nodesandedgespackedinto asmallareaor volume.Theuseof apseudonode to ap-

proximatea highly connectedsubgraphoften removes unnecessarydetailwhile retaining

theoverall visualshapeof thestructurethatthereverseengineerwantsto investigate.

As describedin Section3.11,horizonviews providea systematic meansto investigate

differentlevels of abstractionof the hierarchicalcompoundgraph. Otherviews, suchas

surfaceviews or bell curve views, aresuitablefor interactive graphexploration, wherea

small setof nodesmustbe drawn in detail alongwith their overall sharedglobal neigh-

bourhood.

The discussion of the underlyingdrawings, in the previous section,emphasizedthe

needfor an interactive visualization system. This systemshouldsupportfiltering, node



5.6Results: Horizon Drawings (Visual Précis) 183

Figure 5.19: XaeroVisual Précisof a TypeComposite View

querying,and the ability to focus in on a small set of nodes;all thesefeaturescan be

supportedwith differenttypesof précis,asdescribedin Section3.11.

The numberof possible précis that can be extractedfrom a hierarchicalcompound

graphis verylarge.Herewerestrictourinterestto thehorizonlevelprécisandthedrawings

of theunderlyinggraphs.

Table5.4shows theresultsof applyinga rangeof graphdrawing aestheticmeasuresto

eachhorizonlevel of thehierarchicalcompoundgraph.Thesemeasuresareaveragedover

100 FADE drawingsof eachgraph. Thenumberof clusters¥ , impliededgesÚ , nodesÓ
andedgesÕ is shown for eachlevel, includingthe lowestlevel (that is, theentiregraph).

Recallthat thevisualweight is theratio of thesumof thesefour valuesto thenumberof

nodesandedgesin the underlyinggraph. The Û h�| - ­ is the minimum distancebetween

any two nodesin thedrawing of thegraph.
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Figure 5.20: Sectionof a BashVisual Précisof a TypeCompositeView
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Figure 5.21: XaeroVisual Précisof anObjectReferenceView



5.6Results: Horizon Drawings (Visual Précis) 186

Table5.4: GraphDrawing Aesthetic Measures of VisualHorizonsof Various Views from

Bash,CVS,MosaicandXaero
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Mosaic 2 4 2 0 0 .6 0 1.088 .485 .631 .461 .631

signature 3 15 7 0 0 2.1 0 1.449 .03 .174 .072 .174

view 4 31 13 3 0 4.4 0 1.251 .016 .225 .115 .225

5 47 30 16 1 8.9 0 1.304 .012 .384 .162 .384

6 57 59 36 7 15. 2 1.306 .005 .226 .256 .538

7 81 128 84 25 30. 13 1.309 .004 .25 .185 .437

8 90 79 194 138 47.3 12 1.308 .001 .095 .19 .396

9 76 71 330 323 75.5 232 1.308 .002 .139 .242 .424

10 2 4 487 560 99.4 1037 1.308 .002 .14 .154 .271

11 0 0 491 568 100. 1045 1.308 .001 .094 .154 .271

Xaero 2 4 2 0 0 .2 0 1.588 .241 .554 .383 .554

Object 3 9 4 0 0 .4 0 1.278 .097 .601 .416 .601

Reference 4 16 8 1 0 .7 0 1.167 .043 .501 .291 .501

View 5 27 32 6 2 1.9 10 1.181 .009 .142 .05 .142

6 56 133 18 2 5.9 195 1.166 .007 .172 .046 .204

7 140 462 41 3 18.2 2598 1.152 .007 .227 .045 .256

8 218 1083 252 167 48.4 17268 1.153 .002 .089 .024 .171

9 82 768 670 1046 72.2 32388 1.16 .001 .042 .008 .068

10 26 496 807 1872 90.1 75400 1.16 .001 .027 .006 .045

11 8 105 847 2489 97.1 104822 1.16 0. .006 .004 .032

12 0 0 863 2690 100. 121488 1.16 0. .006 .004 .032

Mosaic 2 3 2 0 0 .1 0 1.364 .514 .813 .685 .813

Type 3 8 7 0 0 .2 0 1.206 .11 .521 .424 .521

Composite 4 19 18 0 0 .4 1 1.15 .018 .197 .096 .197

View 5 43 46 0 0 .9 1 1.186 .011 .21 .176 .323

6 97 113 4 0 2.2 17 1.185 .009 .315 .125 .422

7 240 375 34 0 6.6 176 1.191 .003 .141 .063 .307

8 566 1088 201 47 19.3 1796 1.194 .002 .152 .031 .207

9 1042 1998 798 476 43.8 10062 1.201 .001 .116 .031 .242

10 773 1736 3049 2285 79.7 18054 1.2 .001 .061 .016 .125

11 0 0 4642 5197 100 36859 1.2 .001 .048 .013 .096

Xaero 2 4 3 0 0 .2 0 1.007 .383 .536 .772 .883

Type 3 9 7 2 0 .5 0 1.074 .095 .438 .296 .438

continuedon next page



5.6Results: Horizon Drawings (Visual Précis) 187

Table5.4: continued

Graph é ê ë ì í î?ï ð ñFò óÈô óÈí óõó óÈñ
Composite 4 23 17 2 0 1.1 1 1.16 .024 .325 .186 .325

View 5 55 46 3 0 2.7 2 1.094 .012 .245 .277 .463

6 110 122 25 0 6.6 11 1.101 .01 .388 .142 .389

7 185 320 112 22 16.5 92 1.087 .005 .284 .117 .417

8 313 612 314 230 37.9 1148 1.099 .002 .132 .083 .336

9 437 714 805 566 65.1 3790 1.099 .001 .11 .048 .19

10 11 27 1782 2017 99.1 10837 1.099 .001 .079 .032 .133

11 0 0 1804 2069 100. 11518 1.099 0. .005 .032 .133

Xaero 2 3 1 0 0 .1 0 1.223 .587 .827 1. 1.

Type 3 7 3 0 0 .2 0 1.18 .194 .897 .846 .897

Usage 4 15 8 0 0 .5 0 1.125 .039 .433 .268 .433

View 5 31 22 3 0 1.3 1 1.108 .01 .242 .244 .496

6 65 56 7 0 3. 3 1.108 .009 .336 .212 .377

7 139 134 24 0 6.9 20 1.114 .003 .187 .124 .37

8 239 308 144 21 16.4 347 1.109 .002 .192 .076 .286

9 249 487 511 324 36.2 2512 1.114 .001 .175 .071 .315

10 437 759 829 533 59. 8763 1.113 .001 .09 .031 .141

11 66 531 1824 1603 92.8 29803 1.113 0. .034 .023 .091

12 0 0 1960 2367 100. 30318 1.113 0. .012 .02 .083

CVS 2 4 6 0 0 1. 1 1.046 .794 .789 .612 .789

Actual 3 16 17 0 0 3.2 1 1.112 .118 .448 .271 .448

Parameter 4 43 47 6 2 9.4 3 1.003 .034 .331 .19 .331

View 5 76 134 36 7 24.4 81 1.01 .026 .378 .183 .379

6 94 305 158 87 62. 718 1. .009 .178 .069 .178

7 23 144 351 393 87.8 1481 1. .004 .08 .068 .188

8 4 16 391 602 97.6 2376 1. .001 .011 .026 .073

9 2 5 398 624 99.1 2547 1. .001 .011 .026 .073

10 0 0 403 632 100. 2563 1. .001 .011 .026 .073

Bash 2 4 1 0 0 .2 0 1.659 .194 1. 1. 1.

Object 3 12 5 0 0 .8 0 1.044 .144 .696 .473 .696

Reference 4 26 20 4 0 2.5 1 1.014 .04 .352 .195 .352

View 5 55 66 15 1 6.8 20 1.061 .011 .173 .105 .248

6 104 227 35 4 18.3 300 1.091 .012 .288 .115 .288

7 174 595 171 93 51. 3214 1.087 .007 .245 .102 .339

8 92 475 552 536 81.8 5031 1.087 .002 .1 .068 .242

9 7 56 735 1197 98.6 9990 1.087 .001 .059 .039 .147

10 1 32 747 1242 99.9 10869 1.087 .001 .037 .039 .146

11 0 0 749 1275 100. 10922 1.087 0. .02 .039 .146
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5.6.1 Discussion

Thequalityof thesehorizondrawingsaremeasuredusinga varietyof graphdrawing aes-

thetic measures.Theseabstractrepresentationsshouldalsoadhereto the multilevel aes-

theticmeasuresdescribedin Section2.2.2,namely:

Ò Minimizetheintroductionof edgecrossingsby abstraction.

Ò Glyphsrepresentinggroupsof nodesshouldnotoverlap.

Ò Minimizethevariancein abstractionaspectratios.

Fromtheseresults,it is clearthatabstractiontypically greatlyreducesthenumberof

edgecrossingsasmany edgeswhich causecrossingsareelided in suchdrawings. The

glyphsusedto representeachpseudo-nodeareconstrainedto havea radiusof at mosthalf

thewidth of thecell. Thisconstraintensuresthatnotwo glyphs,in two or threedimensions

overlapin avisualprécis.FromTable5.4,weseethattheaspectratioof eachhorizonlevel

remainsapproximatelyuniformfor eachgraph.

The resultssupportthe notion that higher level visual précis of horizonsare better

graphdrawingsthanthedrawingsof theunderlyinggraphs.Typically, for eachgraphthe

numberof crossingsin thehigherlevel visualprécisis muchsmallerthanthenumberin

thedrawing of thegraph.

Someremarksarein order.

Ò As with any abstraction,the higher level précisdo containhigher level structural

informationof thesoftware,andthis is well displayedby thevisualization.

Ò In an interactive systema usermay definethe maximumnumberof graphicalele-

mentsor visual weight they requirethe initial visual précisto contain. The visual

weightmeasurecanthereforecanbe usedto determinewhich horizonlevel is ini-

tially drawn.

Ò Table5.4 alsoindicatesthat thebottomlevelsof the treeshow thegreatestamount

of nodeclustering,which theis theintuition behindour öM¥÷¨ measure,theresultsof

whicharepresentedin Section5.8below.
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Figure 5.22: Performanceversus Error of FADE2D for TUV of Mosaic

5.7 Results:Time and Err or Performance

Herewe presenttheresultsof a performanceanderroranalysisof the FADE2D algorithm

with a Min ø distancecell openingcriterionandvaryingvaluesof ù on therangeof views

extractedfrom theresourceflow graphsin thiscasestudy.

Figures5.23to 5.40show chartsof theperformanceversuserrortables,for someof the

graphsin this casestudy, theremainderareincludedin AppendixB. Figure5.22shows a

representativechart.Thefollowing threemeasuresappearin eachchart:

ú Thetimeperiterationof FADE2D is shown astheblueline .

ú Thenonedgeerrorascomparedwith thedirectnode-to-nodenonedgeforcecalcula-

tion is shown astheorangeline . Theseresultsareaveragedin two ways. First the

error, for a given ù , is averagedover a samplingof theapplication of FADE2D from

thefirst 400runs.Second,theinitial layoutis randomized100timesandtheabove

averageis computedagainfor eachinitial layout.

ú Thebrown line is theaveragederrorfor thefirst 400iterationsof FADE2D.
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Figure 5.23: Performanceversus Error
of FADE2D for APV of Bash
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Figure 5.24: Performance versusError
of FADE2D for SEVof Bash
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Figure 5.25: Performanceversus Error
of FADE2D for SIGof Bash

0.05 0.3 0.55 0.8 1.05 1.3 1.55 1.8 2.05 2.3 2.55
Valueof û for Min ü d-criteria in FADE2D

.001

.15

.31

.47

.62

.78

.94

1.09

1.25

1.41

1.57

T
im

e
(p

e
rs

e
c)

pe
ri

te
ra

tio
no

fF
A

D
E

2D

0

6.6

13.2

19.8

26.4

33

39.6

46.2

52.8

59.4

66

P
er

ce
nt

ag
ee

rr
or

in
fo

rc
e

ca
lc

ul
at

io
no

fF
A

D
E
2D

Figure 5.26: Performance versusError
of FADE2D for ORV of Bash
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Figure 5.27: Performanceversus Error
of FADE2D for TUV of Bash
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Figure 5.28: Performance versusError
of FADE2D for TCV of Bash
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Figure 5.29: Performanceversus Error
of FADE2D for APV of CVS
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Figure 5.30: Performance versusError
of FADE2D for SEVof CVS
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Figure 5.31: Performanceversus Error
of FADE2D for SIGof CVS
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Figure 5.32: Performance versusError
of FADE2D for ORV of CVS
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Figure 5.33: Performanceversus Error
of FADE2D for TUV of CVS
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Figure 5.34: Performance versusError
of FADE2D for TCV of CVS
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Figure 5.35: Performanceversus Error
of FADE2D for APV of Mosaic
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Figure 5.36: Performance versusError
of FADE2D for SEVof Mosaic
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Figure 5.37: Performanceversus Error
of FADE2D for SIGof Mosaic
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Figure 5.38: Performance versusError
of FADE2D for ORV of Mosaic
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Figure 5.39: Performanceversus Error
of FADE2D for TUV of Mosaic
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Figure 5.40: Performance versusError
of FADE2D for TCV of Mosaic



5.8Results: Clustering Measures 193

5.7.1 Discussion

Theperformanceof FADE2D improvesasthevaluefor ù decreases,duethemoreapprox-

imatenonedgeforcecalculationsandlessdirectnode-to-nodenonedgeforcecalculations.

However, the error in the overall force calculationalso increasesas ù increases.These

valuesare in line with the predictedvaluesfrom particlesimulation work. FADE is not

suitable for smallgraphs,suchasFigures5.35and5.36wheretheerrorrisesdramatically

atavalueof ù whichis proportionalto themaximum dimensionandthelengthof theideal

edge.Thissuddenjumpis lesspronouncedin theslightly largergraphs.It shouldbenoted

thatfor largervaluesof ù theerrorincreasesbut this is notstrictly correlatedwith any lack

of improvementof thelayout.

Given that theedgeforcesdampenthesenonedgeforce errors,it is oftenpermissible

to have a value of ù in the range ýGþoÿ - ýGþ�� . Sucherror ratesare catastrophicin particle

simulationandleadto highly inaccuratefinal positionsfor theparticlesin thesimulation.

We candeducea clearguidelinefor graphdrawing systemsusingtheFADE paradigm:

they shouldallow the userto alter variousparameters,suchas the value of ù , the cell

openingcriterionused,thedimension, andthearity of thespacedecomposition.

5.8 Results:Clustering Measures

Herewepresenttheresultsof applyingthehierarchicalcompoundgraphquality measures,

introducedin Section3.5,to layoutsproducedacrossthefirst 300iterationsof theFADE2D

algorithm. Herewe usethe ����� - � cell openingcriterion anda valueof ù	��
(þ�� on the

rangeof viewsextractedfrom theresourceflow graphsin thiscasestudy.

Figure5.46to Figure5.53show chartsof the normalizedclusteringmeasuresversus

crossings, for someof the graphsin this casestudy. Furtherchartsare shown in Ap-

pendixB.

Figure5.41shows anexampleof oneof thechartsfrom the resultsof applyingthese

measuresto a graphin this casestudy. Theseresultsareaveragedover �

 setsof runsof

theFADE2D algorithm.In eachcase,thegraphis given aninitial randomlayoutto ensure
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Figure 5.41: HCGQMversus Crossingsfor ORV (Mosaic)

auniformstartingpoint for eachlayoutprocess.

Thevaluesof hierarchicalclusteringqualitymeasuresareindicatedasnormalisedval-

uesaccordingto theright handaxis.Eachmeasureis colourcodedasfollows:

ú TheImpliedEdgePrecision(
�����

) measureis drawn with anorangeline.

ú TheLowestCommonAncestor(
��� �

) measureis drawn with anblueline.

ú TheCouplingandCohesion(
���!���

) measureis drawn with anredline.

ú TheNodeNeighbourhoodSimilarity (
�����

) measureis drawn with abrown line.

Thenumberof edgecrossingsin thelayoutis indicatedon theleft handaxisandis drawn

asagreenline in eachchart.
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Figure 5.42: HCGQMversusCrossings
for TCV (Mosaic)
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Figure 5.43: HCGQM versusCrossings
for TCV (Xaero)
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Figure 5.44: HCGQMversusCrossings
for TUV (Mosaic)
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Figure 5.45: HCGQM versusCrossings
for TUV (Xaero)
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Figure 5.46: HCGQMversusCrossings
for TCV(CVS)
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Figure 5.47: HCGQM versusCrossings
for ORV (Xaero)
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Figure 5.48: HCGQMversusCrossings
for SIG(Mosaic)
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Figure 5.49: HCGQM versusCrossings
for SIG(Xaero)
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Figure 5.50: HCGQMversusCrossings
for SEV(Mosaic)
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Figure 5.51: HCGQM versusCrossings
for SEV(Xaero)
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Figure 5.52: HCGQMversusCrossings
for APV (Mosaic)
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Figure 5.53: HCGQM versusCrossings
for APV (Xaero)
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5.8.1 Discussion

The hierarchicalclusteringquality measureshave beenappliedduring the first 300 iter-

ationsof FADE2D in the progressive cycle. In this discussionour aim is to evaluate,in

generalterms, the usefulnessof our hierarchicalcompound graphquality measuresfor

thesegraphsfor reverseengineering.Eachchartalsoshows thenumberof edgecrossings

in thelayout,which steadilydecreasesastheprogressive cycle iterates.As predicted,the

microstructureof thelayoutrapidly improvesasindicatedby theincreasein eachmeasure

over thefirst 60 iterations.

Given this datacomesfrom a software system,where the aim of a good designis

to producecomponents with strongcohesionand low coupling, our classicalgeometric

CouplingandCohesionmeasure(
���!���

) providesa good indication as to quality of a

particular layout. Here the
���!���

measureindicatesthe ratio of the numberof edges

inside eachclusterto thosecrossinga clusterboundary, on every level of the inclusion

tree. This measuresteadilyincreasesasthe FADE2D algorithmis applied.This indicates

that the forces,whenapplied,causethe layout to form into theunderlyingclustersin the

data.This processexhibits thenaturalclustersasshown in thepicturegallery. Theresults

of the
�������

measurein this casestudy, arein starkcontrastto the resultsin thematrix

marketcasestudy. Heretheunderlyingdatacontainsclustersonehopesto visualizewhere

asthematrixmarketdatais oftenhighly uniform,withoutclustersandassuchexhibits low

valuesfor the
���!���

measure.

The
�����

measuregives a generalindication asto the overall quality of the horizon

level précisin thehierarchicalcompound graph.A valueof 1, indicatesthatevery implied

edgerepresentsa truepathbetweenevery pair of nodesin eachcluster. However, dueto

regularnatureof thespacedecomposition used,someclusterscontainunconnectednodes.

Herethis measureis computedon a singlespacedecomposition, ignoringthefact thatthe

graphscontainmany disconnectedsubgraphs.As a result,for graphswith a largenumber

of small disconnectedsubgraphsthe value for the
�����

is low, whereasfor connected

graphsthemeasureis oftenhigh. Thehigherthevaluefor
�����

, thegreaterconfidencein

avisualprécis,sinceit is amoreaccuraterepresentation.
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The
�����

measureis difficult to interpret. It shouldprovide an indicationas to the

clusteringdepthof eachedgein thehierarchicalcompoundgraph,thatis, on averagehow

far up the treedo edgescauseimplied edges.Theseresultsindicatethat the
�����

does

improveasthelayoutimprovesbut alsothatthemeasureitself maybebadlynormalised.

The
�6�7�

provides a measurefor how strongly interconnectednodesare within a

cluster. Giventhis is realworld dataof variousstructuralviews of a softwaresystemone

doesnotexpecteveryentityin everyclusterto accessoneanother. Herethevalueof
�6�7�

increasesquickly to asmallvaluewhichindicatesthatonaveragenodesin alayoutof each

clusterarerelatedto a few othernodesbut notall thenodesin thecluster.

Overall, themeasuressteadilyincreaseto a plateauwhichsupportsthehypothesisthat

asthequality of thedrawing improves (measuredhereby edgecrossings),thequality of

theclusteringexhibitedby thelayoutalsoimproves.

5.9 Remarks

This Chapterhaspresenteda softwarevisualizationcasestudyusingthe FADE paradigm

for largegraphdrawing. Theseresultsshown thattheFADE paradigmproceedsby making

small iterativechangesto thelayoutof thegraphwhich improvesthevaluesof thehierar-

chicalcompoundgraphqualitymeasures.As thelayoutimprovesgroupsof relatednodes

aredrawn together, whereasunrelatednodesare typically drawn far apart. Drawings of

suchlayoutstendto exhibit thenaturalclusteringsof thegraph.

Overall,we have demonstratedhow theFADE paradigmprovidesa fastlayoutmethod

coupledwith abstractrepresentationandmeasurementfor a reverseengineeranalyzinga

softwaresystem.
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CaseStudy II: Matrix Mark et Visualizations

“Intuiti on becomesincreasinglyvaluablein thenew informationsocietypre-

ciselybecausethere is somuch data.” - JohnNaisbitt

Numericalmatrixdatais usedin comparativestudiesof algorithmsfor numericallinear

algebraapplications in a rangeof domains. Examplesof suchdomains include,Chemical

Engineering,ComputerSystemSimulation,Finite ElementAnalysis,andPower System

Networks.TheMatrix Market is a repositoryof suchtestmatrixdata[29]. This repository

consists of 482sparsematrices,from differentapplication domains.

ThisChapteris arrangedasfollows. Section6.1providesthecontext for thiscasestudy

andoutlinesissuesaddressedusingthis matrix data. A brief synopsis of thebackground

detailsof eachmatrixclassis givenin Section6.2.Section6.3contraststhedrawingspro-

ducedwith theFADE paradigmandexisting structureandcityplot visualizationsalongwith

acomparative review of alternatelayoutmethodsin Section6.3.1.Theresultsof this case

studyarepresentedin Sections6.5 to 6.9. A picturegallery, comparingandcontrasting

existing structureandcityplot visualizations,with drawingsproducedby FADE2D is given

in Section6.5. Section6.5.1presentsa discussion of the picturegallery resultsin struc-

tural termsratherthanaccordingto any applicationdomainspecificanalyses.Section6.6

providesthegraphdrawing aestheticmeasuresandadiscussionof theseresults.

In Section6.7theresultsof applyingthegraphdrawing aestheticmeasuresto thehori-

zon level précisof thesegraphsarepresentedalongwith a discussion of theseresultsin

Section6.7.1.Two classof performanceversuserrorchartsaregivenin Section6.8along

with adiscussionof them.
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The resultsof the hierarchicalcompound graphquality measures,applied to these

graphs,aregivenin Section6.9alongwith adiscussionof theseresultsin Section6.9.1.

6.1 Context

For the purposesof this casestudy, we restrictour interestto forming visual representa-

tionsof this dataratherthanapplicationdomainspecificanalysisof theresultsproduced.

Specifically, our goal is to evaluatethe FADE paradigmin rapidly producinggraphdraw-

ingsandvisualprécisof thestructured,semi-structuredandhigh clustereddatacontained

in this repository. Thegraphdrawing andvisualpréciscanbeusedby dataanalystsin the

taskof studyingthedatato discover patternsor inconsistencies.In thissectionwepresent

thecontext of ourevaluation.

6.1.1 The Matrix Mark et

In this Chapterwe investigatethedrawing, abstractrepresentationandmeasurementof a

rangeof mediumto largegraphsfrom theMatrix Market. TheMatrix Market is a compo-

nentof theNIST (NationalInstitute of StandardsandTechnology, USA) projecton Tools

for Evaluation of MathematicalandStatisticalSoftwarewhich hasfocusareasin linear

algebra,specialfunctionsandstatistics.Within theMatrix Market thesematricesarevisu-

alizedasboth two dimensional “structureplots” andthreedimensional “cityplots”. Here

we aim to useour FADE drawing andvisualabstractionparadigmto representthesedata

setsaslarge graphdrawing coupledwith an analysisaccordingto our hierarchicalcom-

poundgraphqualitymeasures.

For thepurposesof this thesis,we focusonfive issuesin thiscasestudy:

ú Thevisualizationandabstractrepresentationof thesematrixdatasetsasgraphswith

nodesandedgestrengths.

ú Discussion of thedrawingsandtheirabstractrepresentations,in termsof theirability

to visuallyshow thenaturalclustersor patternsin thedata.
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ú Labeltherowsandcolumnsof thematrix from ? - @
ú If ACB2DFEHGI��ý , thenthereis anedgefrom B to E
ú Theedgesfrom thismatrixare,(A-B, A-D, B-D, B-E, D-E)

ú Thenodesfrom thismatrixare,(A,B,C,D,E)

Figure 6.1: A matrix representedasanundirected graph

ú The measurementof variousaestheticsof the final drawing andhorizondrawings,

introducedin Chapter2.

ú Theperformancemeasurementof theprimarylayoutalgorithm(FADE2D) from our

FADE paradigm,introducedin Chapter4.

ú Theuseof our hierarchicalcompound graphquality measuresintroducedin Chap-

ter3, to determineif thereis progressivecycleof layoutandclusteringimprovement

in thisclassof structured,semi-structuredandclustereddata.

6.1.2 Matrix Data

Thedatain thiscasestudycomesin theformof amatrixdescription.A matrixisasquareor

rectangulararrangementof symbols or numbers,in rows or columns,usedto summarize

the relationships betweendifferententities. Matricesareusedfor variousmathematical

operations,suchasrepresentingthecoefficientsof simultaneouslinearequations.A square

matrix AJ�LKM��G representsan adjacency matrix of a graphwith n nodes.The ACB2DFEHG entry

of the matrix is the strengthor numberof edgesfrom nodeu to nodev. A symmetric

adjacency matrix representsan undirectedgraph,whereasan non-symmetric adjacency

matrix representsa directedgraph. An exampleof representinga symmetric matrix asa

graphof nodesandedgesis shown in Figure 6.1.

For the purposesof this thesiswe are interestedin drawing, abstractlyrepresenting

andmeasuringlargesimple undirectedgraphs.Thematrixmarket datasetsdonotcontain

multiple edgesbut ratheredgestrengths.Thematricesdo containself-loopsandin a few

casesthegraphsaredirected.In this casestudywe treatall matricesassimpleundirected

graphswith edgestrengths,thatis, asattributedgraphs.
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Many of thesedatasetshave alreadybeenvisualized,by otherresearchers,with sim-

ple threedimensional “cityscapeplots” or two dimensional “surfaceplots”. The FADE

paradigmintroducedin Chapter4 introducesseveralnew waysto visualizeandabstractly

representthis data,which we will compareandcontrastwith the original visualizations.

Most of the graphsin this collectionarenon-planarandassuch,might be amenableto

threedimensionallayoutandvisualization.

6.2 Description of Graphs (matrix data) in this casestudy

We now presentan overview of backgrounddetails,and an explanationof eachmatrix

class. Thesematricescomefrom a wide variety of areas,from ChemicalEngineering

to ComputerSystemsmodels. It is importantto note that someof the graphsrepresent

geometricelementsandtheir interrelationships;however thedataavailablecontainsnone

of this geometry, only the elementsand the strengthof the relations(if present).Other

graphsin thiscasestudyareof purelyabstractelementsandrelations.

Power SystemDistrib ution Networks

A powergrid or powersystemdistribution networkconsists of power linesthatdistribute

electricityto consumersfrom afew high-voltagesources,sucharecoalfiredpowerplants,

nuclearreactorsandhydro-electricstations.Thesenetworkstypically haveasmallnumber

of high-voltageelectricitylines,which areconnectedto thesourcesof power. Theselines

supply electricity to regional networks that eventually deliver power to customers. To

ensureredundancy in supply, theregionalnetworksdraw power from severalhigh-voltage

lines, alongwith beingconnectedto otherregional networks. Thesenetworks represent

relationalinformation, wherenodesarepower stationsor sub-stationsandthe edgesare

the electricity transmission lines. Thesegraphsarevery sparsebut alsoquite irregular.

While the averagedegreeis typically small, it is commonto have a few nodesof very

high degree. Thesepropertiesmake it difficult to develop parallelalgorithms for power

systemsimulationsandapplicationsin general. Several mediumto large power system

distribution networks have beencodifiedinto sparsematricesin the BoeingHarwell set,
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whichispartof thelargermatrixmarketseries.Thesematricesareoftenusedtobenchmark

parallelsparselinear algorithms or in incomplete factorizationproblems[19]. Examples

of graphsdrawn from this setinclude1138bus (Figure6.25),bcspwr07 (Figure6.21)

bcspwr09 (Figure6.25)andbcspwr10 (Figure6.27).

BoundedFinline Dielectric Waveguide

A waveguideis a device thatactsasa conduit(channel)to guidethepropagationof elec-

tromagnetic wavesalonga pathdefinedby thephysical structureof theguide.Physically,

a waveguide is a rectangularor circular pipeusedto guideelectromagneticwavesat mi-

crofrequencies.Theelectromagneticfield propagateslengthwiseandin theoryeachwave

guideconsistsof perfectelectricconductor(PEC)anddielectric(non conducting)struc-

tures. A finline waveguide is a boundedwaveguidewhich operatesextremelywell in the

mill imeterwavespectrum,thatis, atmicrofrequencies.Waveguidesaremostoftenusedto

connecttheoutputof a radaramplifierto ahornor dishantenna.

Thegraphsin thissetarisefrom thestudyof thepropagatingmodesandmagneticfield

profilesof a rectangularwaveguidefilled with dielectricandPECstructures[109, 258].

The electricandmagneticfields of an electromagneticwave have a numberof possible

arrangementswhen the wave is traveling througha waveguide. Eachof thesearrange-

mentsis known asa modeof propagation. This graphsetis calledBFWAVE, andcomes

from theDepartmentof ElectricalEngineeringat theUniversity of Kentucky [258]. The

nodesrepresentsamplepointsand the edgesrepresentthe changein the strengthof the

electromagneticwavesbetweenthosepoints.

Examplesof graphsdrawn from this set includebfw398a (Figure6.29),bfw398b

(Figure6.31),bfw782a (Figure6.33),bfw62a (AppendixA), bfw782b (AppendixA).

Crystal Growth Simulation

Crystalgrowth is thestudyof theconditions for controlling thechangeof stateof certain

chemicalor physicalproperties,to grow crystalexperimentally. Thesematricesareusedto

determinethestability of theinterfacialcrystallizationof apieceof solidcrystalsolidifying
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Figure 6.2: Squarewaveguide visualized as a normalised frequency, courtesy of Albert T. Gal-
ick [100]

from someundercooledmelt [300]. The nodesrepresentsamplepoints and the edges

representthechangein thestabilityof thesubstancebetweenthosepoints.

An examplegraph(cry10000) from thissetis drawn in Figure6.63.Herethechange

in stabilitycanreadilybeseenin thecolourchangeacrosstheedgesin thetopright partof

thegraphdrawing.

Square Dielectric Waveguide

Thematricesin thissetrelateto thesamegeneralclassof waveguidestructuresasdescribed

in Section6.2. However, unlike the finline dielectric waveguides,here the waveguide

consists of a dielectric materialsurroundedby anotherdielectric materialwith a lower

refractive index, suchasan optical fiber surroundedby air. Thesewaveguide problems

arisein many integratedcircuit applicationsandthesegraphsrepresentthefinite difference

discretisation of themagneticfield profiles. An alternatevisualization of sucha matrix is

shown in Figure6.2.

Examplesof graphsdrawn from thissetincludedw2048 (Figure6.35),dw8192 (Fig-

ure6.39),dwa512 (Figure6.47),anddwb512 (Figure6.6).
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DispersiveWaveguideStructur es

Unlike theotherwaveguide structures,thesewaveguidesconsistof conductorswith finite

conductivity andcrosssectionin a lossydielectricmedium. The “strength” of an edge

representsa conductivity measure.An example graphdwg961a from this setis drawn in

Figure6.65.

Finite Element Approximation

An elementis a basicbuilding block of finite elementanalysis.Modelsareput together

from an assemblyof elements.Thesematricesrepresentfinite elementapproximations

of both physicaland theoreticalstructures.The underlyinggeometryis absentin these

matricesandtheedgesrepresentvaryingdiffusivity betweenelements.Thesematricesare

primarily usedin finite elementanalysis,which is a modeling techniqueto discretizea

continuous geometricdatasetfor analysis.In particular, the methodis usedto represent

thebehavior of astructureunderanexternalloading.

Examplesof graphsdrawn from this setincludenos4 (Figure6.49)andnos7 (Fig-

ure6.53).

The OlmsteadModel

The Olmsteadmodel representsthe flow of a layer of “viscoelasticfluid” heatedfrom

below. A viscoelasticfluid is simply a liquid thathasrelatively high resistanceto flow but

caneasilyresumeits originalshapeafterbeingstretchedor expanded.

An example graph(olm1000) from thissetis drawn in Figure3.21.

OceanicModeling

ThesematricesarePlatzmanmodelswhichdescribetidal motionsin bays,enclosedbasins

andin thiscaseoceans.Herewe havefinite-differencemodelsfor theshallow waveequa-

tions of the Atlantic and Indian Oceans. The smallermatrix correspondsto the North

Atlantic Ocean.Here,asin Section6.2, thegeometryunderpinning this datasethasbeen
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strippedaway. Sothegraphis simply amathematicalmodeldescribingthetidal motion of

waterin various“channels”,betweenrecordinglocations.

Examplesof graphsdrawn from this setincludeplat362 (Figure6.43),plsk1919

(Figure6.51),plskz362 (Figure6.55),andplat1919 (AppendixA).

Small Signal Model

This collectioncomesfrom an applicationof the Hydro-Quebecpower systems’ small-

signalmodel.Thesemodelsareusedin powersystemsimulationsandavarietyof methods

areusedto analyzetheoperationof suchnonlineardevices.Typically thesignalrepresents

smallvariationsof currentor voltageaboutmotionlesspoints. Thesematricesarehighly

unbalanced,which presentssignificantproblemsfor the parallelizationof solvers to nu-

mericallinearalgebraproblems.

Examplesof graphsdrawn from thissetincludeqh1484 (Figure6.57),qh768 (Fig-

ure6.37),andqh882 (Figure6.45).

Reaction-diffusionBrusselatorModel

TheBrusselator model, proposedby I. Pregogineetal., is oftenusedto describeoscillating

chemicalreactions[291]. Themodelsin thiscollectionareof 2Dreaction-diffusionmodels

representingtheconcentrationsof two reactions.

Examplesof graphsdrawn from this set includerdb3200l (Figure6.59),rdb200

(Figure4.24),rdb450 (Figure3.31),rdb200l, rdb2048,rdb1250l, rdb2048l,

rdb800l, rdb968, rdb1250 (AppendixA).

Oil Reservoir Simulation

Thesematricesrepresentasystemof linearequationsextractedfrom oil reservoir modeling

programs.Themodelscomefrom finite-differenceapproximationof a simulation model,

wheretheunderlyinggeometryhasbeenremoved. Thesematriceswereissuedasa chal-

lengeto the petroleumindustryandthenumericalanalysiscommunity to find the fastest

solution to thesesetsof linear equations.The setsin this collectionrepresent,Black oil
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Figure 6.3: A structure plot of dwb512 Figure 6.4: A cityplot of dwb512

simulation with shalebarriers,a thermalsimulationwith steaminjection,anIMPESsim-

ulationof a blackoil model,anIMPESsimulationwith flow barriers,anda fully implicit

blackoil model.

An example graph(sherman4) from thissetis drawn in Figure6.61.

6.3 Matrix Visualization and Graph Drawing

Visualization is clearly a useful tool for analyzingsparsematrix structures. Given the

formatof thedata,anaturalstyleof visualization is to representthematrix in two or three

dimensions,asshown in Figures6.3and6.4respectively. In two dimensionsonepossible

visualizationisastructureplot, whichconsistsof thenodesorderedalongthe N - andO -axes

with a ( B2DFE ) grid point representingan edge.A structureplot is usedto provide a quick

visual checkon the sparsitypatternof a particularmatrix. In threedimensions a visual

representationcalleda cityplot view canbeusedto visualizea matrix. Intuitively a matrix

cityplot view lookssimilar to largebuildings in a city with a grid layout. Along with the

benefitsof a structureplot, cityplots allow for a quick checkof the relative magnitude of

matrix entries.In threedimensions anedgeis representedasa verticalblock. Theheight

andcolourof eachblock representstherelative strengthof theedge.Theedgeswith the

highestrelative strengthsaredrawn asthe tallestpositive blocksat the top of the colour

scale,whereastheedgeswith thelowestrelativestrengthsaredrawn asthetallestnegative
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Domain GraphName P � P P � P
Powersystems network 1138bus 1138 1458

WesternUS powernetwork bcspwr07 1612 2106
bcspwr09 1723 2394
bcspwr10 5300 8271

BoundedFinlineDielectricWaveguide bfw62a 62 200
bfw398a 398 1658
bfw398b 398 1256
bfw782a 782 3394
bfw782b 782 2600

CrystalGrowth Simulation cry10000 3699 7164
SquareDielectricWaveguide dw2048 2048 4094

dw8192 8192 17404
dwa512 512 1004
dwb512 512 1024

DispersiveWaveguide Structures dwg961a 706 1350
FIDAP packagegraph fidap005 27 126

fidapm02 200 2805
Finite ElementApproximation nos4 100 247

nos7 729 1944
TheOlmsteadModel olm1000 1000 1997

Oceanicmodeling plat1919 1919 15240
plat362 362 2712
plsk1919 1919 4831
plskz362 362 880

SmallSignalModel qh1484 1484 2492
qh768 768 1322
qh882 882 1533

Reaction-diffusionBrusselatorModel rdb1250 1250 3025
rdb1250l 1250 3025
rdb200 200 460
rdb200l 200 460
rdb2048 2048 4992
rdb2048l 2048 4992
rdb3200l 3200 7840
rdb450 450 1065
rdb800l 800 1920
rdb968 968 2332

Oil reservoir simulation sherman4 1104 1341

Table 6.1: Combinatorial propertiesof thematricesusedin this case study
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Figure 6.5: A matrix which therow andcolumnorders arechangedfrom a,b,c,d,e,fto a,d,b,e,c,f

blocksat thebottomof thecolourscale.Structureandcityplot visualizationsareprimarily

usedto accessthe quantity of edgesin a particularmatrix. This informationis usefulto

quickly determinethesparsenessof a particularmatrix or to visually comparetherelative

sparsityof two differentmatrices.

Otheranalysesof suchmatricesarehighly dependenton the relative orderingof the

rowsandcolumns, asshown in Figure6.5.Thetwo matricesshown in Figure6.5represent

thesameelementsandinterrelations.A structureplot or cityplot visualizationof thefirst

matrix would easilyshow the two disjoint clustersof elementswith the stronginterrela-

tionships,whereaswith avisualizationof thesecondthis factwouldbedifferentto discern

visually. Thematricesin thisdatasethavebeenpre-orderedto bestrepresentthestructure

of thesetwhendisplayedin two or threedimensionsusinga structureor cityplot visual-

ization. This pre-ordering,which is not usedwithin our drawing paradigm,is in effect an

analysisstepwhich occursbeforethevisualanalysiscommences.Oncethematriceshave

beenorderedthentheuseof eitherthestructureof cityplot view is appropriate.

Clearly thereare numerousways to representthe relative strengthsof the relations

(edges)betweentwo elementsin thedataset. In thestructureplot view, thestrengthof a

relationship is hiddenandonly thefact that two nodesareconnectedis shown, regardless

of the strengthor weaknessof the relationship.In the cityplot view the relative strength

or weaknessof a relationshipis indicatedby the heightof the block above or below the

x,y plane.Theseblocksarealsocolourcodedto furtheraid in theidentificationof groups,

patternsor repeatingpatterns. This approachis clearly advantageousif the exploratory

dataanalysisis concernedwith issuessuchas; locating the strongest/weakestelements,

determining anoverall view of relative relationship strength,anddeterminingthelocal or
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globaluniformity in relationshipstrengths.

Unlike thesevisualizationapproacheswe take a “proximity” and“structure” view of

the dataset. Insteadof representingan elementB asrow-column,we treat it asa node.

Therelationship this elementhaswith othernodes,is representedasanedge.Our visual-

izationparadigmaimsto draw adjacentnodescloseto eachotheralongwith non-adjacent

nodesbeingdrawn far apart.Theproximityof nodesin thedrawing allows theviewer not

only to seetherelationshipsbut alsohow theserelationshipsrelateto othergeometrically

closenodesandrelationships. In ourtwo dimensional drawings,thestrengthof aparticular

relationship is codedaccordingto asimilarcolourscaleasthatusedin thecityplot visual-

izations. This approachmakesit easierto visually compareandcontrastthecityplot and

graphdrawing visualizations. Thestructure andcolour codingusedin thegraphdrawing

approachallows large patterns,structures,groups,sub-graphs,andclustersto be readily

identified.Overall,ourapproachis usefulfor showing,onvariouslevelsof abstraction,the

major structuresandpatternsexhibited in thesesparsematrices,ratherthanthe classical

quantitativevisualanalysiswhichstructureandcityplot visualizationsareusefulfor.

The structureandcityplot visualizationsare reproducedwith the kind permission of

Dr. RonaldF. Boisvert of the Mathematical andComputational SciencesDivision of the

InformationTechnologyLaboratoryat theNationalInstituteof StandardsandTechnology,

whomaintaintheMatrix Market [29].

Wenow briefly introduceotherlayoutmethods thatcanbeemployedin thedrawing of

thegraphsfrom thisdataset.

6.3.1 Alter nate Layouts

Other layout algorithms, not just thosefrom FADE, can be employed to visualize these

graphs.Theaim of this sectionis to compareandcontrastthefinal drawingsproducedby

the FADE2D andFADE3D algorithms with thedrawingsproducedby othertwo andthree

dimensional layout methods.The comparisonsmadehereare in termsof the quality of

thedrawing (measuredin termsof graphdrawing aesthetics)andperformance(measured

in time). The layout methodsusedin this comparisonincludea standardforce directed
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Figure 6.6: Two views of dwb512b, drawn in threedimensionswithout edge strengths.

Figure 6.7: Two dimensional force
directedlayout of dwa512, from AGD

Figure 6.8: Three dimensional force directed
layout (projectedto 2D) of dwa512, from AGD

drawing method,a hierarchicaldrawing method,a planarizeddrawing method,a circular

drawing method, andaTuttestyledrawing method.

Thedrawingsproducedby FADE, for example Figures6.6 and6.18,clearlyshow the

overallstructureof thegraphandthefactthatit is composedof two relatedandconnected

sub-graphs.The alternatedrawings comefrom a graphdrawing tool calledAGD which

includes18possiblelayoutalgorithmsthatcanbeappliedto graphs[2]. Unfortunately, due

to thenatureof thegraphsin thiscasestudy, thatis,non-planarwith irregulardegree,only5

layoutalgorithmscanactuallybeapplied.Thealgorithmsinclude;springembedder(force-

directed),planarization,circular, Sugiyama,andTutte. We usedwa512 asanexamplein

thiscomparative review.
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Graph Nodes Edges FADE2D Q AGD

dwa512 512 1004 0.041 1.0 0.0956634
rdb1250 1250 3025 0.113 1.0 0.3507658
rdb2048 2048 4992 0.1892 1.0 0.5739804
cry10000 3699 7164 0.459 1.0 2.1683704
bcspwr10 5300 8271 0.573 1.0 2.8061264
dw8192 8192 17404 1.423 1.0 7.97195

Table6.2: Time in seconds,to computeoneiterationFADE2D with a particulartheta, ascompared
with oneiteration of the spring layout in AGD. Herethe time per run is averaged acrossthe first
400runsof each algorithm.

Fruchterman ReingoldForceDir ectedLayout

Thespringembedderlayoutprovidedin AGD is theclassicalFruchtermanReingoldgrid

basedrefinement[97] to the original force directedlayout algorithmof Eades[69]. As

AGD is a sophisticatedandhighly customizablegraphdrawing tool it would beunfair to

begin a comparisonwithout first showing a comparabletwo andthreedimensional force

directedlayoutproducedby this tool. Theresultsof applyingthis layout,in termsof graph

drawing aesthetics,aresimilar to the resultsobtainedwith FADE2D and3DFADE, asone

would expect. However, our drawing paradigmalsodirectly supportsthe generationof

multi-level viewsalongwith agreatercomputationalefficiency. Our layoutalgorithmper-

forms approximately twice asfasteven on the relatively small graphshown in line 1 of

table6.2. Theperformanceis 
(þR
S�Hý secondsperiteration(at a 
(þ�T % error)comparedwith


¤þR
VUVW.T secondsperiterationfor AGD. It shouldbenotedthatobservational evidencesug-

geststhespringlayoutmethodin AGD containsfurtherad-hocalgorithmic refinementsto

improve the performanceof the basicFruchtermanReingoldforce directedlayout algo-

rithm. If thealgorithmhasbeenfurtherrefinedthenany comparisonsusingthedatashown

in table6.2areinvalid. Any comparisonis attemptingto comparetwo essentiallydifferent

algorithms, ratherthantwo forceapproximation methods. For example,onehypothesis is

thatin theearlyiterationsin AGD it appearsthatonly edgeattractionsarecomputedor that

very largegridsareused.Howeverwithoutaccessto theimplementationof this system, it

is impossible to verify thishypothesis.
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Figure 6.9: Hierarchical layout of dwa512 drawn with Sugiyama’s algorithm

Hierar chical Graph Drawing

The drawing shown in Figure6.9 is a hierarchicalgraphdrawing of dwa512, basedon

Sugiyama’s algorithmasdescribedin Section2.2.3. This hierarchicaldrawing presents

a fair renderingof the graph,althoughit is difficult to tell that the graphconsistsof two

“sections”.Differentcrossingminimizationstepssuchasmedian,splitandsiftingmakethe

two sectionsof thegraphmoreapparentbut over reducethevisualbalance.Regardlessof

rankingassignmentor thecrossingminimizationmethodused,it is impossible to recognize

the fact that the two sectionsareconnectedin a regularmanner. In graphaestheticterms

this drawing hasgoodaspectratio,goodangularresolution,goodedgelengthuniformity,

poordisplayof symmetryandhasfeweredgecrossings(678)thantheFADE2D drawing in

Figure6.18.

Cir cular Layout

Thedrawing shown in Figure6.10is a circular layoutgraphdrawing. In graphaesthetic

termsthisdrawing hasgoodaspectratio,poorangularresolution,pooredgelengthunifor-

mity, poordisplayof symmetryandhasmany moreedgecrossings(4828)thanthedrawing
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Figure 6.10: A circular layout of dwa512, with thegapbetweenthetwo sectionsillustrated

in Figure6.18. However, unlike thehierarchicallayout it is possibleto seethat thereare

largesetsof nodeswhichareonly locally relatedto eachother. And in examiningthegraph

very closely, it is possible to seethat therearetwo “sections”separatedby a gap.Finally,

aswith thehierarchicallayout it is difficult to tell that thetwo sectionsareconnectedin a

regularmanner.

Tutte ForceDir ectedLayout

The drawing shown in Figure6.11 is circular force directedlayout calleda Tutte graph

drawing. In graphaesthetictermsthis drawing hasgoodaspectratio, very poor angular

resolution, verypooredgelengthuniformity, verypoordisplayof symmetryandhasmany

moreedgecrossingsthanthe drawing in Figure6.18. This is a very badgraphdrawing

whichdefinitelyqualifiesfor Tuftesaxiomthat“...if apictureisn’t worthathousandwords,

thehell with it”.

Planarization Graph Drawing

Finally, the drawing shown in Figure 6.12 is a planarizationgraphdrawing. In graph

aesthetictermsthis drawing hasgood aspectratio, very good angularresolution, poor

edgelengthuniformity, very poordisplayof symmetry andhasfew edgecrossings(552).

Accordingto all theaestheticmeasures,this is a “good” drawing of thegraph.However, it

is clearthatby notdisplayingthesymmetriesandby notmaintainingauniformedgelength

thisdrawing doesnotshow theoverallshapeof thegraph,northefactthatit consistsof two
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sectionsor the regularconnectionbetweenthesections.In fact it would bea conceptual

challengeto attempta cognitive mappingfrom thedrawing in Figure6.12to thedrawing

in Figure6.6.
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Figure 6.11: A Tuttestylelayout of dwa512

Figure 6.12: A Planarization StyleLayout of dwa512
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Figure 6.13: Initi al random layout of
dwa512 with 42170 edgecrossings

Figure 6.14: Layout of dwa512 after oneitera-
tion of FADE2D with 33126 edgecrossings

Figure 6.15: Layoutof dwa512 after
30 iterationsof FADE2D with 1178
edgecrossings

Figure 6.16: Layout of dwa512 after 50 itera-
tionsof FADE2D with 829edgecrossings

Figure 6.17: Layoutof dwa512 after
80 iterationsof FADE2D with 697
edgecrossings

Figure 6.18: Layoutof dwa512 after 140 itera-
tionsof FADE2D with 661edgecrossings
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6.3.2 Initial Layout

The progressive cycle in the FADE paradigm,describedin Chapter4, requiresan initial

layoutof thegraph.Thequality of this initial layoutmaybeimportant in determiningthe

qualityandtimerequiredfor thefinal layout.

Classicalforcedirectedlayoutstypically begin by assigning a randomgeometry(lay-

out) to the nodesof a graph,as shown in Figure 6.13. By all graphdrawing aesthetic

measures(exceptfor aspectratio) this is a poorinitial drawing of thegraph.By randomly

positioning the nodeswe introducemany moreedgecrossingsthanin the final drawing.

With this examplewe have 63 timesasmany edgecrossingsin the initial drawing asthe

final drawing in Figure6.18.

As we show in Section6.9 the first few iterationsof FADE2D rapidly decreasethe

numbersof edgecrossingsandquickly improve eachof thehierarchicalcompoundgraph

qualitymeasuresaccordingly. As a startingpoint for comparingthechangein quality, the

randomlayoutis auniformly badinitial layout.Thismeansthatwecanfairly comparethe

rateof improvementof qualitymeasuresif theinitial layoutis random.

As partof thediscussion of our results,we show how othercomputationally inexpen-

sive heuristiclayoutmethods basedon the FADE paradigm,suchaswave-front FADE can

be usedto give a betterinitial layout. Theselayoutsareoften muchcloser, in termsof

energy, aestheticmeasurementandclusteringmeasurements,to thefinal drawings.

6.4 The Experiments

To investigate the FADE progressive cycle in producingdrawings and visual précis we

testedthe FADE2D, WAVE-FRONT and FADE3D algorithms on the matricesdescribedin

Section6.2.

Theresultsof thiscasestudyarepresentedin following fivesections.First,wepresent

a picturegallery of visual comparisonbetweenexisting structureandcityplot visualiza-

tionsandthelayoutsproducedby awavefrontlayoutcoupledwith FADE2D in Section6.5.

Secondin Section6.6 we presentthehardgraphdrawing aestheticmeasuresof the FADE
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Figure 6.19: Colour rangeusedto codify the weakest to strongestedges in the graphdrawings
shown in Figures6.25to 6.57

layoutsshown in thepicturegallery. Third, we presenta varietyof visualprécisdrawings

alongwith performance,clusteringandaestheticmeasurementsin Section6.7,which are

describedin Chapter4. Fourth,we presenttheerrorversustime takenmeasurementsand

errorversuscalculationsmeasurement,for a rangeof approximationsusedwith FADE2D

in Section6.8,asoutlinedin Chapter4. And finally, in Section6.9wecomparethehierar-

chicalgraphclusteringmeasuresintroducedin Chapter3.

6.5 Results:PictureGallery

Thegraphsin this casestudytypically consistsof a singleconnectedgraph,ratherthana

seriesof smalldisconnectedsubgraphsasin Chapter5. Herewe considertheentiregraph

with a single spacedecomposition, which allows us to compareall themeasurestaken in

this casestudywith the softwarevisualization casestudyresults. Further, this approach

producesveryaccuratehigh level visualprécis.

The final drawings shown herein Figures6.21 to 6.57 and in AppendixA, are the

resultsof applyinga wavefront layout to the graph,followed by a numberof iterations

of a FADE methodto further improve the drawing. Many of the graphsfrom the Matrix

Market containstrengthsfor eachedge,whereanedgestrengthis presentthis is codedas

a colourin therangeredto purple,asshown in thecolourscalein Figure6.19.Whereno

edgestrengthsarepresent,theedgeis drawn asablackline. As in thepreviouscasestudy,

we areonly concernedwith simplegraphswith noself-edgesandno multiple edges.This

compromiseallows for theuseof our FADE paradigmto representtheoverall connectivity

andedgestrengths. As a result,this casestudydealswith a generalclassof graphsfrom a

rangeof domainsandcomparesthemaccordingto ouraestheticandclusteringmeasures.

Many of thesematricesin this case,whendrawn asgraphdrawings arehighly uni-

form andcontainvery regularstructures.For example,thematricesfrom theBrusselator



6.5Results: Picture Gallery 220

Figure 6.20: bcspwr07 asa structureplot Figure 6.21: bcspwr07 asa graph drawing

Figure 6.22: bcspwr09 asa structureplot Figure 6.23: bcspwr09 asa graph drawing

modelsaredrawn astwo overlappinggridswith FADE2D andasa threedimensionalmesh

structurewith FADE3D. Domainknowledgeof suchregularcombinatorial graphstructures

shouldallow ananalyst,working with suchmatrices,to choosea potentially fasterlayout

algorithmthanthosein the FADE paradigm.Recallthat,domainknowledgeof thegraph

structureoftensuggestsaparticularlayoutmethodor anoptimizedheuristicto anexisting

algorithm.
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Figure 6.24: 1138bus asa cityplot Figure 6.25: 1138bus asa graphdrawing

Figure 6.26: bcspwr10 asa structureplot Figure 6.27: bcspwr10 asa graph drawing

Figure 6.28: bfw398a asa cityplot Figure 6.29: bfw398a asa graphdrawing
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Figure 6.30: bfw398b asa cityplot Figure 6.31: bfw398b asa graphdrawing

Figure 6.32: bfw782a asa cityplot Figure 6.33: bfw782a asa graphdrawing

Figure 6.34: dw2048 asa cityplot Figure 6.35: dw2048 asa graph drawing
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Figure 6.36: qh768 asa cityplot Figure 6.37: qh768 asa graph drawing

Figure 6.38: dw8192 asa cityplot view Figure 6.39: dw8192 asa graph drawing

Figure 6.40: fidapm02 asa cityplot Figure 6.41: fidapm02 asa graph drawing
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Figure 6.42: plat362 asa cityplot view Figure 6.43: plat362 asa graphdrawing

Figure 6.44: qh882 asa cityplot Figure 6.45: qh882 asa graph drawing

Figure 6.46: dwa512 asa cityplot Figure 6.47: dwa512 asa graph drawing
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Figure 6.48: nos4 asa cityplot Figure 6.49: nos4 asa graphdrawing

Figure 6.50: plsk1919 asa cityplot Figure 6.51: plsk1919 asa graph drawing

Figure 6.52: nos7 asa structur e plot Figure 6.53: nos7 asa graphdrawing
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Figure 6.54: plskz362 asa cityplot Figure 6.55: plskz362 asa graph drawing

Figure 6.56: qh1484 asa cityplot Figure 6.57: qh1484 asa graph drawing

Figure 6.58: rdb3200l asa cityplot Figure 6.59: rdb3200l asa graph drawing

Figure 6.60: sherman4 asa cityplot Figure 6.61: sherman4 asa graph drawing
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Figure 6.62: cry10000 asa cityplot Figure 6.63: cry10000 asa graph drawing

Figure 6.64: dwg961a asa cityplot Figure 6.65: dwg961a asa graphdrawing
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6.5.1 Discussion

Given thewide rangeof applicationdomainsthesematricesaredrawn from, a crosscom-

parisonin termsof usability requiresdomainknowledge,domainexperts,anda through

interpretationof thevisualization of eachmatrix. In thisdiscussion,theaim is to evaluate,

in generalterms,theuseof theFADE paradigmfor thevisualizationof thesematricesrather

thanany interpretationof thesourceof thedata.

Thediscussionof theresultsfocusesonfiveareas:

ú Theappropriatenessof theFADE paradigmfor thevisualizationof thesematrices

ú Comparisonbetweenthe graphdrawing approachandthe approachtaken with the

structureandcityplot views

ú Visually apparentPatterns

ú Visually apparentSymmetries

ú Visually apparentClusters.

Mostof thegraphs,in thiscasestudy, aresuitablefor drawing with theFADE paradigm

in two or threedimensions asappropriate.However, graphswith low diameter, suchas

thatshown in Figure6.41arenot suitablefor drawing with theFADE paradigm.Theforce

modelunderpinning the FADE paradigmis not suitable for small world graphs,that is,

graphswith a largenumberof nodesandasmalldiameter(see[1]) . Thelayoutsproduced

for suchgraphsaretypically renderedin asmallvolumeor areato satisfytheforcemodel,

whichoftenresultsin many edgecrossingandanaestheticallyunappealingvisualization.

Structure& Cityplot Views

Recallthatthestructureandcityplot viewsareoftenusedtoprovideaquickvisualcheckon

thesparsitypatternof aparticularmatrixandin threedimensionstherelativemagnitudeof

matrixentries.TheFADE approachalsoshows suchinformation alongwith patterns,sym-

metriesandclusterswhich we collectively refer to asstructuresin thedrawing. However,
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sincethestructureandcityplot viewsarebasedonpre-ordereddatapaths,asymmetriesand

directednesscanoftenbeseen.

Thecityplot shown in Figure6.24displayslittle structurebut it clearlyshowstheoutly-

ing edgesandtheedgeswith thegreatestor weakestrelativestrengths. Thegraphdrawing

in Figure6.25doesshow astructurebut identifying thestrongestor weakestedgesandthe

edgesnotaboutthemaindiagonalis almostimpossible.

Althoughclusterscanbevisually apparentin thestructureplots,asin Figure6.20this

is dependenton thepre-orderingthathastakenplacein matrix. Figures6.22,6.26show

structureplotswith little indication of any clusters,althoughin thegraphdrawing several

naturalclustersappear. Thismightbedueto theorderingin thestructureplot to emphasize

pathsthroughthedatawhichareshown aslinesemanatingfrom themaindiagonal.

Thecityplot drawing in Figure6.30giveslittl e indicationthatthedataconsistsof two

disconnectedsubgraphs,asshown in Figure6.31.Thecityplotviewsof therelatedmatrices

in Figures6.28, 6.30and6.28appearsimilar but thegraphdrawingsrevealaspectsof the

truestructuresandhow they differ. Theconnectionbetweenthe two areasin thegraphs,

drawnasthecentraledgesin Figures6.31and6.33,arenotapparentin eitherof thecityplot

viewsalthoughthestrengthsof theseedgesare.

Althoughthe graphdrawingsshown in Figures6.43, 6.51and6.61have many edge

crossings, they doclearlyshow theoverallstructureor shapeof theunderlyinggraphdata.

The cityplot views of thesematricesshow littl e of this structure.Any direct comparison

betweenthegraphdrawing andthecityplot views is difficult sincethecityplot views are

devoid of any structures,patternsor symmetrieswhich thegraphdrawingsexhibit.

Clusters

Much of the datain this casestudyis uniform ratherthanconsistingof clusterednodes.

However, althoughclusteringis typically concernedwith the grouping of similar nodes

andvisualizationof datawith naturalclustersaimsto show them,heretheedgesarealso

attributedandcanbeconsideredin theclusteringof thedata. In this casestudyoftenthe

clusteringappearswhereedgeswith the samestrengtharedrawn closetogetherwithout

referenceto thenodes.We addresssuchvisualedgeclusteringin thenext section.



6.5Results: Picture Gallery 230

The structureplot, of the ordereddata,shown in Figure6.20 clearly shows clusters

of relatednodesaboutthe main diagonalof the matrix visualization. Theseclustersare

alsovisually apparentin the graphdrawings. The graphdrawings of the power system

networks,shown in Figures6.21,6.23and 6.27consistof edgeswith categories.Herethe

naturalnodeclusters,whicharesometimesapparentin thestructureplots,arequiteevident

in thegraphdrawings.Clearlyknowledge,suchasthelocationof thenodeswouldgreatly

assista dataanalystin usingsuchavisualizationfor domainspecificanalyses.

Thegraphdrawingsof thepowersystemsimulationmatricesshown in Figures6.37,6.45

and6.57,arein starkcontrastto thecityplot drawings. Thegraphdrawingsclearlyshow

thenaturalclustersandhencetheoverall structureandshapeof this data.Thecityplotsin

Figures6.36,6.44and6.56show only thedistributionof relativeedgestrengthswithin the

matrix. Thisclassof dataprovidesa clearexampleof why domainknowledgeaboutthese

graphsis essentialin any interpretationof theclustersdisplayedin theFADE drawings.

Although many of the visualizationsdisplaytwo setsof relateddata,connectedin a

regularor semiregularmanner, we leave thediscussion of theseto thepatterns,andsym-

metriesthat the drawings displayratherthanfocusssingon the two setsof datain each

drawing.

Patterns

FADE2D treatsall of thegraphsin this casestudyasundirectedgraphswithout regardfor

the combinatorialpropertiesof the graphsitself. The patternsdiscussed in this section

pertainto bothstructuralandcolour, andoftenboth.

Thecolourpatternsin theBrusselatorModelgraphdrawing,suchasthatin Figure6.59,

simply reinforcethenotion that this dataconsistof two subgraphswhich arerelatedin a

regularmanner.

Figures6.29,6.31and 6.33from theboundedfinline dielectricwaveguidesetdisplay

severalpatternseachin termsof their structureandthecoloursof theedges.Eachgraph

consists of a similar micro structure,wherenodesaredrawn in a similar patternin related

sets.Figure6.31first shows two subgraphsandwithin eachsubgraphtherearetwo clear

colourpatternsevidentalongwith a regularrepeatingrelationship pattern.
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Figures6.35,6.47, 6.39and6.6from thesquaredielectricwaveguideseteachdisplay

many patterns.Of notearethecolourvariation,thecrossoverpatternandthenon-adjacent

nodespattern. In eachvisualization the colour patternprovidesa very regular transition

throughareasof the graphdrawing. In eachcasethe absolutestrengthof the edgesin-

creasescloserto theareaof crossover. However theincreaseis notuniformandthepattern

of increaseitself a pattern. Someof the edgesincludedin the crossover sectionarethe

strongestin theentiregraph.

For eachgraphdrawing, thereare clearly two relatedareasin the graphwhich are

connectedby arelatively few numberof edgesin acrossover. In Figures6.35,6.47and6.6

thiscrossover is draw asa squarepatternof nodesandedgesforminga threedimensional

“pillo w” whendraw with FADE3D. The setsof nodesnot closeto the crossover nodes

typically form asymmetric layout,which is discussedin thenext section.

Figures6.37, 6.45 and 6.57 display a ladder like patternwithin areasof the graph

drawing. Figures6.51and6.61displayregularrepeatingpatternsof colourededgesalong

with apatternof changein thecolourvaluesthroughthevisualization.

Figure6.49containsa few categoriesof edgeswhich form very clearpatternsthrough

thegraph.Likewise6.65hasa few categorieswhich form four visualpatternswithin the

graphdrawing and the patternfrom by the changein colour tone throughthe edgesin

Figure6.63is quiteapparent.

Symmetries

Many of thesegraphsexhibit highlysymmetriclayoutswhendrawnwith theFADE paradigm.

This is similar to otherforcedirect layoutalgorithms, which employ a forcemodel.Here

thedrawingdisplaysymmetrynotonly in thelocationsof thenodesbutalsoin thestrengths

of theedges.Differenceor asymmetries,wherethey occur, arenoticeablefor theanalysts

usingthe drawing producedby the FADE paradigm.Clearly, someof thesegraphswhen

drawn with FADE3D havemany moresymmetriesthanwhendrawn with FADE2D.
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Conclusion

Herewe have shown how the FADE2D algorithmproducesdrawingswherethestructures

suchas, naturalclusters,patterns,and symmetries in the graphsare apparent. For an

analyst,in a particulardomain,thesevisualizationprovide a uniqueview of the matrix

datain termsof thestructure,relationships,andclustersin thedata.Of particularnoteis

theability of the FADE paradigmto displaytheregularcolourpatternsandsymmetriesin

theunderlyingmatrices.

6.6 Results:Graph Drawing Aesthetics

Table6.3 gives the graphdrawing aestheticmeasuresfor the underlyinggraphdrawings

shown in thepicturegalleryin Section6.5.

6.6.1 Discussion

Table6.3 indicatesthatmany of thesefinal layoutsareaestheticallyappealinggiven they

typically aredrawn with very few edgescrossings.As with thegraphsin Chapter5 here

the aspectratio of thesedrawings is good. Again due to the force model usedin the

FADE paradigmmany of the edgescan be elongatedwhich resultsin the adjacentand

non-adjacentaestheticmeasuresbeing quite poor. In many of the drawings, thereis a

macrorelationalstructure(suchasa grid) which constrainsmany of thenodesat a micro

level. This resultsin non-adjacentnodesbeingdrawn closetogether, in two dimensions,

even thoughthey aregraphtheoreticallyfar apart. The resultsof the ����� - �YXZ�\[VN - �
�^]
aestheticmeasuresupportthe useof high level visual précisgiven the overall resolution

of theunderlyingdrawingsis low. Herethegraphdrawingsshow theoverall structurebut

this ignoresthe time it takesto rendersuchlargedrawings. Giventheaverageinter-node

distanceis quitesmall andvisual clumping takesplace,thevisualprécissimply exploits

this factwhenforming thevisualization.
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dwa512 512 1004 621 1.16 0. .012 .4 .553
1138bus 1138 1458 756 1.077 .002 .063 .01 .063
rdb1250 1250 3025 1152 1.34 .006 .239 .494 .664
dw2048 2044 4079 4207 1.719 0. .013 .105 .34
qh1484 1482 2488 1186 1.029 .002 .068 .028 .221
dwg961a 706 1351 0 1.427 .01 .401 .27 .401
nos4 100 247 117 1.47 .009 .113 .121 .232
nos7 729 1944 6610 1.281 .01 .164 .988 .991
bfw782a 782 3394 7442 1.059 .001 .014 .004 .014
fidap005 27 126 398 1.947 .021 .092 .049 .092
plsk362 362 2712 14576 1.203 .002 .022 .009 .022
sherman4 1104 1468 1040 1.004 0. .127 .008 .127
plat1919 1919 15240 98153 1.466 0. .019 .006 .019
rdb968 968 2332 882 1.047 .013 .4 .926 .96
olm1000 1000 1997 55 1.21 .001 .141 .075 .141
olm1000 1919 4831 0 1.031 .004 .283 .129 .283
bfw62a 62 200 356 1.133 .019 .134 .052 .134
bfw398a 398 1256 2968 1.675 .004 .115 .294 .454
bfw782b 782 2600 3586 1.836 .001 .061 .03 .063
dwb512 512 1024 853 1.018 .014 .303 .073 .303
fidapm02 200 2805 388466 1.031 .003 .014 .005 .014
plat362 362 2712 14502 1.298 .004 .06 .025 .06
qh768 768 1322 721 1.528 .002 .089 .036 .185
qh882 882 1533 1175 1.045 .002 .084 .036 .164
rdb1250l 1250 3025 1152 1.102 .006 .239 .331 .507
rdb200 200 460 162 1.038 .03 .399 .988 .991
rdb450 450 1065 392 1.006 .019 .391 .977 .986
rdb200l 200 460 162 1.044 .03 .407 .988 .992
rdb800l 800 1920 722 1.012 .005 .135 .527 .698
dw8192 8184 17371 12149 1.849 0. .008 .02 .041
rdb2048 2048 4992 1922 1.122 .004 .173 .232 .379
rdb2048l 2048 4992 1922 1.082 .003 .168 .232 .378
cry10000 3699 7164 0 2.084 .002 .192 .178 .256
rdb3200l 3200 7840 3067 1.117 .003 .164 .173 .295
bcspwr07 1612 2106 699 1.135 .002 .174 .024 .205
bcspwr09 1723 2394 2604 1.164 .004 .175 .07 .28
bcspwr10 5296 8260 25770 1.364 0. .027 .004 .071

Table6.3: GraphDrawing Aesthetic Measuresof thefinal drawings
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6.7 Results:Horizon Drawings(Visual Précis)

Figures6.70and6.89show two detailedexamplesof multiple horizonsfrom ahierarchical

compound graphof qh1484 andbcspwr09 drawn asvisual précis. For eachhorizon

the associatedspacedecomposition, to the depthof that horizon, is alsoshown. These

examples clearly shows how groupsof nodesare approximatedand hencethe implied

edgesbetweenthesegroupsare created. The overall structureof the graphdrawing is

retainedwhile progressively moreabstractviewsof thedataareformed.Thevisualweight

of thehighestlevel horizonsis a smallfactionof thetotal number of nodesandedgesthat

aredrawn in theFigures6.66and6.78.

Examplethreedimensionalvisualprécisextractedfrom ahierarchicalcompoundgraph

of eachgraphaftera wavefrontcoupledwith anumberof iterationsof FADE3D havebeen

appliedareshown in Figures4.27,4.28,4.29,4.33,4.34and4.39.Theaimhereis to assess

whethersuchabstractrepresentationsof structured,semi-structured andclusteredgraphs

areof sufficientquality to representtheunderlyinggraphdrawings.

The numberof possible précis that can be extractedfrom a hierarchicalcompound

graphis verylarge.Herewerestrictourinterestto thehorizonlevelprécisandthedrawings

of theunderlyinggraphs.

Table6.4shows theresultsof applyinga rangeof graphdrawing aestheticmeasuresto

eachhorizonlevel of thehierarchicalcompoundgraph.Thesemeasuresareaveragedover

100FADE2D drawingsof eachgraph.Thenumberof clusters
�

, impliededges
�

, nodes
�

andedges
�

is shown for eachlevel, includingthelowestlevel (thatis, theentiregraph).
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Table6.4: GraphDrawing Aesthetic Measuresof VisualHorizonsof Matrix Market Graphs

GraphName H
or

iz
on

Le
ve

l(

`a )

C
lu

st
er

s(

b )

Im
pl

ie
d

E
dg

es
(

c )

N
od

es
(

d )

E
dg

es
(

e )

%
V

is
ua

lW
ei

gh
t(

fg )

C
ro

ss
in

gs
(

h )

A
sp

ec
tR

at
io

(

i j )

M
in

k d/Ma
x-

di
m

(

l m )

M
in

k d/Avg
E

dg
e(

le )

M
in

E
dg

e
/M

ax
E

dg
e(

ll )

M
in

E
dg

e/
A

vg
E

dg
e(

li )

1138bus 2 4 5 0 0 .3 0 1.182 .776 .802 .598 .802

3 16 28 0 0 1.7 1 1.094 .155 .488 .345 .488

4 55 105 0 0 6.2 8 1.052 .047 .331 .17 .331

5 170 346 7 0 20.1 64 1.08 .023 .32 .108 .321

6 359 738 186 52 51.4 223 1.08 .01 .23 .066 .303

7 87 169 961 1088 88.8 550 1.077 .005 .168 .029 .168

8 4 11 1130 1441 99.6 754 1.077 .004 .118 .029 .171

9 0 0 1138 1458 100. 756 1.077 .002 .063 .01 .063

dw2048 2 4 5 0 0 .1 0 1.992 .476 .637 .476 .637

3 8 9 0 0 .3 0 2.256 .238 .734 .56 .734

4 23 45 0 0 1.1 1 1.93 .073 .417 .269 .417

5 68 161 1 0 3.7 8 1.735 .033 .362 .235 .362

6 214 587 9 0 13.2 37 1.662 .014 .294 .19 .396

7 557 1559 229 158 40.8 177 1.696 .007 .304 .097 .305

8 265 929 1304 2022 73.6 983 1.719 .001 .066 .077 .263

9 146 603 1686 3030 89. 2195 1.719 .001 .051 .103 .335

10 70 269 1900 3637 95.7 3275 1.719 .001 .031 .095 .309

11 16 85 2016 3970 99.1 4034 1.719 0. .013 .105 .34

12 2 15 2044 4079 100. 4207 1.719 0. .013 .105 .34

qh1484 2 4 5 0 0 .2 0 1.144 .634 .697 .477 .697

3 14 22 0 0 .9 1 1.006 .205 .67 .43 .67

4 47 86 0 0 3.3 5 1.024 .07 .493 .308 .493

5 142 280 6 1 10.8 60 1.044 .01 .15 .064 .15

6 363 781 67 16 30.8 124 1.029 .01 .261 .076 .261

7 353 907 730 663 66.7 536 1.024 .005 .196 .027 .196

8 33 143 1417 2264 97. 1128 1.029 .002 .101 .028 .219

9 0 0 1482 2488 100. 1186 1.029 .002 .068 .028 .221

sherman4 2 4 1 0 0 .2 0 1.38 .346 1. .908 .908

3 16 4 0 0 .8 0 1.026 .075 .297 .155 .297

4 59 9 2 0 2.7 1 1.054 .035 .373 .217 .373

5 146 16 48 0 8.2 1 1.008 .017 .338 .248 .46

6 109 26 261 1 15.4 1 1.002 .007 .254 .206 .46

7 56 36 419 15 20.5 1 1.004 .001 .049 .016 .049

8 173 511 541 86 51. 87 1.004 .001 .174 .017 .174

9 94 384 909 728 82.2 495 1.004 0. .173 .013 .191

continuedon next page
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Table6.4: continued

Graph n o p q r s
t u vxw y{z y{r y|y y{v
10 0 0 1104 1468 100. 1040 1.004 0. .127 .008 .127

plat1919 2 4 6 0 0 .1 1 1.585 .464 .663 .393 .663

3 12 24 0 0 .2 4 1.281 .112 .397 .241 .397

4 28 65 1 0 .5 10 1.487 .07 .498 .325 .498

5 86 251 4 0 2. 49 1.455 .027 .377 .353 .506

6 281 1151 15 1 8.4 861 1.478 .016 .375 .173 .375

7 587 4180 377 617 33.6 11450 1.471 .002 .057 .023 .063

8 252 2886 1397 8216 74.3 49949 1.463 .001 .052 .017 .052

9 44 826 1831 13846 96.4 88356 1.466 .001 .026 .008 .026

10 12 253 1895 14848 99.1 95641 1.466 .001 .026 .008 .026

11 0 0 1919 15240 100. 98153 1.466 0. .019 .006 .019

dw8192 2 4 5 0 0 0. 0 2.055 .455 .613 .409 .613

3 12 22 0 0 .1 1 1.564 .158 .593 .354 .593

4 34 73 1 0 .4 3 1.721 .07 .518 .33 .518

5 107 265 2 0 1.5 8 1.809 .019 .274 .179 .274

6 378 1015 9 0 5.5 32 1.867 .015 .418 .274 .418

7 1401 3915 56 8 21. 241 1.842 .007 .381 .188 .381

8 2454 7279 2148 2317 55.5 1804 1.852 0. .043 .045 .111

9 1329 4769 5442 8619 78.8 5113 1.849 0. .014 .06 .122

10 598 2846 6986 12832 90.9 8617 1.849 0. .014 .059 .122

11 193 1099 7806 15755 97.1 10978 1.849 0. .014 .02 .041

12 4 31 8184 17371 100. 12149 1.849 0. .008 .02 .041

bcspwr09 2 4 4 0 0 .2 0 1.122 .754 .914 .747 .914

3 14 22 0 0 .9 0 1.005 .153 .49 .295 .49

4 42 85 2 0 3.1 5 1.061 .043 .301 .275 .46

5 123 252 12 0 9.4 17 1.18 .016 .239 .128 .239

6 322 731 86 9 27.9 77 1.168 .008 .237 .152 .38

7 460 1161 587 351 62.2 581 1.166 .005 .194 .112 .433

8 135 422 1449 1652 88.9 1589 1.166 .004 .187 .07 .279

9 0 0 1723 2394 100. 2604 1.164 .004 .175 .07 .28

bcspwr10 2 4 3 0 0 .1 0 2.063 .336 .709 .616 .709

3 10 12 1 0 .2 0 1.385 .125 .551 .422 .619

4 23 42 1 0 .5 6 1.382 .04 .298 .131 .298

5 62 137 2 0 1.5 27 1.406 .016 .233 .083 .233

6 176 465 9 0 4.8 155 1.389 .011 .274 .063 .306

7 495 1567 72 12 15.8 1245 1.362 .004 .151 .019 .151

8 1055 3554 519 239 39.5 5095 1.369 .001 .056 .012 .143

9 1213 4024 2072 1739 66.7 10592 1.362 .001 .066 .006 .093

10 586 2182 4053 5022 87.3 17248 1.363 0. .042 .004 .068

11 67 293 5165 7885 98.8 24978 1.364 .001 .053 .004 .07

12 2 11 5296 8260 100. 25770 1.364 0. .027 .004 .071
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Figure 6.66: Plainqh1484 graph view Figure 6.67: View of qh1484 with quadtree

Figure 6.68: VisualPŕecisof a 5th Level
Horizonof qh1484

Figure6.69: VisualPŕecisof a5thLevel Horizon
of qh1484 with quadtree

Figure 6.70: VisualPŕecisof a 4th Level
Horizonof qh1484

Figure6.71: VisualPŕecisof a4thLevel Horizon
of qh1484 with quadtree
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Figure 6.72: VisualPŕecisof a 3rd Level
Horizonof qh1484

Figure6.73: VisualPŕecisof a3rdLevel Horizon
of qh1484 with quadtree

Figure 6.74: VisualPŕecisof a 2ndLevel
Horizonof qh1484

Figure 6.75: Visual Pŕecisof a 2nd Level Hori-
zonof qh1484 with quadtree

Figure 6.76: VisualPŕecisof a 1stLevel
Horizonof qh1484

Figure6.77: VisualPŕecisof a1stLevel Horizon
of qh1484 with quadtree
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Figure 6.78: Plainbcspwr09 graphview Figure 6.79: View of bcspwr09 with quadtree

Figure 6.80: VisualPŕecisof a 5th Level
Horizonof bcspwr09

Figure 6.81: VisualPŕecisof a 5th Level
Horizonof bcspwr09 with quadtree

Figure 6.82: VisualPŕecisof a 4th Level
Horizonof bcspwr09

Figure 6.83: VisualPŕecisof a 4th Level
Horizonof bcspwr09 with quadtree
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Figure 6.84: VisualPŕecisof a 3rd Level
Horizonof bcspwr09

Figure 6.85: VisualPŕecisof a 3rd Level
Horizonof bcspwr09 with quadtree

Figure 6.86: VisualPŕecisof a 2ndLevel
Horizonof bcspwr09

Figure 6.87: VisualPŕecisof a 2ndLevel
Horizonof bcspwr09 with quadtree

Figure 6.88: VisualPŕecisof a 1stLevel
Horizonof bcspwr09

Figure 6.89: VisualPŕecisof a 1stLevel
Horizonof bcspwr09 with quadtree
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6.7.1 Discussion

Thequalityof thesehorizondrawingsaremeasuredusingavarietygraphdrawing aesthetic

measures.Theseabstractrepresentationsshouldalso adhereto the multilevel aesthetic

measuresasdescribedin Section2.2.2andpreviously discussedin Section5.6.1.

Theseresultsindicatethat the visual abstractionsusedin the FADE paradigmgreatly

reducethenumberof edgecrossings.However it is alsovisually apparentin somevisual

précisthatdueto thenatureof theregularstructuredgraphdatain this casestudy, thetwo

dimensional précisconsistof pseudonodeswith many non-adjacentnodes.The resultof

the micro relationalstructuresbeingelided in suchdrawings, is that the overall regular

structureof thedrawing is notapparentin thevisualprécis.

Someremarksarein order.

} For clustereddata,thehigherlevelprécisdocontainthenaturalclustersof thegraphs

whicharewell displayedby thevisualization.

} Theuseof a post-processing algorithm,suchasan inertial bisectionmethod[212],

to determinetheprincipalaxisof inertiamay improve theregularity of thedecom-

position andhencethevisualprécisformed.

} Thethreedimensionalvisualprécisdisplayanapproximatesuperstructureor back-

bonefor thegraphdrawing.

} Thevisualweightof highlevel visualprécisfrom thehierarchicalcompoundgraphs

producedby bothFADE2D andFADE3D, areasmallfractionof thenumberof nodes

of edgesin theunderlyingdrawing.

We candeducea clearguidelinefor graphdrawing systemsusingtheFADE paradigm:

theuseof two dimensionalregularspacedecomposition, for thecreationof a hierarchical

compound graph,canproducevisualprécisthatdonotdisplayany regularrepeatingstruc-

turesfound in the underlyingdrawings. However, for graphswith clusteredregions,the

visualprécisformeddoprovideagoodapproximation to theoverall structureof thelayout.
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6.8 Results:Time and Err or Performance

Herewe presenttheresultsof a performanceanderroranalysisof the FADE2D algorithm

with a ~��^� - � cell openingcriterionandvaryingvaluesof � on therangematricesin this

casestudy.

Figure6.90to Figure6.93comparethe percentageof approximateforce calculations

to directcalculations,for arangeof � values,againsttheerrorin theforcecalculation.The

following two measuresappearin eachchart:

} The percentageof approximate to direct calculationsfor FADE2D is shown asthe

purpleline .

} Theapproximateascomparedwith thedirectnode-to-nodenonedgeforce calcula-

tion is shown asthe blue line . Theseresultsareaveragedin two ways. First the

error, for a given � , is averagedover a samplingof theapplication of FADE2D from

thefirst 400runs.Second,theinitial layoutis randomized100timesandtheabove

averageis computedagainfor eachinitial layout.Theaverageacrossthese100runs

is thevalueshown.

Figure6.94to Figure6.99show chartsof theperformanceversuserrortables,for some

of thegraphsin thiscasestudy. Furtherchartsareshown in AppendixB.

As in thecasestudyin Chapter5, thefollowing threemeasuresappearin eachchart:

} Thetimeperiterationof FADE2D is shown astheblueline .

} Thenonedgeerrorascomparedwith thedirectnode-to-nodenonedgeforcecalcula-

tion is shown astheorangeline . Theseresultsareaveragedin two ways. First the

error, for a given � , is averagedover a samplingof theapplication of FADE2D from

thefirst 400runs.Second,theinitial layoutis randomized100timesandtheabove

averageis computedagainfor eachinitial layout.Theaverageacrossthese100runs

is thevalueshown.

} The brown line correspondsto the averagederror for the first 400 iterationsof

FADE2D.
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Figure 6.90: Percentageof ForceCalculation
versusError of FADE2D for 1138bus

Figure 6.91: Percentage of Force Calculation
versusError of FADE2D for dwg961a

Figure 6.92: Percentageof ForceCalculation
versusError of FADE2D for bfw398a

Figure 6.93: Percentage of Force Calculation
versusError of FADE2D for bfw782a
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Figure 6.94: Performanceversus
Error of FADE2D for dw2048
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Figure 6.95: Performance versus Error of
FADE2D for rdb450
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Figure 6.96: Performanceversus
Error of FADE2D for dwa512
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Figure 6.97: Performance versus Error of
FADE2D for 1138bus
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Figure 6.98: Performanceversus
Error of FADE2D for bfw398b
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Figure 6.99: Performance versus Error of
FADE2D for qh1484
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6.8.1 Discussion

As in the previous casestudy the performanceof FADE2D improves as the value for �
decreases.And theerrorin theforcecalculationincreasesas � increases.Thesevaluesare

in line with thepredictedvaluesfrom particlesimulationwork. Againtheseresultsindicate

thatFADE is notsuitablefor smallgraphs.As in thepreviouscasestudytheresultsindicate

thatavalueof � in therange�V��� - �V��� is permissiblegiven thattheedgeforcesdampenthese

nonedgeforceerrors.

Theregulargraphsin thiscasestudyaredrawn approximatelyuniformly distributedat

eachstepin the progressive cycle, assuchthe performanceof FADE2D in the initial and

averagedrunsareapproximatelyequal.

6.9 Results:Clustering Measures

Herewepresenttheresultsof applyingthehierarchicalcompoundgraphquality measures,

introduced in Section3.5, to the layoutsproducedacrossthe first 300 iterationsof the

FADE2D algorithm. Hereweusethe ~��^� - � cell openingcriterionandavalueof ���7���R� .
Figure6.100to Figure6.111show chartsof thenormalizedclusteringmeasuresversus

crossings, theremainingchartsareshown in AppendixB.

As in the previous casestudy theseresultsare averagedover �
� setsof runsof the

FADE2D algorithm. In eachcase,thegraphis givenaninitial randomlayout.

The valuesof hierarchicalcompoundgraphquality measuresare indicatedas nor-

malisedvaluesaccordingto theright handaxis.Eachmeasureis colourcodedasfollows:

} TheImpliedEdgePrecision(����� ) measureis drawn with anorangeline.

} TheLowestCommonAncestor( ��� � ) measureis drawn with anblueline.

} TheCouplingandCohesion( ���!��� ) measureis drawn with anredline.

} TheNodeNeighbourhoodSimilarity (����� ) measureis drawn with abrown line.

Thenumberof edgecrossingin the layout is indicatedon the left handaxisandis drawn

asagreenline in eachchart.
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Figure 6.100: HCGQM versus Crossings
for bcspwr09
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Figure 6.101: HCGQMversus Crossings
for bcspwr07
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Figure 6.102: HCGQM versus Crossings
for rdb968
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Figure 6.103: HCGQMversus Crossings
for sherman4
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Figure 6.104: HCGQM versus Crossings
for nos7
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Figure 6.105: HCGQMversus Crossings
for dw2048
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Figure 6.106: HCGQM versus Crossings
for qh1484
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Figure 6.107: HCGQMversus Crossings
forplsk1919
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Figure 6.108: HCGQM versus Crossings
for bfw398b
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Figure 6.109: HCGQMversus Crossings
for bfw782a
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Figure 6.110: HCGQM versus Crossings
for olm1000
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Figure 6.111: HCGQMversus Crossings
for qh768
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6.9.1 Discussion

Thehierarchicalcompoundgraphquality measureshave beenappliedduringthefirst 300

iterationsof FADE2D in the progressive cycle. In this discussionour aim is to evaluate,

in generalterms,theusefulnessof our hierarchicalcompoundgraphquality measuresfor

thesegraphs,whenmuchof thedatacontainslittl eor noclustering,in thetraditionalsense.

Eachchartalsoshowsthatthenumberof edgecrossingsin thelayoutsteadilydecreasesas

theprogressivecycle iterates.

Much of this datais structuredandsemi-structured,with similar cohesionandcou-

pling, our classicalgeometricCouplingandCohesionmeasure( ���!��� ) providesa good

indication asto relative amountof clusteringthat is visually apparent.The resultsof the

���!��� measurein this casestudy, arein starkcontrastto theresultsin thesoftwarevisu-

alizationcasestudy. Heretheunderlyingdataoftencontainsno structuralclustersandas

suchexhibits low valuesfor the ���!��� measure.

The ����� oftenprovidesa betterindicationasto theprogressof theprogressive cycle.

Herethe ����� measureis oftenagoodindicatorastherelativestabilityof thehierarchical

compound graphandits suitability for renderingasvisualprécis.

The ����� measureis difficult to interpret. It shouldprovide an indicationas to the

clusteringdepthof eachedgein thehierarchicalcompoundgraph,thatis, on averagehow

far up the treedo edgescauseimplied edges.As in thepreviouscasestudytheseresults

indicatethatthe ��� � doesimproveasthelayoutimprovesbut thatthemeasureitself is on

anordinalscaledueto thepoornormalization.

For several of the structuredgraphsthe ����� providesa measurefor how strongly

interconnectednodesarewithin anarea.

Overall, themeasuressteadyincreaseto a plateauwhich supportsour hypothesisthat

asthequalityof thedrawing improves(asmeasuredby edgecrossingshere),thequality of

theclusteringexhibitedby thelayoutalsoimproves.Someof thesemeasuresareabsolute,

othersareordinaldueto thepoornormalizationused.
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6.10 Remarks

ThischapterhaspresentedamatrixmarketvisualizationcasestudyusingtheFADE paradigm

for largegraphdrawing. TheseresultsindicatethattheFADE paradigmis verysuitable for

drawing largegraphsfrom theseapplicationdomains. Theuseof threedimensional visual

précisis alsoquitepromising andthe ����� tendsto indicatehighly accuratehierarchical

compound graphsarecreatedby thegeometricclusteringmethodusedin FADE.

Theprogressive cycle proceedsby makingsmall iterative changesto the layoutof the

graphwhich improvesthe valuesof the hierarchicalcompound graphquality measures.

Drawingsof suchlayoutstendto exhibit patternsin theedgestrengths,naturalclusterings,

macroandrepeatingmicro-structures,andoverall symmetriesin thegraph.

Overall, we have demonstratedthesuitability of the FADE paradigmin providing fast

layoutsof thesegraphscoupledwith accurateabstractrepresentations.



C H A P T E R 7

Conclusionsand Futur e Work

“In thefinal analysis, a drawingsimplyis nolonger a drawing, nomatterhow

self-sufficientits executionmaybe. It is a symbol,andthemoreprofoundlythe

imaginary linesof projectionmeethigherdimensions,thebetter.” - PaulKlee

7.1 Conclusions

We beganby identifying four relatedproblemswhich areinherentwhendealingwith the

visualizationof largegraphs:time to computea layout,theuseof screenspace,thecogni-

tive loadon theuser, andthetime to renderthepicture. We introducedandevaluatedthe

hierarchicalcompoundgraphmodelandtheFADE visualizationparadigm.Themodelitself

is botha geometricrepresentationof a graphlayoutcoupledwith a hierarchicalgeometric

clusteringof thenodesof thegraph. FADE marriesrapidgraphdrawing, geometricclus-

tering,visualabstractionandmeasurementusinga singlegraphmodel.This visualization

paradigmsupportstheneedsinherentin largescalerelationalinformationvisualization.

Theuseof this modelhelpsto addressthetime takento computea highquality layout

of the graph. Part of the hierarchicalcompoundgraphmodel consistsof an inclusion

treeof the nodesof the graph. This inclusiontree is usedby force directedalgorithms

to approximatethe nonedgeforces,which resultsin a more efficient layout algorithm.

In general,theperformanceimprovementof the layoutalgorithmsin the FADE paradigm

comesfrom computing nonedgeforcesusingarecursiveapproximation of groupsof nodes,

ratherthanall thenode-to-nodenonedgeforcesdirectly. Thetime performanceversusthe
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errorin theforcecomputationof thesealgorithmsareevaluatedin ourcasestudies.

It wasnotedhow this modelallows us to make moreeffective useof screenspace.

Extractedfrom this modelarepréciswhich we renderasvisual précis in two and three

dimensions. High level précisform very approximateviews of the underlyinggraphbut

generallyhave a visualweightwhich is a small fractionof theunderlyinggraphdrawing.

Thisapproachallowsfor thedrawing of abstractrepresentationswith goodresolution.For

high level views, thenodesandedgesof thevisualpréciscanbeclearly identifiedin the

drawing. The aestheticsof the drawingsanda rangeof visualprécisgeneratedfrom the

FADE paradigmareevaluatedin ourcasestudies.

By reducingthesizeof thegraphanddrawing moreabstractviews on screenwe have

reducedthedirectcognitive loadon theuser. If theprécisaccuratelyreflects thestructures

andconnectivity in theunderlyinggraphthenthecostin comprehendingthisabstractrep-

resentationis minimized. Example drawingsalongwith the visualweightsof a rangeof

visualprécisarepresentedin ourcasestudies.

Thesmallervisualprécis,whichcanrepresentmany thousandsof nodesandedgesare

alsocomputationally inexpensive to renderin two andthreedimensions. Otherformsof

visualprécis,which show the local andglobalneighbourhoods of a nodeor setof nodes

werealsointroduced.

We have marriedthehierarchicalcompoundgraphwith themethods introducedto ad-

dressthefour problemsof; computation,screenspace,cognitive load,andrendering.Each

of theseissueshaveassociatedhardmeasuresthatweevaluateagainstapplicationdomains

in our casestudies. Our generalconclusionis that large scalerelationalvisualization is

bothfeasibleandpractical.

7.2 Futur eWork

Thereare still many challengesin large scalerelational information visualization. The

work in this thesissuggests severalfutureresearchdirectionsof boththeoreticalandprac-

tical significance.

} FADE currently is suitable for the visualization of simple undirectedgraphswith
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singularly attributednodesandedges.It maybepossibleto extendthiswork to more

complex graphsmodel,in particular, it maybepossibleto visualizedirectedgraphs,

wherethedirectionof flow within thegraphor precedencerelationshipsin thegraph

areimportant. Further, it may be possible to handlemorehighly attributedgraphs

with the useof morelong rangeforcesor shortrangeforcesfor edge-to-edge and

node-to-node interactions, within theFADE paradigm.

} The FADE paradigmusesregularspacedecompositions in creatingthehierarchical

compound graphs. Other methodswhich generateregular and non-regular inclu-

sion treesof thenodesof thegraph,canbe integratedinto the FADE paradigm.To

accommodatethis only the formulationof the width of the cell or the introduction

of new cell openingcriterion is required,suchasthoseoutlinedin Chapter4. Re-

searchbasedon theFADE paradigm,with recursiveVoronoidecomposition of space

is currentlyunderway [228].

} The layout algorithms in the FADE paradigmcanbe extendedto usemultipole ex-

pansion, ratherthanmonopolecalculations.TheFastMultipole Methoduseslarge

pseudo-nodes(high � ) andis anelegantrefinementto thebasictreecodemethodin

FADE. As in all treecodemethods,limit ing the error is crucial, whereasin FADE

theerrorsaredampenedby theedgeforces.Multipolemethodshave anasymptotic

complexity of �| C� ¡ . Integratingsuchmethodsalongwith non-regularspacedecom-

positionsmayimproveboththeperformancein theforcecalculationandthequality

of thehierarchicalcompoundgraphsgenerated.

} The reductionin cognitive load in usingvisual précis to abstractlyrepresentlarge

graphdrawings hasthe costof removing detail. The useof visual précisand the

FADE paradigmin any applicationrequiresa formal HCI study. This studyshould

measureboth the appropriatenessandeffectivenessof this paradigm,in accurately

representingandabstractinglargeamountsof relationalinformation.

} AlthoughtheFADE paradigmcurrentlydealswith thevisualization of staticdata,the

underlying hierarchicalcompoundgraphmodelis suitablefor dynamicgraphenvi-



7.2Futur e Work 253

ronments. Streamingdata,suchasnetwork traffic, mightbevisualizedwith amodi-

fied FADE paradigmwhich accommodatesnodesbeingadded,deleted,or collapsed

alongwith edgecreationanddeletion.Thehigh level visualprécismaylikewisebe

suitablein suchenvironments, wheremicro changesto theunderlyingdataarenot

asimportantastheoverall changeto thegraphstructureandnodedistribution.

} A comparative study, in termsof computational speed,iterationsrequired,andthe

quality of thedrawingsproducedby thelayoutmethodspresentedin thisthesisalong

with thosein [98], [115],and[283] shouldprove useful. Currentlythe methodde-

scribedin [115] doesnothaveapublicly availableimplementation.

} As partof Koschke’s research[163], a manualanalysisof theresourceflow graphs

usedin Chapter5 wasundertaken.Theresultof thisanalysisproducedasetof refer-

enceatomiccomponents, thatareusedin thecomparisonof differentautomatic and

semi-automaticcomponentidentificationtechniques.Integratingthisresultdatainto

avisualizationof thegraphsallowsusto comparethenaturalclustersidentifiedwith

theactualhumanidentifiedsoftwarecomponents in thesystem.An investigationof

correlationsherewouldbeuseful.

} On a morepracticalnote,asnotedin Section3.11 the visual précisofferedby the

hierarchicalcompoundgraphmodelneedto beintegratedinto aninteractivevisual-

izationenvironment,if they areto beof practicaluse.Animation,morphing, fading

or othersuitablevisualizationtechniquescanbe usedto allow a userto move be-

tweenvisualprécis.With appropriatevisualization,actionssuchasmoving between

horizonlayers,viewing setsof nodeswith cut views,or diggingdown into sections

of thehierarchicalcompound graphcanbesupported.Further, integratingmultiple

viewsof thegraphwith surfaceviewsmayallow usersto navigateandexplorelarge

graphsin new ways.
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A P P E N D I X A

Visualizations,Animations, and Modelson

CD-ROM

It is difficult to accuratelyshow a threedimensionalgraphdrawing on papersince,asit

hasbeennoted,rotatinga threedimensional graphlayout is akin to turning andmanip-

ulating an unfamiliar object in oneshands [214, 92, 292] to learn more aboutit. The

CD-ROM accompanying thisthesiscontainsseveraldirectorieswith imagesof two dimen-

sionaldrawings,imagesof threedimensionaldrawings, videoof two dimensionaldrawings

duringtheprogressive cycle, videoof threedimensional drawings,andthreedimensional

models.

In termsof visualization,animation,andmodelsthedirectories on theCD-ROM

include:

CaseStudy I: Software Visualization

© CASE1/GALLERY ...... EntireCaseStudyI PictureGallery

© CASE1/2D-VIS ....... ExtraFADE2D SoftwareVisualizations

© CASE1/3D-VIS ....... ExtraFADE3D SoftwareVisualizations

© CASE1/2D-VIDEO ..... Videoof FADE2D SoftwareVisualizations

© CASE1/3D-VIDEO ..... Videoof FADE3D SoftwareVisualizations

© CASE1/3D-MODELS .... SoftwareVisualization,VRML models



Visualizations,Animations, and Modelson CD-ROM A-2© CASE1/DATA ......... Raw View Data

© CASE1/MISC ......... SoftwareVisualizationMiscellaneous

CaseStudy II: Matrix Mark et Visualizations

© CASE2/GALLERY ...... EntireCaseStudyII PictureGallery

© CASE2/2D-VIS ....... FADE2D Matrix Market Visualizations

© CASE2/3D-VIS ....... FADE3D Matrix Market Visualizations

© CASE2/2D-VIDEO ..... Videoof FADE2D Matrix Market drawings

© CASE2/3D-VIDEO ..... Videoof FADE3D Matrix Market drawings

© CASE2/3D-MODELS .... Matrix Market,VRML models

© CASE2/DATA ......... Raw Matrix Data

© CASE2/MISC ......... Matrix Market Miscellaneous

ThesisImages& Video

© THESIS/IMAGES ...... ImagesUsedin Thesis

© THESIS/VIDEO ....... VideoBasedon Imagesin Thesis

GeneralVisualizations

© GENERAL/IMAGES ..... Generalnon-casestudydrawings

© GENERAL/VIDEO ...... GeneralVideoClips

© GENERAL/MODELS ..... GeneralDataModels

© GENERAL/DATA ....... GeneralRaw Data



A P P E N D I X B

Resultsof Measureson CD-ROM

The CD-ROM accompanying thesiscontainsseveral directorieswith all the resultsfrom

thetwo casestudies.

In termsof results,thedirectories on theCD-ROM include:

CaseStudy I: Software Visualizationª
CASE1/RESULTS/VPAR .... CaseStudyI VisualPŕecisAestheticResults

ª
CASE1/RESULTS/PERF .... CaseStudyI PerformanceVersusErrorResults

ª
CASE1/RESULTS/HCQM .... CaseStudyI «¬� ­ QualityMeasureResults

CaseStudy II: Matrix Mark et Visualizations

ª
CASE2/RESULTS/VPAR .... CaseStudyII VisualPŕecisAestheticResults

ª
CASE2/RESULTS/PERF .... CaseStudyII PerformanceVersusErrorResults

ª
CASE2/RESULTS/HCQM .... CaseStudyII «¬� ­ QualityMeasureResults


