The fields outside a long solenoid with a time-dependent current
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An instructive version of this well-known problem is the case of a current that is zéro@oand

varies asxt for t>0. A generally excellent discussion of this case by Abbott and Griffiths features,
however, a singularity in the fields at any point at the moment they first become nonzero. This
singularity can be avoided by careful approximation, derived here using expressions for
time-dependent fields rather than potentials. The result is that while the fields assume a quasistatic
character for long times after the current has started to flow, they include a small amount of radiation
at short times. Such an effect was observed in a simple experiment involving a kitchen appliance.
© 1997 American Association of Physics Teachers.

I. INTRODUCTION 2mala ct 2mala

0= z—

L . . . . c2r Z_’ c?z )
Electric fields outside a long solenoid with a changing 0 0
curre?t were first detected experimentally by Oliver Lodge inHere, z,= \/[(ct)?—r? is the position along the axis of the
1889:" Recent articles in the Journal on this topic includesplenoid(measured from the point on the axis closest to the

effect based on the integral form of Faraday’s law: Fig. 1. It is easy to verify by direct differentiation that these
('I)B results satisfy Maxwell's equations. For large tintesfrom
smf=27rE=— < (1) Eq. (3) becomes the same as that found in E), while B,

tends to zero. Foct just slightly greater tham, however,

in Gaussian units for a loop of radiusabout an infinite E,~B, and these can be interpreted as radiation fields.
solenoid of radiusa along thez axis that carries currerit However, the field$3) are arbitrarily large at timessuf-
= at per unit length. Then Ampe’s law was used to deduce ficiently close to but larger than'c. Yet it is clear that for a
the instantaneous magnetic field inside the solenoidas small enough time difference betweetandr the solenoid
=4xl/c, and the magnetic field outside the solenoid wascurrent appears to the observer as that due only to the portion
neglected in the evaluation of the magnetic filg. The of the surface nearest the observer. In this limit the effective
resulting fields outside the solenoid are current is at right angles to the axis of the solenoid and its

) magnitude is arbitrarily smallthe time being arbitrarily
E—_ 2ma‘a B~0 @ close to zero at the sour)ce'l’h_is_ problem was also treated i_n

c2r ' the paper of Abbott and Griffiths, where the corresponding

o radiation fields were found to be arbitrarily small, in agree-
However, Lodge was very clear that an electric field out-ment with reasonable expectation.

side the solenoid is to be expected because the number of |y this article | show how more careful approximation in

magnetic field lines outside the magnet vary with time. In-he ca|culation of the fields of the solenoid farjust greater
deed(he argueti magnetic field lines form closed loops only yhan jeads to arbitrarily small, not arbitrarily large, values.
part of which lie within the solenoid. So when the number OfHowever like Abbott and Griffiths, | assume an explicit

field lines through the core of the solenoid changes ther?orm for the time dependence of the current. The calculation

must be a corresponding number of lines crossing any con- ; ;
centric cylinder eF>)<ternaIgto thélong) solenoid. Thgn gc- proves to be most delicate for times of the ordés after the

cording to Faraday, the movement of the magnetic field Iineﬁ“”ent_ be%msbtt? fllovxr/{ ‘;the'?h's the raduést_of thde soIe(;wmd. .
across the exterior cylinder will generate @mf, and con- remains doubtiu whether the assumed time dependence o

sequently an electric field, around the cylinder. For all this the current is a realistic approximation for times less than

there must be a small magnetic field outside the solenoid. l/c, wherel is the Ien.gth_ of _the solenoid_ahd>a. Depar-_
It has been notédthat the example of a linearly rising tures of the current distribution at early times from the ide-

current which has persisted forever in an infinite solenoid iglized fok:m assumed h.e_re wil more_ILker ir?crease the ra-
a special case in that Maxwell’'s equations are satisfied by aflidtion than decrease it; compare with problems 14.12 and
4.13 of the textbook of Jacks8rtience the experimental

electric field as calculated above and a magnetic field that i : A . .
zero outside the solenoid. This pedagogic quandry is reaso letection of radiation during the turn-on of an electric motor,

ably avoided by noting that any real current began from zer§S feporte‘_’ in the final section of this article_, suggests that
at some finite time in the pa&t. the simplified model used here does contain much of the

Thus a more meaningful example is that the current i€SSential physics.
nonzero only fort>0. This case was treated by Abbott and
Griffiths,? who used the retarded potentials to deduce thél' THE VECTOR POTENTIAL

following expressions for the field& and B at the point It is instructive to begin by considering the retarded vector
(r,0,0) in cylindrical coordinatesr(#,z) outside a solenoid potential for the solenoideven though | will not carry this
with linearly rising current] = at per unit length: calculation to completion
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The x component of the integrand is odd in girand so

r vanishes on integration. Only componé\t survives:
A aa Omax P dgf ma; d ( t 1) (9)
=— cos 2l =——
Yoe ~ Omax ~ Zmax R ¢

At this point, it is tempting to make an approximation that
proves not to be valid. Wheneveéy,,,= 7 (which it is unless
ct is very close toR) the integral of the term co@/c van-
ishes. Thus, if we ignore théhopefully) small contribution
from the second term in the integrand from the region where

ct O max<, We could write
a A aat Omax 0 defzmax dZ_ aat f ¢
\ Z y"’ c e cos . R - c (r ’ );
0\ - max max
N ZO Z+ (10)

wheref(r,t) is the result of the remaining integration.
Before proceeding with the above approduthich leads

to the results of Abbott and Griffithst is useful to develop

a second method of calculation to aid in evaluating the mer-

its of the proposed approximation.

Fig. 1. The fields of a solenoid of radiasconcentric with thez axis are
observed at the pointr(0,0) in a cylindrical coordinate system. At tinte
the observer receives radiation emitted-a0 from pointsz, andz_ on the
near and far side of the solenoid, respectively, both of which are distance
from the observer. The point on the axis at distactéom the observeris ||| DIRECT CALCULATION OF THE FIELDS
labeledz,.
Expressions for the field& and B in terms of time-
dependent sources can be deduced by taking derivatives of

j(x' .t =t—R/c) the retarded potentials. In this Journal these expressions have
A(X, t)— ————~ dx/, (4) often been attributed to Jefimenkalthough they appeared
R earlier in the textbook of Panofsky and Phl||lg$l ' These
where R=|R| and R=x—x'. In the present example the €XPressions are
current density is confined to the surface of the solenoid of [p]A [p]A [J]
radiusa and has valuextd per unit length along the sole- E=] gz dx '+ E R dx = —z - ax’,
noid. The unit vecto® can be re-expressed as (12)
6=—X sin 6+ cos 6, (5  wherej =o7j/at, n=R/R and
in terms of the unit vectors of a rectangular coordinate sys- [J]xn [J]xn
tem. dx'+ = f . (12

The observer is outside the solenoid aty,z)=(r,0,0)
with r>a. A typical point on the surface of the solenoid has Quantities in bracket$,], are to be evaluated at the retarded
cylindrical coordinatesd, #,z) with corresponding Cartesian timet’'=t—R/c.

coordinates 4 cos#, a sin g, z). Hence the vectoR has Assuming the wire of the solenoid remains neutral, the
(x,y,z) components current densityp is zero (along with its time derivative
) Hence the electric field can be written as
R=(r—acos6,—a sin §,—2), (6) . .
ao Omax Zmax — X SIn 6+y cos 6
and E=-— 0 dz . (13
c ~ Omax ~Zmax R
R=\z>+r?+a®—2ar cos#. 7

As before, thex component vanishes leaving
The current is nonzero only fdr >0, i.e., only forct>R.

For a given angle on the solenoid there is a distangax E,= - aTa max cos @ dafzmax dz_ ig f(r.1),
such that this condition is satisfied for & <z.x. C™ J—bmax ~Zmax R c
The subtlety in the calculation is that the conditidi-0 (14)

is not maintained fow over the full range of 2 whenctis  where f is the same function introduced in E¢L0). No
close toR. But at eacle there is a valuedy,, such that the  approximation has been made in deriving Ef4) (other

condition holds for 8] < 6,,ax- than the use of Maxwell’'s equations and a specified current
Then Eq.(4) can be written as distribution.
, Of course, the electric field should be derivable from the
A(r,0,01)= = f " 2de J e vector potential viaE= — (1/c)JdA/4t, which according to
Omax Zmax Eq (10) Implles
a(t—R/c)(—X sin 8+y cos 6 aa of(r t
X ( N R y ). (8) Ey=—?<f( b+t ((9t ) (15
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A comparison of Egs(14) and (15) indicates that if the so that

approximation in Eq(10) were valid, therwf/9t=0, and so 2 2 2 2 .2 _

the electric field should be constant in time. COS Oy~ (cy™—r"-z _hmr 2020~ 2) _
Apparently, the approximation used in deriving EZQ) is 2ar 2ar ar

not completely correct. _ Recalling Eq.(16), we see that the second approximation in
Either we should return to E¢9) or continue on from Eq. Eq. (21) holds only for

(14), neither of which contain approximations. It appears to

be more straightforward to continue with Ed4). Thus we zo=/2ar. (22

have an exampl_e of how, in practice, direct _evaluatlon Of'I'his approximation is distinct from our earlier approxima-
time-dependent fields can be as simple as or simpler than tl‘{ﬁ)n thatr>a. We will have to examine separately the case

use of retarded potentials. zy<+/2ar, which corresponds to the early times where the
method of Abbott and Griffiths produced a singularity.

(21)

IV. THE ELECTRIC FIELD

To continue the evaluation of the integral in E44) we A zo>+/2ar
anticipate that we will obtain results only foe-a, i.e., for
observers far from the solenoid.

By the symmetry of the problem, the electric field circu- , zodz
lates about the solenoid and we interpret our calculation of SN OmadOmax~ —— (23
E, at (r,0,0) as beind=, at any ¢,0,2).

It is useful to introduce two additional distances, and

In this realm we have from Eq21)

With this, Eq.(19) becomes

z_, corresponding to the smallest valuezoat which 6,5 27ala z_ 4alar (7 SI? Oax

=0 and the largest value o for which 6=, respec- Eo~— cZ rct 2 z fo emaX(rZ.;_ 223172

tively. See Fig. 1. That is, (24)
z.=\(ct)?=(r¥a)’~ Jz5*2ar, (16)  where we have dropped terms of order In the remaining

recalling thatzo= \/(ct)2—rZ, and where the approximation integral the factor/r2+ 22 is close toct. Similarly, z_~z,
neglects terms of order. Radiation that leaves the solenoid for Zo™>2ar. With these approximations we have
att=0 from points ¢,6,z2)=(a,0z,) and @, m,z_) arrives 2mala
at the observerr(0,0) at timet. Equivalently, both source Eo~— 2
points are at distancet from the ob_server. The result of the present approximations is the same as
2 ;%rolrzrl;Fz)anﬁre]ga?cge:i::eggawg (I:Ezgnli)pﬁtx iﬁgdiitz\é?gl that found by Abbott and Griffith_EEq. (3)]. Thus after some
into two ranges and reverse the order of integration in eacfTOrt We understand that their results hold only fry

2mala ct

7 @

Zy r

ret  zgct

c

to obtain >/2ar. This corresponds to times long enough that radia-
tion has been received from the far side of the solenoid.
E—_ 4aa deszde cos o If we applied the approximations of Abbott and Griffiths
e ), 0 R to the direct calculation oE,, then we would obtain only

the first term of Eq(24), but withz_ being calledz,. This is
_ 4aa jz*dzf Hmaxda cos 9 (17) quite different from Eq.(25) (and together with the corre-
< ), 0 R -~ sponding result for the magnetic field does not satisfy Max-
well's equationy showing again that these approximations
are not fully consistent.
It remains to make a calculation of the early times when
(18 radiation can be received only from the portions of the sole-
noid corresponding t@y,,, <.

In the approximationr>a, we have from Eq(7)
1 1
ﬁN (r2+22)1/2

Using this in Eq.(17) and performing the) integrations we

ar cosé
24 z2

find
2malar fz, dz daa B. zp</2ar
. c? o (r’+z%)%% 2 From Eq.(16) we deduce thaz_ is defined only forz,
z, SiN Gpay ar > y/2ar. Hence forzy</2ar Eq. (19) can be written as
% L_ dz (r2+zz)1’2+ (r2+22%)%2 dac [z SIN Opay
By~——= Z i
6 sin 26 ¢ (r+2z9)
max max
X( 2 - 4 ) ' (19 daa 1l (z+ ]
~——= 7 . dz sin Opax. (26)

The first integral is standard but the second is awkward. For
the latter, we replace by 6.« as the variable of integration. \yhere for zo<\2ar it proves preferable to approximate

First, note that foz_ <|z|<z, , JrZ+Z2 by r rather tharct. From Egs(16) and(20) we see
(ct)?=22+r2+a2—2ar coS Opay, (20)  that sin6,.,= (22 —z%)/2ar. Hence
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2mala 1

d4aa 1 z
Ep~— — f ‘Az -2 B~——(= (33
" ry2ar Jo 0

2 2 This is also the result of Abbott and Griffiths.
2ma‘a 7% )
cZ  (2ar)¥? @7

B. zg<2ar
for early times whenzy<<\2ar and correspondingly, O ) _ ) ] _
<z, =(c)?=(r—a)?<2\ar. The approximate solutions N this region,z_ is not defined, so only the second inte-
(25) and(27) do not quite match at,= J2ar when the field gral of Eqg.(31) contributes. In that we approximate the fac-

2 2 : : .
is near its maximum, but are good for times earlier or latef®" 1/(Ct)” as 1f* and proceed as for the electric field:

than this. dao 1 (z:
BZN——CQ—F sin 6max dz
0

V. THE MAGNETIC FIELD 2mala 22

We use Eq(12) to evaluate the magnetic field. Recalling c?  (2ar)3? Eo- (39
thatj=at6, we have[j]=a(t—R/c)# and[j]= a8, so As expected, the electric and magnetic radiation fields at
at OxA early times have equal magnitudes, are mutually orthogonal,
=— | —zdx'. (28) and are orthogonal to the line of sight to the closest point on
c R the solenoid.
From Egs.(5) and(6) we have The radiation from the far side of the solenoid tends to

1 cancel that from the near side. As time advancesztheor-
PV o o ad 5 dinate from which radiation is received becomes more nearly
0xXn= —[z cosOx+z sin Oy+(a—r cos)z]. 29 . ;

R [ y+( )Z] (29 the same at all azimuths around the solenoid and the cancel-

Thus the integrands of theandy components oB are odd lation becomes more perfect. The fields rise from zero until
they reach a maximum near time- (r +a)/c, correspond-

in z and so these components vanish on integration. The L . .
remaining component is Ing to zo=+/2ar when radiation has first been received from

the far side of the solenoid. The radiation fields die out rap-

at a—r cosé idly thereafter. The small remaining time-dependent mag-

Bz:? f dzj ad¢ TR netic field is, however, sufficient to induce locally an electric
field of the instantaneous quasistatic val@e There is no

_aat dz need to invoke action at a distance, as might be required in a
R (r2+22)32 view that emphasizes only the quasistatic limit.
3ar? cog 6
xf dé| —r cosf+a— 7z | (30  VI. RADIATED POWER
using approximatiori18). The power radiated per unit length by the solenoid at time

Again, we split the integration ovez into the intervals to Measured at the solenoid can be found from the Poynting
[0z ] and[z_,z,]. On performing thed integration and vector,S= (c/4w)EXB, by integrating it over a large cylin-
neglecting terms im® we find der of radiusr at timet=ty+r/c:?

P(to) = lim 27rS(ty+r/c). (35)

r—oo

z 2 r2+72

47a’at JL dz 3 r?
-~ c 0 (r2+22)3/2 -

In this, ct=cty+r, so zy=/(ct)*—r?~2rcty and z,

_4a2a r JZ+ Sin 6 dz 31) ~2r(cty+a). The fields found above are written sepa-
cZ (ct)? J, max = rately forz, less than or greater thafRar, corresponding to

h the int | imater2+ 22 to less than or greater thac, the time it takes radiation to
where on the intervalz_.z,] we approximater®+z move across the radius of the solenoid. A subtlety: by defin-

~ 2

NEACt)f' the electric field luate the int | ing the timet, at the solenoid ag=t—r/c in terms of time
s for the electric Tield, we evaluale the Integrals sepay o 5 gistant observer, the radiation beginst@at —alc,

rately for z, less than and greater thaf2ar.

since it first arrives at the observertat (r —a)/c.
Inserting Eqs(3) and (34) into (35) we find

A. zp>2ar 2
cty a a

In this region,z_ is greater than zero and the first integral m2ala? (1+ Al - E<t0<_
of Eq.(31) can be found in tables. For the second integral we  P(ty)~ 3 . (36)
again change variables with the aid of Eg3), after which ¢ a .2
the integration is elementary. This leads to ct,, ¢

5 2mala [z_(r+a)? . r2 32 The total energy radiated up to tinig>a/c is then
z c? ré(ct)®  zo(ctH)?) m’a*a? (8 I cty
i . ~—— | z+In—|.

In the first term we may set_~z, andr +a~r, leading to Urad™ c? 3 : a 37)
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It is interesting to compare this to the energy lost to Joulesolenoid, Protheroe and Kdksonsidered a double-wound
heating. If the solenoid coil has thickndssand resistivityp,  solenoid with a small gap between the two windings. This
then the resistance of length of the solenoid isR ~ model has the merit of being calculable in detail. For equal
=2map/bl. That is, the resistance varies inversely with and opposite currents in the two windings the fields exist

length, regarding the turns of the coil in parallel. The currentonly between the windings. The transient fields propagate
in lengthl at timet, is | = at,l, so the rate of Joule heating parallel to the axis of the solenoid from the end where the

power source is located. The velocity of propagation is found
to bec/(27an)<c, wheren is the number of windings per
R— 39) unit length anda is the solenoid radius. In this model there
b ’ are no radiation fieldgéas well as no quasistatic field inside
L . . the inner solenoid The authors argue that this result can be
which is proportional to length The total energy dissipated gxtended to a typical solenoid to which the power source is
in heat per unit length up to timig is then connected by a pair of leads that do not run close to the
2,3 2.4 2 3 surface of the solenoid. | do not find this conclusion to be
UJou|e:27Tapa to = 2¢p m a4a — (39 convincing. Rather, | find the argument of Helld be more
3b 3mb ¢ a representative of the general case; most of the energy in a

ignoring the tiny contribution from-a/c<t,<O. In a typi-  tyPical solenoid enters at right angles to the axis rather than
cal metal p~10"® Q cm, while 10=1/30 in Gaussian &long the axis.

units. Thus the factor @/3wb is about 10 ®/45xb for b in exg]m\;)llee Wofo [égzseeaﬁgggﬂgf; gnlsexups:r?rjri etr?t f('i/lllgg\t/ ct)?i s
centimeters. A typical diameter of the coil wire I8 36 heard a noise pulse on a radio when some nearby ap-
~1/4.57 cm, so the factor is about 10. Comparing EGS. pliance with an electric motor is switched offiue to the

(37) and(39) we see that the total energy lost to radiation isjnqyctive spark Is there also a noise pulse when the motor

IS

2
1R 2mapa’t]

cto

greater than that lost to heat until (a crude approximation to an infinite solenpfiist turns on?
cty) 3 8 cty Indeed, when starting my electric can opefraodel 752R,
?> ~10’ §+In ?), (40 Rival Mfg. Co., St. Dalia, MO 65301 near a battery-

powered radio tuned between stations a noise pulse can be
corresponding toy,~450a/c. For a solenoid with radius of ~ heard over the radio both when the device is turned on and
1 cm this transition time is only about 15 ns. This result tellsoff. There is essentially no noise during the steady operation
us that the initial current in a solenoid need be linear withof the can opener. | infer that the can opener indeed emits
time only for a few nanoseconds for the analysis of thistransient radiation when it is switched on, thereby confirming
article to be a good approximation to the transient electrothe spirit of the main argument of this article. Thus the topic
magnetic effects. The currents in BAR circuit are linear up ~ Of this article is another example of physics in the kitchen.

to times of ordelL/R, so the present analysis could be ap-

plicable to many practical cases. 10. Lodge, “On an Electrostatic Field Produced by Varying Magnetic In-

duction,” Philos. Mag.27, 469-478(1889.
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