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Abstract

This paperaddressesthe problemof reconstructingsurfacemodelsof in-
doorscenesfrom sparse3D scenestructurecapturedfrom N cameraviews.
Sparse3D measurementsof real scenesare readily estimatedfrom image
sequencesusing structure-from-motiontechniques. Currently there is no
generalmethodfor reconstructionof 3D modelsof arbitrary scenesfrom
sparsedata.We previously introducedanalgorithmfor recursive integration
of sparse3D structureto obtain a consistentmodel. In this paperwe fo-
cuson incorporatinguncertaintyinformationinto modelto achieve reliable
reconstructionof real-scenesin thepresenceof noise.A statisticalgeomet-
ric framework is describedthatprovidesa unifiedapproachto probabilistic
scenereconstructionfrom sparseor evendense3D scenestructure.

1 Intr oduction

An importantproblemin computervision is thereconstructionof 3D modelsof complex
rigid scenesfrom monocularimagesequences.Previous researchaimedat constructing
3D modelshasaddressedtheproblemof reconstructionfrom dense3D surfacemeasure-
mentscapturedusingactive rangesensors[1, 12, 2] or multi-baselinestereo[4]. Volu-
metric techniqueshave beenwidely usedto achieve reliablereconstructionof complex
objects[1] andenvironments[2, 11]. Methodsfor reconstructionfrom densedataassume
thatthedistancebetweenadjacentsurfacemeasurementscanbeusedto estimatethelocal
topologyof the 3D surface. This assumptionis not valid for interpolationof sparse3D
data.

Model reconstructionfrom sparse3D dataof arbitrarygeometryscenesis an open
problem. Faugeraset al.[3] addressedthis problemusing 3D Delaunaytriangulation
(tetrahedralisation)of asetof imagefeaturestogetherwith theirvisibility for eachcamera
view to constructa volumetricmodel.Theprincipal limitation of this approachis theas-
sumptionthattheentirefeatureis visiblewhich prohibitspartialocclusion.Furthermore,
this is abatchmethodwhich requiresall the3D structureprior to reconstruction.

RecentlyKutulakosandSeitz[5] presenteda generaltheoryof N-view shaperecov-
ery. Theprincipalassumptionof their approachis thata locally computableconsistency
criteria is availableto testpoint correspondencein multiple views. In imagesequences
of real-scenessuchasindoorenvironmentslack of surfacetexturewill resultin a recon-
structionwhich deviatesconsiderablyfrom therealsurface.

In this paperwe addressthe problemof reconstructingsurfacemodelsfrom sparse
3D scenestructurecapturedfrom N cameraviews. In particularwe focuson incorporat-
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ing uncertaintyinto the reconstruction.A geometrictheorythat provably convergesto
a correctreconstructionof the realsurfacesin the 3D sceneasthenumberof processed
views increaseshasrecentlybeenpresented[6]. In thispaperweextendthisapproachby
introducinganalgorithmthatexplicitly considerstheerrorsinherentto a realvision sys-
tem. The algorithmpresentedprovidesa unifiedapproachto scenereconstructionfrom
any availablesparseor evendense3D scenestructure.

2 Real SceneReconstruction

The goal of our work is to develop an automaticsystemfor scenereconstructionfrom
imagesequences.In this sectionwe presentthe algorithmdevelopedfor scenerecon-
structionfrom a sequenceof images.

Imagesarecapturedusinga cameramountedon an autonomousmobile robot plat-
form. This systemcapturesa sequenceof imagesof anindoorscenewith approximately
known camerapositions.A recursive structure-from-motion(SFM) algorithm[9] is ap-
plied to estimatethe 3D locationanduncertaintyfor the sparsescenefeaturestogether
with thecamerapositionandorientation.A sparsefeaturebasedSFMalgorithmhasbeen
usedfor computationalefficiency of reconstructionfor long imagesequences.Pointand
line featuresareusedin thiswork althoughtheapproachalsoextendsto higherorderfea-
tures.TheSFM algorithmincorporatesconstraintsbetweenfeaturessuchascoplanarity
andsurfaceperpendicularityto increasereconstructionaccuracy if informationonfeature
groupingsis available.Furtherdetailsof this systemareprovide in [10].

2.1 Algorithm Overview

FromeachframethatSFM processes,a setof sparse3D features
���������	��
����
�� is com-

puted. Eachof thesefeatures
���

which is visible in the ����� view taken at position ����
definesa visibility constraint� � � asfollows:

Definition 1 (Visibility Constraint :) The spacebetweenthe view position �� � and
thescenefeature

� �
is not occupiedby an(opaque)object.

Thereal3D sceneviewedin frame� canbeapproximatedby asetof planartriangular
surfaceprimitives � ������� � 
"!$#��
"% which spanthespacebetweenthefeatures.We canthen
definea consistentmodelasa setof trianglessuchthatnoneof its trianglesintersectany
of the visibility constraintsin & �'� � ��� 
"(�)
*�

. For a singleview a consistentmodelcan
beconstructedby a constrainedtriangulationin a planeorthogonalto theview direction
astheorderof featureprojectionsin theplaneis preservedwith respectto their relative
orderingin 3D space.

In generalhowever, for multiple views of a 3D scenethereis no single2D planeto
which the scenefeaturescanbe injectively projectedwithout reorderingof the features�

. The algorithmdevelopedis thusbasedon recursive integrationof the setof feature
data

� �
, andfeaturevisibility constraints& �

, for eachnew cameraview. The algorithm
canbesummarisedby thefollowing steps:

1. Build an initial model � �
by usingconstrainttriangulationon the setof features�+�

reconstructedfrom thefirst view.

2. For eachnew view ,.-/,1032
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(a) Updatethe3D positionof featuresin � ��4�%
for whichanew measurementhas

beencomputedresultingin �65� .
(b) Build aconsistentmodelfor the ,7��� view �65 5� , by constrainedtriangulationof

thevisible features
� �

, in a planeorthogonalto theview direction.

(c) Integratenon-redundanttrianglesfrom �65 5� into �65� yielding to � �
.

(d) Eliminatetrianglesin � �
thatviolatetheviewpointsvisibility constraints& �

For a closedscenewith a finite setof featureswe have shown [6] that this algorithm
will converge to a reconstructionof the real scenesurfacesasthe numberof views in-
creases.An underlyingassumptionin this algorithmhowever is thatno significantnoise
shouldexist in the 3D data. However, in our systemnoisemay be causedby several
sources,including cameracalibration,robot odometry, featureextraction,matchingand
3D reconstruction.It is thusessentialto useestimatesof theuncertaintyfor our3D mea-
surementsin orderto producea reliablesystem.

3 Reconstructionwith Uncertainty

Thissectionpresentsa probabilisticframework thatutilisesuncertaintyon ourgeometric
featuresto make our systemmorerobust. In particularwe focuson theupdate(2a)and
visibility (2d)processesof ouralgorithm,asdescribedin theprevioussection,thatappear
asthemostsensitive to noisymeasurements.

First we describethe underlyinggeometricprobability assumptionsandwe give an
uncertaintyrepresentationfor both 3D points and lines. Basedon this foundationwe
subsequentlyextendtheupdateandthevisibility processesto explicitly considernoisein
themeasurementestimates.

3.1 GeometricUncertainty

An estimatedgeometricobjectcanbe consideredasa randomvariabledescribedby a
vectorp which consistsof the variablesthat we have chosento parameteriseit. Thus
we candefineits probabilitydensityfunction(pdf) f(p) astheprobabilityof thespecific
objectp in thecorrespondingparameterspace.In thissensegeometricuncertaintycanbe
treatedusingclassicprobabilitytheory.

In practicewe do not have an explicit pdf becausewe arenot ableto modelall the
sourcesof errors. However, a reasonableassumptionis that the pdf is Gaussian.This
assumptioncanbe justified if noiseis causedby a largenumberof independentsources
from thecentrallimit theory. Thereis alsoapracticaljustificationfor choosingtheGaus-
siandistribution suchthat it canbefully specifiedby thefirst andsecondorderstatistics
which aretheonly informationthatwe wantto propagatethroughthesystem.

Thischaracteristicis veryusefulbecausethetransformationof apdf reducesto thatof
transformingits meanandcovarianceasany lineartransformationof a Gaussianrandom
vectoris Gaussianaswell [14]. In particular, if p is aGaussianrandomvectorwith mean8 andcovariancematrix 9*: andassumea transformationx=Ap+b of p thenx will bea
Gaussianvectorwith ; �=< 8?>A@BDCE�=<FBDGH<FI (1)
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A propertyof geometricuncertaintyis that a physicalrepresentationcan be given
to randomvariables. For a 3D point its covariancecan be visually describedwith an
ellipsoid. Assumea point x with covariancematrix

BDC
and mean

;
. Then it can be

shown [15] that J ;?K ;�L I B 4*MC J ;NK ;"L �PO+Q
is anellipsoidcentredat

;
thatboundsthe

volumeinsidewhich weexpect R to lie with a probabilityspecifiedby k.
In our systema 3D line is definedby its endpoints

; M
,

; Q combinedto a vector; � J ; M ; Q L I . Howeverweareusingaminimalrepresentationwith 4 degreesof freedom
[8]. This resultsin a 3x3covariancematrix (for eachpoint)with thenull spacealongthe
line direction.Theuncertaintyovereachendpointcanberepresentedwith a2D ellipsein
theplaneperpendicularto theline orientation.

Having this representationwe wantto getanestimateof uncertaintyfor eachpoint p
alongthe line segmentx. To achieve this we canusea linear interpolationscheme.We
canthenrepresentp as 8 � ; M >TS J ; Q KU; M L

(2)

If we think of equation(2) asa lineartransformationof

;
in theform 8 �P< J ;"L

whereV � WXZY K S 2 2 S 2 22 Y K S 2 2 S 22 2 Y K S 2 2 S [\ � J J Y K S L�]_^ S ]`L (3)

thenaccordingto (1) themeanandcovarianceJ ; - BDG L
will be9 : �ba J Y K S L�] S ]dcfe 9 % 22 9hgZi e J Y K S L	]S ] i � J Y K S L g 9 % >TS g 9hg; � J	j K S L ; M >kS ; Q (4)

where 9 %
and 9hg arethecovariancematricesof

; M - ; Q respectively.
Equation(4) is quadraticrelative to S which meansthat the uncertaintyenvelope

arounda 3D line canbevisualisedasanelliptic hyperboloid.

3.2 Model update basedon uncertainty

Thesourcesof error throughouttheimagecaptureandtheSFM resultin noisy input 3D
datato our modellingsystem.Our reconstructionprocessis recursive andfor every new
imagewe updateeachfeaturein theexisting modelbasedon thenew observations.This
sectionpresentshow uncertaintycanbeutilisedto make featureupdaterobustto noise.

The initial stepof the updateprocessinvolvesidentifying outliers. Our approachis
to checkthat eachmodel’s 3D line lies insidethe uncertaintyenvelopeof the new line
estimate.In this way we checkthatboth the distanceandthe relative orientationof the
two lines are consistent. Another criterion used[15] requiresthat both 3D segments
sharea commonpart. Thesetestsare sufficient to ensurethat no falsemeasurements
arepropagatingto the featureintegrationprocess.Considerthe caseof Figure1 where; � J ; M - ; Q L is the new estimatefor the line and 8 � J 8 M - 8 Q L is the model line. The
initial stepsof thealgorithmcanthenbesummarisedas

1. Project8hl ontothenearestpointonthemodellinedefinedby

;
to obtain

; GF� J ; GmM - ; G Q L .
2. Checkthatsegments

; - ; G
sharea commonpart.
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Figure1: Featureupdateprocess.New line measurement

;
checkedfor consistency and

combinedwith correspondingmodelline 8
3. Computetheuncertaintyellipsefor each

; G l usingequation(4).

4. Testwhetheror not 8�l lies insidethe ellipseof the corresponding

; G l point. ( 8�l
lieson thesameplanewith theellipsebecause

KnKpoq � R`: ��r K�KpKZoR % -/R g �ts
)

Eachnew consistentline measurementshouldsubsequentlybe combinedwith any
existing correspondingline estimateandintegratedto the global 3D model. Thereare
two requirementsthat this processshouldmeet. First thecovarianceat theendpointsof
the resultedline shouldbe lessthan the covarianceof the endpointsof the lines from
which it hasoriginated.Secondthenew line shouldnot besmallerthaneitherof thetwo
integratedsegments.

Theapproachusedis basedon theKalmanfilter equationsandis similar to [13] ap-
plied for mergingparallelaffinetransformationsunderuncertainty. Consideringagainthe
caseof Figure1 assumethat u is theresultof merging 8 - ; . Also assumethat

Bwv - B G
andB C

aretheircorrespondingcovariancesand u	- 8 and

;
theirmeans.ThentheKalmangain

will be x �yB CDz J B C > B G L 4�M
andthecovarianceandmeanof u are:B v �PBDC K x z BDCu � ; > x z J 8 K ;"L

(5)

If x,p areGaussiandistributedwith white noisethenequation(5) is the maximum
likelihoodestimatewith variancelessthanany other linear unbiasedestimate[7]. The
integrationpartof thefeatureupdatealgorithmis

1. Identify thegreatestsegmentthatcanbeformedfrom

; l - ; G l . (
O{� J ; M - ; G Q L ).

2. Shift eachof thetwo intermediatepoints(

; GmM - ; Q ) alongtheir correspondingline
until they coincidewith theendpointsof

O
( 8 M o 8 C�M - ; Q o|; G Q ).

3. Extrapolatethecovariancesfor 8 C�M - ; G Q usingequation(4).

4. Combinesegments( 8 C�M - 8 Q ) and(

; M - ; G Q ) usingequation(5).
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3.3 Visibility testwith uncertainty

The visibility of featuresfrom our currentcamerapositionrelative to the reconstructed
model is a powerful tool for testingthe consistency of our model. However, noisein
the datacan result in rejectionof hypothesisedtriangleswhich actually correspondto
real scenesurfaces.This makesthe original algorithm’brittle’ in the presenceof noisy
measurements.Thusvisibility shouldbe appliedwith cautionandconsiderationto the
uncertaintyof boththemodel’s trianglesandfeatures.

Our reconstructionschemedescribedin section(2.1) is basedon theassumptionthat
for eachframe , theresultantmodel � �

is consistent.Eachfeature
���

in frame , defines
a visibility constraintwhich shouldbetestedagainst� �

. To accountfor theuncertainty
in themeasurementdatawe give a new definition for thevisibility checkthateliminates
triangleswhichwe are‘confident’ thatviolatethetestnot dueto noise.

Definition 2 (Visibility constraint with uncertainty) : Thespacebetweenthecam-
erapositionandthe volumetricuncertaintyenvelopeof the featureshouldnot intersect
with any of themodel’s trianglesuncertaintyvolumes.

In this sectionwe presentthe processof applyingvisibility for a 3D point against
the reconstructedmodel. Visibility for lines is a direct extensionfor eachof their two
endpoints.The first stepis to testfor 2D overlapsbetweenthe featureandthe model’s
trianglesin theimageplane.Any identifiedtrianglesshouldthenbecheckedfor visibility.
Considerthecaseof Figure2(a)wherepoint 8�l lies insidetriangle } l in theimageplane
while 8 -/} aretheir 3D estimatesrespectively. For thecaseof line visibility we perform
thesame2D testfor bothof its endpointsandto eachidentifiedtriangleweassociatetwo
entrieswhich correspondsto eitherthe intersectionpoint of the 2D line with oneof the
triangle’sedgesor theline’sendpointwhich is boundedby thetriangle.

p
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t i
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Model Triangle
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.

.
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t

p
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p
t p
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.
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. .
p .
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Figure 2: Onedimensionalvisibility test. (a)Model’s trianglesand featuresare tested
for 2D overlapin the imageplane. (b)Representationof 1D varianceof 8 - 8"~ alongthe
projectionopticalray.

Implementationof the visibility checksaccordingto Definition 2 involvesintersec-
tionsbetweenhigherordersurfacesin 3D for which it is alsoverydifficult to computean
explicit equation.Therefore,weapproximatethis testby reducingthesearchspaceto 1D
by ’projecting’ theuncertaintyonthe3D line from thecamerato thefeature.Considerthe
3D line � originatingat thecameracentre� andpassingthrough 8 l . If we backproject�
againsttheplaneformedby the3D triangle } wegetpoint 8 ~ . Collinearto this3D line is
alsothe3D point 8 (Figure2(b)). If 8"� � J 8"� M - 8h� Q L is thesegmenton � which depicts
thevarianceof 8 alongthis line andrespectively } � � J�} � M -/} � Q L thesegmentfor 8 ~ then
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Definition 3 (One dimensionalvisibility test with uncertainty) : Theline segment
betweenthecameraposition � andthefurthestestimatefor thepositionwherethefeature
lies } � Q shouldnot overlapwith any segmentprojectionof a model triangle’s variance
ontotheopticalray line.

The problemthus reducesto the computationof the 1D variancesfor both 8 and 8 ~ .
However, while thedistribution( 8 - B G

) for 8 is known 8 ~ canbeany point insidetriangle} . In thefollowing sectionwe describea representationfor triangleuncertaintyandhow
to interpolatethedistributionof any point insideit from thedistributionsof its vertices.A
methodfor computingthemeanandvariancealongaspecific1D (line) directionin space
is subsequentlypresented.

3.3.1 Triangle Uncertainty Representation

A trianglecanbe fully describedby its vertices. Using barycentriccoordinateswe can
interpolateany point thatlies insidethetriangle.Assumetriangle } � J ; M - ; Q - ;*��L

anda
point 8"~ on thetriangle.We canthenexpress8"~ in barycentriccoordinatesas8 ~ �y� ; M >A� ; Q > J	j K � K � L�;*�

(6)

where
� - ����� s -�j�� . If we treateachof the triangle’s verticesas3D pointswith known

meanandcovariancethenfollowing thesamereasoningweusedin section(3.1)for lines
we canexpressthemeanandcovariance( 8 ~ - B Gd�

) of everypoint on this trianglerelative
to themeanandcovariancesof its vertices(

; l - B Cd�
) as:8 ~ �y� ; M >A� ; Q > J	j K � K � L ; �B G�� �P� Q B C�� >A� Q B Cd� > J	j K � K � L Q B C�� (7)

3.3.2 From 3D to 1D distrib ution in space

This sectionaddressestheproblemof computingthemeanandvarianceof a point along
a 3D line direction if its 3D distribution is known. We considerthe exampleof Figure
(2(b)) andfocuson computingthesegment 8 � � J 8 � M - 8 � Q L which indicateswith some
specifiedconfidencehow point 8 canmovealongtheray � . In reality the3D point 8 does
not lie exactlyon theexamined3D ray � becauseit is ourestimateof thethetrueposition
in thescene.Insteadwe have anellipsoidwhich indicateswheretheactualpoint lies in
3D spacewith someprobability. Considerthis ellipsoidasa cloudof possiblepositions
for thescenefeatureandprojecteachof thesepoint onto � . Every point � on the line
canbeexpressedas � � � >TS�� where� is theunit vectoralong � .

We canestimatethesegment8h� by examinationof thedistributionof S for thesetof
projectedpoints.It canbeshown thatfor eachpoint

;
projected,S will beS � � r J�� KU;"L� � � Q (8)

If weconsiderequation(8) asa lineartransformationof

;
to S thenbasedonequation

(1) themeanS andthecovariance
B��

of S will beS � �`� � 4 �`� C� � � �B � � J K ��� � � � Q L I BDC J K �h� � � � Q L (9)
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where

; � 8 themeanof distributionof pointsin theellipsoidand
B C �PB G

thecovari-
ance. Using equation(9) we considerthe point � � � > Sp� asthe meanpoint of the
segment8 � and 8 � M - 8 � Q aredefinedleft andright of � in distance

B �
.

For the3D point 8+~ on thetriangleweuseequation(6) to computethevaluesof �"- � .
Its 3D distribution canthenbecomputedusingequation(7). Using the samereasoning
with 8 we computethe1D variationsegment} � � J�} � M - } � Q L alongtheopticalray.

Having computingboth 8h� - } � wethenapplyvisibility accordingto definition3.

4 Results

This sectionpresentsresultsof applyingtherecursive reconstructionalgorithmto sparse
3D structurefrom both real and syntheticimagesequences.The sequencesare from
simple3D sceneswhich containmultiple objectssuchthat theentiresceneis not visible
from a singleviewpoint.

Resultsfor a syntheticimagesequenceof 25 imagesare shown in Figure 3. The
sequenceis of two cubes,onein front of theotherandthreeperpendicularplanesbehind.
In theinitial framethesmallercubeis completelyoccludedbut asthecameramovesfrom
left to right becomesvisible. Ourreconstructedmodel(Figure3(b))approximatesthereal
scenesurfacesclosely. However, several peaksareformedfrom the triangularsetsthat
correspondto mostof therealplanes.

Our probabilistic integration weightseachestimateaccordingto its uncertaintyso
thattheinfluenceof asinglemeasurementdoesnotsignificantlyaffect themodel.Figure
3(c) presentsthemodelreconstructedwith theproposedupdateprocess.To measurethe
improvementover thereconstructionwefitteda planeto eachsetof pointsthatbelongto
thesameplanein therealsceneandcomputethemeanandthevarianceof distances.A
comparisonof theplanemeasurementsfor thenew schemeover theequalweightupdate
oneis presentedin Figure(5a).

Resultsfor a real-imagesequenceof 10framesareshown in Figure4. Thesceneis of
thecornerof a roomwith severaloccludingobjects.The reconstructedmodels(Figures
4(b), 4(c)) clearly approximatethe real scene. Figure (5b) again illustratesthe mean
andvarianceof distanceof pointsfrom their correspondingplanes.Althoughthereis an
improvementin reconstructionof mostplanesfurtherevaluationof thepossiblesources
of errorsshouldbemadefor realscenes.

5 Conclusions

Thispaperpresentsageometricstatisticalframework for usinguncertaintyin a3D indoor
environmentreconstructionsystem.In particularwe describedtheformulationfor prop-
agatinguncertaintythroughour recursivealgorithmfor scenereconstructionfrom sparse
data.Resultsfrom bothrealandsyntheticsequencesdemonstratedtheimportanceof ex-
plicit uncertaintyconsideration.Theuseof uncertaintyenables:a)incrementalupdateof
themodelbasedon thestatisticaldistribution of featuresandb)therobustvisibility con-
straintteststo eliminateinconsistenttriangles.Furtherwork is requiredto fully evaluate
the reconstructionaccuracy androbustnessin the presenceof measurementuncertainty
andfeaturemismatchesin realenvironmentsequences.
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Figure3: (a)[Top] Syntheticboxsequence.(b)[Bottom-Left] Reconstructedmodelusing
equalweighsin featureupdate. (c)[Bottom-right] Model using the statisticalweights
update.

Figure4: (a)[Top] Realsequencefrom a roomcorner. (b)[Bottom-Left] Texturedrecon-
structedmodel.(c)[Bottom-right]Wireframesuperimposedon themodel.
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Figure 5: Comparisonof mean and variance of points from their corresponding
planes.(a)SyntheticSequence.(b)Reallabsequence
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