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2 ALGEBRAIC LOGIC

INTRODUCTION

Algebraiclogic canbedividedinto two mainparts.Part I studiesalgebraswhich
arerelevantto logic(s),e.g.algebraswhichwereobtainedfrom logics(onewayor
another).SincePart I studiesalgebras,its methodsare,basically, algebraic.One
could say, that Part I belongsto “AlgebraCountry”. Continuingthis metaphor,
Part II dealswith studyingandbuilding thebridgebetweenAlgebraCountryand
Logic Country. Part II dealswith themethodologyof solving logic problemsby
(i) translatingthemto algebra(theprocessof algebraization),(ii) solvingthealge-
braicproblem(this really belongsto Part I), and(iii) translatingtheresultbackto
logic. Thereis anemphasishereonstep(iii), becausewithoutsuchamethodolog-
ical emphasisonecouldbetemptedto play the“enjoyablegames”(i) and(ii), and
thenforgetaboutthe“boring duty” of (iii). Of course,thisbridgecanalsobeused
backwards,to solve algebraicproblemswith logical methods.We will give some
simpleexamplesfor this in thepresentwork.

Accordingly, the presentwork consistsof two parts, too. Parts I and II of
thepaperdealwith thecorrespondingpartsof algebraiclogic. More specifically,
Part I dealswith thealgebraictheoryin general,andwith algebrasof setsof se-
quences,or algebrasof relations,in particular. Part II dealswith themethodology
of algebraizationof logics andlogical problems,equivalencetheoremsbetween
propertiesof logicsandpropertiesof (classesof) algebras,andin particular, dis-
cussesconcreteresultsaboutlogicsobtainedvia this methodologyof algebraiza-
tion. SincePart II dealswith generalconnectionsbetweenlogicsandalgebras,a
generaldefinitionof whatweunderstandby alogic or logicalsystemis needed.Of
course,sucha definitionhasto bebroadenoughto bewidely applicableandnar-
row enoughto supportinterestingtheorems.Thefirst sectionof Part II is devoted
to findingsucha definition.

We needto make a disclaimerhere. Algebraic logic, today, is an extremely
broadsubject.We couldnot cover all of it. In Part II we managedto bebroader
than in Part I. Even in Part II we could not comeeven closeto discussingthe
importantresearchdirections,but thedefinitionsin Part II aregeneralenoughto
rendertheresultsapplicableto all thoselogicswhichW. Blok andD. Pigozzicall
algebraizable(cf. e.g.[BP89], [FJ94]). Mostof whatwesayin PartII canbegener-
alizedevenbeyondthis,e.g.to theequivalentiallogicsof J.Czelakowski. Further
possibilitiesof generalizingPart II beyondalgebraizablelogicsarein recentworks
of Blok andPigozzi,andothers,cf. e.g.[BP86], [P91], [CzP], [ABNPS], [Cz97] .

In Part I wehadto bemorerestrictive.Weconcentratedattentionto thosekinds
of algebraswhich areconnectedto the ideaof “relations” (oneway or another),
the ideaof setsof pairs,or setsof triples,setsof sequencesor somethingrelated
to these.An importantomissionis thetheoryof BooleanAlgebraswith Operators
(
�����

’s).
�����

’s arerelatedto algebrasof relations,andthey provide an impor-
tantunifying theoryof many of thealgebraswe discusshere.Anotherimportant
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omissionis Category TheoreticLogic. That branchof algebraiclogic is not (at
all) unrelatedto what we arediscussinghere,but for variousreasonswe could
not includean appropriatediscussionhere. In this connectionmore references
aregiven in the survey [N91]. Herewe mentiononly Makkai [Mk87], [MkR],
[Z], [MkP]. We couldnot cover polyadicalgebras,either. However, their (basic)
theory is analogousto that of cylindric algebraswhich we do discussin detail.
Therearea few exceptionalpointswherethe two theorieswildly diverge,e.g.in
[NS96] it wasprovedthattheequationaltheoryof representablepolyadicalgebras
is highly non-computable(while thatof cylindric algebrasis recursively enumer-
able). We refer the readerto thesurvey paper[N91] andto [HMTII ] for modern
overviewsof polyadicalgebras.Cf. also[ST], [PS],[AGMNS]. Furtherimportant
omissionsare: (i) the finitization problem(cf. [N91, beginningwith Remark2],
[S95], [Si93], [MNS97]); (ii) propositionalmodal logics of quantification,and
connectionswith thenew researchdirection“Logic, LanguageandInformation”
(cf. [V95], [MV ], [MPM], [AvBN97], [vBtM], [vB97]); (iii) relativizationasa
methodologyfor turning negative resultsto positive (cf. [N96], [M93], [Ma95],
[Mi95], [MV ], [AvBN96]). Also therearestrongconnectionsbetweenalgebraic
logic andcomputerscience,wedonotdiscussthesehere.

On the history: The inventionof Booleanalgebrasbelongsto the “prehistory”
of Part I. Algebrasof setsof sequences(asin Part I) werestudiedby De Morgan,
Peirce,andSchr̈oderin thelastcentury;andthemodernform of their theorywas
createdby Tarskiandhis school1. Thehistoryof Part II alsogoesbackto Tarski
andhis followers,but is, in general,morerecent.For moreon historywe refer to
[AH], [ABNPS], [BP91a], [BP89], [HMTII ], [Ma91], [Pr92], [TG].

1Relationandcylindric algebraswereintroducedby Tarski,polyadicalgebraswereintroducedby
Halmos,algebrasof setsof finite sequenceswerestudiedby Craig; for otherkindsof algebrasof sets
of sequencescf. e.g.[N91], [HMTII].
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GETTINGACQUAINTED WITH THE SUBJECTOFPART I.

Thealgebraizationof classicalpropositionallogic, yielding Booleanalgebras(in
short

���
’s), wasimmenselysuccessful.Whathappensthenif we want to extend

the original algebraizationyielding
���

’s to other, morecomplex logics, among
others,say, to predicatelogic (first–orderlogic)? 2

Booleanalgebrascan be viewed as algebrasof unary relations. Indeed,the
elementsof a

���
aresubsetsof a set � , i.e. unaryrelationsover � , andtheoper-

ationsarethenaturaloperationson unaryrelations,e.g.intersection,complemen-
tation. Theproblemof extendingthis approachto predicatelogicsboils down to
theproblemof expandingthenaturalalgebrasof unaryrelationsto natural alge-
brasof relationsof higher ranks, i.e. of relationsin general.The reasonfor this
is, roughlyspeaking,thefactthatthebasicbuilding blocksof predicatelogicsare
predicates,andthe meaningsof predicatescanbe relationsof arbitraryranks. 3

Indeed,alreadyin themiddleof thelastcentury, whenDeMorganwantedto gen-
eralizealgebrasof propositionallogic in thedirectionof whatwewouldcall today
predicatelogic, heturnedto algebrasof binaryrelations.4 Thatwasprobablythe
beginningof thequestfor algebrasof relationsin general.Returningto thisquest,
thenew algebraswill, of course,have moreoperationsthan

���
’s, sincebetween

relationsin generaltherearemorekinds of connectionsthanbetweenunaryre-
lations(e.g.onerelationmight be theconverse,sometimescalledinverse,of the
other).So,our algebrasin mostcaseswill beBooleanalgebraswith somefurther
operations.

The framework for the questfor the naturalalgebrasof relationsis universal
algebra. Thereasonfor this is thatuniversalalgebrais thefield whichinvestigates
classesof algebrasin general,their interconnections,their fundamentalproperties
etc. Thereforeuniversalalgebracanprovide usfor our searchwith a “map anda
compass”to orientourselves. Thereis a furthergoodreasonfor usinguniversal
algebra.Namely, universalalgebrais not only a unifying framework, but it also
containspowerful theories.E.g.if weknow in advancesomegeneralpropertiesof
thekindsof algebraswearegoingto investigate,thenuniversalalgebracanreward
uswith a powerful machineryfor doing theseinvestigations.Among thespecial
classesof algebrasconcerningwhich universalalgebrahaspowerful theoriesare
the so calleddiscriminatorvarietiesandthe arithmeticalvarieties. At the same

2Thethingswesayhereaboutpredicatelogic applyalsoto mostlogicshaving individual variables,
henceto all quantifierlogics.However, thepresentpaperneednotbe“predicatelogiccentered”because
our considerationsapply also to many propositional logics, e.g. to LambekCalculus,propositional
dynamiclogic,arrow logics,many-dimensionalmodallogics.C.f. e.g.[MV], [vB96], [vBtM], [Mi95],
[TG].

3For moreon thisseePart II, sections4, 7 of thepresentpaper.
4DeMorganillustratedtheneedfor expandingthealgebrasof unaryrelations(i.e. ��� ’s) to algebras

of relationsin general(thetopicof Part I of thepresentpaper)by sayingthatthescholastics,aftertwo
millenniaof Aristoteliantradition,werestill unableto prove thatif ahorseis ananimal,thenahorse’s
tail is ananimal’s tail. (“ 	�
 is a tail of 	� ” is abinaryrelation.)
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time,algebrasoriginatingfrom logic turnout to fall in oneof thesetwo categories,
in mostcases.More concretely, morethanhalf of thesealgebrasarein discrimi-
natorvarietiesandalmostall arein arithmeticalones.Certainly, all thealgebras
studiedin thepresentpaperarein arithmeticalvarieties.Therefore,awarenessof
theserecentpartsof universalalgebracanberewardingin algebraiclogic. Wewill
not assumefamiliarity with thesetheoriesof universalalgebra,we will cite the
relevantdefinitionsandtheoremswhenusingthem.5

Moreover, aswealreadysaid,mostof ouralgebraswill be
���

’swith somead-
ditional (extra-Boolean)operations.Whentheseoperationsaredistributive over
theBooleanjoin, aswill bethecasemostoften,suchalgebrasarecalledBoolean
Algebraswith Operators,in short

�����
’s. Many of our importantclassesof al-

gebraswill be discriminatorvarietiesof
�����

’s. The theoryof
�����

’s is well-
developed.6

Let us returnto our taskof moving from
���

’s of unaryrelationsto expanded���
’s of relationsin general. What are the elementsof a

���
? They aresetsof

“points”. What will be the elementsof the expandednew algebras?Onething
aboutthemseemsto becertain,they will besetsof sequences,becauserelations
in generalaresetsof sequences.Thesesequencesmaybejust pairsif therelation
is binary, they maybetriplesif therelationis ternary, or they maybelonger— or
evenmoregeneralkindsof sequences.7 So,onethingis clearat thispoint,namely
that the elementsof our expanded

���
’s of relationswill be setsof sequences.

Indeed,this appliesto all known algebraizationsof predicatelogicsor quantifier
logics.8

At this point it might beusefulto point out thatthemostobviousapproach(to
studyingalgebrasof relations)basedon theabove observation(that theelements
of the algebraaresetsof sequences)leadsto difficulties right at the start. 9 So,
what is the mostobvious approach?Considersomeset � ; let ����� denotethe
set of all finite sequencesover � , and considerthe

������� ������� (the powerset

5Somegoodintroductionsto universalalgebraanddiscriminatorvarietiesare[HMT, Chapter0],
[BS], [C65], [Gr], [MMT], [W].

6Distributivity of theextra-Booleanoperationsoverjoin isusedin thetheoryto build awell-working
duality-theoryfor it (atom-structuresor Kripke-frames,complex algebras).This duality theory is a
quite centralpart of algebraiclogic. Becauseof the limited size of the presentpaper, we will not
dealwith this here. SomereferencesareJónsson-Tarski [JT51], [HMT, section2.5], Jónsson[J95],
Goldblatt[G90], [G91], Venema[V96],[V97], [AGiN95], [H97], [AGoN].

7Thereis anotherconsiderationpointing in the directionof sequences.Namely, the semanticsof
quantifierlogicsis definedvia satisfactionof formulasin models,which in turn is definedvia evalua-
tionsof variables,andtheseevaluationsaresequences.Themeaningof a formulain a modelis theset
of thosesequenceswhich satisfythe formula in thatmodel. So we arrive againat setsof sequences.
For moreon thisseePart II, section7 of thepresentpaper.

8As mentionedearlier, this alsoappliesto themorecomplex propositionallogics, like e.g.many-
dimensionalmodallogic.

9With furtherwork this approachcanbe turnedinto a fruitful approachto algebraizinglogic, see
[N91, � 7 (2–4) and the sectioncontainingFacts2, 3 at the end of � 4]; seealso [HMTII, � 5.6.(A
survey).3, p. 265], and the referencestherein. The approachoriginateswith Craig, but alreadythe
algebrasin Quine[Q36] consistof setsof finite sequences.
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of ����� conceivedasa
���

the standardway). Now if we aregivenany finitary
relation,say, �����! "� over � , then ��# ��� ��� ��� . So

��� ��� �$� containsall
relationsover � independentlyof their ranks. Thereforeit might bea candidate
for beingtheuniverseof analgebraof relations.Beforethinking aboutwhat the
new, socalledextra-Booleanoperationson

��� �����$� shouldbe,let ushaveanother
look at its Booleanstructure:If � is a binary relation,we would like to obtain
its complement

� �% &���(')� asa resultof applyinga Booleanoperationto � .
However, in our algebra

��� ���*��� , thecomplementof � is not
� �+ ,���-'&� but

somethinginfinitely bigger.



CHAPTER1

ALGEBRASOFBINARY RELATIONS

Theabovedifficulty with
��� ������� motivatesourconcentratingfirst onthesim-

plestnontrivial case,namelythatof thealgebrasof binary relations(
��.��

’s). Ac-
tually,

��.��
’s will be strongenoughto be calleda truly first–order(asopposed

to propositional)algebraiclogic, namelythe logic capturedby
��.��

’s is strong
enoughto serveasa vehiclefor settheoryandhencefor ordinarymetamathemat-
ics. 1

Throughoutthispaper,
��� ��� denotesthepowersetof � , and / � ��� denotesthe

Booleanalgebra(in short
���

) with universe
��� ��� , for any set � . Thus

��� ��� is
thesetof all subsetsof � , and/ � ����021 ��� ���4365(387:9
where 5 is thebinaryoperationof takingunionof two subsetsof � , and 7 is the
unaryoperationof takingcomplement(w.r.t. � ) of a subsetof � . Then / � �$� , as
well asany of its subalgebras,is anaturalalgebraof unaryrelationson � , because
aunaryrelationon � is justa subsetof � , henceanelementof

��� �$� .
A binary relation is a set of pairs. Thus the usualset-theoretic(or in other

words,Boolean)operationsof union andcomplementationcanbe performedon
binaryrelations.First we considertwo naturaloperationson binaryrelationsthat
usethe fact thatwe have setsof pairs, namelyrelation-compositionandrelation
conversion.Let �;36< bebinaryrelations.Thentheir composition2 ��=>< andthe
converse�@?�A of � aredefinedas3

�)=B<C0ED�1GF�36HI9-JLKNM � F��OM and MI<�H4��P� ?�A 0ED�1QHR36FN9-J�1GF�36H49(#S�@P .
1A very interestingclassof algebrasof relationswhich is halfway between��� ’s and �UTV� ’s is the

classTLWL�*X of cylindric algebrasof dimension2. They will bediscussedat thebeginningof section2.
2This is denotedby Y-Z [ in part of the literature,e.g. in [HMTII]. The reasonfor this is that in

a large part of the literature, \ is reserved for the casewhen Y and [ are functionsand is written
backwards,i.e.whatwedenoteby Y]\�[ is denotedby [^\�Y .

3Throughoutthis paperwe will usetheconventionthat if Y is a binaryrelation,then _Ya` means
that bc_edf`hg*iOY .

9
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By a concretealgebra of binary relations, a j ��.�� , we understandanalgebra
whoseelementsarebinaryrelationshaving agreatestoneamongthem,andwhose
operationsaretheBooleanones:unionandcomplementation(w.r.t. this greatest
relation), relation-compositionand relation conversion. Thus the universeof aj ��.�� is closedundertheseoperations,e.g.theunionandrelationcompositionof
any two elementsof thealgebraarealsoin theuniverseof thealgebra4.

Formally, a j ��.�� is of theformk 0l1Gmn365(387�3o=�3 ?�A 9
wherem is asetof binaryrelationsand m hasabiggestelementp ,5(387�3o=�3 ?�A aretotaloperationson m , whichmeansthatDR�q5r<s36p –�;3t�)=B<s3t� ?�A P��)m whenever �;36<u#rm .

An algebra of binary relations, a
��.��

, is analgebraisomorphicto a concrete
algebraof binaryrelations.If

k
is a

��.��
, then v8w denotesthegreatestelementofk

, whichweshallsometimescall theunit of
k

.

Throughout,weuseabbreviationslike
��.��

alsofor denotingthecorresponding
classitself, e.g.

��.��
alsodenotestheclassof all

��.��
’s,and

���
alsodenotesthe

classof all
���

’s.

Thesimilarity type,or language,of our
��.��

’s shouldcontaintwo binaryfunc-
tion symbolsfor 5 and = , and two unary function symbolsfor 7 and ?�A . In
this paper, for simplicity andsuggestiveness,we usethe symbols 5(3�=�3I7�3 ?�A for
these. We hope, this will causeno confusion5. Typical equationsholding in��.��

are
�yx 5Cz{�>=$|}0 �yx =n|��~5 � z�=n|L�43 �Gx 5Cz{� ?�A 0 x ?�A 5Cz ?�A . In the

literature �(3o� are often usedas function symbolsfor 5 , and likewise �836� are
usedas function symbolsfor =�3 ?�A . Using thesesymbols,the above equations
look as

�yx ��z{���6|�0 �yx �t|��~� � z*�t|���3 �yx �Cz{� � 0 x � �&z � , or
�Gx ��z{���t|�0�yx �t|��a� � z*�t|���3 �Gx �&zN� � 0 x � �&z � .

So we will usethe symbol 5 also in abstractBooleanalgebras. Moreover,

in abstractBooleanalgebraswe alsowill use � asderived operation:
x �"z def07 � 7 x 5u7>zN� . ��3t�U3Iv will denotetheordering

x �lz����h���� x 5�z"0!z , smallest
elementandbiggestelement,respectively. Thus �r�q� is anequation.

4To understandhow (andwhy) thetheoryworks,it wouldbeenoughto includeonly “ \ ” as“extra-
Boolean”operation.Inclusionof conversionis motivatedby someof theapplications.Cf. thediscus-
sionof �L��T below Thm.1.9(thissection).

5Whenseeing,say“ �>��� ,” the readerwill have to decidewhetherthis denotesa term of ��TV� ’s
built up from thevariables��dQ� , or whetherit denotesaset(theunionof thesets� and � .)
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Having a freshlook atour
��.��

’swith anabstractalgebraiceye,wenoticethat
they shouldbeveryfamiliar from theabstractalgebraicliterature.Namely, a

��.��k
consistsof two well known algebraicstructures,a Booleanalgebra 1Qm$3o5(3I7:9

andaninvolutedsemigroup1Gmn3o=N3 ?�A 9 sharingthesameuniversem . Thetwo struc-
turesareconnectedsothatthey form anormalBooleanalgebra with operators, in
shortanormal

�����
, whichmeansthateachextra-Booleanoperationis distributive

over 5 (additivity) andtakesthevalue � wheneverat leastoneof theargumentsis� (normality). Also ?�A is a Booleanisomorphismand
xC�� v>= x , where v is the

Booleanv , definesacomplementedclosureoperation6 on m . Thepropertieslisted
in this paragraphdefinea nice variety

��.��
containing

��.��
andis a reasonable

startingpoint for anaxiomaticstudyof thealgebrasof binaryrelations.7

DEFINITION 1.1 (
��.��

, an abstractapproximationof
��.��

)
��.��

is definedto
be the classof all algebras of the similarity type of

��.��
’s which validate the

followingequations.

(1) TheBooleanaxioms8x 5�z�0�z�5 x ,x 5 � z�5�|L��0 �yx 5�z{��5�| ,7$��7 �yx 5�z{��5,7 �yx 5,7>z{�f �0 x .

(2) Theaxiomsof involutedsemigroups,i.e.�Gx =~z{��=(|@0 x = � z�=~|�� ,�Gx =~z{� ?�A 0�z ?�A = x ?�A ,x ?�A?�A 0 x .

(3) Theaxiomsof normal
�����

, i.e. 9

6Closureoperationsareunaryfunctions ¡�¢{£)¤¥£ , wherewe have an ordering ¦ on £ . ¡ is
calleda closureoperationif it is orderpreserving,idempotent,andincreasing,i.e. if for all §NdG	Oi�£
we have §¨¦l¡L©�§�ª@«!¡¬¡L©�§Lª and §¨¦	,®¯¡L©°§�ª�¦l¡L©°	8ª . Booleanorderingswith closure
operationson themareoneof thecentralconceptsof abstractalgebra,for exampletopologicalspaces
orsubalgebrasof analgebraareoftenrepresentedassuch. ¡ is calledacomplementedclosureoperation
if ¡L©Q±²¡R�Vª³«q±²¡L©��Vª , i.e. thecomplementof a closedelementis closed.For moreon theseseee.g.
[HMT, p.38].

7Most of thesepostulatesalreadyappearin De Morgan[D1864], andsincetheninvestigationsof�aTV� ’s have beencarriedon for almost130years.
8Problem1.1 in [HMT, p.245],originatingwith H. Robbins,askswhetherthis is anaxiomsystem

for �L� . This problemhasrecentlybeensolved affirmatively (by the theoremprover programEQP
developedat ArgonneNationalLaboratory, USA). We will usethis axiomsystemfor ��� in Part II,
section 7.1.

9Weareomittingsomeaxiomsthatfollow from thealreadystatedones.E.g.hereweomit �³\�©��a�´ ªU«,©��~\*�Rª��$©��(\ ´ ª , �-\�µ�«rµ .



12 ALGEBRAIC LOGIC�yx 5�z{��=(|@0 �yx =(|���5 � z$=(|L� ,�yx 5�z{� ?�A 0 x ?�A 5�z ?�A ,�:= x 0�� , � ?�A 0�� .
(4) ?�A is a Booleanisomorphismand

x��� v�= x is a complementedclosure
operation, i.e.7 �yx ?�A8��0 � 7 x �o?�A ,x �}v~= x ,7 � v~= x �-0Ev~=^7 � v~= x � . ¶

If · is a setof equations,then ¸n¹Nº � ·n� denotestheclassof all algebras(of a
givensimilarity type)in which · holds.A class » of algebrasis calleda variety,
or anequationalclass, if »,02¸n¹Nº � ·n� for someset · of equations.Thefollowing
theoremis dueto A. Tarski.

THEOREM1.2
��.��

is anequationalclass,i.e. thereis a set · of equationssuch
that

��.�� 0l¸n¹Nº � ·n� .
To prove the above theorem,we will usethe machineryof universalalgebra.

Firstweprovethat
��.��

is closedundertakingsubalgebrasanddirectproducts.If» is aclassof algebras,then ¼-» denotestheclassof all subalgebrasof elementsof» , ½]»�3t¾V» , ¿C» and À�Á>» denotetheclassesof all algebrasisomorphicto direct
products,isomorphiccopies,homomorphicimages,andultraproductsof elements
of » respectively. 10 Thus

��.�� 0�¾4j ��.�� .

LEMMA 1.3
��.�� 0�¼�½;D�1y/ � �l Â����3�=�3 ?�A 9(J�� is a setP .

Proof. Let p bea binaryrelation. We saythat p is anequivalencerelation if p
is symmetricandtransitive, i.e. if p ?�A 0}p and p)=~p+�¨p . Thefieldof p is the
smallestset � suchthat p��2�+ "� , i.e. ��0�D8ÃuJ � K�ÄN�4�°1yÃ³3ÅÄN9�#up or 1yÄ�3ÅÃ�9O#pO ÆP . Thefollowing threestatements

�fÇ � – �ÆÇ�Ç¬Ç � will notbedifficult to check:�fÇ � If
k #�j ��.�� , then v8w is anequivalencerelation.

10Notethat È is differentfrom É(dfÊ6dQË and Ì:Í in that ÈÏÎ«�ÊhÈ , while ÉÂ«rÊÐÉ etc.For our reasons
for defining È this way seethe remarkafter the definitionof Alg Ñ in Part II, Def. 5.1. We will use
simplefactslike ÊhÈ�«rÈ�Ê , ÊÐÉ�«�É�Ê , ÈNÈ�«SÈ , etc.withoutmentioningthem.



1. ALGEBRASOFBINARY RELATIONS 13�fÇ¬Ç � If p is anequivalencerelation,thenÒ � p@� def0%1G/ � pn�43o=N3 ?�A 9(#�j ��.���Ó�ÆÇ�Ç¬Ç � Let Ô be a set and for all Õ�#ÖÔ let p�× be an equivalencerelation.
Assumethatthefieldsof the pU× ’s arepairwisedisjoint. ThenÒ�Ø�Ù×yÚVÛ pU×QÜlÝ0EÞ ×yÚVÛ Ò � p�×f� Ó

Indeed,to see
�fÇ � , let

k #rj ��.�� and p def0�vw . Then p+#Sm , hencepS=�p�3op ?�A are
in m aswell, hencep"=�pß�¨p and p ?�A �¨p , becausep is thebiggestelementofm . But p�?�A^�¨p is equivalentto p�?�A>0àp , hencep is anequivalencerelation.

To show
�fÇVÇ � , onehasto checkthat for any �;36<+�%p also �à=O<+�%p and� ?�A ��p . Thesefollow from p�=Bp+�¨p , p ?�A �¨p .

To show
�ÆÇ¬Ç�Ç � , we definethe function áuJ ���Nâ×GÚVÛ pU×f� � Þ ×GÚVÛ ��� p�×Æ� by letting

for all ãä� â×yÚVÛ p × , á � ã,� def0�1Gã%��p × J¬Õ~#�Ô�9 Ó
Thenit is easyto checkthatthis á is therequiredisomorphism.

We arereadyto prove the lemma. First we show that
��.�� 0å¼�½ ��.�� . By

definition, j ��.�� is closedundertakingsubalgebras,so
��.��

is alsoclosedunder
takingsubalgebras(because

��.�� 02¾Ij ��.�� ). Let Ô bea set,andlet
k × #Cj ��.��

with unit p × for eachÕ~#�Ô . Wemayassumethatthe p × ’shavedisjointfields.Thenk × � Ò � p × � , so Þ k × � Þ Ò � p × � Ý0 Ò � â p × �O#Cj ��.�� by
�ÆÇ � – �fÇ¬Ç¬Ç � . This shows

that Þ k × is isomorphicto a j ��.�� , i.e.
��.��

is closedundertakingdirectproducts.
Now let

k #Sj ��.�� with greatestelementp . Then p is anequivalencerelation,
let ��× , Õ-#rÔ betheblocksof thisequivalencerelation.Then ��×V ���× arealsoequiv-
alencerelationswith pairwisedisjoint fields,and p is theunionof these.Hence
by
�fÇVÇ � – �fÇ¬ÇVÇ � we have that

k � Þ 1Å1G/ � ��×: C��×Æ�43o=N3 ?�A 9�J-��× is a blockof v8w³9 .
Thiscompletestheproofof Lemma1.3.

¶
To formulateournext lemma,weneedthenotionsof a subdirectproductanda

discriminatorterm.

Subdirectproductsof algebras,andsubdirectlyirreduciblealgebrasaredefined
in practicallyevery textbookon universalalgebra,cf. e.g.Grätzer’s book[Gr], or
[BS], [HMT], [MMT ]. By a subdirectproductwemeana subalgebraof aproduct
suchthattheprojectionsof theproductrestrictedto thesubalgebraremainsurjec-
tivemappings.An algebra

k
is subdirectlyirreducibleif it is not (isomorphicto) a

subdirectproductof algebrasdifferentfrom
k

. Wenotethattheone-elementalge-
bra is not subdirectlyirreducible.By Birkhoff ’s classicaltheorem,every algebra
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is a subdirectproductof somesubdirectlyirreducibleones. Therefore,the sub-
directly irreduciblealgebrasareoftenregardedasthebasicbuilding blocksof all
theotheralgebras.In particular, whenstudyinganalgebra

k
, it is oftenenoughto

studyits subdirectlyirreduciblebuilding blocks.For aclass» of algebras,¼�æGç � »s�
denotestheclassof subdirectlyirreduciblemembersof » . For »"0 ��� , ¼aæyç �h��� �
consistsof the2-elementBooleanalgebraonly (up to isomorphisms).

We saythat a class » of algebrashasa discriminatorterm if f thereis a term� �yx 3Åz*3t|�3ÅÃ�� in thelanguageof » suchthatin everymemberof » wehave

� �yx 3tz*3t|�3ÅÃ���0!è |�3 if
x 0�z�3Ã³3 if
x�é0�z Ó

Theterm � aboveis calledadiscriminatorterm. Sometimesinsteadof thefour-ary� , theternarydiscriminatorterm ê �yx 3Åz*3t|��~0}� �Gx 3Åz*36|U3 x � is used.They areinter-
definable,since � �Gx 3Åz*36|U3tÃ*�;0ëê � ê �yx 3Åz*3t|���3tê �yx 3Åz*3ÅÃ���3tÃ*� . Therefore,it doesnot
matterwhich oneis used.Moreover, in classesof algebraswhich have a Boolean
algebrareduct,like our

��.��
’s or

��.��
’s, thediscriminatortermcanbe replaced

with thesocalledswitching term

M �yx �-0�è v�3 if
x�é0}�{3�U3 if
x 0}� Ó

By this wemeanthat in sucha classof algebras,if � �yx 3tz*3t|�3ÅÃ�� is a discriminator
term, then M �Gx ��0�� �yx 3t�U3t�{38v� is a switchingterm, andvica versa,if M �yx � is a
switchingterm,then� �Gx 3tz�36|U3tÃ*��02�ì7�M �yx�í z{�t��|V G5>� M �yx�í z{�t��ÃU  is adiscriminator

term.Here,andlateron,
í

denotessymmetricdifference,i.e.
x�í z def0 �yx �]7>z{��5� 7 x ��z{� .

LEMMA 1.4 ¼�æGç �h��.�� �]0�¾8¼�DL1y/ � �ë C���43o=N3 ?�A 9ÏJ~� is a nonemptysetP and¼�æGç �h��.�� � hasa discriminatorterm.

Proof. Let » def0�¾¼sD�1y/ � �% ����43o=N3 ?�A 9nJs� is a nonemptysetP . Let
k # ��.�� .

Then
k

is isomorphicto asubalgebraof Þ Ò � � ×  ^� × � for somesystem1Æ� × J¬Õ-#rÔ�9
of sets,by Lemma1.3. If � × 0Öî , then

Ò � � ×  C� × � is the one-elementalgebra
which canbeleft out from any product,sowe mayassumethateach� × above is
nonempty. But then

k
is a subdirectproductof someï�× , ÕB#�Ô whereeachï�× is

a subalgebraof
Ò � ��×� Â��×Æ� . Thisshowsthat ¼aæyç �Å��.�� �(�E» .

It is notdifficult to checkthatM �yx � def0%v~= x =^v
is aswitchingtermon

Ò � �¨ ���� for all � . Henceit is aswitchingtermon » also.
Thus, » hasa discriminatorterm.
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Finally, if
k

hasadiscriminatorterm,then
k

hasnonontrivial congruences,i.e.k
is simple. This is a basicfact of discriminatortheory. 11 Clearly, any simple

algebrais subdirectlyirreducible,so »&��¼aæyç �h��.�� � . ¶
We saythat » is a pseudo-axiomatizableclassif therearean expansionð of

thelanguageof » , a set ñ of first–orderformulasin this biggerlanguageð anda
unaryrelationsymbol � of ð suchthat»,0�ò�ó³ôB¸@¹NºLñ^3
where ¸@¹�º�ñ denotestheclassof all modelsof ñ , and ò�ó ô denotestheoperator
of takingreductsto thelanguageof » andrestrictingtheuniverseto � at thesame
time. In moredetail: Let õ bea modelof the languageð . Then ò�óaõ denotes
the reductof õ to the languageof » , and ò�ó ô õ denotesthe restrictionof the
model ò�óaõ to theinterpretation��ö÷�àø of � in õ . I.e. while õ is a model
of thebiggerlanguageð , ò�ósô³õ is amodelof thesmallerlanguageof » . If ù is

aclassof modelsof thelanguageof ð , then ò�ó ô ù def0+Dò�ó ô õúJVõû#"ù~P .
It is known that pseudo-axiomatizableclassesareclosedunderultraproducts,

this is easyto show.

LEMMA 1.5 ¼aæyç �h��.�� � is a pseudo-axiomatizableclass.

Proof. Theexpansionð of thelanguageof
��.��

will bea many-sortedfirst-order
languagewith threesorts: <s3tü and � (for set, pairs, andrelations),two unary
functions ýUþ�3Gý A from ü to < (first andsecondprojections),a binary relation ÿ
betweenü and � (for “is anelementof”), andbinaryfunctions 5(3o= on � , unary
functions 7�3 ?�A on � . Thevariables

x 3tz*3t| areof sort < , thevariablesÃ³3ÅÄ�3�� are
of sort ü , andthevariablesF�3oHR3tM areof sort � . Wealsoconsider<s36üB3t� asunary
relations.12 SeeFigure1.1.

Theset ñ of axiomsis asfollows: In thefollowing formulaswewill write ÿ in
infix mode,like Ã�ÿ¬F . Also we will write commain placeof conjunction

�
. There

arefree variablesin the elementsof ñ , validity of an openformula is meantin
sucha way thatall thefreevariablesareuniversallyquantifiedat thebeginningof
theformula. ñ is definedto be D � v8FN��3 � vHI��3 Ó8ÓIÓ 3 ��� ��P , where

The“pair-axioms”are:

11Thereasonis thefollowing. Assumethat Y is a nonidentitycongruenceof � . We will show that
then Y�«��	�
� . Let §NdG	�i�� , §CÎ«¨	 be suchthat §�Ya	 , andlet _edÆ`�i�� be arbitrary. Then_(«�L©°§NdQ§NdÆ_edÆ`hªQY�L©°§NdÆ	¬dÆ_edf`hªU«�` , so _8Y²` .

12If one is not familiar with many-sortedmodels,then one can think of the above languageas
having [Nd���dÆY asunaryrelationsymbols,ande.g. � 
 asa binary relation. Thento our axiomswe
have to add statementslike �¬
8©°��dG�ª$¤��(©°�Vªfd��V
I©°��dQ�Rª$¤ [�©��Rªfd��¬
8©���dG�Rªfd��¬
8©���d ´ ª�¤ ��«´ d��(©°�Vª�¤%©��8�ª��V
R©���dG�Rª . Thenthefact that thevariable � in themany-sortedlanguageis of sort [
while thevariable § is of sort � meansthatonehasto replacee.g.theformula �V���8§��¬
I©��Vª*«S§ with©��V�Vªf©c[�©��Vª�¤��I§{©��(©�§Lª! "�¬
8©���dÆ§�ªGª .
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#%$'&($')�$+*-,
. /10

/ ,
2 3 4
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Figure1.1.

(1a)
� K�Ã�� � ý þ � Ã���0 x 3Gý A � Ã���0�zN� .

(1b) ýUþ � Ã��-0�ý�þ � ÄN��3Qý A � Ã���0Cý A � Ä�� � Ã�0¨Ä .
Extensionalityof setsof pairs:

(2) W�Ã � Ã�ÿ¬FYXäÃ�ÿ¬HI� � F;0àH Ó
Thedefinitionsof theoperationsof j ��.�� :

(3a) ÃUÿ � F^5rH4�ZX � ÃUÿ¬F or ÃUÿVH4� .
(3b) ÃUÿ � 7�F��ZX\[³ÃUÿ¬F .
(3c) ÃÂ# � F�=BH4�ZX � KNÄ!�^� � Ä�ÿ¬F�3?�>ÿVHR3Gý þ � Ã���0�ý þ � ÄN��3Qý A � ÄN�-0Cý þ � �^��3ý A � ���~0�ý A � Ã*�t� Ó
(3d) ÃÂ# � F ?�A �ZX � KNÄ�� � Ä�ÿeF�3Qý þ � Ã���0Cý A � ÄN��3Qý A � Ã���0�ý þ � ÄN�Å� Ó

Thereareat leasttwo elementsin therelationssort:

(4)
� KNFNH4�ÅF é0}H Ó

Thisfinishesthedefinitionof ñ . We will show that¼aæyç �Å��.�� ��0�ò�ó^]>¸@¹�º�ñ Ó
Indeed,let

k #¼aæyç �h��.�� � , say
k

is isomorphicto a subalgebraof 1y/ � �ë ����3�=�3 ?�A 9 . We may assumethat
k �¥1y/ � �  &����3�=�3 ?�A 9 . We definethe three-

sortedmodel õ asfollows.<�ö def0+�B3úü�ö def0+�l S�>3 �Oö def0lm$3ý�öþ � 1GÃ²3tÄ�9t�-0�Ã³3¯ý�öA � 1GÃ²3tÄ�9t��0�Ä for all Ã³3ÅÄ�#S�>31yÃ³3ÅÄN9fÿ¬ö�F if f 1yÃ³3ÅÄN9(#SF�3 for all Ã³3ÅÄ]#��>3tF]#Sm$3
F^5 ö H def0lF^5rHR3B7 ö F def0%7�F�3sFO= ö H def0lF�=BHR3�F�?�A ö H def02F�?�A Ó
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Thenit is easyto checkthat õ`_ 0�ñ and ò�óI]³õ 0 k . SeeFigure1.2.

a%b+c(b'debgfih
jk lnmol lp1q

p h
r�s�tvu!w?x�y�x�zI{=| t'}Sr?wg{�~8r�w8�I�;r?��w?t
������� lnm�l�� ��~8tS����u�w�{U}Sx�u��o{Ur�x���x�z�y

Figure1.2.

Conversely, let õ besuchthat õ�_ 0!ñ . Let � def0Ö<�ö . Definetherelation �
between�2 Â� and ü�ö asfollows:1yÃ³3ÅÄN9;� x if f ý þ �yx �~0¨Ã³3Gý A �yx �-0¨Ä Ó
By (1a),(1b)in ñ then � is abijectionbetween�� ;� and ü�ö . Thereforewewill
assumethat�l Â��0}ü ö and Ã�0&ý öþ � 1GÃ²3tÄ�9t��3ÅÄ]0Cý öA � 1yÃ³3ÅÄN9Å� Ó
We definenow thefunction �ßJV�Oö �å��� �2 Â��� as

� � FN��0EDL1yÃ³3ÅÄN9(JU1GÃ²3tÄ�9Ðÿ ö F�P Ó
SeeFigure1.3. Then � is one-to-oneby (2) in ñ . Axioms (3a)–(3d)in ñ say
that13 � � FO5sößHI��0�� � FN��5�� � H4�43� � 7 ö FN�-0 � �ß S�$�³'	� � FN��3� � F�=eößH4��0�� � FN��=�� � HI��3

� � F ?�A ö ��0 � � � FN�t� ?�A Ó
This shows that � is an isomorphismfrom ò�ó^]sõ into 1y/ � �� &�$��3o=N3 ?�A 9 .

Finally, (4) in ñ impliesthat � is nonempty, ò�óI]³õ is nonempty.
¶

We now arereadyto applythefollowing theoremof universalalgebra(cf. e.g.
[BS, Thm.9.4(b,c)]).

THEOREM (universalalgebra) If ¼�À�Á>» hasa discriminatorterm,then

13 ���Y� def«��t��i � ¢��
�i �"���
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Figure1.3.

¼�½�À�Á>» is anequationalclass.

Indeed,let »¨0ß¼aæyç �Å��.�� � . Then »¨0ß¼-» by Lemma1.4,and »)0lÀ�Á>» by
Lemma1.5, thus »�0%¼aÀ�Á(» . Also, » hasa discriminatortermby Lemma1.4.
Thus ¼a½�À�Á(» is an equationalclassby the above theoremof universalalgebra.
But ¼a½�À�ÁB»u0+¼a½]»u0ß¼a½n¼�æGç �h��.�� �:0 ��.�� by Lemma1.3,andwe aredone
with proving that

��.��
is anequationalclass.

QED(Theorem1.2)
¶

In universalalgebra,anequationalclass » suchthat ¼�æGçN» hasa discriminator
termis calleda discriminatorvariety. Sowe provedthat

��.��
is a discriminator

variety.

Theabove proof of Theorem1.2 usestechniquesthatcanbeappliedin many
casesin algebraiclogic. E.g.thesesametechniqueswork for cylindric andpolyadic
algebras.Seee.g.Thms1.10,2.3. 1G/ � �ß �����3�=�3 ?�A 9 is calledthe full

��.��
over

theset � . By Lemma1.3wecouldhavedefined
��.��

as��.�� 0 ¼�½;D�1y/ � �l Â����3�=�3 ?�A 9(J�� is asetP�3 or as��.�� 0 ¼�½;D�1y/ � �l Â����3�=�3 ?�A 9(J�� is anonemptysetP Ó
Set Á?ÂUÃ ��.�� def0ß¼sD�1y/ � �l Â����3�=�3 ?�A 9(J�� is a nonemptysetP Ó
Then

��.�� 0à¼a½ Á�Â�Ã ��.�� . 14 Thisfact,andtheclass
Á?ÂUÃ ��.��

will beusedin PartII
(section 7.4)whentranslatingouralgebraicresultsto logic.

14BecauseÈ�É�È$«rÈ�É , this is abasictheoremin universalalgebra.Seee.g.[HMT, 0.3.12].
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In thefollowing,wewill defineourclassesof algebrasof relationsin thisstyle.
Sowhendefiningnew kindsof algebrasof relations,wewill first definethesim-
plestversion (e.g.theonewith top element�+ ,�+ Ó8ÓIÓ  ,��� , andthentake all
subalgebrasof all directproductsof these.

Let »}0 Á�Â�Ã ��.��
. Then,aswe have seen,

��.�� 0ë¼�½]» is a varietybecause» hasa discriminatorterm and » is pseudo-axiomatizable.15 In almostall our
cases,» , where » is theclassof thecorrespondingsetalgebras,will bepseudo-
axiomatizablebecause» is definedto be a three-storystructurelike

��.��
, only

the operationson the third level will vary (and insteadof �ë u� we may have�l Â�2 ÓIÓ8Ó  Â� ), andin mostcases» will havea discriminatorterm.16

Theorem 1.2 indicatesthat
��.��

is indeeda promisingstartfor developinga
nice algebraizationof strongerlogics (like e.g. quantifierlogics),or in the non-
logical perspective, for developingan algebraictheoryof relations. After Theo-
rem 1.2,thequestioncomesupnaturallywhetherwecanstrengthenthepostulates
defining

��.��
to obtainafinite set · of equationsdescribingthevariety

��.��
, i.e.

suchthat
��.�� 0l¸n¹Nº � ·n� wouldbethecase.Theansweris dueto J.D. Monk:

THEOREM1.6
��.��

is not finitely axiomatizable, i.e. for no finite set ñ of first-
order formulasis

��.�� 0l¸@¹�º � ñB� .
Theideaof onepossibleproof is explainedin Remark2.9 in section 2 herein.

This ideais basedontheproofof Thm2.5which is thereasonwhy it is postponed
to thatpartof thepaper. SeeMonk [M64], andalso[HMTII , 5.1.57,4.1.3],for the
originalproofof Theorem1.6(in slightly differentsettings).

For a class» of algebras,let Eq » denotethesetof all equationsvalid in » .

THEOREM1.7 Eq
�h��.�� � is recursivelyenumerablebut notdecidable.

15We couldhave proved Ä]«CÈ�Ì:ÍiÄ moredirectly, asfollows. An ultraproductof full �UTV� ’s on
somesets£ÆÅ is isomorphicto thefull �UT�� ontheultraproductof the £ÆÅ ’s,namelyif Ç is anultrafilter
on È , and É�© £sª denotesb�Ê�©y£Ë�@£sªÐdf\8d�Ì � g , then ÍEÉU©y£�ÅÆªÎ�ÏÇÑÐ« ÉU©�ÍL£�ÅÒ�ÏÇ�ª , andthe isomorphismÓ

is given by _'�ÏÇ�Ô¤Õ�Ib°§!�ÏÇ�dÆ	'�ÏÇ�g^¢-�?Ö>ioÈ�¢ab°§�ÅÐdG	=ÅÆg�i�_'Å � i�Ç � . The readeris invited to
checkthat

Ó
is indeedan isomorphism.This methodalso is applicablein many places. We chose

the methodof pseudo-axiomatizability for proving that Ä is closedunderultraproducts,becausewe
feel that this methodrevealsthe real cause:our concretealgebrasareusuallypseudo-axiomatizable,
because“concrete”very muchmeansthis, i.e. “concrete”meansthatthereis someextra structurenot
codedin theoperations,which meansthat this extra structuremaydisappearwhentakingisomorphic
copies.

16Even if Ä would not have a discriminatorterm, then È�É�Ä would still be a quasi-variety, i.e.
definableby equationalimplications,becauseÄ will bepseudo-axiomatizable,henceÄO«rÌ^Í-Ä , thusÈ�É�Ä�«�È�É�Ì^Í-Ä will hold. It is a basictheoremof universalalgebrathat Ä is a quasi-variety iffÄ�«SÈ�É�Ì:Í-ÄØ× for some ÄØ× .
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Proof. An equationholdsin
��.��

if f it holdsin ¼�æGç �h��.�� � by Lemma1.3. Let ñ
bethefinite setof first-orderformulassuchthat ¼aæyç �Å��.�� �~0�ò�ó ] ¸n¹Nº � ñB� , from
theproof of Lemma1.5. Thusanequationis valid in ¼aæyç �h��.�� � if f it is valid in¸n¹Nº � ñB� (whenall the variablesof the original equationareconsideredto be of
sort � ). Theconsequencesof any finite setof first-orderformulasis recursively
enumerableby the completenesstheoremof first-orderlogic. ThusEq

�h��.�� � is
recursively enumerable(andanenumerationis givenby thepresentproof).

Theproof of undecidabilityof Eq
�Å��.�� � goesvia interpretingthequasi-equa-

tional theoryof semigroupsinto Eq
�Å��.�� � . Theproofconsistsof two steps:

(
Ç
) An equationalimplication(i.e.aquasi-equation) about= is valid in all semi-

groupsiff it is valid in
��.��

.

(
ÇVÇ

) To any equationalimplication Ù thereis an equationÚ in the languageof��.��
suchthat

��.�� _ 0�Ù if f
��.�� _ 0�Ú .

Proofof
�fÇ � : If Ù is truein all semigroups,thenit is truein

��.��
because= is asso-

ciativein
��.��

. If Ù fails in asemigroup1Q<�3�Û 9 , thentaketheCayley-representation
of this semigroup,this is anembeddingof 1Æ<s3�Û 9 into 1 ��� <OÜs "<OÜ°�43o=V9 which is a
reductof

Ò � <OÜ� S<OÜc�(# ��.�� . Thus Ù fails in
��.��

.

Proof of
�fÇVÇ � : The reasonis that

��.��
is a discriminatorvariety, and in every

discriminatorvarietya quasi-equationÙ is equivalentto anequationÚ on thesub-
directly irreducibles17. Now, by

��.�� 0à¼�½n¼aæyç �Å��.�� � wehave that
��.�� _ 0�Ù if f¼�æGç �h��.�� �Ý_ 0�Ù if f(by theabove) ¼aæyç �h��.�� �Þ_ 0�Ú if f

��.�� _ 0�Ú .
Now (

Ç
) and(

ÇVÇ
) abovegiveaninterpretationof thequasi-equationsvalid in all

semigroupsinto theequationsvalid in
��.��

. Sinceit is known that the former is
undecidable,wealsohavethatthelatter, Eq

�Å��.�� � , is undecidable.
¶

The above methodof proof for undecidabilityis alsowidely applicablein al-
gebraiclogic. The above proof e.g. is in [CM]. For morerefinedusesof this
techniqueseee.g. [Ma80], [N85a] (finite dimensionalpart) [KNSS], [KNSS2],
[AGiN97, chapterII], [K97]. For more on (un)decidabilityin algebraiclogic
we refer to the just quotedworkstogetherwith Jipsen[Ji92], [Ma78a], [HMTII ],
[N86], [N87], [N92], [MV], [Mi95], [N91].

We turn to determiningthe logic “capturedby”
��.��

. We note that the con-
nectionwith logic will bemuchmorelucid in thecaseof cylindric (andpolyadic)
algebrasof ß -ary relations.

Let ðvàáâUã ä denotefirst order logic without equality and using only threevari-
ables

x 3Åz*3t| , with countablymany binary relation symbols �:þL3t� A 3 ÓIÓ8Ó (so e.g.

17This is oneof thebasicfactsof discriminatorvarieties.Assumethat å is ���«çæL�i �L���  è�én«æEé$¤êt
(«ëæe
 . Then ì�±�©A��-íîæL�tªØï �L��� ïèì�±�©��éÝíîæEé�ª²¦�±�©�Å
Gíîæe
4ª canbechosenfor ð ,
where ì denotestheswitchingtermand í denotessymmetricdifference.
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no ternaryrelationsymbols),andthe atomicformulasare � × � Ã³3ÅÄN� with distinct
variablesÃ²3tÄ (soatomicformulasof theform � × � Ã²3tÃ*� arenotallowed).

THEOREM1.8 ð àáâ�ã ä can be interpretedinto Eq
�h��.�� � . I.e. there is a recursive

function Ú mapping ð àáâ�ã ä into the setof equationson the language of
��.��

such

that for every ñq#�ð àáâ�ã ä
ñ is valid iff

��.�� _ 0�Ú � ñ�� Ó
Theorem1.8will beaconsequenceof thefollowing,strongerTheorem1.9.We

statedTheorem1.8 becauseit statesthat ð àáâ�ã ä canbe interpretedinto Eq
�Å��.�� � ,

thusEq
�Å��.�� � is “at leastasstrong”as ð àáâUã ä . SetTheorycanbeinterpretedin ð àáâ�ã ä ,

this is provedin Tarski-Givant[TG, ò 4.6,pp.127–134].Thusthelogic capturedby��.��
is strongenoughto serve asa vehiclefor settheory, andhencefor ordinary

mathematics,aswementionedat thebeginningof thischapter. 18

Wecancharacterizetheexpressivepowerof
��.��

in termsof ð àáâUã ä . Thiswill be
statedandprovedasTheorem1.9 below. We needsomepreparationsfor stating
Theorem1.9.

In the equationallanguageof
��.��

let us usethe variablesÄ¬×Å3tÕ�#ôó , whereó&0EDR�{3Iv�38õ{3 ÓIÓ8Ó P is thesetof naturalnumbers.For any model õ 01Æø�3t�Oö× 9h×GÚ �
of ð àáâ�ã ä let ö ö denotetheevaluationof thevariablesÄ¬×t3ÅÕ~#�ó suchthat

ö ö � Ä¬×f��0�� ö× for all Õ-#÷ó Ó
Recallthat

Ò � ø  rø��021y/ � ø  Sø��3o=N3 ?�A 9(# Á�ÂUÃ ��.�� .

If
k

is analgebra,ö is anevaluationof thevariables,� is a term,and Ú is an
equation,then

k _ 0�Ú�� öL  denotesthattheequationÚ is truein thealgebra
k

under
theevaluation ö of thevariables,and �{w ã ø denotesthe elementof m denotedby
theterm � whenthevariablesareevaluatedaccordingto ö .

Let Ã²3tÄ be distinct elementsof D x 3Åz*3t|UP . Then ð"ùgúâ denotesthe setof those
elementsof ð àáâUã ä whichcontainonly Ã²3tÄ asfreevariables.If ñq#rð"û+üâ and õ is a
model,then ñ³ö denotesthefollowing binaryrelationon ø :

ñ ö def0!D�1GF�36HI9-#Âø  røûJVõ`_ 0�ñ(� F�36H6 ÆP Ó
The following Theorem1.9 says19 that, in a way, the expressivepowerof

��.��
is ð"û+üâ . We included(i) for its simplecontent,and(ii) statesa correspondence
betweenmeaningsof formulas in ð"û+üâ and denotationof terms in elementsofÁ?ÂUÃ ��.��

. For moreon thebackgroundideasof thisseePart II of thepresentpaper.

18Thisalsogivesanotherproof for undecidabilityof Eq ©G�UT���ª , becauseSetTheoryis undecidable.
19Thesestatementsandproofsaresimplifiedversionsof thosein [TG]. Cf. also[HMTII, � 5.3,4.3].
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THEOREM1.9(theexpressivepowerof Eq
�h��.�� � )

(i) For any ñ&#�ð àáâ�ã ä there is anequationÚ such that for all modelsõ of ð àáâ�ã äõý_ 0þñ iff
Ò � øû Sø�Þ_ 0�Ú�� ö ö   Ó

(ii) There are recursivefunctionsê�J�ð àáâUã ä � �èÚ'ÿ���� and á)J���Ú+ÿ���� � ð àáâ�ã ä
such that for any ñq#�ð û'üâ andmodelõ

ñ ö 0�ê � ñ�� ���	��
���
� ã ø���� 3 and

for anyterm � , set � , andevaluation ö ,� ���	� ô � ô  ã ø�� 0àá � �U� � ô ã ø � ú��  � ����� Ó
Proof. (i) follows from (ii), soit is enoughto prove(ii).

The translationfunction áEJO��Ú+ÿ���� � ð àáâUã ä is not hardto give. Let Ã³3ÅÄ¨#D x 3Åz*3t|UP bedistinct,andlet � bethethird variable,i.e. D8Ã³3ÅÄ�3��$P:0D x 3Åz*3t|UP . We
will simultaneouslydefinethefunctions á ùgú J��èÚ'ÿ���� � ð àáâUã ä asfollows:

á ùgú � Ä × � def0l� × � Ã�Ä��43á ùgú � ��5���� def0lá � �U���rá � ����3 á � 7>�U� def0n[�á � �U��3á ùgú � �$=(��� def02KØ� � á ù�� � �U� � á �-ú � ���Å� ,á ùgú � � ?�A � def0lá ú=ù � �U� .
For the otherdirection,we want to define,by simultaneousrecursion,a term� � ñ(3ÅÃ³3ÅÄN� for all distinctvariablesÃ³3ÅÄ�#uD x 3Åz*36|{P and ñ}#"ð"ùgúâ suchthat for all

modelsõ wehave�ÆÇ � D�1GF�36HI9(#rø  rø J¬õ`_ 0�ñ � Ã��¬F�3ÅÄ��¬H4��P:0�� � ñ(3ÅÃ³3ÅÄN� ���	��
���
� ã ø���� Ó
Solet ñu#�ð ù+úâ .

Case1. If ñ is anatomicformula,then ñ is � × � Ã�Ä�� or � × � Ä�Ã�� for someÕ�#�ó (byñ&#rð"ùgúâ ).� � �^× � Ã�ÄN��3ÅÃ³3ÅÄN� def02Ä¬× , � � �^× � Ä�Ã���3tÃ²3tÄ�� def0Ä¬× ?�A .
Case2. If ñ is adisjunctionof two formulas,say ñ is ����� , then �:3���#rð"ùgúâ , and
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� � �"� �*3ÅÃ³3ÅÄN� def0� � �:3tÃ²3tÄ���5�� � ��3tÃ²3tÄ�� .
Case3. If ñ is anegationof anotherformula,then ñ is [!� for some��#�ð ù+úâ , and
wedefine� � [!�:3tÃ²3tÄ�� def0�7>� � �:3ÅÃ³3ÅÄN� .
Case4. If ñ beginswith K�Ã , then ñ is K�Ã"� for some��#�ð ùgúâ , andthenwedefine

� � K�Ã"�:3tÃ²3tÄ�� def0�v~=~� � �^3ÅÃ³3ÅÄN� .
Likewisewedefine� � K�Ä#�:3tÃ²3tÄ�� def02� � �^3ÅÃ³3ÅÄN�a=^v .
Case5. Assumethat ñ begins with K � , i.e. ñ is KØ�$� . Then �Ö#}ðvàáâUã ä canbe

arbitrary. It is easyto prove by inductionthatevery elementof ðvàáâUã ä is a Boolean
combinationof formulasin ð û'üâ 3Åð û&%â and ð ü�%â . Bring � into disjunctive normal
form � A � Ó8ÓIÓ �'�)( whereeach ��× is a conjunctionof formulaswith two free
variables.Now KØ�$� is equivalentto� KØ�*� A ��� ÓIÓ8Ó � � KØ�*� ( ��3
soby Case2 wemayassumethat � is of form �"ùgú � �"ù�� � �"ú�� where�"ùgún#�ð"ùgúâ ,
etc.Now KØ�$� is equivalentto

� ùgú � KØ� � � ù�� � � ú�� � Ó
We now define� � KØ� � �"ù�� � �"ú�����3tÃ²3tÄ�� def0� � � ù+�B3tÃ²3?�^�a=~� � �"ú��B3��n3ÅÄN� .

It is notdifficult to checkthatthesodefined� � ñ(3ÅÃ³3ÅÄN� satisfiesourrequirement�fÇ � . ¶
Onecangetvery far in doingalgebraiclogic (for quantifieror predicatelogics)

via
��.��

’s. 20 As we have seen,thenaturallogical counterpartof
��.��

’s is clas-
sicalfirst-orderlogic restrictedto threeindividual variablesandwithout equality.
As shown in [TG, ò 5.3], this systemis an adequateframework for building up

20If we want to investigatenonclassicalquantifierlogics,we canreplacethe Booleanreduct , of�r«�b�,�df\8dLÌ � g²i��UTV� with thealgebras(e.g.Heyting algebras)correspondingto thepropositional
versionof thenonclassicallogic in question.
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settheoryandhencemetamathematicsin it. Onecanillustratemostof themain
results,ideasandproblemsof algebraiclogic by usingonly

��.��
’s.

Wedonotknow how far
��.��

’scanbesimplifiedwithout losingthis feature.In
thisconnection,anaturalcandidatewouldbetheclass

�.-�.
of Booleansemigroups

of relationsdefinedas�.-�. 0�¼�½qD�1G/ � �ß Â����3�=¬9(JL� is a setP Ó
Sowerequireonly oneextra-Booleanoperation“ = ”.

The questionis, how far
�.-�.

could replace
��.��

asthe simplest,“introduc-
tory” exampleof Tarskianalgebraiclogic. We conjecturethat the answerwill
be “very far”.

�.-�.
is a discriminatorvarietywith a recursively enumerablebut

not decidableequationaltheory, andit is not finitely axiomatizable.ThusTheo-
rems1.2–1.7remaintrueif

��.��
is replacedwith

�.-�.
in them.21 We conjecture

that,following thelinesof [TG, ò 5.3], settheorycanbebuilt up in
�.-�.

insteadof��.��
with basicallythesamepositiveproperties(e.g.finitely many axioms)asthe

presentversion[TG] has22. It would be nice to know if this conjectureis true,
and,moregenerally, to seea variantof algebraiclogic elaboratedon thebasisof�.-�.

. We do not know whatnaturalfragmentof first-orderlogic with threevari-
ablescorrespondsto

�.-�.
(if any). It certainlyis difficult to simulatesubstitution

of individual variablesusingonly = . Theconverseoperation,?�A , is thealgebraic
counterpartof substitutionbecause,intuitively, � � ÄeþV3tÄ A � ?�A 0}� � Ä A 3tÄeþR� . Onecan
simulatequantificationby = , andit is easilyseenthat = is strongerthanquantifica-
tion but without ?�A it is notclearexactlyhow muchstronger23. Curiouslyenough,
theseissuesarebetterunderstoodin thecaseof cylindric algebrasto bediscussed
in section2.

If wewantto algebraizefirst-order logic with equality, wehaveto addanextra
constant/ º , representingequality, to the operations.

.s.��
denotesthe classof

algebrasembeddableinto directproductsof algebrasof theform1y/ � �ß Â����3�=�3 ?�A 3&/ º�9
where / º@00/ º21��E0�D�1yÃ³3ÅÃ�9~J¬ÃÂ#Â�@P is aconstantof theexpandedalgebra.I.e..³.�� 0à¼a½43�1G/ � �l S�$��3o=N3 ?�A 35/ º�9>JL� is a set6 Ó.s.��

abbreviatesrepresentablerelationalgebras.
.s.��

’s have beeninvestigated
morethoroughlythan

��.��
’s; actually, Theorems1.2,1.6abovewereprovedfirst

for
.s.��

’s.
21Theproofsof Theorems1.2,1.7 given herego throughfor �L��T with theobviousmodifications.

Nonfiniteaxiomatizabilityof ����T will follow from thelaterThm.s1.10,1.11.
22Perhapshere[N85], [N86] canbe useful,becausean analogoustaskwascarriedthroughthere.

Thelast12 linesof Jónsson[J82,p. 276],seemto bealsousefulhere.
23For applicationsin propositionaldynamiclogic, ����T seemsto be morerelevant than ��TV� , be-

causethereconverse(of programsor actions)is notanessentialfeatureof thelogic.
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Let ð áâ�ã ä denotefirst-orderlogic with threeindividual variables
x 3Åz*3t| , with

equality, andwith infinitely many binary relationsymbols.(Thustheatomicfor-
mulasare � � Ã�ÄN��3tÃ�0}Ä for any variablesÃ³3ÅÄ�#�D x 3tz�36|{P andthelogical connec-
tivesare �(3Ï[(36K x 36K�z*3oKN| .)
THEOREM1.10(basicpropertiesof

.s.��
)

(i)
.³.��

is a nonfinitelyaxiomatizablediscriminatorvarietywith a recursively
enumerablebut undecidableequationaltheory.

(ii) The logic captured by
.s.��

is ð áâUã ä , i.e. there are recursive functions ê"Jð áâ�ã ä � ��Ú+ÿ���� , and á}J^�èÚ'ÿ���� � ð áâ�ã ä such that the “meanings” of ñ
and ê � ñ�� as well as thoseof � and á � �U� coincide, i.e. for any model õ ,ñu#�ð áâ�ã ä with freevariables

x 3Åz , term � andevaluation ö of variables,

ñ ö 0�ê � ñ�� �7�	��
���
� ã ø � � and � �7�	� ô � ô  ã ø�� 0�á � �U� � ô ã ø � ú �  � ����� Ó
Proof. Obviousmodificationsof theproofsof Theorems1.2,1.7,1.8proveTheo-
rem1.10,exceptfor nonfiniteaxiomatizabilityof

.s.��
. For theproofof nonfinite

axiomatizabilityof
.s.��

seeRemark2.9.
¶

Theclassesof algebras
.s.�� 3 ��.�� 3 �.-�. have lessoperationsin thisorder, they

form achainof subreductclasses.NotethatEq
� »s� denotesthesetof all equations

in thelanguageof » holdingin » . Thus

Eq
�h�.-�. �98 Eq

�h��.�� �98 Eq
�t.³.�� � Ó

Thenext theoremsaysthattheseclassesarefinitely axiomatizableover thebigger
ones.

THEOREM1.11 Let · þ denotethefollowingsetof equations:�Gx 5�zN� ?�A 0 x ?�A 5�z ?�A 3 �Gx =~z{� ?�A 0�z ?�A = x ?�A 3 x ?�Ae?�A 0 xx =^7 �Gx ?�A =^7>z{�(�uzx � x =���7 � z ?�A =^7>z{��� �Å� 7>zN� ?�A =~z{� ?�A   Ó
ThenEq

�Å�.-�. �N5@·>þ axiomatizes
��.��

, andEq
�Å�.-�. �N5n·�þa5]D#/ º-= x 0 x P axiom-

atizes
.s.��

.

Theproofcanbefoundin Andréka-Ńemeti[AN93].
¶

Theorem1.11talksaboutinterconnectionsbetweentheoperationsof
.s.��

. It
says,in a way, that the sole causeof nonfinite axiomatizabilityof

.³.��
is the
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operation= , it is sostrongthattheotheroperations,?�A and / º , arefinitely axioma-
tizablewith its help.This is in contrastwith thecaseof cylindric algebrasof ß -ary
relations,wherethestrengthof theoperationsare“evenlydistributed”.

Thenext figure,takenfrom [AN93] describescompletelythe interconnections
betweentheoperations=�3 ?�A 3&/ º (in thepresenceof theBooleanoperations).On
Figure 1.4,all classesrepresentedby thenodesarevarieties,excepttheonesinside
abox(thoseareonly quasi-varieties),andtheclassesinsideacirclearenotfinitely
axiomatizable,except

���
. 24

Mor eon the equational theoriesof
.³.�� 3 ��.�� and

�.-�.
:

Theorem1.2saysthatthereis a set · of equationswhich defines
��.��

. Let ·
beanarbitrarysetof equationsdefining

��.��
. Whatdo weknow about· ? Theo-

rem1.6saysthat · is notfinite, andTheorem1.7saysthat · canbechosento be
recursively enumerable.By usingthefactthat

��.��
is a discriminatorvarietyand

thatEq
�h��.�� � is recursively enumerable,andby usinganargumentof W. Craig,

onecanshow that · canbe chosento be decidable25 , i.e. thereis a decidable
set · defining

��.��
. On the otherhand,we know that · hasto be complex in

thefollowing sense:to any numberö , · mustcontainanequationthatusesmore
than ö variablesandall of theoperationsymbols5(3I7�3�= . Thereis an · suchthat?�A occursonly in finitely many membersof · , by Theorem1.11. Theanalogous
statementsaretruefor

�.-�. 3 .s.�� . 26

Concretedecidablesets · defining
.s.��

areknown in the literature,cf. e.g.
Monk [M69]. Lyndon[Ly] outlinesanotherrecipefor obtaininga differentsuch· . Hirsch–Hodkinson[HH] alsocontainssucha set · . Someof thesework for�.-�. 3 ��.�� . However, the structuresof these· ’s areratherinvolved. 27 In this
connection,we note that the following is still one of the most importantopen
problemsof algebraiclogic:

24In Pratt [Pr90], the class T{�;: of representableBooleanmonoidsis obtainedfrom our �L��T ’s
by adding < = asan extra distinguishedconstant.So the extra-Booleanoperationsof the T{�;: ’s are\8d>< = , andthus �L��T ’s arethe < = -freesubreductsof T{�": ’s. All theresultsmentionedabove for �L��T ’s
carryover to TU�;: ’s; e.g. TU�;: is adiscriminatorvariety, hencethesimple TU�;: ’s form auniversally
axiomatizableclass,Theorems1.2,1.6 above apply to T{�;: . T{TV��dÅ�UTV�adÅ�L��TNdtT{�;:>dÅ��� all occur
asnodesonFigure 1.4.

25Theideais asfollows. Let ? berecursively enumerable,say ?Â«o�8ðI©A@tªÐdÒðI©�B4ªfd ���L� � for arecursive
function ð . For eachnumberC , let D¬©7CNª denotetheconjunctionof C copiesof ðI©7CNª . Since �UT�� is a
discriminatorvariety, thereis anequationE8©7DV©7CNªGª which is equivalentto D¬©�C�ª in ÈGFIH8�UT�� . Moreover,

from E8©7DV©7CNªGª wecancomputebackDV©7CNª , seeanearlierfootnote.Then? × def«þ��EI©�D¬©J@tªGªfdKE8©7DV©�B4ªGªÐd �L��� �
is equivalentto ? and ? × is decidable.Thedecisionprocedurefor ? × is asfollows: Takeany equationL . DecidewhetherL is EI© ¡¬ª for some¡ or no,andif yes,computethe ¡ . If wegetan ¡ , checkwhether¡ is theconjunctionof some,say C , copiesof anequation

Ó
. If yes,computeð4©�C�ª andcheckwhetherÓ

is ðI©7CNª . If yes, L is in ? × , otherwisenot.
26Theneedof infinitely many variablesin any axiomsystemfor T{T�� wasprovedin Jónsson[J91],

theneedof all theoperationsymbols��dÅ±�dÆ\ in additionis provedin Andréka[A94]. By Theorem1.11
thenthesamehold for �UTV�adÅ���VT .

27Cf. [HMTII, pp.112–119],for anoverview.
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a;b c a S c

]dQ>Z\[�_eZ\[`Qf]g_"]MON P!N QUThYV MON PYN Q�N Z�[VYUWi

a;jMON P!N RTS MON P!N RTS�N Z�[
c a;k c aOl

Z\[�_em^npo�_.mMON PU�X MON P!N Z\[

q m9r�s�tduwv!x�uzy|{}y�{}{q o$~���� PTo��|� ��� � Z\[5� ��� � P�o+� ~ ��� � ��PTo��q$� ~���� PTo ~ � ����{�~�� � � ����� ��PTo ~�� P�o ��� P�o � � PTo�PTo ~�� �q$� ~����5��~�����{�~�� � � �����5� � PTo ~������5� �q$� ~�� � ����� ��PTo ~�� P�o ��� PTo � � P�o�P�o ~�� � � �����5� ��PTo ~������5� �
Figure1.4.

PROBLEM 1.12 Find simple,mathematicallytransparent, decidablesets · of
equationsaxiomatizing

�.-�. 3 ��.�� 3 .s.�� . (A solutionfor this problemhasto be
considerably simplerthan,or at leastmarkedly different from the · ’s discussed
above.)

Equationalaxiomsystemsfor algebrasof relationslikefor
.s.��

,
��.�� 3 �.-�. are

interestingnotonly becauseof purelyaestheticalreasons,but alsobecausesuchan
axiomsystemgivesan inferencesystemfor the correspondinglogic. About this
logicalconnectionsseee.g.Theorems5.4,5.5,6.3 in Part II.

Sincetheclasses
.s.�� 3 ��.�� 3 �.-�. arenotfinitely axiomatizable,finitely axiom-

atizableapproximations,or “computationalcores”areusedfor them.For
��.��

we
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cantake
��.��

assuchanapproximation.For
.s.��

, thevariety
.��

of relationalge-
bras, definedby Tarski,is usedin theliteratureassuchanapproximation.We get
thedefinitionof

.��
from thedefinitionof

��.��
by replacing(4) with onestronger

equation(5), andby addingtheequation/ º�= x 0 x .

DEFINITION 1.13(
.��

, anabstractapproximationof
.s.��

)
.��

is definedto be
theclassof all algebrasof thesimilarity typeof

.s.��
’swhich satisfytheequations

(1)–(3)fromthedefinitionof
��.��

, togetherwith (5), (6) below.

�J  � x ?�A =���7 �yx =~z{�Ð a�à7>z Ó�A¡ � / º^= x 0 xaÓ ¶
Equation(5) is equivalent,in thepresenceof theother

.��
-axioms28 with the

following socalledtriangle-rule(5’)�J  Ü°� x � � z�=(|���0�� if f zO� �Gx =(| ?�A �-0�� if f |:� � z ?�A = x �-0�� Ó
Intuitively, (5’) saysthatthethreewaysof telling thatno triangle

¢ £

¤
exists,areequivalent.29 Thus,arelationalgebraisaBooleanalgebratogetherwith
an involutedmonoidsharingthesameuniverse,andthe interconnectionbetween
thetwo structuresis thatthey form anormal

�����
andthetrianglerule (5’) holds.

Equation(6) saysthat / º is theneutralelementof thesemigroupoperation“ = ”.
Wenotethatin algebraiclogic this translatesto thesocalledLeibnizlaw of equal-
ity in logic whichsaysthatequalscannotbedistinguished30.

28We notethat µ�\²�]«uµdQµ Ì � «uµ areusuallyomittedfrom the axiomatizationof TV� , because
they follow from therestof theaxioms.

29In amorealgebraiclanguage,(5’) saysthatthemaps�ÝÔ¤E_a\{� and � Ô¤E_ Ì � \{� areconjugates
of eachother, andlikewise the maps� Ô¤ ��\²_ and ��Ô¤ë�~\³_EÌ � areconjugates.We recall from
[JT51] that in a �L�O¥ the functions ¡ed L areconjugatesof eachothermeansthat ��ïn¡L©°�ª>«�µ iff�%ï L ©°�VªU«�µ for all ��dG� .

30For moreon thissee[BP89, p.10].
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is a very strongcomputationalcorefor

.s.��
, almostall naturalequations

about
.s.��

hold alsoin
.��

. 31 An
.��

which is not in
.s.��

is calleda nonrep-
resentable

.��
. Equationsholding in

.s.��
andnot in

.��
canbe obtainedfrom

eachfinite nonrepresentable
.��

by using that
.��

is a discriminatorvariety of�����
’s, asfollows. Let

k # .�� 7 .s.�� befinite. Then
k

cannotbe embedded
in any

.s.��
, andthis canbe expressedwith a universalformulabecause

k
is fi-

nite. Now usingthe switchingfunction, this universalformula canbe codedas
an equationÚ . Then Ú doesnot hold in

k # .�� , while it holdsin
.s.��

. Many
finite nonrepresentable

.��
’sareknown in theliterature.Thesmallestsuchhas16

elements.32 A sourcefor examplesof finite nonrepresentable
.��

’s is thesocalled
Lyndonalgebras.A finite Lyndonalgebra is a finite

.��
suchthat / º is anatom,F ?�A 0�F�3tF²=�F;0�Fa5�/ º , and F²=�H>0Ev*7 � Fa5:HI� holdfor all otherdistinctatomsF�36H .

Infinitely many of thefinite Lyndonalgebrasarenonrepresentable(andinfinitely
many arerepresentable).Anotherwayof gettingfinite nonrepresentable

.��
’s is to

“distorte” a representableone.Therearesomeknown methods,like splitting and
dilating 33 with which we canobtainnonrepresentable

.��
’s from representable

ones.Nonrepresentable
.��

’sarealmostasimportantasrepresentableones.34

Somespecial,interestingclassesof
.s.��

’s turnout to befinitely axiomatizable,
below we list two suchclasses.Thesefinite axiomatizationsgive (non-standard)
finitary inferencesystemsfor ð áâUã ä , cf. Mikul ás [Mi96], [Mi95]. The elegant,
purelyalgebraicproofsfor the itemsin thenext theoremareexamplesfor signif-
icantapplicationsof algebrato logic, via connectionsbetweenalgebraandlogic
indicatedin Part II of thispaper.

THEOREM1.14 Let ñ and � denotethefollowingformulas,respectively.K x z �yx ?�A = x ��/ º � z ?�A =~zÏ��/ º � x ?�A =~z;02v�W x K�z �yx�é0}� � � � é0�z � z�� x � z ?�A =~z��¦/ ºV  � Ó
Then

.s.�� �,¸n¹NºNñq0 .�� �"¸@¹NºLñ for ñq0D+ñ~P and ñ)0ED&�:P . ¶
For theproofsseeMaddux[Ma78], Tarski-Givant[TG]. An

.��
in which ñ is true

is calledaquasi-projective
.��

, or a § .�� , andan
.��

in which � is trueis calleda
functionallydense

.��
. 35 We canlook atTheorem1.14in two ways:ononehand

31In otherwords,only complicatedequationscandistinguishT{TV� and T�� .
32Thiswasfoundby McKenzie[McK].
33For splitting in TV� seeAndréka-Maddux-Ńemeti [AMN], for dilation in TV� seeNémeti[N86],

Németi-Simon[NSi], Simon[Si97].
34E.g. oneproof of nonfiniteaxiomatizabilityof T{TV� goesby finding infinitely many nonrepre-

sentableTV� ’s whoseultraproductis representable.Investigatingthestructureof possibleaxiomsys-
temsfor TUTV� oftenboilsdown to findingsuitablenonrepresentableTV� ’s.

35That any ¨�TV� is representableis a theoremof Tarski, an elegantalgebraicproof wasgiven by
Maddux[Ma78]. A different,illuminating proof is given in Simon[Si96]. For logical applicationsof
thisareasee[TG]. Theproof thatevery functionallydenseT�� is representableis in Maddux[Ma78].
Seealso[AGMNS].
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it saysthattheclassof quasi-projective
.s.��

’sisfinitely axiomatizable(while
.³.��

is not), andon theotherhandit saysthatquasi-projective
.��

’s arerepresentable
(while

.��
’s in generalarenot). (And thesamefor functionallydense

.��
’s.)



CHAPTER2

ALGEBRASOFRELATIONSIN GENERAL

By this point we might have developedsomevaguepictureof how algebras
of binary relationsare introduced,investigatedetc. One might even sensethat
they give rise to a smooth,elegant,exciting andpowerful theory. However, our
original intentionwasto develop algebrasof relationsin general,which should
surelyincorporatenotonly binarybut alsoternary, andin generalß –aryrelations.

Let usseehow to generalizeour
.s.��

’sand
��.��

’s to relationsof higherranks.
Let usfirst fix ß to bea finiteordinal.As wesaid,wewould like thenew algebras
to beexpansionsof

.s.��
’s (and

��.��
’s). However, definingcompositionof ß –ary

relationsfor ß�© õ is complicated1 . Thereforethefollowing soundslike a more
attractive idea: We singleout the simplestbasicoperationson ß –ary relations,
andhopethat compositionwill be derivableasa term–functionfrom these.Let
usseehow we couldgeneralizeour genericor full

.s.��
’s 1y/ � �% "���43o=�3 ?�A 3&/ º�9

to relationsof rank ß . The obvious part is that thesealgebraswill begin with1G/ � �l S�l ÓIÓIÓ  S�$��35/ º{3 ÓIÓ8Ó 9 , where

/ º@0EDL1GÃ²3tÃ²3 ÓIÓIÓ 3ÅÃ�9(J¬ÃS#��@P
is the ß –ary identity relation. Again, / º is a constant,just as it wasin the

.s.��
case.Let ( � denote�� ��� ÓIÓ8Ó  �� , e.g.

â �E0}�} ��� �� . Thenew operations
(besidestheBooleanonesand / º ) we will needarethealgebraiccounterpartsof
quantificationK�Ä¬× , for Õ�ª ß . So, we want an operationthat sendsthe relation
definedby � � ÄeþV3tÄ A � to the onedefinedby K�Äeþ8� � Äeþ�3tÄ A � , andsimilarly for K�Ä A .
For ����� ]� let Dom

� �O� andRng
� �O� denotetheusualdomainandrangeof � .

For ßÂ0�õ wedefinej þ � �O�~0}�l Rng
� �O� and j A � �O��0 Dom

� �O�> S� Ó
Now 1G/ � �l S���43tj þ 36j A 3&/ ºL9
is thefull cylindric setalgebra of binaryrelationsover � , for shortthefull « Á ä .

Beforeturningseriouslyto ß –aryrelations,weneedthefollowing:

1Composition for C -ary relations is studied in Marx–Németi–Sain [MNS], Marx
[Ma95]. The definition is \8©cY��4d ����� dÆYIé�ªl« �Ib°_¬�4d ����� dÆ_'éLg+¢��8��©Gbc_e�4d ���L� dQ_ é Ì ��dÆ�Vg+iY��;¬rbc_e�4d �?�L� df_ é Ì X8dÆ��dQ_ é g*i�Y³Xe¬ �L�?� ¬rb°��dÆ_X8d �L��� dQ_ é g*i�Y é ª � .
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CONVENTION2.1 Throughoutwewill pretendthatCartesianproductsandCar-
tesianpowers are associativesuch that ( �  ®�� 0 (g¯ �� , and if e.g.�2� â � then

ä �l ��l�®°e�²±¨�2 ä � .

Thefull « Á ( , i.e. the full cylindric setalgebra of ß –aryrelations,is thenatural
generalizationof « Á ä as follows. Let � � ( � . If Rng

� ����0÷DL1ÆH A ÓIÓ8Ó H ( ?�A 9rJ1QH þ H A Ó8ÓIÓ H ( ?�A 9Â#2� for someH þ P , then j þ � �O��0 �Ö Rng
� ��� consideredasa

setof ß -tuples. Similarly, let Dom
� ���Ï0 D�1QH þ Ó8ÓIÓ H ( ? ä 9�J:1QH þ ÓIÓIÓ H ( ? ä H ( ?�A 9�#� for someH�( ?�A P , andlet j&( ?�A � ���-0 Dom

� �O�> S� . Generalizingthis to j8× withÕ�ªÑß arbitrary, weobtainj × � ���-0DL1ÆH þ 3 Ó8ÓIÓ 36H × ?�A 3tF�36H ×�¯ A 3 ÓIÓ8Ó 3oH ( ?�A 9BJU1QH þ 3 Ó8ÓIÓ 36H ( ?�A 9B#r� and FÏ#��@P ÓjI× is oneof the mostnaturaloperationson relations. It simply forgetsthe Õ -th
argumentof therelation,or in otherwords,deletesthe Õ -thcolumn.However, since
deletingthe Õ -th columnwould leave uswith an

� ßS7�v� –aryrelation,Dom
� ��� ifÕs0þß�7)v , we replacethe Õ -th columnwith a dummycolumni.e. in the Õ³0�ß�7)v

casewe representDom
� ��� with the“pseudoß –aryrelation” Dom

� �O�^ "� . The
“real rank” of an ��� ( � is alwayseasyto recover, namelyit is ³ � ���O0ëD8Õ�ªß&JNjI× � ��� é0��nP . So jI× is thenaturaloperationof removing Õ from the(real)rank
of a relation.

For example, j father whenappliedto the “f ather, mother, child” relationgives
back the “mother, child” relation codedas “anybody, mother, child” (in which
the anybody argumentcarriesno informationi.e. is dummy). By a full « Á ( we
understandanalgebraÒ ´�µ ( � �$� def0%1G/ � ( ����36j4þ�3 ÓIÓ8Ó 36j�( ?�A 35/ º�9
for someset � . By a « Á ( weunderstandasubalgebraof a full « Á ( with nonempty
2 baseset � i.e.

« Á ( def0l¼�D Ò ´�µ ( � �$�BJL� is a nonemptysetP Ó
By a representablecylindric algebra of ß –aryrelations,(an

. « � ( ) weunderstand
a subalgebraof adirectproductof full « Á ( ’s (up to isomorphism),formally:. « � ( 0à¼a½;DL1G/ � ( ����36j þ 3 ÓIÓ8Ó 36j ( ?�A 35/ º�9(JL� is asetP Ó
Notethat

. « � ( 0à¼a½;D Ò ´�µ ( � ���BJ�� is a setP�0E¼�½ � full « Á ( �-0E¼�½�« Á ( Ó By the
sameargumentasin thecaseof

��.��
’s,every

. « � ( is directlyrepresentableasan
algebraof ß –aryrelations(with thegreatestrelationa disjoint unionof Cartesian
spaces).

. « � ( is oneof the“leadingcandidates”for beingthenaturalalgebraofß –aryrelations.

2Excludingtheemptybasesethereis not essential,it serveseasierapplicabilityin thesecondpart
of thispaper, in section 7.
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Theabstractalgebraicpictureis simple:an
. « � ( is a

���
togetherwith ß clo-

sureoperationsandanextraconstant.Accordingly, an(abstract)cylindric algebra
of dimensionß , a « � ( , is definedasa normal

�����
with ß self-conjugatedand

commutingclosureoperations,andwith a constantsatisfyingtwo equations.In
moredetail:

DEFINITION 2.2( « � ( , anabstractapproximationof
. « � ( ) « � ( isdefinedtobe

theclassof all algebrasof thesimilarity typeof
Ò ´�µ ( � ��� which satisfythefollow-

ing equationsfor all Õo3^¶pª�ß .

(1) Theaxiomsfor normal
�����

, i.e.

theBooleanaxioms,jI×Æ��0}�{3 jI× �yx 5�z{��0}j4× �Gx �²5�j8× � zN� Ó
(2) Axiomsexpressingthat j8× ’sareself-conjugatedcommutingclosureoperations,
i.e.

(i)
x �qj × x 0}j × j × x ,

(ii) z���jI× x 0�� iff j4×Qz�� x 0�� ,
(iii) jI×Æj�· x 0}j�·8j4× x .

Becauseof the above axioms,the notation j �I¸} x 0äj8×\¹ Ó8ÓIÓ jI×\º x where »!0DÕ A 3 ÓIÓ8Ó 3tÕ ø P makessense. We will usethatnotationfromnowon. We will alsouse
theconvention3 that ßS0D�U3IvV3 ÓIÓ8Ó 3�ß�7qvVP .
(3) Theconstant/ º hasdomain1 andsatisfiesthe“Leibniz-law”, i.e.

(i) j � (½¼e¾t×\¿  / º@0Ev ,
(ii) j � (½¼e¾t× ã ·�¿  / º:��j × x 0 x whenever

x �¨j � (G¼�¾t× ã ·�¿  / º and Õ é0�¶ . ¶
An equivalentform of sayingthat j × is self-conjugated4 is to saythat thecom-

plementof a closedelementis closed.Thus,in theabovedefinition,(2)(ii) canbe
replacedwith

jI×�7�jI× x 07�jI× x²Ó
3For moreon thisseee.g.[HMT, Part I. pp. 31–32].
4I.e. thatit is theconjugateof itself, cf. thefootnoteto thetriangle-rule(5)’ in section 1.
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Note that (2)(ii) is an analogonof the trianglerule (5)’ in the definition of
.��

.
(3)(ii) expressesthat theclosureoperatorj × is “discrete”,or is the identity, when
relativizedto / º ×À· def0j � (½¼�¾t× ã ·�¿  / º�3Õ é0®¶ . Both (2)(ii) and(3)(ii) haveequivalentequationalforms,e.g.anequivalent
form of (3)(ii) is

/ º�×À·~��jI× � / º�×À·~� x ��0²/ ºL×Á·~� x when Õ é0®¶
andanequivalent(togetherwith theotheraxioms)form of (2)(ii) isj8× �Gx ��jI×QzN��0�jI× x ��jI×Qz Ó
Connection with geometry: The namesin cylindric algebratheorycomefrom
connectionwith geometry. Namely, an ß -ary relationis a setof ß -tuples,while
an ß -tuple is a point of the ß -dimensionalspace.E.g. 1QF�3oH49 is a point in the õ -
dimensionalspacewith coordinatesF and H , while 1QF�3oHR3tM89 is a point in the 3-
dimensionalspacewith coordinatesF�3oH and M . Thusabinaryrelationis asubsetof
the2-dimensionalspace,while an ß -ary relationis a subsetof the ß -dimensional
space.Hencethename“cylindric algebraof dimensionß ”.

If � is a subsetof the ß -dimensionalspace,then jI× � ��� is thecylinderabove �
parallelto the Õ -th axis,and / º is themaindiagonal. Hencethename“cylindric
algebra”.Theoperationsj8× and / º arecalled“cylindrifications” and“diagonals”
in « � -theory, and / º�×À· is usuallydenotedby ºL×Á· (for diagonal).Becauseof these
geometricalmeanings,also the operationsof

. « � ( are easyto draw. This is
illustratedon Figure2.1,seealso Figure2.3.

How canwe draw theoperationsof
.s.��

? Converseis easyto draw: thecon-
verseof � is themirror imageof � w.r.t. thediagonal.However, relationcompo-
sitionof two relations�;36< is notsoeasyto draw. SeeFigure 2.2.

Thuscylindric algebras( « � ’s) aresimplerthanrelationalgebras
.��

’s in two
ways: « � ’s have only unaryoperationsj × , while the centraloperationof

.��
is

the binary compositionoperation = ; and secondly, cylindrificationsare easyto
draw, while compositionis notsoeasyto draw. Therearefurherconnectionswith
geometry, e.g.via projectiveplanes.We donotdiscusstheseherein,but cf. Monk
[M74], [Gi97], [NS97], [NS97], [AGiN97, ChapterII].

Connection between « � ’s and
.��

’s: A naturalquestioncomesup: can these
“simple” « � ’s recapturethepowerof

.��
’s?This wasa requirementwe expected

to meet,namelywe expectedthat the theoryof ß -ary relationsshouldbe an ex-
tensionof thatof binaryrelations.Theansweris that

. « � ( with ß�Â¦Ã is strong
enoughto recapture

.s.��
, while

. « � ä is notstrongenough.In moredetail:
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Mirroring cannotbeexpressedby thediagonalandthecylindrificationsin the
plane(i.e. in 2-dimensionalspace),but it canbeexpressedif we canmove out toÃ -dimensionalspace,seeFigure 2.3.

Namely, by lettingÁ ×· �Gx � def0lj × � / º ×Á· � x � and üE0à�l Â�l �DÃaP
for somefixed ÃS#�� , wehave� ?�A 0�ü¨� Á ä A Á Aþ Á þ ä j ä �
for �2��ü . Here,we identifiedthebinary �l���l �� with theternary �2 "DÃaP ,
andsimilarly for � ?�A . Compositionalsocanbeexpressed:�)=B<C0�ü¨��j ä � Á Aä j ä �q� Á þ ä j ä <-� .

A morenaturalapproachis basedon identifyinga binaryrelation �!���ß ��
with theternaryrelation

Dr
� �O� def0l�2 Â�;�

we call Dr
� ��� the dummy representationof � asa ternaryrelation. ThenDr J��� �2 Â��� �å��� �l S�l Â��� ; and

Dr
� � ?�A ��0 Á ä A Á Aþ Á þ ä Dr

� ��� ,
Dr
� �¨=B<���0}j ä � Á Aä Dr

� ����� Á þ ä Dr
� <��Å� .

So in a sense,
.s.��

’s form a kind of a reductof
. « � ( ’s for ß�ÂÄÃ . In more

detail: Let
k #�« � ( , ß2ÂÅÃ . Therelation-algebra reduct

Ò Æ k
of
k

is definedasÒÇÆ k def0%1G�OF k 365 w 3I7 w 3�=�3 ?�A 3&/ º wþ A 9�3
where �OF k 0EDRF]#SmEJVj w· F;0�F for all õ;��¶pª�ßsP
andif F�3oH�#S�OF k , then F ?�A def0 Á ä A Á Aþ Á þ ä F�3F�=BH def0 j ä � Á Aä F^� Á þ ä H4� Ó
Now, Dr Js1y/ � �� ,����3�=�3 ?�A 3&/ º�9�È � Ò ÆRÒ ´�µ ( � ��� is an isomorphismfor ßÉÂ²Ã .
We define ò�Ê;« � ( def0!D Ò Æ k J k #Ë« � ( P for Ã��Ñß Ó
For »C�Ì« � ( , ò Ê�» is definedsimilarly.
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Then
.s.�� 0 ¼�ò�Ê . « � ( for all ßÌ©nõ . Theclasses¼aò Ê"« � ( � ßÌ©0Ã�� form

a chainbetween
.��

and
.s.��

, providing a “dimension-theory”for 5 .�� . In more
detail, ¼aò Ê;« � â¦Í .��

(Monk [M61]), ¼aò Ê;« �WÎ 0 .��
(Maddux, [Ma78a]),.��®Ï ¼�ò�Ê;« � ° ± Ó8ÓIÓ ± .³.�� (Monk [M61]), and6.s.�� 0}�~De¼aò Ê;« � (�J}Ã���ß2ª�ó>P^0�¼�ò�Ê;« � � Ó

Investigatingthe connectionbetween
.s.��l�t.�� � and

. « �ß� « � � is an interest-
ing subject.Someof thereferencesareMonk [M61], Maddux[Ma78a], [Ma89],
[HMTII , ò 5.3], Németi–Simon[NSi], [Si96], [Si97], Hirsch–Hodkinson[HH97].
Recentdevelopmentsin the

.�� 7�« � (– polyadicalgebras)connectionarereported
in [Si97], [NSi].

Thustheansweris that
. « � ( ’s, ß�©�õ , do recapturethepowerof

.³.��
’s. (On

theotherhand,
. « � ä ’sdonot7.)

Connectionwith logic: Cylindric algebrashave a verycloseandrich connection
with logic. Thisconnectionis partlydescribedin [HMTII , ò 4.3],andin Examples
6, 8, 9 in section 7 herein.

Summingup this connectionvery briefly:
. « � -theorycorrespondsto model

theoryof first-orderlike languages(or quantifierlogics),while abstract« � -theory
correspondsto their proof theory. Individual « � ’s correspondto theoriesin such
logics,homomorphismsbetween« � ’s correspondto interpretationsbetweenthe-
ories,while isomorphismof « � ’scorrespondsto definitionalequivalenceof mod-
elsand/ortheories.« � -theoretictermsandequationscorrespondto first-orderfor-
mulaschemas,anequationÚ is valid in

. « � if its correspondingformulaschemais
valid,anequationalderivationof Ú correspondsto aproofof theformula(schema)
correspondingto Ú . More on this is written in section 7, Examples6,8,9. Here,
first-orderlike languagesencompassfinite-variablefragmentsof first-orderlan-
guage(FOL for short),usualFOL, FOL with infinitary relationsymbolsbut with
finitary logicalconnectives,FOL consideredasapropositionalmulti-modallogic,
FOL with severalmodifiedsemanticsetc.

Mostof theaboveis discussedin [HMTII , ò 4.3],especiallywhentakentogether
with [vB96]. Someotherreferencesillustratingtherich connectionof « � ’s with
logic arethe following. In Monk [M93] the connectionwith FOL is treated.In
[N87] andin [R] valid formula-schemas,in [N90] modeltheoryof FOL with in-
finitary relationsymbols,in [N96] FOL with generalizedsemantics,in [A], [SA]
algebrasof sentences,in [Se85] andBiro-Shelah[BiSh] modeltheoreticnotions
likesaturated,universal,atomicmodelsareinvestigatedwith thehelpof « � ’s, re-
spectively. [AvBN96], [vB96], [MV] connect« � ’swith modallogic, [S95], [SGy]

5As later, in Thm. 2.14(ii), we will see,this is analogousto the chain È½ÐÑH é WL� é�ÒOÓ ©�ÔËÕ�µ4ª
betweenWL� é and TLWL� é .

6For thedefinitionof WL�;Ö seeDef. 2.12.
7For example,Eq T{TV� is undecidable,whileEq TLWL�*X is decidable,seeThm.1.10(i),Thm.2.3(iii).
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use « � ’s for searchingfor a FOL with nicerbehaviour. Furtherreferenceson this
line aree.g.[vB97], [V95a].

The connectionof « � ’s with logic alsoshedslight on the above waysof ex-
pressingcompositionandconverseof binary relationsin « � . Namely,

. « � ( is
thealgebraiccounterpartof first-orderlogic with ß variables(seePart II, example
6 in section 7), andin particular ß -variablefirst-orderformulasandtermsin the
languageof

. « � ( arein strongcorrespondencewith eachother(seeCorollary5.5
in Part II). The

. « � -termsin thedefinitionof an
.��

-reductarejust thetranscripts
of the 3-variableformulasdefining compositionand conversionof binary rela-
tions. (On theintuitivemeaningof theterms

Á ×· seetheremarkafterExample7 in
section 7.)

At thispointwecanstatethecounterpartsof Theorems1.2–1.10.8

THEOREM2.3(basicpropertiesof
. « � ( ) Let ß befinite.

(i)
. « � ( is a discriminatorvariety, with a recursivelyenumerableequational
theory.

(ii)
. « � ( is not axiomatizablewith a finite setof equationsand its equational
theoryis undecidableif ß2©�õ .

(iii)
. « � ä is axiomatizablewith a finitesetof equations,andits equationalthe-
ory is decidable. Thesameis true for

. « � A . Any « � ä satisfyingfor allÕ63^¶pª õ , Õ é0�¶ j4× x Û Á · × jI× x ��/ º �äx 0�j4þ x Û8j A x 3 orj�þ x ÛIj A x 7 x �qj8× � Á · × jI× x 7Å/ º��
is representable9.

(iv) Thelogic capturedby
. « � ( is first-order logic with equalityrestrictedto ß

individualvariables.

Proof. Theproof of (i) goesexactly asin the previoussection,cf. the proofsof
Thm. s 1.2, 1.7.: The subdirectlyirreduciblemembersof

. « � ( areexactly the
isomorphiccopiesof the nontrivial « Á ( ’s (i.e. thosewith nonemptybaseset � ),
anda switchingtermis j � (  x , i.e. in « Á ( wehave10

j � (  x 0 è v if
xCé0��� if
x 0�� Ó

8L. HenkinandA. Tarskiprovedthat TLWL�1é is a variety, J.D. Monk [M69] proved that TLWL�1é is
not finitely axiomatizable,L. Henkin gave a finite equationalaxiomsystemfor TLWL�*X , andD. Scott
provedthatEq ©QTLWL��X�ª is decidable.

9Theabove quasi-equationandequationthenareequivalentto theso-calledHenkin-equation(see
[HMTII, 3.2.65]),which wasfurthersimplifiedin Venema[V91, � 3.5.2]. On theintuitive meaningof
theseseetheparagraphprecedingThm.7.8in thiswork.

10Recallthat C�«o�6µd>@�dfBd �L�?� dAC�±p@ � . Thus C � B�«o��Bdf×d �L�L� dAC�±p@ � .
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Theproof of undecidabilityof
��.��

canbeadaptedhere,too,by usingtheabove
outlinedconnectionbetween

.��
and « � . Namely, thequasi-equationaltheoryof

semigroupscanbeinterpretedin
. « � ( , e.g.by usingthetermx �Åz]0�j ä � Á Aä j � (½¼ ä  x � Á þ ä j � (G¼ ä  zN� Ó

The proof for nonfiniteaxiomatizabilityof
. « � (*3èßØ© õ will be discussedin

Remark2.9. The proof of the first part of (iii) canbe found in [HMTII , 3.2.65,
4.2.9]. It is nothardto checkthatin all « � ä ’s, thequasi-equationandtheequation
in (iii) areequivalentto eachother. Also, theequationin (iii) is equivalentto�ÆÇ � j4þ x Û8j A x � x �&j8× � Á · × j4× x 7Å/ º��
whichis thenpreservedundertakingperfectextensions(becausenegation– occurs
only in front of aconstant).Thusit is enoughto show thatany simpleatomic

k #« � ä satisfying
�ÆÇ � is representable.Now,

�fÇ � implies that thereareno defective
atomsin

k
, in the senseof [HMTII , 3.2.59],andthen

k # . « � ä by [HMTII ,
3.2.59].For (iv) seeexample6 in section 7 of Part II.

¶
More on thefine-structureof theequationaltheoryof

. « � ( will besaidlater,
afterProblem2.11.

How fardid wegetin obtainingalgebrasof relationsin general(binary, ternary,ÓIÓ8Ó
, ß –ary,

ÓIÓ8Ó
)?
. « � ( is a smoothandsatisfactory algebraictheoryof ß –ary

relations.So,canour theoryhandleall finitary relations?Theansweris bothyes
andno. Namely, since ß is anarbitraryfinite number, in a sense,we canhandle
all finitary relations.But, we cannothave themall in thesamealgebraor in the
samevariety. For any finite family of relations,we canpick ß suchthat they are
all in

. « � ( . But this doesnotextendto infinite familiesof relations.To alleviate
this, we could try working in thesystem1 . « � (CJiß�#Ëó~9 of varietiesinsteadof
usingjust oneof these.To usethemall together, we needa strongcoordination
betweenthem.This coordinationis easilyderivablefrom theembeddingfunction
Dr sending � to �¥ ¨� for � � ( � definedabove. Let

k � Ò ´�µ ( � �$�"01y/ � ( �$�iÛ�Û'Û 9 be a « Á ( andlet ï be the « Á (g¯ A generatedby the Dr imageof
k

,
i.e. ï � ÒÇ´�µ (g¯ A � ����0Ö1y/ � (g¯ A ���iÛ'Û�Û 9 is generatedby D Dr

� ����J*�Ö#um�P . The
biggest

k
yielding the same ï is called the ß –ary neat-reductof ï , formallyk 0ÌÙrç ( � ï�� . Then Ú ÿ ( � ï��-0EDeH�#�Û!J�j ( � H4��0àHP Ó

Intuitively, Ùrç`( � ï�� is the algebraof ß –ary relations“li ving in” the algebraï
of ß,�ßv –ary relations. It is not hard to seethat Ùrç`(J . « � (g¯ A 7 � . « � (
is a functor, in the category theoreticalsense,for every ß . Now, we canusethe
collectionof varieties

. « � ( for all ßq# ó , synchronizedvia thefunctors 1AÙrç`(�Jß,#÷ó~9 , asasinglemathematicalentitycontainingall finitary relations.
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Anotherpossibility is to insist thatwe wantall finitary relationsover � repre-
sentedaselementsof asinglealgebra.In otherwords,thisgoalmeansthatinstead
of a systemof varietieswe want to considera singlevariety that in somesense
incorporatesall the original varietiestaken together. Indeed,each

. « � ( canbe
viewedasincorporatingall the

. « � ø ’s for öu�êß , sincethe lattercanberecov-
eredfrom

. « � ( by usingthe functors Ùrç`( ?�A , Ùrç�( ? ä etc. So as ß increases,. « � ( getscloserandcloserto thevarietywe want. Indeed,we take the limit of
this sequence.Therearetwo waysof doing this, the näıve way we will follow
hereandthecategory theoreticalway we only briefly mention.It is shown in the
textbookAdamek–Herrlich–Strecker[AHS] thatthesystemor “diagram”. « � A Ü�Ý ¹Þ 7 . « � ä ÜßÝ�àÞ 7�Û�Û�Û . « � ( ÜßÝ>áÞ 7 . « � (g¯ A Û'Û�Û
is “convergent” in thecategory theoreticsense,i.e. that it hasa limit â . Indeed,it
is thisclassâ of algebrasthatwewill constructbelow in anäıvewaythatdoesnot
usecategory theoretictoolsor concepts.

Wefirst extendourConvention2.1,statedatthebeginningof thepresentsection
concerningassociativity of Cartesianproductsandpowers.In thesequel, ó is the
smallestinfinite ordinal, aswell as the setof all finite numbers,and ��� is the
setof ó -sequencesover � . Furthermore,( �� Â���ë0ß��� , andif �Ö� ( � then�� "�����!��� , for ßãª ó . We will alsohave to distinguishthe constant/ º of. « � â from thatof

. « � Î . Thereforewe let

/ º ( def0�DL1QF�3 ÓIÓ8Ó 3tFN9(JVF�#S�;P
denotethe ß –aryidentity relationon � .

How do we obtainanalgebracontainingall finitary relationsover � ? If � is
binary, but we wantto treatit togetherwith a 5–aryrelation,thenwe represent�
by �, ��, :�, :��0��, â � in a « Á ° . Takingthisprocedureto thelimit, if wewant
to treat � togetherwith relationsof arbitraryhigh ranks,thenwe canrepresent�
with �+ r��� . This way we canembedall finitary relationsinto relationsof rankó , andrelationsof differentranksbecome“comparable”and“compatible”.11 We
still haven’t obtainedthedefinitionof « Á � ’s from thatof « Á ( ’sbecausewedonot
know whatto dowith theconstant/ º . Morespecifically, wewantto beableto use
theneatreductfunctor Ùrç`( , astheinverseof � �� �E Ï�a� for �� ( � , in order
to recover the original « Á ( ’s from the new « Á � . This meansthat for / º ( � ( �
wewant / º (  ;�a� to beaderivedconstant(distinguishedelement)in ouralgebra.

11In particularwe avoid the problemwe ran into at theendof the introductionto this part in con-
nectionwith the BooleanalgebraÊ:©Aä Ö £sª , becausee.g. the complementof Y � Ö £ is Y � Ö £
whereY denotesé £ � Y if Y is an C -ary relation.Insteadof trying to tametheBoolean-like algebra�oY�¢�Y4å é £ for someC � å�æB© ä Ö £sª , we simply representY4å é £ by Y	� Ö £ which is an
elementof bAÊ:© Ö £sªÐdJçÅ
d ����� dfç é d �L�L� g é ä Ö .
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Adding / º � 0ßD�1GF�3 Ó8ÓIÓ 36F�3 ÓIÓ8Ó 9^JNFr#��;P asanextra constantdoesnot ensurethis
any more.Oneof themostnaturalsolutionsis letting

/ º � ×À· 00/ º�×À·:0D+Ùn# � �lJ�Ù8×²0þÙ�·¬P
anddefininga full « Á � asÒ ´�µ � � ��� def0%1y/ � � ����36j × 35/ º ×À· 9 × ã · ��� 3
wherethe / º�×À· ’s areconstants.The price we hadto pay for replacingthe finite
boundß on theranksof relationswecantreatwith theinfinite boundó is thatwe
hadto breakupoursingleconstant/ º to infinitely many constants/ ºL×Á· � Õo3f¶Ï#÷ó~� .. « � � is definedto consistof all subalgebrasof direct productsof full « Á � ’s
(up to isomorphisms),. « � � 0}¼a½;DL1y/ � � ���43tj × 3&/ º ×Á· 9 × ã · ��� J�� is a setP Ó
Again, as it was the casewith

��.��
’s and

. « � ( ’s,
. « � � ’s are directly repre-

sentableasalgebraswhoseelementsare ó –aryrelations.

The elementsof
��� ����� areall the ó -ary relationsover � , andnot only the

“representations”�l � � of finitary relations� over � . Canweactuallyrecover
thealgebrasof finitary relationsfrom thehugefull « Á � ’s?Let.;èÅ� ���-0�DR�2 � �lJV�l� ( � for someß,#�ó>P Ó
Then

.;èÅ� ���B� ��� ����� ; moreoverit is asubalgebraof thefull « Á � Ò ´�µ � � ��� with
universe

��� ����� . We will denotethissubalgebraby
Òêé � ��� Ó Now, weset

« Á è � def0ß¼�D Òpé � ���~JL� is a nonemptysetP Ó
In asense,« Á è � is thenarrowestreasonableclassof algebrasof finitary relations.12

If � # .;èÅ� ��� , then ³ � ���Â0 D8Õ�#nó J:j × � é0 �nP is finite, in short � is
finite-dimensional.We notethat theconverseis not true,thereare � ����� with³ � ����0}î , yet �ë�# .;èÅ� ��� . Indeed,fix ÃÂ#Â� andset�E0�D��$# � �lJND8Õ�ª�ó¨Jd�× é0¨Ã²P is finite P Ó

12Theletters Tgì (and íßî ) referto “f initary relations”. W#ïðì Ö is theabovementionedcategory theoret-
ical limit ñ . More precisely, for this equalityto be literally true,whenforming thecategory theoretic
limit ñ , insteadof the varieties TLWL� é we have to startout from their subdirectlyirreduciblemem-
bers,which arenothingbut W#ïÒé ’s. So W#ïAì Ö is thelimit of thesequenceW#ït�od �L�L� dÆW#ï�éUd �L�?� . TheclassW#ïðì Ö andits relationshipwith TLWL� Ö wassystematicallyinvestigatedin Andréka [A73], [AGN73],
[AGN77], [HMTAN], [HMTII]. In thefirst threeworkstheclasswasdenotedby ñ�ò or ñ�ó , while in the
lasttwo by W#ïfôöõf÷Ö ï�ñ�ì�Ö , thelatterbeingthestandardnotationtoday.
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Then �ø�# .OèÅ� ��� if _ �¼_;Â�õ , while j × �20�� for all Õ9ª ó . A relation �+����� is
calledregular if� �$#r� if f |�#S�O� whenever ��36|�# � �B3���1�³ � �O�~0�|�1O³ � ��� Ó
Thentheelementsof

.OèÅ� ��� areexactly thefinite-dimensionalregularrelationson� .

Now we turn to theconnectionsbetweentheclasses« Á è � , « Á � and
. « � � . In-

tuitively, theelementsof « Á è � arealgebrasof finitary relations,while theelements
of « Á � (aswell asthoseof

. « � � ) arealgebrasof ó –aryrelations13.

THEOREM2.4(basicpropertiesof
. « � � )

(i)
. « � � is a varietywith recursivelyenumerableandundecidableequational
theory.

(ii) Eq
�Å. « � � ��0 â D Eq

�Å. « � ( �nJiß�# ó>P Ó I.e. in the language of
. « � ( , the

sameequationsare true in
. « � ( andin

. « � � .

(iii)
. « � � 0Ö¼�½�« Á � 0ë¼a½�À�Á)« Á è � é0ë¼a½�« Á è � . I.e.

. « � � is both the vari-
ety and quasi-varietygenerated by « Á è � ; the sameequationsand quasi-
equationsare true in « Á è � and in « Á � , but there is an infinitary quasi-
equationdistinguishing« Á è � and « Á � .

Proof. (ii) follows from [HMTII , 3.1.126].Recursiveenumerabilityandundecid-
ability of Eq

�Å. « � � � follows from (ii) andThm. 2.3 (for recursive enumerability
onealsohasto usetheproofof Thm. 2.3,namelythattherecursiveenumerations
of Eq

�Å. « � ({� given thereare“uniform” in ß ). That
. « � � is a variety follows

e.g.from [HMTII , 3.1.103],(whereit is proveddirectlythat
. « � � is closedunder

takinghomomorphicimages).
. « � � 0à¼a½�À�ÁW« Á è � follows from [HMTII , 3.2.8,

3.2.10,2.6.52]. To show
. « � � é0 ¼�½�« Á è � consider14 the following infinitary

quasi-equationÙ : ù DRj4× x 0 x J¬Õßª ó>P � / ºVþ A � xú� x 0v Ó
Then Ù is valid in ¼�½�« Á è � while it is notvalid in

. « � � .
¶

We note that ¼�À�Á�« Á è � é0 . « � � . Indeed,considerthe following universal
formula �

/ º � â  é0 � � 7�/ º þ A �)j ä / º � â  3 where

/ º � â  def0 7�/ ºVþ A �,7�/ ºVþ ä �,7�/ º A ä Ó
13Thm. 2.4(i) is due to L. Henkin andA. Tarski. For the restof the creditsin connectionwith

Thm2.4wereferthereaderto [HMT, I, II] and[HMTAN].
14Anotherproof, exporting logical propertiesto algebras,canbefoundat theendof Example9 in

section7.
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(The intuitive contentof � is that if thereis a “subbase”of cardinality Â 3, then
therearenosubbasesof size2.). « � � is not a discriminatorvariety, e.g. becausethereare subdirectlyirre-
duciblebut not simple

. « � � ’s. But it is still an arithmeticalvariety of
�����

’s,
from which many propertiesof

. « � � follow by usingtheoremsof universalal-
gebra.It is not truethat ¼aæyç �Å. « � � ��02¾&« Á � , in factno intrinsic characterization
of ¼�æGç �Å. « � � � is known.15 Thevariety

. « � � is very well investigated,perhaps
themostdetailedstudyis in [HMTAN], [HMTII ]. For morerecentresultsseee.g.
Goldblatt [G95], Monk [M93], Shelah[Sh], Seŕeny [Se85], [Se97], Hodkinson
[H97].

The theoremswhich saythat
��.��

,
.s.��

, and
. « � ( arenot finitely axiomati-

zable,carryover to
. « � � too. However, to avoid triviality, insteadof non-finite

axiomatizabilitywehaveto statesomethingstronger, because
. « � � hasinfinitely

many operationsandfinitely many axiomscanspeakaboutonly finitely many op-
erations. Taking this into account,whentrying to axiomatize

. « � � , onecould
still hopefor a finite “schema”(in somesense)of equationstreatingthe infin-
ity of the

. « � � -operationsuniformly. A possibleexamplefor a finite schemaisjI×Qj�· x 0j�·8j4× xÂ� Õo3f¶r#ëó~� . Thefollowing theorem16 impliesthat it will behardto
find suchaschema,andthatcertainkindsof schemataareruledout to begin with.

THEOREM2.5(nonfiniteaxiomatizabilityof
. « � � ) Thevariety

. « � � isnotax-
iomatizableby any set ñ of universally quantifiedformulassuch that ñ involves
onlyfinitelymanyvariables.

Proof. Plan: For all �úªÑó wewill constructanalgebra
k  suchthat

a)
k  �# . « � �

b) every � –generatedsubalgebraof
k  is in

. « � � .

This will prove the theorembecauseof the following. Assumethat ñ is a set
of quantifier-freeformulassuchthat ñ involvesat most � variables( _ ÄLFSÿ � ñB�'_���úª ó ) and

. « � � _ 0�ñ . Then ñ is valid in analgebraï if f ñ is valid in every � -
generatedsubalgebraof ï , because_ Ä�FSÿ � ñB��_��É� and ñ containsnoquantifiers.
Thus

k  _ 0+ñ by b) andby
. « � � _ 0+ñ . Then

k  �# . « � � shows that ñ does
notaxiomatize

. « � � .

Construction of
k  : Let û�Âþõ  befinite, andlet 1Æ��×�J¬Õ�ª�ó~9 beasystemof

pairwisedisjointsetseachof cardinality û . Let
15It is known that ÈGF7HI©GTLWL� Ö ª is a propersubclassof Êfü�ï Ö . More on this see[HMTII, 3.1.83-

3.1.88],[ANT].
16Monk [M69] provesthat TLWL� Ö cannotbeaxiomatizedwith a finite numberof schemasof equa-

tionslike thosein thedefinitionof WL� Ö . See[HMTII, 4.1.7]. Thm.2.5,dueto Andréka,is a general-
izationof thatresultandcanbefoundin [A97] or in [M93].
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��0 â De� × J¬Õ�#�ó>P�3 let

Ùn# Þ ×yÚ � ��× def0�D��O#r���J � W*Õ�#�ó~���×�#S��×ÐP bearbitrary,��0D|;# Þ ×GÚ � � × J�_ D8Õ�#÷ó¨JV| × é0�Ù × P _#ª�ó>P , andletk Ü bethesubalgebraof 1y/ � �a���43tjI×Å35/ º�×À·R9Å× ã ·4Ú � generatedby theelement� .

Then � is anatomof
k Ü becauseof thefollowing. For any two sequences��3t|�#r�

thereis a permutation��J{�ýÈ � � of � taking � to | andfixing � , i.e. �B=B��0�|
and ��0EDtý�=��,JIýS#��@P (theobviouschoicefor � , interchanging�× and |R× for allÕB#�ó andleaving everythingelsefixed,works). If � is a permutationof � fixing� , then � fixesall theelementsgeneratedby � becausetheoperationsof

. « � �
arepermutationinvariant.Thusif î é0�FÏ#Sm Ü and �$#�F~�$� then ��¨F , showing
that � is anatomof

k Ü .
We now “split � into û��}v new atoms� · eachimitating � ” obtaininga new,

biggeralgebra
k

from our old
k Ü . I.e. we choosea largeralgebra

k
suchthat

k
satisfiestheconditionsbelow andis otherwisearbitrary.k Ü�� k , theBooleanreductof

k
is aBooleanalgebra,�|· areatomsof

k
and jI×Æ�|·^0�j8×Q� for ¶]�Éû�3tÕ�ª ó ,

eachelementof
k

is a Booleanjoin of anelementof
k Ü andof some�|· ’sj × distributesover joins, for any Õ�ªÑó , i.e.

k _ 0�j × �Gx 5�zN��0}j × x 5�j × z .
Notethat in

k
“ 5 ” is only anabstractalgebraicoperationandnot necessarilyset

theoreticalunion.It is easyto seethatsuchanextension
k

of
k Ü exists.SeeFigure

2.4.
By theabove,wehaveconstructedouralgebra

k  which in thefollowing wewill
denotejustby

k
.

¶
CONVENTION2.6 In this proof weusethesymbols� , 5 denotingtheconcrete
operationsofoursetalgebras( « Á � ’s)alsoasthecorrespondingabstractalgebraic
operationsymbols(denotingthemselvesin « Á � ’s).So,if

x
, z arevariablesymbols,

then
x �]z is a term.Wehopecontext will helpin decidingwhether

x ��z is meant
to bea termor a concreteset.

x 7Cz is theBooleanterm
�yx ��7>z{� denotingthe

set
x 'qz in « Á � ’s. It is especiallyimportantto notethat since, for the algebrak

constructedabove,
k �# . « � � wasnot excluded,theoperationsdenotedby 5 ,� , j8× etc. in

k
are not assumedto be the real, set theoretic ones. They are just

abstract operationsdespiteof thenotation“ 5 ” etc. TheBooleanorderingon
k

will bedenotedby � .
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CLAIM 2.7
k �# . « � � .

Proof. For Õo3^¶ÇªÑó , Õ é0�¶ , let
Á ×· �yx �(0�j8× � / ºL×À·-� x � and

Á ×× �yx �(0 x . Let theterm �
bedefinedby � �yx � def0ÿþ×���� Á þ × j A Ó8ÓIÓ j � x � þ× � ·���� 7�/ º ×Á· Ó
Let ��� ���ö 0ÖD8|�#r���lJNDIÕ~#�ó¨JV|R× é0�ÙI×ÅP is finite P . ( ��� ���ö is usuallycalledthe
weakCartesianspacedeterminedby � and Ù .) Then,for our concretechoiceof� ,
k Ü^_ 0�� � ���-0�� becauseof thefollowing:j A Ó8ÓIÓ j � � 0 � � þ  � �2 Â� �+¯ A  ÓIÓ8Ó �a� � � ���> 3Á þ × j A Ó8ÓIÓ j���� 0 	 × �l S��þ$ � � ? ×  �l Â�
�+¯ A  ÓIÓ8Ó � � � � ���ö 3þ×���� Á þ × j A Ó8ÓIÓ j���� 0 	 � �&¯ A  �sþn S��&¯ A  Ó8ÓIÓ � � � � ���ö Ó

Thenby _ � þ _�� û we have that thereis no repetition–freesequencein
� �&¯ A  � þ .

Thus
k Ü^_ 0�� � ���-0}� Ó

Then
k _ 0� � ����0� by

k Üs� k and �!#"mèÜ . Assumethat
k # . « � � . Then

thereis ahomomorphism�rJ k�� ï¥#z« Á � suchthat � � ��� é0}� , for someï . By� � ��� é0�� , thereis ��#�� � ��� . By �2�)j þ � · wehave � � �O�(�)j þ � � � · � , sothereisÃ · suchthat 1yÃ · 3�� A 3�� ä 3 Ó8ÓIÓ � × ÓIÓIÓ 9B#�� � � · � , for all ¶]�Éû . TheseÃ · ’saredifferent
from eachothersincethe �|· ’saredisjoint from eachother, andsothe � � �|·� ’sare
disjoint from eachother. Considerthesequence|n021GÃ�þ�3ÅÃ A 3 Ó8ÓIÓ 3tÃ��U3����+¯ A 3 ÓIÓ8Ó 9 Ó
Then |�#"� � � � ���t� is easilyseenasfollows. Obviously |r#q7�/ º ×Á· , if Õ$ªÉ¶r��û .
Further1yÃ × 36| A 3 Ó8ÓIÓ | · ÓIÓ8Ó 9�# / º þo× ��j A ÓIÓIÓ j � � � �O� , hence|¨# Á þ × j A ÓIÓIÓ j � � � ��� if Õ��ëû .
Thus |�#�� � � � ���Å� , a contradiction.

¶
CLAIM 2.8 The � –generatedsubalgebrasof

k
are in

. « � � .

Proof. Let �+�)m$3Þ_ �î_{��� . For all Õ63^¶]�Éû define� ×�� � · if f
� W��Ï#��$�4� � × ���
X � · ���L  Ó

Then � is an equivalencerelationon D�$·SJ;¶&�Äû�P which has � õ  blocksby_ �î_��Ì� . Let ý denotethenumberof blocksof � , i.e. ýS0 _ D�$·�� � J�¶���û�P _{�õ  �Éû . Define

Ûl0DF]#rmJ � W�Õo3f¶]�Åû�� � � � ×�� � · and � · �qF�  � � × �¨F���P Ó
We now show that Û is closedundertheoperationsof

k
.: Let ö�ª��!ªÑó .
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1) Û clearlyis closedundertheBooleanoperations.

2) / º ø�� #�Û since
� WG¶��4û��h�$· é��/ º ø�� .

3) Clearly, m�ÜB�ýÛ (since � is anatomof
k Ü ), and j ø FC#)m�Ü for all FC#)m .

Thus j ø H�#�Û (for all H:#Sm ).

Let ï�� k bethesubalgebraof
k

with universeÛ . By �ß�ÅÛ , it is enoughto
show that ï�# . « � � .

We will defineanembedding��J*ïÿÈ 1G/ � ���$��3tj8×Å3&/ º�×Á·e9h× ã · ��� . Let D8z�·]Jd¶ËªýaP�0ßD�� � �$·�� � ��Jg¶���û�P . Then D8z`·@Jg¶�ª&ý�P is a partitionof � in ï , i.e. they
arepairwisedisjoint andsumup to � , j × z · 0!j × � for all ¶2ªàý and Õ�ª�ó and
everyelementof ï is a join of someelementof mèÜ andof somez · ’s. So, ï looks
like thealgebraonFigure 2.5.

First we definethe imagesof the z · ’s. Let � 0 D�U3IvV3 ÓIÓ8Ó 3�û"7lvVP and let� ��3o�@36��� bea commutativegroup.For eachÕ�ªÑó let á × J�� × È � � bea bijection
suchthat á × � Ù × ��0�� . For ¶pª4û define� Ü Ü· 0���|Ï#��lJ! 1Qáe× � |R×f�(J¬Õ�ªÑó~9�0�¶�"n3
where � denotesthegrouptheoreticsumin

� ��3o�@36��� . Thenit is not difficult to
checkthatthe � Ü Ü· ’saredisjoint from eachotherandjI×Q� Ü Ü· 0�j8×Q� for all ÕWªÑó
for theconcretesettheoreticjI× ’s. Definefor all ¶Çª,ý]7)v� Ü· 0�� Ü Ü·�(Ü# ?�A 0 â 3 � Ü Ü· J8ý]7qvO��¶pª4û 6 Ó

We arereadyto definetheembedding� of Û .: We definefor all H^#�Û
� � H4��0 � H(7"����5 Ù DR� Ü· J&¶pª"ýa3tz · ��HPL3

where H(7C� is computedin
k

, andsince
� HB7C���>#�mèÜs� ��� �N��� , therestof the

operationsaretheconcretesettheoreticones.Now it is not difficult to checkthat� is anembedding�rJ�ïøÈ 1y/ � ������36jI×t35/ º�×À·9h× ã · ��� asfollows.

Clearly � preserves 5(3I7 . � � H4�Â0 � implies H�0 � , hence � is one–one.� � / º ø$� ��0²/ º ø�� . Now wecheckj ø � � H4��0%� � j ø H4� .j ø � � H4�û0 j ø � � H~7��O�a5 Ù D� Ü· JVz�·���HPI 
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0 j ø � H(7�����5 Ù Dj ø � Ü· J¬z · �¨HRP0 j ø � H(7�����5 Ù Dj ø z · JVz · ��HP0 j ø � � H(7"����5 Ù Dz�·�J�z�·���HP8 0 j ø HR3
wheretheoperationsin thefirst two linesaresettheoreticwhile thosein the last
threelinesareunderstoodin theabstractalgebra

k
. � � j ø H4��0 � j ø H�7����L5 â D�(Ü· Jz · �2j ø HP]0�j ø H , since

� Kg¶��hz · �lj ø H if f ���lj ø H , and � é�2j ø H if f j ø H@0j ø H~7�� .
QED(Theorem2.5)

¶
Remark2.9 below describesthemodificationsneededfor obtainingproofsfor

theanalogous(with Thm.2.5)non-finitizability theoremsfor
. « � ( � ß�©�õV� and.s.��

.

REMARK 2.9 Here we outline the modificationsof the above proof of Theo-
rem2.5yieldingproofsfor non-finiteaxiomatizabilityof

. « � ( and
.s.��

.

Let & be ß or ó . An algebra
k

similar to
. « �' ’s is saidto berepresentableifk # . « �' . Thusrepresentabilitymeansthat
k

is isomorphicto analgebra
k ¯

whoseelementsare & –aryrelationsandwhosegreatestelementis adisjointunion
of Cartesianspaces.

k ¯ is calleda representationof
k

andsometimesthe iso-
morphism�ÂJ k È �÷k ¯ too is calledtherepresentationof

k
. By a homomorphic

representationwe understanda homomorphismmapping
k

into some « Á ' . This
conceptreceivesits importancefromthesimplebutusefulfactthatrepresentability
of
k

is equivalentwith theexistenceof a set ( of homomorphicrepresentations
of
k

suchthat
� W nonzero

x #Sm^� � K)�S#*(��+� �Gx � é0}� .
The intuitive idea of the above proof of Theorem2.5 wasthe following. We

found two differentwaysof “counting” the elementsof the domain D`�Iþ)J*�)#�@P of the relation � . This countingwas doneby looking only at the abstract,
i.e. isomorphisminvariantpropertiesof

k
. The two waysof countingwere: (1)

Looking at thenumberof thedisjointselements�$· below � . This allowedusto
concludethatthedomainof � mustbebig. (2) Usingthe / º ×Á· ’sexactlyasoneuses
equalityin first–orderlogic to expressthatacertainfinite setis smallerthansomeû , we concludedthatthedomainof � mustbesmall. (This wasdoneby theterm� � ��� in theproofof Claim2.7.)

Westartedoutfroman
k Ü�# . « � � in whichthecounting(2)saidthat“Dom

� ��� ”
is small.Thenby splitting,weenlarged

k Ü to k , suchthatin thisbiggeralgebra
k

thecounting(1) saidthat“Dom
� ��� ” is big. Thusin

k
the two countings(1) and

(2) contradicteachother, ensuring
k �# . « � � .

This is how we constructedonenonrepresentablealgebra(
k  ). We wereable

toconstructaninfinitesequenceof suchalgebrasin suchawaythatas� increases,
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the contradictionbetween(1) and(2) becomesweaker andweaker. Actually, as� approachesinfinity, thecontradictionbetween(1) and(2) vanishes.So in the
ultraproductof the

k  ’s, (1) and(2) do not contradicteachotherany more,and
this ultraproductis in

. « � � . In our constructiontheconflict between(1) and(2)
becameweaker andweaker in the sensethat moreandmoreelementshadto be
inspectedfor discovering this contradiction.17 This finishesthe intuitive ideaof
theproofof Theorem2.5.

Next we would like to repeatthis proof for
. « � ( in placeof

. « � � , with õ�ªß�ªþó . If we simply replaceó everywherewith ß , theproof doesnot go through
becausethecountingin (2) needsanarbitrarily largenumberof / º�×À· ’sandwehave
only ß¨ 	ß many.18 So we needa new methodfor doing (2). This amountsto
looking for anabstractalgebra

k
togetherwith its element� andconcludingthat

in any (homomorphic)representation��J k� ï #�« Á ( of
k

, thedomain �sþ of� � ��� mustbeof smallersizethana certain û . (Thedifficulty is thatwe have to
beableto repeatthis for arbitrarily large ûq# ó .) We alsoneedto keepin mind
thatwe will wantto havea contradictionwith (1), whichmeansthatwewill want
to split � . In order to be able to do this, we only needthat � remainan atom.
Therearemany naturalwaysfor ensuring(by abstractproperties)smallnessof a
set. Perhapsthe simplestway is the following. If we could “see” by looking atk

“abstractly”that ��þn ,��þ is a unionof fewer than û functions áe× � Õ*ª²û�7�v�
eachof which is codedby an elementof

k
, then the domain ��þ of � mustbe

of smallercardinalitythan û in any representationof
k

. E.g. we cantake these
functions(the áe× ’s) to bepowersof a singlesuitablepermutationá of �sþ ; saylet��þ�0Äû , andlet á betheusualsuccessormodulo û . Let , def0�á� ( ? ä � . Then,¥� ( � . We includeinto our algebra

k Ü , besides� , also , asa new generator
element. It can be checked that � remainsan atom (becauseno subsetof �sþ
became“definable”).Now, similarly to thewayweusedtheequation� � ���-0�� in
theproof of Claim 2.7,by studyingtheabstractpropertiesof , and � in thenewk Ü wecanconcludethatin any homomorphicrepresentation� of

k Ü , theCartesian
squareof the domainof � � ��� is containedin the union of fewer than û powers
of a functioncodedby � � ,$� . But thenthis domainmustbe of cardinality � û .
(Exactlywhatwe provedin Claim 2.7of theold proof. Sowe canproveour new
Claim 2.7.) After this modification,the whole proof goesthroughby replacing
all occurrencesof ó with ß .19 This completestheoutlineof theproof that

. « � (
cannotbeaxiomatizedwith quantifierfreeformulasusingfinitely many variables,
if ß2©þõ .

Let usturnto the
.s.��

case,i.e. to Theorems1.6,1.10.Theideais basicallythe

17Thisallowedusto avoid ultraproductsin thefinal argument.Wefind it morenaturalto explain the
intuitive ideain termsof ultraproducts,which incidentallyhappensto betheway theoriginalproof of
nonfinitizabilitywent.

18We canconstructthe algebras� Ñ as in the proof of Thm. 2.5 for -/.1032 L XI©7CNª . But for the
contradictionto vanish,weneed� Ñ for arbitrarily large - .

19WeneedC�Õ × to beableto seeabstractlythatthe ¡8Å ’s arefunctions.Thisproof is workedout in
detailin [A97, Thm.1].
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sameasin theaboveoutlined
. « � ( case.Exactlyasin the

. « � ( case,heretoowe
usetwo countingprinciples(1), (2) andconstructalgebras

k  in which(1) and(2)
contradicteachother. Again we wanta controllablecontradictionsuchthatas �
approachesinfinity thecontradictionvanishes.Herewehaveto takealessobvious
principlefor countingin (2), becausein

.s.��
, functionsinterferewith splitting20

elements��0��sþn S� A . E.g.wecanusecoloringsof thefull graph ��þ$ Â�sþ with
finitely many colorswithout monochromatictriangles,andthenapply Ramsey’s
theorem.Thismeansthatwearrange�sþO ���þ to beadisjointunionof symmetric
relations�Oþ�3 ÓIÓIÓ 3+�54 suchthat �54n0Ä/ º®1³�sþ (symmetricmeans��×(06� ?�A× ) and� ��×8=7��×f�e�8��×²0�� . To ensuresplittability of � wealsoarrangethat ��×8=7� ·�±�� ø
whenever _ DÕo3f¶�38ö�P _ © v , Õo3f¶�38ö ª ÿ . We let our

k Ü be generatedin this case
by D��OþV3 Ó8ÓIÓ 3+�54¬36�@P . All thesepropertiesof the ��× ’s wereabstract,“equational”
ones.21 This ensuresthat in every representationof

k Ü , thedomain � þ of � must
befinite (by Ramsey’stheorem).Wesplit � into ó many � × ’sobtaining

k
from

k Ü
aswedid in the

. « � � ,
. « � ( casesbefore.Therestof theproof goesthroughas

beforewith replacingó (or ß ) everywhereby 2, exceptfor thefollowing change.
In the

.s.��
casewe have to look at theultraproductof the

k  ’s andobserve that
it is representable(sincethecontradictionbetween(1) and(2) disappearedasboth
countinggivesuscontinuummany elements).Thereforethisproofgivesonly non-
finite axiomatizabilityof

.s.��
(i.e. Monk’s theorem)without proving (Jónsson’s

resultsaying)that infinitely many variablesareneeded.For the latter, onehasto
fine-tunetheconstructionsomemore.22 ¶

In section1, Theorem1.6 leadsto Problem1.12in a naturalway. Exactly the
samewayourpresentTheorem2.5leadsto thefollowing importantopenproblem.

PROBLEM 2.10 Find simple,mathematicallytransparent, decidablesets · of
equationsaxiomatizing

. « � � . The
. « � ( , õ�ª�ß�ª�ó versionof this problemis

openandinteresting, too.

The
. « � ( versionis stronglyrelatedto Problem1.12 in section 1. On the

otherhand,thepresent,
. « � � versionhasa logical counterpart,cf. e.g.[HMTII ,

Prob.4.16,p.180].Thisisoneof thecentralproblemsof AlgebraicLogic,cf. [HMTII ,
Prob.4.1],Henkin–Monk[HM74, Prob.5], etc. For stronglyrelatedresults(or for
partialsolutions)see[HMTII , pp.112–119],[V91], [V95], [Si91], [Si93], [HH].

20Splitting in T�� is defined,andtheconditionsfor splittability aredescribed,in [AMdN].
21In fact, it is anopenproblemin TV� -theory(seee.g.[AMN, sectionon openproblems],whether

therearesuchconcreterelations9s
Id �L�L� d:9 ô on someset £U
 or not. Whatwe shoulddo hereis that
we statethesepropertiesabstractlyon someabstractrelations9s
8d ����� d:9 ô . Theonly differencefrom
thepreviousproofwill thenbethatwedonotknow whether� × inT{TV� . But thisdoesnotmatter, what
weneedis that � Ñ �i$T{T�� and Íe� Ñ �ÏÇ,i@T{TV� .

22This is donein [AN90], whereweuseprojective geometriesfor thepurposesof countingin (2).
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PROBLEM 2.11 Is there a finite schemaaxiomatizablequasi-variety» such that
Eq
� »³��0 Eq

�Å. « � � � , i.e. the variety generatedby » is
. « � � ? Thesamefor. « � ( for ß¦ªêó . I.e. is there a finitely axiomatizablequasi-variety»�� . « � (

such that
. « � ( 0}¿C» ?

Thisproblemis relatedto theexistenceof weaklysoundHilbert-styleinference
systemsfor first-orderlogic, seePart II, Thm.6.5andOpenProblem7.2.

On the structur eof the equationalaxiomatizationsof
. « � ( , . « � � :

Let · beanarbitrarysetof equationsaxiomatizing
. « � ( . As in the

.³.��
-case,· mustbeinfinite,but it canbechosento bedecidable.Unlikethe

.s.��
-case,here

everyoperationsymbolhasto occurinfinitely many timesin · (in the
.³.��

-case,
only theBooleansand = hadto occurinfinitely many times).A similar statement
is true for

. « � � in placeof
. « � ( . For moreon this seeFigure 3.1 and[A97],

[A94]. Concretedecidablesets · areknown, seee.g.[HMTII , pp.112-119],cf.
also[V91], [V95], [Si91], [Si93], [HH97]. However, it wouldbeimportantto find
choicesof · with moreperspicuousstructures,seeProblem2.10.

Let us turn to the relationshipbetween
. « � � andits abstractapproximation« � � . Theseinvestigationsyield information on proof theoreticalpropertiesof

first-orderlogic andof somerelatedlogics. SeeExamples6, 8, 9 in section 7,
especiallytheorems7.4- 7.7.

DEFINITION 2.12( « � � , anabstractapproximationof
. « � � ) A « � � is a nor-

mal
�����

of thesamesimilarity typeas
. « � � in which the j × ’sareself-conjugated

commutingclosure operations,andin which theconstants/ º ×À· satisfythefollow-
ing equations:

(3)’ For all Õo3f¶�3ÏöÇªÑó
(i) jI×�/ ºL×Á·Â0åvV3}j ø / ºL×À·S0w/ ºL×À· if ö é0�Õ63^¶ , / ºL×�×�0äv�30/ ºL×À·S0w/ ºg·t×t3 and/ ºL×Á·~��/ º`· ø ��/ ºL× ø .
(ii) / º ×Á· ��j × x 0 x whenever

x ��/ º ×À· and Õ é0�¶ . ¶
To treat

. « � (*3�« � ( and
. « � � 3�« � � in a unifiedmanner, we replaceó in the

definitionsof
. « � � and « � � with an arbitrary but fixed ordinal & , obtaining. « �' 3�« �' (here&,0�ß and &,0þó areof coursepermitted).23

23Thisgeneralizationwill alsobeusefulin algebraizingvariousquantifierlogicsdifferentfrom clas-
sicalfirst–orderlogic.
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If &�0®ß4ªôó , thenthenewly defined
. « � ( and « � ( areonly definitionally

equivalentwith thepreviouslydefinedones,becausein Def. 2.2we hadonly one
constant/ º in placeof the presentßu ß –many constants/ º ×À· . This definitional
equivalenceis givenby

/ º@0 þ× ã · � ( / ºL×À· and / º�×À·^0�j � (½¼�¾t× ã ·�¿  / º Ó
Sincedefinitionalequivalenceis a very closeconnectionbetweenclassesof alge-
bras,wedid notgivenew namesfor

. « � ( and « � ( .
DEFINITION 2.13 (Locally finite, dimension-complemented« � ’s, and neat-re-
ducts)Let &-3+; beanyordinals.

(i) Let
k #�« � ' ,

x #�m . Then ³ �Gx � def0!D8Õ�#�&CJ�j × x�é0 x P .
â è:' def0!D k #�« �' J � W x #rm^� � ³ �yx � is finite�oP Ó< j ' def0+D k #Ë« �' J � W x #Sm�� � &�''³ �Gx � is infinite��P Ó

(ii) Assume&&��; and
k #z« �>= . Then

Ú ÿ '{k def0!D x #�m2Jd³ �yx �>��&-P , ?A@ 'Uk def0 1 Ú ÿ '{k 36j4w× 35/ º w×À· 9h× ã · � ' .

In theabove, j w× 3&/ º w×Á· denotethecorrespondingoperationsof
k

. It canbechecked
that ?A@ 'Uk #Ë« �' .

Ùrç ' « � = def0+DB?C@ ' k J k #�« � = P . ¶
Theelementsof â è ' and

< j ' arecalled locally finite anddimension–comple-
mented« �D' ’s respectively. ? ÿ 'Uk is calledthe & -neatreductof

k
. We notethat< j ' 0�D k #Ë« �' J � W x #�m�� � &,'�³ �Gx � é0àîV��P Ó

THEOREM2.14 (Relationships24 betweenâ èFE 3 < j ' 3�Ùrç ' « �G= and
. « �' .)

24TheclassesÈ½ÐÑH+HUWL��I wereintroducedby Henkin,andMonk [M61] proved that they arevari-
eties.Thm. 2.14(i) is dueto J. D. Monk. Theequalitiesin (ii) aredueto L. Henkin [H55], while the
inequalityin (ii) wasprovedby J.D. Monk [M69].
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(i)
. « � � 0+¼aÀ�Á9â è � é0!¼a½êâ è � and

< j � � . « � � . I.e. there is no universal
formuladistinguishing

. « � � from â è � , andevery
< j � is representable. The

samehold for all &�ÂÑó in placeof ó .

(ii)
. « �' 0Ö¼eÙrç ' « �' ¯ � 0KJ�D¬¼eÙrç ' « �' ¯  J � #�ó>P é02¼eÙrç E « �' ¯ 
for all & andfor all finite � . ¼.Ùrç ' « �' ¯  is a varietyfor all & and � .

Proof. The positive statementsfollow from [HMTII , 3.2.10,2.6.32(ii), 2.6.50,
2.6.523.2.11].Thenegativestatementsarealsoprovedin [HMTII ] takentogether
with [HMTAN].

¶
The above theoremgivesinformationon the proof theoryof first order logic

(FOL) andon its ß -variablefragmentL ( . Intuitively, it says(in severaldifferent
forms) that the importantfeatureof FOL is not that eachformula involvesonly
finitely many variables,but thatgivenany formula,thereareinfinitely many vari-
ablesit doesnot involve25.

Basedon the above theorem,an inferencesystemis given both for FOL andLß( whichusesthefinite-schemaaxiomatizationof « �' togetherwith a supplyof
variableswhich do not occurin our original formulas.26 I.e. thesevariablescan
occurin a proof,but not in thefinal formulawewantto prove.

25The earliermentionedtheoremsayingthat quasi-projective TV� ’s arerepresentable,alsospeaks
aboutthisphenomenon:theprojectionsareusedfor codingtogetherthealreadyinvolvedvariables,so
thatwe getonemore“unused”variable.This ideacomesthroughclearly in [Si96]. Thesameideais
usedfor proving finite schemaaxiomatizability(i.e. completenessof thecorrespondinglogic) in [S95],
[SGy]. Thesameideais usedfor obtaininganunorthodoxcompletenesstheoremin [Si91].

26Cf. e.g.[HMTII, p.157],[N96], [AGN77, Thm. 3.15]and[Si91]. Cf. alsosection7 herein.
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CHAPTER3

ALGEBRASFORLOGICSWITHOUT IDENTITY

Westartfrom
. « � ' , andwould like to considerits “natural” / º -freereducts.If

we simply omit / º (or / º ×Á· ), thenwe losenot only identity (or equality),but also
our ability to “algebraize”substitutionof individual variableslike ñ �� ñB� Ä × �eÄ ·  
in the logic to bealgebraized.Therefore,beforedroppingthe / º ×Á· ’s, we first add
our termfunctions

Á ×· �Gx �~0�j × � / º ×À· � x � for Õ é0®¶ , Á ×× �yx �-0 x . Now,.�- « ' def0l¼a½;DL1G/ � ' �$��3tj × 3 Á ×· 9 × ã · � ' JL� is a setP Ó.�- « ' ’sarecalledrepresentablesubstitution-cylindricalgebras,cf. [N91], [AGMNS].
They arethesimplestkind in thefamily of polyadic-stylealgebras.Thetheoryof.�- « ' is analogouswith thatof

. « �' , in particular, if &ã©®õ , then
.�- « ' is not

finitely axiomatizable,cf. [ST].

Let ò�ó>¶¸· betheoperatorwhichto any cylindric-typealgebra
k 021Gmn365(3I7�36j × 3/ º ×À· 9 × ã · � ' associatesthe

.�- « ' -typealgebraò�ó�¶y· �Gk � def0%1Qm$3o5(3I7�3tj × 3 Á ×· 9 × ã · � '
where

Á ×· is thederivedoperationof
k

definedabove.Now,
.T- « ' 0à¼�ò�ó ¶y· . « �' .

Thefinitely axiomatizableapproximation
- « ' of

. « �' is definedanalogously,

- « ' def0l¼aò�ó ¶¸· « �D'�Ó- « ' ’sarecalledsubstitution-cylindricalgebras.

THEOREM3.1
- « ' is a finite schemaaxiomatizablevariety containing

.�- « ' .¶
For the simple set of axioms,and for informationon the proof we refer the

readerto [AGMNS]. Cf. also[N91, ò 8].

The theory of the pair
- « ' 3 .�- « ' is almostcompletelyanalogouswith that

of « �' 3 . « �' . The connectionbetween
- « ' -theoryandfirst order logic with-

outequalityis analogouswith theconnectionbetween« �' -theoryandlogic with
equality. In particular, the logic counterpartof the algebraicoperation

Á ×· is the

57



58 ALGEBRAIC LOGIC

“substitution-modality”� Ä × �eÄ ·   , cf. Part II, section7. Thelogics L ¶( and L ¶ á( are
introducedin section7, example7. Let L %( and L % á( denotethefragmentsof these
logicsobtainedby droppingtheconnective � Ä × 3tÄ ·   . Thenthe « � ( 3 . « � ( pair is
stronglyconnectedto L % á( while the

- « ( 3 .�- « ( pair is completelyanalogously
connectedto L %( . Moreon theconnectionbetween

- « ' andlogic canbefoundin
[SN], [MV ], [V95a], [vB96], [N91].

Theclasses« �' 3 . « �' and
- « ' 3 .�- « ' introducedsofar constitutethehearts

of the following two “worlds”: the algebraiccounterpartof logics with equality
(the “cylindric world”), andthe algebraiccounterpartof logics without equality
(the“polyadic world”). In bothworldsonecanintroducenaturalextra operations
like e.g.cardinalityquantifiers,generalizedcylindrifications,but whatdetermines
the mostbasictheorems(remainingtrue for the expandedalgebras)remainsthe« � ' -structureor the

- « ' -structure.Thereforeit seemsreasonableto pay some-
what more attention(say, as a default) to « � ' and

- « ' than to their versions
enrichedwith extraoperators.1- « ' ’swith extraoperators(likee.g. � Ä¬×t3ÅÄ+·4  ) arediscussedin theliteratureunder
thenamesquasi-polyadicalgebras( § Þ � ' ’s) andpolyadicalgebrasrespectively.2

Themostimportantextra operator¹ ×À· is a substitutionoperatorlike
Á ×· ( ¹ ×À· corre-

spondsto the logical connective � Ä¬×t3ÅÄ+·4  in section7, Example7). Let ã � ' � .
Then ¹ þ A � ã"� def0+DL1�Ù A 3?Ù4þL3?Ù ä 3 ÓIÓIÓ 9(J�Ù@#rãCP Ó
I.e., ¹ þ A interchangesÙ þ and Ù A in a sequenceÙ . For Õo3^¶¦ªº& , ¹ ×À· is defined
completelyanalogously. Now,

. § Þ � ' ’s aredefinedto be
.�- « ' ’s enrichedwith

the ¹ ×Á· ’s ( Õo3^¶êª1& ):. § Þ � ' def0l¼a½;DL1G/ � ' ����36jI×h3 Á ×· 3k¹ ×À· 9h× ã · � ' JL� is a setP Ó
Theabstractclass§ Þ � ' approximating

. § Þ � ' isdefinedbyfinitely many axiom-
schemesanalogouslyto thedefinitionof « �' or

- « ' , cf. [N91], [ST], [AGMNS].

Polyadicalgebras(
. Þ �' and Þ �»' ) areobtainedfrom

.�- « ' and
- « ' by adding

infinitary substitutionsandinfinitary cylindrificationsdenotedas
Á+¼

, j �I¸} , for �&J& � & and »C�½& . For thetheoryof thesealgebraswe referto [Ha62], [HMTII ],
[N91]. Cf. also[NS96].

Wenotethatthetheoryof § Þ � ’sseemsto beverystronglyanalogouswith that
of
- « ' ’s. (However, in certainstudies,e.g. when investigatingthe connection

between
.��

’sand « � ’s, « � ’senrichedwith the ¹ ×Á· ’splayavery illuminatingrole

1Of course,no suchrule is valid in general. Actually, pushingthe above considerationsfurther,�eW!H ’s seemto be at theheartof WL��H -theory, too, thereforethey couldbeconsideredasthe coreof
(or basisfor) thealgebraizationsof quantifierlogicsin general.This unifiedperspective for algebraic
logic hasnot beenelaboratedyet.

2 Ío� ’s, ¨OÍo� ’s,andtheirversionswith equalitylike ¨OÍ¿¾8� ’s,originatewith P. Halmos(cf. [Ha62]).�eW ’s originatewith C. Pinter, cf. e.g.[AGMNS] or [N91].
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(cf. [NSi]). The latter algebrasarecalled § Þ � ’s with equality, or § Þ>À � ’s. Cf.
e.g.[HMTII ] for their theory.)

For lack of space,we do not discussfurther the theory of
- « ' ’s with extra

operators(like § Þ � ’s, Þ � ’s,etc).

Thenext figure, taken from [A97] describesthe interconnectionsbetweenthe
operationsj8×Å3&/ ºL×À·V3 Á ×· and ¹ ×À· (in the presenceof the Booleanoperations). (On
thefigure, / ºL×Á·V3 Á ×· aredenotedas º�×À·V3 Á ×Á· , respectively.) On Figure3.1,nodesrep-
resentclassesof algebrasof relationswherethe units are Cartesianspaces( �
( Ãr� ßÉª�ó ), andtheoperationsarethosealongthepathleadingto thenode.A
brokenedgebetweentwo nodesmeansthat thesecondclassis finitely axiomati-
zableover thefirst one,a bold edgemeansnon-finiteaxiomatizabilityover, anda
normalline meansthat it is unknown (to theauthors)whetherfinite or non-finite
axiomatizabilityholds.
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INTRODUCTIONTO PART II

Let us start by putting the subjectmatterof the presentpart (i.e. Part II of the
presentpaper)into perspective.

Theideaof solvingproblemsin logic by first translatingthemto algebra,then
usingthewell developedmethodologyof algebrafor solvingthem,andthentrans-
lating thesolutionbackto logic, goesbackto Leibnitz andPascal.Paperson the
historyof Logic (e.g.Anellis–Houser[AH], Maddux[Ma91]) point out that this
methodwasfruitfully appliedin the v�Ê th centurynot only to propositionallogics
but alsoto quantifierlogics(De Morgan,Peirce,etc.appliedit to quantifierlogics
too). The numberof applicationsgrew ever since. (Thoughsomeof thesere-
mainedunnoticed,e.g.thecelebratedKripke–Lemmoncompletenesstheoremfor
modallogic w.r.t. Kripke modelswasfirst provedby JónssonandTarski in 1948
usingalgebraiclogic.)

For brevity, wewill referto theabovemethodor procedureas“applyingAlge-
braicLogic (AL) to Logic”. Thisexpressionmightbesomewhatmisleadingsince
AL itself happensto bea partof logic, andwedonot intendto deny this. We will
usetheexpressionall thesame,andhope,the readerwill not misunderstandour
intention.

In items(i) and(ii) below wedescribetwo of themainmotivationsfor applying
AL to Logic.

(i) This is themoreobviousone: Whenworking with a relatively new kind of
problem,it oftenprovedto beusefulto “transform”theprobleminto awell under-
stoodandstreamlinedareaof mathematics,solve theproblemthereandtranslate
the resultback. Examplesincludethe methodof LaplaceTransformin solving
differentialequations(a centraltool in ElectricalEngineering).3

In thepresentpartwe definethealgebraiccounterpartAlg
� ðB� of a logic ð to-

getherwith thealgebraiccounterpartAlg  � ð(� of thesemantical-modeltheoretical
ingredientsof ð . Thenwe proveequivalencetheorems,which to essentiallogical
propertiesof ð associatenaturalandwell investigatedpropertiesof Alg

� ð(� such
that if we want to decidewhetherð hasa certainproperty, we will know what to
askfrom our algebraiciancolleagueaboutAlg

� ð(� . Thesamedevicesaresuitable
for findingoutwhatonehastochangein ð if wewantto haveavariantof ð having
a desirableproperty(which ð lacks). To illustratetheseapplicationswe include
severalexamples(which dealwith variousconcretelogics) in section 7. For all
this, first we have to definewhatwe understandby a logic ð in general(because

3At thispointweshoulddispellamisunderstanding:In certaincirclesof logiciansthereseemsto be
a belief thatAL appliesonly to syntacticalproblemsof logic andthatsemanticalandmodel-theoretic
problemsarenot treatedby AL or at leastnot in their original modeltheoreticform. Nothingcanbe
asfar from the truth asthis belief, ase.g.looking into thepresentpart (i.e. Part II) shouldreveal. A
variantof thisbelief is thatthemainbulk of AL is aboutofferringa cheappseudosemanticsto Logics
asasubstitutefor intuitive, modeltheoreticsemantics.Again,this is very far from beingtrue.
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otherwiseit is impossibleto definee.g.thefunctionAlg associatingaclassAlg
� ðB�

of algebrasto eachlogic ð ).

(ii) With the rapidly growing varietyof applicationsof logic (in diverseareas
likecomputerscience,linguistics,AI, law, physics,etc.) thereis agrowingnumber
of new logicsto beinvestigated.In this situationAL offersusa tool for economy
anda tool for unificationin variousways. Oneof theseis thatAlg

� ð(� is always
a classof algebras,thereforewe canapplythesamemachinery, namelyuniversal
algebra,to studyall thenew logics.In otherwords,webringall thevariouslogics
to a kind of “normal form” wherethey canbestudied,compared,andevencom-
binedby uniformmethods.Moreover, for mostchoicesof ð , Alg

� ðB� tendsto ap-
pearin thesame“area” of universalalgebra,hencespecializedpowerful methods
lendthemselvesto studying ð . Thereis a fairly well understood“map” available
for the landscapeof universalalgebra. By usingour algebraizationprocessand
equivalencetheorems,wecanprojectthis “map” backto the(far lessunderstood)
landscapeof possiblelogics.

In section 7, we will illustratetheaboveoutlined“applicationof AL to logic”
by usingthe AL-resultsof Part I, as follows. In Part I, we studiedvariousdis-
tinguishedclassesof algebras,like e.g.

. « � ( . Here,after studyingthe bridge
( ð ��

Alg
� ð(� etc.) betweenthe world of logics and that of algebras,we look

up thosedistinguishedlogicsto which thedistinguishedalgebrasof Part I belong.
E.g.wewill find acertainlogic L�( for which

. « � (�0 Alg
� L�(�� . Thenwewill use

resultsin Part I about
. « � ( to establishpropertiesof L�( . For this,wewill usethe

“equivalencetheorems”establishedin section 6 (of Part II). Besides
. « � ( andLß( , a similar procedurewill beappliedto otherdistinguishedclassesof algebras

(from Part I) andotherdistinguishedlogics.

The approachreportedhereis part of a broader, joint approachwith W. Blok
andD. Pigozzioutlinedin [ABNPS]. Thepresentpartcontainsonly a somewhat
specializedversionof that generalapproach,in order to suit the specialneeds
of the presentwork. Besides[ABNPS], we refer to [BP89], [BP91], [Cz97],
[P91], [FJ94], [FJ97], [PP], [CzP],aswell as[ANSK], [HMTII , sections5.6,4.3],
[AKNS], [NA], [M96], [H96], [Mi95] for themoregeneralapproach.Theseman-
tic aspectof thisapproachgoesbackto e.g.[AN75], [AGN77], [AS].





CHAPTER4

GENERALFRAMEWORK FORSTUDYING LOGICS

DEFINITION 4.1(logic) Bya logic ð wemeananorderedquadrupleð def0�1F,B3DË³3-ø�3�_ 0O9�3
where (i)–(iv) belowhold.

(i) , (calledthesetof formulasof ð ) is a setof finite1 sequences(calledwords)
oversomeset ã (calledthealphabetof ð ).

(ii) Ë (calledtheprovability relationof ð ) is a relationbetweensetsof formulas
and formulas,that is, Ë%� ��� ,$�@ �, . Following tradition2, insteadof
“ 1Æñ^38ñs9>#¡Ë ” wewrite “ ñ�Ë�ñ ”.

(iii) ø is a class3 (calledtheclassof modelsof ð ).

(iv) _ 0 (calledthevalidity relation) is a relationbetweenø and , that is, _ 0l�øû *, . Insteadof “ 1Gõl38ñs9>#Ë_ 0 ” wewrite “ õ`_ 0�ñ ”.

If ð is a logic, thenby ,�Ì , Ë�Ì , øÍÌ , _ 0ÎÌ wedenoteits correspondingparts.¶
Intuitively, , is thecollectionof “texts” or “sentences”or “formulas” thatcan

be“said” in thelanguageð . For »���, and ñ&#�, , theintuitivemeaningof »�Ë÷ñ
is that ñ is provable(or derivable)from » with thesyntacticinferencesystem(or

1With this we excludeinfinitary languageslike Ï�ÐBÑ Ò�dFÏ é Ó Ñ Ö . This exclusionis not necessary, all
themethodsgo throughwith somemodifications.Actually, occasionallywe will look into properties
of thefinite variablefragmentÏ é Ó Ñ Ö of infinitary logic, becauseit naturallyadmitsapplicationsof our
methodsandplaysanessentialrole in finite model-theoryandin theoreticalcomputerscience.

2This traditionis usedfor all binaryrelations:if Y is a binaryrelation,theninsteadof b°_edf`hg²i@Y
wesometimeswrite _(Y�` .

3Althoughit is notautomaticallypermittedin the“mostofficial” versionof settheory(ZF),wemay
assumethatfor any four classesÔ]�od �L��� dRÔÖÕ thetuple b�ÔÏ�6d �L�L� d:ÔÖÕ4g existsandis againaclass.This
doesnot leadto settheoreticalparadoxes.Whatoneshouldavoid is assumingthatthecollectionof all
classeswould (exist and)form a classagain(andvariantsof this). For moreon this cf. [HMT, p.34,
first 10 lines],[HMT, p.25],[AHS, � 2, pp.5-8],or almostany work onabstractmodeltheory.

65
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deductive mechanism)of ð . In all importantcases,Ë is subjectto certain(well-
known) conditionslike »×Ë�ñ and »Â5uD+ñ~P¡Ë4� imply »ØËÉ� for any »ß�Ù,
and ñ(3>��#�, . Theclassø of modelsis understoodin thespirit of modeltheory:
Themodelsõ #�ø of ð arethoughtof as“possibleenvironments”or “possible
interpretations”or “possibleworlds”, cf. All én[Al]. Herea possibleworld is not
thesameasthe technicaldevicescalledpossibleworlds in a Kripke model. The
validity relationtellsuswhich textsare“true” in whichpossibleenvironments(or
worldsor models)underwhatconditions.Usually , and Ë aredefinedby what
arecalledgrammarsin mathematicallinguistics. 1F,B3�Ë�9 togetherwith thegrammar
definingthemis calledthesyntacticalpart of ð , while 1ÆøÍÌs3+_ 0O9 is thesemantical
part or modeltheoreticalpart of ð 4.

As abinaryrelationbetweenø and , , _ 0 inducesaGalois-connectionbetweenø and , , andin particular, it definestwo closureoperators,oneon ø andoneon, . Next, wecollectsomeof therelevantdefinitions.

DEFINITION 4.2(theory, models,consequences)

(i) Let Ú �)ø and ñ���, . Then

Ú\_ 0ÎÌrñ iff
� W�õú#*Ú,� � Wiñu#z,$�hõ`_ 0ÎÌ�ñ Ó

We will write Ú\_ 0�ñ in placeof Ú\_ 0�Dgñ-P andsimilarly whenÚ�0D8õlP .Û�Ü Ì � Ú,� def0+Dgñ&#�,ßJwÚ _ 0�ñ~P , thetheoryof Ú , and¸@¹NºgÌ � ñB� def0!Dõú#rø J¬õ`_ 0àñ:P , theclassof modelsof ñ .

(ii) Semanticalconsequence, valid formulas:Let ñ,5ÂD+ñ~P$��, . Thenñ _ Ý0 Ì ñ iff ¸n¹Nº � ñB�Þ_ 0 Ì ñ~3
ñ is a semanticalconsequenceof ñ ._ 0ÎÌ�ñ iff ø`_ 0ÎÌ�ñ . In thiscasewesaythat ñ is a valid formulaof ð .

4Cf. Sections14, 15 of Gabbay[Gab3] for moreintuitive motivation on how andwhy theseparts
arehighlightedin a logic.

At this point a naturalobjectionsuggestsitself: Why is ÔCÞ an arbitraryclass?Why did we not
assume(like in Barwise-Feferman[BF]) that ÔCÞ is a classof first orderstructuresor of algebraic
systems?The answeris (i)-(iii) below. (i) In institutionstheory they do the samewhat we do and
for the samereasons.Cf. the subsection“Connectionswith the literature” at the very end of the
presentsection.(ii) Wearedevelopingageneraltheory, andwedonot know in advancewhatkindsof
structureswill bethemodelsof our Ï . E.g. they maybeclassicalfirst ordermodels,they mayor may
nothaveatopologicalstructuretoo,they maybepropositionalKripke-models,they mayhaveinfinitary
relationson them(cf. [HMT, � 4.3]), they maybemodelsof intensionallogic in thesenseof Montague
etc. Therefore,at the very beginning, we do not want to commitourselveson exactly what kinds of
mathematicalobjectswill the elementsof ÔCÞ be. (iii) All the same,during the developmentof our
theory, wewill imposesomestructureon ÔCÞ (but only gradually).Thisstructure-imposingprocessis
carriedevenfurtherin [ABNPS], cf. e.g.“concretesemanticalsystems”therein.
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(iii) Axiomatizableclassesof models:¸n¹Nº Ì Û{Ü Ì � Ú,� is calledtheaxiomatizablehull of Ú . Ú is axiomatizableiffÚä0+¸@¹�º Ì � ñB� for someñ��%, . In this casewealsosaythat ñ describes
or definesÚ .

(iv) Provability, or derivability:Ë Ì ñ iff îßË Ì ñ , in this casewesaythat ñ is provableor derivablein ð .
If ñ�Ë Ì ñ , thenwesaythat ñ is provablefrom ñ (in ð ).

If there is no danger of confusion,we will omit the subscript ð from _�Ý0 Ì ,
Û�Ü Ì ,¸@¹Nº Ì etc.
¶

REMARK
Û{Ü ¸@¹Nº and ¸@¹Nº Û�Ü arethetwoclosureoperatorsinducedby _ 0 . The

semanticalconsequencerelation _�Ý0 is a binary relationbetween
��� ,$� and , ,

just like Ë is. To treat Ë and _FÝ0 uniformly, in someplacesa logical systemis
definedto be 1F,B3÷_ � 9 where _ � � ��� ,$�^ à, . E.g. Blok-Pigozzi[BP89] uses
this definition. In this notion, _ � canmeaneitherthederivability relationor the
semanticalconsequencerelation á�Ýâ . Connectionsbetweenour conceptionof a
logic andtheliteraturewill bediscussedat theendof thissection. ã

Thedefinitionof a logic in Def. 4.1 is very broad.Actually, it is too broadfor
proving interestingtheoremsaboutlogics.Now wewill defineasubclassof logics
whichwewill call algebraizablesemanticallogics. Thenotionof analgebraizable
logic is broadenoughto coveraverylargepartof thelogicsinvestigatedin thelit-
erature5. Ontheotherhand,theclassof algebraizablelogicsis narrow enoughfor
proving interestingtheoremsaboutsuchlogics,thatis, wewill beableto establish
typical logical factsthathold for mostlogicsstudiedin theliterature.

Below, in Definitions4.3–4.10,wecollectsomecommonfeaturesof logics.

We will discusstheusualextraassumptionsoneusuallymakesabouta logic ä
in the following order. First we discuss(assumptionson) thedistinguishedparts
of ä beginningwith ,åÌ andendingwith á â Ì . Thenin Def. 4.10,we will discuss
(assumptionson) how thesepartsare put together. Often, what we call “extra
assumptions”herewill alsoimply “extrastructure”.

Theset , of formulasis usuallydefinedby fixing a set æÎç of logical connec-
tivesanda set è of atomicformulas:

5Moreover, in Remark4.11we will indicatehow to extendthemethodsof thepresentwork from
algebraizablelogicsto abroaderclasscalledprotoalgebraicsemanticallogics.Thelatteris reallybroad
enoughto cover mostlogicsin theliterature.



68 ALGEBRAIC LOGIC

DEFINITION 4.3( ä hasconnectives) (i) Assumethat two sets, è and æÎç are
given,such thateveryelementof æÎç hasa finiterank.Thené�êFèìëmæÎç�í denotesthe
smallestset î satisfying(1),(2)below:

(1) è�ï�î , and

(2) for every ðGñ�ëkò�òkò�ëmðGóAôzî and õ8ô�æÎç of rank ö , õ�êFðGñ�ëkò�òkò�ë+ðGó�íDô�î .

Notethat é�ê�èìëmæÎç�í is theuniverseof theword-algebra of type æÎç generatedbyè .

(ii) We saythat é�÷ is givenby øFèìëmæÎç�ù if é�÷ â é�ê�èìë�æÎç�í . In this casewe
saythat è is the setof atomicformulasor atomicpropositionsof ä , and æÎç is
the setof logical connectivesof ä . è is also called the vocabulary of ä 6. The
word-algebrageneratedby è andusingthelogicalconnectivesof æÎç asalgebraic
operationsis denotedby ú , andis calledthe formulaalgebraof ä . Notethat ú âø�éìëmõ$û7ù+ü+ýwþ�ÿ where õ$ûåê�ð ñ ë�òkò�ò�ë+ð ó í defâ õ�êFð ñ ëkò�òkò�ëmð ó íDô�é for all ð ñ ëkòkò�òkëmð ó ô�é
and ö -ary connectiveõÎô*æÎç .

(iii) We saythat ä hasconnectivesif é�÷ is givenby ø�èìëmæÎç�ù for someèìë�æÎç .
In thiscaseusuallyweassumethat øFèìëmæÎç�ù is giventogetherwith ä . ã

Next we turn to inferencesystems� ÷ . Inferencesystems(usuallydenotedas� ) aresyntacticaldevicesservingto recapture(or at leastto approximate)these-
manticalconsequencerelationof thelogic ä . Theideais thefollowing. Suppose� á �â ð . This meansthat, in the logic ä , theassumptionscollectedin

�
semanti-

cally imply theconclusionð . (In any possibleworld or model � of ä whenever�
is valid in � , thenalso ð is valid in � .) Thenwewouldliketo beableto repro-

ducethis relationshipbetween
�

and ð by purelysyntactical,“finitistic” means.
Thatis, by applyingsomeformal rulesof inference(andsomeaxiomsof thelogicä ) wewould like to beableto derive ð from

�
by using“paperandpencil” only.

In particular, sucha derivationwill alwaysbea finite stringof symbols.If wecan
do this, thatwill bedenotedby

� �±ð .

Inferencesystemsareusuallygivenby axiomsand inferencerules. Theseax-
ioms andrulesuseformula-schemesin placeof concreteformulas. A formula-
schemeis just likeaformula,theonly differenceis thatit is built upfrom formula-
variables(i.e. metavariablesrangingover formulas)in placeof atomicformulas.

DEFINITION 4.4(formula-scheme,Hilbert-styleinferencesystem) (i) Assumethatéå÷ is givenby ø�èìë�æÎç�ù . We will call ��� , �	��
 formula-variables, and é� will

6Sometimes,informally, � is also called the set of “propositionalvariables”. Here one should
emphasizethattheconnotationsof thisnamearemisleading.
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denotethesetof all formula-variables,i.e. é� â�� ����������
�� . Theelementsofé�êFé�
ë�æÎç�í are called formula-schemes, and é� will denotethe setof formula-

schemesof ä . I.e. é� defâ é�êFé�
ë�æÎç�í . An instanceof a formula-schemeis obtained
bysubstitutingformulasfor theformulavariablesin it. A formula-schemeis called
valid if all of its instancesarevalid.

(ii) An inference-rulefor ä is a pair ��ø�� ñ ëkò�òkò�ë�� ó ù$ë����! , where every ���
ê"�$#ö)í is a formulaschemeof ä . Thisinferencerule will bedenotedby� ñ ë�òkòkò�ë�� ó� � ò
An instanceof an inferencerule is obtainedby substitutingformulasfor the

formula variablesin the formula schemesoccurring in the rule. An inference
rule ø+ø%� ñ ëkòkò�òkë�� ó ù$ë����Bù is called valid if � ð ñ ëkò�òkòkëmð ó � á �â ð&� for all instancesø+ø�ð ñ ë�òkò�ò�ë+ð ó ù�ë+ð&��ù of it. Valid inferencerulesare alsocalledadmissiblerulesor
stronglysoundrulesin theliterature.

(iii) A Hilbert-style inferencesystem(or calculus) for ä is a pair ø('$)�ë+*-,�ù
where '�) is a finitesetof formula-schemesand *., is a finitesetof inferencerules
for ä .

(iv) A Hilbert-style inferencesystem/ â ø0'�)åë1*.,�ù definesa provability or
derivability relation � as follows. Assume

�32 � ð�� ï/é . We saythat ð is � -
derivable (or � -provable) from

�
iff there is a finite sequenceø�ð ñ ëkòkò�òkëmð�ÿ)ù of

formulas(an � -proofof ð from
�

) such that ð>ÿ is ð andfor every 4.#5�6#1ç7 ð � ô � or7 ð � is an instanceof anaxiomscheme(anaxiomfor short)of / or7 there are 8 ñ ë�òkòkòkë%8 ó �9� , and there is an inferencerule of / such that:!;(<>=@?@?@? = :A;"B:DC is an instanceof this rule.

We write
� � ð if ð is � -provablefrom

�
. Now � âE� ø � ë+ðGùF� � �¯ð�� . We say

that � is givenby ø('$)�ë1*.,�ù . Throughout,weidentify / with � , e.g. wesaythat ð
is anaxiomof � . ã

Next, we turn to the semanticsGÍ÷ , á â ÷ of ä . Usually, validity of formulas
in models,i.e. á â ÷ is definedindirectly by first definingsomethingmorebasic,
namelythemeaningsor denotationsof formulas(andof otherkindsof syntactic
entitiesbelongingto the language)in models. The idea is that the meaningof
somesyntacticentity (like a noun-phrase,or a sentence)neednot always be a
truthvalue.Therefore,first we definea so-calledmeaningfunctionwhich to each
syntacticentity ð andeachmodel � associatessomesemanticentity H±çJI�ê�ðDë1� í
calledthemeaningof ð in � . After knowing whatthesyntacticentitiesmeanin
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themodels,onemaybeableto derive informationaboutwhichsentencesaretrue
or valid in whichmodels.

DEFINITION 4.5(meaningfunction, ä is compositional)(i) Let HzçJI beanyfunc-
tion mappingéLKMG into a class;andlet uscall H±çJI�ê�ðDë1� í themeaningof ð in� . For a fixed � ôNG , thefunction H±çJI!O mappingé to thesetof meanings7

is definedby letting for all ð¯ô*é
H±çJI O ê�ðGí defâ H±çJI�ê�ðDë1� í$ò

We saythat HzçJI is a meaning-functionfor ä , if validity of a formuladepends
onlyon its meaning, i.e. if ê%Pwí belowholds:

ê%Pwí HzçJI O êFðGí â HzçJI O ê"QDí âSR T � á â ð iff � á â QVURò
(ii) Assumethat ä hasconnectives.We saythat themeaning-functionHzçJI is

compositionalif themeaningsof formulasare built up fromthemeaningsof their
subformulas,i.e. if theconditionbelowis satisfiedfor all ð � ëWQ � ôÍé , 4YX��$X6ö
and ö -ary connectiveõÎô*æÎç :

óZ�\[ ñ HzçJI!O ê�ð � í â HzçJI!Oàê(Q � í âSR
HzçJI O êFõ�ê�ð ñ ëkòkò�òkëmð ó íyí â H±çJI O ê�õ�ê(Q ñ ë�òkòkòkëWQ ó íyí�ò

This condition saysexactly that HzçJI!O is a homomorphismon the formula
algebra. We saythat ä is compositionalif it hasconnectivesanda compositional
meaning-function(w.r.t. theconnectivesof ä ). Thispropertyis traditionallycalled
Frege’sprincipleof compositionality.

(iii) Fromnowon,bya logic ä weunderstanda logic with a meaning-function,
i.e. ä â ø�é]��ë+G ë1H±çJI�ëBá â ù , where H±çJI is a meaning-functionfor therestof ä .ã

Ontheingredientsof alogic: Let ä â ø¸òkò�òWHzçJI7ë�á â ù bealogic. Then,usingthe
terminologyof Frege,Carnap,Montagueasin [vBtM], H±çJI representsthe inten-
sional (or denotational)aspectsof semantics,while á â representstheextensional

7We usethe word “meaning” in the senseFrege used“intension” or “sense”. It is importantto
emphasizethat“meaning”is muchmoregeneralthan“extension”or truthvalue(thoughfor somelogics
the two may coincide). Furtherdenotation(e.g. in Partee[Pa]) canbe identifiedwith what we call
“meaning”. As an example,let ^ be RichardMontague’s intensionallogic. Then _$`Dacbed�f0gih is
exactlywhatMontaguecallstheintensionof d in g . Seealso[Pa, pp. 1–18]onmeaning(s).It seems
thatwe areusingtheword “meaning” in thesamesenseasJanssen[Ja, pp. 419–470]does.Whatwe
call themeaningfunction _-`Aakj is calledameaningassignmentin [Ja,p. 423].
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(or truth-valueoriented)aspectof semantics,in ä . Therefore,thoseapproachesto
generallogics in which H±çJI is repressed,seemto beextensionallyoriented(cf.
e.g. institutionstheorye.g. in Gabbay[Ga94, p. 359]),while theonesemphasiz-
ing HzçJI (e.g. Andréka-Sain[AS], [HMTII ], Epstein[E], Sain[S79]) seemto be
intensions-oriented(or senseor denotationsoriented).

In many logicswehaveaderivedconnective l andaformuladenotedas m�n>,Jo
whichestablishastrongconnectionbetweenH±çJI and á â , namely

(i) H±çJI!O ê�ðGí â H±çJI!Oàê"Qìí if f � á â ðplqQ , and

(ii) � á â ð if f H±çJI O ê�ðGí â H±çJI O ê"m$nr,Jo�í .
In theselogics thereis a strongconnectionbetweens�tTê(� íÖï é andthekernel
of themeaningfunction ö�orn¿ê"HzçJI!Ozí�ï½éuK*é , namelythekernelof HzçJI!O ands�t!ê"�×í arerecoverablefrom eachother.8 Wewill saythat ä hasthefilter-property
if f therearederivedconnectivesthatgeneralizetheabovesituation.

DEFINITION 4.6( ä hasthefilter-property) (i) A ö -ary derived connective is a
formula-scheme v ô é� using the formulavariables� � ë�òkòkò�ë+��órw`ñ only. Ifð � ë�òkò�òkë+ðGórw`ñ areformulas,then vzê�ð � ë�òkò�òkë+ðGórw`ñkí denotestheinstanceof v when
wereplace� � ë�òkò�òkë+��órw`ñ by ð � ëkòkò�ò , ð>ó>w�ñ respectively.9

(ii) Wesaythat ä hasthefilter-propertyiff therearederivedconnectivesx � ë�òkòkò�ëxzy-w�ñ and { � ë�òkòkò�ë1{|y$w`ñ (unary) and v � ëkòkò�ò , v ÿ w�ñ (binary) ( Hàë+çàô}
 ) of ä
with thefollowingproperties:For all ðDë1Q½ô*é andfor all � ôiG

(1) H±çJI!O ê�ðGí â H±çJI!Oàê"Qìí�~ R êe���V��ç�í T � á â ð�v � Q6U .
(2) � á â ð�~ R ê���8Y��H�í T HzçJI!Oàê"x|�gêFðGíyí â H±çJI!O ê({��gê�ðGíyí�U . ã
In thecaseof classicallogic,wecanchoosetheabovederivedconnectivessuch

that v is “ l ”, x)ê�ðGí is ð , and {¿êFð>í is “True”.

Finally, most logics have somesubstitution-invarianceproperties. In this re-
spectweusuallyexpecta logic to besubstitutionalin thesenseof Def. 4.7below.
If it is not, thenwe rathertreatit asa “theory” of a substitutionallogic. For such
examplesseesection 7 (Examples)or [AKNS].

8If � is a function,then �>�1�|be�zh��������cf����J�|�Db��|h��}��b\��h0� .
9Thealgebraiccounterpartof “derivedconnective” is “term function”. If � is binary, thenwe will

write d���� in placeof �-b�dJf(�Jh .
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DEFINITION 4.7( ä hasthesubstitutionproperty) (i) By a substitution� weun-
derstanda function ���è�� é (we will “substitute” �6ô6è with �!ê���í*ô é ).
If ð ô×é , then ðìê �S z�!ê ��íyí denotesthe formula we obtain from ð after simulta-
neouslysubstituting�!ê���í for everyoccurrenceof � , for all �1ô1è in ð . In other

words, ðìê �¡ z�!ê �7íyí defâ£¢�!ê�ðGí , where ¢� is the (unique)extensionof �}��è¤� é to a
homomorphism¢���ú�� ú . 10

(ii) ä hasthe(syntactic)substitutionproperty(or ä is substitutional) iff for any
formula ð¯ô*é andsubstitution�¥�wè¦� é

á â ð implies á â ðìê �S z�!ê ��íyí�ò
Thismeansthat a formulaof ä is valid iff the correspondingformulaschemeofä is valid (whereweget thecorrespondingformulaschemebysubstitutingatomic
formulas�§�>ô�è with formulavariables ���Gôzé� ).

(iii) ä hasthesemanticalsubstitutionpropertyiff for anymodel � ô¨G and
substitution��wè¦� é there is anothermodel©Kô�G such thatH±çJI!ª ê«�7í â H±çJI!O ê0�!ê���íyí for all �*ô*èìò
Intuitively, themodel© is thesubstitutedversionof � along � . ã

Thesemanticalsubstitutionpropertysaysthattheatomicformulascanhavethe
meaningsof any otherformulas. (This statementwill bemadeprecisein Propo-
sition 5.2.) Exampleswherewe have anddo not have this propertyaregiven in
section 7. We statethenext propositionwithout its simpleproof.

PROPOSITION4.8 If a logic ä hasthefilter-propertyandthesemanticalsubsti-
tutionproperty, thenit hasthesyntacticsubstitutionproperty, too. ã

Thus,a “fully-fledged” logic ä â ø�éìë���ë+G ë1H±çJI�ëBá â ù sometimesis given asä â øyøFèìëmæÎç�ù$ëBø('$)�ë1*.,�ù$ë�G ëWHzçJI7ë�á â ù . Often,not all partsof a logic aregiven.
Sometimeswehaveonly ø�éìë���ù andwearesearchingfor a“semantics”ø0G ë1H±çJI�ëBá âù for it suchthate.g. øFéìë���ë�G ëWHzçJI7ë�á â ù is complete.11 Or, evenmoreoften,we
have øFéìë+G ë1H±çJI�ëBá â ù andwe aresearchingfor a provability relation � suchthatø�éìë���ë+G ë1H±çJI�ëBá â ù would becomplete.SometimesøFéìë���ù is calleda “deductive
logic” (or syntacticone),while ø�éìë+G ë1H±çJI�ëBá â ù is calleda “ semanticlogic” (cf.
e.g. [ABNPS]). (Though,oneshouldkeepin mind that ø�éìë�á �â ù is a “deductive
logic” in this sense.)Fromnow onwewill oftenomit somepartsof a logic. Most

10Sucha uniqueextensionexists because¬ is the word-algebrageneratedby � , i.e., in algebraic
terms,it is freelygeneratedby � .

11Completenessof a logic will bedefinedin Def. 6.1in section 6.
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oftenwewill dealwith ø�éìë+G ë1H±çJI�ëBá â ù andwewill saythat ä â øFéìë+G ë1H±çJI�ëBá â ù
is a logic or morecarefully, asemanticallogic. Mostof thenotionsaremeaningful
for it, e.g.that ä is compositionaletc.

DEFINITION 4.9 (Algebraizablesemanticallogic, structural logic) Let ä âøFéìë+G ëWHzçJI�ëBá â ù bea logic in theabovesense.7 We say that ä is structuralif ä is compositionaland has the semantical
substitutionproperty.7 We saythat ä is an algebraizable12 semanticallogic if ä is structural and
hasthefilter-property. ã

In mostcases,thesetè of atomicformulasis aparameterin thedefinitionof the
logic ä . Namely, è is afixedbut arbitrary set.Soin asense,ä is a functionof è ,
andwecouldwrite ä� (insteadof ä ) to make this explicit. Mostoftenthechoice
of è hasonly limited influenceon thebehaviour of ä . However, we will have to
rememberthat è is a freely chosenparameterbecausein certaininvestigations,
thechoiceof è doesinfluencethebehaviour of ä� .

DEFINITION 4.10 (Generallogic, algebraizablegenerallogic)

(i) A generallogic is a function(or indexedfamily)® defâ ø ä  �8è is a setù�ë
where for each set è , ä� â øFé¥{ë+G¯ìë1H±çJI�DëBá â 
ù is a logic in the above
sense.

(ii) We saythat
®

hasconnectivesiff there is a set æÎç of connectivessuch that
for everyset è , æÎç is thesetof connectivesof ä� in thesenseof Def. 4.3and è
is thesetof atomicformulas13 of ä� , i.e. é¥ â é�ê�èìë�æÎç�í for all è . Sometimesè is calledthevocabulary of ä� .

(iii)
®

is compositionalif it hasconnectivesand ä  is compositionalfor all è .

(iv)
®

hasthe filter-property iff there are derivedconnectivesx � ëkò�òkò�ë�xzy-w�ñ ,{ � ëkò�òkò�ë+{�y-w�ñ , v � ëkò�òkò�ë�v ÿ w�ñ (commonfor all possiblechoicesof è ) such thatä� hasthefilter-propertywith these, for all è .

12Thedefinitionof algebraizabilityoriginateswith Blok andPigozzi,cf. e.g.[BP89].
13We aremakingsimplificationsnow. It is not necessaryto have ^¡° in ± for all sets � . What

is neededfor our investigationsis that for all cardinality ² therebe a � suchthat the setof atomic
formulasof ^ ° hascardinalityat least² .
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(v)
®

hasthesubstitutionpropertyiff for all èìë+³ , ��wè¦� é¥´ , and ð¯ô*é¥ ,

á â  ð implies á â ´ ðìê �J z�!ê �7íyí�ò
(vi)

®
hasthesemanticalsubstitutionpropertyiff for all setsèìë+³ , ��wè¦� é¥´

and � ô�G¯´ there is ©Ùô�G¯ such that HzçJI ´Ouµ ¢� â HzçJI�ª .

(vii)
®

is an algebraizablegenerallogic iff
®

is compositional,hasthe filter-
property, andhasbothsubstitutionproperties,

®
is structuralif it is compositional

andhasthesemanticalsubstitutionproperty.

(viii) Thenotionsof a formula-scheme, valid formula-scheme, valid rule, and
Hilbert-styleinferencesystemfor a general logic are theobviousgeneralizations
of their versionsgivenfor (non-general) logics ä , cf. e.g. Def. 4.4.

(ix) By a fully fledgedgenerallogic weunderstanda function® â ø�ä  �wè is a set ù
such that for each set è , ä� â ø�é¥�ë��Jìë�G¯ìëWHzçJI�DëBá â 
ù is a fully fledged
logic i.e. ø�éìë���ù is a deductivelogic, øFéìë+G ëWHzçJI�ëBá â ù is a semanticallogic, and�  ï á �â$ . Items(ii)–(vii) aboveextendto thefully fledgedcasethenatural way.ã
REMARK 4.11 Wenotethat

®
is analgebraizablegeneral logic iff ä  is analge-

braizablesemanticallogic for all è , theconnectivesandthederivedconnectives
for thefilter-propertyare thesamefor all è , andtheconditionbelowholdsfor allè ï3³ : ¶

HzçJI O �$� ô�G �· â�¸ ê"HzçJI ´O í	¹¿é  �$� ô�G ´-º ò
Intuitively, thisconditionsaysthat ä� is thenatural restrictionof ä�´ . ã
REMARK 4.12 Thetheoriesof semanticallogics ä¼» â øFéìë+G ë1H±çJI�ëBá â ù andde-
ductivelogics ä¼½ â ø�éìë��>ëmù arebestwhendevelopedin a parallel fashion,cf. e.g.
[ABNPS]. Throughoutthis remarkweassumethat ä�» is structural (cf. Def.4.9).

We called ä » algebraizableiff it hasthe filter property. An analogousdefini-
tion for algebraizability of ä ½ wasgiven in the papers of Blok and Pigozzi,cf.
[BP89]. Thereareweaker propertiesof ä ½ studiedin theBlokandPigozzipapers
which propertiesalreadyenableoneto apply(at leastpart of) themethodologyof
algebraic logic to thelogicsin question.
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Logicswith thesepropertiesarecalled“pr otoalgebraic”, “equivalential”, and
“weakly algebraizable”.14 (There are othersuch propertiesin the literature, but
the weakest one facilitating application of our methodology seemsto be being
protoalgebraic.) Asweimplied,thepropertiesof beingprotoalgebraic andequiv-
alentialnaturally extendto semanticallogics.

We call a semanticallogic ä » protoalgebraiciff there is a set v±êFðDëWQDí â� v � ê�ðDëWQìí¼�z�»ô}/�� of derivedconnectivessuch that

ê�P�í á â vzê�ðDëmð>í and � á â v±êFðDëWQDí R¾T � á â ðÀ¿Á� á â QVURë
for all � ôÂG , and ðDë1Q½ôzé .ä�» is calledequivalentialiff there is v asin ê%Pwí above, but such thatCondition
(1) in Def.4.6holdsfor this v and ä » .ä » is called weakly algebraizableiff it is protoalgebraic and there are setsx)ê")�í â¯� x � ê")�í¼�z�»ô}/�� and {¿ê()7í â¯� { � ê()7í¼�z�ôi/�� asin Def.4.6(2).

Clearly, if ä » is both equivalentialand weaklyalgebraizable, then ä » is in-
finitelyalgebraizable, where “infinitely” meansthat v ëWx¿ë1{ maybeinfinitesetsof
derivedconnectives.(If they are finite, then ä » is algebraizable.) To keeptherest
of this discussionshort,weconcentrateon protoalgebraic andequivalential(but
all whatwesaycanbeextendedto weaklyalgebraizable, too).

We notethat if ä�» is protoalgebraic (or equivalential),thenso is its deductive
counterpart ø�éìë á �â ù in the senseof e.g. [CzP]. Moreover, ä¼½ is protoalge-
braic/equivalentialin the senseof [CzP] iff there is a semanticallogic ä�» such
that ä�½ â øFéìëBá �â ÷�Ãkù and ä�» is protoalgebraic/equivalential,respectively. For the
methodof proving such equivalencetheoremswe refer to Font-Jansana[FJ94]
and[ABNPS]. We alsonotethat

protoalgebraic Ä equivalential Ä algebraizable

for semanticallogics (the sameappliesto deductiveones,too). Themachinery
(algebraizationprocess,equivalencetheoremsetc)developedin thepresentwork
doesextendto protoalgebraicandequivalentialsemanticallogics(fromalgebraiz-
ableones).Cf. e.g. Hoogland[H96], Hoogland-Madaŕasz[HoM] for part of this
extension. For brevity, in this work we presentthe above mentionedmachinery
for the caseof algebraizablelogics only, at thesametime inviting the interested
readerto extendthis machineryto theprotoalgebraic and/orequivalentialcases,
too. ã
Connectionswith the literatur e: Whatwe call a fully fledgedlogic ä â øFéìë��ë�òkòkòkëBá â ù was called15 a “formalism” in Tarski-Givant [TG, p.16 (section1.6)],
an“axiomaticsystemwith semanticsø('Öë���ërÅFÆ�Ç ëBá â ù ” in Aczel [Ac, p.265](here

14Cf. Czelakowski-Pigozzi[CzP].
15A differenceis that the intensionalpart _-`Aa is suppressedin mostof thequotedworksbut it is

notsuppressedin e.g.Epstein[E].
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' coincideswith our é ), anda “logic ø Signë+�roBçGë+G¯ÈcÉ�ë��>ëBá â ù ” in Marti-Oliet–
Meseguer [MOM]. More precisely, the latter correspondsto our fully fledged
generallogics(cf. thesubitembelow).

Whatwe call a semanticlogic wascalleda “semanticalsystem”in [ABNPS],
a “semanticalsystem ø('Öë|Å	Æ�Ç ë�á â ù ” in Aczel [Ac, p.265]; andour generallogic® â ø ä�3� òkò�ò ù correspondsto aninstitution ø Signë+�roBçGë|Å	Æ�Ç)ë�á â ù in Marti-Oliet–
Meseguer[MOM, p.358](thelatterwill beelaboratedbelow).

Connectionwith institutions: Institutionstheory(e.g. [MOM]) emphasizesthe
category theoreticaspectsof a generallogic

® â ø ä  �{ò�òkò ù (which aredown-
playedhere), and suppressesthe intensionalaspectsrepresentedby HzçJI . To
seethat sucha generallogic is a category whoseobjectsare the logics ä� , let
Sign â£� è¾�Dè occursasa setof atomicformulasin

® � be fixed16. (We know
thataccordingto ourconventions,Sign âËÊ all sets”, but let usabstractaway from
this, andjust assumethat Sign is a fixed properclass.) Let èìë+èGñ*ô Sign. Next
we definewhata logic morphismÌÍ��ä�L� ä� < is. A logic morphismis a pairÌ â ø0Î7ëWÏ�ù suchthat Î��)ú&Ð� úÑ < is a homomorphismof theformula-algebras
and ÏÒ�G  < � G  “makes everything commute”,e.g. � á â Î>ê�ðGí�~ RÏ
ê"�×ízá â ð .17 Now, if ø0Î7ë1Ï�ù is sucha logic morphism,then ê0Î¤¹ìè í is called
a signaturemorphism. Let Sign bethecategoryof thesesignature-morphisms(as
arrows,andSignitself is theclassof objects).

Let Log bethecategoryof logics ä� andlogic morphismsÌ â ø0Î7ë1Ï�ù occurring
in
®

. Then thereis a functor ÓÔ� Sign � Log sendingè to ä� . This Ó is
almosttheinstitutionwearelooking for. Thereis oneingredientmissing,though.
Namely, G¯ is notonly anarbitraryclass,but is acategory in all theapplications
weknow of. Thiscategorycharacterof G¯ is de-emphasizedin thepresentpaper,
but it doesshow up in thetheorylater, cf. e.g.thecategoryof concretesemantical
systemsin [ABNPS]. So, let us assumethat each G¯ is a category. Thenour
functor Ó above inducestwo functors Î�H}Õ-� Sign � Fmla and Å	Æ�Çp� Sign �
Cat Ö�× , whereFmla is thecategory of formula-algebras(of theform úÑ ), andfor
eachè , Ó5êFè í â ø%Î�H}Õ+ê�è í$ërÅFÆ�Ç�ê�è í$ë�á â  ù$ë whileÓ5ê(Ø`í â ø0Î�HiÕyê0Ø`í$ërÅFÆ�Ç7ê(Ø`íyù
for themorphismsØ of Sign. Now thetuple/7ê ® í â ø Signë�Î�H}Õyë|Å	Æ�Ç¿ëBá â ù
is calledan institution, where

á â â ø+á â  �wè�ô Signù$ò
16Whatwecall hereaset � of atomicformulasis calledasignaturein institutionstheory.
17If meaningfunctionsarealsopresent,then Ù shouldinducea function ÙDÚ on themeaningssuch

that _$`Da�ÛcÜ jÞÝ b�d�h§�}ÙDÚ&b\_$`Da�jMb���b�d�h0h(h , cf. [ABNPS].
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At this point onecanseethat to a generallogic
®

thereis anequivalentinsti-
tution /7ê ® í , andconverselyto an institution ß thereis a generallogic à8ê(ßkí such
that the two canbe recoveredfrom eachother. (Herewe assumedthat in àqê0ßkí
themodelsstill form acategory.) Therefore,institutionsandgenerallogicscanbe
studiedinterchangeably, dependingon the kind of mathematicaltools (universal
algebraor categories)onewantsto use.18

In institutionstheory, our “ Î�HiÕ ” is denotedby “ �|oBç ”, exactly becausethereHzçJI is suppressedandthereforemeaningsarereplacedby truthvalues.So,when
thetheoryis appliedto e.g. first-orderlogic, thenattentionhasto berestrictedto
sentences(=closedformulas)becausemeaningsof openformulasaremorecom-
plex objectsthanjust truthvalues.

We do not treatherethedifferentnotionsof equivalenceof logics,morphisms
actingbetweenlogics,concretesemanticallogics,cf. e.g. [ABNPS]. Also, wedo
nottreathereinterpretabilitybetweenlogics,andcombininglogics,[Gab], [Gab2],
[JKE], [ABNPS]. Theseareimportantandvery interestingsubjects.

For therestof this work, oneof themostimportantdefinitionsof section 4 is
thatof analgebraizablegenerallogic. It is summarizedin Remark4.11.

18To make this statementhundredpercenttrue,oneshouldincludetheintensionalaspect_$`Da into
institutionsandmake á ° into acategory in generallogics.Wedonotseewhy onewouldnotdothese
amendments.





CHAPTER5

THE PROCESSOFALGEBRAIZATION

Thealgebraiccounterpartof classicalsententiallogic ä�â is thevariety ã¡ä of
Booleanalgebras.Why is this soimportant?Theanswerlies in thegeneralexpe-
riencethatsometimesit is easierto solvea problemconcerningä â by translating
it to ã¡ä , solvingthealgebraicproblem,andthentranslatingtheresultbackto ä â
(thansolvingit directly in ä â ).

In thissectionweextendapplicabilityof ã¡ä to ä â to applicabilityof algebrain
generalto logicsin general.We will introduceastandardtranslationmethodfrom
logic to algebra,which to eachlogic ä associatesa classAlg ê äìí of algebras.(Of
course,Alg ê�ä â í will be ã¡ä .) Further, this translationmethodwill tell ushow to
find thealgebraicquestioncorrespondingto a logicalquestion.If thelogicalques-
tion is about ä , thenits algebraicequivalentwill beaboutAlg ê äìí . For example,
if wewantto decidewhetherä hasthepropertycalledCraig’s interpolationprop-
erty, thenit is sufficient to decidewhetherAlg ê�äDí hasthesocalledamalgamation
property(for which therearepowerful methodsin the literatureof algebra). If
thelogicalquestionconcernsconnectionsbetweenseverallogics,saybetweenäìñ
and ä�å , thenthe algebraicquestionwill be aboutconnectionsbetweenAlg ê äìñ�í
andAlg ê�ä�å�í . (Thelatterarequiteoftensimpler, henceeasierto investigate.)This
“bridge” alsoenablesus to solve algebraicproblemsby logical methods(for an
exampleseesection 7).

DEFINITION 5.1(meaningalgebra,Alg y , Alg) Let ä â ø�éìë�G ëWHzçJI7ë�á â ù be a
compositionallogic with éEæâèç .

(i) Firstweturneverymodelintoanalgebra. Compositionalityof H±çJI!O means
that we can definean algebra of type æÎç on the set � HzçJI!O�êFðGíÂ�ìðKô6éé� of
meanings.Thisalgebra is HzçJI!Oàê ú�í , it will becalledthemeaningalgebraof �
andit will bedenotedby �èê�ë7ê(� í . In more detail, to anylogical connectiveõ of
arity ö wecandefinea ö -ary function õ O on themeaningsin � bysettingfor all
formulasð ñ ëkòkò�òkëmð ó

õ O ê"HzçJI O êFð ñ í$ë�òkòkò�ëWHzçJI O êFð ó íyí defâ H±çJI O ê�õwê�ð ñ ë�òkò�òkë+ð ó í+í$ò
(Wecouldsaythat õ O is themeaningof thelogical connectiveõ .) Then�èê�ë7ê(� í
defâ ø � HzçJI!O�êFðGí¼�gð�ôzéé�!ë+õ O ù ü+ýwþåÿ .

79
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(ii) Alg y ê äDí denotestheclassof all meaning-algebrasof ä , i.e.

Alg y ê äìí defâì� H±çJI O ê ú�í¼�!� ôiGÍ÷&� â¯� ��êDë�ê"�×í��z� ôÂGÍ÷&�gò
(iii) Let í ïÐGÍ÷ . Thenfor every ðDëWQ½ô*é

ðNî.ïèQ def~ R ê��J� ôÂí í¡HzçJI!OàêFð>í â HzçJI!Oàê(QDí�ò
Then î.ï is an equivalencerelation,which is a congruenceon ú by composition-
ality of ä . úð �î.ï denotesthe factor-algebra of ú , factorizedby î.ï . It is called
theLindenbaum-Tarskialgebra of í . Now,

Alg ê äDí defâ ß � úð |î.ïñ�-í ï5G ÷ �
ò
Thus,Alg ê äìí is theclassof isomorphiccopiesof theLindenbaum-Tarskialgebras
of ä .

(iv) Let
® â ø ä  �gè is a setù bea general logic. Then

Alg y ê ® í defâuò�� Alg y ê ä  í¼�wè is a setëmé  æâLç �!ë
and

Alg ê ® í defâ ò � Alg ê�ä  í¼�gè is a setë+é  æâ�ç �gò ã
REMARK In thedefinitionofAlg y ê�äDí above, it is importantthatAlg y ê äìí isnot
anabstractclassin thesensethat it is notclosedunderisomorphisms.Thereason
for definingAlg y ê äìí in such a wayis thatsinceAlg y ê äìí is theclassof algebraic
counterpartsof the modelsof ä , we needthesealgebras as concrete algebras
andreplacingthemwith their isomorphiccopieswouldleadto lossof information
(aboutsemantic-modeltheoretic matters). Seee.g. thealgebraic characterization
of theweakBethdefinabilityproperty, Theorem6.12in thenext section. ã

For a logic ä , let G çJIw÷ defâó� H±çJI O ��� ô�GÍ÷&� . That is, G çJIw÷ is theclass
of “meaning-homomorphisms”of thelogic ä (or equivalently, theunarymeaning-
functionsinducedby the modelsof ä ). If ô is an algebraand õ is a classof
algebras,then î�È>H ê"ô5ërõåí denotestheclassof all homomorphismsÌ��Jô]�÷ö
whereöºôNõ .
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PROPOSITION5.2(characterizationof structurallogics) Let ä and
®

bea com-
positionallogic anda compositionalgeneral logic, respectively. Then(i)–(ii) be-
low hold.

(i) ä hasthesemanticsubstitutionpropertyiffG çJIw÷ â î�È>H ê úë Alg y ê äìíyí , iffG çJI ÷ â î�È>H ê úë|õ�í for someclass õ of algebras.

(ii)
®

hasthesemanticsubstitutionpropertyiffG çJI� â î�È>H ê ú&ìë Alg y ê ® í+í , for all è , iffG çJI� â î�È>H ê ú&ìë|õ>í , for all è , for someõ .

Proof. To prove thefirst equivalencein (i), assumethat ä hasthesemanticsub-
stitution property, and Ì]�{ú¤�øH±çJI O ê ú>í for some � ôËGÍ÷ . We want to
show that Ì â HzçJI ª for some © ôqG¯÷ . For each � ô è let ð × ô é
be such that Ìåê���í â H±çJI O ê�ð × í , and let �u�Cèù� é be definedsuch that�!ê���í â ð × for all � ô è . By the semanticalsubstitutionpropertyof ä , there
is © ô�GÍ÷ suchthat for all ð , HzçJI ª ê�ðGí â HzçJI O ê ¢�Bð>í . Thenfor all �%ô%è ,HzçJI!ª ê��7í â H±çJI!O ê0�!ê���íyí â Ì�ê«�7í , i.e. H±çJI!ª and Ì agreeon è . Since ú is
generatedby è , this implies that Ì â HzçJI!ª . The other directionof the first
part of (i) is trivial: Let � ôEG ÷ and �L�Îèú� é . We have to show thatHzçJI!O µ ¢�zô3G çJI , which is trueby HzçJI!O µ ¢�}��úè�úH±çJI!O ê ú�íÖô Alg y ê äìí .
To prove the equivalenceof the secondand third statementsin (i), assumethatG çJI ÷ â î�È>H ê úërõåí . We want to show that G çJI ÷ â î�È>H ê ú»ë Alg y ê�äDí+í .
Notice first that G çJI ÷ â î�È>H ê úërõ�í implies that Alg y ê äìí ïüûVõ . So letÌ}�wú��qô , ô ô Alg y ê äìí . Then Ì}��úÀ��ö for someö ô�õ , by Alg y ê äDí{ïÐû6õ .
Thus Ì�ôÂG çJIw÷ by G çJIw÷ â î�È>H ê úërõ�í .

Theproofof (ii) is completelyanalogous,weomit it. ã
THEOREM5.3(connectionbetweenAlg y andAlg)

(i) Let ä bea compositionallogic. Thenûþý Alg ê�äDí â ûþý Alg y ê�äDí$ò
(ii) Let

®
bea structural general logic. Then

Alg ê ® í â ûþý Alg y ê ® í�ò
Proof. Proof of (i): First we show Alg y ê äìí�ïÿß Alg ê�äDí . Let ô ô Alg y ê äìí ,
say ô â HzçJI!Oàê ú�í . Set í â � � � . Then î.ï â ö�o|n¿ê(H±çJI!O�í , so úð �î.ï is
isomorphicto ô . To show theotherdirection,let ô ô Alg ê äìí , say ô â úð �î.ï for
someí ï¦G ÷ . Thenthereis a subsetí � ï¯í suchthat úð Dî.ï â úð Dî.ï�� (this
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holdsbecauseé is a set).Thuswe mayassumethat í ï�G¯÷ is a set.We define
for all ð1ôzé Ì êFðV �î ï í defâ ø(H±çJI O ê�ðGí��-� ôÂíàù$ò
This is a sounddefinitionby thedefinitionof î ï . It is not difficult to checkthatÌ is one-to-oneanda homomorphism,so Ì �6ô�� � ø"HzçJI O ê ú�í��6� ô�í ù ,
showing that ô×ôÀûSý Alg y ê äìí . Since ûþý is a closureoperator, wearedonewith
proving (i).

Proofof (ii): First we notethat,by (i), Alg ê ä�»í ï�ûSý Alg y ê ä�í for any set è ,
thusAlg ê ® í{ï3ûþý Alg y ê ® í holds.

We aregoing to prove ûSý Alg y ê ® í¡ï Alg ê ® í . Let ô ô�ûSý Alg y ê äìí , sayô ï � ��ý��rô�� for aset / andalgebrasô��>ô Alg y ê ® í . Let Ìi��ú
	��qô beany onto
homomorphism(e.g.wecantake for Ì thehomomorphicextensionof theidentity
mappingÌ � ��'u�¾' ). For each�qôp/ let  � denotetheprojectionfunctionontoô�� , andlet Ì§� defâ �� µ Ì . Then Ì����wú�	��£ô��»ô Alg y ê ® í . By Proposition5.2 (ii)
then Ì§� â H±çJI O C for some�ñ�GôÂG�	 . Let í âñ� �ñ���z�»ô}/�� . Thenit is easyto
checkthat Ìåê�ðGí â Ìåê"Qìí if f ð�î ï Q for all ð»ë1Q×ôàé�	 . Thus ô is isomorphictoú 	  �î ï ô Alg ê ® í , andwearedone. ã

We notethatwealsoprovedthatfor structurallogics ä ,

Alg ê�äDí â ûSý Alg y ê äìí�� � ôL��á 'Aá�X×á é ÷ á��gò
Now we turn to proving that the equationsvalid in Alg ê�äDí correspondto the

valid formula-schemesof ä , andthequasi-equationsvalid in Alg ê�äDí correspondto
thevalid rulesof ä . Herewewill usethefilter-property. If ä is algebraizable,then
theequationalandquasi-equationaltheoriesof Alg ê äìí recapturethevaliditiesand
thesemanticalconsequencerelation á �â of ä , respectively. Thus,whena logic ä
is given,it is interestingto investigatetheequationalandquasi-equationaltheories
of Alg ê äìí . Notethatby Theorem5.3above,Alg ê äìí andAlg y ê�äDí have thesame
equationalandquasi-equationaltheories.

First we notethat formulasandformula-schemesaretermsin the languageof
Alg ê äDí . Henceif ðDëWQ ô é� , then ð â Q is an equationin the languageof
Alg ê äDí whereweconsidertheformula-variables� � asalgebraicvariables(ranging
over the elementsof the algebras).Similarly, if ðDë1Q/ô é , then ð â Q is also
an equationin the languageof Alg ê äìí , wherewe considerthe elementsof è as
algebraicvariables.

THEOREM5.4(valid rulesof ä andquasi-equationsof Alg ê äìí ) Let ä bea com-
positional logic with filter-property. Let x¿ë1{�ë�v ë1Hàë+ç be as in the definition of
filter-property. Then(i)–(ii) belowhold.
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(i) A rule øyøFðÑ�!ëkò�òkò�ë+ð órw�ñ ù$ëmð ó ù of ä is valid (or admissible) iff

Alg ê äDíqá â����� BC ��� x � ê�ð
��í â { � ê�ð
��í��Òxr��êFðGówí â {��gê�ðGó�í for each 8M�1ç .

(ii) Aquasi-equationð&� â Qð���qòkò�ò��»ð ó>w�ñ â Q órw�ñ � ð ó â Q ó (withvariables
from é� ) is valid in Alg ê äìí iff

therulesð � v � Q � ë�òkò�òkë+ð � v ÿ w�ñ�Q � ëò�òkòkë>ðGórw�ñ|v � Q
órw`ñ�ë�òkòkò�ë+ðGórw`ñ�v ÿ w`ñ�Q
órw�ñð ó v � Q ó
arevalid in ä for all 8Y��ç .

Proof. Assume that � is a valid rule of ä of the form ø+ø�ð � ëkòkò�ò ,ðGórw`ñkù�ë+ðGó�ù . Let �co���� denotethe quasi-equationassociatedto it in (i). We want
to show that �co���� is valid in Alg ê�äDí . By Theorem5.3 it is enoughto provethat it
is valid in Alg y ê äìí . Let ôÙô Alg y ê äDí , andlet ÌÐ��é��� ' beanevaluation
of thevariablesin �co�� � suchthatthehypothesispartof �co � � is truein ô underthe
evaluationÌ , i.e. assumethat

ê"!¿í ô×áâ Z��� BC ��� xz�+êFð � í â {|�+êFð � í T Ì�U:ò
We wantto show ô á â xr�gêFð>ówí â {��gê�ðGówí T Ì�U:ò
By ô ô Alg y ê äìí , thereis � ôÂG¯÷ suchthat ô â HzçJI O ê ú�í . For any ���
ô�é�
take Q�� ô�é suchthat Ìåê0���Rí â HzçJI O ê(Qð�Rí andlet øyø�ð �� ëkò�òkòkëmð � órw�ñ ù$ëmð � ó ù be the
instanceof ourrule � by replacingeach��� with Qð� . Thenfor each�6�¨H and#ÞX�ö
we have that

¢Ì�ê"x � ê�ð
��íyí â HzçJI!Oàê"x � ê�ð �� íyí andthe samefor { , i.e.
¢Ì�ê0{ � ê�ð
��í+í âHzçJI O ê0{��mê�ð �� í+í . (Here

¢Ì denotesthehomomorphicextensionof Ì to é� .) Then
by the filter-propertyof ä , andby our assumption( ! ), we have � á â ÷6ð �� for
all #i� ö . Since ø+ø�ð&�Tëkòkò�ò�ë+ð órw`ñ ù�ë+ð ó ù is a valid rule, and øyøFð �� ë�òkòkòkë+ð � órw�ñ ù$ëmð � ó ù
is an instanceof it, this implies � á â ÷¯ð � órw`ñ . Thenby thefilter-propertyagain,HzçJI!O�ê"x|�gêFð � ó íyí â HzçJI!Oàê0{��gê�ð � ó íyí , i.e.

¢Ìåê�ðGó�í+í â ¢Ìåê({��gê�ðGówí+í andwearedone.

Conversely, assumethat thequasi-equationis valid in Alg ê äìí , andwe want to
show that the rule is valid. Let øyøFð �� ë�òkòkò�ë+ð � órw`ñ ù�ë+ð � ó ù be an instanceof the rule
thatwe got by substitutingQ � to the formulavariables� � , for all �Þ�¯
 . Assume� ô¦G ÷ and � á â ÷ � ð �� ëkò�òkò�ëmð � ó>w�ñ � . We want to show � á â ÷ ð � ó . By the
filter-propertywe have HzçJI!Oàê"x � êFð �� íyí â HzçJI!Oàê0{ � ê�ð �� í+í . Let Ì]�Îé�¨� é
be a homomorphismsuchthat Ì�ê%� � í â Q � for all ���ÿ
 . Then Ìåêex � êFð
�$í+í â
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H±çJI O êexz�+ê�ð �� í+í andthe samefor {|� , thus( ! ) above holdswith ô â H±çJI O ê ú�í .
Thus ô�áâ x � ê�ð ó í â { � ê�ð ó í T Ì�U , sincethequasi-equationis valid in ô ô Alg ê äDí ,
i.e. HzçJI O êex � ê�ð � ó í+í â HzçJI O ê0{ � êFð � ó íyí , for all 8 �5H . By thefilter-propertythen� á â ÷±ð � ó aswasto beshown.

We omit theproofof (ii). It is analogousto theaboveproofof (i). ã
COROLLARY 5.5 (Valid formula-schemes,validities,andEq ê Alg ê äDí+í )

(i) Let ä bea compositionallogic with filter-property. Let x¿ë1{�ë�v±ëWH ëyç beasin
thedefinitionof thefilter-property. Thenfor everyformula-schemeð of ä

ð is a valid formula-schemeof ä iff

Alg ê�äDí�á â x � êFð>í â { � ê�ðGí for all 8Y�5H .

(ii) Assumefurtherthat ä is algebraizable. Thenfor anyformulasðDë+ð � ëkòkò�ò�ë+ðGó
of ä ,

á â ÷ ð iff

Alg ê�äDí�á â x|�wêFð>í â {��gê�ðGí for each 8M��H .� ð � ëkò�òkò�ëmðGórw�ñc�Tá �â ÷ ðGó iff

Alg ê�äDí�á â ���� BC ��� xz�+êFð � í â {��mê�ð � í6�qx � êFð ó í â { � ê�ð ó í for each 8M�¨H .

(iii) Thesetof valid formula-shemesof ä is decidable(recursivelyenumerable)
iff Eq ê Alg ê�äDíyí is decidable(recursivelyenumerable).Thesetof valid (admissible)
rulesof ä is decidable(recursivelyenumerable)iff thequasi-equationaltheoryof
Alg ê äDí is decidable(recursivelyenumerable).

(iv) Statements(i) and(ii) abovehold for general logics
®

in placeof ä . ã
We saythat thevalidity problemof the logic ä is decidableif f thesetof valid

formulasof ä is decidable.If
® â ø ä� ��è is asetù is a generallogic, thenthe

validity problemof
®

is decidableiff it is decidablefor ä� , for all è .

COROLLARY 5.6 Let ä beanalgebraizablelogic with á èßá%$Í
 or analgebraiz-
ablegeneral logic. Thenthevalidity problemof ä is decidableiff Eq ê Alg ê äDí+í is
decidable. ã



CHAPTER6

EQUIVALENCE THEOREMS

In this part we give algebraiccharacterizationsof somelogical properties.In
thenext sectionwewill applythesetheoremsto somewell known logics. Instead
of giving theproofsof thetheoremsin thissection,wewill referto wherethey can
befound.Firstwecharacterizecompletenessandcompactnessproperties.

DEFINITION 6.1(complete,soundinferencesystems)Let ä â øFéìë+G ë1H±çJI�ëBá â ù
bea logic, andlet ��ï'& êFé í¼Kzé .7 � is weaklycompletefor ä iff each valid formulais derivable, i.e. iff

ê���ð¯ô�é í�êmá â ð âSR �±ðGí�ò7 � is finitely completefor ä iff consequencesof finite setsare derivable, i.e.
iff 1 êe� � ï�(ßé í�êe��ð¯ô�é í*) � á �â ð âSR � � ð,+Aò7 � is stronglycompletefor ä iff any semanticalconsequenceis derivable
(notonlyconsequencesof finitesets),i.e. iff

êe� � ï1é í�êe��ð�ô*é í ) � á �â ð âSR � �±ð + ò
7 � is weaklysoundfor ä iff derivableformulasarevalid, i.e. iff

ê���ð¯ô�é í�ê�� ð âSR á â ðGí�ò7 � is stronglysoundfor ä iff derivableconsequencesarevalid consequences,
i.e. iff êe� � ï1é í�êe��ð�ô*é í ) � �±ð âþR � á �â ð + ò

1 -/.�021 denotesthat - is afinite subsetof 1 .

85
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7 � is strongly completeand soundfor ä iff the derivability and semantic
consequencerelationscoincide, i.e. iff

ê�� � ï é í�êe��ð¯ô*é í ) � �±ð iff
� á �â ð + ò

Let 3 â ø('$)�ë+*-,�ù bea Hilbert-styleinferencesystem.Wesaythat 3 is (weakly,
finitely, strongly)completefor ä if thederivabilityrelation � givenby ø('$)�ë1*.,�ù is
such for ä . Wesaythat 3 is (weakly, finitely, strongly)completefor a general logic® â ø ä�¯��è is a setù if 3 is such for all ä� . We usean analogousterminology
for thesoundnessproperties. ã

The next theoremis a characterizationof existenceof stronglycompleteand
soundHilbert-styleinferencesystemsfor generallogics. It is provedin [AKNS,
Thm.3.2.21].A class õ is a quasi-varietyif f it canbe axiomatizedwith a setof
quasi-equations, i.e. equationalimplications.Seea footnotein section1.

THEOREM6.2 Assumethat
®

is an algebraizablegeneral logic. Thenthere is a
strongly completeand soundHilbert-styleinferencesystemfor

®
iff Alg ê ® í is a

finitelyaxiomatizablequasi-variety. ã
In Theorem6.3below wegivea sufficientandnecessaryconditionfor analge-

braizablesemanticlogic to haveafinitely completeHilbert-styleinferencesystem.
Its proofcanbefoundin [AKNS, Thm.3.2.3].

THEOREM6.3 Assumethat ä is an algebraizablesemanticlogic and æÎç
ê äìí is
finite2. Thenthere is a finitelycompleteandstronglysoundHilbert-styleinference
systemfor ä iff Alg ê äìí generatesa finitelyaxiomatizablequasi-variety. ã

The following theoremis a characterizationof existenceof weakly complete
andstronglysoundHilbert-styleinferencesystems.It is [AKNS, Thm.3.2.4].

THEOREM6.4 Assumethat ä is an algebraizablesemanticlogic and æÎç
ê äìí is
finite. Thenthere is a weaklycompleteand strongly soundHilbert-style infer-
encesystemfor ä iff there is a finitely axiomatizablequasi-variety õ such that
Alg y ê�äDíìï¯õÍï54Àûþý Alg ê äìí . Thesameis truefor algebraizablegeneral logics.ã

2Onecaneliminatetheassumptionof 6&`�b�^¡h beingfinite. Thenthefinitary characterof aHilbert-
style inferencesystemhasto be ensuredin a moresubtleway. Also, “finitely axiomatizablequasi-
variety” mustbereplacedby “finite-schemaaxiomatizablequasi-variety” in thesecondclause,cf. e.g.
Monk [M69], or Németi[N91].
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The following theorem,dueto J. Madaŕasz,is a characterizationof existence
of weakly completeandweakly soundHilbert-styleinferencesystems.Suchan
inference-systemis sometimescalleda Gabbay-styleinferencesystem.Its rules
arenotnecessarilyvalid, but theformula-schemesthey derive(from theemptyset� âèç of premises)shouldbevalid. 3

THEOREM6.5 Assumethat
®

is an algebraizablegeneral logic and æÎç
ê ® í is
finite. Assumethat 4 Alg ê ® í�á â x)ê() v87)í â {¿ê() v87)í�� ) â 7 . Then
there is a weaklycompleteandweaklysoundHilbert-styleinferencesystemfor

®
iff there is a finitely axiomatizablequasi-varietyõ such that 4�õ â 4 Alg ê ® í 4.ã
DEFINITION 6.6(compactness)7 ä is satisfiabilitycompactiff a set 9 hasa modelwhenever all of its finite

subsets
�

havemodels,i.e.

êe� � ï ( 9åí�ÅFÆ�Ç7ê � í-æâLç âSR Å	Æ�Ç�ê:9åí-æâLç ò7 ä is consequencecompactif a consequenceof 9 is alwaysa consequenceof
a finitesubset

�
already, i.e. iff9¯á �â ð âSR ê:; � ï ( 9åí � á �â ðDò

A general logic
® â ø�ä  ��è is a setù is (satisfiability, consequence)compact

if ä� is such for all è . ã
We notethat in general,consequencecompactnessandsatisfiabilitycompact-

nessareindependentproperties,i.e. neitherof themimplies theother. However,
for algebraizablegenerallogics, consequencecompactnessimplies satisfiability

3Cf. e.g.[Mi95], [MV], [Si91]. Wenotethatmany Gabbay-stylerulesareevenmore“liberal” than
not beingstronglysoundin that in additiontheir form doesnot satisfyDef. 4.4 (ii). (It is not known
yet which of thesetwo liberties is responsiblefor their behaviour. Our feeling is that non-strongly
soundnessis themoreessential.)Theseextremelyliberal (Gabbay-style)inferencesystemscorrespond
to classes< . Alg b\±¡h suchthat < is finitely axiomatizedby =?> -formulas(of a certainform) and@2A <N� @

Alg b�±Jh . An examplefor such < is the classof rectangularlydensecylindric algebras,
the representationtheoremof which ([AGMNS]) wasusedin [Mi95] for obtaininga weakly-sound
completenesstheoremfor ±CB (which will bedefinedin section 7). Cf. alsotheopenproblembelow
[Mi95, Thm.1.3.11,p.27].

4Here, D �FE-�Í�GDz��Å"E¥�IH�JÂ`�� andfor a set K of formulas,L|bMK.hþ� N|bMK.h denotes�GL8Å�bed�hþ�NLÅ�b�d�hS�OHPJM_Ff�dRQ2KÞ� . Wedonotknow whetherthecondition“
@

Alg bMS�h
T �VUWUGU ” is neededfor this
theorem.It is not neededfor direction“ ��X ”. In theotherdirection,we canalwaysobtaina weakly
completeandweaklysound“ Y ”, but this Y maynot becompletelyHilbert-style(this Y is moreinto
the“Gabbay-Venema-Simon-Mikulás” direction).
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compactness.Also, if we have somekind of negation, thenthe two notionsof
compactnesscoincide.5 In all ourexamplesin section 7, thetwo notionsof com-
pactnesscoincide.

Ournext theoremcharacterizesconsequencecompactnessof algebraizablegen-
erallogics.For aproofsee[AKNS, Thm.3.2.20],or [ANSK, Cor.3.10].

THEOREM6.7(characterizationof compactness)Assumethat
®

is analgebraiz-
able general logic. Then

®
is consequencecompactiff Alg ê ® í is closedunder

takingultraproducts,i.e. iff Alg ê ® í â[Z]\ Alg ê ® í . ã
Now we turn to characterizationof somedefinabilityproperties.Beth’s defin-

ability propertiesof logicsweredefinede.g.in Barwise-Feferman[BF]. Herewe
givethedefinitionsin theframework of thepresentpaper.

DEFINITION 6.8(implicit definition,explicit definition) Let ø ä�¨�gè is a setù be

a general logic. Let è_^Ð³ besetswith é¥�æâLç , andlet * defâ ³/` è .7 A set
� ï�é¥´ of formulasdefines* implicitly in ³ iff a è -modelcanbe

extendedto a ³ -modelof
�

at mostoneway, i.e. iffêe��� ë1© ô ÅFÆ�Ç ´ ê � í+í T H±çJI ´O ¹ßé¥ â H±çJI ´ª ¹ßé¥ba§� H±çJI ´O âHzçJI ´ª U:ò
7 � defines* implicitly in ³ in thestrongsenseiff, in addition,any è -model

that in principlecan,indeedcanbeextendedto a ³ -modelof
�

, i.e. iff�
defines* implicitly in ³ andêe��� ôpÅFÆ�Ç  ê T s�t ´ ÅFÆ�Ç ´ � Uc�±é¥í+í�ê:;�©KôpÅFÆ�Ç ´ ê � í+íHzçJI ´ª ¹)é  â HzçJI O .

7 � defines* explicitly in ³ iff anyelementof * hasan “explicit definition”
thatworksin all modelsof

�
, i.e. iffêe��nAô}*5í�êd;¿ð,e5ô*é¥
í�ê��J� ô�ÅFÆ�Ç ´ ê � íyí�H±çJI ´O ê(n�í â HzçJI ´O êFð,e�í$ò

5Moreon thiscanbefoundin [AKNS],[ANSK].
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7 � defines* local-explicitly in ³ iff theabovedefinitioncanvaryfrommodel
to model,i.e. iff

ê���� ôpÅ	Æ�Ç ´ ê � íyí�êe��nAô}*5íkê:;¿ð e ô*é  í�HzçJI ´O ê"n�í â H±çJI ´O ê�ð e í�ò
ã

DEFINITION 6.9(Bethdefinabilityproperties)Let
®

bea general logic.

7 ® hasthe(strong)Bethdefinabilitypropertyiff for all èìë+³|ë+* and
�

asin
Def. 6.8,

(
�

defines* implicitly in ³ âSR �
defines* explicitly in ³ ).

7 ® has the local Beth definability property iff for all èìë+³�ë1* and
�

as in
Def. 6.8,

(
�

defines* implicitly in ³ âSR �
defines* local-explicitly in ³ ).

7 ® hasthe weakBeth definability property iff for all èìë+³|ë+* and
�

as in
Def. 6.8,

(
�

defines* implicitly in ³ in thestrongsenseâSR �
defines* explicitly

in ³ ).

ã
DEFINITION 6.10(patchwork propertyof models) Let

®
be a general logic.

®
hasthepatchworkpropertyof modelsiff
for all setsèìë�³ , andmodels� ôiG  , ©ÙôÂG ´ ,

é gf�´ æâ�ç and H±çJI O ¹�ê�è[�i³ í â H±çJI ´ª ¹`êFèh�}³ í âSR
ê:;ci ôEG¯gj�´íkê"HzçJI 
j�´k ¹Cé¥ â HzçJI�O and HzçJI gj�´k ¹Aé¥´ âH±çJI ´ª ).

ã
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Recallthat if õ is a classof algebras,thenby a morphismof õ we understand
a triple ø(ô5ë+Ì�ë+özù , where ô5ë�ö ôEõ and Ì �¼ôÒ�øö is a homomorphism.A
morphism ø"ô5ë+Ì�ë+özù is an epimorphismof õ if f for every l×ô�õ andevery pairÎ7ëmöi��ö��ml of homomorphismswe have Î µ Ì â ö µ Ì implies Î â ö . Typical
examplesof epimorphismsarethesurjections.But for certainchoicesof õ there
areepimorphismsof õ which arenot surjective. Suchis thecase,e.g.,when õ is
theclassof distributive lattices.

Let õ � ï]õ betwo classesof algebras.Let ø"ô5ë+Ì�ë+özù bea morphismof õ . Ì
is saidto be õ � -extensibleif f for everyalgebral ôÍõ � andeveryhomomorphismÎ¯�ðô¤�nl thereexists some © ôuõ � and IÐ�Vö9� © suchthat lØïË© andI µ Ì â Î . It is importantto emphasizeherethat l is a concretesubalgebraof ©
andnot only is embeddableinto © .

THEOREM6.11(characterizationof Bethproperties)6 Let
®

beanalgebraizable
general logic which hasthepatchworkpropertyof models.

(i)
®

hastheBethdefinabilitypropertyiff all theepimorphismsof Alg ê ® í are
surjective.

(ii)
®

hasthelocalBethdefinabilitypropertyiff all theepimorphismsofAlg y ê ® í
are surjective.

(iii)
®

hastheweakBethdefinabilitypropertyiff everyAlg y ê ® í -extensibleepi-
morphismof Alg y ê ® í is surjective.

ã
In theformulationof Thm.6.11(ii),(iii) above, it wasimportantthatAlg y ê ® í

is notanabstractclassin thesensethatit is not closedunderisomorphisms,since
thedefinitionof õ -extensibilitystronglydifferentiatesisomorphicalgebras.

If õ is a classof algebras,thenmax õ denotestheclassof all ï -maximalele-
mentsof õ :

max õ defâ]� ô ôpõ�� êe�¡ö ôpõ>í�ê"ô ïÐö âSR ô â özí��!ò
We notethate.g.maxo�p ÿ is theclassof all full æ¥� ÿ ’s.

6Theproofof (i) is in Németi[N82] andin Hoogland[H96]. A lessgeneralversionof (i) is proved
in [HMTII, Thm.5.6.10]. Part (ii) is dueto J. Madaŕasz. An early versionof (iii) is in Sain [S90],
andthe full versionis proved in [H96]. Thefinite Beth propertyis obtainedfrom the Bethproperty
by restricting q to befinite. Theemphasisin [N82] and[HMTII] wason thefinite Bethproperty. E.
HooglandandJ. Madaŕasz[HoM] extendedthe characterizationof Thm.6.11(i)to the broader(than
algebraizable)classof equivalentiallogics.
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We will usethenotionsof “reflective subcategory”, and“limits of diagramsof
algebras”as in Mac Lane[MacL]. We will not recall these. Throughout,by a
reflectivesubcategoryweunderstanda full andisomorphismclosedone.

The weak Beth propertywas introducedin Friedman[Fr] (cf. referencesof
[BF]) andhasbeeninvestigatedsincethen,cf. e.g.[BF] pp.73–76,689–716.

THEOREM6.12(characterizationof weakBethproperty) 7 Let
®

beanalgebraiz-
ablegeneral logic which hasthepatchworkpropertyof models.Assumethatevery
elementof Alg y ê ® í canbeextendedto a maximalelementof Alg y ê ® í , i.e. that
Alg y ê ® í{ïÐû maxAlg y ê ® í . Thenconditions(i)–(iii) belowareequivalent.

(i)
®

hastheweakBethdefinabilityproperty.

(ii) Alg ê ® í is the smallestfull reflectivesubcategory of Alg ê ® í containing
maxAlg y ê ® í .

(iii) maxAlg y ê ® í generatesAlg ê ® í by taking limits of diagramsof algebras.
I.e. there is no limit-closedpropersubclassseparating thesetwo classesof
algebras.

ã
Now we turn to characterizingCraig’s interpolationproperties.

DEFINITION 6.13(interpolationporperties)Let ä â ø�éìë+G ë1H±çJI�ëBá â ù bea logic
with connectives.For each formula ð ô é let rDÈ�õ�êFðGí denotethe setof atomic
formulasoccurringin ð . Let � bea binaryconnectiveof ä .7 ä hasthe á â -interpolationpropertyiff

for all ðDëWQ%ô*é such that ð á â Q there is sÍôzé such thatrDÈ�õ�êFðGíìï5r�È�õ�êFð>í
�]rDÈ�õ�ê(QDí and ð1á â s�áâ Q .

7 ä hasthe � -interpolationpropertyiff

for all ðDëWQ%ô*é such that á â ðN� Q there is sÍôzé such thatrDÈ�õ�êts�íìïur�È�õ�ê�ðGí��]r�È�õ�ê"Qìí and á â ðp�vs and á â s���Q .

ã
7This is dueto I. Sain,J.Madaŕasz,andI. Németi.For theoriginsof this characterizationof weak

Bethpropertysee[S90,p.223andon].
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Next we recall from the literaturethe amalgamationand superamalgamation
propertiesof classesof algebras.Let õ bea classof algebras.We saythat õ has
theamalgamationpropertyif f any two algebrasin õ canbejointly embeddedinto
athird elementof õ suchthatwecanrequiresomepartsof themto go to thesame
place.I.e. for any ô5ë+ö�ëwlÍô�ßzõ with öyxÐô6ï/l , thereare © ô�õ andinjective
homomorphisms(embeddings)Î��Aöz�ü© , Ìi�?l{�÷© suchthat Î5¹�' â Ì�¹�' .

By a partially ordered algebra we meana structure ø(ô5ë�Xqù where ô is an
algebraand X is a partial orderingon the universe ' of ô . A class õ of par-
tially orderedalgebrashasthesuperamalgamationproperty if f any two algebras
as above can be embeddedin a third one suchthat only the necessarycoinci-
dencesandorderingwould hold, i.e. if for any ô � ô�õ , �éX}| andfor any em-
beddings�yñÀ��ô � � ô8ñ and ��åN��ô � � ô�å thereexist an ô ôuõ andembed-
dings H¡ñ��&ô8ñ}�ùô and H}åN�ðô�åÂ� ô suchthat H¡ñ µ �yñ â H}å µ ��å andfor� 8gëmöJ� â¦� 4gëw|�� ,
ê��J)�ô}'��Bí�ê��C7 ôi'8ó�í T H �!ê()7í¼X¨H*ó¿êt7)í âSR ê:;�~�ô}' � íkê")�X5�0�wêt~Tí and �¸ó¿ê:~!í�X57¿í�U:ò

DEFINITION 6.14 Let ä bea compositionallogic. Wesaythat ä hasa deduction
theoremiff there is a binaryderivedconnective� such that for all

� ï�é , ðDëWQ½ôé ��2 � ð��Cá �â Q iff
� á �â ð��	Qqò

Such a � is calleda deductionterm. ã
THEOREM6.15(characterizationof interpolationproperties)8

Let ä beanalgebraizablesemanticlogic.

(i) Assumethat ä is consequencecompactandusualconjunction� is in æÎç
ê äDí .
Assumethat ä hasa deductiontheorem. Then ä hasthe á â -interpolation
propertyiff Alg ê�äDí hastheamalgamationproperty.

(ii) Assumethat Alg ê äDí consistsof normal ã¡ä�� � � . Assumethat Alg ê�äDí is al-
gebraizedvia theusualBooleanbiconditional l , i.e. in thefilter-propertyv is l . Let � denotethe usualBooleanimplication term. Then ä has
the � -interpolationproperty iff 4ÀûSý Alg ê�äDí hasthe superamalgamation
property. �

8Theproofof (i) is in Czelakowski [Cz, Thm.3].Theproofof (ii) is in Madaŕasz[M96], [M97].



6. EQUIVALENCE THEOREMS 93

The above is only a sampleof the equivalencetheoremsin algebraiclogic.
Otherkindsof investigationsareconnectingdeductionpropertyof a logic ä with
Alg ê äìí having equationallydefinableprincipal congruences(EDPC) [BP89a]-
[BP89c], [BP97]; theoremsconnectinge.g.atomicityof theformula-algebraof ä
with Gödel’s incompletenesspropertyof ä ([N85], [N86]), theoremsconnecting
logicalmeaningsto neat-reductsof formula-algebras([A], [SA]), etc.





CHAPTER7

EXAMPLESAND APPLICATIONS

In this sectionwe give someapplicationsfor the previous theorems.Most of
the logics we usearewell-known, but we recall their definitionsfor illustrating
how they arespecialcasesof theconceptdefinedherein,andalsofor fixing our
notation.More andalsodifferentkindsof examplesaregivenin [AKNS], [NA],
[ANSK].

1. Classicalsententiallogic
® â�� ø ä�â �wè is asetù .

Below, weoftenwill omit theindex � .
Thesetof logical connectivesis æÎç'� � �Dë���� , � is binary, � is unary. Let è

beany set.Thusthesetof formulasof ä�â is é¥â �%é�êFèìëmæÎç�í .
A modelof sententiallogic ä�â is a functionassigning0 (false)or 1 (true) to

eachatomicproposition��ô*è . ThustheclassG¯â of modelsof ä�â is *| , theset
of all functionsmappingè to | . (Recallthat |�� ��� ë|4z� .)

We canextendany model � ��è���| to the set é¥â of all formulas: for allðDëWQ½ô*é¥â we let

��ê:�>ðGíF��� 4 if � ê�ðGí*� �� if � ê�ðGí*��4wë
��ê�ð�� QDí*� � 4 if � ê�ðGí*�è��ê"Qìí*�¯4� otherwiseò

Now, the meaningof ð in � is � ê�ðGí , i.e. H±çJI�{ê�ðDë1� í��E��êFðGí , and ð is
valid in � , ���� â ð , if f � ê�ðGí*��4 .

We let ä�â def� øFé¥â ë+G¯â ë1H±çJI�Dë � �Þâ�ù and
® â def� ø�ä�â �gè is a setù .

By this,wehavedefined
® â . We aregoingto show that

® â is analgebraizable
generallogic with Alg ê ® â í*�¯ã¡ä .

That
® â is compositionalcomesimmediatelyfrom thedefinition.Let 2 denote

the2-elementBooleanalgebrawith universe2. Then ��êDë�ê"�×í�� 2 for all � ô
95
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G¯ , èÒæ� � . ThusAlg y ê ® â�í�� � 2 � , andit canbeseenfrom thedefinitionthat
any homomorphismÌ��7ú  � 2 is a meaning-functionof somemodel(namely,
that of Ìó¹8è ), thus G çJI��� î�È>H ê úÑìë � 2 ��í . Thusby Proposition5.2,

® â
hasthe semanticalsubstitutionproperty, so

® â is structural. ThenAlg ê ® â7í��ûSý � 2 �u�üã¡ä by Theorem5.3 (and also Alg ê ä�â íV� Ê ã¡ä ’sof cardinality XH��D)�êe
�ë � è�� í ”). It canbeseenthat
® â hasthe filter-propertywith H�� ç��ÿ4 ,v � ê�ðDë1QDí def� ê�ð¦l Qìí def���ìêd�>ð��ÀQDí����ìê�ð����&QDí , x � êFðGí def�ºð and { � ê�ðGí def�m$*��2� def�_�ìê:���8�F��í for a fixed ��ô�è .

Thus
® â is analgebraizablegenerallogic with Alg ê ® â í��Eã¡ä , Alg y ê ® â í��� 2 � .

By Theorem6.7,
® â is compact,becauseã¡ä�� Z]\ ã¡ä . By Theorem6.2,

® â
hasastronglycompleteandsoundHilbert-styleinferencesystem,becauseã¡ä is a
finitely axiomatizablequasi-variety. Moreover, theproofof Thm.6.2(in [AKNS])
constructssuchaHilbert-styleinferencesystem(givenany axiomatizationof ã¡ä ).
We giveheretheinferencesystemwegetfrom theproof.

In the next inferencesystem,we will use ð»ë1QqëGs and { asformula-variables,
andwewill use l and m$*��2� asderivedconnectives.

Theaxiomsare:

ð�� Qql QV�zð ,ð�� ê"Q��]s�í�l ê�ð�� QDí��]s ,ðÿl �ìêd�ìê�ð�� QDí����ìê�ð����&QDí+í .
Therulesareasfollows:

ðpl ð ë ðplqQQ¨l ð ë ðNl Qqë&Q¨l�sð�l�s ë
ðNl Q�>ðNl¡�&Q ë ðNl Q8ëgs�l {ê�ð��]s�íVl ê(Q��}{�í ë
ðpl m$*��2�ð ë ðð�lqm$*��2� ò

It is easyto checkthat
® â hasthepatchwork property.

® â hastheBethprop-
erty by Theorem6.11,becauseepimorphismsaresurjective in ã¡ä . Thus

® â has
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the weakBeth property, so by Theorem6.12, 2 generatesã¡ä by limits, since
maxAlg y ê ® â�í*� Alg y ê ® â7í�� � 2 � .

A deductionterm for
® â is � � � ��ñ def�¢�ìê%� � �£����ñ�í . Since ã¡ä hassu-

peramalgamation,Theorem6.15impliesthat
® â hastheinterpolationproperties.

The validity problemof
® â is decidable,the setof admissiblerulesof

® â is
decidable,the setof valid formula-schemesof

® â is decidableby Theorem5.4
andCorollary5.5,becausethequasi-equationaltheoryof ã¡ä is decidable.

2. Sententiallogic in a slightly differ ent form,
® â � .

Thesetof connectives,thusthesetof formulasarejust likein thepreviouscase.
Themodelsaredifferent.Let è beaset.

G �â def� � ø:¤Íë¥r¿ù¼��¤ is anon-emptysetand r �wè¦�y& ê:¤6í��gò
Thusamodel �¦� ø:¤ ëGrTù is anon-emptysettogetherwith anassignmentassign-
ing a subsetof ¤ to each��ô1è . Let �§� ød¤ ë¥r¿ù bea model. We call ¤ the
setof possiblesituations(or states,or worlds)of � . For any formula ð , wedefine��ë¥¨ª©¯ð , whichwereadas“ ð is truein � at ¨ ”, asfollows:

� ë¥¨/©�� if f ¨6ô]r�ê���í , for ��ôzè .

� ë¥¨/©5�>ð if f ��ë¥¨ìæ©�ð ,

� ë¥¨/©�ð��MQ if f ( � ëG¨�©�ð and � ë¥¨ª©ÍQ ).

We saythat ð is valid in � if � ë¥¨ª©�ð for all ¨6ô{¤ .

The above amountsto sayingthat the meaning-functionH±çJI!O is the homo-
morphic extensionof r into the algebra ø«& ê:¤6í�ëw�Dë¬`qù , i.e. H±çJI!O �|úÑ¾�ø«& ê:¤6í$ë��Dë¬`qù , and

� ë¥¨/©�ð if f ¨×ôiHzçJI!OàêFð>í ,���� ð if f ¤�3HzçJI O ê�ðGí .
Now,

® â � is defined. It is compositional, Alg y ê ® â � í®� p¥¯¬°kã¡ä def�û � ø«& ê:¤6í$ë��Dë¬`qù���¤ is anon-emptyset�±� “theclassof all non-trivial setBoolean
algebras”,and G çJI�{ê ® â � í�� î�È>H ê úÑìë¥pG¯²°kã¡äí .
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Thus
® â � is algebraizable,Alg ê ® â � í8� ã¡ä , Alg y ê ® � â íR�}p¥¯¬°kã¡ä . By Theo-

rem 5.4, it hasthe samesemanticalconsequencerelation � �� , sameadmissible
rules,samevalid formula-schemesandsamevalid formulasas

® â .
3. Modal logic S5.

Thesetof connectivesis � �Dëw�Dë�³�� , � binary, �Dëw³ unary. Theclassof models
is thesameasfor

® â � . The“meaningof ³ ” is asfollows:

��ë¥¨/©5³>ð if f ( � ë¥¨ � ©�ð for somë
� ô�¤ ).

This is thesameassayingthat

HzçJI O êd³>ðGí´�%æ�µ� ê"HzçJI O êFð>í+í , wherefor any set ¶ ïu¤
æ µ� ê«¶àí��·� ¤ if ¶Ôæ� �� otherwiseò

Therestof thedefinitionof S5goesthesamewayasin thecaseof
® â � above.

It canbecheckedthatS5hasthefilter propertywith thesametermsassentential
logic

® â .
ThusS5 is analgebraizablegenerallogic with Alg y ê S5í��¸o¹p ñ �û � ø"& êd¤6í$ëw�Dëº`5ëmæ�µ� ù¼�?¤ is anonemptyset� , Alg ê S5í��ñûSý�o�p ñ �¼»�o¡ä ñ .
A deductiontermfor S5 is ��³���� � �½��³�����ñ .
ThereforeS5is decidable,compact,hasastronglycompleteandsoundHilbert-

style inferencesystem,and hasthe Beth and interpolationpropertiesby Theo-
rems5.4,6.7,6.2,6.11,6.15,because»¹oSä»ñ is a decidable,finitely axiomatizable
varietyhaving thesuperamalgamationproperty, seeThm.2.3(ii).

4. Arr ow logic
®´¾¹¿gÀ

.

The field of Arrow Logics grew out of applicationareasin Logic, Language
andComputation,andplaysanimportantrole there,cf. e.g.vanBenthem[vB96],
[vB91a], andtheproceedingsof theArrow Logic dayat theconference“Logic at
Work” (Dec.1992,Amsterdam).Thesearrow logicsgo backto theinvestigations
in Tarski-Givant [TG]. Tarski definedin 1951 basically ä ¾¹¿
À to give the first
exampleof anundecidablepropositionallogic.
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Thesetof connectivesof
®*¾¹¿
À

is � �Dë��Dë µ ë w�ñ � , �Dë µ binary, �Dë w`ñ unary. The
modelsareasin S5, exceptthatwerequirethattheelementsof ¤ beall pairsover
someset � , i.e.

G ¾¹¿gÀ def� � ø:¤ ëGrTù��?¤Á�¸� K�� for some� and rM�wè¦�y& ê:¤6í��gò
Thedefinitionof ��ë¥¨/©�ð is asin thepreviouscase,andwedefinethemeanings
of µ and w�ñ as

� ë�ø(,åëw~!ù�©1ð µ Q if f ( � ëBø",�ëW)�ù�©¯ð and ��ë�ø()�ëG~Tù�©ÍQ for some) ),
� ë�ø(,åëw~!ù�©1ð w�ñ if f � ëBøt~�ëW,�ù�©¯ð .

This amountsto sayingthat themeaningof µ is relationcomposition,andthe
meaningof w`ñ is relationconversion,i.e.

H±çJI O ê�ð µ QDí��èH±çJI O ê�ðGí µ HzçJI O ê"QDí ,H±çJI!O ê�ð w�ñ í�� ê"HzçJI!OàêFð>í+í w`ñ .
Otherwiseeverythingis thesameasbefore,e.g. �Â��½ð if f H±çJI!Oàê�ðGí*�/¤ .

Now,
® ¾¹¿
À

is an algebraizablegenerallogic with Alg ê ® ¾¹¿gÀ í�� ã�»�ä ,
Alg y ê ®*¾¹¿
À í���p¥¯²°kã�»�ä .

Thus, by our equivalencetheoremsin section 6 and by our algebraictheo-
remson ã�»�ä in section 1, we obtainthat

® ¾¹¿gÀ
is undecidable,compact,hasno

finitely completeandstronglysoundHilbert-styleinferencesystem.Sincein ã�»§ä
epimorphismsarenotsurjective1,

® ¾¹¿gÀ
doesnothavetheBethproperty.

A deductiontermfor
®´¾¹¿gÀ

is m$*��2� µ �§� µ m$*��2�ñ� m$*��2� µ � ñ µ m$*��2� .
Since ã�»�ä doesnot have the amalgamationproperty, by Theorem 6.15

® ¾¹¿gÀ
doesnothave theinterpolationproperty.

We canadd“equality” to
®´¾¹¿gÀ

, obtaining
® [¾¹¿
À asfollows. We add Ã Ç to the

setof connectivesasa zero-aryconnective,andwe defineits meaningasfor any
model �¦�Øø�� K��{ë¥r¿ù

H±çJI!O êWÃ Ç!í´� � ø(,åë1,�ù��z,�ô��	�!ò
1Seethemethodsin Sain[S90].
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Then
® [¾¹¿gÀ is an algebraizablegenerallogic with Alg ê ® [¾¹¿gÀ í]�b»,»�ä ,

Alg y ê ® [¾¹¿gÀ í��[pG¯²°¬»,»�ä . Justasin thepreviouscaseswegetpropertiesof
® [¾¹¿gÀ

byusingthetheoremsabout »�»�ä statedin section1,andtheequivalencetheorems
statedin section 6.

5. First-order logic with ç variables,with substitutedatomic formulas,
® ÿ � .

Let ç1ô�
 , let � ÿ def� � r � ���$� çð� , our setof variables.Let Ä beany set(our

relationsymbols).Theset è of atomicformulasof thelogic ä �ÿ def�6ä �ÿcÅ is

è def� � *|ê")��!ëkò�òkò�ë1)�ÿ w`ñ í��A*Øô]Ä¡ëW)��!ëkò�òkò�ëW)�ÿ w�ñ ô�� ÿ��!ò
Thesetof connectivesis � �Dë��Dë¥r � �¼rr�wëw;cr � �§��ë�8��6çð� , � binary, �Dëw;%r � unary,
and r � ��rr� zero-ary.2 Thisdefinestheset é �ÿ Å of formulasof ä �ÿ Å . Theclassof
modelsis theusualone,G Åÿ def� � ø0G ë+* O ù ¾ ý Å �DG is a nonemptysetand* O ï ÿ G for all *6ô�ÄÂ�gò
Let �Æ� ø%G ë1* O ù ¾ ý Å bea model.Thenwe define © asbefore:Let ð�ô¡é andÌ�ô ÿ G . We call Ì anevaluationof thevariables.Becauseof the tradition,we
will write ����%ð T Ì�U in placeof ��ë+Ì�©�ð .

�Â���*|ê«r �ÈÇ òkò�òWr ��ÉËÊ < í T Ì�U if f ø0Ìåê"� � í$ëkò�òkò�ë+Ìåê"� ÿ w�ñkíyùDôÂ* O ,�Â���rz�g�[r � T Ì�U if f Ì��g�LÌ � ,� � �Ì;crz�:ð T Ì�U if f ( � � �/ð T Ì � U for some Ì � ô ÿ G suchthat Ì and Ì �
differ atmostat � .)�Â�� ê�ð��MQìí T Ì�U and ����/�>ð T Ì�U areasbefore.�Â��ÎÿAð if f ( ���� ð T Ì�U for all Ì*ô ÿ G ).

We define3 HzçJI O ê�ðGí def� � Ì*ô ÿ G �z���� ð T Ì�U0�!ò
We defineä �ÿ Å def� ø�é �ÿ Å ë�G Åÿ ëWHzçJI�ë � �Îÿ¿ù , and

® ÿ � def�Ùø ä �ÿ Å �IÄ is a setù .
Now,

® ÿ � is compositional,andhasthefilter property. But it is not structural
(andthenit is not semanticallystructuraleither)asthefollowing exampleshows.
Let � def� *Aêtrc�wëGr ñ í and � def��*|ê«rc�gë¥rc��í$ò

2Noticethat Í�Î��]ÍÐÏ is notanatomicformulabut ratherazero-arylogical connective.
3In the literature,_$`Da�jMb�d�h is calledtherelationdefinedby d in themodel g . Thus g�Ñ¬Òcb g}h

is thealgebraof ` -variabledefinablerelationsin g .
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Thenit canbecheckedthat� � ÿ �Ðl ;%rgñ�êtrgñ��hr � �	��í$ë butæ� �Îÿ-�ul ;cr ñ ê«r ñ ��rc�´�	�7í$ò
Anotherexampleis thefollowing. Let

� def��*|ê«rc�!ë¥r ñ í and � def�¦*|êtr ñ ëGrc�Bí$ò
Thenit canbecheckedthat� � ÿ ;crgñ��ul ;crgñwê«rgñ���r � ��;cr � ��í�ë butæ� � ÿ ;crgñ²�Ðl ;%rgñ�êtrgñ��hr � ��;cr � ��í$ò

Thelogic ä �ÿ is notstructuralbecausethemeaningsof theatomicformulasare
notindependentof eachother:assoonasweknow themeaningof *|ê«rc�òkòkòGr�ÿ w�ñ í ,
this will determinethemeaningsof *|ê")§�
òkò�òW)�ÿ w�ñ í where)§�gë�òkò�òkëW)7ÿ w�ñ arearbi-
trary variables.It would benaturalto treatonly *|ê«rc�»òkòkò¥r�ÿ w�ñ í asanatomicfor-
mula.Thenwewouldliketoobtainthesubstitutedatomicformulas*|ê()��
ò�òkòW)7ÿ w�ñ í
as“complex”, built-up formulas.Wewill achievethis in two differentways.In the
first casewe will useTarski’s observationthatsubstitutioncanbeexpressedwith
quantifiersandequality4 and in the secondcasewe will introducesubstitutions
explicitly aslogicalconnectives5.

6. First-order logic with Ó variables, structural version 6 ® ÿ , for ÓÐ�ñ
 and
for Ó any ordinal.

This is exactly like thepreviousexample,exceptthatwekeepasatomicformu-
lasonly *|êtr � ëkò�òkò�ë¥r ÿ w`ñ�í$ë+* ô�Ä . Sincetheorderof thevariablesis fixedin our
atomicformulas,we will simply write * in placeof *|êtr � ë�òkòkòkë¥r ÿ w`ñkí . Thesetof
connectives,theclassof models,andthemeaningfunctionareexactly asbefore,
theonly differenceis thatnow thesetof atomicformulasis Ä itself. When Ó is an
infinite ordinal,everythingis analogous(then * standsfor *|ê«r � òkòkòGr � ò�òkò í �tÔ7ÿ ).
Notation:

® ÿ��Øø«Õ Å ÿ �ËÄ is a set ù , Õ Å ÿ � ø�é Åÿ ëkòkò�ò ù .
Then,

® ÿ is compositional,and G¸ÓJI ÷PÖÉ � îÀÈ>H ê ú Å ë�o�p+ÿ)í , so
® ÿ hasthese-

manticsubstitutionpropertyby Proposition5.2.
® ÿ hasthefilter property(with

4C.f. Tarski[T51], [T65].
5For moredetailsee[BP89,AppendixC], and[HMTII, × 4.3].
6This is calleda full restrictedfirst-orderlanguagein [HMTII, × 4.3]. “Restricted”refersto thefact

thatwe keepatomicformulasonly with a fixedsequenceof variables,and“full” refersto thefactthat
thearity (or rank)of eachrelationsymbolis ` . This logic is investigatedin [BP89,AppendixC], too.
Most of whatwe sayin thisexample,canbegeneralizedto theinfinitary version ± B Ø 0 of ±CB studied
in finite modeltheory, seeExample11herein.
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�§�gë1m$*��2��ë+�§�Àl � ñ as x¿ë1{�ë�v ), so
® ÿ is an algebraizablegenerallogic. It is

easyto checkthatAlg y êtÕ Å ÿ í is theclassof � Ä�� -generatedo¹pmÿ ’s,soAlg y ê ® ÿ í��o¹pmÿ . Thus Alg ê ® ÿ�í��¢»�o¡ä
ÿ by Thm.5.3(ii), since »�o¡ä
ÿÙ�Áûþý�o¹pmÿ . Using
Alg y ê ® ÿ í��Úo�p+ÿ andAlg ê ® í��Û»¹oSä
ÿ , we begin to apply the theoremsin sec-
tions2,6to

® ÿ .® ÿ is compactfor all Ó by Thm.6.7,because»�oSä ÿ � Z]\ »�oSä ÿ by Thm.2.3.
Forfinite Ó , adeductiontermfor

® ÿ is ��;cr � ò�òkòw;%r ÿ w�ñº��� � �½��;cr � òkòkòw;cr ÿ w�ñº����ñ .
THEOREM7.1 Let ÓÌÜÝ| . There is no weaklycompleteand strongly sound
Hilbert-styleinferencesystemfor

® ÿ . Asa contrast, there are strongly complete
andsoundHilbert-styleinferencesystemsfor

® å , ® ñ , ® � .
Proof. For ÓuÜÙ| , this follows from Thm.6.4,because»�oSä ÿ is a nonfinitelyax-
iomatizablevariety(by Thms.2.3,2.4,2.5).For Ó�Xh| , this followsfrom Thm.6.2,
because»�oSä ÿ , ÓNXh| is a finitely axiomatizablequasi-variety(by Thm.2.3). �

Soonwewill giveastronglysoundandcompleteinferencesystem� � åGÞ for
® å .

Theabovenegativeresultcanbemeaningfullygeneralizedto mostknown vari-
ants7 of

® ÿ , ® ÿ without equality, andthe infinitary version
® ÿ ß 
 of

® ÿ studied
e.g.in finite modeltheory(e.g.[EF], [O]). SeeExample11herein.

The proof of Thm. 7.1 above is a typical exampleof applyingalgebraiclogic
to logic. Thereareanalogoustheorems(usingthesame“generalmethodology”).
An exampleis providedby thepositive resultsgiving completenesstheoremsfor
relativizedversionsof

® ÿ cf. e.g.[AvBN97] or [N96]. Differentkindsof positive
resultsrelevantto Theorem7.1 abovearein [S95], [SGy].

OPENPROBLEM 7.2 Is therea weaklycompleteandweaklysoundHilbert-style
inferencesystemfor

® ÿ , Ó�Ü[| ?

By Thm.6.5,OpenProblem7.2aboveisequivalenttoProblem2.11(i.e. whether»�o¡ä ÿ �Ù4�õ for somefinitely axiomatizablequasi-variety õ ), because»¹oSä ÿ � �ê")Àl¡7¿íà��4¥�Á)V�/7 , where )�lb7���a ê()âá£7)í . Actually, in thepresentcase
a positive answerwould imply the existenceof a stronglycompleteandweakly
sound“ � ” for

® ÿ , becauseAlg ê ® ÿ í is a variety.

7e.g.to ± B�ã of Example5.
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Next we turn to investigatinginferencesystemssuggestedby the connections
between»¹oSä
ÿ , oSäÿ , and û�ä�å�ÿPoSä y , for H�$5Ó (seeThm.2.14).We will define
two provability relations,��ÿ and ��ÿ = y for

® ÿ . (Of these,��ÿ is givenby aHilbert-
styleinferencesystem,while ��ÿ = y is not.)

In thefollowing wewill heavily usethat é Åÿ ï�é Åÿ ÞSy (which is sobecausethe
atomicformulasof Õ Å ÿ and Õ Å ÿ ÞSy areidentified).

DEFINITION 7.3(provability relations� ÿ and � ÿ = y for
® ÿ ) 8

(i) First wedefine� ÿ which will begivenby theHilbert-styleinferencesystemø0'�) ÿ ë1*., ÿ ù . In theformula-shemesbelowwewill use ðDëWQ asformula-variables
(insteadof � � ë���ñ ), and �ær � , � are derivedconnectives:

�Cr � ð def�¼��;cr � �>ðð��qQ def�¼�ìê:�>ð�� QDí$ò
Recallthat ;cr � , r � �hrr� are logical connectivesfor �më�8Y�5Ó .'�) ÿ consistsof thefollowingformula-shemesof

® ÿ : For all ��ë%8gëmö �£Ós , s a propositionaltautology 9, i.e. a valid formula-shemeof
® ��ær � êFðp� QDíV� êe�ær � ðN� �Cr � QDí�ær � ð�� ð�ærz���Cr � ðp� �Cr � �ærz��ð�ær � ð�� �Cr � �ær � ð;cr � ð�� �Cr � ;cr � ðrz�
�[rz�r � �[rr�-� êtr � �[rwó¥��rr�±��rwó�í;cr � êtr � ��rr�Bírz�
�[r � � �Cr ó ê«rz���[r � í if öÀæ�Ð�më�8 .r � �[rr�-� êFðp� �Cr � êtr � �[rr�-� ðGí , if ��æ�¨8 .

8 Y BËç è , in aslightly differentform, is definedin [HMTII, p. 157],andalsoin [N86], [N92], [N95],
[BP89,AppendixC], [CzP]. In [BP89], Y�B is denotedby Y °Pé É . Onecouldget thedefinitionof Y�B
by mechanicallytranslatingthe ê?ëæB -axioms,aswe did with the ì?ë -axiomsin Example1, andthen
polishingthesoobtainedaxiomsandrules.

9To keep í
DËB finite for `îJuï , we replacethe infinitely many shemesherewith í
DËð , where�MígDËð|f���beái�Vh0��� isastronglycompleteandsoundHilbert-styleinferencesystemfor ±Cð . Suchsystems
areknown, cf. e.g.[ABNPS].
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*-,�ÿ consistsof the rules ModusPonensê0G�ñ í and Generalizationêtò í�� for�6�5Ó , where ê0G�ñ í and êtò íW� are, respectively:ðDëmðN�qQQ and
ð�Cr � ð ò

Now, � ÿ is thederivability relationgivenby ø('$) ÿ ë1*., ÿ ù (for
® ÿ ).

(ii) To define � ÿ = y , let Ó�X�H . Let '�) ÿy ï é Åy consistof the following
formulas:

ê(*5í *L� �Cr � * if ÓNX¨�6�¨H ë and * ô�Ä¡ò
Now the inferencesystem��ÿ = y ï�& êFé Åÿ íÞKÍé Åÿ is definedto be “ ê0'�) ÿy � y í
restrictedto

® ÿ ”, i.e.

� ÿ = y def� � ø � ë+ðGù¼� �À2 '�) ÿy �Jy ð»ë ��2 � ð�� ï1é Åÿ �gò
Thus, in an � ÿ = y -proof, in addition to the instancesof '$)§y , we also can use*�� �ær � * , for Ó5XL�.�ñH , *Ùô�Ä . If � ÿ = yØð , thenwesaythat “ ð is provable
with H variables”, or “ ð is H -variableprovable”. �

It is nothardto checkthatboth ��ÿ and ��ÿ = y arestronglysoundfor
® ÿ , and ��ÿ

is givenby aHilbert-styleinferencesystem(if Ó is finite).
Therefore,from Thm.7.1we canconcludethat thereareinfinitely many valid® ÿ -formulaswhich arenot ��ÿ -provable,i.e. ��ÿ is incompletefor

® ÿ (in a rather
strongway). On theotherhand,we will seebelow that � ÿ = ( is stronglycomplete
for
® ÿ .

We aregoingto prove thattheinferencesystem� ÿ is thelogical equivalentof
thealgebraicaxiomsystemdefiningthevariety oSä ÿ .

Any formula ð¯ô�Õ Å ÿ canbeidentifiedwith a termin thealgebraiclanguageofo¡ä ÿ suchthattheelementsof Ä areconsideredas(algebraic)variables,assuming
thatweidentify theoperationsof oSä ÿ with theconnectivesof

® ÿ . Henceðî�¯4 is
anequationin thelanguageof oSä ÿ (for ð¯ô�Õ Å ÿ ). We write ð�ô�Õ Å ÿ for ð¯ô�é Åÿ .
Also, ð1ô ® ÿ means( ; set Ä ) ð�ô]Õ Å ÿ .

THEOREM7.4 Let ð ô{Õ Å ÿ , Ó anyordinal, Ä anyset.Then(i)–(iii) belowhold
for all ÓNX�H .

(i) � ÿ ð iff o¡ä ÿ � �%ð��¦4 .
(ii) ��ÿ = y ð iff ûgä�å�ÿPo¡ä y � �%ð��¦4 .
(iii) � � ÿ ð iff »�oSä ÿ � � ð���4 .
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Proof. (i)–(iii) areproved in [HMTII ] asCor. 4.3.26,Thm. 4.3.25,andThm.
4.3.17,respectively. Seealso4.3.57,4.3.59therein.To checkthat � e of [HMTII ]
is thesameasour ��ÿ = y , it sufficesto checkthat in theproof of 4.3.22,only the
axiomsof our '�)�ÿ areused. �

Now wearereadyto statethelogical corollariesof Thm.2.14(ii).

COROLLARY 7.5

(i) � ÿ = ÿ Þ¹( is stronglycompletefor
® ÿ , for all Ó .

(ii) ��ÿ = ÿ ÞSy is notevenweaklycompletefor
® ÿ , if Hÿ�¨
 .

(iii) Let ð¯ô ® ÿ . Then � � ÿ ð iff � ÿ = ÿ ÞSy%ð for someHÿ��
 .

(iv) For all ÓGëWH �£
 there are valid Ó -variable formulaswhich cannotbe
provedwith H variables. For each valid Ó -variable formula ð there is anHÿ��
 such that ð is H -variableprovable.

Proof. (i): Weakcompletenessof � ÿ = ÿ Þ¹( follows immediatelyfrom Thm. 7.4,
Thm. 2.14 ê¥»�oSäÿ��óûgä�å�ÿPoSä
ÿ Þ¹( í . For ÓL� 
 , thenstrongcompletenessfol-
lows,because

® ÿ is compactandhasa deductiontheorem.For Óî$3
 ,
® ÿ is still

compact,but it doesnot have a deductiontheorem.However, ��ÿ = ÿ Þ¹( is strongly
completefor

® ÿ by [HMTII , 4.3.23(ii)].
(ii)–(iv) follow from Thm. 7.4 andThm. 2.14. E.g., assumeðKô ® ÿ . Then� �ÎÿAð if f »�oSä
ÿ��� ð���4 if f (by »�o¡ä
ÿ��ñû�ä�å�ÿPoSäÿ Þ¹( ) û�ä�å�ÿPoSä
ÿ Þ¹( � � ðî�¦4

if f � � ÿ = ÿ Þ¹(ßð if f (by thedefinitionof � ÿ = y ) � ÿ = ÿ ÞSy ð for someHÿ�¨
 . �
We notethatCorollary7.5speaksalsoaboutusualfirst-orderlogic, becauseanÓ -variableformulais valid in

® ÿ if f it is valid in usualfirst-orderlogic (andevery
first orderformula ð hasanormalform ð � which is in

® ÿ , for someÓàô}
 ).

To investigatefurthertheprovability relations��ÿ , ��ÿ = y , now wecomparetheir
“deductivepowers”. Resultsin cylindric algebratheoryyield thefollowing.

THEOREM7.6(thedeductivepowersof ��ÿ , ��ÿ = y )

(i) For any 4 �¸Ó¨��
 , � ÿ æ� ê�� ÿ Þåñ§¹ ® ÿ í , i.e. there is an Ó -variableformulað such that æ� ÿ ð but � ÿ ÞåñDðDò
(ii) If Ó[$¦
 , then ��ÿ = y æ�¥��ÿ = yàÞåñ for all H¾�¯
 , i.e. there is a ð6ô ® ( such

that æ�C( = y ð and �æ( = yàÞåñ»ðDò
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(iii) � å æ�ñ� å = ó �L� å = y for all Hô$hõ .

(iv) If ÓÐXì4 or Ó[$L
 , thenfor any Ó -variable ð , � ÿ ð iff �Jy ð , for allHô$uÓ . If Ó�XL4 , then � ÿ �ñ� ÿ = y for all Hô$£Ó .

Proof. (i) follows from Thm 7.4 and[HMT, 2.6.14],asfollows. Let |�X�Ó¦�
 . Thenthereis an equationo in the languageof oSä ÿ suchthat oSä ÿ æ� �óo ando¡ä
ÿ Þåñ � �Ðo , by [HMT, 2.6.14].We mayassumethat o is of form ð��¦4 , andthen
Thm.7.4(i) finishestheproof.

Similarly, (iv) followsfrom Thm.7.4and[HMT, 2.6.8,2.6.9],andfrom o¡ä ÿ �»�o¡ä ÿ �Lûgä�å ÿ o¡ä ÿ ÞSy if ÓNX�4 .
(ii) followsfrom(Thm.7.4(ii) and) û�ä�å�ÿöoSä
ÿ ÞSy æ�ñûgä�å�ÿ ÞSyàÞåñ for all Ó�$¨
 ,Hÿ�Í
 which is anunpublishedresultof DonPigozzi.
(iii) followsfrom o¡äVåéæ�ñû�ä�åcå�o¡ä ó �¼»�o¡äVå��ñûgä�å>å�o¡ä�( , see[HMT, 2.6.42,

3.2.65] �
OPENPROBLEM 7.7 Is it true that ��ÿ = y æ�9��ÿ = yàÞåñ whenever õ¦XvÓ�XH �¨
 ? I.e. is there a õ -variableformula ð for all õYX5H �¨
 such that ð is not
provablewith H variablesbut it is provablewith H�÷è4 variables? �

Theabove is Problem2.12in [HMT]. Resultsin this directionareprovede.g.
in Maddux[Ma83], [Ma91a], Andréka[A97]. Thepresentstatusof this problem
is summarizedin [A97, Remark3].

REMARK � ÿ = y is a (structural) derivability relation for
® ÿ in the senseof

[BP89], i.e. for any ð ôÙÕ Å ÿ and �5�´Ä �øÕ Å ÿ , if � ÿ = y ð then � ÿ = y ¢�!êFð>í .
This follows from Thm.7.4(ii). Thm.7.4(ii) also impliesthat � ÿ = ÿ Þ�ñ for Óñ� 

canbegivenby someHilbert-styleinferencesystemø0'�) �ÿ ë1*., �ÿ ù ; while ��ÿ = ÿ Þþy
with Hù$Ì| cannotbe givenwith such. Thelatter is so becauseûgä�å�ÿPo¡ä
ÿ Þ�ñ
is a finitely axiomatizablevarietywhile ûgä�å�ÿöoSä
ÿ ÞSy , H�$·| is not finitely ax-
iomatizable(see[A97, Thm. 2.3]), and thenonecanusethepresentlydiscussed
“methodogyof algebraization”, cf. Thm.6.3,to infer theaboveinformation. �
��ÿ = ÿ Þ¹( is stronglycompletefor

® ÿ , but the ��ÿ = ÿ Þ¹( -proofsuseformulasthat
arenot in

® ÿ . Differentkinds of completeinferencesystemsfor
® ÿ , wherethe

proofsuseonly
® ÿ -formulas,arein [Si91], [V91], [MV , ú 5.5.1],[Mi95], [Mi96].

A commonfeatureof the latter inferencesystemsis that they are not strongly
sound.(This is naturalto expectbecauseby Thm.7.1 therecannotexist strongly
soundandcompleteHilbert-styleinferencesystemsfor

® ÿ if Ó�Üu| .)
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Now weturn to
® å . If Ó�Xñ4 , then ��ÿ is stronglycompletefor

® ÿ by Thm.7.4,
becausethen oSä
ÿ5��»�oSä
ÿ . � å is not completefor

® å (but � å = ó is). We will
show thatif weadda ruleor axiomexpressingê�P�í �Domê(*5í¬��XL4±� R *�� Domê(*5í¼K Rngê0*5í$ë
(andthesamefor Rngê(*5í ), thenwegetastronglycompleteHilbert-styleinference
systemfor

® å . Namely, considerthefollowing formula-shemaandrule for �-æ��8 ,��ë%8Y�h| :êd��'8í ;cr � ð��];crgñkð����>ðp�½;cr � ê:;crr�Tê«r � �[rgñ���;cr � ðGí��]r � æ�[rgñkí
êd��*5í ;cr � ð]��;crr�gê«r � �[rgñ���;cr � ðGíV��r � ��rgñðpl ê:;crc��ð]��;cr ñ ðGí ò
THEOREM7.8 Both ø('�)�å 2 êd��'8í�ë1*.,�å�ù and ø('�)�åwë+*.,�å 2 êd��*5íyù arestrongly
completefor

® å .
Proof. This followsfrom Thm.7.4andThm.2.3(iii). �

Now we turn to checkingwhatTheorems6.11and6.15sayaboutdefinability
andinterpolationpropertiesof

® ÿ .
® ÿ hasthepatchwork propertyof models.

So
® ÿ for Ó�$u| doesnothavethelocalBethdefinabilitypropertybyThm.6.11,

becauseepimorphismsarenot surjective in o�p+ÿ (see[KMPT]+[M97a, T.7.4.(i)],
for |éX£ÓN��
 see[ACN], for Ó�$¨
 see[N88], [S90, Thm. 10]).

It is proved in [KSS] that
® ó doesnot have the weakBeth property, andwe

conjecturethat this extendsto õ}�/Ó5�è
 , while
® å hastheweakBethproperty.

It is proved in [KSS] that for Ó¯�ì
 ,
® ÿ hasthe weaklocal Beth property. By

Thm.6.15,
® ÿ doesnot have theinterpolationpropertyfor all ÓîÜ 4 , since »�o¡ä ÿ

doesnot have theamalgamationproperty(see[KMPT], this is a resultof Comer
[Co69]).

Furtherdefinability and interpolationresultsfor
® ÿ , � ÿ (both Ó��¾
 andÓî$Ð
 ) arein Madaŕasz[M97b]. Thatpaperis devotedto solvingproblemsfrom

Pigozzi[P72].

Summingup:® � is equivalentto sententiallogic
® â � .® ñ is equivalentto S5.® å : Ourcharacterizationtheoremsin section6 andthecorrespondingalgebraic

theoremsin section2 givethefollowingpropertiesfor
® å : ® å is decidable,it hasa



108 ALGEBRAIC LOGIC

stronglycompleteandsoundHilbert-styleinferencesystem,whichcanbeobtained
from the equationalaxiomatizationof »�oSä å . ® å hasthe finite modelproperty.
The algebraicversionof this is statedin [HMTII , 3.2.66]. It doesnot have the
Beth (definability)property, andit doesnot have the interpolationproperty. We
conjecturethat

® å hastheweakBethproperty.® ÿ for õ�X½Óÿ� 
 : The characterizationtheoremsand the corresponding
algebraictheoremsgive the following propertiesof

® ÿ :
® ÿ is undecidable,

® ÿ
doesnot have a stronglysoundandcompleteHilbert-styleinferencesystem.It is
openwhetherit hasa weaklysoundandweaklycompleteHilbert-styleinference
system,cf. Problem2.11andTheorem5.4.

® ÿ hasneithertheBethpropertynor
theinterpolationproperty.® ( : This is called“Finitary logic of infinitary relations”. Model theoreticre-
sults(usingAL) arein Németi[N90].

7. First-order logic with Ó variables with substitutions, with and without
equality,

® ÿ »�[ ,
® ÿ » , ( ÓNXÍ
 ).

First we define
® »�[ÿ . Thesetof connectivesis � �Dë��Dëw;cr � ë T r �  �rr�kU , T r � ëGrr�kU:ëGr � �rr�é����ë�8i�ªÓð� , � binary, r � �Ùrr� zero-ary, andtherestunary. Everythingis asin

thepreviousexample,weonly havetogivethemeaningsof thelogicalconnectivesT r �  �rr�kURë T r � ëGrr��U . Let � beamodel,andrecall10 theoperationsT �� �8!U:ë T ��ë%8!U mappingÓ to Ó . Now

H�ÓJI!Oàê T r �  Irr��U ðGí*� � Ìzô ÿ G �AÌ µ T �W �8zU`ô}H�ÓJI!OàêFð>í�� ,
H�ÓJI!Oàê T r � ëGrr�kU�ðGí�� � Ìzô ÿ G �DÌ µ T ��ë�8zUåô H�ÓJI!OàêFðGí�� .

By this,wehavedefined
® »�[ÿ . It isnothardtocheckthat

® »�[ÿ is analgebraizable
generallogic.

Thetheoryof quasi-polyadicalgebrasû � ä ’s is analogouswith thatof cylindric
algebras.Exactly ascylindric algebrasarethe algebraiccounterpartsof quanti-
fier logicswith equality, û � ä ’s arethealgebraiccounterpartsof quantifierlogics
withoutequality, cf. section3 herein. »�û � ä ÿ and û � p ÿ denotetheclassesof rep-
resentableû � ä ’s of dimensionÓ andquasi-polyadicsetalgebras(of dimensionÓ ) respectively asintroducede.g. in [N91] andin section3 herein.Analogously,û �,ü ä ÿ and û � p¥¯ ÿ denotethesameclassesbut with equality.

Now, Alg y ê ® »�[ÿ í��/û � p¥¯ ÿ , Alg ê ® »�[ÿ í´�Ù»�û �,ü ä ÿ .
10 ý H"þÐÿ�� sendsH to ÿ and leaves everything elsefixed, and ý H%fÈÿ�� interchangesH and ÿ and leaves

everythingelsefixed.
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If we omit equalityfrom the setof connectives,thenwe get the equality-free
version

® »ÿ of thelogic. This is alsoanalgebraizablegenerallogic with Alg y ê ® »ÿ í�/û � p ÿ , Alg ê ® »ÿ í��¼»�û � ä ÿ .
Weturntoshowinghow to retrievesubstitutedatomicformulas*|êtr ��Ç ò�òkòGr ��ÉËÊ < í

in
® ÿ , ® »ÿ . HereweassumeÓ���
 .

First we treat the case
® »ÿ . Sincea finite mappingcan alwaysbe written as

a productof T ��ë%8!U ’s and T �W �8zU ’s, we obtainthat for any sequence) � ëkò�òkò�ëW) ÿ w�ñ of
variablesthereis asequenceT �¸ñ�ë%8�ñ+URëkò�òkò�ë T �:�� k8¬�WU of “substitutions”suchthatfor all
models� andrelationsymbols* ,

H]ÓJI O ê(*|ê")§�ò�òkò�)7ÿ w�ñ íyí*�ÐH]ÓJI O ê T rz� < ëGr � < U!òkò�ò T rz� � ë¥r � � Ue*5í .
(Herethefirst meaning-functionis taken from Õ �ÿ , while thesecondonefromÕ »ÿ .) This shows that in

® »ÿ we do have our substitutedatomicformulasbackas
“complex” formulas.(Ontheotherhand,theexpressivepowerof

® »ÿ is notbigger
thanthatof

® �ÿ , becauseof thefollowing. It canbeprovedwith asimpleinduction
thatthemeaningof theformula T r � ë¥rr�kU ð is thesameasthatof theformulaweget
from ð by interchangingr � and rr� in it everywhere(in theconnectives ;cr � also),
andthemeaningof theformula T r �  �rr�kU ð coincideswith thatof theformulaweget
from ð by replacingr � everywhereit it with rr� . Here ð is a formulaof Õ �ÿ .)

Now we show how to get substitutedatomic formulasback in
® ÿ by using

Tarski’sobservationthatsubstitutioncanbeexpressedwith quantifiersandequal-
ity. By theabove,it is enoughto expressthemeaningof theformulas T r �  �rr�kU ð andT r � ëGrr�kU�ð , for �	æ�ñ8 . So let � bea modeland Ì anevaluationof thevariablesinG . Thenit canbecheckedthat

����Îÿzê T rz�� �r � U ðpl½;%rz�+êtrz�
�[r � �zðGíyí T Ì�U ,
andif ö�æ�Ð��ë%8 , ����ÎÿCð�l½;cr ó ð , then

���� ÿ ê T r � ë¥rr�kU ðNl T r �  �rwórU T rwóA �rr�kU T rr�> Ir � U ð>í T Ì�U .
Thusto expressT r � ëGrr�kU weneedoneextra freevariable.We cangetthise.g.by

treatingÕ �ÿ Å asthefollowing theoryof Õ Å ÿ Þåñ :� ê:;%r�ÿ�* í�l *¦�!* ô]ÄÂ�
andthentreattheatomicformula *|ê«r � ëkò�òkò�ë¥r ÿ w`ñ�í of Õ �ÿ astheatomicformula *
of Õ ÿ Þåñ . For moreon thissee[HMTII , ú 4.3], [BP89].
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8. First-order logic, ranked 11 version,
® e�� ÿ ó�� ½��� À .

Thesetof connectivesis 	 Ó{� � �Dëw�Dëw;%r � ëGr � �hrr��z��ë%8Y��
�� , � binary, �Dëw;cr �
unary, and r � �[rr� zero-ary. (This is thesameasthatof

® ( .)

Let Ä bea set(thesetof relation-symbols),andlet ���æÄq�ü
 bea function
(therank-function, ��ê(*5í is therankof * ). Firstwedefinethelogic Õ�
��� À .

Ouratomicformulaswill be *|ê«rc�gëkòkò�òkëGr 
� ¾�� w�ñ í for *6ô�Ä . Wedonot include*|ê«rz� Ç ëkò�òkò�ë¥rz����� Ê < í into the setof atomicformulasfor thesamereasonasin our
previousexamples:becausethey would immediatelymake our logic unstructural.
However, thesesubstitutedatomicformulaswill bepresentin our logic as(com-
plex) formulas,becausethey canbeexpressedby quantifiersandequality(seeour
previousremarkon this). Sincethesequenceêtr � ë�òkòkòkë¥r 
�� ¾�� w`ñ í of variablesis de-
terminedby � , we will just write * in placeof *|ê«r � ë�òkò�òkë¥r 
�� ¾�� w�ñ í . (This will
be convenientalsowhenwe will compareour presentlogic with

® ( .) Thusthe
setof atomicformulasis Ä . Thentheformula-algebraú 
 of Õ�
��� À hasuniverseé�ê"Ä¡ë�	 Ó�í .

The modelsare ���ºø%G ë1* O ù ¾ ý Å where * O is a ��ê(*5í -ary relationon G
for all *Øô]Ä . I.e.G 
 � � ø0G ë+* O ù ¾ ý Å �A*Øï ��


¾�� G for all *Øô]ÄÂ�gò
Validity andthemeaningfunctionarepracticallythesameasthoseof

® ( , therefore
weonly giveheretheconcisealgebraicdefinition:Let � bea model.

H�ÓJI O ê0*5í*� � Ì*ô ( Gù�AÌ�¹c��ê(*5íìôi* O � , andH�ÓJI!O���ú 
 � ø«i�ê ( G6í�ë�	��� ë����� � ù � = � Ô ( is ahomomorphism.�Â�� ð if f H�ÓJI O êFð>í´� ( G .

Now ® e�� ÿ ó�� ½��� À �6øtÕ�
��� À ��� is a functioninto 
»ù$ò
Let

® � ® e�� ÿ ó�� ½��� À . Then
®

is compositional,andhasthefilter-property. Also
wehave that

Alg y ê ® í*�/o�p�� ( and Alg ê ® í´����� ( ò
Thesecondstatementis provedin [HMTII , 4.3.28(iii)].

But
®

is not substitutional,even Õ�
� � À is not substitutionalif �óæ� ç . An
exampleis: Let * bean Ó -ary relationsymbolin � andlet ð denotethe formular � �[rgñ���ò�òkòº�]r � ��r ÿ . Then� �Ð*¯� �ær�ÿ�* while æ� �½ð�� �Cr�ÿ!ðDò

11Thesearecalledordinarylanguagesin [HMTII, × 4.3].
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It is easyto seethat
®

is compact.Since Z]\ ��� ( æ�!��� ( , this logic shows that
theconditionof structuralityin Theorem6.7is necessary.

We canextendour inferencesystem � ( of the non-ranked logic
® ( to get a

completeonefor
® e�� ÿ ó�� ½��� À , asfollows.

For any rank-function �¯�FÄ � 
 , let '�) 
 denotethe setof the following
formulas:

ê0* � í *ñ� �Cr � *Aë if ��ê(*5í¼X¨�6��
�ë and * ô�Ä¡ò
( '�) 
 is a straightforwardmodificationof '�) yÿ .) Then � 
 is definedas

� 
 def� � ø � ëmð>ù�� �À2 '$) 
 �C( ðDë �N2 � ð�� ï£Õ"
��� À �!ò
Now, � 
 providesacompleteinferencesystemfor therankedversionof first-order
logic

® e�� ÿ ó�� ½��� À . I.e.:

THEOREM7.9(Gödel’scompletenesstheorem)For every formula ð of Õ"
��� À
wehave � �%ð iff � 
 ðDò
Proof. This is a corollaryof Thm.7.4(ii) and ���«(Íï¼»�oSä�({�Ù4ÀûSý�o�p��t( (Thm’s

2.14(i),2.4(iii)), asfollows. Let # def� � ê�ðDëWQìí.�J� 
 ð3l Q$� . Then ú 
  $# ô%���«(
by Thm. 7.4(i) andRngê«�¿í�ï�
 . Assume æ� 
 ð . Then ú 
  &#�æ� �Kð � 4 , henceo�p��«(�æ� � ð���4 by ���«(¡ïh4ÀûSý�o�p��«( , i.e. æ� �%ð . �

At this point we shouldemphasizethat therearevalid schemes12 � of Õ"
��� À
suchthatalthough � ��� , we have æ� 
 � . This is sobecausethereis no difference
betweenthe schemalanguagesof Õ�
��� À and

® ( , andalsothe valid schemesof® e�� ÿ ó�� ½��� À and
® ( coincideby Cor.5.5, becauseEq ê'���t(�í�� Eq ê¥»�o¡ä�(�í , and the� 
 -provableand �æ( -provableschemascoincide13.

How it is possiblethat there is an � 
 -unprovablevalid formula-scheme� ?
This meansthat thougheachinstanceof � in Õ�
��� À is � 
 -provable(becauseof
Thm.7.9),these� 
 -proofsvary form instanceto instance.We cannotgivea “uni-
form” � 
 –prooffor theseinstances,in spiteof therebeingauniform“cause” � of
their validity.

12If ( is a formulaschemaof ^ (cf. Def.4.4),thenby ^ -derivability Y*) of ( we understandthe
naturalextensionof Def.4.4to amixedlanguageconsistingof both ^ -formulasandschemes.I.e. in a
derivation �+(-,�fWU¥UWU1f.(¹BD� of ( , (¹Î is built upfrom atomicformulas/¬ÏàQ.� of ^ andformula-variables0 ÏàQèÇ21 (usingtheconnectives 6&` of ^ ).

13This not quite trivial, but can be proved with ê?ë -theoreticmethods,e.g. one can use[HMT,
2.5.26].
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Theorem2.14(i)stating 354 ( ï�»�o¡ä ( canbeusedto overcomeschema-incom-
pletenessof � 
 . Using this theorem,onecanobtainenrichedinferencesystems� 
 Þ by addingbrandnew variables ¨¼�Öê"�p� 
»í to the languageand new ax-
iomspostulatingtheeffectsof thefactthat ¨�� doesnot occurin theold formulas.
Roughly, theseaxiomssaythat*L�q�ær � * if ��ê(*5í¼X¨�6�¨
 and���-� �æ¨ � ��� if ����
�ëð��� is a formula-variable.

Theseinferencesystemsarestronglycompletefor theformula-schemasof
® e�� ÿ ó�� ½��� À .

Thesecompletenesstheorems(basedon the 354 -representationresult)areproved
in [AGN77], [HMTII , ú 4.3].

The reasonfor
® e�� ÿ ó� ½� � À not being substitutionalis that the atomic formulas

cannottake themeaningsof any formula,becauseanatomicformulahasa fixed
finite rank,while formulascanhavemeaningsof arbitrarily largefinite ranks.This
will bereparedin ournext example.

9. First-order logic, rank-fr ee14 (or type-less)version,
® ��� À .

Thesetof connectivesareasin thepreviouscase.Let Ä bea set(of relation
symbols).Thenthesetof atomicformulasof Õ Å ��� À is Ä , asbefore.

Themodelswill bedifferent(asthe information ���¹Ä£�ú
 is missing): We
only know that * denotesafinitary relation,wedonotknow whatits arity is. The
actualarity will begivenby themodel. I.e., themodelsare �n�/ø%G ë1* O ù ¾ ý Åwhere* O is anarbitraryfinitary relationon G for all *6ô�Ä ,G Å � � ø%G ë1* O ù ¾ ý Å � ê��¡*6ô]Ä±í�ê:;%Ó ô}
»íW*6ï ÿ Gu�!ò
Validity andthemeaningfunctionarethesameasin the previouscase,the only
differenceis that

H�ÓJI!Oàê0*5í*� � Ì*ô ( Gù�AÌ�¹cÓ ôÂ* O for someÓð� .
Let

® � � À denotethe systemof theselogics. Now this generallogic is struc-
tural,since G¸ÓJI Å �½îÀÈ>H ê ú Å ë�o�p��:(�í�ò

Thus
® � � À is analgebraizablegenerallogic with

Alg y ê ® ��� À í��/o�p�� ( and Alg y ê ® ��� À í��Lûþý�o�p�� ( ò
14Rank-freefirst-orderlogic wasintroducedin Henkin-Tarski[HT], andelaboratedin moredetailin

[A73], [AGN77,sec.IV]. Seealso[HMTII, section4.3]. A niceproofsystemfor this logic is givenin
Simon[Si91].
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ThusTheorem6.7saysthat
® ��� À is notcompactbecauseûþý�o�p�� ( æ� Z�\ ûþý�o¹p'� (

by Thm. 2.4(iii). Or vice versa,onecanprove thealgebraictheoremûþý�o¹p'� ( æ�Z]\ ûþý�o�p�� ( by showing that
® ��� À is notcompact,asfollows:

® ��� À is notcom-
pactbecausetheset

� � � �ìê0*ìl®;crz�0*5íÞ�§�-�ñ
�� of formulas,where * is any
relationsymbol, is not satisfiablewhile all of its finite subsetsare. ThusTheo-
rem6.7saysthat ûSý�o�p��:(�æ� Z]\ ûSý�o�p��«( becauseAlg ê ® � � À í��ñûSý�o�p��«( .

Thm.6.4admitsageneralizationto logicslike
® ��� À above.Thenweobtainthe

following corollaryof thisgeneralizedresultandof Thm.2.5(sayingthat »�o¡ä
ÿ is
notfinite schemaaxiomatizable).

COROLLARY 7.10 Assumethat ø0'�)åë1*.,�ù definesa strongly soundand weakly
completeinferencesystem� for

® � � À . Then ø('$)�ë1*.,�ù mustinvolvean infinite
setof formula-variables.I.e.

® � � À is not finite-schemaaxiomatizable. Thesame
appliesfor

® ( in placeof
® ��� À . �

Improvedversionsof this negative resultarein [A97] whereit is proved thatø0'�)�ë+*.,�ù hasto be extremely complex, too, besidesinvolving infinitely many
formula-variables.Positive resultskind of side-steppingCorollary7.10aboveare
in [S95], [S97], [SGy]. Thesepresentexpansionsof

® ��� À with further logical
connectives,suchthatthenew

® Þ��� À becomesfinite schemaaxiomatizable.
At thispoint thereadermighthave theimpressionthatCorollary7.10seemsto

contradictGödelscompletenesstheorem.However, Gödelstheoremholdsfor the
rankedversion

® e�� ÿ ó� ½� � À of first orderlogic but not for
® ��� À . Theessentialdiffer-

encebetweenthesetwo logicsis that
® e�� ÿ ó�� ½��� À is notstructural(substitutional).No

structuralversionof first orderlogic is knownfor whichGödel’scompletenessthe-
oremwould hold. More precisely, theonly suchversionsarethelogicspresented
in [SGy] etc. citedabove. Thepresentlydiscussedissueis highly relevant to the
propositionalmodalversionsof first order logic, cf. e.g. van Benthem[vB97],
[vB96], [vBtM], [V95a], [MV].

Now webriefly compareour threeversionsof FOL: non-ranked
® ( , theranked

version
® e�� ÿ ó�� ½��� À , andthe rank-freeone,

® ��� À . The sameformula-schemesare
valid in them,andthey have thesameadmissiblerulesby Theorem5.4,because
the samequasi-equationsare true in their algebraizedforms by ûSý Z]\ o¹p'� ( �»�oSä ( � Alg ê ® ( í . Also, this setof admissibleformula-schemesis recursively
enumerable,andthe validity problemin theselogics is not decidable,by Theo-
rem2.4,Theorem5.4,Corollary 5.6.

As a contrast,herewe will give a logic which hasa decidablevalidity prob-
lem andat thesametime thesetof valid formula-schemesis not evenrecursively
enumerable.
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10. Equality logic, monadic logic.

First we treatequality logic Õ � . This is the sameasfirst-orderlogic with 

variablesandwith no atomicformulas,i.e. Õ � def�vÕ"6( . Therefore,this is not a
generallogic. Notice that the setof formulasis non-emptybecauserz�R�zr � is
a zero-arylogical connective. A modelis just a set G andthe meaning-algebra�èê�ë7ê%G6í of thismodelis thesubalgebraof øti*ê ( G6í$ë�	��yë�� � � ù�� = � Ô ( generatedby� � � �}�J��ë%8p�¦
�� . Thesearecalledtheminimalcylindric setalgebras, andtheir

classis denotedby p¥¯¬°kÅ87 ( , while Å87 ( def� ßOp¥¯¬°�Å�7 ( .Õ � isanalgebraizablesemanticlogicwith Alg y ê«Õ � í���p¥¯²°kÅ�7 ( andAlg êtÕ � í��ûSýYÅ�7�( . ( Õ � is substitutionalbecauseits setof atomicformulasis empty.)

It is well known that the validity problemof Õ � is decidable,it hasthe finite
model property, and it admitsan elimination-of-quantifierstheorem. (Seee.g.
[M64a].)

However, the setof valid formula-schemesof Õ � is not even recursively enu-
merable.This is so by Corollary 5.5, becauseEq êWÅ�7 ( í is not recursively enu-
merable.15

More generally, considernow rankedfirst-orderlogics Õ 
( . Rankedfirst-order
logic Õ 
ÿ with Ó variables,Ó��Ð
 canbedefinedanalogouslyfor � �?Ä �¡Ó . LetÓèX¦
 . If every relationsymbolis unary, i.e. if * ÓJIc�àï � 4!� , then Õ 
ÿ is called
a monadiclogic. Let Õ y Åÿ denotemonadiclogic with relationsymbols Ä , i.e.Õ y Åÿ def�ÙÕ 
ÿ where�8�hÄ�K � 4!� .Õ y Åÿ is acompositionallogic with filter-property. It is notsubstitutional.

It is known that thevalidity problemof monadiclogics is alsodecidable,they
havethefinite modelproperty, andthey admiteliminationof quantifiers.(Seealso
[M64a].)

Let ÓuÜ | . If Ó is infinite, thenthevalid schemesof Õ y Åÿ arenot recursively
enumerable.If � is not monadic,then the valid schemesof Õ 
ÿ are recursively
enumerable(andthe validities becomeundecidable).(If Ó XÛ| , thenthe setof
valid schemesof Õ 
ÿ is decidable.)Theseareproved in [N87] by showing that
theequationaltheoriesof thecorrespondingclassesof algebrasarenotrecursively
enumerable(andusingTheorem5.4).Thelogical implicationsandthereasonsfor
thisbehaviour arealsoexplainedcarefullyin [N87].

11. Infinitary version
® ÿ ß ( of the finite variable fragments

® ÿ .

Let 9 be an infinite cardinal.
® ÿ : ( is obtainedfrom

® ÿ by adding 9 -ary con-
junctionto thelogicalconnectives.Moreformally, let é�ÿ bethesetof formulasofÕ Å ÿ � ø�é�ÿ�ëkò�òkò ù . Let é ÿ: bethesmallestsetsatisfying ê"�¸í – ê"�����¸í below.

15Thiswasprovedby M. Rubin,andindependentlyby I. Németi,see[N87].
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ê"�¸ízé ÿ: x éåÿ ,ê"���¸í±é ÿ: is closedundertheconnectivesof Õ ÿ ,ê(�%���¸í�� î£���%9 R ê:�>î�í{ôzé ÿ: , for any î ï�é ÿ: .

Themodelsof Õ ÿ Å: ( arethesameasthoseof Õ Å ÿ , and H�ÓJI : , é : aretheobvious
generalizationsof thedefinitiongivenfor Õ Å ÿ . Then

Õ ÿ Å: ( def� ø�é ÿ: ë+GÍÿ7ëWH�ÓJI : ë+é : ù and
® ÿ : ( def�Ùø«Õ ÿ Å: ( � Ä is a setù�ò® ÿ ß ( is obtainedfrom

® ÿ : ( by removing all conditionsof theform “ òkò�òS�;9 ”.
That is, é ÿß ( � �=< � é ÿ: ( �>9 is a cardinal� , etc.

® ÿ ß ( and
® ÿ : ( (with 9/ÜË
 )

arenot logics in thesenseof Def .4.1becausethey involve infinitely long strings
of symbols. All the same,

® ÿ ß ( is an interestingmathematicalstructurewhose
studyis motivatedby studyinglogics. Most propertiesof logics make sensefor
the “pseudo-logic”

® ÿ ß ( , too. Studyingmathematicalstructureslike
® ÿ ß ( ,

® ÿ : (
seemsto beusefulfor obtaininga betterunderstandingof logics(in thesenseof
Def. 4.1).

Most of the resultsobtainedfor
® ÿ via the methodsof algebraiclogic canbe

pushedthroughfor
® ÿ ß ( by thesamekindsof algebraicmethods.In particular, by

stretchingthealgebraicmethodswhich leadto Theorem7.1 , onecanobtainthe
following. Thenotionsof formulaschema,inferencesystem,axiomschema,rule
schemacanbegeneralizedto

® ÿ : ( thenaturalway. Hereinwe do not go into the
detailsof this.

COROLLARY 7.11 Assume� is a stronglysoundandweaklycompleteprovabil-
ity relationfor

® ÿ ß ( or for
® ÿ : ( ( 9�$¨
 ). Then� is notdefinablebya Hilbert-style

inferencesystem.Moreover, anyschema ø('$)�ë1*.,�ù axiomatizing � mustinvolve
infinitelymanyformulavariables(cf. Def.4.4for ø('$)�ë+*-,�ù axiomatizing � .)

The next table summarizesthe algebraiccounterpartsof someof the distin-
guishedlogics.



substitutional,
Logic Õ Alg êtÕDí Alg y ê«Õìí compact® »

sententiallogic ã¡ä � 2 � ÷ ÷
S5

modallogic »¹oSä»ñ o�p�ñ ÷ ÷® ¾¹¿gÀ
arrow logic ã�»§ä pG¯²°kã�»�ä ÷ ÷® �ÿÓ -var. FOL ?�@ ü � ?A@ ü �

with substituted » �,ü ä ÿ � p¥¯ ÿ a ÷
atomicfmlas® ÿ

structural »¹oSä
ÿ o�p+ÿ ÷ ÷Ó -var. FOL® (
finitary FOL of »¹oSä�( o�p¥( ÷ ÷
 -ary rel.’s® e�� ÿ ó�� ½��� À

rankedFOL ��� ( o�p�� ( a ÷® � � À
rank-freeFOL ûSý�o�p��«( o�p��«( ÷ a

Table7.1.
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[AN90] Andréka,H.andNémeti,I., Constructingunusualrelationsetalgebras.
Manuscript,MathematicalInstitute,Budapest.August(1990).
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[M96] Madaŕasz,J.X.,Interpolationin algebraizablelogics;semanticsfor non-
normalmulti-modallogic. J. of AppliedNonclassicalLogic, to appear.
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[N92] Németi,I., Decidability of weakenedversionsof first-orderlogic. In:
Proc.Logic atWork, December(1992),Amsterdam.
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[NSi] Németi,I.andSimon,A.,Relationalgebrasfrom cylindric algebrasand
polyadicalgebras.Logic Journalof IGPL, 5,4(1997)575-588.

[O] Otto,M.,Boundedvariablelogicsandcounting.(A studyin FiniteMod-
els.) SpringerLectureNotesin Logic, Vol. 9. 1997.

[PP] Palasinska,K.andPigozzi,D., Implication in abstractalgebraiclogic.
Preprint,CracowUniversity of Technology and Iowa StateUniversity,
December(1995).

[Pa] Partee,B.H.,MontagueGrammar. AcademicPress,New York, 1976.
[P72] Pigozzi,D., Amalgamation,Congruence-Extension,andInterpolation

Propertiesin Algebra.Algebra Universalis 1,3(1972),269–349.
[P91] Pigozzi,D.,FregeanAlgebraicLogic. In [AMN] 473–502.
[PS] Pigozzi,D.andSalibra,A., Polyadicalgebrasover nonclassicallogics.

In: AlgebraicMethodsin Logic andin ComputerScience,BanachCen-
ter Publications,vol.28, Instituteof Mathematics,PolishAcademyof
Sciences,Warszawa,(1993).pp.51–66.

[Pl94] Plotkin,B.I., Universal algebra, Algebraic logic, and Databases.
Nauka,Fizmatlit (1991) (In Russian.)Englishversion: Kluwer Aca-
demicPublishers,(1994).

[Pr90] Pratt,V.R., Dynamicalgebrasasa well behaved fragmentof relation
algebras.in [BMP] (1990)77–110.

[Pr91] Pratt,V.R., DynamicAlgebras.StudiaLogica 50,3–4(1991)571–605.
[Pr92] Pratt,V.R., Origins of the calculusof binary relations. In: Proc.7th

AnnualIEEE Symposiumon Logic in ComputerScience,SantaCruz,
CA, June1992.pp.248-254.

[Q36] Quine,W.V., Towarda calculusof concepts.J. SymbolicLogic Vol 1
(1936)2–25.

[RT] Resek,D.andThompson,R.J.,An equationalcharacterizationof rela-
tivizedcylindric algebras.In [AMN] 519–538.

[RV] deRijke,M.andVenema,Y., Sahlquist’sTheoremfor BooleanAlgebras
with Operatorswith anapplicationto cylindric algebras.StudiaLogica
54,1 (1995)61–79.

[R] Rybakov, V., Admissibilityof LogicalInferenceRules,Elsevier, North-
Holland,New-York, Amsterdam(Studiesin Logic andtheFoundations
of Math.vol. 132),1997.617pp.

[S79] Sain,I., Therearegeneralrulesfor specifyingsemantics:Observations
on abstractmodel theory. ComputationalLinguisticsand Computer
Languages(CL& CL), 13 (1979),195–250.



128 ALGEBRAIC LOGIC

[S90] Sain,I.,Beth’sandCraig’spropertiesvia epimorphismsandamalgama-
tion in algebraiclogic. In [BMP] 209–226(1990).

[S95] Sain,I., On the problemof finitizing first order logic and its alge-
braic counterpart.(A survey of resultsandmethods.) In: Logic Col-
loquium’92 (Proceedingsof Logic Colloquium’92, eds.: Csirmaz,L.
Gabbay,D.M. andde Rijke,M.), CSLI Publications,Stanford,(1995).
pp.243–292.

[S97] Sain,I., Searchingfor a finitizable algebraizationof first-orderlogic.
Annalsof PureandAppliedLogic, to appear.

[SGy] Sain,I. andGyuris,V., Finite schemaaxiomatizablealgebraizationof
first orderlogic. Preprint,Math. Institute, Budapest,(1994).Journalof
IGPL, to appear.
http://circle.math-inst.hu/pub/algebraic-logic/fin-scheme.dvi.gz

[ST] Sain,I. and Thompson,R.J.,Strictly finite schemaaxiomatizationof
quasi-polyadicalgebras.In [AMN] 539–571.

[SA] SayedAhmed,T.M., Algebrasof sentencesof logic. MasterThesis,
CairoUniversity, (1997).
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