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On the “g” Theory of Investment

By HIROSHI YOSHIKAWA*

The purpose of this paper is to discuss the
micro-economic foundations of the “g” the-
ory of investment advanced by James Tobin,
and by Tobin and William Brainard. This
theory of investment can be summarized as
follows:!

The neoclassical theory of corporate
investment is based on the assumption
that the management seeks to maxi-
mize the present net worth of the com-
pany, the market value of the out-
standing common shares. An invest-
ment project should be undertaken if
and only if it increased the value of
the shares. The securities markets ap-
praise the project, its expected contrib-
utions to the future earnings of the
company and its risks. If the value of
the project as appraised by investors
exceeds the cost, then the company’s
shares will appreciate to the benefit of
existing stockholders. That is, the
market will value the project more than
the cash used to pay for it. If new debt
or equity securities are issued to raise
the cash, the prospectus leads to an
increase of share prices.

[Tobin and Brainard, p. 242]

[Thus] the rate of investment — the
speed at which investors wish to in-
crease the capital stock — should be
related, if to anything — to ¢, the
value of capital relative to its replace-
ment cost. [Tobin, p. 330]

Economic logic indicates that a nor-
mal equilibrium value for ¢g is 1 for
reproducible assets which are in fact
being reproduced, and less than 1 for
others. Values of g above 1 should

*State University of New York-Albany. I would like
to thank James Tobin, Katsuhito Iwai, Hirofumi
Uzawa, and an anonymous referee for their helpful
comments.

!'Elaborations and qualifications of the theory can
be found in section 1 of Tobin and Brainard.
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stimulate investment, in excess of re-
quirements for replacement and nor-
mal growth, and values of g below 1
discourage investment.

[Tobin and Brainard, p. 238]

The g theory of investment is now quite
popular.? However, there seems to be con-
siderable confusion about how the theory is
to be interpreted. For example, Robert Hall
argued that the g theory is basically a neo-
classical theory a la Dale Jorgenson, and
that only incomplete information and de-
livery lags can account for “disequilibrium”
values of ¢ and for their relation to invest-
ment. Otherwise, he argued, investment
would keep ¢ equal to one. On the other
hand, Michael Lovell, “struck by similarities
between ¢ theory and the neoclassical ap-
proach of Dale Jorgenson, Robert Hall, and
other> (p. 399), criticized both approaches
in th ollowing way:

Neither approach works out the dy-
namics of the adjustment process
within the context of a carefully ar-
ticulated optimization framework that
would specifically incorporate the pro-
cess of expectation formation and ad-
justment costs. In this respect, both
theories are dominated by a number of
contributions that have derived the op-
timal time path of adjustment simulta-
neously with the determination of the
properties of the ultimate long-run
equilibrium. [pp. 399-400]

The major point of this paper is that ¢
theory can be derived from a choice-
theoretic framework which explicitly takes
account of adjustment costs associated with
investment. The framework is similar to
those of Robert Lucas, John Gould, and

2For example, Robert Hall called it “the major
competitor to Jorgenson’s theoretical framework for
investment” (p. 85).
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Hirofumi Uzawa, which were in turn antic-
ipated by Robert Eisner and Robert Strotz.
These authors criticized Jorgensonian in-
vestment theory on the following grounds.
In Jorgenson’s theory, “desired” capital
stock is first determined and then invest-
ment is derived as a process induced by the
discrepancy between the desired capital
stock and current actual capital stock. The
theory assumes, of course, the existence of
adjustment costs associated with investment.
Otherwise, Jorgenson’s theory can explain
only optimal capital stock, but not optimal
investment. However, if the existence of ad-
Jjustment costs is important, it must be taken
into account explicitly in firms’ decisions
about investment. In this case, the notion of
desired capital stock derived apart from ad-
justment costs loses much of its meaning.

In what follows, I show that the g theory
of investment can be derived following
Lucas-Gould-Uzawa models of investment
which emphasize the role of adjustment
costs. For this purpose, let us consider a
one-commodity model in which the money
price of this single commodity is denoted by
p. Suppose that the production technique of
the firm under consideration is described by
the following production function:

(1 Q=F(L,K)

where Q, L, and K are, respectively, output,
labor employed, and an index of fixed
capital such as machines, factories, and
managerial resources. The function F is as-
sumed to be homogeneous of degree one.
Given K, the firms’ labor employment deci-
sion can be characterized in the usual way:

) Maxfoo(pQ—wL)e_‘“ dt
L Jo

where w is the wage rate and p is the rate of
return on capital equity required by stock-
holders. Given expected p and w, the neces-
sary condition is>

3For simplicity, I assume static expectations about p
and w. The basic analysis, however, remains unchanged
even if I assume changing expected p and w in so far as
they are expected to change at the common trend rate
of inflation.
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3) p(3Q/3L)=w for all t

Under the homogenity assumption of F,
this is equivalent to

(4) f(k)=f'(k)k=w/p

where f(k)=F(K/L,1) and k=K/L. De-
noting the expected marginal product of
capital, or the expected rate of profit as r,
we have

() r=f(k)

Thus, under the optimal employment de-
cision (4) corresponding to a given expected
w and p, the stock price of the firm (2) is
reduced to the following:

(6) prrKe_"'dt=er/p
0

Let us consider a current “once and for
all” investment decision of the firm. The
firm must decide how fast it should increase
its capital stock. An increase in capital is
denoted by AK. As for a decrease in capital,
there is usually a lower limit set by natural
depreciation, since physical capital is not
malleable and the firm incurs prohibitive
costs when decreasing the existing capital
stock too fast. (Kenneth Arrow analyzes the
case where investment is irreversible in an
explicitly dynamic model.) I will assume AK
>0 in what follows, and for simplicity, de-
preciation is ignored.

Now the fundamental factor required to
eliminate the indeterminancy of the optimal
level of investment is the adjustment cost
associated with high investment, that is, with
a rapid rate of capital increase. It should be
clear that this point is related to the distinc-
tion between the marginal efficiency of
capital and the marginal efficiency of in-
vestment. Let us assume that the effective
price (after taking into account adjustment
costs) of investment goods is not lower than
the going market price of capital goods p,
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and that it increases as the amount of in-
vestment increases. This is due to the ex-
istence of a particular kind of resource such
as management which cannot be increased
proportionally to physical capital and/or to
an increasing supply price of investment
goods. Specifically, I will introduce the fol-
lowing function:

M W)

where Y(0)=1,¢'>0,y”>0,a=AK/K

lim ¢'(a)=0

a—0+

Under this assumption, the effective price of
investment AK when the growth rate of
capital is a, is not pAK but py(a)AK, which
is larger than pAK. Then the market value
of this firm after the investment is the fol-
lowing:

(8) pr(K+AK)/p—py(a)AK
=pr(1+a)K/p—py(a)aK

The firm is assumed to maximize this
value with respect to a>0. The first-order
condition is

©) r/o—'a—y<0

where, if a >0, the equality holds. The sec-
ond-order condition —2¢'—ay” <0 is al-
ways satisfied. From this, we know that for
AK>0, g=r/p>1 is necessary. Note that
in the present framework the value of capital
stock evaluated in the financial market
prK/p, relative to its replacement cost pK, is
r/p. This is Tobin’s ¢. If r/p< 1,AK=0 in
this model. If we now define f(a)=y'(a)a+
Y(a) where f'>0 and f(0)=1, it can be seen
from Figure 1 that the optimal growth rate
of capital stock a*, and thereby the optimal
level of investment AK=a*K, are uniquely
determined. Note that f(«) in Figure 1 indi-
cates the marginal effective cost of capital
increase expressed as a function of the rela-
tive rate of capital increase, and that the
condition for optimal a* is the equality of g
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f)

FIGURE 1

to this marginal effective cost, f(a). Thus
given the marginal effective cost function
f(a), investment is shown to be an increas-
ing function of ¢ in Figure 1.

Before proceeding to a more complicated
case, some qualifications about the above
analysis are in order. One is the specific
nature of the adjustment cost function ()
(equation (7)). Although a convex adjust-
ment cost function is fairly standard in the
literature (for example, see Lucas, Gould,
and Uzawa), Michael Rothschild em-
phasized the possibility of a concave adjust-
ment function. More general functions might
affect the above analysis. Secondly, the fact
that r is taken as given is valid only under
our simplifying assumption of a homoge-
neous production function. Under decreas-
ing returns to scale r decreases when K
increases. This would not, however, affect
the above analysis substantially. Finally, the
expected return on new capital is assumed
to be equal to that on existing capital r. If
they are not equal, it is “the g ratio on the
margin that matters for investment: the ratio
of the increment of market valuation to the
cost of the associated investment” (Tobin
and Brainard, p. 243). This can be seen in
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my analysis by assuming the following in-
stead of (8):

(10) prK/p+pr'AK/p—py(a)AK
=prK/p+pr'aK/p—py(a)aK

This is the market value of the firm when
the expected return on new capital, r’ is
different from r. The maximization of (10)
with respect to a leads to the optimality
condition which requires the equality of ¢’
=r'/p to f(a). That is, the marginal q, q’
must be equal to the marginal effective cost
of capital increase, f(a). The reinterpreta-
tion of Figure 1 should be straightforward.
These qualifications are also applied to a
dynamic model to which I now turn.

The above static model should make clear
my basic point but it assumed, among other
things, that the investment decision consid-
ered is once and for all. More generally,
however, investment decisions would be
made successively, and in this case they
must be made optimally from a dynamical
viewpoint. Mathematically the problem is
one of calculus of variations rather than
differentiation.* Uzawa analyzes this more
complicated problem. The simplified ver-
sion of his model is

(11) hza(%xfo”p(r—Q(z))K(t)e-P‘dt

where z(t)=DK(t)/K(t) and r, p, K(0), p are
all given. The term ®(z) is the effective cost
of adding capital after taking account of
adjustment cost. This effective cost is greater
the faster is the growth rate of capital.
Specifically we assume ®(z) has the follow-

ing property:
(12)
®(z)>0,9"(2z)>0,9(0)=0,2'(0)=1

Uzawa’s analysis shows that if a solution
exists, then it is unique and the optimal z is
constant over time. It is also shown that the
optimal z, z*, must satisfy the following re-
lation:

4This is the problem analyzed by Lucas, Gould, and
Uzawa.
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FIGURE 2

(13)  (r=2(z*)/(p—2z*)=D'(z*)

Thus z* can be found from Figure 2.
Note that (r—®(z))/(p—2z) is g in this dy-
namic context since on the optimum path z
is constant and so from (11) the present"
value of the firm evaluated in the financial
market is p(r—®(2))K(0)/(p—z), whereas
its replacement cost is pK(0). Therefore g is
modified by the growth rate of the firm, z,
and the steady investment payment ®(z) in
this dynamic model. The slope of ®(z) is,
on the other hand, the marginal effective
cost of investment. It should be clear from
Figure 2 that only at z* is the optimality
condition satisfied: g=(r—®(z))/(p—2z) is
equal to the marginal effective cost of in-
vestment, ®’(z). This is a natural extension
of the previous static result. It should also
be clear that given the adjustment cost func-
tion ®(z), and present capital stock K,
investment (or z) is an increasing function
of q.

One point to be noted here is the meaning
of the assumption ®’(0)=1. This assump-
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tion means that the effective cost of adding
one additional unit of capital is simply the
market price of capital goods. If there exists
some fixed cost associated with any invest-
ment, then we would have ®’(0)>1 instead
of ®'(0)=1, and in this case the critical level
of ¢ would be larger than one.

Let me summarize my analysis. In a sim-
ple investment model emphasizing adjust-
ment cost (this seems to be a reasonable one
if we recognize that investment decisions
concern the speed of increase in capital stock),
it has been shown that the optimality condi-
tion requires the equality of g (the marginal
q if the expected return on new capital is
different from that on existing capital) to
the marginal effective cost of investment.
Aside from the price of capital goods, the
latter is determined by the adjustment cost
function. Therefore, the above optimality
condition means that given the shape of the
adjustment cost function, investment is an
increasing function of g. Thus, contrary to
Lovell’s comment on the g theory of invest-
ment, this theory can be derived from the
maximizing behavior of the firm explicitly
taking into account adjustment cost. By im-
plication, this paper has also shown that the
q theory is different from Jorgenson’s neo-
classical theory. The g theory, allowing the
divergence between the value of capital
evaluated in the financial market and the
price of capital goods, is a theory which
explains how investment (change in capital
stock) is motivated by this apparent short-
run disequilibrium. No wonder, as observed
above, adjustment cost plays a crucial role
in this theory. Jorgenson’s theory, on the
other hand, basically concerns the long-run
demand for capital stock.

One final remark is that in the ¢ theory,
as in John Maynard Keynes’ exposition in
chapter 12 of his General Theory, the rate of
profit r is the one expected by stockholders.
It seems worth future study to explore
whether or not the divergence between ex-
pectations of r held by asset holders and by
entrepreneurs has some implications for in-
vestment theory.’

5One possible answer would be that if the two
expectations are different, firms buy and sell their own
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