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Abstract

A theorem of Kac on quiver representations states that the dimension vectors of
the indecomposables over an algebraically closed field are precisely the positive
roots of the associated symmetric Kac-Moody Lie algebra. Moreover, he proves
that the number of isomorphism classes of absolutely indecomposables of a given
dimension vector over a finite field is an integer polynomial in the size of the field,

independent of the orientation of the quiver and invariant under the Weyl group.

We generalise these results to representations respecting an admissible quiver au-
tomorphism (ii-representations) and obtain the positive roots of an associated
symmetrisable Kac-Moody Lie algebra. We also show that the number of iso-
morphism classes of absolutely ii-indecomposables over a finite field is a rational
polynomial in the size of the field, again independent of the orientation and in-

variant under the Weyl group.

When the quiver is affine, we calculate these polynomials explicitly and see that
the coefficients are all non-negative integers. We relate the constant terms to
the weight multiplicities of a certain integrable module for the symmetrisable
Kac-Moody Lie algebra, given as the fixed points of a symmetric Kac-Moody Lie

algebra under a diagram automorphism.

Finally we consider species of valued quivers over finite fields. To each valued
quiver there is naturally associated a quiver with admissible automorphism and
the representations of the species can be thought of as the representations for the
quiver over a finite field extension such that the actions of the admissible automor-
phism and the Galois group coincide. Using this, we offer a more representation-

theoretic proof of the generalisation of Kac’s Theorem to the species setting.
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Chapter 1
Introduction

The study of representations of quivers has its origin in a paper by Gabriel [11],
who showed that a connected quiver was of finite representation type if and only
if its underlying graph was Dynkin (of type A, D or E). In doing so, he observed
that there is a bijection between the isomorphism classes of indecomposable rep-
resentations and the set of positive roots of the associated semisimple Lie algebra.
In [2], Bernstein, Gelfand and Ponomarev gave a more direct proof of this result.
Namely, they obtained all the indecomposables (up to isomorphism) by applying
sequences of reflection functors to the simple representations, in a manner anal-
ogous to how the roots are obtained by applying relections in the Weyl group to

the simple roots.

This work was extended by Donovan and Freislich [9], and independently by
Nazarova [34], to cover quivers of affine, or extended Dynkin, type. They de-
scribed the set of isomorphism classes of indecomposables, hence proving that
these quivers are of tame representation type. A more unified approach, which
also works for species of Dynkin or affine type, can be found in [8]. We again
have a connection with the root systems of the affine Kac-Moody Lie algebras.
That is, the dimension vectors of the indecomposables are precisely the positive
roots. This does not extend to a bijection with the isomorphism classes though,

since to each imaginary root there corresponds a P!-family of indecomposables.
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Finally, Kac proved in [22] that this correspondence holds in general. That is, for
a finite quiver without vertex loops, the set of dimension vectors of the indecom-
posables over an algebraically closed field is precisely the set of positive roots of
the associated (symmetric) Kac-Moody Lie algebra. Kac also proposed a num-
ber of conjectures suggesting a deeper relationship between the representations
of quivers and the structure of the Kac-Moody Lie algebras. These concern the
number of isomorphism classes of absolutely indecomposable representations over

finite fields and the multiplicities of the roots in the Lie algebra.

Around the same time, Tanisaki [40] considered representations of quivers with
an automorphism. He showed that the only such pairs having finitely many
isomorphism classes of indecomposables are when the underlying graph of the
quiver is Dynkin. Moreover, the dimension vectors of the indecomposables now
correspond to the positive roots of an associated valued graph — in this case, the
Dynkin graphs of type B, C, F and G.

This suggests an alternative approach to that of species in the attempt to gen-
eralise Kac’s Theorem and thereby obtain the positive root systems of all sym-
metrisable Kac-Moody Lie algebras — namely by studying pairs consisting of a
quiver and an automorphism and the corresponding isomorphically invariant rep-
resentations (ii-representations). This has the advantage that we can now work
over algebraically closed fields and it is this approach that we shall adopt in this

thesis.

Recently, Reineke [35] has used the notion of ii-indecomposables (in his language,
~v-symmetric indecomposables) to construct the so-called quantic monoid asso-
ciated to any semisimple Lie algebra g. The corresponding monoid ring can be
thought of as the specialisation to ¢ = 0 of the positive part of a twisted form
of the quantised enveloping algebra for g. On the other hand, it can be realised
as the monoid of generic extensions of ii-representations, a purely geometric con-

struction.

Some of the results in this thesis now form the content of a paper [20], which is

available as a preprint on the Mathematics ArXiv website.
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1.1 Quivers and Root Systems

A quiver Q is a finite directed graph with vertices Z and arrows A. We shall
also assume that Q has no vertex loops. There are two maps s,t : A — T
which describe where each arrow starts and terminates. In particular, we write

p:s(p) — t(p). A quiver is connected if its underlying graph is connected.

We associate to Q a symmetric matrix A indexed by Z as follows. (In the termi-

nology of Section 1.4, A is a symmetric generalised Cartan matrix.)

p if i = j;
Q35 = (].].].)
—#{edges between i and j} if i # j.
Clearly A is independent of the orientation of Q.

The root lattice ZZ of Q is the free abelian group on elements e; for : € Z. We
partially order ZZ by o = ), ae; > O if and only if oy > O foralli € Z. If o > 0,
then we define its height to be ht o := ), a;. We also write

a:=hct{a; |i €T} (1.1.2)
and say that « is indivisible if @ = 1.
We endow ZZ with a symmetric bilinear form (—, —) via
(€i,e5) == aj; (1.1.3)
and then for each vertex ¢ we have the reflection
risa— a—(a,e)e;. (1.1.4)

These reflections generate the Weyl group W of Q. Clearly the bilinear form
(—, —) is W-invariant. The length ¢(w) of an element w € W is defined to be the

minimum length of an expression w = r;, ---r;,, with 7; € Z.

We can describe the set A C ZZ of roots of Q combinatorially as follows. We

have the simple roots
IM:={e; |i €T} (1.1.5)
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and the fundamental region
F:={a>0|(a,e;) <0 for all i € Z and supp «a connected}, (1.1.6)

where supp « is the support of o — the full subquiver on those vertices 7 such
that Q; 7£ 0.

N.B. The fundamental region may well be empty.
The sets of real and imaginary roots are now
A®:=W-II and A™:=4W.F (1.1.7)

Moreover, each root is either positive or negative and we write A, for the set of

positive roots.

Let a be a root. We note that (a,a) = 2 if « is real, whereas (o, ) < 0 if «v is

imaginary.

1.2 Representations of Quivers

Let K be a field. A K-representation X = {V;, f, | i € Z,p € A} of a quiver Q
is given by a finite dimensional vector space V; for each vertex and a linear map

Jo : Vis(p) = Vi) for each arrow.

If Y = {W,,g,} is another representation of Q, then we define a morphism
0 : X — Y to be a collection of linear maps 6#; : V; — W, for each i such that, for

each arrow p, we have a commutative square

f
Viy —— Vi)

Wiy —— Wiy

9p

This is an isomorphism if and only if each 6; is an isomorphism.

The direct sum of two representations is given by

X&Y = {V,& W, f,&g,) (12.2)



Chapter 1. Introduction 5

and a representation is called indecomposable if it is not isomorphic to a proper
direct sum of two representations. We obtain an abelian category in which the
Krull-Remak-Schmidt Theorem holds.

Theorem 1.2.1. Fvery representation is isomorphic to a direct sum of indecom-
posables and the isomorphism classes and multiplicities of these summands are

uniquely determined.

The dimension vector of a representation X = {V;, f,} is

dim X =Y “(dimV;)e; € ZT. (1.2.3)

(In general we shall call any o € ZZ with a > 0 a dimension vector.) By fixing
bases, we see that the representations of dimension vector a are parametrised by
the affine space
Rep(Q, a, K) 1= [ [ M (aup) X ), K. (1.2.4)
peA
We shall identify the points of Rep(Q, o, K') with the corresponding representa-
tions of Q.

The group
GL(e, K) := | [ GL(a;, K) (1.2.5)
i€
acts on Rep(Q, «, K) by conjugation — given g = (¢;) € GL(a, K) and X =
(X,) € Rep(a, K), the p-th component of g - X is

(9-X)p = gt(p)ngs_(,l))' (1.2.6)

There is a 1-1 correspondence between the isomorphism classes of K-representa-

tions of dimension vector o and the GL(«, K')-orbits on Rep(Q, a, K).

1.3 Path Algebras

For a field K and a quiver Q, we recall the definition of the path algebra K Q and

the equivalence between the category of finite dimensional K Q-modules and the
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category of K-representations of Q. These results can be found in [1], Chapter
I1I.

A path in Q is a sequence of arrows p = p,, - - - p1 such that t(p;) = s(p;y1). We
set s(p) = s(p1) and t(p) = t(pn). We also have the trivial path e; for each
vertex ¢. The path algebra K Q has basis the paths in Q and with ¢ - p being the

concatenation of the two paths if ¢(p) = s(¢) and 0 otherwise.

We note that KQ is a finitely generated associative algebra and that the ¢; for

i € T give a complete set of primitive idempotents.

Suppose that X = {V}, f,} is a K-representation of Q. Let V := @, V; and write
m; and n; for the maps V' — V; and V; — V respectively. We obtain a K Q-module
X with underlying vector space V' via

g = nmi(x) and PT = Ny(p) foTs(p) () for all x € V. (1.3.1)
Conversely, if X is a finite dimensional K Q-module with underlying vector space
V, then we obtain a K-representation of Q by setting V; :=¢;V and f,(z) = pu.
These constructions extend to functors and hence we get

Proposition 1.3.1. The categories of finite dimensional K Q-modules and K-

representations of Q are equivalent.

We also note that the path algebra has a natural grading by path length KO =
@@0 A,,, where each ¢; has length 0 and the path p = p,, --- p1 has length m.
The space Ag with basis the trivial paths is a basic semisimple subalgebra and

A1, which has basis the arrows of Q, is a Ag-bimodule.

Proposition 1.3.2. The path algebra KQ is isomorphic to the tensor algebra
T (Ao, Ay).

1.4 Kac-Moody Lie Algebras

In this section we recall the definition and some of the basic properties of a

symmetrisable Kac-Moody Lie algebra over C (see [25]).
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A generalised Cartan matrix (GCM) is a square matrix C' with 2 on the leading
diagonal, all other entries non-positive integers and such that ¢;; = 0 if and only
if ¢cj; = 0. The matrix C is called symmetrisable if there exists an invertible
diagonal matrix D such that DC' is symmetric. If C' is symmetrisable, then we

can always assume D has non-negative integer entries.

We have seen that every graph gives rise to a symmetric GCM, and this correspon-
dence is actually a bijection. Similarly, there is a bijection between symmetrisable
GCMs and valued graphs: if C' is a symmetrisable GCM indexed by Z, then we
obtain a valued graph as follows. We take Z as the vertex set and draw a valued
edge

; (Iejilileiil) j (1.4.1)

whenever ¢;; # 0.

A symmetrisable GCM C' is called indecomposable if its corresponding valued

graph is connected.

Let C be a symmetrisable GCM of size m = |Z| and rank [ and fix a decomposition
C = D7!'B, where D and B are both integer valued. Let b be a 2m—I dimensional
complex vector space and pick linearly independent elements H; € h and e; € h*
for i € 7 such that e;(H;) = ¢;;. The triple (b, {H;}, {e;}) is called a (minimal)
realisation of C'. We write h’ and A for the subspaces of h and h* spanned by the

H; and e; respectively.

Lemma 1.4.1. Any two realisations (b*,{H}},{e}}) and (h*,{H?},{e?}) of C
are isomorphic, in the sense that there is an isomorphism ¢ : ' — b2 such that
¢(H}) = (H?) and ¢ (e}) = e;.

The Kac-Moody Lie algebra g associated to a realisation (h, {H;},{e;}) of C is
defined to be the Lie algebra generated by h and elements E;, F; for i € Z subject
to the following Serre relations:

[H,H'| =0, [H,Ej] = e;j(H)E; (ad E;)' "9 E; = 0,

(1.4.2)
[E:, Fj] = 6, H;, [H,F}] = —e;(H)F; (ad 1)~ F; = 0,
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where H, H' € §.

The elements Ej;, F;, H; are called the Chevalley generators and these generate
the derived algebra g’ = [g,g]. The centre ¢ (of g or g’) is given by those H € b
such that e;(H) = 0 for all . This has dimension r = m — [, the corank of C'.

For o € bh* we define
o :={r€g|[H z] =ah)x for all H € b}. (1.4.3)

We denote by A the set of non-zero a € h* such that g, # 0. Then A C A and
is called the set of roots of g. The number dim g, is called the multiplicity of a.
We also note that go = b.

If C' is symmetric, corresponding to the graph Q, then the set of roots coincides
with the combinatorial description given in Section 1.1. More generally, if C'
corresponds to the valued graph I', then we can again define the root system

combinatorially as follows.

As before, the root lattice ZZ of I' is the free abelian group with generators the
simple roots e; for i € Z. We endow this with the symmetric bilinear form (—, —)
determined by B — namely

(€i,e5) := bij. (1.4.4)

N.B. If " is connected, then this bilinear form is unique up to a scalar.

The reflections r; of ZZ are defined by

L
d;

rita—a——(o,e)e; (1.4.5)
and these generate the Weyl group W.

The real roots A™ are the images under W of the simple roots and the imaginary

roots A™ are £W - I/, where F is the fundamental region

F:={a>0](a,e;) <0 for all i and supp a connected}. (1.4.6)

We have the decomposition

s=hoPe.=n dhan,, (1.4.7)

a€A
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where ny = @©o>08+a- Moreover, n, and n_ are generated by the F; and F;
respectively.

We can equip h with a non-degenerate symmetric bilinear form (—, —) such that
(H;, H) = g-e;(H) for all H € §. In particular, (H;, H;) = fdjbij‘

Lemma 1.4.2. Any two non-degenerate symmetric bilinear forms on § satisfying
(H;,H) = %ei(H) differ by an isomorphism fizing b’.

Proof.

We know that (—,—) is non-degenerate on h and that the kernel of (—, —) re-
stricted to the subspace b’ is the centre ¢. Fix a complement V' to ¢ in h" and let
21...,% and vy, ..., be bases for ¢ and V respectively. Then (see for example
[28], Chapter XV, Lemma 10.1) there exist elements z1, ..., x, in § such that

(QIZ‘, Zj) = 5ij; (.’L‘i,?}j) =0 and (xi,xj) =0. (148)
In particular, the z;, v; and z;, form a basis for b.

Now suppose that (—, —); and (—, —), are two non-degenerate bilinear forms on
h satisfying (H;, H;) = fdjbij' We can take xy,...,z, and yq,...,y, satisfying
(1.4.8) for (—, —); and (—, —)2 respectively and define an automorphism ¢ of b
by H; — H; and z; — y;. Then (¢(H),p(H'))s = (H, H'); for all H, H' € §.

[

The bilinear form determines a bijection v : h — h* sending H; to %ei and hence

induces a bilinear form on h*. This satisfies (e;, e;) = b;; and thus we recover the
original form on ZZ defined by (1.4.4).

The Chevalley involution w of g is given by
w(E;) = —F, w(F;) = —F; w(H)=—H. (1.4.9)
This satisfies w(ga) = g—a-

Given a bilinear form (—,—) on h as above, we can extend it uniquely to an
invariant non-degenerate symmetric bilinear form on the whole of g. This satisfies
1

(B, F) =7 (1.4.10)
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Moreover, if « € A and x4 € g4, then

[y, 2] = (24,2 )v (a). (1.4.11)

We shall also need the following result on ideals of g.

Proposition 1.4.3. The Lie algebra g is simple if and only its GCM C' is non-
degenerate and indecomposable. Conversely, if C is indecomposable, then every

ideal of g either contains g’ or is contained in c.

1.5 Kac’s Theorem and Conjectures

Let K be an algebraically closed field. Then the subset of indecomposable repre-
sentations Ind(«, K) C Rep(a, K) is a constructible set, stable under GL(«, K).

As in Appendix B we can therefore define the number of parameters

p(o, K) = dimgr,(a,x) Ind(a, K) (1.5.1)
and the number of top-dimensional families of orbits

t(a, K) == topgy(a,x) d(a, K). (1.5.2)
We can now state Kac’s Theorem. This was first proved in [22, 23] but see also
(24, 27].

Theorem 1.5.1 (Kac). Let Q be a quiver and K an algebraically closed field.

1. The dimension vectors of the indecomposable representations are precisely

the positive roots A ;

2. For a € Ay we have p(o, K) =1 — 3(a, @) and t(a, K) = 1.

In particular, there is a unique isomorphism class of indecomposables of dimension

vector « if and only if « is a positive real root. We also note that the dimension
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vectors, number of parameters and number of top-dimensional families of orbits
are all independent of both the orientation of Q and the characteristic of the field
K.

Now suppose that I is a finite field with ¢ elements and write K for its algebraic
closure. An I, Q-module X is called absolutely indecomposable if the K Q-module
K ®p, X is indecomposable. If dim X = a, then this is equivalent to saying that X
corresponds to a point in the set Ind(a, K') NRep(e, F,), where we have identified
Rep(a, F,) with the set of points of Rep(«, K') having each co-ordinate in F,.

We denote the number of isomorphism classes of absolutely indecomposable [, Q-
modules of dimension vector o by A(a,q). The following is proved in [23] (see
also [19, 24]).

Theorem 1.5.2. The numbers A(a, q) are polynomials in q with integer coeffi-
cients. For o € AL this polynomial has degree p(a) = 1 — (o, ) and leading
coefficient t(a) = 1. Moreover, A(a,q) is independent of the orientation of Q

and is invariant under the action of the Weyl group.
Regarding these polynomials, Kac made the following conjectures.

Conjecture 1. The coefficients of A(a, q) are all non-negative integers.

Conjecture 2. The constant term A(a,0) equals dim g(Q),, the multiplicity of
a viewed as a root of the Kac-Moody Lie algebra g(Q).

These are known to be true when Q is a Dynkin or affine quiver using the classifi-
cation of the isomorphism classes of indecomposables. Recently, both conjectures

have been shown to hold when « is an indivisible root [5].

1.6 The Main Theorem

The main result of this thesis is the following theorem generalising Kac’s Theorem,

Theorem 1.5.1. The terminology and notation is taken from Chapter 2.
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Theorem 1.6.1. Let (Q,a) be a quiver with admissible automorphism of order
n. Let I' be the associated valued graph and K an algebraically closed field of

characteristic not dividing n.

1. The images under f of the dimension vectors of the ii-indecomposables for

(Q,a) are precisely the positive roots A(T'), of T';

2. If o € A(I')% is a positive real root, then there exists a unique isomorphism

class of ii-indecomposables having dimension vector f~(a).

Here f : (ZZ)® — ZI is the canonical bijection between the points of the root
lattice for Q fixed by a and the root lattice for I'.

As before, we see that the dimension vectors of the ii-indecomposables are inde-
pendent of both the orientation of @ and the characteristic of the field K. We
note, however, that the converse of Part 2 does not hold in general (c.f. the
remark following Theorem 1.5.1). That is, there may exist imaginary roots « for
which there is a unique isomorphism class of ii-indecomposables having dimension

vector f~!(a). We exhibit such an example in Section 3.7.

We also prove a theorem analogous to Theorem 1.5.2. Let (Q,a) be a quiver
with admissible automorphism of order n and let I' be the associated valued
graph. We write A-ii(a, q) for the number of isomorphism classes of absolutely
ii-indecomposable representations of dimension vector f~!'(a) defined over the
finite field F,.

Theorem 1.6.2. The numbers A-ii(«,q) for ¢ = 1 mod n are polynomials in q
with rational coefficients, independent of the orientation of @ and invariant under
the action of the Weyl group W (I'). Moreover, the coefficients have denominators
bounded by na.

Let K be an algebraically closed field and write Ind-ii(«, K') for the constructible
subset of Rep(f~!(«), K) corresponding to the ii-indecomposables. The affine
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algebraic group GL(f'(a), K) acts on Ind-ii(c, K) and again there is a bijec-
tion between the orbits of this group action and the isomorphism classes of ii-

indecomposables over K. Therefore we can consider the number of parameters
p-ii(cr, K) = dimgrp-1(a), 1) Ind-ii (e, K) (1.6.1)
and the number of top-dimensional families of orbits

t-ii(a, K) := topgr,(-1(a),x) Id-ii (e, K). (1.6.2)

Using Theorem 1.6.2 and some properties of affine schemes of finite type over the

integers we deduce the following.

Corollary 1.6.3. Let K be an algebraically closed field of characteristic not di-
viding n. Then the numbers p-ii(a, K) and t-ii(a, K) are given by the degree
and leading coefficient of the polynomial A-ii(«,q). In particular, they are also
independent of the orientation of Q and of the characteristic of the field K.

We also generalise Kac’s two conjectures. To do this, we first consider the dual
quiver with automorphism (é, a). (The terminology comes from the fact that

the associated valued graph is dual to I'; see Sections 3.3 and 3.4.)

Let g denote the Kac-Moody Lie algebra corresponding to Q. Then the auto-
morphism a naturally induces an automorphism of the derived Lie algebra g’ and
g(I") embeds in the fixed-point subalgebra. In fact, we show in Chapter 7 that
this automorphism can be extended to the whole of g such that g(I') embeds in
the fixed-point algebra £. We can now view £ as an integrable g(I')-module and

we prove that the set of non-zero weights is precisely the set of roots A(T).

Conjecture 1'. The coefficients of A-ii(«, q) are all non-negative integers.

Conjecture 2. The constant term A-ii(,0) equals dim L, the multiplicity of
a viewed as a weight of the integrable g(I')-module L.
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We prove that these conjectures hold when « is a positive real root, for then
A-ii(c,q) = 1 = dim L,. In the case when Q is affine, we also calculate A-ii(«, q)
and dim £, for all imaginary roots « = mdr of I' and show that the conjectures
hold.

We now describe briefly the organisation of this thesis. In Chapter 2 we intro-
duce the basic notation and terminology. We prove some combinatorial lemmas
relating the structure of the fixed points of the root lattice for Q to that of the
root lattice for I'. We also prove Part 2 and one direction of Part 1 of Theorem
1.6.1.

In Chapter 3 we consider the relationship to skew group algebras and introduce
the dual quiver with automorphism (é, a). Using this, we complete the proof of

Theorem 1.6.1. We also offer a counter-example to the converse of Part 2.

Chapter 4 is concerned with the numbers A-ii(c, ). We first factorise the gen-
erating function for the total number of isomorphism classes of ii-representations
over a finite field and show that there is a factor corresponding to each divisor
of n (or subgroup of (a)). This allows us to derive a formula for the numbers

A-ii(c, q) and prove Theorem 1.6.2.

In Chapter 5 we apply this result to prove Corollary 1.6.3 as described above and
in Chapter 6 we consider the affine quivers and their automorphisms, computing

the numbers A-ii(mdr, q) in each case.

We then discuss diagram automorphisms of Kac-Moody Lie algebras in Chapter
7 and in particular the automorphisms of the affine algebras. In this way, we

prove Conjectures 1’ and 2’ for the affine quivers.

Finally, in Chapter 8, we discuss the connection to species over finite fields and
offer a representation-theoretic proof of the generalisation of Kac’s Theorem to

species.

There are also two appendices. The first contains all the results on affine schemes
that we require in Chapter 5 and the second discusses some aspects of affine

algebraic group actions on affine varieties.
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Chapter 2
Quivers With An Automorphism

In this chapter we introduce the notion of an admissible automorphism of a quiver
and explain how this gives rise to a symmetrisable GCM, and hence a valued
graph. We show that there are natural connections between the combinatorial
properties of the quiver which respect the automorphism and those of the valued

graph.

The automorphism also acts functorially on the category of all representations
and this determines an action on the set of isomorphism classes. We define
the isomorphically invariant representations, or ii-representations, to be those

representations corresponding to the fixed points of this latter action.

In this way we obtain an additive subcategory. The ii-indecomposables are now

taken to be the indecomposable objects in this subcategory.

2.1 Quivers with an Admissible Automorphism

Let Q be a quiver, which we will assume is finite and without vertex loops. An
admissible automorphism a of Q is a quiver automorphism such that no arrow
connects two vertices in the same orbit. This notion was first introduced by

Lusztig [30] where, given such a pair (Q,a), he describes how to construct a
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symmetric matrix B indexed by the vertex orbits I. Namely

2#t{vertices in i-th orbit if i =j;
W E J ] (2.1.1)
—#{edges between i-th and j-th orbits} if i # j.
Let

d; := by /2 = #{vertices in i-th orbit} (2.1.2)
and set D = diag(d;). Then C' = D' B is a symmetrisable GCM and we write T

for the corresponding valued graph. That is, I' has vertex set I and we draw an

edge i — j equipped with the ordered pair (||, |ci5]) whenever ¢;; # 0.

We know from [30], Proposition 14.1.2 that every symmetrisable GCM (or valued
graph) can be obtained from such a pair (Q,a), though this pair will not be
unique. We also note that given a graph with an admissible automorphism, we

can always assign a compatible orientation to obtain a quiver with automorphism.
Example 2.1.1. Consider the quiver D4 with automorphism

4 ™~

v T

The corresponding symmetrisable GCM 1is then

-1

and the valued graph I is of type C3 - e

Using the decomposition C' = D~!B we can endow the root lattice ZI of I' with

a symmetric bilinear form (—, —)r, as in Section 1.4. Namely, we set

(€1, €5)r = by. (2.1.3)

We also recall the Weyl group W (I'), generated by the reflections

1
il o — d—(&, ei)re;  for all a € ZI, (2.1.4)

1
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and the root system A(T'). The real roots A(I')™ are the images under W(I)
of the simple roots e; whereas the set of imaginary roots A(T')™ is +W(T') - Fr,

where Fr is the fundamental region

Fr:={a>0] (a,e)r <0 for all i and supp a connected}. (2.1.5)

The automorphism a acts naturally on the root lattice ZZ for Q by a(e;) := ea()
and the bilinear form (—,—)g is a-invariant. (In other words, a induces an
automorphism of the GCM A, using the terminology of Proposition 7.1.2.) We
have a canonical bijection

f:(z1)® - 71 (2.1.6)

from the fixed points in the root lattice of Q to the root lattice of I'. This is given
by f(a); :== a; for any vertex ¢ in the i-th orbit.

The admissibility of a implies that the reflections r; and r; commute whenever ¢

and j lie in the same a-orbit. Therefore the element

si=]]rie W(Q) (2.1.7)

i€i
is well-defined. Also, since a - 7; = 74(;) - a, we see that s; commutes with the
action of a on ZZ. We denote by C,(W(Q)) the subgroup of W(Q) consisting of

all such elements.

Lemma 2.1.2. Let o, 3 € (ZI)®. Then

1. (o, B)g = (f(a), f(B))r:
2. f(si(a) =ri(f()) € ZI;

8. the map r; — s; induces an isomorphism W(T') = Ca(W(Q)).

Proof.
Let 7, € 7 enumerate the vertices in the orbit i € I. Parts 1 and 2 now follow

from the formula

bij = E aivjw = di E am-w fOI' any v.
VW w
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We denote the length of an element w € W(Q) by ¢(w). It is shown in [25] that
l(wr;) < (w) if and only if w(e;) <0

and
l(w) = #{a € A(Q)+ | w(e) < 0}.

Since a is admissible and preserves the partial order > on ZZ, induction on length
shows that Ca(W(Q)) is generated by the s;. Now suppose that 3, ---r;,, =1 €
W(T). Then s;, - - s;, fixes (ZZ)® and so s;, - - - 8, (¢;) > 0 for all j. Therefore
Siy -+ 8i,, = 1 € W(Q) and the r; and s; satisfy the same relations.

[

Proposition 2.1.3. Let o € A(Q) and let r > 1 be minimal such that a"(a) = «.
Set
o(a) :==a+ala)+---+a (o) e (ZI)®.

Then a— f(o(a)) induces a surjection A(Q) — A(I'). Moreover, if f(o(a)) is

real, then o must also be real and unique up to a-orbit.

Proof.
Set 8 := f(o(a)) and consider w'(3) for some w' € W(T). Let w € Cy(Q)
correspond to w’. Then w(o(a)) = o(w(a)) and w(a) € A(Q).

Since a preserves the partial order on ZZ, w'(/3) is either positive or negative.
Also, f(o(w(a))) always has connected support. Therefore, if w’ is chosen so
that w'() has minimal height, then either w'((3) (or its negative) lies in the
fundamental region or else it is a multiple of a real root, say w'(3) = me;. In the
latter case we must have that w(«) = me; for some vertex ¢ in the i-th orbit, so

w(a) = e; and m = 1. This proves that every root of Q gives rise to a root of I

Conversely, every simple root e; lies in the image of this map, so consider § € Fr.
Then v = f~4(B) € (ZI)® satisfies

0= (Be)r = (v.0(e))o =Y (1.8 (er)o = di(y: e)o

r
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for all + € i. Thus if « is a connected component of v, then « lies in the funda-

mental region for Q and o(«a) = 7.

The result now follows from the correspondence between the Weyl groups.

In particular, we note that A(Q) is finite if and only if A(T") is.

2.2 Automorphisms of Path Algebras

Let (Q,a) be a quiver with automorphism. It is clear that for any field K,
a induces an algebra automorphism of the path algebra KO, which we again
denote by a. We can also view the path algebra as the tensor algebra T'(Ag, Ay),

where Ag is the semisimple algebra

Ag = HK@ (2.2.1)
€T
and A; is the Ayp-bimodule
A= ][] Ep. (2.2.2)
peA

We note that Q has no edge loops precisely when ¢;A1e; = 0 for all vertices 1.

It follows that a is actually a graded automorphism, since by definition it is given
by an algebra automorphism of Ay and a Ag-bimodule automorphism of A;. Also,

a is admissible if and only if

eilie; =0 whenever ¢ and j lie in the same vertex orbit. (2.2.3)

Now suppose that K is an algebraically closed field and n is a positive integer
invertible in K. Let a be a graded automorphism of K Q of order n satisfying
(2.2.3). Then a necessarily acts as a permutation of the idempotents ¢; and hence
induces a permutation of the vertex set Z. Also, if a’ fixes two vertices i and j,
then we can find a basis for €;A¢; with respect to which a’ acts diagonally. In
terms of the quiver Q, this means that a' acts on each arrow ¢ — j as multipli-

cation by an n-th root of unity (or more precisely an n/t-th root of unity).
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We can again form a symmetrisable GCM C = D! B using the formulae (2.1.1)
and (2.1.2), and hence obtain a valued graph I'. Furthermore, the results of
Lemma 2.1.2 and Proposition 2.1.3 still hold, since their proofs relied only upon

the action of a on the set of vertices Z.

From now on, when we say (Q,a) is a quiver with an admissible automorphism,

we shall also include this more general situation.

Example 2.2.1. Let Q be the affine quz’ver/&l with the automorphism exchanging
the two arrows
¥
Let K be an algebraically closed field not of characteristic 2. If we call the arrows
p and a(p), then a acts diagonally on Ay with respect to the basis given by o =
1

s(p+a(p)) and 7 = 3(p —a(p)). We can express this pictorially as

2.3 Isomorphically Invariant Representations

Let (Q,a) be a quiver with admissible automorphism of order n and K an al-
gebraically closed field of characteristic not dividing n. We shall show how a
determines an autoequivalence of the category of K Q-modules and hence a func-
tor on Rep(Q, K). We fix a primitive n-th root of unity ¢ in K.

Let X be a K Q-module. We define a module 2X by taking the same underlying

vector space as X but with new action
p-r:=a '(px forpe KQ. (2.3.1)

If  : X — )Y is a module homomorphism, then we obtain a homomorphism
ap . 2X — 2 as follows. Since ¢ is a fortiori a vector space map, we set 2¢ = ¢.
Then

o(p-x) = pla ' (p)x) = a ' (p)p(x) = p- ¢(x). (2.3.2)
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In this way we obtain an additive functor F'(a) on mod K'Q such that F(a") =

F(a)". In particular, we note that X is indecomposable if and only if 2X is.

We know that the categories mod K'Q and Rep(Q, K) are equivalent, so the
functor F'(a) must act on Rep(Q, K). Let X = (V;, f,) be a K-representation of
Q and X the corresponding K Q-module (via the functors described in Section
1.3), so X has underlying vector space V = @, V;. We wish to describe the
representation *X = (W;,g,) corresponding to the module *X" in terms of the

original representation X. Clearly
Wi =& V= a’l(az-)V = Ea—l(i)v = Va—l(i). (233)

Now suppose that p : 4 — j is an arrow. Let ¢ > 1 be minimal such that a’ fixes
both i and j (so t = lem(d;, d;), where ¢ and j are in the i-th and j-th orbits
respectively). By our choice of basis for A; (and hence choice of arrows for Q),

we have a‘(p) = ("p for some u.
Let p,, :=a™(p) for m =0,...,t — 1. Then by definition,

Jo (@) = ppx forall 0 <m <t (2.3.4)
and so

m—1T = fp,, (T for 1 <m < t;
Ypm (T) = pm - @ = omr = fon-1(2) (2.3.5)
CMpgx =" f,, (x) for m =0.

We say that a representation X is isomorphically invariant (an ii-representation)
if2X = X. Note that dim?X = a(dim X), so any ii-representation has dimension
vector fixed by a. We say that X is an ii-indecomposable if it is not isomorphic

to the proper direct sum of two ii-representations.

Lemma 2.3.1. The ii-indecomposables X are precisely the representations of the
form

m—1

X2Y@rY o 0",

where Y is an indecomposable Q-representation and m > 1 is minimal such that
a"y ~Y. Moreover, the Krull-Remak-Schmidt Theorem holds for i-representa-

tions.
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N.B. The full subcategory with objects the ii-representations is not abelian.

Proof.

Let X be an ii-representation. Viewing X solely as a Q-representation, we can
write it as a direct sum of indecomposable representations. Also, since 2X = X,
F(a) must act (up to isomorphism) as a permutation of these indecomposable

summands. That is, we can write
XE22,®-- D Zy,

where each Z; is of the form

1

Z;i=Y;®Y- 0™ Y,
with Y; indecomposable and m; > 1 minimal such that 2"'Y; = Y;.

The lemma follows from the Krull-Remak-Schmidt Theorem for Q-representa-

tions.

We are now in a position to prove Part 2 and one direction of Part 1 of Theorem
1.6.1.

Proposition 2.3.2. Let (Q,a) be a quiver with an admissible automorphism; I’
the associated valued graph and K an algebraically closed field of characteristic
not dividing the order of a. Then there is an ii-indecomposable of dimension

vector f~(a) only if a is a root of T.

Moreover, every positive real root of I' occurs and the corresponding ii-indecom-

posable is unique up to isomorphism with %(a, a)r indecomposable summands.

Proof.
Let Y be an indecomposable representation of Q and consider the ii-indecompos-
able

amfl

X=Ya?Y®--- & Y.

Writing 8 = dimY € A(Q),, then dim X = f+a(f) +---+a™(8) = ro(B) for
some r. If 3 is real, then by Kac’s Theorem Y = 2"Y if and only if a™(3) = 3
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and so r = 1. Therefore f(dim X) = f(c(5)) € A(T');. On the other hand, if 8
is imaginary, then so is f(o(f)) and hence f(dim X) = rf(o(5)) € A(I') 4.

This shows that the dimension vectors of ii-indecomposables give rise to positive
roots of I'. Also, it follows from Proposition 2.1.3 and Kac’s Theorem that we
must get every real root of I' and that the corresponding ii-indecomposable is

unique up to isomorphism with the stated number of indecomposable summands.
[ |

Of special interest in the representation theory of quivers (over an arbitrary field
K) are the reflection functors R;" and R; , defined when i € 7 is a sink or a source
respectively (see for example [8]). Clearly if ¢ is a sink (respectively a source) then

the same is true for all vertices in the orbit of i. Also, since a is admissible, the

Sii = HRZi

i€

functor

is well-defined.

Denote by K; the i-th simple representation of Q. If d = d; is the size of the orbit

of i, then we have an ii-indecomposable
K, =K;® Ka(i) @P--- Kadfl(i).

Proposition 2.3.3. Let i be a sink (or a source, interchanging + and —). Then

for any vi-representation X there is a canonical monomorphism

whose image has a complement a direct sum of copies of the ii-indecomposable
K;. In fact,

2. if X # Kj is an ii-indecomposable, then ¢x is an isomorphism and hence

End(S; (X)) = End(X) and dim S (X) = sj(dim X).
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Proof.
This follows immediately from the standard properties of reflection functors [8].
|

2.4 Geometrical Aspects

Let K be an algebraically closed field. As in Section 1.6, we can consider
the subset Rep-ii(a, K) of Rep(f~!(a), K) corresponding to the set of all ii-
representations of dimension vector f~!(a), where 0 < a € ZI. This is clearly
GL(f (), K)-stable and is also a constructible subset. For, consider the affine

variety
M(a,K) :={(g9,X) € GL(f *(a), K) x Rep(f ' (a),K) | g- X =2X}. (2.4.1)

Then the image of M(«a, K) under the projection to the second co-ordinate is

precisely the set Rep-ii(a, K), which is constructible by Chevalley’s Theorem.

Theorem 2.4.1 (Chevalley). Let f : Y — X be a morphism of varieties and
let Z CY be a constructible subset. Then the image f(Z) is constructible in X.

In particular, f(Y) is constructible.

Similarly for any proper decomposition a = 3+« we can consider the morphism

03, : GL(f (), K) x Rep(f ' (8), K) x Rep(f~'(3), K) — Rep(f (), K),
(9, X, Y)—g-(X®Y).
(2.4.2)
The image under 63, of the constructible subset GL(f (), K) X Rep-ii(3, K') x
Rep-ii(7, K) is contained in Rep-ii(c, K') and the complement in Rep-ii(«, K') of
the union of all such images is precisely the set Ind-ii(«, K'), corresponding to all ii-
indecomposables of dimension vector f~!(«). Thus this set is also GL(f (), K)-

stable and constructible.

Therefore we can define the number of parameters

p-1i(c, K) == dimgr,p-1(a), k) Ind-ii(e, K) (2.4.3)



Chapter 2. Quivers With An Automorphism 25

and the number of top-dimensional families of orbits
t—’i’é(O&, K) = tOpGL(ffl(a),K) Il’ld—ii(C{, K) (244)

for the action of GL(f'(«), K) on Ind-ii(a, K).

In fact, in Chapter 5 we take this idea further and construct affine schemes
Rep(f~(a)), GL(f'(a)) and M(«) over the integers. We then show that for
K an algebraically closed field, the sets Rep-ii(c, K) and Ind-ii(a, K) can be

thought of as the K-rational points of constructible subsets of the affine scheme

Rep(f~!()).
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Chapter 3
Skew Group Algebras

We fix a quiver with admissible automorphism (Q, a) and write n for the order
of a. Let K be an algebraically closed field of characteristic not dividing n. We
fix a primitive n-th root of unity ¢ € K.

In this chapter we first show, using an argument of Gabriel [12], that every ii-
module for KQ can be thought of as the restriction of a module for the skew
group algebra K Q# (a). This latter algebra is Morita equivalent to another path
algebra K O on which the group of characters of (a), say generated by a, acts
admissibly. The pair (é,é) is called the dual quiver with automorphism. We

obtain Morita equivalences

mod KQ#(a) ~mod KQ  and  mod K Q#(a) ~ mod K Q.

We naturally have induction and restriction functors between mod KQ and
mod K Q#(a). These are left and right adjoints of each other and so combin-
ing these with the Morita equivalences gives left and right adjoint functors be-
tween mod KO and mod K @ On the other hand, we could have started with
(é, a) and obtained a different pair of functors. We show that there are natural

isomorphisms between these two pairs of functors.

Using this, we show that the dimension vectors of the ii-indecomposables are
precisely the positive roots of I', where I' is the valued graph associated to the

pair (Q,a). This completes the proof of Theorem 1.6.1.
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3.1 Automorphisms of ii-Representations

Proposition 3.1.1. Let X be an i-representation. Then there exists an iso-
morphism ¢ : *X — X such that the automorphism ¢2¢ - - - an71¢ of X is the
identity.

The following proof is taken from [12], Proposition 3.9.

Proof.

Let X be an ii-representation and 6 : 2X — X an isomorphism. Write
©:=60% - 2" 9 e Aut(X),

where 20 is the corresponding map a®X _, aX. We note that 20 = #1060 and
so 21 = 0~ 1 for all ¢ € K[O].

Pick ¢ € K[O] and set ¢ := 6. By induction,

1

o2 2" =yme20 .. 20,

so in particular,

$2p - p=9"0,

Since K is algebraically closed, the characteristic equation for © is a product of

linear factors. Therefore K[©] is isomorphic to a product of rings of the form

K[T)/(T — \)™ for A # 0.

Let 2 = 2o+ 2 (T —A) 4+ 4+ Zpm_1(T — X)™ ! be an element of K[T]/(T — \)™.
We can find an n-th root of z in K[T]|/(T — \)™ whenever xy # 0. This can be
seen by successively working modulo (7' — A)" for r = 1,...,m, using that n is
invertible in K. (In fact, the n-th root of x is determined by the choice of n-th

root of xg.)

Since ©~! is congruent to A~! in K[T]/(T — \), we can find an element 1) € K[©]
such that ¥"© = 1. Thus ¢ = 10 is the required isomorphism.
[

Below we shall see that the pair (X, ¢) corresponds to a module for the skew
group algebra K Q+#(a).
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3.2 Skew Group Algebras

We know that a determines an automorphism of the path algebra K Q and so we
can form the skew group algebra K Q#(a). This has K-basis the elements pa’,
with p a path in K Q, and multiplication

pa’ - qa’® = pa’(q)a’*". (3.2.1)

Suppose that X is a KQ#(a)-module. Then X is clearly a K Q-module by

restriction and a acts on X as a linear map such that a” = 1. Also,

a(pr) = (ap)a = (a(p)a)r = a(p)(av). (3.2.2)

That is, the map x +— ax gives a K Q-module isomorphism ¢ : 2X — X such
that

p2p -2 =1. (3.2.3)
Conversely, any pair (X, ¢) consisting of a K Q-module X and a module isomor-
phism ¢ : 2X — X satisfying (3.2.3) can be given the structure of a K Q#(a)-
module. In particular, given any K Q-module X such that 2X = X', we can find
¢ such that (X, ¢) is a K Q#(a)-module. We note, however, that there may exist
two such maps ¢ and ¢’ with (X, ¢) and (X, ¢') non-isomorphic.

3.3 The Dual Quiver

It is shown in [36] that if Q has no oriented cycles (so K Q is an artin algebra) and
a is an admissible automorphism of order n invertible in K, then the skew group

algebra K Q#(a) is Morita equivalent to the path algebra of another quiver.

Moreover, since a acts as a graded automorphism of the tensor algebra T'(Ag, Ay),

we have that

T(No, A1) #(a) = T(Ao#(a), Mi#(a)). (3.3.1)
Here Ag#(a) is the skew group algebra and A;#(a) is the Ag#(a)-bimodule with
K-basis the elements pa™ for p € A and 0 < m < n.
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It now follows from the construction of [36], which we outline below, that even
when Q has oriented cycles, the skew-group algebra K Q#(a) is always Morita
equivalent to the path algebra of another quiver. We shall call this quiver the
dual quiver and denote it by é

Consider first the algebra Ag#(a). We can label the vertices in Z as pairs (i,7)
fori € I and r € Z/d;Z such that a(i,r) = (i,7 + 1). Now pick i € I and let
d =d;. Set

Ry == Kego) X Kegpy X -+ X Keg gy (3.3.2)

We also introduce the elements

(n/d)—1
2(d, ) = - > ¢tmrat™ e K(a) (3.3.3)

m=0

for 0 < u < n/d. These are orthogonal idempotents summing to 1 in the group
algebra K(a) and which centralise R;.

We have an isomorphism

(n/d)—1
H M (d, K) ) — Ri#(a), E(i, p)pg = eapa’ 2(d, p), (3.3.4)

pu=0

where M (d, K) is the algebra of d x d matrices over K and the E(i, p),, for
0 < p,q < d are the elementary matrices for the (i, u)-th copy of M (d, K).

If we write
é(i,,u) = E(i, ,u)OU (335)
then the algebra R;#(a) is clearly Morita equivalent to

Ri = Ké(m) X Ké(m) X oo X Ké(i,(n/d)—l)- (3.3.6)

Doing this for each vertex orbit i € I, we observe that Ag#(a) is Morita equivalent

to [; R; via the idempotent

E::Z > EG, oo (3.3.7)
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In particular, the vertices 7 of Q can be considered as pairs (i, ) with i € I and

We now determine the arrows of Q. Since the algebra Ag#(a) is semisimple, the
bimodule A;#(a) must decompose as a direct sum of simple modules. Further-
more, each of these will be generated by an arrow. We simplify our discussion by

considering each simple module separately.

Let p: (i,0) — (j,{) be an arrow of Q and set t := lem(d;, d;), where d; and d;
are the sizes of the i-th and j-th orbits respectively. Then a’ fixes both (i,0) and
(j,1) and so a’(p) = ("p for some u. If M is the bimodule generated by p, then
EME is a bimodule for []; R; generated by the E(j, v)qupE(i, 1t)o, for various s

and v.

Expanding, we have that

(n/d;)—1 (n/d;)—

Z Z CdlpququV djq— l(p)adip+djq—l‘

If we write dip = Pt + d;p’ with 0 < P < n/t and 0 < p’ < t/d;, and similarly for
djq = Qt + d;q, then this becomes

dd

dd

EG,v)apE(, p

(P+Q)t+dip’'+d;q"—1

Z CP+Q)tu+Qt(u+u W)+dip’ pt-dsq'v g dsg’ 1 (

PQ.p' ¢

p)a

Finally, if we write dir = (P 4+ Q)t + d;jp’ mod n with 0 < r < n/d;, then we

obtain the factorisation
t Qt(utv—p) dldJ dirpu+d;q'v djq’ —1 dir+d;q’ —1
(7 2o¢ ) (St Do chrmsdvatl pjaie =il ),
Q 7,q’

Since the elements adjq/_l(p)adi”diq'_l are linearly independent, we see that
E@,v)apE(i, 1t)oo is non-zero if and only if ¢ = u 4+ v mod n/t, in which case

it equals

d diq'v ydjq' 1 djq' 1
(7;< ralt (p)a 1) 2 (s, ) (3.3.8)

In conclusion, from the simple module corresponding to the arrow p : (i,0) — (j, 1)

of Q, we get arrows (i, 1) — (j,v) in Q for = u + v mod n/t.
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3.4 The Dual Group Action

We keep the notation of the last section. Let a be a generator for the group of
characters of (a) such that a(a) = (. It is proved in [36] that a acts naturally on

the skew group algebra K Q#(a) via
a(pa™) = a(a™)pa™ = ("pa™ (3.4.1)

and that the algebra (K Q#(a))#(a) is Morita equivalent to K Q (see Proposition
3.5.2).

Let us consider how a acts on the idempotents F/(ip)o. We have

a(z(d, ) = a(% 3 gdm#adm> _d St — (d 1) (34.2)

n

and hence

a(E(i, woo) = E(i, 1+ L)oo- (3.4.3)
In particular, the idempotent E is fixed by a and so we have an induced action
of @ on KQ. This sends vertex (i, ) to the vertex (i, 4+ 1) and thus is again
admissible. (C.f. the action of a on the vertices Z sending (i,r) to (i,7 + 1).)
Let p : (i,0) — (j,1) be an arrow of Q, t = lem(d;, d;) and a’(p) = ("“p. Then
we get arrows of 8) corresponding to the elements E(j, v)upE(i, pt)oo with u =

u + v mod n/t. Since
é(E(L y)Ol) = CilE(.L v+ 1)017
we get that

é(E<.]7 V)OlpE<i7 M)OO) = C_ZEGa v+ 1)01[)E(i, p+ 1>00'

Now, lem(%, %) = 2 = T and so a” fixes both the vertices (i, ) and (j,v) of

a’ (E(.L v)apE(, N)oo) = (E(j, v)apE(, 1t)oo- (3.4.4)
It follows that if we apply the above construction to (@, a), then we recover the

original pair (Q, a).
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As (@, a) is again a quiver with admissible automorphism, we may construct the
associated valued graph . Let Q and I have generalised Cartan matrices A and

C=D"'B respectively. Clearly the vertex orbits of a on Q are indexed by I and
Cii = n/dl

Consider a simple bimodule generated by an arrow between the i-th and j-th
vertex orbits in Q. Each such module corresponds to ¢ = lem(d;, dj) arrows in Q
and to nt/did; = lem(d;, ;) arrows in Q. Therefore

1 N
7 DG = o > Ao
T,8 8%

Thus

D=nD"' and B=nD'BD™, (3.4.5)

which implies that
C=BD'=C" (3.4.6)
Therefore I' and I are dual valued graphs, in the sense of [25]. This explains our

terminology that (Q,a) and (Q,a) are dual.

Summing up, let (Q,a) be a quiver with admissible automorphism (of order n)
and with associated valued graph I'. We can write the vertices Z of Q as pairs

(i,7), where i € I is a vertex orbit of size d;, r € Z/d;Z and a(i,r) = (i,7 + 1).

We can also form the dual quiver with admissible automorphism (é, a) whose
associated valued graph [ is dual to I'. The vertices Z of Q can be expressed as

pairs (i,u), wherei € I, p € Z/(n/di)Z and a(i, u) = (i, + 1).

For an algebraically closed field K of characteristic not dividing n, we then have

Morita equivalences

KQ#(a)~ KQ and KQ#(a) ~ KQ. (3.4.7)

We illustrate these constructions with a couple of examples.
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Example 3.4.1. Consider the quiver of type D4 with automorphism
n S~
7

Then the dual quiver is of type A5 with automorphism

.
T N
\t/ 2

R

Example 3.4.2. Nexat let Q be the affine quiver ,&1 with the automorphism ex-

changing the two arrows
¥

-
_—

™

As in Example 2.2.1, we can change basis to get the action

-1

The dual quiver Q is then of type 1&3 with automorphism

In fact in this example, K Q#(a) =~ KQ and K Q#(a) =~ M,(K Q).

3.5 Restriction and Induction Functors

We now consider a slightly more general situation, following [36]. Let K be an
algebraically closed base field and let A be either an artin algebra or a path
algebra over K. Let GG be a finite cyclic group whose order is invertible in K and
fix a group homomorphism from G to either the group of all automorphisms of
A in the first case or graded automorphisms in the latter. We write AG for the

skew group algebra.
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We can regard AG as a AG-A-bimodule and so form the induction and restriction

functors
F:=AG®y— :modA — mod AG

H := restriction : mod AG — mod A.

(3.5.1)

These functors are both left and right adjoints of each other ([36], Theorem 1.1).
We have ([36], Proposition 1.8)

Proposition 3.5.1. Let X and Y be indecomposable A-modules. Then

1. HR(X) 2 D, X
2. F(X) 2 F(Y) if and only if Y = 9X for some g € G;
3. F(X) has exactly m indecomposable summands, where m is the order of the
set {g € G|9X =2 X}.
The dual group G acts on AG via X(Ag) = x(g9)Ag. Then ([36], Proposition 5.1)

Proposition 3.5.2. Consider AG as a right A-module. Then the map ¢ :
(AG)G — Endy(AG) given by

d(Agx) = ph = x(h)Ag - ph = x(h)Ag(p)gh

15 an algebra isomorphism.

In particular, since AGy is a finitely generated projective generator, the algebra
(AG)@ is Morita equivalent to A.

We use ¢ to make AG a (AG)@—A—bimodule.

We also consider the functors
F':= (AG)G ®r¢ — : mod AG — mod(AG)G

- (3.5.2)
H' := restriction : mod(AG)G — mod AG,

and note that the Morita equivalence mod A — mod(AG)a is given by

M = (AG)@AG XA —. (353)
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Corollary 3.5.3. There are natural isomorphisms

F>HM and F'~ MH.

Proof.

We have H'M = r,¢gAG ®5 — = F. The second isomorphism follows by taking
adjoints.

[ |

It follows that Proposition 3.5.1 holds with ' and H interchanged. Namely

Proposition 3.5.4. Let X and Y be indecomposable AG-modules. Then

X;

1. FH(X)~ @

~ X
XEG

2. HX)= H(Y) if and only if Y = XX for some x € G;

3. H(X) has exactly m indecomposable summands, where m is the order of
the set {x € G | XX = X}.

Lemma 3.5.5. Let e be an idempotent of A fized by G and such that ele is

Morita equivalent to A. Then we have natural isomorphisms between

AG®A7 6AG®AG7
mod AG

eA®p— eAGe®epe—
mod eAe —————— mod eAGe .

mod A mod eAGe

and mod A

Proof.

The only thing to check is that eAGe @5, eA and eAG are isomorphic as eAGe-
A-bimodules. This can be seen via the multiplication map.

[ |

We now relate this back to quivers with automorphisms.

Let (Q,a) be a quiver with admissible automorphism of order n and let K be
an algebraically closed field of characteristic not dividing n. Set A = KQ and
G = (a) and construct the functors F, H, ', H" and M as above.
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Let (é, a) be the dual quiver with automorphism, given via the idempotent £ in
K Q+(a), and recall that this idempotent is fixed by a. Let us write F and H for
the induction and restriction functors between mod K Q and mod K é#(é>, and

M and M’ for the Morita equivalences
M = EKQ#(a) ®xoum — : mod K Q#(a) — mod K Q
and

M’ = E(K Q#(a))#(a) ®(x o (a) (@ — : mod(K Q#(a))#(a) — mod K Q#(a).

Then Lemma 3.5.5 applies (with A = KQ#(a) and G = (a)), giving a natural
isomorphism M'F’ =~ F M. Combining this with Corollary 3.5.3 gives a natural
isomorphism

FM =~ MF =~ MMH. (3.5.4)

We note that M'M : mod KQ — mod K é#(é} is a Morita equivalence. Thus
we can take adjoints above to get MF =~ HM'M.

In other words, the pairs (£, H) and (ﬁ , F ) give rise to the same pair of functors
(up to natural isomorphism) between the categories Rep(Q, K) and Rep(é, K).

Corollary 3.5.6. The ii-indecomposables for (Q,a) are given up to isomorphism
by the images under H of the indecomposables for Q, and H(Y)= H(Z) if and

only if Y =28 Z for some r.

Proof.

If Y is an indecomposable for O, then H(Y) is an ii-indecomposable for (Q, a).
Conversely, suppose that X is an indecomposable for Q and let Y be an in-
decomposable summand of F(X). Then X is a summand of H(Y) and so all
ii-indecomposables for (Q,a) are obtained up to isomorphism. The last state-

ment follows from Proposition 3.5.4.
|
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3.6 Proof of Main Theorem

We are now in a position to complete the proof of Part 1 of Theorem 1.6.1 —
namely that given any root o € A(T"),, there exists an ii-indecomposable X for
(Q,a) such that f(dim X) = a.

We shall simplify the notation from the last section and write
F:Rep(Q,K) — Rep(Q,K) and H :Rep(Q,K) — Rep(Q,K)  (3.6.1)

for the induction and restriction functors.

We have shown that every ii-indecomposable X for (Q, a) is isomorphic to H(Y),
where Y is some indecomposable for 0. Therefore, to complete the proof, it is

enough to show that the map A : 7T — 7ZI — ZI induced by H and f maps

A(Q), onto A(T),.

To calculate h, we can restrict ourselves to the semisimple algebras underlying
KQ and KQ. We recall the isomorphism (3.3.4)

(H Kf(i,r>)#<a> = [IM K),

and that the idempotents £;,) € K Q correspond to the elementary matrices

E(i, t)go. Therefore the map h is given by

h(B)i=>_ Bl (3.6.2)

We first prove a result similar to Lemma 2.1.2, writing €, € 7T for the simple
roots of é

Lemma 3.6.1. Let 5; := [, 76 € W(Q) and take 3 € ZI. Then

1. (h(B),e)r = di 3, (8, €Guy) 55
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3. the map r; — & induces an isomorphism W (T') = Cz(W(Q)).

Proof.
We first note that the element 5; is well-defined since a is again admissible and,

as the bilinear form (—, —)g is a-invariant, s; commutes with the action of a.

Now, by equation (3.4.5) we have

d'i’;j by = by = C%Z,; G for any v.
Therefore
(h(B),ei)r = Z bizh(B); = ds Z GG 5B = di Y (8,81 5
j o n
Also,
h(E(8)) = h(B) = > (B, Eam)ges = h(B) — dii(h(ﬁ), ei)rei = 1i(h(B)).

I

Finally, induction on length shows that Cx(W(Q)) is generated by the 3, so
suppose that ry, ---r;, = 1 € W(I) and consider &, -+, € Ca(W(Q)). For
any vertex (j,v) € Z we must have that , - -+ 34, (€Gy) > 0. This gives that
0(8; - -+ 5;,) = 1 and hence the r; and §; satisfy the same relations.

|

Proposition 3.6.2. The map § +— h(3) sends A(Q)y onto A(T').. Moreover,
if « € A(T')4 is real, then there is a unique a-orbit of roots mapping to «, all of

which are real.

Proof.

Since the dimension vector of any ii-indecomposable must be a positive root of
I' we know that 8 — h(8) sends A(Q), into A(I),. (We could also prove
this directly.) To show surjectivity, we first construct preimages for roots in the

fundamental region Fr by adapting the proof of Lemma 5.3 in [25].
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Let a € I and consider the set {8 € A(Q)4 | h(B) < a}. Since this set is finite
and non-empty we can take an element [ of maximal height. Suppose h(3); < .
Then for any p, h(B + €t ) = h(5) + e; < . By the maximality of 3, 5+ €. )
cannot be a root and so (3, €i,.))g > 0 ([25], Corollary 3.6). Thus (h(83),e:)r > 0
as well. In particular, h() and a must have the same support, for otherwise we
can find a vertex i in the support of o and adjacent to the support of h(/3), which
gives (h(f),e;)r < 0. Contradiction.

We may assume that supp(a) = I'. Let S := {i | h(B); = a;}. If S is the
empty set, then 3+ € ) is not a root for any vertex of Q and so the connected
component of Q in which 3 lies is Dynkin ([25], Proposition 4.9). Therefore Q
must be a disjoint union of copies of this Dynkin quiver, all in a single a orbit.
Then I' must be connected Dynkin, by the remark following Proposition 2.1.3,
and hence I" must also be Dynkin. Contradiction, since o was assumed to be an

imaginary root of I'.

Thus S is non-empty, so take a connected component T of I' — S and write ~ for
the restriction of h(3) to T. For all vertices j € T,

(v, e5)r > (h(f),e5)r > 0.

Moreover, there exists a vertex j € 1" adjacent to S and so (v, e;)r > 0. Therefore
T is Dynkin (]25], Corollary 4.3).

Conversely, let 7/ be the restriction of o — h(/3) to T', so v has support the whole
of T. Then for any vertex j € T,

(s e5)r = (@ = h(B), e)r = (a,e5)r — (h(B), e5)r < 0.

Hence T is not Dynkin ([25], Theorem 4.3). Contradiction. Therefore S =T' and
hpB) = a.

Clearly every simple root e; of I' lies in the image of h and so the correspondence

W(T') =2 Ca(W(Q)) proves that h is surjective.

Finally, let o € A(I')’ and let 3 be a root for Q such that h(B) = a. Take w' €

W (T') such that w'(«) is simple, say equal to e;. If w is the corresponding element
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in C5(W(Q)), then w(B) must also be simple, equal to some & ). Therefore (3
is real and uniquely determined up to an a-orbit.
[

Theorem 1.6.1 now follows immediately.

3.7 An Example

Using Proposition 3.6.2, we can exhibit a counter-example to the converse of
Part 2 of Theorem 1.6.1 — that is, an imaginary root @ € A(I'); such that

the corresponding ii-indecomposable is unique up to isomorphism. Namely, we

4.\_ _/\
(Q,a) Y;Z ; and (é,fi) 1 Xév :
v -y

(3:2)

consider

so that I is the valued graph - .. The root @ = (1,1) is in the fundamental
region for I' and yet there is a unique a-orbit of roots for o) mapping to a, all

of which are real. Thus there is a unique ii-indecomposable of dimension vector

fHa).
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Chapter 4

Representations Over Finite
Fields

This chapter concerns the number of isomorphism classes of absolutely ii-
indecomposable representations of a given dimension vector o over a finite field.
We construct a formula for these numbers and show that they are polynomial in
the size of the field, provided the field contains a primitive n-th root of unity.
Furthermore, the coefficients are rational numbers, are independent of the orien-

tation of the quiver and have denominators bounded by na.

We also consider the generating function for the number of isomorphism classes of
ii-representations over a finite field. This has an interesting factorisation involving
terms coming from each of the subgroups of (a) (equivalently each of the divisors

of n).

We fix the following notation. Let K be an algebraically closed field of positive
characteristic coprime to n and (Q, a) a quiver with admissible automorphism of
order n. Let L = [, be a finite subfield of K containing a primitive n-th root of
unity (if and only if ¢ = 1 mod n). We note that we have an induced action of a
on LO.

Now let M C K be a finite field extension of L. The Galois group Gal of M/L
acts naturally on MQ = M ®; LO as L-algebra automorphisms. This induces
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an action of Gal on M Q-modules: 9X has the same underlying L-vector space,

but with the new action A -z := g~ '(\)z.

Alternatively, there is an action of Gal on the space Rep(/3, M) given by the
action of Gal on each co-ordinate. This extends to an action of Gal on the
category Rep(Q, M). We note that these two actions are naturally isomorphic
via the equivalence of categories Rep(Q, M) = mod M Q.

4.1 Absolutely ii-Indecomposables

Let X be an ii-representation over L. We call X an absolutely ii-indecomposable
if the representation K ®j; X is ii-indecomposable. Conversely, let M C K be
a finite field extension of L and X a representation over M. We say that X is
defined over L if there exists a representation Y over L such that M @, Y = X

over M.

Our aim is to derive a formula relating the numbers of isomorphism classes of
absolutely ii-indecomposables and ii-indecomposables (defined over F,). We use

the following notation, where « denotes a positive element of ZI.

R-ii(a, q) is the number of isomorphism classes of ii-representations over F, of

dimension vector f~!(a).

I-ii(cr, q) is the number of isomorphism classes of ii-indecomposables over F, of

dimension vector f~!(a).

A-ii(cr, q) is the number of isomorphism classes of absolutely ii-indecomposables

over I, of dimension vector f~*(«).

M-ii(a, q,q") is the number of isomorphism classes of absolutely ii-indecompos-
ables over [+ of dimension vector f~*(«), not defined over any subextension
of ]th / Fq.

We begin with several lemmas about descent theory for finite dimensional mod-
ules, following [27]. Let A be an L-algebra and M/L a finite field extension.
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Then the Galois group Gal acts on M ®p A as L-algebra automorphisms via
gm ® \) := g(m) ® \. Hence for all M ®; A-modules Y and g € Gal, we can

construct the module 9Y.

Lemma 4.1.1. Let X be a A-module and M/L a field extension of degree r.
Then M ®p X|p = X". In particular, two A-modules X and Y are isomorphic if
and only if M @, X =M @, Y.

Proof.

A basis for M/L gives a decomposition of M ®; X|;. The second statement
follows from the Krull-Remak-Schmidt Theorem.

[ |

Lemma 4.1.2. Let X be a A-indecomposable, M := End(X)/rad End(X) and
r = [M : L. Then M ®; X is a direct sum of r pairwise non-isomorphic
indecomposables Y; with End(Y;)/rad End(Y;) = M.

Proof.

Since L is perfect, End(M ®p X)/rad End(M ®p X) is isomorphic to M ®j,
End(X)/rad End(X) =2 M @, M = M".

[

Lemma 4.1.3. Let M/L be a finite field extension with Galois group Gal. Let Y
be an M @ A-module such that?Y =Y for all g € Gal and suppose that Gal acts
transitively on the indecomposable summands of Y (up to isomorphism). Then

any indecomposable summand X of Y| satisfies M @, X 2Y.

Proof.

We have that M @1 Y = @ g, Y = Y7, using that M @ M = D, cq, ‘M
as M-bimodules. Now let X be an indecomposable summand of Y|,. Since
I(M®rX) = M®pX for all g € Gal, the assumption on Y implies that M @, X =
Y* for some s. If N is a common extension of M and End(X)/rad End(X),
then on the one hand N ®; X is isomorphic to the direct sum of pairwise non-

isomorphic indecomposables, whereas on the other it is isomorphic to N ®j; Y.
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Thus s = 1.
[ |

In fact, we now see that if X is a A-indecomposable as in Lemma 4.1.2, then Gal

must act transitively on the indecomposable summands of M ® X.

Corollary 4.1.4. There is a 1-1 correspondence between the isomorphism classes
of A-modules and the isomorphism classes of M &y A-modules Y such that9Y =Y
for all g € Gal(M/L).

We now return to the case when A = LO.

Corollary 4.1.5. 1. Any splitting field for an indecomposable X over L must
contain M := End(X)/rad End(X).

2. Let M/L be a finite field extension with Galois group Gal and 'Y a represen-
tation defined over M. Let H := {g € Gal | 9Y 2 Y}. Then Y is defined
over a subextension F' of M/L if and only if F contains the fized field of
H.

Proof.

Let £ D L be a splitting field for X. Since M ®; X splits as a direct sum of
r = [M : L] absolutely indecomposables, £ ®; X must also have r summands,
independently of E. Moreover, the Galois group Gal(£/L) must act transitively
on these summands. Therefore r divides [E : L] and so E D M.

We know that Y is defined over F if and only if 9%Y = Y for all g € Gal(M/F),
which occurs if and only if Gal(M/F) < H.
[

Recall that & denotes the highest common factor of the components «;.

Proposition 4.1.6. We have the following identities.

A-ii(a, q") ZM@zaqq and I-ii(c, q) = ZMZ’L( ,qq)

tlr rla
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Combining these, we obtain

where p is the Mobius function.

Proof.
We can partition the isomorphism classes of absolutely ii-indecomposables over
[F,» according to their minimum fields of definition over I, from which we obtain

the first formula.

The second formula follows by considering the minimum field over which an ii-
indecomposable splits as a direct sum of absolutely ii-indecomposables. Let X be
an ii-indecomposable over L = [, say X = Y, @---@Y, with each Y; indecompos-
able over L and ?Y; = Y;, ;. Then all the Y; have isomorphic endomorphism rings
and hence the same minimal splitting field M = F: over L. We can therefore
write

M@LY,=Zi1®-- @ Ziy

with each Z; ; absolutely indecomposable over L and 97; ; = Z; ;1, for some fixed
generator g of Gal(M/L). Now a acts on the Z; ; up to isomorphism and without
loss of generality we may assume that 272;; = Z;.,; for 1 < i < r. Since the
actions of a and g commute, each a-orbit must have the same size, a multiple of

r. Therefore, for some m|t, the representations

r t/m

W, =P Zijom  with1<j<m

i=1 =1
are absolutely ii-indecomposable and X = W;®---®W,,. It follows that each W
has minimum field of definition F;m over L and if dim Y; = 3;, then dim 7; ; = % B;.
Therefore dim W; = % Y. Bi= % dim X, from which we deduce that
1 «a
Lii(c.q) = _M_H<_7 | T>'
it(a, q) ZT i\ 0.4

rla
Finally, we can invert the first formula to obtain

M-ii(&, 4, qr) = Z ”(t)A_”(O‘a qr/t)'

t|r
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Substituting this into the second formula gives

I-ii(a, q) ZZ t)A- u( ”/t> = Z%u(t)A—ii(%,q’").

rla t|r rt|o
Therefore
1 i -2 s
2O () - Z; UL CRR el

=23 guonA- w(%“)
dla ﬁuu d

o> é,u(t)A—ii<%, qd> = A-ii(a, q),
dla t|d

where we have set d = rstu and successively summed over u then .

4.2 Using Burnside’s Lemma

We have now reduced our problem to describing the number of isomorphism
classes of ii-indecomposables over the finite field [F,. Also, by the Krull-Remak
Schmidt property, Lemma 2.3.1, we have the identity of power series

> Reii(a, )X = JJ(1 = X)), (4.2.1)

a>0 a>0
We shall now proceed to factorise the left hand side of this equation.
Again, let 0 < o € ZI and write 3 = f~(a) for the corresponding dimension
vector in (ZZ)®. By applying Burnside’s Lemma to the finite group GL(3, q)
acting on the finite set Rep-ii(«a, ¢) C Rep(f3, ¢), we can obtain an expression for

the number of isomorphism classes of ii-representations of dimension vector (.

Namely
R-ii(a, q) = | Rep-ii(e, ¢)/ GL(8, q)| = TGLG.Dl GL Z Fix(g) (4.2.2)

where Fix(g) = {X € Rep-ii(a,q) | g- X = X }.
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Introducing the sets
Fix'(g) = {X € Rep(3,¢) | g-* X = X} (4.2.3)

we have the equality ) |Fix(g)| = >, |Fix'(g)|, since both sides equal the sum
over all representations X € Rep-ii(a, q) of the sizes of the stabilisers. Hence we

can rewrite (4.2.2) as

| Rep-ii(av, q)/ GL(5, q)| = Z [Fix'(g (4.2.4)

|GL(B,q)| 57

As in Chapter 3, we can view the path algebra LQ as a tensor algebra T'(Ag, Ay).
Recall that Ag is a basic semisimple L-algebra and that the A#(a)-bimodule
A1#(a) splits as a direct sum of simple modules. Moreover, each of these simples
is generated by an arrow of the form p : (i,0) — (j,{) with a’(p) = ("p, where

t = lem(d;, dj). For simplicity, we shall consider each simple module separately.

Let p: (i,0) — (j,1) be an arrow as above. For any module X, we can consider
the corresponding matrices xqr(,) for 0 < r < ¢t. Then the module 2™l X will

correspond to the matrices yar(,), where by formula (2.3.5),

Yar(p) = Tart1(py 0<7r <t—1 and Yat-1(p) = "xy. (4.2.5)

Thus X € Fix'(g) if and only if

Tar(p) = 9(jl+r) Yar (p) 9@;«) = 9(r+1) Tar+i(p) g(*i’lT) for0<r<t-—1 (4.2.6)

and
Tat-1(p) = C" GG141-1) Tp Gi41)- (4.2.7)
That is,

u —1
2o = " (96096041 Ga+-1) To (960961~ Y1)

—t/d;

=" (g(j,l) o ’g(j,s+dj—1))t/dj Ty (Q(i,o) - ‘g(i,di—l)) (4.2.8)

Let us write

Gi = 96,0)9G,1) " Iids—1)- (4.2.9)



Chapter 4. Representations Over Finite Fields 48

Then, for h := g0y - - 9(ji—1), we have that

2,9/ = ¢ h g h, (4.2.10)
This is precisely the condition that z, is an F,[T]-homomorphism

V(g'™") — V(C"hT gy h), (4.2.11)

where, for a square matrix N € M,,(¢q), V(N) is the F,[T]-module with underlying

vector space F," on which 7" acts as multiplication by N.

The set of all such homomorphisms Homg,(71(V(N), V(N')) is an F-vector space
with the same dimension as Homg7(V (N), V(N’)), where K = F,. Furthermore,

this dimension depends only on the conjugacy classes of N and N’.

Summing up, for each simple summand of the Ag#(a)-bimodule A;#(a) we can
take a generator p : (i,0) — (j,!) with a’(p) = ("“p. We then get a contribution
to |Fix'(g)| of a factor

. _t/d; u=t/d;
qd1mHomK[T] (V(gi ), V(¢ 95 J)) (4.2.12)

In particular, |Fix'(g)| for (g94,y) € GL(8,q) depends only on the conjugacy
class of the corresponding element (g;) € GL(a, q). Also, given (g;) € GL(«, q),

there are []; | GLq,(q)|%™* choices for (g,) € GL(S, ¢) such that (4.2.9) holds.

Therefore we can write

R-z‘z‘(a,q)—m > OFiX@l= ) [Iix(g)] (4.2.13)

Z — )
7eGL(0) secma 120

where C(a, q) is a set of representatives for the conjugacy classes in GL(«, ¢) and

Z(g) is the centraliser of g in GL(«, q) (c.f. the formula on page 1015 of [19]).

4.3 Conjugacy Classes of GL(a, q)

In this section we describe a set of representatives for the conjugacy classes of

GL(a, ¢q) and calculate their contributions to R-ii(a, q).
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A partition is a sequence A = (1M2%2...) with almost all \; = 0. We denote
the set of all partitions, including the unique partition of 0, by P. Given any
partitions A = (1M ---) and g = (1#---), we write |A\| = 3, i\; and set

(A, ) = me(z, F) Nt (4.3.1)

Let @ be the set of all monic irreducible polynomials in F,[T] except T itself
and write ®,. for the subset consisting of those polynomials of degree r. For any
f=Tr =3 T € ® we let J(f) be its companion matrix — that is, the

r X r matrix

0
0 0

0 0 0 1
hofa fs o fo

N.B. If f =T — a, then we also write J(f) = J(a).

Now, for m > 1, we denote by J,,(f) the mr x mr matrix with J(f) on the
diagonal and the identity matrix I, on the upper diagonal. Finally, for any

partition A = (1*12*2...) we set
J(f,A) = h(N)™ @ B(f)** o (4.3.2)

Proposition 4.3.1. The conjugacy classes in GL(n,q) can be represented by the

matrices

J(f1. M) @ JI(fo, X)) @ -+,

where the f; are distinct polynomials in ®, the \; are partitions in P and
> deg(fi)|Ail = n.
Moreover, for f € ®,, the size of the centraliser Z(J(f,\)) is given by the formula

2] = cOnd) = P T T - a™).

i m=1
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Proof.
This can be found in [31]. We note that c¢(), q) € Z[q].
|

Let i and j be vertex orbits of sizes d and e respectively and set ¢t = lem(d, e).
We fix p: (i,0) — (j,1) with a’(p) = ("p and consider for f,g € ® and A\, u € P

dim Hom (v(J( £ 014, V(¢ (g, M)t/e)). (4.3.3)

Suppose that f and ¢g have degrees r and s respectively and that they split over
K as

s

f=1Ir-g.  g=1IT-m)

j=1

We know that over K, J(f,\) is conjugate to J(&,A\) & --- @ J(&, \). Also,
since ¢ and n are coprime, J(f, A\)"/? is conjugate to J( Hd AN @ e I e L A).
Similarly, ¢**.J(g, 1)"/® is conjugate to J(Cn/ \) & - @ J(Ctunﬁ/e, A).

Therefore
Hom 7, (v(J( £,V (C (g, M)t/e))

= EB (EB @HomK oy (V&) V(T (Ct“nt/e)))y””. (4.3.4)

v=1 w=1
. s . t/d tu t/e
In particular, this is zero unless &'~ = (*“ny for some v and w.

Lemma 4.3.2. We have §f/d = gt“nf,{e only if gf}/d Z/e. This latter condition
is equivalent to there being h € ® such that f(T)|h(T™?) and g(T)|h(T™°).

Proof.
We may assume that & = &1 (with the indices being taken modulo 7). Let
0; = f?/d for 1 < < m be the distinct n/d-th powers of the & (so m|r) and set

h=(T—0) (T —0,).

Then h € ® since the root #; has order m under the Frobenius map x +— x? and,
since ¢ is a root of h(T™?), f divides h(T™?).
[ |
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We introduce the following notation. For two integers s and ¢ let

(s,t) := hef(s, t) and [s,t] := lem(s, t). (4.3.5)

Consider first the case h(T') =T — 6. Let £ € K be an n-th root of §. Then £7/¢
is a primitive m-th root of unity for some m|n, independent of the choice of &,
and m|n is minimal such that ™ € F,. For d|n, set
[m.d)/d
hdr(T) — lm.dl/d _ Cr[md]f[m’d] _ H (T _ grd—i—vnd/[m,d]gd)‘ (436)
v=1
This lies in ® since the root ("¢? has order [m, d]/d under the Frobenius map

and so we have the factorisation

n/[m.d
h(T™%) = H hap (T (4.3.7)

as a product of irreducibles over F,.

Remark 4.3.3. We observe that the number n/m is also determined by the num-
ber of irreducible factors of h(T™).

Let f = hg, and consider what happens when each root of f is raised to the
power t/d. In general, if we raise the a-th roots of unity to the power b, then we
obtain the [a, b]/b = a/(a, b)-th roots of unity, each with multiplicity (a, ). In our
example, a = [m,d]/d and b = t/d, so [a,b] = [m,t]/d and (a,b) = (m,t)/(m,d).

Therefore, when we raise each root of f to the power t/d, we get

[m.t]/t . et o
H (T - ¢riont/m.) ¢ iy — (T[m,t}/t _ Cr[m,t]g[m,t]) g _ her (T) Gl (4.3.8)
v=1

That is, we obtain the roots of h;, each with multiplicity (m,t)/(m,d). Thus,

writing ~ for conjugacy of matrices over K, we have

Thar N7~ @ IE2) = @ TE N ~ T(hey ).

£ root £ root
Of hd r of ht,’r

59

(4.3.9)



Chapter 4. Representations Over Finite Fields 52

Similarly if ¢ = h. s, then when we raise each root of ¢ to the power t/e we get

(m,t)
hes(T) e . Also, if we multiply each root of h; s by ¢**, then this gives

[m,t]/t
H (T _ C(s+u)t+vnt/[m,t]nt) _ T[m,t]/t o C(S-i—u)[m,t]n[m,t] _ ht,s—i—u(T)- (4310)
v=1
Therefore
(m,t) (m,t)
b~ @ )= @) T S
7 TOOt 7 TOOt
of he,s of ht,5+u
(4.3.11)

In particular, for f = hy, and g = h. s we have

dim Hom gy ( ( (f, )\)t/d)vv@w‘](g"u)t/e))

B é: fl)) (:nn e) dim Hom g7y (V(J(htﬂ"vA))’V(‘](ht,s—i-uy,u)))- (4.3.12)

—~
~—

For any f,g € ® and A\, u € P we have the formula ([19], Lemma 3.3)

de A, if f=g;
dim Homqry (V(J(f,0), V(J (g, 1)) = )M Bf =g o

0 otherwise.

Thus, since deg(he,) = m/(m,t), (4.3.12) equals

(m,t) (m,t)

(m,d) (m,e) (m,t)

(A py if r=s+4+wuwmodn/[m,t; 0 otherwise. (4.3.14)

Summing up, we have

Lemma 4.3.4. Let i,j be vertex orbits of respective sizes d,e. Let t = [d,e] and
p:(1,0) — (j,1) an arrow such that a*(p) = ("p. Fix h =T — 0 € ® such that

h(T™) has n/m irreducible factors over F,. Then we get a contribution towards
‘FiX/(J(hd,ra )‘)7 J( €,85 ,u))’ Of

m(m,t) <
q (m,d)(m,e)

Ash) if r = s+ umod n/[m,t; 0 otherwise.
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Now suppose that h € &. By working over the splitting field for h we can write

deg(h)
wr) = [[ -6
i=1
with 07 = 60;11. Let § € K be an n-th root of 6;,. Then ffdeg(h)/& is again a
primitive m-th root of unity for some m|n, independent of both i and the choice

of &. We fix an n-th root & of #; and put &1 = & for 1 < i < deg(h).

If d|n, then
hap (T) = [ (T4 — ¢rimsd b (4.3.15)

is irreducible over F, since the root ¢"¢¢ has order deg(h)[m,d]/d under the

Frobenius map. Therefore we have the factorisation

n/[m.d
h(T™%) = H hap (T (4.3.16)

as a product of irreducibles over F,.

Now consider raising the roots of hg, to the power t/d. By looking at each
factor Tmd/d — ¢rim, d]f separately, the same argument as before shows that
we obtain h,,.(T)m/(md),

Lemma 4.3.5. Let i,j be vertex orbits of respective sizes d,e. Let t = [d, €]
and p : (1,0) — (j,1) an arrow such that a'(p) = ("p. Fiz h € ® such that

h(T™) has n/m irreducible factors over F,. Then we get a contribution towards

|FiXI(J(hd,T7 /\)7 J( €,59 N))| Of

m(m,t)
qdeg(h)‘(md)(m,e) (A if r = s+ umod n/[m,t; 0 otherwise.

4.4 A Factorisation

For m|n let I(m) be the set of pairs (i,7) where i € T and 0 <r < n/[m,d;]. We

define a symmetric matrix B(m) indexed by I(m) as follows.
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We write

b’(m)(i,r)(j,s) = _(m,t) Z 1{rzs+u mod n/[m,f]} (441)

p:(1,0)=(,0)
a’(p)=¢"“p

where we are summing over generators for each of the simple submodules of

Ai#(a), and then set

b(m) i G, = U (M) Gy Gs) + 0/ (M) G0 () (4.4.2)

We also choose an ordering of the set I(m) and let ®(m), to be those h € &, such
that h(7T™) splits as a product of n/m irreducible polynomials.

Proposition 4.4.1. For h € ®(m) and partitions A,y with (i,r) € I(m) consider

n/[m,d;]
@ J hd r: (i,r) )
Write g = (g;) € GL(av,q), where o = deg(h) s 22, [Aanl- Then
IFix'(7)] = ¢~ 9801 22660 <(1.0) v (e 27 )G90 (M) s Adis)
and

‘ — HC deg h)m/(md))

On the other hand, if g and §' are given in terms of distinct h,h' € ®, then
[Fix'(g © )| = [Fix'(9)|[Fix'(g")]

Proof.
This is immediate from the decomposition of A;#(a) into a direct sum of simple

Ap#(a)-bimodules and the results of the previous section.
[

For m|n we now define a power series

P - Y = 2 im)<Gs) Ty Gty VM) ) o) (A AGs))
X(m/(m 2di ))I/\(l 'r)l
)\(IT)E,P XH

Sy (449

(C.f. the power series on page 1020 of [19].) We note that this power series is

independent of the orientation of the quiver Q.
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Theorem 4.4.2. We have the following factorisation

> Reii(o, )Xo = [ — xo)70d) =TT [ Pa(X7. 7).

QZO a>0 m|n 'r>1

Proof.

This follows immediately from the identities (4.2.1) and (4.2.13) as well as the
previous proposition.

[

We also show that the numbers |®(m),| are rational polynomials in q.
Let F;™ :={0™ | 0 # 0 € F} and for any ¢|r set
Crm =1{0 € qurn/m | 0 ¢ qu"/m/ for m’|n and m’ < m}

Ortm ={0€Crp |0 €F,} (4.4.4)

U,im i ={0 € Cppy | F[0] =Fp}.
Let 0 € [y, let h be its minimal polynomial over [, and let £ be an n-th root of
6 in K. Then £7 /¢ is an m-th root of unity if and only if ™ € F,-, which is if
and only if 6 € ]qurn/ " Hence

Uy om| = 7| ®(m),]. (4.4.5)

Also, ©,.4 = Us‘t\I/m,m, so that [©,.¢,,| = Zs|t |V, sm|. Inverting this gives

|\IJT7t,m| = ZM(S)|@T,t/s,m|- (446)
s|t
Lastly,
n/s q
(Craml =D p(m/s)[Fp"°| =

slm slm

— 1¢(m), (4.4.7)

where ¢ is Euler’s Phi function.

Suppose that 0 € C ), and let £ € K be an n-th root of #. We know that
fqr/t/f = 7 is a primitive m-th root of unity and thus £9° /¢ = ' is a primitive
m/(m,t)-th root of unity. Hence § € C. p,/(m). Therefore

rr/tm = U C(7"/15 ms — U Cr/t,ms (448)

sln/m s|(n/m,t)
(ms,t)=s (m,t/s)=1
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and thus

0 _ard 4.4

| T,T/t,m’ - n Z ¢(m3> ( . -9>
s|(n/mit)
(m,t/s)=1

We use the following notation. For a prime p, let £ := p° () be the p-th

part of the prime factorisation of ¢, and more generally, for an integer m, set
tpm] = Lo ) Then

Y 0ms) =Ly nmy Y Slmrty), (4.4.10)

s|(n/m.t) rl(n/mt) /tim)

(m,t/s)=1
since if (m,t/s) = 1, then t,) must divide s, which in turn divides n/m.
We now note that r and mt,) must be coprime and, since ¢ is multiplicative,
d(mrtp) = ¢(mitm)¢(r). Therefore (4.4.10) becomes

1{t[m]|n/m}¢(mt[m]) Z P(r) = 1{75[,,1]|n/m}§Z5(mlf[m])M =: N(t,m).

tpm)
T| (n/mvt)/t[m]

(4.4.11)
We note that N(t,m) is a non-negative integer.
Finally,
1 1
|D(m),| = ;‘\pr,r,m| = Zu(t)‘@m/t,M
tlr
=— (¢ = 1)N(t,m) = 4.4.12
mZu N(t,m) = @rm(9)- (4.4.12)

tlr

It is now possible to derive an explicit formula for the numbers A-ii(«, q).

Let us write

Pu(X,q) =1+ pm(e,)X* and log Pu(X,q) = > Ip,(a,q)X
a>0 a>0

(4.4.13)
Then

log [T Pn(X7.q )2 @ =3 "> orm(@)lp,(a,q") X7 (4.4.14)

m|n 7’21 m|n a>0 T'>1
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On the other hand, we also have that

logH — X)) — ZZ —1-ii(o, q) X" (4.4.15)

a>0 a>0 r>1

These latter two identities are equal by Theorem 4.4.2 and so we can compare

coefficients of X . That is,

Zlfzz( ) S Grmla lpm( q ) (4.4.16)

r|a mln r|a

from which we get

M@mazﬁwzzywm%&ﬁ)

t|a mln r|la/t
o'

—ZZ t)rm(q lpm( t,q’"> (4.4.17)

mln rt|a
and hence
1 «
Aii(ag) = S° L t[-"(—, t)
ii(eq) Zﬁm>uﬁq

rt|a

X F et ()

mln rt|a su|a/rt

= ZZZ W)sm(q t)lpm<%,q5t>

mln d|& stu\d

=222 %th/am(qt)lpm (% qd) (4.4.18)

mln dla t|d
by first setting d = rstu and then summing over u|d/st.

Now, by formula (4.4.12),

Z %N(t)@d/t,m(qt) = Z %u(t) Z %M(rqu/r N (rm)

t|d t|d r|d/t

= LS umu) g = ONGrm) = L@ N (d,m). (4.4.19)
dn

rt|d

Therefore,
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Proposition 4.4.3.

A-ii(a, q) = q—lzz dm)lpm<%,qd).

mln d|a

This generalises the formula on page 1023 of [19].

We now wish to show that the A-ii(«, q) are rational polynomials.

Lemma 4.4.4. We have the identities

Iy (av, q) = Z (—l)zr'(Z?"i - 1)!1_[ %!pm(ﬁi,q)”

d_oribi=a i
Bidistinct

and conversely

SN | P N

Srifi=a i
Bi distinct

Proof.

These follow from the identities

log (1 + me(a, q)X“) = Z

V(S )

a>0 r>1 a>0
and .
exp (Z Ip, (a, Q)XO‘) =1+ = < > Ip, (e, q)X“> :
a>0 >0 T a>0
[ |

By definition, the coefficients p,,(c, q) are all of the form f/g with f,g € Z[q]

(r—1)!
Ty

and g monic. Also, for r = r; + -+ + rt, we note that € 1 2 for each

1 <4 <t and hence the denominator of )!! is a divisor of d = hcf(rl, cey T

Since o = Y, 7;0;, we see that d d1V1des @. Thus each lp,,(a, q) is of the form
1f/g with f,g € Z[q] and g monic.

From this it is clear that A-ii(«, g) is a polynomial in %Z[q]. For, it can certainly

be expressed in the form n—la f/g for some polynomials f,g € Z[q] with g monic
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and since A-ii(a, q) takes integer values for all prime powers ¢ = 1 mod n, it

must in fact be a polynomial.

We have thus proved

Theorem 4.4.5. The numbers I-ii(c, q) and A-ii(«, q) for q a prime power con-
gruent to 1 modulo n are polynomials in H—EZ[Q] with coefficients that are inde-

pendent of the orientation of the quiver.

As an immediate corollary we deduce that the numbers R-ii(«, q) are also poly-
nomials in ¢ with rational coefficients which are independent of the orientation

of the quiver.

4.5 Invariance under the Weyl Group

In this section we use the reflection functors Si introduced in Chapter 2 to prove
that the polynomials A-ii(«, ¢) are invariant under the action of the Weyl group
W(T"), thus completing the proof of Theorem 1.6.2.

Proposition 4.5.1. Let e; # o € ZI be positive. Then the polynomials A-ii(c, q)
and A-ii(ri(@),q) are equal.

Proof.

We know that the polynomials -ii(a, q) and I-ii(ri(«), ¢) are independent of the
orientation of the quiver. Therefore we may assume that each vertex (i,r) of
Q is a sink. It follows from Proposition 2.3.3 that the functors Si+ and S; are
mutual inverses between the isomorphism classes of ii-indecomposables of (Q, a)

of dimension vector 8 = f~!(a) and those of (s;Q,a) of dimension vector s;((3),
all defined over F,.

N.B. Here we are writing s;Q for the quiver obtained from Q by inverting the
orientation of each arrow with head (i,r). Thus each (i,r) is a source vertex of

SiQ.
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In particular, we obtain that I-ii(a, q) = I-ii(ri(a), q). Using Proposition 4.1.6

(and noting that () = @), we deduce that A-ii(«,q) = A-ii(ri(«), q).
|

4.6 Subgroup and Quotient Group Actions

We now study the coefficients b(m) i j,s) appearing in the power series P,(X, q)
and show that they have a natural interpretation in terms of the quiver and

automorphism.

We recall that the vertices of Q can be considered as pairs (i,r7) for i € I and
r € Z/d;iZ such that a acts as (i,r) — (i,r +1).

Fix m|n and consider the subgroup generated by a™ acting on Q. This is obvi-
ously admissible and so we can consider the algebra K Q#(a™). As before, this
will be Morita equivalent to the path algebra of another quiver, which we shall
denote by Q(m). In particular, Q(1) = Q and Q(n) = Q.

The vertex set Z(m) of Q(m) can be descibed as follows. Representatives for the
vertex orbits of a™ acting Z are (i,7) with 0 < r < (m, d;), and each of these has
orbit size [m,d;|/m. Therefore, by analogy with the construction in Chapter 3
(and noting that a™ has order n/m), we see that the elements of Z(m) can be
thought of as triples (i,r, u) with 0 <r < (m,d;) and 0 < pu < n/[m, d;].

Now consider an arrow p : (i,0) — (j,!) and suppose that a’(p) = ("™p, where
t = [di, d;]. The simple Ag#(a)-bimodule generated by p must split into (m,t)
simple Ag#(a™)-bimodules with generators a"(p) for 0 < r < (m,t). We note
that a"(p) : (i,7) — (j,7 + 1) and al™f(a"(p)) = ¢[™4*a"(p). Using the primitive
n/m-th root of unity (", we deduce that Q(m) has arrows (i,r,u) — (j,r +1,v)
if and only if g = u + v mod n/[m,t].

N.B. We are considering 0 < r < (m,t) and writing (i,7, u) for (i, mod
(mvdi)au)'
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It follows that the quotient group (a)/(a™) acts naturally on Q(m) as admissible
automorphisms, with the generator a,, := a mod (a™) acting on the vertices by
(i,7,p) — (i,7 + 1, ). The vertex orbits are therefore the pairs (i, ) with i € 1
and 0 < p < n/[m, d;] — which is precisely the set I(m) defined earlier.

N.B. This action should be contrasted with the action on Z(m) of the dual group
of (a™), which sends vertex (i, 7, x) to (i,r, u+1).

Therefore we can construct a symmetric matrix B(m) indexed by I(m). This is

given by
2[m, d;]/m if (i, 1) = (,v);
b(m) i) vy = - : s :
—#{edges between orbits (i,u) and (j,v)} if (i, ) # (§, v).
(4.6.1)

Now, for (i, u) # (j,v), we have

Z #{arrows (17 T, M) - (.]7 S, I/)} = (ma t) Z 1{,uEu+1/ mod n/[m,t]}> (462>
7,8 p:(1,0)—(@,0)

a’(p)=C"p
where we are again summing over generators for the simple submodules of
A1#(a). Hence the definitions for b(m) given by (4.4.2) and (4.6.1) agree.

In particular, (Q(1),a;) = (Q,1) and B(1) = A, whereas (Q(n),a,) = (Q,a)
and B(n) = B.

We illustrate this with an example.

Example 4.6.1. Let (Q,a) be the quiver with automorphism of order /

(1,0)
4 N

(i,1)

(1,2)

\V/

\
(i,3)

For m = 1,2,4 we describe the quiver with automorphism (Q(m),a,,) and the
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associated valued graph I'(m).

(3,0)
4 (G:1)
(Q(1),a1) (1,0)
\ 3:2)
(4:3)
(1,0,0) ——— (j,0,0)
(Q(2>7 32) N ><
(1,1,0) ——— (§,0,1)
(1,0)
14
(i,1) — N
/
(12) /
\
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Chapter 5
Number of Parameters

Let K be an algebraically closed field of charcteristic not dividing n. In this
chapter we will show that the number of parameters p-ii(«, K) and the number
of top-dimensional families of orbits ¢-ii(a, K) for the action of GL(f™(«), K)
on the constructible set Ind-ii(c, K') are given respectively by the degree and
leading coefficient of the polynomial A-ii(c,¢q). In particular, these numbers are
independent of the orientation of the quiver and the characteristic of the field,

and are invariant under the action of the Weyl group.

The proof consists of two parts. We first show that the set Ind-ii(a, K) can be
considered as the K-rational points of a constructible subset of an arithmetic
scheme. Then we prove that the numbers p-ii(a, K) and t-ii(«, K) are constant
for char K lying in a non-empty open subset of Spec Z — in particular, for char K

sufficiently large or 0.

Finally we employ the result of Lang-Weil on the number of rational points in
a variety over a finite field, together with the results of the previous chapter, to
show that for K = F, with ¢ = 1 mod n the numbers u-ii(a, K) and t-ii(a, K)
are given respectively by the degree and leading coefficient of the polynomial

A-ii(a, q).
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5.1 The set V(a, K)

We recall from Section 2.4 that for 0 < « € ZI, Rep-ii(a, K) (respectively
Ind-ii(a, K)) is the constructible subset of the affine space Rep(f~!(«), K) cor-
responding to the set of all ii-representations (repsectively ii-indecomposables) of

dimension vector f~1(a).
We introduce the following set.
Vi, K) = {(9,X) € GL(f (), K) x Ind-ii(a, K) | g- X = X}.  (5.1.1)

This is a closed subset of the constructible subset GL(f!(a), K) x Ind-ii(«, K),

so is itself constructible.
Proposition 5.1.1. We have

dim V (o, K) — dim GL(f (), K) = dimgr,(f-1(a),x) Ind-ii(e, K) = p-ii(a, K)
and

top V (o, K) = topgyp-1(a), 1) Ind-ii(a, K) = t-ii(a, K).

Proof.

Let V'(a, K) = {(9,X) € GL(f '(a),K) x Rep(f ' (a),K) | g- X = X} and
denote by 7 the projection V'(a, K) — Rep(f~!(a), K). Then the fibre over a
point X € Rep(f~(a), K) is

(X)) ={(9,X) [ g- X = X} = Aut(X).
In particular, since this is open in the affine space End(X), it is irreducible.

The result now follows immediately from Proposition B.5.

5.2 Arithmetic Schemes

In this section we show that the set V(«, K) can be viewed as the K-rational

points of a constructible subset of an arithmetic scheme — that is, a scheme of
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finite type over Z (see [10]). Since we shall only be concerned with affine schemes,
this is equivalent to the ring representing the scheme being finitely generated over
Z. In particular, all our schemes will be noetherian and all morphisms will be of

finite type, so we can apply Chevalley’s Theorem, Theorem A .4.

We know that the category of affine schemes is equivalent to the category of
rings with arrows reversed (see Section A.1 of the Appendix). Alternatively, we
can characterise schemes as representable functors. This follows from Yoneda’s

Lemma:

Theorem 5.2.1. Let X and Y be contravariant functors from rings to sets rep-
resented by the rings A and B. Then the natural maps X — Y correspond to

ring homomorphisms B — A.

We also have the following theorem, which determines when a functor is repre-
sentable. (See [10] or [41].)

Theorem 5.2.2. Let X be a functor from rings to sets. Then X 1is representable
if and only if there is some family of equations over Z such that the set X (R) is

precisely the set of solutions in R.

Counsider the functors

Rep(a) : R — HM(at(p) X Qug(p), R) and GL(a): R — HGL(O&,»,R).
P %
(5.2.1)

These are clearly representable, say represented respectively by the algebras A
and B. In fact, Rep(«) is represented by a polynomial ring A = Z[{T'(p);;}], with

variables indexed by the positions in the matrices.

Furthermore, GL(«) is actually an affine group scheme and, since GL(«, R) acts
naturally on Rep(a, R), we obtain a morphism GL(«) x Rep(a) — Rep(a), say
corresponding to the ring homorphism ¢ : A — B ® A.

We also see that for o € (ZZ)® the automorphism a acts naturally on Rep(a).
This corresponds to the algebra automorphism ¢ of A given by T'(p);; — T'(a(p));
(up to multiplication by a root of unity, see (2.3.5)).
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It follows that for any 0 < o € ZI there is an affine scheme M («) such that
M(a, R) = {(9, X) € GL(f (), R) x Rep(f " (a), B) | g- X =2X}. (5.2.2)

The algebra representing M (a)) can be given explicitly as B ® A/a, where a is
the ideal generated by all elements of the form ¢(a) — 1 ® ¢(a) for a € A.

The projection map M (a) — Rep(f~!(a)) is a morphism and so by Chevalley’s
Theorem its set-theoretic image Rep-ii(«) is constructible. We now show that for
K an algebraically closed field, the set of K-valued points of Rep-ii(«) is precisely
the set Rep-ii(«, K).

Proposition 5.2.3. Let f : X — Y be a morphism of finite type between noethe-
rian schemes. Then for K an algebraically closed field we have f((X(K)) =
(f(X))(K). That is, the images of the K-valued points of X are precisely the
K -valued points of the constructible subset f(X) C Y.

Proof.

Let Ox be the sheaf of rings on X. For any point x € X, we denote the maximal
ideal and the residue field of the local ring Ox . by mx, and k(x) respectively.
A point z of X is K-valued if there exists a non-zero homomorphism x(z) — K,

or equivalently if z is the image of a morphism Spec K — X.

For any morphism f : X — Y we have a morphism of sheaves on Y, ¢ : Oy —
f+Ox. Here f.Ox is the direct image sheaf, given by f.Ox(U) = Ox(f~1(U)).
Consequently, for each x € X we get a local homomorphism of local rings 1, :

Oy, () — Ox, and hence a homomorphism &(f(z)) — k().

Clearly we have the inclusion f(X(K)) C (f(X))(K). On the other hand, if
y € Y then the fibre f~!(y) is homeomorphic to the fibred product X xy Spec k(y)
(by Lemma A.1). Take any closed point z € X xy Speck(y) and let x be its
image in X. Then we have homomorphisms x(y) — k(x) — k(z), and since
X Xy Speck(y) is a scheme of finite type over k(y), k(z) is algebraic over k(y).

Therefore k() is also algebraic over k(y).
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In particular, if K is algebraically closed and y € f(X) is a K-valued point, then
there exists a K-valued point of X mapping to y.
[

For any proper decomposition v = 3+ v and any ring R, consider the morphism

05.,(R) : GL(f~'(@), R) x Rep(f~'(8), R) x Rep(f~'(7), R) — Rep(f~'(a), R),
(0. X, Y) =g - (X®Y).

(5.2.3)

Since 63 - behaves naturally with respect to ring homomorphisms, we again obtain

a morphism of schemes

05+ GL(f (@) x Rep(f~'(8)) x Rep(f~'(7)) = Rep(f ' ()).  (5.2.4)

In particular, its image is constructible. Furthermore, we can consider the im-
age under 0., of the set GL(f () x Rep-ii(3) x Rep-ii(y). This is again a
constructible set and so the complement in Rep-ii(«) of the union of all such
images, which we shall denote by Ind-ii(«), is constructible. We can now ap-
ply Proposition 5.2.3 to deduce that over any algebraically closed field K, the
K-valued points of Ind-ii(a)) are precisely the ii-indecomposables of dimension

vector f~(a) over K.

Finally, we have an affine arithmetic scheme V'(a) C GL(f!(«)) x Rep(f~*(«))
such that

V'(e, R) = {(9. X) € GL(f™(a), R) x Rep(f (@), R) | g- X = X}. (5.2.5)

The projection 7 : V'(a) — Rep(f~!(«)) is a surjective morphism and so we can

define a constructible set V' («) by
V(a) := 7' (Ind-ii()). (5.2.6)

We deduce that for any algebraically closed field K, the set of K-valued points
of V(«) is precisely the set V (o, K) defined in the previous section.



Chapter 5. Number of Parameters 68

5.3 Changing Characteristic

We now apply some scheme-theoretic results of Grothendieck to prove

Theorem 5.3.1. The numbers dim V («, K) and top V(«, K) are constant for K
an algebraically closed field of characteristic 0 or p > 0. As a consequence, the

same 1is true of the numbers p-ii(a, K) and t-ii(«, K).

We first show that these numbers depend only on the characteristic of the field

and not on the particular algebraically closed field.

Theorem 5.3.2. Let K be a field and X an affine algebraic K-scheme. Then
there exists a finite field extension L/K such that every irreducible component of

(XL)rea s geometrically integral, where Xy := X ® L.

Proof.

This is a special case of [14], Corollary 4.5.10 and Proposition 4.6.6. See also
Theorem A.10.

|

Corollary 5.3.3. Let K be algebraically closed, X an affine algebraic K-scheme
and Z C X a constructible subset. Then for any field extension L/ K, and writing
f: Xy — X for the pull-back morphism, we have

dim f~1(Z) = dim Z and top f1(Z) = top Z.

Proof.
Expressing Z = Z; U --- U Z,, as the union of its irreducible components, it is
enough to prove that each f~!(Z;) is irreducible and has the same dimension as

Z;. Therefore we may assume that Z is irreducible.

Set W := Z and give it the reduced subscheme structure. Then W is an integral
affine algebraic K-scheme and, since K is algebraically closed, the theorem implies

that W is geometrically integral.
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Let W = Spec A, where A is a finitely generated K-domain. The Noether Nor-

malisation Lemma says that there exists a polynomial subalgebra K[T1,...,Ty]
of A over which A is finite. N.B. d is then the dimension of W. Now A ®x L is
finite over L[T7,...,Ty] and so W}, has dimension d.

Finally, f is an open map (Lemma A.6) and so f~'(Z) is dense in f~1(W) = W7.
Therefore f~1(Z) is irreducible of dimension dim Z.

In particular, we can consider dim V' («, K') and top V (a, K) for any algebraically

closed field K and these numbers are constant within each characteristic.

We now consider the following situation. Let X and S be affine noetherian
schemes and f : X — S a dominant morphism of finite type. We also assume
that S is integral with generic point 7. For s € S we write X, := X x g Spec £(s),

which is homeomorphic to f!(s).

Theorem 5.3.4. Let f : X — S be as above. Then there exists an open neigh-
bourhood of 1 over which the function s — dim X, is constant. Furthermore, if

X, is geometrically integral, then we may assume the same is true for each X;.

Proof.

This is a special case of [15], Corollary 9.2.6.2 and Theorem 9.7.7. See also
Theorems A.14 and A.16.

[

Now suppose that Z is a constructible subset of X. For s € S and L/k(s) any
field extension we have the pull-back morphism gy, : X := X, ®.) L — X. We
shall denote the constructible subset ggl(Z ) by Zp. In particular, we have the
sets Zs := Zys) and Zg := Zn(s).

Corollary 5.3.5. Let f : X — S be as above and let Z C X be constructible
with Z, := ZNX, non-empty. Then there exists an open neighbourhood of n over

which the numbers dim Zs and top Zs are constant.

Proof.
Replacing X with the closure of Z, we may assume that Z is dense in X. We
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know (Lemma A.2) that the maximal points of X, are all maximal in X and
since Z is dense in X, it contains all the maximal points of X. In particular, Z,
is dense in X, and so there exists an open neighbourhood of n over which Z; is
dense in X, (Proposition A.13). Also, since the map Xz — X, is open, we know

that Z5 is dense in X5 and hence it is enough to prove the result for X itself.

Let K = k(n). Then X, is an affine algebraic K-scheme and so by Theorem
5.3.2 there exists a finite extension L/K such that every irreducible component

of (X1)rea is geometrically integral, where X := X, ®x L.

We can write S = Spec A, where A is a finitely generated domain with fraction
field K. Let B be the integral closure of A in L and set T" = Spec B. Then
T is again an affine noetherian integral scheme, with generic point £ such that

k(&) =L. Let Y = X xgT and write g : Y — T for the pull-back morphism.

Let Y7,...,Y,, be the closures in Y of the irreducible components of Y. We give
them the reduced subscheme structures, so that the (Y;)¢ are all geometrically
integral. Let W; =Y; — Uj#Ym which is open in Y;, and Y/ =Y -, Y;. We
note that Y/ = () and each (W;)¢ # 0. Therefore, by Chevalley’s Theorem, there
exists an open neighbourhood of ¢ in T over which Y, = () and each (W;); # 0.
Moreover, by Theorem 5.3.4, we may also assume that each (Y;); is geometrically
integral of dimension dim(Y;)¢. In particular, the irreducible components of Y;

are precisely the (Y;);.

Thus dimY; = dim Y, and top Y; = top Y¢ for all £ in an open neighbourhood U of
¢. Furthermore, since each (Y;); is geometrically integral, we have dim Y; = dim Y,

and top Y7 = top Y;.

Finally, since the map T" — S is finite and dominant, the image of U contains an
open neighbourhood of 7. Also, if ¢ +— s, then k(t)/k(s) is a finite extension. In

particular x(t) = k(s). Therefore

Y; = (Y x7 Speck(t)) @) @ = (X XgSpeck(s)) Dp(s) k(s) = X5

and the result follows.
[ |
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Now consider the arithmetic scheme V’(«) and the constructible subset V(). If
K is an algebraically closed field of characteristic p > 0, then we can consider
the constructible subset V(a); of the affine algebraic scheme V’(a); and the set

of all K-valued points equals
V(a)(K) =V(a)s(K) =V(a, K). (5.3.1)

Therefore by Corollary 5.3.3 the numbers dim V' («, K) and top V («, K) are con-

stant within each characteristic.

Moreover, if V(a)q is non-empty, then by Corollary 5.3.5 these numbers are con-
stant on an open neighbourhood of 0. Finally, if V(a)o is empty, then its image
in Spec Z must be contained in a proper closed subset and so V(«), is empty for

almost all primes p.

This proves Theorem 5.3.1.

5.4 The Lang-Weil Theorem

We now prove

Theorem 5.4.1. The numbers p-ii(a, K) and t-ii(a, K) for K an algebraically
closed field of characteristic 0 or p > 0 coprime to n are given respectively by the

degree and leading coefficient of the polynomial A-ii(c,q).

We note that Corollary 1.6.3 follows immediately from this and Theorem 1.6.2.

By Proposition 5.1.1, it is enough to consider the numbers dim V' («a, K) and
top V(a, K), and by Theorem 5.3.1 we can restrict ourselves to the case K =T,

for ¢ = 1 mod n. We quote the following theorem.

Theorem 5.4.2 (Lang-Weil). Let V' be an irreducible variety of dimension d
defined over F,. Then

1

V(EF)| =g +0(¢"" ) asr — 0.
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Proof.
The original proof can be found in [29] but see also [38], Chapter 7.
|

Corollary 5.4.3. Let V' be a variety defined over F, and set d = dimV and
t =topV. Then for some integer s

\V (Fyer)| = tg*™ + O (g™ d__)) as r — o0.

Proof.

Let V =ViU---UV,, be the decomposition of V into its irreducible components.
Let Vi, ..., V; have dimension d and V.4, ..., V,, have dimension < d. For some
s, each of the V; is defined over F,s and so U; :=V; — U#i Vj is also defined over
Fys. Let Wy = UqU---UU; and Wo =V — W,

By the theorem, |W;(F,r)| = tg™¢ + O(g*" 5)) as r — oo. Also, Wy has

dimension strictly smaller than d, so |[Wa(F,)| = O(¢ @) as r — oo by
induction on d. Since |V (Fyer)| = |Wi(Fsr )| 4+ [Wa(F,sr )|, the result follows.
[

Corollary 5.4.4. Let V be an affine variety defined over ¥, and Z C V a con-
structible subset. Assume that Z is also defined over I, — that is, Z s given by
the vanishing or non-vanishing of polynomials defined over F,. If d = dim Z and

t = top Z, then there exists an integer s such that

| Z(Fpor)| = tg* + @(qsr(d_%)) as r — oo.

Proof.

Let V have co-ordinate ring A, a finitely generated IF,-algebra. Since Z is defined
over F,, it can be viewed as a constructible set in Spec A. The closure W of Z in
V' corresponds to the closure of Z in Spec A, so is defined over F,. Similarly, we

can find an open dense subset U of W in Z, also defined over F,.

We can now apply Corollary 5.4.3 to U and W to deduce that, for some integer
s, the numbers |U(F,s)| and |W (F,)| are both of the form t¢*¢ + O(qs’”(d_%))
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as r — 00. Since

U (Fgor)| < |2 (Fger)| < [W (Fyor),

the result follows.
[ |

In particular, we can apply the result to V(a, K) for K algebraically closed of
characteristic p > 0 coprime to n. In this case, we get a point (g, X) € V(a, F,)
if and only if g € GL(f'(«),q) and X € Rep(f~'(a),q) such that K ® X is an
ii-indecomposable and g - X = X. However, X is also defined over [, and so by

Lemma 4.1.1 X = 2X. That is, X is an absolutely ii-indecomposable. Thus
V(e IF,) = {(g9, X) | X absolutely ii-indecomposable and g- X = X}. (5.4.1)
Therefore, for ¢ = 1 mod n,
V(e F,)| = | GL(f ' (a),F,)|A-ii(c, q) (5.4.2)

is a polynomial of degree dim GL(f (a), K) + deg A-ii(a, q) and with leading
coefficient that of A-ii(a, q). Therefore

p-ii(o, K) = dim V(a, K) — dim GL(a, K) = deg A-ii(a, q) (5.4.3)
and

t-ii(a, K) = top V(a, K) = leading coefficient of A-ii(a, K). (5.4.4)

This completes the proof of Theorem 5.4.1.
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Chapter 6

The Affine Quivers

In this section, we shall study the affine quivers and all their possible admissible

automorphisms. We first recall some properties of affine (valued) graphs.

Let I" be a connected valued graph. Then I is affine if and only if there exists op >
0 such that (dr, —)r = 0, and this dr is unique up to a scalar ([25], Proposition
4.7). We can take dr to be integral such that or = 1 and then A(T)™ = {mdr |
m € N}.

We also recall the tier number associated to I'. This is the smallest positive

number ¢ for which

A(D)® + 6 = A(D)™.

We note that ¢t equals 1, 2 or 3 for all affine valued graphs I'" and that ¢ = 1 for
all unvalued graphs (or symmetric GCMs).

If we assume that Q is a connected affine quiver and a an admissible automor-
phism, then a(dg) = dg. Similarly, using Lemma 2.1.2, we see that if T" is the
associated valued graph, then I' is affine with dr = f(dg). We shall write § for
both dg and dr.

On the other hand, consider the dual quiver with automorphism (@, a). This has
as its associated valued graph f, the dual of T'. Hence [ is also affine and so by

Lemma 2.1.2, Qisa disjoint union of copies of one affine quiver.
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Our aim will be to describe the action of a on the isomorphism classes of indecom-
posables of Q, and in particular to compute the polynomials A-ii(md, q). These
are independent of the orientation, so we may assume that Q has no oriented

cycles and hence K Q is finite dimensional.

6.1 Classification of Indecomposables

Let Q be a connected affine quiver without oriented cycles. There is an explicit
description of the set of isomorphism classes of indecomposable representations
of Q. For K algebraically closed, this was obtained independently by Nazarova
[34] and by Donovan and Frieslich [9], but see also [8, 37].

This classification divides the indecomposables into three sets — the preprojec-

tive, preinjective and regular indecomposables. These can be described as follows.

The Euler form (or Ringel form) of Q is defined by

(0, B) = aifi— > af; (6.1.1)

1€ pii—j

This is a bilinear form on ZZ, dependent on the orientation of Q. We note that

this is related to the symmetric bilinear form defined earlier by

(a,0) + (B, a) = (o, B).

The defect of an indecomposable representation X is now given by
defect(X) := (0, dim X), (6.1.2)

where ¢ denotes the minimal positive imaginary root.

We let 7 denote the Auslander-Reiten translate [1, 37]. Then for X indecompos-

able we have

1. X is preprojective if and only if 77X = 0 for » > 0, which is if and only if
defect(X) < 0;
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2. X is preinjective if and only if 77X = 0 for » < 0, which is if and only if
defect(X) > 0;

3. X is regular if and only if 77"7"X = X for all r € Z, which is if and only
if defect(X) = 0.

It follows that all non-regular indecomposables have dimension vectors that are

real roots. Therefore we shall mostly be interested in the regular indecomposables.

We call a representation regular if it is a direct sum of regular indecomposables.
The full subcategory of regular representations is abelian and serial — that is,
each regular indecomposable has a unique composition series with regular simple
factors. In particular, each regular indecomposable is completely determined by
its regular top and regular length. If F is a regular simple and r a positive
integer, we write E[r] for the regular indecomposable with regular top E and

regular length 7.

In fact, every regular simple E has finite period under 7 and the regular compo-
sition factors of E[r| are (from the top) E,7FE, ..., 7" 'E. Moreover, the compo-
nent of the Auslander-Reiten quiver containing F is a tube, consisting of all the

indecomposables of the form 7¢E[r].

The set of tubes is parametrised by the projective line P'K and almost all are
homogeneous (have period 1). The type of this family lists the periods greater
than 1. This type is independent of the orientation in all cases except Al, in
which case we have type (a,b), where a and b are the numbers of arrows pointing

clockwise and anticlockwise respectively.

6.2 Automorphisms of Affine Quivers

We are now in a position to examine how a acts on the set of isomorphism classes

of indecomposables, and hence describe the set of ii-indecomposables.

To this end, we first note that ar and 7a are naturally isomorphic functors on
Rep(Q). (This holds for all artin algebras, as noted in the proof of Lemma 4.1 of
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[36]). Therefore the actions of a and 7 are both determined up to isomorphism

by how they act on the positive real roots A(Q)% and on the regular simples.

In particular, a fixes the isomorphism classes of the preprojective, preinjective and

[a¥)

regular indecomposables set-wise, and if F is a regular simple, then ?(E[r]) =
Ik

We now carry out a case-by-case analysis for the automorphisms of the affine
quivers. We fix a finite base field [, containing a primitive n-th root of unity ¢

and denote the algebraic closure of [F, by K.

We observe the following. Let a be an automorphism of KQ and let p : ¢ — j
be an arrow such that a'(p) = up, where t = [d;, d;] and p™* = 1. Consider the

inner automorphism ¢ of K'Q given by conjugation by 1+ (v — 1)) . _.¢;, for

JEJ
some n-th root of unity v. This is a graded automorphism of K'Q which acts by

1

multiplying each arrow o : k — j by =, multiplying each arrow ¢ : j — k by v

and leaving everything else fixed.

Therefore, the admissible automorphism a’ := a¢ satisfies (a')'(p) = v~*up. In
particular, if Q is a tree, then up to inner automorphisms of the form ¢, we may
assume that a'(p) = p for all arrows p. On the other hand, if Q is of type ,&l,

then we may assume that a’(p) = p for all but one arrow p.

We note that these inner automorphisms do not affect the number of isomorphism

classes of ii-indecomposables.

In each of the following cases, we follow the same procedure. We first describe the
regular simples for the tubes of periods p > 1. Since these will have dimension
vectors that are real roots, it is enough to write down these roots. For example,
if there is a tube of period p, then we shall write down the roots a, ..., o, such
that 7V () = V(is1), where V() is the regular simple with dimension vector

(678

We also list the homogeneous regular simples 7'(\) for A lying in some subset of
P'K. Note that each T'(\) has dimension vector 4.

We then determine how a acts on each of the regular simples, and hence on
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each of the tubes. Since a preserves the sets of preprojective and preinjective
indecomposables, and these have negative or positive defect resepctively, only
the regular indecomposables give rise to ii-indecomposables of dimension vector a

multiple of §. Therefore this will be enough to calculate the numbers A-ii(mJd, q).

All that remains is to work out how many isomorphism classes of ii-indecompos-
ables are defined over [F,. We have that each regular simple V' («;) is defined over
F, by Kac’s Theorem, since it has dimension vector a real root. On the other

hand, if we have an ii-indecomposable of the form

then this is defined over I, if and only if it is fixed by the Frobenius automorphism
acting on Rep(Q). This is equivalent to the set {\1,..., A} being fixed by the
Frobenius map x +— z9, or saying the the \; are the roots of some polynomial
defined over F,.

N.B. The notation we use for the affine quivers is taken from the paper by Dlab
and Ringel [8], except we denote the Kronecker graph Aqp by A and the valued

@ by A We always denote the rank of the associated symmetrisable

graph -
GCM by [, so I has [ + 1 vertices. Also, as far as possible, we order the cases
into pairs such that Case 2m has valued graph I' with tier number 1 and Case

2m + 1 has valued graph f, the dual of T'.

6.2.1 Case-by-case Analysis
Case 1.

Let Q be the graph At(l+1)_1 with vertices labelled clockwise from 0 to t(I+1)—1
and with the orientation (I +1) — r(I + 1) — 1 for 0 < r < t and all other
arrows clockwise. Let p be the arrow 0 — #({ + 1) — 1. We define an admissible
automorphism a on Q such that i — (I + 1) +¢ and a’(p) = (*(p). Then I is the
graph 1&[, which has tier number 1.
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N.B. The dual quiver with automorphism is again of this type, with ¢ everywhere

replaced by n/t.

For example, if [ = 2 and t = 2, then (Q, a) is

5?0—>ﬂ Al\
Sy

2

The type of the family of tubes for Q is (¢/,t) and the dimension vectors of the

non-homogeneous regular simples are
Qpl 7= Cp(141)=1 + Er(1+1)s  Qpigi = Cp(41)+s for 1 <i<land 0 <r <t

and

Br = e-n+n-1 + - F -y for 0 <7 <t

The homogeneous regular simples T'(\) are parametrised by 0 # A € K. These
have a copy of the field K at each vertex and each arrow acts as the identity

except for the arrow p, which is multiplication by A.

We have that a(a4i) = @1y and a(3.) = f,—1, which determines the ac-
tion of a on these two tubes. Also, 2T'(\) = T(¢"*A). Therefore we obtain

ii-indecomposables

TN ®TECN®---aT(C"'N) Xe K—{0},
V(Bo) @ ®V(Bi-1) and Viag) ® - @ V(g—1ys) 0<i<l

Now T(A\) @ --- & T(¢"'\) is defined over F, if and only if the scalars
A CPA, ..., ¢ PN are the roots of a polynomial defined over F,, which is if and
only if X"/t € .

Hence

[+1 if m % 0mod n/t;
A-ii(md, q) = 7 /
g+1 if m=0modn/t.



Chapter 6. The Affine Quivers 80

Case 2.

Let (Q,a) be given by the quiver D;,» with a of order 2 as shown.

l 1+2
4 \ 7
1—=2---1-1
N / \ Vv
I+1 1+3

Then I' is the quiver ((le, of tier number 1,

The type of the tubular family for Q is (/,2,2) and the dimension vectors of the

regular simples are
ar:=e. for1<r<l, aq:=e +-+ey3
and

Bii=e +--+e_1+e+eqo, Boi=e1+ - +e_1+ e+ ens,

Y1i=€1+ €1+ e+ €3, Yo :=e1+ -+ e+ e+ e,

The homogeneous regular simples 7'(\) are parametrised by A € K — {0,1}.

These are given by

K _(§) (11K
\K2$‘K2K2/
e NN

K(9) RN

The automorphism a fixes each «a, and swaps [3; < 5 and v; < 5. Also, each

T'(A) is fixed (up to isomorphism). Therefore we have ii-indecomposables

Viay), V(B)@V(B), Vin)eVir), TW).

Hence

A-ii(md,q) = q+1 for all m.
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Case 3.

Let (Q,a) be given by the quiver Ay with a of order 2 as shown below.

+1 ——I1+2 - - -2]-1

Then I' is the valued graph I@l, of tier number 2,

N.B. We do not need to consider the case when a?(p) = (*“p, since we can always
reduce to the case when p : 0 — 1. Now apply the inner automorphism given by
conjugation by 1 4 (~"g¢, noting that both arrows starting at 0 are in the same

a-orbit.
The tubular type of Q is (I,1) with dimension vectors

a, = e, for1<r<l, aq:=eg+e1+---+ey_1+e,

O i=e, for1<r<l, G:=e+e+--+e_1+e€.

The homogeneous regular simples T'(\) are parametrised by 0 # A € K. These
have a copy of the field K at each vertex and each arrow acts as the identity

except 0 — 1, which acts as multiplication by A.

Now a acts by swapping a, < 3, and by T(\) — T(A™1). Therefore we have

ii-indecomposables
Vi) ®V(3,), T(1), T(-1), TANeT\ ') leK-{0,+1}.

Now T'(A) @ T(A™") is defined over F, if and only if A\+A~! € F,. Since A # 0, +1
this can take any value except £2 and so we get ¢ — 2 different isomorphism

classes of absolutely ii-indecomposables.

Hence

2 if m # 0 mod 2;
A-ii(md, q) =
qg+1 if m=0mod 2.
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Case 4.

Let Q be the graph ]1521 for [ > 3 with orientation

20-2 2l

N —

1—>2--—1-2—>]-1<—]——-2-4<—2/-3
/ ™
21 2+1
and let a be the automorphism of order 2 defined by reflection in the vertical line
through vertex [ — 1. That is,
11— 2l —2—3 for1<i<2l—2 and 20—2 <21, 20—1<20+1.

Then I is the valued graph ﬁ)l, of tier number 1,

Q has tubular type (20 — 2,2,2) with dimension vectors

r<l-—2

IN
IN

o = e, 1 , gy i=e e+ ezt e+ ey + ey,

api=ey3, [ <r<2[-=3, ays:=e +--+eote_1+eyotey
and

Bii=e1+ - +egy_g+ey_o+ ey, PBoi=e1 + -+ eg_3+ ey_1 + eyt1,

Y1i=€e1+ -t ey-3teyoteyr, Yei=er+ -+ ey-3+ey1+ ey

The homogeneous regular simples T'(\) are parametrised by A\ € K — {0,1}.

These are given by

K _(5) (1) K
\ X /
K2HK2,,,K2
o) R
K (9) (\) K
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Now a acts as a;. <> a;_14, for 1 <r <l and v < 5. Also, V(f3,) and T(\) are

fixed. Therefore we have ii-indecomposables

Vi) @ V(ag_14,) for1<r<li, V(in)eViw), V(EG.), TA).

Hence

A-ii(mé,q) = q+1 for all m.

Case 5.

Let (Q,a) be given by the quiver }ﬁ)lﬂ with automorphism

-1 I+1
o 7y
1] —>=2-——1-2
/ SN
l 142

Q has tubular type (I — 1,2,2) with dimension vectors
ap:=e. for1<r<i—1 «oq_1:=e+ - +epno
and

fri=e+ - +egt e+ e, Pri=e1+ -+ eg+ e+ e,

Y1 1:€1+"'+6172+6l—1+el+27 Y2 I:€1+“'+€l72+el+el+1-

The homogeneous regular simples T'(\) are parametrised by A € K — {0,1}.

These are given by

K K

N -
K2%K2,,,K2
K(/?) (1$K
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We have that a fixes each «, and swaps 3, <> v,. Also, T(\) <> T'(A'). Therefore

we get absolutely ii-indecomposables
Viay), V(B)&V(w), T(=1), TO)&T(A") Aek —{0,+1}.

Again, T(\) & T(\7!) is defined over F, if and only if A+ A\™' € F,, and since
A # 0,41, this can take any value except £2.

Hence

l if m # 0 mod 2;
A-ii(md, q) =
g+1 if m=0mod 2.

Case 6.

Let Q be the graph ®2(1+1) for [ > 1 with orientation

2l 214-2

e

20+1 2143

1—2-——-]-1—>]<—14+1—---21-2<—2]-1

and let a be the automorphism of order 4 defined by
t—2l—i forl1<¢<| and 2020+ 2+ 20+ 1+ 2l + 3.

Then I' is the valued graph I%l, with tier number 2,

As in Case 4, this has type (21,2, 2) with dimension vectors

a, = e for 1 <r <, Qp = €1+ - eg1 e+ eyqo + eays,

o =e3y_, forl+1<r<?2l, Qopi=e€;+ - Fe_1+e + eyt ey
and

Bii=el+---+ey_gt+eyteyrs, Pai=er+ -+ ey_3+ ey + eys,

Y1i=€1+ -t egy-3+ eyt ez, Yo i=e€1+ -+ €3+ €41 + €940
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The homogeneous tubes are parametrised by K —{0, 1} with regular simples T'(\)

analogous to those defined in Case 4.

The automorphism acts as
ap = opqy for 1 <r <, Y1 P e = P, TA) — T\,
Therefore we have ii-indecomposables

Viar) & Vi), V()@ V(B) @& V(n)d Vi),
T(-1), T\ eTW\ ") for Ae K—{0,+1}.

Hence

[+ 1 if m = 0mod 2;
A-ii(mé,q) = 7
qg+1 if m =0 mod 2.

Case 7.
Let (Q,a) be the quiver D, with automorphism a of order 4
' N
1 2
4
NS
5
N
a8

so that I' is the valued graph 1&11, of tier number 2,

(4,1)

Q has tubular type (2,2) with dimension vectors

aq = €1 + ey + e, B1:=e1 + e+ es, 71 i=e1+ €3+ es,

Qo = ey + €3 + €5, Be 1= e3 + €4+ €5, Yo i= €3 + €4 + €5.
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The homogeneous regular simples T'(\) are parametrised by A € K — {0,1} and

are given by

K (5 () K
NS
K2
Ké) (i)\K

The automorphism a acts as

ay — B — g P, M Yo and T(\) — T (%) '

We note that the automorphism \ — 2- of P'K is of order 2. Therefore we

A
A—1

have ii-indecomposables

View) @ V() @ V(B) @ V(F2), V(n)@V(n),

T2), TN&T <%) for A € K —{0,1,2}.

For A € K —{0,1,2}, the representation T'(\) ® T'(52;) is defined over F, if and

only if A and ﬁ are the roots of a polynomial defined over F,, which is if and

only if )\’\—_21 € [F,. This can take any value except 0 and 4 and so we get ¢ — 2 such

absolutely ii-indecomposables defined over F,.

Hence

2 if m # 0 mod 2;
A-ii(md, q) =
g+1 if m=0mod 2.
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Case 8.

Let (Q,a) be the quiver Eg with automorphism of order 3 indicated below

Then I' is the valued graph @22, of tier number 1,

(3.1)

This has type (2,3, 3) with dimension vectors

ayp:=e;+eytestestes+eg+2e;, g i=eq4+e5+e5+ e

and
01 :=e1+eqs+ e7+ eg, Y1 :=¢€1 +e4+ €7+ es,
B i = ey + €5+ e7 + ey, Y2 = €3 + €6 + €7 + ey,
B3 = e3 + e+ er +es, V3 = €2+ €5 + €7 + C.

The homogeneous regular simples T'(\) are parametrised by A € K — {0,1} and

are given by
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Now a fixes «,, sends 3, — [,41 and 7, +— ~,._1. Also, T(\) is fixed up to

isomorphism. Therefore we have ii-indecomposables

Viay), V(B)@V(B)®V(B:), V(n)dV(r) @Viw), TM).

Hence

A-ii(md,q) = q+2 for all m.

Case 9.

Let (Q,a) be the quiver Dy with a of order 3 given by

N
SN

Then I is the valued graph @21, of tier number 3,

(1,3)

Using the same notation for the regular simples as in Case 7, we have that the

automorphism a acts as

1 A—1
a, — B =y, T(A)HT(S) HT(T)

Therefore we have the ii-indecomposables

V(“r) D V(ﬁr) D V(%")v T<_C>? T(_CQ)a

N
TOY e T (ﬁ) &7 (Tl) for A € K —{0,1,~¢, ~C?},

where ( is a primitive cube root of unity.

We are assuming that ¢ = 1 mod 3, so that ¢ € F,. Also, T(\) @T(:%5) @ T(332)

is defined over F, if and only either A € F, or A? = 5 or X! =
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27t — 27 4+ 1 is separable over F,, there are ¢ + 1 solutions in K. Similarly for
29t — 2 + 1, and the only common solutions are —( and —(2, which are the
only two solutions in F,. Since we are assuming A # 0,1, —(, —(?%, we obtain
%(q —4+4+q—1+4qg—1)=q— 2 absolutely ii-indecomposables defined over F,.
Hence

2 if m #£ 0 mod 3;

A(md, q) =
q+2 if m=0mod3.

Case 10.

Let (Q,a) be the quiver E; with a of order 2
—_—>2 —>3
A A
> e
R S
Then I' is the valued graph F 42, of tier number 1,

(2,1)

This has type (2,3,4) with dimension vectors

aq = e + ey + 2e3 + €5 + €6 + 2e7 + €3,

g i=ey+eg+es+es+2e+2er+es,  y1i=e+extestes+er+es,
Yo i= €3 + €3 + €7,

fri=e1+ey+e3+eq+es+ e+ er, V3= €3+ et €5+ e+ €7 + s,

[ 1= €3+ e3+e5 +es + er + e, V4= €5+ e+ er.

B3 := ez + €6 + 2e7 + €5,

The homogeneous regular simples T'(\) are parametrised by A € K — {0, 1} and
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are given by

Now a fixes (3, and swaps a; < ay and 7, < 7,42 for r = 1,2. Also, each T'(\)

is fixed up to isomorphism.

Hence

A-ii(md,q) =q+4 for all m.

Case 11.

Let (Q,a) be the quiver Eg with a of order 2

l—d—7
v v
6<—3
Then I' is the valued graph IEA, of tier number 2,

(1,2)

We use the same notation as in Case 9. Then a acts by fixing «, and swap-

ping B, < 7. Also #(T())) is isomorphic to T(52;). Therefore we have ii-

indecomposables

Vi), V(B)eV(w), T(2), TO&T (%) for \e K —{0,1,2}.

Hence

3 if m # 0 mod 2;
A-ii(mo, q) =
g+4 if m=0mod 2.
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6.3 Summary

We can summarise the preceding results as follows.

Let (Q,a) be an affine quiver with automorphism of order n; let I' be the associ-
ated valued graph and let (@, a) be the dual quiver with automorphism. Define
r by h(dg) = ror.

We note that in each case except Case 1, r equals the tier number of I'; whereas

in Case 1, r = n/t but the tier number is 1.

In [25], Kac calculates the multiplicities of the roots md in the Kac-Moody Lie

algebra g(I'). Comparing these numbers to our polynomials we obtain
Theorem 6.3.1.

1+dimg(l'),,s «f m %0 modr;
Aii(mé, q) = O0)ms i m #
q+dimg(l),,s if m=0modr.

N.B. In every case, we observe that the coefficients of the polynomials A-ii(«, q)

are all non-negative integers.

We now combine all this information into a table. We use the following notation:
[ is the rank of the GCM for I' (so I has [ + 1 vertices); the numbers at the
vertices indicate the dimension vector ¢; the tier number always refers to the tier

number of T.

Also, we retain the same order of the cases as in the main text.
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Chapter 7

Kac-Moody Lie Algebras

Given any symmetrisable GCM C' = D™ !B, we can define a Kac-Moody Lie al-
gebra g(C'), unique up to isomorphism. (If C' corresponds to the valued graph T,
then we will also write g(I').) Furthermore, if we have a quiver with automor-
phism (Q,a), then a acts naturally on the Chevalley generators of g(Q) and so

a determines an algebra automorphism of the derived subalgebra g(Q)’.

This action can be extended to an automorphism o of the whole Lie algebra and
the resulting fixed-point subalgebra L is a so-called generalised Kac-Moody Lie
algebra. However, for certain choices of ¢ there is a natural embedding of the
symmetrisable Kac-Moody Lie algebra g(C") < L, giving £ the structure of an
integrable g(C")-module. Tt is this structure that we shall be most interested in.
We prove that the non-zero weights are precisely the roots of g(C™) and that the

real roots all occur with multiplicity one.

Finally, we explicitly calculate the structure of this module when @ is affine and
observe that the weight multiplicities for £ coincide with the constant terms of
the polynomials A-ii(c, ¢) determined in the previous chapter. This suggests the

following conjecture, generalising a conjecture of Kac (c.f. Section 1.6).

Let (Q,a) be a quiver with automorphism, I' the associated valued graph and

(é, a) the dual quiver with automorphism. Let o be any algebra automorphism of

9(Q) lifting the action of a on the derived subalgebra and such that g(I") embeds
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in the fixed-point algebra £ := g(Q)). We view £ as an integrable g(I')-module.

Conjecture 2. A-ii(a,0) = dim L,,.

7.1 Automorphisms of Kac-Moody Lie Alge-

bras

Let (Q,a) be a quiver with admissible automorphism, I" the associated valued
graph and (é, a) the dual quiver with automorphism. We write A, C = D'B
and A for the GCMs of Q, I' and 0) respectively. In this section we show that the

automorphism a acts canonically on the derived Lie algebra g(Q)’" and that there

!/

is a natural embedding of the Lie algebra g(I")" into the fixed point subalgebra

(g(é)/)@ﬁ'

In fact, we describe how we can lift a to an automorphism o of the whole Kac-

Moody Lie algebra g(Q) so that g(I') embeds in the fixed-point subalgebra £ :=
a(Q).

a)

Lemma 7.1.1. The automorphism a acts naturally on l‘)(é)’ by H; — Hj;) and
the canonical map H(T') — (f)(é)’)< sending H; — >, Hi is an isomorphism.
1

Moreover, the restrictions of the bilinear forms satisfy (—, —)r = 7 (—, —)5-

Proof.
The first statement is clear. Also, by equation (3.4.5), we have

- n
> (Hewy, Hon)g = Y i) = 7.V
% v Lhad]

which equals n(H;, Hj)r.
|

In particular, there is an isomorphism ¢(I') = ¢(Q)®, so both spaces have di-

mension corank C.
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We now wish to extend the automorphism a of g(Q)’ to an automorphism o of
9(Q) such that there is a monomorphism g(I'") < g(Q)(*). We also describe which

choices of o we can make.

Let DAut(g) be the subgroup of Aut(g) consisting of the diagram automorphisms
— that is, the automorphisms preserving each of the sets b, {E;} and {F;}.

Proposition 7.1.2. There is a short exact sequence
0 — Homc(h/H’,¢) — DAut(g) — Aut(A4) — 0,

where g is a Kac-Moody Lie algebra with symmetric GCM A and Aut(A) is the

set of permutations a such that aagyac) = ;.

The following proof is taken from [26].

Proof.

If o € DAut(g), then o(H;) = o|E;, F;] = [0(E;),0(F;)] and so there exists a
permutation a of Z such that o(E;) = Eaq), 0(F;) = Fa) and o(H;) = Ha). In
fact, by applying o to [H;, E;] = a;; E;, we see that a € Aut(A). Moreover, each
a € Aut(A) is so obtained. For, let A = CZ be the subspace of h* spanned by the
e;. Then the quotient space h/c is dual to A and so the natural action of Aut(A)
on A, namely a : e; — ea(;), defines an action of Aut(A) on h/c. This must map
H; mod ¢ to Hy;) mod ¢ and so the subspace h’/c is Aut(A)-stable.

Now, as Aut(A) is finite, there exists h” such that h = §’ & h” and (h” +¢)/c is
Aut(A)-stable. So, for any a € Aut(A), we can define an automorphism o of
by 0(H;) := Ha@) and oly is the pull-back of a on (h” 4 ¢)/c. By construction,
ea(i)(0(H)) = e;(H) for all H € h and so we can extend ¢ to an automorphism

of g via E; — Eu;) and Fj — Fy).

The kernel of the map DAut(g) — Aut(A) is Aut(g; g’), the subgroup consisting
of all automorphisms acting trivially on g’. If o € Aut(g;g’), then h must be
o-stable. Also,
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Therefore there exists ¢ : h” — ¢ such that o(H) = H + ¢p(H).

Conversely, given ¢ : h” — ¢, we can define o € Aut(g;g’) by o(H) = H + ¢(H)
for all H € §”. Thus Aut(g; ¢’) = Home(h”,¢) = Home(h/H, ¢).
|

For ease of notation, henceforth in this section all Lie algebras will refer to Q

unless otherwise stated.

Consider the following subspace of §.

M :={H |e;(H) = eau(H) for all i € 7} = ann (spanf{e; — eaq) | i € f})
(7.1.1)
Then M contains the centre ¢ and M/c = (h/c) @ Thus for any lift o of a,
M) = plo),

Let us write 7 and s for the coranks of A and C respectively, so dim f = ]f | + 7.

Lemma 7.1.3. M has dimension |I| +r and M N4 has dimension |I| +r — s.

Proof.

Let S = span{e; —eau) | i € f} This has basis eg ) — €ippry with i € T
and 0 < p < (n/d;) — 1 and so has dimension |Z| — |I|. Therefore dim M =
dimbh —dim S = |I| + 7.

We lift the a-action on b’/c to b’ by mapping H; to Hz;). Then (M Nb')/c =
(h'/¢)@ is isomorphic to (h)® /c¢@. Now dim(h')® = |I| and dimc¢® = s by
Lemma 7.1.1 and the subsequent remark. Thus dim M N = [I| — s+ r.

[

Since (h” 4 ¢)/c is also a-stable, we deduce that ((h” + ¢)/c) @) has dimension s.
Therefore, we can find linearly independent elements X1,..., X, € M Nh” with
each X; mod ¢ fixed by a. These actually form a basis for M N h".

Summing up, we have the following spaces

h=bH abp” and M=(MnpK)s(Mnp") (7.1.2)
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of dimensions

dimb = |Z| +r, dim b = [7], dimb” = r,
(7.1.3)
dim M = [I] +r, dim M Ny = [T +7—s, dim M Np" = s.
Now let
L :=span{H; — Hy | i € 7). (7.1.4)

Proposition 7.1.4. Let o be any lift of a to g, corresponding to ¢ : §”" — c.
Then (M) {H;},{e;}) is a realisation of C if and only if o(M NH") C LNc,
where Hy 1= Zu Hgpy and e = % Zu €(ip

Proof.
We know that the H; := 3 H,, for a basis for (M N b)), Therefore the space
of fixed-points has dimension |I| + s if and only if we can find Y;...,Y, € M{?

spanning a complementary subspace to M NY’.

If we have such elements Y;, then we can write X; = Z‘;:l DijY; — Zjei qi; H;.
Thus

P(Xi) = 0(Xi) — Xi =) ay(H; — Hap) € L.

J
COIlVGI‘SGly, if (p(XZ) = Zj qij(Hj - Hé(j)) e LN C, then Y; = Xz + Zj q,»jHj is
fixed by . Also, >, qi;H; € M since

( Z qU H H > Z qij ea(k Z qij ea
= Z Gij€ar) ( Z gijer(Hj) = (eaw) — ex (Z Qinj>-
J

Therefore Y; € M.

Now, by (3.4.5),
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Therefore it only remains to show that the e; are linearly independent modulo
ann(M7). Let a = > Aiej € ann(M*??). Then

SUVITIE SN
Moreover, e;(H ) = %ZV e (Hip) = by, so that
a(Hp Z Nei(H ) Zbu)\ =— ZcijAj = 0.

J

Hence
a € ann(M +4') = ann(M + ') C ann(M) = span{e; — eaw | i € 7).

However, a(a) = « but a does not have 1 as an eigenvalue on ann(M). Thus
a=0.
|

N.B. We can rewrite this condition as ¢((M + §’)/b’) C LN ¢, where now ¢ :
h/b' — ¢

Theorem 7.1.5. There is a canonical monomorphism

a(l) — (a)®.

Moreover, if o is an automorphism of g extending &, corresponding to ¢ : h/h’ — ¢

with go((M + f)’)/f)') C LN, then we can lift this monomorphism to give

g(I) — g

Proof.
Consider the elements Ej := > F,) (and similarly F; and H;) in (g)®. We

show that these satisfy the Serre relations.

Clearly [H;, H;] = 0 and

(B, B} = Y (B, Foml = 6 Y Hapwy = 05 Hi.
m

l’l’vy
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Also,
[H;, Ej] :Z[H(lu )] Za(lu G B _ClJZEJV = ciE
v

and similarly [H;, Fj| = —cF5.

Note that ad E; ) and ad E;,) commute for all p,v. Thus

@iz = 3 (V) T £on)™,

[Al=m H

where we are summing over partitions A = (),) and using multinomial coeffi-
cients. Consider [],(ad Ei )™ EGy. I[N =1—¢;, then Ay, > 1 — g6
for some p and so (ad E )™ Ej.) = 0. It follows that (ad E;)' "% E; = 0, and
similarly (ad F})'"4 F} = 0.

Therefore there is a non-zero homomorphism g(I')’ — (g')®. In particular, if C
is non-degenerate, then g(I') equals its derived subalgebra and is a direct sum of

simple Lie algebras. Hence we have a monomorphism
g(l) — (¢)® c g

In the general case, we know that M(® determines a realisation of C, so there is
an isomorphism h(I') =+ M sending H; to > . Hipy. Therefore we can combine

the two homomorphisms

to give a homomorphism

a(l) — g
This is a monomorphism by Proposition 1.4.3, and a fortiori g(I')’ — (g')® is a
monomorphism.
[

Given o as in the theorem, we define

L:=g = n® g M) @nf‘).
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This is a Lie algebra, with bracket product induced from that on g. We define a
new bilinear form on £ by (-, —)z := £(—, —)5. Then, by Lemma 7.1.1,

(Hi, H;) = (Hi, Hy)r.

Therefore (—, —) and (—, —)r agree up to an automorphism of g(I") fixing g(T")".

In particular, we may assume that the monomorphism
g(l) = L

preserves the bilinear form on h(I') — and so we can identify g(I") with its image
in L.

7.2 Generalised Kac-Moody Lie Algebras

The following is proved in [3].

Theorem 7.2.1. Let g be a generalised Kac-Moody Lie algebra with non-
degenerate bilinear form on b. Then the subalgebra of g fixed by a finite group
of diagram automorphisms is again a generalised Kac-Moody Lie algebra with a

non-degenerate bilinear form on its Cartan subalgebra.

In particular, we see that L is a generalised Kac-Moody Lie algebra. Therefore
we can define its set of roots and the root spaces. In general, however, there will
be countably many imaginary simple roots (c.f. Section 7.4 discussing the affine

Kac-Moody Lie algebras).

For convenience, we recall Borcherds’ original definition of a generalised Kac-
Moody Lie algebra [3].

Let Z be a finite or countable set and A = (a;;) a real symmetric matrix indexed

by Z satisfying

Qij <0 ifq §£ j, QCLZ'j/CLn' €7 if a; > 0. (721)
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Let h be a complex vector space with a symmetric bilinear form (—,—) and
containing elements H; for i € 7 such that (H;, H;) = a;;. N.B. The elements H;

are not assumed to be linearly independent.

Then the generalised Kac-Moody Lie algebra g associated to A (and ) is gener-
ated by b and elements E;, F; for ¢« € Z subject to the following relations:

[Hv H,] =0,
EZ"F}] = 61]HZ7
H,Ej] = (H,H;)E; and [H, Fj] = —(H, H;)F}, (7.2.2)

1m20/0i g — 0 and  (ad Fy)'720/% F =0 if ay > 0,
EZ, Ej] =0 and [-Fm FH =0 if Q5 = 0.

—_— N — —
o
R o, R
5
~— O

We can again define the roots of g, but these are not in general elements of
the dual space h*. Instead, we define the root lattice ZZ to be the free abelian
group on elements e; for i € Z. We give ZZ a bilinear form (—, —) by setting

(€i,€5) = aij.

We have a grading of g by ZZ. This is given by putting deg E; = e;, deg F; = —e;
and deg H = 0 for all H € . The roots of g are now defined to be those a such
that g, # 0. The e; are called the simple roots and we say that a root « is real if

(v, ) > 0 and imaginary otherwise. We note that we can have imaginary simple

roots.

N.B. Every symmetrisable Kac-Moody is a generalised Kac-Moody Lie algebra.
To see this, let C = D~'B be a symmetrisable GCM and let E;, F; and H; be
the Chevalley generators for the Kac-Moody Lie algebra g(C'). Then, choosing
8? = d;, the generators EZ =g F;, E = g;F; and f[l = d;H; satisfy the relations
for the generalised Kac-Moody Lie algebra with matrix B.

7.3 The Structure of L

In this section we describe an alternative way of viewing £, namely as an inte-

grable g(I')-module. We show that the non-zero weights of £ are precisely the
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roots of g(I') and that the real roots all have multiplicity one.
We keep the notation of Section 7.1.

Recall from Section 3.2 the map h : ZZ — ZI such that h(3); = > Baw- By
Lemma 3.6.1 this satisfies

(e = (e H(O)r

1

and h maps A(Q) onto A(T') by Proposition 3.5.4.

Proposition 7.3.1. The adjoint action of g(I') on L is h(I')-diagonalisable and

the non-zero weights are precisely the roots of T'.

Proof.

Let 3 € A(@) be of order m under a, so a™ acts on the root space g(@)ﬁ. We
first note that, since we have identified the realisations (h(I'),{H;}, {ei}) and
(M@ {H;},{e;}), the notation e;(H) is unambiguous. Also, for any H € M

e (H) = = e (H) = ei(H).

Therefore, writing 5 = Z(W B e, we have

Zﬂlue(lu Z Zﬁ(lu ):Zh(ﬁ)lel<H):h(ﬂ)(H)

(i,p)

Now suppose that x € g(@)g satisfies 8" (x) = z and let X = x +a(z) +--- +
am!(z) e L. As h(a"(8)) = h(B) for all r, we see that

[H.X] =) [Ha'(x)] =) &(3)(H)& (x) =h(5)(H) Y a(z) = h(F)(H)X.

s s

Therefore X lies in the weight space Ly,

Since any element in £ can be expressed as a sum of such orbit sums of ho-
mogeneous elements, we deduce that £ is h(I')-diagonalisable. Finally, since h
maps A(Q) onto A(T), the non-zero weights must all be roots of I'. Conversely,
g(I") C L so every root appears as a weight.

[ |
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Corollary 7.3.2. The monomorphism g(I') — L endows L with the structure of
an integrable g(I")-module.

Proof.
We have shown that £ is an h(T")-diagonalisable module and that the weights are
precisely the roots of I'. Also, for any root o € A(T"), the set

{ao+ ke | ke ZynAT)

is finite ([25], Proposition 3.6). Therefore E; and F; must act locally nilpotently
on L.
|

For any root 3 € A(Q), say of order m under &, we denote by E(g(Q)s,1) the

eigenspace with eigenvalue 1 for the action of a™ on g(Q)g.

Corollary 7.3.3. The weight space L, for a € A(T') has dimension

Z dimE(g(é)ﬁ,l),

[Bleh(e)

where we are summing over a-orbits of roots 3 such that h(3) = a.

Proof.
It follows from the proof of the proposition that L, is spanned by elements of the

form X =z +--- +a™ (z), where z € E(g(Q)s,1), h() = « and 3 has order
m under a. Clearly it is enough to take one representative ( from each a-orbit,

and elements coming from distinct a-orbits must be linearly independent.
[ |

Corresponding to the reflection 7, € W(I') we have the automorphism

exp(ad Fi; ) exp(—ad E ) exp(ad F{j ) of g(Q). We shall abuse notation and

denote this by 7, as well. This satisfies (Lemma 3.8 in [25])

i)

L 76,0 (8(Q)5) = 8(Q)ig 0 );

2. f(i#)(H) = H — 6(i,,u)<H)H(i,u) for all H € b(é)



Chapter 7. Kac-Moody Lie Algebras 105

Since the automorphisms 7 ,) and 7(;,) of g(Q) commute, we can define the
automorphism §; = [, 74,). Also, § and o commute on n_ & (M +§') & ny.
For, §; and a clearly commute on g(Q)’, so we just need to consider their actions
on M. As in Proposition 7.1.4, we can choose Yi,...,Y, € M spanning a

subspace complementary to M N h(é)’ in M. Then
;) =Y =Y eawV)Haw =Y —a(¥;) Y Hapw =Y, — ei(Y;) Hi,
p m

which is again fixed by o.

We deduce that $; defines an automorphism of £ such that

2. 5(H) = H — e;(H)H; for all H € M) = p(T).

It follows that §; extends the natural action of exp(ad F;) exp(—ad E;) exp(ad F})
on g(I') to the whole of L.

Proposition 7.3.4. Let 3 € A(é)re be of order m under a. Then a™ acts as the

identity on g(Q)s. In particular, dim L, =1 for all « € A(T')*.

Proof.
By definition of how a acts on the Chevalley generators, we know the result for

all simple roots (3.

In general, let § € A(Q) be of order m under a such that h(3) is a real root of I'.

By Lemma 3.6.1 there exists w € C5(Q) such that w(f) is simple and has order

m under a.

Suppose that w = 5 ---5;, and consider the corresponding element w =
S, -8, € Aut(g(Q)). Then g(Q)s = w_l(g(é)w(g)) and hence is fixed by
am.

Now let o € A(I)**. By Proposition 3.6.2 there is a unique a-orbit of roots

mapping to a under h, all of which are real. Let § be one such root. Then
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dim E(g(é)@, 1) =1 and so dim £, = 1 by Corollary 7.3.3.
|

We can now generalise Kac’s conjecture on the number of isomorphism classes of

absolutely indecomposable representations over a finite field.

Conjecture 2’. For v € A(I"); the constant term A-ii(«,0) equals the weight
multiplicity dim £,.

We have seen that the conjecture holds for all positive real roots, since both terms
equal 1. In particular, it holds whenever I' is Dynkin. In the next section we

prove that the conjecture holds whenever I' is affine.

We note that if Q is Dynkin, then g(é) is simple and £ = g(@)@. As all roots
for I' are real, the above proposition implies that

o(l) = g(Q)™.
This is the classical realisation of the non-symmetric finite dimensional simple

Lie algebras, as in Proposition 7.9 of [25].

7.4 The Affine Kac-Moody Lie Algebras

Let g be a symmetric affine Kac-Moody Lie algebra. There is a concrete descrip-
tion of g in terms of its ‘underlying’ finite dimensional simple Lie algebra S (see
Chapters 6 and 7 of [25]). Here we shall describe the construction of the derived
Lie algebra g’ and then use this to calculate the dimensions dim E(g,,s, 1), where

0 is the minimal positive imaginary root.

Let Q be a connected affine quiver with GCM Av, g the corresponding symmetric
affine Lie algebra and 7 = {v,1,...,1}, where [ is the rank of A and v is an
exending vertex of Q — that is, if we remove v from Q then the resulting quiver

is connected Dynkin. The subalgebra E; of g generated by the E; and F; for
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¢t =1,...,1is simple and finite dimesional and we have the following description

of the derived subalgebra g'.
g =Clt,t |®g® Ce
with bracket product
[t" @z + A, t" @y + pc] :=t"" @ [z, y] + MmOy _n(z,y)C
We identify E with its image 1 ® E;

Write 0 =), 0;e; € A(g). for the highest root (i.e. 6+ ¢; & A(g) for any i) and
put Hy = 32.6,H; € . Let & be the Chevalley involution of g and pick Ey € g,
such that (Ep,w(Ep)) = —1. Set Fy = —w(Ey) € g_, so that [Ey, Fy| = Hy.

Define £, :=t® Fy, F, ==t ' ® Ey and H, := ¢ — Hy. Then the Chevalley

generators for g are
E, E\,... E, F, Fy,..., F, H, H,..., H
and the simple roots are e, ;=90 — 0,eq,...,¢€,.
We have (Proposition 6.3 and Corollary 7.4 of [25])
Proposition 7.4.1. The roots of g are
A* = {a+md|aec Alg),me Z}, A™ ={md | 0 #m € Z}.

Moreover, the root space gms has basis t™ @ H; fori=1,... 1.

As mentioned in the previous chapter, every symmetrisable affine Kac-Moody Lie

algebra also has a tier number ¢, which is the smallest positive integer such that

A% 415 = A™.

Now let (Q,a) be a quiver with automorphism, I' the associated valued graph
and (Q,a) the dual quiver with automorphism. We note that a(§) = 4 since it
is the unique minimal positive imaginary root. Let dr be the minimal positive

imaginary root of I'. Then h(§) = rdr for some positive integer r.
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N.B. In all cases except Case 1 of Chapter 6 r is the tier number of I', whereas

in Case 1, the tier number is 1 but if ¢ is the order of a on Z, then r = n/t.

We now describe how a acts on the imaginary root spaces g,,s (0 # m € Z).

Theorem 7.4.2. Set Ki(m) =t @ H, fori=1,...,0 and K™ = —¢™ @ H,.
Then Kfm), ey Kl(m) give a basis for g,,s and a : Ki(m) — Ké\Z)) forallv € 7.

To prove this, we consider the two different cases — whether or not @ has a fixed

vertex.

Case 1.

Suppose that Q does not have a fixed vertex. Then O is of type -«&z with [ =ts—1
and a is rotation by 27 /t. That is, we can label the vertices clockwise from v =0
to [ and a acts by ¢ — ¢ + 5. We note that a is of type A; with vertices from 1
to (.

For 1 <i < j <l set Eyyq):= Ey and Ej; j == [E;Ej14 - - - Ej|, where we are using
the convention that [zy--- 2] := [z, [y, [ - - #]]]. Then

O(Biig) = (1Y HUE - Bl = [ F] = —Fj.
For, by induction on j — i,
Fig) = (=177 E, Faey] = (1777 E [ [F Fil]] = (=17 Fyg

Also,

(Bligs 9(Eiig)) = —(Bjig), Fig) = —1.
For, (E;, F;) = L and if i < j, then [E;, F}; | = [H;Fiq1 - - - Fj] = Fjiy1,5). Therefore
by induction,

(Bl g)s Fiig) = = (Bir1g)s [BiFag))) = —(Blirag), Fivg) = (=177

In particular, Eg = Ep; and Fy = Fj ).
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We now wish to calculate [Fj 1, Ej; 5] for 1 <14 < j < k <. We first note that
ad Fy, -+ ad Fya [l g), Fijal = [Epg) Feal
and also
(Bt Fljal = (Blag), Fijag)(Hi + -+ - + Hj) = Hy + - -+ + H;.
Hence

[F[k,i],E[i,j]] = —ad Fy -- 'adF}+1(Hi R Hj)
— —adFk .. -adF7+1(H]) = [Fk‘ .. .F}+1] — F[k,j+l]-

Since [E; Fj; ] = Fjj—1, for all j > i, we have that

By BE) =t®[Ey - EFyy| =t® By, R =t® H = K\,
[Ei B\ EgEp ] =t @ [Ei - EfFy g Epq) =t @ (B EF )
—toH =K" fol<i<l
[EoEpg) =t® [FyyEngl = -t (H +---+ H;) = K(()l).

We deduce that é(Ki(l)) K-;(l(z))
Finally, let us abuse notation slightly and write t™ ® Ey := t™"! @ Fy. Then for

all 0 < i <[ we have that 2t™ ® E; = [K i(m), E;], and similarly for F. Also,

K" =" @ B, t® F)]

7

and so by induction on m we get that a(K i(m)) = K (m) y for all m.

az

Case 2.

Now suppose that Q has a fixed vertex e. We note that we can always take
1 <e <l Then t"™ ® E. is fixed by a since it is in the root space corresponding
to md + e., which is a real root fixed by a. Hence KM = [t" ® E., F] is also
fixed by a.
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Let 1 < i < be a vertex such that é(Ki(m)) = K(m)) and take 1 < j <[ adjacent

a(i

to i (i.e. @;; #0). Then [EijKi(m)] = dinJ(-m) and so

o e(m)y (m) _ - (m) _ =~ ()
aa(K;™) = [EagFag) Kap] = tamag) Kag) = i K5 ()

Therefore, since Q is connected, a(K™) = K gg)) for all 7 such that i # v # a(i).

Now, either v is also a fixed vertex, in which case a(K\™) = K™ by the linear
dependence of the Ki(m), or a(j) = v for some 1 < j < [. In this case, take i

adjacent to j (so i and v will be in different a-orbits). Then

dija(K™) = [EvFvKéZ))] =[t® Fy, [t7! @ Ep, t™ @ Ha)]-

J

Using that 0 = e, + 60 and a € Aut(A), we have
[Ha), Eo) = (eaq), 0)Eo = —(eaq), ev) Eo = —a@wFs = —aij Ey.

Thus
a,a(K\™) = a;t™ @ [Fy, Bg) = —a;t"™ ® Hy = a; K™ .

Therefore we again see that fi(Ki(m)) =K ;’ZL)) for all 1.

This proves Theorem 7.4.2.

Proposition 7.4.3. Let r be given by h(d) = ror. Then Los. = (1) mrs. for

all m # 0 and both spaces have dimension |I| — 1.

Proof.

We have shown that E(gs, 1) is spanned by > WK ((1m,3) and we know that these
elements satisfy a linear equation. Therefore dim E(g,s,1) = |[I| — 1. Conversely,
the only root of g mapping to mrdr is md. For, every root is of the form sd + «

with either « =0 and s # 0 or a € A(E;) and any s € Z. Also, for all a > 0,
1<hta<htd=htd—1=rhtér — 1.

Thus the proposition follows by Corollary 7.3.3.
[

We can now do a case-by-case analysis to calculate which roots of g map to mdr

for m # 0 mod r. We summarise this as
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Proposition 7.4.4. Let r be given by h(5) = rop. Then

. _ 1 m =z 0mod r;
dim L5, — dim g(T),6. =
0 m =0mod .

Combining this with Theorem 6.3.1 we conclude that

Theorem 7.4.5. Let r be given by h(§) = ror. Then for all a € A(T)

A-ii(ar,0) = dim L,,.

Thus we have proved Conjecture 2’ when Q is affine.
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Chapter 8

Representations of Species

In this chapter we will study the connections between ii-representations and rep-
resentations of species over finite fields. In particular, we will associate to each
valued graph I' a quiver with an automorphism (Q, a) such that the correspond-
ing valued graph of the pair (Q,a) is precisely the underlying graph of I'. Then
for L a finite field and M an extension of degree ¢, the order of a, there is a
natural action of the Galois group Gal(M/L) on Rep(Q, M) via the Frobenius
automorphism (c.f. Chapter 4). We show that there is a bijection between the
isomorphism classes of representations of the L-species S of I' and those repre-

sentations of @ over M for which the actions of a and the Galois group coincide.

In particular, we observe that every ii-indecomposable for (Q,a) defined over
L must correspond to an indecomposable for S. Using this, we show that the
polynomials giving the number of isomorphism classes of indecomposables for S
of dimension vector o are non-zero if and only if « is a positive root for I'. This

completes the analogue of Kac’s Theorem for L-species [7, 8, 18].

8.1 Species over Finite Fields

Let ' be a valued quiver with symmetrisable GCM C' = D'B. We fix a finite

field L = IF, with algebraic closure K and denote by [, the unique extension of
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L of degree r inside K. The L-species S of I is given by the field F q; at vertex i

and the F 4;-F4;-bimodule F;; for each arrow ¢ — j in I'.

A representation X of S is given by an [« -vector space X; for each vertex i and
an I ¢;-linear map
(9@] : Fqbij ®qui Xl — XJ (811)

for each arrow ¢ — j. Therefore, the category of S-representations is equivalent to
the category of finite dimensional modules for the tensor algebra A := T'(Ag, A1),

where Ag = [, F,4, is a semisimple algebra and A; =] IFqbij is a Ag-bimodule.

1—]
In [8], Dlab and Ringel studied the representations of a L-species associated to
a valued affine quiver I'. This was later extended by Hua [18] for general valued
quivers (without oriented cycles) and a partial analogue of Kac’s Theorem was

proved. This was completed by Deng and Xiao [7] using the Ringel-Hall algebra.

Theorem 8.1.1 (Hua, Deng-Xiao). Let I' be a valued quiver, L a finite field
and S the L-species of I'. Then

1. the dimension vectors of the indecomposable S-representatons are precisely

the positive roots of the symmetrisable Kac-Moody Lie algebra g(T');

2. if « is real, there is a unique (up to isomorphism) indecomposable of di-

mension vector .

Let M/L be a splitting field for each F 4, — for example, we can take M = F,
where t = lem{d;}. Then the algebra M ® A is isomorphic to the path algebra
of a quiver Q. Consider the action of the Galois group G := Gal(M/L) on
M ®p, A generated by g: a ® b+— a? ® b. It follows from Corollary 4.1.4 that an
M ®1, A-module is induced up from a A-module if and only if it is invariant under
this action. We show that this action can be thought of as an admissible quiver

automorphism combined with the G-action on M Q coming from the identification

MO =M, LO.
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We describe the situation in the case when I' has only two vertices; the general

case following immediately. Let I be the valued quiver

. (egilsles]) .
1 —

with d,;c;; = b;; = djc;i. Let t be the lowest common multiple of d; and d; and

set |b;;| = bt. The tensor algebra is therefore given by

A _ qui O ~ ]qui O .
Fp Fa, Mb T
q q

Now M ®; A = MQ for some quiver Q and we can assume that b = 1 since for

general b we just take b copies of each arrow in Q.

By the Normal Basis Theorem [4], there exists x € 4, such that the elements x?

for 0 < r < d; form an L-basis for Fa,. We also have the L-algebra isomorphism

di—1
Fp, @, Fp, = [[ Fei,  a®bi (ab”),. (8.1.2)
pn=0
Let £(;,) denote the unit for the p-th copy of Fa; and fix a, € Fy 4, such that

>, a, ®@x? corresponds to £i0)- Then Y a, ® 29" corresponds to €y and so

Z apa, @zt Tt " = O Z a, @7 . (8.1.3)

Similarly we can find y and bs in M such that the qudi give a basis for M over
[F,4; and > bsyq(k“)di = 0,,0. Then, for the isomorphism

t—1
Moy M5 T[M,  a®be (ab),, (8.1.4)
A=0

T—A sd; — A

the A-th unit, which we shall denote by p(y), corresponds to ) a,b;@x9 "y

It follows that

poy it A= pmod d;;
PNEGp) = (8.1.5)
0 otherwise.

We have analogous identities for the isomorphism M @ F q; = Hifol M and the

product £(;,)p(»). In conclusion, we have
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Lemma 8.1.2. Let I' be a valued quiver with symmetrisable GCM C = D 'B,
L a finite field and A the corresponding L-algebra. Let t be the lowest common
multiple of the d;. Then for M /L an extension of degree t, the algebra M @1 A is
isomorphic to the path algebra of a quiver M Q. The vertices of Q are labelled by
pairs (i, ) fori a vertexr of I' and 0 < p < d; and there are b;;/lem(d;, d;) arrows
(i,p0) = (4, v) if and only if i — j in I’ and p = v mod hef(d;, d;).

The Galois group G = Gal(M /L) acts naturally on A as L-algebra automorphisms
and so we can extend this to get M-algebra automorphisms of M ®; A. Let a
be a generator for G, acting as a(a ® b) := a ® b?. In terms of the path algebra
MQ, we get

aleiw) =a(d a®@2” ") =D 0,017 " =i, (8.1.6)

Similarly, a(e(;)) = €¢,—1) and a(pey)) = po—1), and hence a acts on M Q as an
admissible quiver automorphism. We note that the valued graph associated to

the pair (Q, a) is precisely the underlying graph of the valued quiver I'.

On the other hand, we have the standard action of G on MQ as L-algebra
automorphisms, coming from the identification MQ = M ®; LQ. Let 7 be a
generator for this action, where for example 7(ag(; ) = a%e(; ). Then 7 acts on

M ®p Aasa®bi— a?® V1. For example, suppose that b € F ;. Then

Tla®b) =7( Z ab" e ,) = Z aqbqwl&t(i,u) =a’®0. (8.1.7)
n 1
In particular, the L-algebra automorphism a=!'7 of M ®; A sends a ® b to a? ® b
and so we recover our original G action. Thus we deduce the following proposition

from Corollary 4.1.4.

Proposition 8.1.3. There is a bijection between the isomorphism classes of A-
modules of dimension vector a and representations Y of M Q of dimension vector
f~Y ) such that @Y = 7Y where f is again the canonical map from the a-fized
points of the root lattice for Q to the root lattice for T,
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8.2 Kac’s Theorem for Species

Let L = [, be a finite field, I" a valued quiver and denote by .S the correspond-
ing L-species of I'. We write Ir(«, q) for the number of isomorphism classes of

indecomposable representations of S of dimension vector a.

Theorem 8.2.1 (Hua). The numbers Ir(«, q) are rational polynomials in q and

are independent of the orientation of T".

The proof can be found in [18].

We can now offer a more representation-theoretic proof of the following theorem,

which generalises Kac’s Theorem to representations of species over finite fields.

Theorem 8.2.2. Let L and T' be as above. Then the polynomials Ir(«, q) are
non-zero if and only if « is a positive root of g(T"). Moreover, if o is a real root
of g(I') then Ir(a,q) = 1.

Proof.

Let I" have symmetrisable GCM C = D! B, let S be the L-species of I' and write
A for the corresponding tensor algebra. Set ¢ to be the lowest common multiple
of the d; and let M /L be a field extension of degree t. Then M ® , A is isomorphic

to a path algebra M Q and as before, we can consider the two different actions of

G = Gal(M/L) on M Q generated by a and 7.

We know that the isomorphism classes of indecomposable A-modules are in bijec-
tion with the isomorphism classes of representations Y for M Q such that 2Y =2 7Y
and Y is not the proper direct sum of two such representations. In particular,
every ii-indecomposable Y for (Q,a) of dimension vector f~!(a) defined over L

gives rise to a A-indecomposable of dimension vector «.

Let X be a A-indecomposable of dimension vector o and let Y be an indecom-
posable summand of M ®; X. Setting dimY = (3, we see that dim M ®; X =
fHa) = ro(B) for some r. Thus if 3 is an imaginary root of Q, then

a=rf(o(f)) is an imaginary root of I
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Conversely, if 3 is real, then Y is defined over L and so fixed by 7. Therefore
M ®p, X is an ii-indecomposable for (Q,a). Hence r = 1 and « is a root of I'. This
shows that all indecomposable A-modules have dimension vector a root of I' and
hence the polynomial Ir(«, q) is non-zero only if a € A(g), (C.f. the argument
in [18]).

Moreover, if « is real, then @ = 1 and so r = 1. Therefore (3 is real and unique
up to a-orbit. Since there is a unique isomorphism class of ii-indecomposables for

(Q,a) of dimension vector f~!(a), we deduce that Ir(a,q) = 1.

Finally, suppose that v € A(T'),. Then the polynomial A-ii(«,q) is non-zero
and so for some finite field L = [, with ¢ = 1 mod ¢ there exists an absolutely
ii-indecomposable X for (Q,a) of dimension vector f~'(a) defined over L. This
representation corresponds to an indecomposable A-module of dimension vector

a. Thus the polynomial Ir(«, q) cannot be zero.
|
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Appendix

A Affine Schemes

In this appendix we review some of the theory of affine schemes and offer proofs
of some of the theorems used in Chapter 5. These results are not given in their

most general form, but will be sufficient to cover our needs.

Most of the theorems and proofs can be found in any good introduction to scheme

theory, for example [6, 10, 13, 17, 33, 39].

A.1 Survey of Basic Results

Let A be a ring. The topological space Spec A is the set of prime ideals x of
A endowed with the Zariski topology. A basis for this topology is given by the
distinguished open sets D(a) = {z # a} for a € A. Moreover, this basis is closed
under intersections. The closed sets are of the form V(a) = {x D a} for some
ideal a of A, so that V(a) = V(y/a). We note that Spec A is quasi-compact and

is noetherian if and only if A is noetherian.

For two points x,y € Spec A, we say that x is a generalisation of y, and y a
specialisation of z, if y € m A point is called maximal if it has no proper

generalisations.

We define the structure sheaf O on Spec A by setting O(D(a)) = A, and more
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generally, for any open U we set

OU) = lim A, ={(f.) € [[Aul fa = f» € Ay whenever D(b) C D(a)}.
D(a)CU

The stalk at a point x is given by O, := lim A, = As, so we obtain a locally

afx
ringed space. The residue field k(z) at = is then the residue field of A,.

An affine scheme is one of the form X = (Spec A, O4). Morphisms
f:Y =8SpecB — X = SpecA

between affine schemes correspond to ring homomorphisms ¢ : A — B. In this
way, the category of affine schemes is isomorphic to the category of rings with

arrows reversed.

A morphism f:Y = Spec B — X = Spec A is of finite type (respectively finite)
if the corresponding ring homomorphism ¢ : A — B makes B into a finitely
generated A-algebra (respectively a finitely generated A-module). The morphism
f is dominant if its image is dense in X, which is if and only if the kernel of ¢ is

contained in the nilradical of A.

We say that X is irreducible if it is irreducible as a topological space, which
is equivalent to the nilradical of A being prime. In this case there is a unique
maximal point, called the generic point. We also say that X is reduced if the
nilradical is 0, and integral if it is both irreducible and reduced — that is, if A is

an integral domain.

Any locally closed subset Y of X can be endowed with the structure of a reduced
scheme as follows. Let V be the closure of Y in X, given by the radical ideal a.
If we set B = A/a, then (Spec B,Op) is a closed reduced subscheme of X and

we give Y the structure sheaf Ogly.

Now suppose that f: X — S and g : Y — S are morphisms of affine schemes,
with X, Y and S given by rings A, B and R respectively. The fibred product
of X and Y over S, denoted by X xg Y, is the affine scheme given by the
ring A ®g B. We then have the morphism 7x : X xg Y — X coming from
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the natural map A — A ®g B, and similarly for my. The fibred product has
the universal property that if Ao : T — S is another S-scheme and there are
morphisms 6 : T" — X and ¢ : T' — Y such that ff = g¢, then there exists a
unique morphism ¢ : T' — X Xg Y such that nmx¢ =6 and my¢) = ¢.

The fibred product is associative and X xg.S = X. Also, finite type is preserved
under base change. That is, if f : X — S is a morphism of finite type and
h:T — S is any morphism, then the pull-back g : X xg T — T is of finite type.
(For, if A is finitely generated over R, then A ®g B is finitely generated over B.)
We sometimes write X ®@p B for X Xgpec r Spec B.

A special case of the fibred product is the fibre over a point.

Lemma A.1. Let f: X — S be a morphism of affine schemes. Pick s € S and
consider the natural morphism Spec k(s) — S. Then the fibre of f : X — S over
s is the scheme X := X XgSpeck(s). This is a scheme over k(s) with underlying

topological space homeomorphic to f~1(s)

Proof.
Let X and S be given by the rings A and R respectively and write ¢ : R — A for
the ring homomorphism corresponding to f. Then the prime ideals of A ®g k(s)

correspond precisely with the prime ideals x of A such that f(z) = s.
[ |

Lemma A.2. Let f : X — S be a morphism between affine schemes and suppose
that S is irreducible with generic point n. Then the maximal points of X, are all

maximal in X.

Proof.

Let z be maximal in X, and suppose that { is a generalisation of z in X. Then
f(€) is a generalisation of f(z) =, so £ € f~!(n) and hence £ = z.

|
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A.2 Chevalley’s Theorem

We now prove Chevalley’s Theorem for affine schemes.

Lemma A.3. Let R — A be a ring homomorphism making A into a finitely
generated R-algebra and assume that R is a domain. Let M be a finitely generated
A-module. Then there exists 0 # r € R such that M, is a free R.-module.

Proof.

There exists a finite filtration M = M; D My D --- D M,, = 0 such that
M;/M;y1 = A/x; for some prime ideals ;. Since localisation preserves freeness
and an extension of free modules is again free, it is enough to show the result for
M = A/x for some prime z. Replacing A by A/x we may assume that A is a
domain and that M = A. Furthermore, for any non-zero r € R in the kernel of

the map we have A, = 0. Therefore we may also assume that R — A is injective.

Let K and L be the quotient fields of R and A respectively. Then the Noether
Normalisation Lemma implies that there is a polynomial subalgebra K71, ..., Ty
of A ®pr K over which A ®p K is integral. By clearing denominators, we may
assume that each T; € A. We can now consider a finite set of generators for
this extension, each of which satisfies an integral equation. If 0 # r € R is a

common denominator for the coefficients in these equations, then A, is integral
over B = R,[T].

We have a finite filtration A, = N; D --- D N,, = 0 with Nz’/Ni+1 >~ B/yl- for some
primes y;. If y; = 0, then we know already that B is free over R,.. Otherwise
y; # 0 and so B/y; has dimension strictly less than d. The result follows by

induction on d.

Theorem A.4 (Chevalley). Let f : Y — X be a morphism of finite type between
affine noetherian schemes and let Z C'Y be a constructible subset. Then the set-

theoretic image f(Z) is constructible in X . In particular, f(Y') is constructible.

Proof.
Let f: Y — X correspond to the map ¢ : A — B of noetherian rings, making
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B into a finitely generated A-algebra. As in Lemma B.4 (with G = 1), we can
express Z as a finite disjoint union of irreducible locally closed sets, and it is

clearly enough to consider each of these in turn.

The closure of Z is again an affine scheme, so we may assume that Z is dense
and open in Y. Also, since Y is noetherian, we can express Z as a finite union
of distinguished open sets D(b) = Spec B, and B, is again a finitely generated

A-algebra. Therefore we are reduced to the case when Z =Y is irreducible.

We can replace X by the closure of f(Y'), which is again irreducible. We may also
assume that X and Y are reduced, so A — B is now an inclusion of noetherian
domains. The lemma above now shows that B, is free over A, for some 0 # a € A.
This implies that D(a) is contained in the image of f. For, let z # a be a prime
of A. Then B, is again free over A, and xB, # B,. Let ¢ be a maximal ideal of
B, containing xB,. Then ¢y N A, = xA, since this is the unique maximal ideal.

Therefore the prime y = y' N B satisfies f(y) = =.

Thus we have shown that f(Y') contains a dense open subset of its closure. We

are now done by induction on dim X.
|

As a corollary of the proof we have

Corollary A.5. Let Z C X be a constructible subset of an affine noetherian

scheme X. Then there exists an affine noetherian scheme Y and a morphism of
finite type f:Y — X such that f(Y) = Z.

Proof.

We can express Z as a finite disjoint union of irreducible and locally closed sets Z;.
Let W; = Z,;. These are again affine noetherian schemes and we have morphisms
of finite type W; — X. Furthermore, we can express each Z; as a finite union of
distinguished open subsets Z;; C W;. Therefore each Z;; is an affine noetherian

scheme and we have morphisms of finite type Z;; — W; — X.

Write B;; for the ring corresponding to Z;; and set B = Hij B;;. This is a

noetherian ring which is finitely generated as an A-algebra via the obvious map
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A — B. Therefore we have a morphism of finite type f : Spec B — X whose
image is Z by construction.
|

A.3 Algebraic Schemes

Let K be a field and X an affine K-scheme — i.e. we have a structure morphism
f X — Spec K. We say that X is an affine algebraic K-scheme if f is of finite

type.

Lemma A.6. Let X be an affine algebraic K-scheme. If L/ K is a field extension,
then the morphism f : X; .= X ®g L — X s dominant and open.

Proof.

Let X = Spec A, where A is a finitely generated K-algebra. We note first that
f is open if and only if, for every point y € X and every neighbourhood U of
y, the image f(U) contains a neighbourhood of z = f(y). This is equivalent to

f(U) containing all generalisations of x, or in other words Spec Ox, C f(U).

To see this, suppose that f(U) contains all generalisations of z. By Corollary A.5
we have an affine algebraic scheme Y = Spec R and a morphism of finite type
g:Y — X whose image is precisely X — f(U). Then R®4 A, = 0, since primes
of R®4 A, correspond to primes y of R such that g(y) is a generalisation of x.
Since A, = h_r)nt A; as t runs through A — x we must have that R ®4 A; = 0
for some such ¢. That is, D(t) is a neighbourhood of x contained in f(U). The

converse 1s clear.

We can write L as the direct limit over all its finitely generated K-subalgebras,
say L = lii>n)\ Ly. Since K — L, is flat for all A\, sois ¢, : A — B, := A®g L.
Therefore, for each prime y of By, and setting z = ¢,'(y), we have that A, —
(B)), is a flat morphism of local rings, and hence faithfully flat ([32], Corollary
4.A). Therefore the morphism Spec(B)), — Spec A, is surjective for all y. We
deduce that the morphism f) : Spec By — Spec A is open.
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Now consider b € B. Then for some \ there exists by € B) mapping to b. Thus
the preimage of D(by) in Spec B is D(b) and we show that f(D(b)) = fA(D(by)),

and hence is open.

Clearly f(D(b)) C fa(D(by)) since there is a factorisation A — By, — B, so
suppose that © € fy\(D(by)). Then By ®4 r(z) = L\ @k k(x) and similarly for
B®k(z). Since K — k(x) is flat, the map L) ®k k(x) — L®k k(x) is injective.

Therefore f~'(x) — f,'(z) is dominant and hence f~!(z) is non-empty.

Finally, since A — A ®g L is injective, f is dominant.
[

Let X be an affine algebraic K-scheme. We say that X is geometrically irreducible
if X; := X ®k L is irreducible for all field extensions L/K. Similarly, X is
geometrically reduced if X, is reduced for all L/K.

Suppose that X = Spec A, where A is a finitely generated K-algebra. Then X is
geometrically irreducible if and only if A ® ¢ L has prime nilradical for all L/K.

Lemma A.7. Let B = A/nil A. Then Spec A is geometrically irreducible if and
only if B is a domain, say with quotient field M, and M/K is a primary field
extension — that is, nil(M ®k L) is prime for all L/ K.

Proof.

We have the short exact sequence
0— nmilAd)®@x L - A®x L—B®xL—0

and (nil A) @ L is nilpotent. Therefore nil(A ®f L) is prime if and only if
nil(B ®k L) is.

Similarly, M ®k L is a localisation of B ®x L and nil(B ®x L) = (B®x L) N
nil(M &g L). Therefore nil(B ®j L) is prime if and only if nil(M ®x L) is.
|

We also have that X is geometrically reduced if and only if nil(A ®x L) = 0 for
all L/K.
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Lemma A.8. The scheme Spec A is geometrically reduced if and only if it is
reduced and the residue fields at each of the minimal primes of A belonging to 0

are separable over K.

A field extension M /K is called separable if every finitely generated subextension

M' of M is separably algebraic over a purely transcendental extension of K.

Proof.

Clearly we need A reduced. Also, since A is noetherian, its nilradical is the
intersection of the minimal primes belonging to 0. Let x; be these prime ideals
and let x(x;) be the residue field of A,,. Then the homomorphism A — [], x(x;)
is injective and so A ®x L embeds in [[, k(x;) @k L for all L/ K.

Now, by MacLane’s Criterion ([4], Theorem 5.11), Spec M is geometrically re-
duced if and only if M /K is separable. Therefore, if each k(x;) is separable, then
IL; x(z;) ®k L is reduced for each L/K and so Spec A is geometrically reduced.
Conversely, if Spec A is geometrically reduced, then any localisation of A @ L is
reduced, so in particular A,, ® x L is reduced. By the minimality condition, z; A,
is the unique prime ideal of A,, and hence is 0 since A,, is reduced. Therefore
A,, is a domain and so the localisation k(z;) @ L is reduced for all L/K. That
is, k(z;)/ K is separable.

[

Lemma A.9. M/K is primary if and only if K is separably algebraically closed
in M. As a corollary, if A is a finitely generated K-algebra, then A @k L is a
domain for all L/ K if and only if the quotient field M of A is separable over K
and K 1s algebraically closed in M.

Proof.
Suppose that M /K is primary and x € M — K is separable and algebraic over K
with minimal polynomial f. Let L = K[X]/(f). This is a separable extension of

K and so M ® L is reduced and irreducible, hence a domain. However, X — =
is a factor of f in M[X], so M[X]/(f) is not a domain. Contradiction.
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Conversely, suppose that K is separably algebraically closed in M. We note that
if M ®k L has prime nilradical for all algebraically closed fields L, then M /K will
be primary. For, given any L, we have nil(M ®x L) = (M @y L) Nnil(M @y L).

If L/K is separable and algebraic, then L = lii>n)\ Ly is a direct limit of its
finite separable subextensions and Ly = K[X]/(f\) for some separable irreducible
polynomial in K[X]. Each f) must remain irreducible in M[X] and so nil(M ®
Ly) is prime. Hence nil(M @k L) = lim (M @ L) is prime.

In particular, let K, be the separable closure of K in K and let N be the quotient
field of M ®x K,. Then M ®x K has prime nilradical if and only if N @, K
does. Therefore we may assume that K = K, and M = N. In this case, K /K
will be p-radical, where p > 0 is the characteristic of K.

Let 2 = > 2, @ \; and y = Zj y; ® A\; be elements of M ®p K such that

xy)" = 0. Let ¢ be a large enough power of p such that A\? and \? are in K and

(zy) g g i j

2y)? = 0. Then (> xI\? yIA\1) =0 in M and so without loss of generality
itih 3957

S xdA? =0. That is, 27 =0 in M ®x K and nil(M @ K) is prime.

(2

Finally, by considering the quotient field of M ®x K modulo its nilradical, we
may assume that K is algebraically closed. Then, by MacLane’s Criterion, ev-
ery extension of K is separable. As before, it is enough to consider finitely
generated extensions L/K, which must be separably algebraic over some purely
transcendental extension K(T;...,Ty) of K. Hence there exists an irreducible
polynomial f € KT, X] such that L = K(T)[X]/(f). Now M@y K[T, X]/(f) =
M|T, X]/(f) so by Gauss’s Lemma ([28], Chapter IV, Theorem 2.1), if we can
show f remains irreducible in M[T, X|, then M(T)[X]/(f) will be a field. Since
M @k L € M(T)[X]/(f), we deduce that M/K is primary.

Let f € K[TY,...,Ty, X]. Write Top = X and consider the K-algebra homomor-
phism ¢ : M[T] — M[Y] given by T; — Y™ for some N > 0. Suppose that
f = gh € M[T]. Since ¢(f) = ¢(g9)¢(h), we may assume that ¢(g) and ¢(h)
have leading coefficients in K. Therefore all the coefficients of ¢(g) and ¢(h)
are algebraic over K, hence lie in K, and so ¢(g),¢(h) € K[Y]. However, ¢ is
injective on polynomials of degree less than N, so g,h € K[T|. Therefore, if f is
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irreducible in K[7T, X], then it remains irreducible over M [T, X].
|

We can now prove

Theorem A.10. Let X be an affine algebraic K-scheme. Then there exists a
finite field extension L/K such that every irreducible component of (X )rea 18

geometrically integral.

We prove this in two parts.

Proposition A.11. Let X be an irreducible affine algebraic K-scheme with
generic point £. Let E be the separable algebraic closure of K in k(§) and LK
a Galois extension containing FE. Then X has [E : K] irreducible components,

each of which is geometrically irreducible.

Proof.
Since X is of finite type over K, k(§)/K is a finitely generated field extension and
hence E/K is finite. Therefore we may take L/K to be finite. Since X, — X is

dominant and open, the maximal points of X, correspond to the minimal primes
of K(§) ®k L.

Let E = K[T]/(f) for some separable irreducible polynomial f of degree m =
[E : K] and consider k() @k L = k(§) ®r (E ®k L). We know that F ®f L is
isomorphic to the product of m copies of L and that x(x)/F is primary. Therefore
Spec k(§) is geometrically irreducible over E| so in particular each Spec k(§) ®pg L

is geometrically irreducible.
|

Proposition A.12. Let X be an affine algebraic K-scheme. Then there exists a
finite extension L/K such that (X[ )weq 18 geometrically reduced.

Proof.
Let X = Spec A and let n = nil(A ®x K). This is finitely generated over K and

so all these generators lie in some finite extension L of K. Hence there exists a
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finite subextension L/K such that if n; = nil(A®g L), then n = ny ® K. Since
every extension of K is separable, (X )reqa = Spec(A @ L/ny) is geometrically
reduced.

[

Theorem A.10 follows immediately from these two propositions.

A.4 Arithmetic Schemes

According to [10], an arithmetic scheme is a scheme of finite type over Z. Here we
shall consider a slightly more general notion. We fix an affine noetherian integral
scheme S and let X be an affine S-scheme of finite type such that the structure
morphism f : X — S is dominant. We set S = Spec R and X = Spec A, so
that R is a noetherian domain, R — A is injective and A is a finitely generated

R-algebra. We denote the generic point of S by 7.

We show that certain properties of X, hold for all X, with s in an open neigh-
bourhood of 7.

Proposition A.13. Let Z be a constructible subset of X and suppose that Z, is

dense in X,. Then Z is dense in X, for all s in an open neighbourhood of 7.

Proof.

Let X; ..., X,, be the closures in X of the irreducible components of X,. These
are irreducible components of X by Lemma A.2. Also, if Y is any other irreducible
component of X then the morphism Y — S does not contain 7. Since its image
is constructible by Chevalley’s Theorem, it must be contained in a proper closed
subset and hence Y, = () for all s in an open neighbourhood of 7. In particular,

we can take an open neighbourhood of 7 over which Xy is the union of the (X;)s.

Since Z N X, is dense in Xj, it is enough to show that this holds over an open
neighbourhood of 7. That is, we may assume that X is irreducible. Clearly we
may also take X to be reduced, so integral. Now Z is constructible and dense in

X, so it contains a distinguished open set D(a) for some 0 # a € A. Therefore it
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is enough to show that D(a), is dense in X, for all s in an open neighbourhood

of n — i.e. the map A ®p k(s) — A, ®r Kk(s) is injective.

Consider the short exact sequence 0 — A — A, — A,/A — 0. If we can show
that (A./A), is a flat R,-module for some 0 # r € R, then Tor;" ((A./A)., —)

vanishes and the result follows.

Let AL /A be the submodule of A,/A generated by --. We have the natu-
ral inclusions A—-/A — A—l5/A and A,/A = lim A-LJA. Also, each quo-
tient is isomorphic to A% /A, which is a finitely generated A-module. Therefore,
by Lemma A.3, there exists some 0 # r € R such that (A1/A),, and so each
(A /A),, is free over R,. Hence (A,/A), is flat over R,.

|

Theorem A.14. There exists an open neighbourhood of n over which s — dim X

18 constant.

Proof.
As in the proof of Proposition A.13, we may assume that each irreducible compo-
nent of X meets f~!(n). Since dim X, = max; dim(X;)s, it is enough to prove the

result when X is irreducible. We may also assume that X is reduced, so integral.

The construction in the proof of Lemma A.3 shows that for some 0 # r € R, A,
is finite over a polynomial subalgebra R,.[T},...,T,]. Therefore, for all primes s
of R not containing r, A is integral over Rs[T]. Finally x(s) ®g A is integral over
the polynomial subalgebra (s)[T] and so dim X = d.

[

Lemma A.15. Let A be a noetherian domain with quotient field K and let F' €
AlTy, ..., Ty be a non-constant polynomial. If Fx is geometrically irreducible,
then there exists 0 # a € A such that Fy ) is geometrically irreducible for all

primes x % a.

N.B. F,(;) is the image of F'in x(z)[T] and this is called geometrically irreducible

if it remains irreducible over all L/k(x).
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Proof.
Let FF = Y ¢, 7%, using multi-indices o € N%. Let F have degree 7, so that
hta =), o; <7 forall ¢, # 0. We can take 0 # a € A such that for all primes

x Z# a, each non-zero c, remains non-zero in x(x) and hence Fj(,) has degree r.

Let (p, q) be a pair of positive integers summing to r. For all multi-indices 5 and
v with ht 3 < p and ht vy < ¢ we introduce the indeterminates Pg and @),. Let
B be the polynomial A-algebra generated by these indeterminates. For each «
consider the polynomial G, = ¢, — Zﬂ tr=a P3Qy and let b be the ideal of B
generated by the G,.

Let L = k(x) for some prime x # a. Then to say that there is a factorisation
F;, = F\F, over L[T] with Fy and F, of degrees p and ¢ respectively is to say
that there exists a solution in L to the system of equations (G,) = 0 for all a.

Equivalently, the affine scheme Spec B/b has an L-valued point.

Thus if F is geometrically irreducible, then no such point over K exists. That
is, the fibre V(b)¢ is empty, where £ is the generic point of Spec A. Therefore,
by Chevalley’s Theorem, the same is true over an open neighbourhood of n and
F(«) has no factoristion into two polynomials of degrees p and ¢. Since there are
only finitely many such pairs (p, q), the result follows.

[ |

Theorem A.16. If X, is geometrically integral, then so is X, for s in an open
netghbourhood of 7.

Proof.

We first note that the fibre X is geometrically integral if and only if it is integral
and the residue field at the maximal point is primary and separable (i.e. regular).
Therefore, by Proposition A.13, it is enough to prove the result for a distinguished
open subset of X.

Let R <— A be the inculsion of noetherian domains and let K and L be their
respective quotient fields. Then L is finite and separable over K(T,...,Ty), so
there exists a separable polynomial F' € K(T')[t] such that L = K(T')[t]/(F). By
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clearing denominators, we may assume that ' € KT, t| and so F' € R,[T,t] for
some 0 # r € R. Set B = R,[T,t]/(F) and note that this is a finitely generated
domain over R with quotient field L.

Taking a finite set of generators for B over A, we see that B C A, for some
0 # a € A. Similarly, since A, is finitely generated over B, we see that for some
0+# b€ B, B, = Ag. Therefore it is enough to prove the result for B,.

We know that Fi is geometrically irreducible, so F (s is geometrically irreducible
for all s in an open neighbourhood of 1. Hence k(s) ®r B = £(s)[T,t]/(Fas))
is geometrically integral. Also, by Proposition A.13, D(b) is dense in By over a
non-empty subset of Spec R. Combining these, we see that D(b) is geometrically
integral for all s in an open neighbourhood of 7.

B Affine Algebraic Group Actions

Let K be a fixed algebraically closed field.

An affine algebraic group G is an affine variety and a group such that the multi-
plication map G x G — G and the inverse map G — G are both morphisms of
varieties. This is equivalent to saying that the K-algebra representing G has the
structure of a Hopf algebra ([21], Section 7.6 or [41], Section 1.4).

Let X be an affine variety on which G acts as a group. We say that G acts
morphically on X if the map G x X — X is a morphism of varieties. We
shall only consider such group actions. In terms of algebras, if G = Spec H and
X = Spec A, then A has the structure of a comodule for the Hopf algebra H (see
[41], Section 3.2).

We record the following two results on morphisms of varieties. Their proofs can
be found in [33], Section 1.8. The local dimension dim, X at a point x € X is the

maximum dimension of any irreducible component of X containing x.
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Lemma B.1. Let f: X — Y be a dominant morphism of irreducible varieties.
Then any irreducible component of a fibre has dimension at least dim X —dim Y .
Moreover, there exists a non-empty open U in'Y over which every fibre has pure

dimension dim X — dim Y.

Lemma B.2 (Upper semicontinuity of fibre dimension). Let f : X — Y
be a morphism of varieties. Then the function x — dim, f~1(f(z)) is upper

semicontinuous.

Lemma B.3. Let G act on X. Then the orbits are locally closed and
dim G = dim G - x + dim Stabg(z)

for any x € X.

Proof.

Let x € X and consider the morphism G — X sending ¢ to g - z. This has
as image the orbit G - x of x, which is constructible by Chevalley’s Theorem.
Therefore GG - x contains a dense open subset U of its closure. Now G - x must
equal GG - U and this latter set is again open in its closure, since it is the union

over all g € G of the sets g - U. That is, G - x is locally closed.

The fibre of G — X over g - x is gStabg(x)g~!, which is isomorphic to Stabg(z)
and so of the same dimension. Therefore dim G = dim G - = + dim Stabg(x) by
Lemma B.1.

[

Lemma B.4. Let G act on X and let Z be a constructible subset of X, stable
under G. Then we can express Z as a finite disjoint union of G-stable, irreducible

and locally closed subsets of X.

Proof.
Let Z =W U---UW,, be the decomposition of Z into irreducible components.
We note that each W; is G-stable, since G - W; is again irreducible, contained in

Z and contains W;.
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Now consider W; —J ki W;. This is again G-stable, irreducible and constructible,
so contains a G-stable dense open subset U; of its closure. For, it must contain a
dense open subset U; of its closure and then we can replace U; by G-U;. Therefore,
if we set V' = Z — J, U;, then we can write Z as a disjoint union of the U; and
V. Each of these is G-stable, the U; are irreducible and locally closed and V' has

strictly smaller dimension than Z.

The proof follows by induction on dim Z.
[ |

Again, consider the action of G on X and let Z be a G-stable constructible subset
of X. For d > 0 we define the sets

Zgy ={2€ Z|dimG -z =d}.

These are also G-stable and constructible.

To see this, consider the set
Vii={(g,2) eGx X |g-z=ux}

and let 7 : V' — X be the projection onto the second co-ordinate. By Lemma
B.2 we know that the set

{(g,x) € V' | dim 7 *(z) > d}
is closed and so using the morphism X — V', z +— (1, ), we deduce that
{r € X |dim7 *(z) > d}
is also closed. It follows that
{r € X |dim7 *(z) = d}
is locally closed. Finally (using Lemma B.3) Z4) is the intersection

Zay=2Nn{re X |dimr(z) =dimG — d}.
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The number of parameters for GG acting on Z is defined to be
dimg Z = mczlax{dirn Zg —d}
and the number of top-dimensional families of orbits is
topg £ = Z top Z(a.
dim Z(g)=d+dimg Z

Proposition B.5. Keeping the same notation, let
Vi={(g,2)eGxZ|g-z=z}CV.

This is a constructible set and dimV = dim G + dimg Z. Moreover, if each

stabiliser Stabg(z) for z € Z is irreducible, then topV = top Z.

Proof.

Again, let m be the projection V' — X and set Vig := 77 '(Z(y), so that each
fibre of 7 : Vigqy — Z(4) has dimension dim G' — d. Since V' and Z are the disjoint
unions of the V(g and Zy) respectively, it is enough to show that dim V(g =
dim G' + dim Z(4), and that top V{4) = top Z(q if each fibre is irreducible.

Therefore we may assume that each fibre over Z has constant dimension dim G'—d.
Using Lemma B.3 we can decompose Z into a finite disjoint union of G-stable
irreducible locally closed subsets of X, say Z = Z;U---U Z,,. Set V; :== 7 1(Z,).
Then V is the disjoint union of the V;, each of which is locally closed in V', and

the fibres of the morphism 7 : V; — Z; all have dimension dim G — d. Moreover,
dimg Z = dim Z — d = max{dim Z;} — d, dim V' = max{dim V;}
and

topg £ =top Z = Z top Z;, topV = Z top V;.
dim Z;=dim Z dim V;=dim V'

Thus we may further assume that Z is irreducible and locally closed.
That is, we have a G-stable, irreducible and locally closed set Z and a surjective

morphism 7 : V' — Z whose fibres each have dimension dim G — d. Therefore, by
Lemma B.1, dimV = dim Z + dim G — d.
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Now suppose that each fibre is irreducible. Then V' is also irreducible. For,
suppose that V= V; U ---V,, is the decomposition of V into its irreducible
components and let 7; : V; — Z be the restriction of 7. Let d;(z) = dim7; ()
so that max;{d;(z)} = dim G — d for each z. By Lemmas B.1 and B.2, each d;
is upper semicontinuous and attains its minimal value on an open subset of Z.

Therefore, since Z is irreducible, d; = dim G — d for some 3.

For this i we have that m; '(z) is a closed subvariety of 7~!(z) of the same di-
mension, and since the fibre is irreducible they must coincide. We conclude that
V =1V is irreducible. (This last argument is taken from [16], Theorem 11.14.)
|
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