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The Transverse Mercator projection is the basis of many maps cover-
ing individual countries, such as Australia and Great Britain, as well
as the set of American UTM projections covering the whole world
(other than the polar regions). Such maps are invariably covered by a
set of grid lines. It is important to appreciate the following two facts
about the Transverse Mercator projection and the grids covering it:

1. Only one grid line runs true north–south. Thus in Britain only
the grid line coincident with the meridian at 2◦W is true: all
others are slightly distorted. The UTM series is a set of 60
projections covering a width of of 6◦in latitude: the grid lines
run true north–south only on the central meridians at 3◦E, 9◦E,
15◦E, . . .

2. The scale on the maps derived from Transverse Mercator pro-
jections is not uniform: it is a function of position. For ex-
ample the Landranger maps of the Ordnance Survey of Great
Britain have a nominal scale of 1:50000: this value is only ex-
act on two slightly curved lines almost parallel to the central
meridian at 2◦W.

The above facts are unknown to the majority of map users. They are
the subject of this article together with the presentation of formulae
relating latitude and longitude to grid coordinates.



Preface

For many years I had been intrigued by the the statement on the (British) Ordnance
Survey maps pointing out that the grid lines are not exactly aligned with meridians and par-
allels: four precise figures give the magnitude of the deviation at each corner of the map
sheets. My first retirement project has been to find out exactly how these figures are calcu-
lated and this led to an exploration of all aspects of the Transverse Mercator projection on
an ellipsoid of revolution (TME). This projection is also used for the Universal Transverse
Mercator series of maps covering the whole of the Earth, except for the polar regions.

The formulae for TME are given in many books and web pages but the full derivations
are only to be found in original publications which are not readily accessible: therefore I de-
cided to write a short article explaining the derivation of the formulae. Pedagogical reasons
soon made it apparent that it would be necessary to start with the normal and transverse
Mercator projection on the sphere before going on to discuss the normal and transverse
Mercator projection on the ellipsoid. As a result the length of this document has doubled
and redoubled, but I have resisted the temptation to cut out the details which would be
straightforward for a professional but daunting for a ‘layman’. The mathematics involved
is not difficult (depending on your point of view) but it does require the rudiments of com-
plex analysis for the crucial steps. On the other hand the algebra gets fairly heavy at times;
Redfearn (see bibliography) talks of a “a particularly tough spot of work” and Hotine talks
of reversing series by “brute force and algebra”—so be warned. To make this article as
self-contained as possible I have added a number of appendices covering the required math-
ematics.

My sources for the TME formulae are to be found in Empire Survey Review dating from
the nineteen forties to sixties. The actual papers are fairly terse, as is normal for papers by
professionals for their peers, and their perusal will certainly not add to the details presented
here. Books on mathematical cartography are fairly thin on the ground, moreover they
usually try to cover all types of projections whereas we are concerned only with Mercator
projections. The few that I found to be of assistance are listed in the bibliography.

I would like to thank Harry Kogon for reading, commenting on and even checking the
mathematics outlined in these pages. Any remaining errors (and typographical slips) must
be attributed to myself—when you find them please send an email to the address below.

Peter Osborne

Edinburgh, 2008

peter.1@mercator.myzen.co.uk
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Chapter1
Introduction

Geodesy and the Figure of the Earth

Geodesy is the science concerned with the study of the exact size and shape of the Earth in
conjunction with the analysis of the variations of the Earth’s gravitational field. This com-
bination of topics is readily appreciated when one realizes that (a) in traditional surveying
the instruments were levelled with respect to the gravitational field and (b) in modern satel-
lite techniques we must consider the satellite as an object moving freely in the gravitational
field of the Earth. Geodesy is the scientific basis for both traditional triangulation on the
actual surface of the earth and modern surveying using GPS methods.

Whichever method we use, traditional or satellite, it is vital to work with well defined
reference surfaces to which measurements of latitude and longitude can be referred. Clearly,
the actual topographic surface of the Earth is very unsuitable as a reference surface since
it has a complicated shape, varying in height by up to twenty kilometres from the deep-
est oceans to the highest mountains. A much better reference surface is the gravitational
equipotential surface which coincides with the mean sea level continued under the conti-
nents. This surface is called thegeoidand its shape is approximately a flattened sphere but
with many slight undulations due to the gravitational irregularities arising from the inhomo-
geneity in the Earth’s crust.

However, for the purpose of high precision geodetic surveys, the undulating geoid is not
a good enough reference surface and it is convenient to introduce a mathematically exact
reference surface which is a good fit to the shape of the geoid. The surface which has been
used for the last three hundred years is the oblateellipsoid of revolution formed when
an ellipse is rotated about its minor axis. We shall abbreviate ‘ellipsoid of revolution’ to
simplyellipsoid in this article, in preference to the termspheroidwhich is used in much of
the older literature. (We shall not consider triaxial ellipsoids which do not have an axis of
symmetry). The shape and size of the reference ellipsoid which approximates the geoid is
usually called thefigure of the Earth.
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The earliest accurate determinations of the figure of the earth were made by comparing
two high precision meridian arc surveys, each of which provided a measure of the distance
along the meridian per unit degree at a latitude in the middle of each arc. Two such mea-
surements, preferably at very different latitudes, are sufficient to determine two parameters
which specify the ellipsoid—the major axisa together with the minor axisb or, more usu-
ally, the combination of the major axis with the flatteningf (defined below). For example,
in the first half of the eighteenth century, French scientists measured a meridian arc of about
one degree of latitude in Lapland (crossing the Arctic circle) and a second arc of about
three degrees of latitude in Peru (crossing the equator) and confirmed for the first time the
oblateness of the ellipsoid. In 1830 Everest calculated an ellipsoid using what he took to
be the best two arcs, an earlier Indian Arc surveyed by his predecessor Lambton and once
again the arc of Peru. As more and longer arcs were measured the results were combined
to give more accurate ellipsoids. For example Airy discussed sixteen arcs before arriving at
the result he published in 1830:

a = 6377563.4m b = 6356256.9m f = 1/299.32 [Airy1830] (1.1)

where theflattening f , defined as(a − b)/a, gives a measure of the departure from the
sphere. Similarly Clarke used eight arcs to arrive at his 1866 ellipsoid:

a = 6378206.4m b = 6356583.8m f = 1/294.98 [Clarke1866] (1.2)

Modern satellite methods have introduced global ellipsoid fits to the geoid, that for the
World Geodetic System of 1972 being

a = 6378135m b = 6356750.5m f = 1/298.26 [WGS72] (1.3)

and that for the Geodetic Reference System of 1980 (GRS80) being

a = 6378137m b = 6356752.3m f = 1/298.26 [GRS80] (1.4)

Further satellite models are under development.

There are many ellipsoids in use today and they differ by no more than a kilometre
from each other, with an equatorial radius of approximately 6378km (3963 miles) and a
polar radius of 6356km (3949 miles) shorter by approximately 22km (14 miles). Note that
modern satellite ellipsoids, whilst giving good global fits, are actually poorer fits insome
regions surveyed on a best-fit ellipsoid derived by traditional (pre-satellite) methods.

The bibliography lists some web surveys of geodesy and also one or two advanced
textbooks which give detailed coverage of the subject.

Topographic surveying

The aim of a topographic survey is to provide highly accurate maps of some region ref-
erenced to a specificdatum. By this we mean a choice of a definite reference ellipsoid
together with a precise statement as to how the ellipsoid is related to the area under survey.
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For example we could specify how the centre of the selected ellipsoid is related to the cho-
sen origin of the survey and also how the orientation of the axes of the ellipsoid are related
to the vertical and meridian at the origin. It is very important to realize that the choice of
datum for any such survey work is completely arbitrary as long as it is a reasonable fit to
the geoid in the region of the survey. The chosen datum is usually stated on the final maps.

As an example, the maps produced by the Ordnance Survey of Great Britain (OSGB) are
defined with respect to a datum known as OSGB36 (established for the 1936 re-triangulation)
which is still based on the Airy 1830 ellipsoid which was chosen at the start of the original
triangulation in the first half of the nineteenth century. This ellipsoid is indeed a good fit to
the geoid under Britain but it is a poor fit everywhere else on the globe so it is not used for
mapping any other country. The OSGB36 datum defines how the Airy ellipsoid is related
to the the ground stations of the survey. Originally, in the nineteenth century, the origin
was chosen at Greenwich observatory but, for the 1936 re-triangulation no single origin
was chosen, rather the survey was adjusted so that the latitude and longitude of 11 control
stations remained as close as possible to their values established in the original nineteenth
century triangulation.

Until 1983, the United States, Canada and Mexico used the North American datum
established in 1927, namely NAD27. This is based on the Clarke (1866) ellipsoid tied to
an origin at Meades Ranch in Kansas where the latitude, longitude, elevation above the
ellipsoid and azimuth toward a second station (Waldo) were all fixed. Likewise, much
of south east Asia uses the Indian datum, ID1830, which is based on the Everest (1830)
ellipsoid tied to an origin at Kalianpur. The modern satellite ellipsoids used in datums such
as WGS72, GRS80, WGS84 are defined with respect to the Earth’s centre of mass and a
defined orientation of axes.

In all, there are two or three hundred datums in use over the world, each with a chosen
reference ellipsoid attached to some origin. The ellipsoids used in the datums do not agree
in size or position and a major problem for geodesy (and military planners in particular)
is how to tie these datums together so that we have an integrated picture of the world’s
topography. In the past datums were tied together where they overlapped but now we can
relate each datum to a single geocentric global datum determined by satellite.

Once the datum for a survey has been chosen we would traditionally have proceeded
with a high precision triangulation from which, by using the measured angles and baseline,
we can calculate the latitude and longitude of every triangulation station from assumed
values of latitude and longitude at the origin. Note that it is the latitude and longitude values
on the reference ellipsoid ‘beneath’ every triangulation station that are calculated and used
as input data for the map projections. It is important to realise that once a datum has been
chosen for a survey in some region of the Earth (such as Britain or North America) then
it should not be altered, otherwise the latitude and longitude of every feature in the survey
region would have to be changed (by recalculating the triangulation data). But this has
already happened and it will happen again. For example the North American datum NAD27
was replaced by a new datum NAD83 necessitating the recalculation of all coordinates, with
resulting changes in position ranging from 10m to 200m. If (when) we use one of the new
global datums fitted by satellite technology as the basis for new maps then the latitude and
longitude values of every feature will change slightly again.
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Cartography

A topographic survey produces a set of geographical locations (latitude and longitude) ref-
erenced to some specified ellipsoid. We are then faced with the problem of cartography,
the representation of the latitude–longitude data on the ellipsoid by a two-dimensional map.
There are an infinite number of projections which address this problem but in this article we
consider only the normal (N) and transverse (T) Mercator projections, first on the sphere (S)
and then on the ellipsoid (E). We shall abbreviate these projections as NMS, TMS, NME
and TME: they are considered in full detail in Chapters 2, 3, 6 and 7 respectively. At a
later date Chapter 10 may cover the oblique Mercator projection. Details of all these pro-
jections are given,without derivations, in the book by Snyder entitled ‘Map Projections—A
Working Manual’. (See bibliography).

We define a mapprojection by giving two functionsx(φ, λ) andy(φ, λ) which specify
the plane Cartesian coordinates(x, y) corresponding to the latitude and longitude coordi-
nates(φ, λ). For the above projections, other than the oblique Mercator, the fundamental
origin is taken as a pointO on the equator, the positivex-axis is taken as the eastward direc-
tion of the projected equator and the positivey-axis is taken as the northern direction of the
projected meridian throughO. This convention agrees with that used in Snyder’s book but
beware other conventions! Many older texts, as well as most current ‘continental’ sources,
adopt a convention with thex-axis as north and they-axis as sometimes east and sometimes
west!

The criteria for a faithful map projection

There are several basic criteria for a faithful map projection but it is important to understand
that it is impossibleto satisfy all these criteria at the same time. This is simply a reflection
of the fact that it is impossible to deform a sphere or ellipsoid into a plane without creases
or cuts. Thus allmapsare compromises to some extent and they must fail to meet at least
one of the following.

1. One-to-one correspondence of points. This will normally be the case for large scale
maps of small regions but maps of the whole Earth will usually fail this criterion.
Points at which the map fails to be one-to-one are called singular points. For example,
in the normal Mercator projection we shall see that the poles are singular because they
project into lines.

2. Uniformity of point (or local) scale. By point scale we simply mean the ratio of the
distance between two nearby points on the map and the corresponding points on the
ground. Ideally the point scale factor should have the same value at all points. This
criterion isneversatisfied. In the Mercator projections the scale is ‘true’ only on two
lines at the most.
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3. Isotropy of point scale. Ideally the scale factor would be isotropic (independent of
direction) at any point and as a corollary the shape of anysmall region would be
unaltered—such a projection is said to beorthomorphic (right shape). By ‘small’ we
mean that, at some level of measurement accuracy, the magnitude of the scale does
not vary over the small region. This conditionis satisfied by the Mercator projections.

4. Conformal representation. Consider any two lines on the surface of the Earth which
intersect at a pointP at an angleθ. LetP ′ andθ′ be the corresponding point and angle
on the map projection. The map is said to be conformal ifθ = θ′ at all non-singular
points of the map. This has the consequence that the shape of a local feature (such
as a short stretch of coastline or a river) is well represented even though there will be
distortion over large areas. All of the Mercator projections satisfy this criterion.

5. Equal area. We may wish to demand that equal areas on the Earth have equal areas
on the projection. This is considered to be ‘politically correct’ by many proponents
of the Peters projection but the downside is that such equal area projections distort
shapes in the large. The Mercator projections are not equal area projections and they
also distort shapes.

In summary the normal Mercator projection has the properties: (a) there are singular
points at the poles, (b) the point scale is isotropic (so the map is orthomorphic) but the
magnitude of the scale varies with latitude, being true on two parallels at most, (c) the
projection is conformal, (d) the projection does not preserve area. The transverse Mercator
projection has the properties: (a) there are singular points on the equator, (b) the scale
is isotropic (so the map is orthomorphic) with magnitude varying withboth latitude and
longitude, being true on at most twocurvedlines which cannot be identified with parallels
or meridians, (c) the projection is conformal, (d) the projection does not preserve area.

Scale factors and representation factors (RF)

The OSGB produces many series of maps of Great Britain. For example there are over
two hundred ‘Landranger’ map sheets with each 80cm×80cm sheet covering an area of
40km×40km on the ground. This could be taken as implying that the scale of these maps
is exactly 2cm to 1km or 1:50000. However, as we pointed out in the last section, this can
only be an approximate statement since it is impossible to construct a two-dimensional map
of any region of the Earth at a uniform scale. Thus 1:50000 is only a ‘nominal’ scale for
these map sheets, although admittedly the scale variation over any sheet is very small.

Scale variation over map projections is an important topic in the forthcoming chapters.
Now it would be clumsy to discuss such variation around a nominal factor of say 1:50000.
To this end the projection formulaex(φ, λ) andy(φ, λ) giving the plane Cartesian coor-
dinates will be defined in such a way that the scale will be close to 1:1 where possible.
Clearly this means that the projection formulae define a very large hypotheticalsuper-map.
(My terminology.) For example, the formulae for a normal Mercator projection of the globe
generate a mapping coordinatex which will range over an interval of about 24900 miles to
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give a scale factor of unity on the equator (and increasing assecφ with latitude). Or again,
for a projection of Britain, the super-map would be 600km by 1200km and, if we demand
that the scale be unity on the central meridian at 2◦W, we shall find that the scale factor
nowhere exceeds 1.001.

Once we have our mathematical super-map embodying a varying scale (but close to
unity) we can construct theactualmaps for printing by a uniform scaling of the projection
coordinates by a constantrepresentation factor (RF), constant that is for a given series of
maps. For example the OSGB uses 1:25000, 1:50000, 1:625000 and other values. Thus
the RF only arises at the printing stage and we can forget all about it and work with the
mathematical super-map for the theoretical analysis of the projections.

Finally, note the usage that a printed map is ‘large scale’ when the RF, considered as
a mathematical fraction, is ‘large’ and the map covers a small area. The OSGB 1:50000
maps are considered to be in this category and the 1:5000 series are of even larger scale.
Conversely small scale maps having a small RF, say 1:1000000 (or simply 1:1M), are used
to cover greater regions.

Graticules, grids, azimuths and bearings

The set of meridians and parallels on the reference ellipsoid is called thegraticule. There
is no obligation to show the projection of the graticule on the map but it is usually shown
on small scale maps covering large areas and it is usually omitted on large scale maps
of small areas. For the OSGB Landranger 1:50000 series there is no graticule but small
crosses indicate the intersections of the graticule at 5′ intervals on the sheet and latitude and
longitude values are indicated at the edges.

The projected map is constructed in a plane Cartesian system but once again there is no
obligation to show areference grid of lines of constantx andy values. In general small
scale maps are not embellished with a grid whereas large scale maps usually do have such
a reference grid. The OSGB sheets have a grid at a 2cm intervals on the 1:50000 series so
they correspond to a nominal (but not exact) spacing of 1km. Note thatany kind of grid
may be superimposed on a map to meet a user’s requirements: it need not be aligned to the
Cartesian projection axes.

On the graticule the angle between the meridian at any pointA and another short line
elementAB is called theazimuth of that line element. Our convention is that azimuths are
measured clockwise from north but other conventions exist. For example, in the past, and
occasionally in the present, azimuth has been measured clockwise from south.

On a projection endowed with a grid the angle between the grid line through the pro-
jected position ofA and the projection of the lineAB is called thegrid bearing. The
normal Mercator projections is designed to ensure that the azimuth and grid bearing are
equal (if the grid is aligned to the meridians). On the transverse Mercator projections this
is not so: the azimuth differs from the grid bearing by a small amount which is termed the
grid convergence. The difference is tiny but nonetheless it exists: the OSGB 1:50000 map
sheets state the value of the grid convergence at each corner of the sheet.
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Historical note

Let us state at the outset thatGerardus Mercator (1512–1594) did not develop the math-
ematics that we shall present for “his” projection (NMS); moreover he had nothing at all
to do with three other projections that now carry his name—TMS, NME, TME. In 1569 he
published his map-chart entitled “Nova et aucta orbis terrae descriptio ad usum navigantium
ementate accommadata” which may be translated as “A new and enlarged description of the
Earth with corrections for use in navigation”. His full explanation is given on the map-chart:

In this mapping of the world we have [desired] to spread out the surface of the globe
into a plane that the places should everywhere be properly located, not only with re-
spect to their true direction and distance from one another, but also in accordance with
their true longitude and latitude; and further, that the shape of the lands, as they appear
on the globe, shall be preserved as far as possible. For this there was needed a new
arrangement and placing of the meridians, so that they shall become parallels, for the
maps produced hereto by geographers are, on account of the curving and bending of
the meridians, unsuitable for navigation. Taking all this into consideration, we have
somewhat increased the degrees of latitude toward each pole, in proportion to the in-
crease of the parallels beyond the ratio they really have to the equator. (Translation
from Fite and Freeman—see bibliography).

This is an admirably clear statement and the last two sentences make clear his approach. In
order that the meridians should be perpendicular to the equator, and parallel to each other,
it is first necessary to increase the map length of a parallel as one moves away from the
equator. Now at latitudeφ the circumference of a parallel is2πa cosφ and this must be
scaled up by a factor ofsecφ so that the parallel and the equator have the same map length
(2πa). Thus to preserve the shape of say a small rectangle at some latitude, projected from
ground to map, it is necessary to increase the meridian scaleat that latitudeby a factor of
secφ. Exactly how Mercator produced his map is not known. He had had a good mathe-
matical education but in 1559 he would not have had access to tables of the secant function
to aid him. Soperhapshe simply drew rhumb lines on the globe from various points on the
equator, and at various azimuths, and took note of which locations on the globe lay on these
rhumb lines. He could then adjust the ordinate scale of his projection so that all the loca-
tions on any rhumb line on the globe lay on astraight line on the projection. Alternatively,
it has been suggested that he modified the parallels at ten degree intervals so that projected
rhumb lines were approximately straight for each ten degree interval. Whatever method he
used it is clear that he had grasped what was required, but his projection may have lacked
high accuracy.

Mercator’s prime aim was to construct a useful navigator’s chart but note that in the
above statement he was also concerned that shapes “shall be preserved as far as possible”;
he understood the desirability of an orthomorphic projection. He would have noticed the
distortion at high latitudes but he was probably satisfied that the appearance at temperate
latitudes (Europe) was really quite good. He may have regretted the distortions to landmass
shapes but this was far outweighed by the utility of his projection for navigators.
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Mercator was extremely secretive about how he had produced his map-chart but this
only stimulated others to research their construction. The first to succeed, and publish (albeit
unwillingly), was a Cambridge professor of mathematics namedEdward Wright (1558?–
1615). Interestingly his 1599 publication is entitled ‘The correction of certain errors in
navigation’. He refers to certain errors in Mercator’s chart and explains how they could be
corrected by using a table of secants. More precisely he realized that if the parallel at latitude
φ has to move up by a factor proportional tosecφ then the net displacement of a parallel
from the equator would be given by summing all of the secants from the equator to the
parallel in question. In modern parlance this requires an integration of the secant function
(see equation 2.28). Of course Wright (like Mercator) was working in pre-calculus and pre-
logarithm days and integration of the secant function would not have been possible. Instead,
he presented his results in numerical tables of ‘cumulative secants’ or ‘meridional parts’
derived by summation from secant tables evaluated at intervals of 1 minute of arc. In other
words he carried out a numerical integration with a very fine sub-division.. It is possible that
the errors he claims in Mercator’s chart were attributable to the fact that Mercator’s method
was equivalent to a much coarser approximation to the integration. Wright’s tables certainly
allowed the construction of averyaccurate chart based on a latitude and longitude values
taken from a rather fine globe modelled by his compatriot Emery Molyneux. For many
years thereafter the charts were widely described as Wright-Molyneux map projections but
the name of Mercator later became the standard appellation.

Wright gives a nice physical construction of the Mercator projection from a sphere.

Suppose a sphericall superficies with meridians, parallels, rumbes, and the whole hy-
drographical description drawne thereupon, to be inscribed into a concave cylinder,
their axes agreeing in one. Let this sphericall superficies swel like a bladder, (while
it is in blowing) equally always in every part thereof (that is, as much in longitude as
in latitude) till it apply, and join itself (round about and all alongst, also towards ei-
ther pole) unto the concave superficies of the cylinder: each parallel on this sphericall
superficies increasing successively from the equinoctial [equator] towards either pole,
until it come to be of equal diameter with the cylinder, and consequently the meridians
still wideening themselves, til they become so far distant every where each from other
as they are at the equinoctial. Thus it may most easily be understood, how a sphericall
superficies may (by extension) be made cylindrical, . . .

It is easy to see that it works. Mercator’s projection is constructed to preserve angles by
stretching meridians to compensate exactly for the streching of the parallels. The angle pre-
serving projection is conformal. Now consider Wright’s bladder: that it must be infinitely
extensible and able to withstand infinite pressure goes without saying. The crucial phrase
is “swel . . . equally always in every part thereof”. Therefore the tensions over both the ini-
tial spherical surface and the final cylindrical surface are uniform, albeit of very different
magnitudes. This uniformity guarantees that a crossing of two lines on the sphere will be at
at exactly the same angle on the cylinder. Thus we have generated a conformal projection
from the sphere to the cylinder. And there is only one such conformal projection.

The logarithm function was invented byNapier in 1614 and numerical tables of many
logarithmic functions were soon readily available (although analytic Taylor expansions of
functions had to wait another hundred years). In the 1640s, another English mathematician
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calledHenry Bond (1600–1678) stumbled on the numerical agreement between Wright’s
tables and those forln[tan(θ)], as long asθ was identified with(φ/2 + π/4). The mathe-
matical proof of the equivalence immediately became noted as an important problem but it
was nearly thirty years before it was solved byJames Gregory(1638–1675),Isaac Barrow
(1630–1677) andEdmond Halley (1656–1742) acting independently. These proofs even-
tually coalesced into direct integration of the secant function as presented in Chapter 2. The
modification of this integration for the ellipsoid (and NME) would be trivial. (But when?
By whom?)

Having given credit to Wright, Bond and others we must now remark that the first
to succeed, but not to publish, was almost certainly an English mathematician (and much
else besides) calledThomas Harriot (1560–1621). He left a large collection of unpub-
lished manuscripts and many years late it became obvious that he had probably duplicated
Wright’s calculation of meridional parts and moreover appears to have the link to the loga-
rithmic tangent.

The transverse Mercator projection on the sphere was included in a set of seven new
projections published in 1772 by a continental (born in Alsace-Lorraine) mathematician and
cartographer,Johann Lambert (1728–1777). As we shall see in Chapter 3, the derivation
of this projection is a straightforward application of spherical trigonometry starting from
the normal Mercator result. Apparently Lambert even made some oblique references to the
transverse projection on the ellipsoid but it was Carl Friedrich Gauss (1777–1855) who first
constructed a conformal projection from the ellipsoid which preserves true scale on one
meridian, the projection we shall term TME. (This was in connection with the survey of
Hanover commenced in 1818).

Gauss’s method involved a double projection, from ellipsoid to sphere and then sphere
to plane. The modification of his work to construct a single equivalent projection was devel-
oped only as late as 1912 byL Kr üger. For this reason the transverse Mercator projection
on the ellipsoid is often called the Gauss–Krüger projection. This is the method we shall
examine.

The transverse Mercator projection was not much used until the middle of the twentieth
century when it was advocated for both the new British maps and the proposed world wide
system (UTM). In Britain the need for more precise series for the TME projections was
met by the papers ofM Hotine , L P Lee andJ C B Redfearn (see bibliography). The
last mentioned produced the most complete form and the solution is often referred to as the
Redfearn series. We shall derive these series in full detail.

Outline of following chapters

Chapter 2 starts by describing what we mean by an infinitesimal element on the sphere
and goes on to use the planar geometry of such an element (a) to calculate the metric giving
the distance between infinitesimally close points, and (b) to define precisely the azimuth
angle. We then consider the class of all ‘normal’ cylindrical projections onto a cylinder
tangential to the equator of a sphere and compare and contrast three important examples.
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The Mercator projection on the sphere (NMS) is defined as the single member of the class
which is such that an azimuth on the sphere and its corresponding grid bearing on the map
are equal. This property of conformality is then used to derive the projection formulae. The
scale is true only on the equator for basic NMS but we show how it may be modified to give
true scale on two parallels instead.

Chapter 3 discusses the transverse Mercator projection on the sphere (TMS). In this case
we are considering a projection onto a cylinder which is tangential to the sphere on a pair
of meridians which together form a great circle, such as 90◦E and 90◦W. These projections
are rather unusual when applied to the whole globe but in practice we intend to apply them
to a narrow strip on either side of the meridian of tangency which is then termed the central
meridian of the transverse projection. The crux is that by considering a large number of
such projection strips we can cover the whole sphere (except near the poles) with good ac-
curacy. The derivation of the projection formulae is a straightforward exercise in spherical
trigonometry. An important new feature is that corresponding azimuths and grid bearings
are not equal (even though the transformation remains conformal) and we define their dif-
ference as the grid convergence. Finally we present low order series expansions for the
projection formulae.

Chapter 4 is the crunch. Our ultimate aim is to derive the projection equations for the
transverse Mercator projection on the ellipsoid (TME) in the form of series expansions.
The only satisfactory way of obtaining these results is by using a small amount of complex
variable theory. This method is complicated by both the geometrical problems of the ellip-
soid and also by the fact that we need to carry the series to many terms in order to achieve the
required accuracy. Thus, for purely pedagogical reasons, in this chapter we use the complex
variable methods to derive the low order series solutions for TMS (derived in Chapter 3)
from the standard solution for NMS. That it works is encouragement for proceeding with
the major problem of constructing the TME projections from NME.

Chapter 5 derives the properties of the ellipse and ellipsoid that are required in later chap-
ters. In particular we introduce (a) the principal curvatures in the meridian plane and its
principal normal plane, (b) the distinction between geocentric, geodetic and reduced lati-
tudes, (c) the distance metric on the ellipsoid and (d) the series expansion which gives the
distance along the meridian as a function of latitude.

Chapter 6 derives the normal Mercator projection (NME) on the ellipsoid. The method
is a simple generalization of the methods used in Chapter 2 the only difference being in
the different form of the infinitesimal distance element on the ellipsoid. The results for
the projection equations are obtained in non-trivial closed forms. The inversion of these
formulae is not possible in closed form and we must revert to Taylor series expansions.
This chapter also contains a digression on ‘double’ projections and includes a discussion
of the transformation of the ellipsoid to the sphere by means of the conformal latitude.
(The word ‘double’ signifying that a second transformation from the sphere to the plane
is required to produce a map). As a corollary, the conformal latitude is used to provide a
second means of inverting the NME projection formulae.

Chapter 7 uses the techniques developed in Chapter 4 to derive the transverse Mercator
projection on the ellipsoid (TME) from that of NME. This derivation requires distinctly
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heavy algebraic manipulation to achieve our main result, the Redfearn formulae for TME.

Chapter 8 returns to the definitions of point-scale factor and grid convergence presented
in Chapter 3 (for TMS) and derives the corresponding results for TME as series expansions.
Once again the algebra is fairly heavy.

Chapter 9 applies the general results of Chapters 7 and 8 for the TME projections to two
important cases, namely the Universal Transverse Mercator (UTM) and the National Grid
of Great Britain (NGGB). The former is actually a set of 60 TME projections each covering
6 degrees of longitude between the latitudes of 80◦S and 84◦N and the latter is a single
projection over approximately 10 degrees of longitude centred on 2◦W and covering the
latitudes between 50◦N and 60◦N. We then discuss the variation of scale and grid conver-
gence over the regions of the projection and also assess the accuracy of the TME formulae
by examining the terms of the series one by one. We find that for practical purposes some
terms may be dropped, as indeed they are in both the UTM and NGGB formulae. Finally
the projection formulae are rewritten in the completely different notation used in the OSGB
published formulae (see bibliography).

Finally, this work is continuing and two further chapters are intended:

Chapter 10 will cover the derivation of the oblique Mercator projections.

Chapter 11 will not be concerned with projections. It will discuss geodesics on the sphere
and ellipsoid and the problem involved in calculating arbitrary distances accurately. In
particular we will give the derivation of the Vincenty formulae for long geodesics on the
ellipsoid.

This article has tried to be as self-contained as possible and to this end there are seven
mathematical appendices. Many of these were developed for other uses so they are more
general in nature.

A Curvature in two and three dimensions.

B Inversion of series by Lagrange expansions.

C Plane Trigonometry.

D Spherical Trigonometry.

E Series expansions.

F Calculus of variations.

G Complex variable theory.
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Chapter2
Normal Mercatoronthesphere: NMS

Geographical coordinates and Cartesian coordinates. Infinitesimal elements
and the metric. General normal cylindrical projection. Angle transformations
and scale factors. Three examples of normal cylindrical projections. Derivation
of the Mercator projection. The loxodrome or rhumb line. Modified normal
cylindrical projections.

2.1 Coordinates and distance on the sphere

Coordinates

The position of a pointP on the sphere is de-
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Figure 2.1

noted by an ordered pair(φ, λ) of latitude, longi-
tude values; the meridians (λ constant), the equa-
tor (φ = 0) and the small circles (φ constant, non-
zero) constitute thegraticule on the sphere. The
figure shows a second pointQ with coordinates
(φ + δφ, λ + δλ), the meridians throughP and
Q, arcs of parallelsPM , KQ and the geodesic
(great circle) through the pointsP andQ. Such
geographical coordinates will be given in degrees
but in equationsALL angles will be in radians.
The unitmil , such that 6400mil=2π radians=360◦

is sometimes used for small angles, in particular
the grid convergence defined in Chapter 3.

The following should be noted:

1 rad = 57◦.29578 = 57◦ 17′ 44′′.8 = 3437′.75 = 206264′′.8 = 1018.6mil

1◦ = 0.0174533 rad, 1′ = 0.000291 rad= 3.37 mil, 1′′ = 0.00000485 rad. (2.1)

1mil = 0.9812mrad= 0◦.0049 = 0′.297 = 20′′.2.
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If the distance ofP from the axis (i.e. the radius of a parallel circle) is denoted byp(φ), so
thatp(φ) = a cosφ then the Cartesian coordinates are

X = p(φ) cosλ = a cosφ cosλ ,
Y = p(φ) sinλ = a cosφ sinλ ,
Z = a sinφ , (2.2)

with inverse relations

φ = arctan
(
Z

p

)
= arctan

(
Z√

X2 + Y 2

)
, λ = arctan

(
Y

X

)
. (2.3)

For a point at a heighth above the surface atP we simply replacea by a + h in the direct
transformations: the inverse relations forφ andλ are unchanged but they are supplemented
with the equation

h =
√
X2 + Y 2 + Z2 − a. (2.4)

In this chapter we consider a sphere with radius equal to the semi-major axis of the Airy
ellipsoid:

a = 6377563.396m≈ 6378km≈ 3963 miles.

This approximation value will suffice for the moment but more precise results will be needed
when we come to consider the large scale maps of TME. For the above radius the circum-
ference of the equator (or any great circle) is approximately 40071km (24900 miles) and
the distance between pole and equator is one quarter of that value, 10018km (6225 miles).
The closeness of the latter value to107m reflects the original French definition of the metre
as10−7 times the pole–equator distance.

Distances on the sphere

In Figure 2.1 the distancePQ in threedimensions is unique but the distanceon the surface
of the sphere depends on the path taken between the points. For example, if the points are
at the same latitude we can calculate the distance between them by measuring (a) along
the parallel circle, (b) along the rhumb line (or loxodrome) which, by definition, intersects
meridians at constant azimuth, or (c) along a geodesic which, by definition, gives the short-
est distance on the surface.

The only trivially calculated distances are those measured along meridians or parallels:
on the meridian in Figure 2.1 we havePK = a δφ (whereδφ is in radians) and on the
parallelPM = p(φ)δλ = a cosφ δλ. For widely separated points these becomePK =
a(φ2−φ1) andPM = a cosφ (λ2−λ1). It is useful to have some feel for the distances on
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meridians and parallels on the sphere:

1◦ latitude difference on a meridian = 111.3km = 69.16miles,

1′ = 1.855km = 1.153miles≈ 1nml,

1′′ = 31m = 33.8yds,

1◦ longitude difference on parallel 45◦N = 78.7km = 48.9miles,

1′ = 1.312km = 0.815miles,

1′′ = 22m = 23.9yds. (2.5)

One minute of arc on the meridian (of a spherical Earth) was the original definition of the
nautical mile (nml). On the ellipsoid this definition of the nautical mile would depend
on latitude and the choice of ellipsoid so, to avoid discrepancies, the nautical mile is now
defined by international treaty as exactly 1852m, corresponding to 1.150779 miles. The
original definition remains a good rule of thumb for approximate calculations.

For two points in general position finding the distance is a non-trivial problem. There
are two important cases to consider: (a) given the geographic coordinates of two points
find the length of the geodesic between them and also the azimuths at the end points of the
geodesic joining them; (b) given a starting point and an initial azimuth find the coordinates
at a specified distance along the geodesic. These are the two principal geodetic problems
and their solution, for both sphere and ellipsoid, is presented in Chapter 11. In the present
chapter we consider only the problem of finding the distance between points on the surface
which are infinitesimally close. This will suffice for the calculation of scale factors.

Infinitesimal elements

In practical terms an element of area on the sphere can be said to be infinitesimal if,for
a given measurement accuracy, we cannot distinguish deviations from the plane. To be
explicit, consider the spherical elementPMQK shown in Figure 2.1, and in enlarged form
in Figure 2.2a, where the solid linesPK,MQ, PQ are arcs of great circles, the solid lines
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Figure 2.2
PM andKQ are arcs of parallel circles and the dashed lines are straight lines in three
dimensions. From Figure 2.2b, forθ(rad) � 1 the arc–chord difference is

arc(AB)−AB = aθ−2a sin
θ

2
= aθ−2a

(
θ

2
− 1

3!
θ3

8
+ · · ·

)
=
aθ3

24
+O(aθ5). (2.6)

Suppose the accuracy of measurement is 1m. Settingθ = δφ we see that the difference
between the arc and chordPK will be less than 1m, and hence undetectable, if we take
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δφ < (24/a)1/3 ≈ 0.0155rad, corresponding to 53′ or a meridian arc length of 99km.
Similarly, settingθ = δλ and replacinga → a cosφ, the difference between the arc and
chordPM at a latitude of 45◦ (wherea cosφ = a/

√
2) is less than 1m ifδλ is less than

59′, corresponding to an arc length of 78km on the parallel. If we take our limiting accuracy
to be 1mm the above values become 9.9km and 7.8km. A surface element of this order or
smaller can therefore be well approximated by a planar element.
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We shall now prove that the small surface elementPKQM may be well approximated
by arectangularelement. Figure 2.3a shows the planar trapezium which approximates the
surface element. SincePM = a cosφ δλ we have

KQ− PM = δφ
d

dφ
(a cosφ δλ) = −a sinφ δλ δφ. (2.7)

Now the distancePK ≈ aδφ so the small angleε is given by

ε ≈ sin ε =
PM −KQ

2
1
PK

=
1
2

sinφ δλ. (2.8)

Clearly ε becomes arbitrarily small asQ approachesP and the infinitesimal element
is arbitrarily close to the rectangle with sidesaδφ anda cosφ δλ shown in Figure 2.3b.
The planar geometry of the right angled trianglePQM gives two important results for the
azimuth α and distance:

tanα = lim
Q→P

a cosφ δλ
aδφ

= cosφ
dλ

dφ
, (2.9)

δs2 = PQ2 = a2 δφ2 + a2 cos2φ δλ2. (2.10)

The latter follows more directly from equations (2.2):

dX = −(a sinφ cosλ)dφ− (a cosφ sinλ)dλ
dY = −(a sinφ sinλ)dφ+ (a cosφ cosλ)dλ
dZ = (a cosφ)dφ, (2.11)

ds2 = dX2 + dY 2 + dZ2,

ds2 = a2 dφ2 + a2 cos2φdλ2. (2.12)
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2.2 Normal cylindrical projections

The normal cylindrical projections of a sphere of radiusa are defined on a cylinder of radius
a which is tangential to the sphere on the equator as shown in Figure (2.4). The axis of the
cylinder coincides with the polar diameterNS and the planes through this axis intersect
the sphere in its meridians and intersect the cylinder in its generators. The projection
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Figure 2.4: The normal cylindrical projection
takes the points of each meridian to points on the corresponding generator of the cylinder
according to some formula which is NOT usually a geometric construction—in particular
the Mercator projection is not generated by a literal projection from the centre (as stated in
some elementary texts). The cylinder is then cut along a generator which has been taken as
λ = 180◦ in Figure 2.4 but could have been chosen as any longitude. Finally the cylinder
is unrolled to form a flat map, the super-map which we discussed in Chapter 1. Note that
the last step of unrolling introduces no further distortions. Axes on the map are chosen with
thex-axis along the equator and they-axis coincident with one particular generator, taken
as the Greenwich meridian (λ = 0) in Figure (2.4). Clearly the meridians on the sphere
map into lines of constantx on the projection so thex-equation of the projection is simply
x = aλ (radians) with this choice of coordinate system. For they-equation of the projection
we admitany(sensible) function ofφ, irrespective of whether or not there is a geometrical
interpretation. Thus normal cylindrical projections are defined by1

x(λ, φ) = aλ, (2.13)

y(λ, φ) = a f(φ), (2.14)

whereλ andφ are in radians. With transformations of this form we see that the parallels on
the sphere (φ constant) project into lines of constanty so that the orthogonal intersections
of meridians and parallels of the graticule on the sphere are transformed into orthogonal
intersections on the map; we shall see that this isnot necessarily true for intersections at an
arbitrary angle. The spacing of the meridians on the projection is uniform but the spacing
of the parallels depends on the choice of the functionf(φ).

1In referring to geographic positions it is conventional to use latitude–longitude ordering as inP (φ, λ) but
for mathematical functions of these coordinates it is more natural to use the reverse order as inx(λ, φ).
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Note thatall normal cylindrical projections have singular points since thepointsN, S
at the poles transform intolinesgiven byy = a f(±π/2). On the sphere meridians intersect
at the poles but on cylindrical projections meridians do not intersect. All other points of the
sphere are non-singular points. Of course there is nothing special about the poles; if we use
oblique or transverse projections the geographic poles are regular points and other points
become singular—the singularities at the poles are artifacts of the coordinate transforma-
tions. For example we shall find that the transverse Mercator projection has singular points
on the equator.

The equations (2.13, 2.14) define a projection to a super map of constant width equal to
the length of the equator,2πa or 40071km. Since the true length of a parallel is2πa cosφ,
the scale (map length divided by true length) along a parallel is equal tosecφ, increasing
from 1 on the equator to infinity at the poles. Note that this statement about scale on a par-
allel applies toanynormal cylindrical projection but the scale on the meridians, and at other
azimuths, will depend onf(φ). The actual printed projection in Figure 2.4 is about 8cm
wide on paper so the RF (representative factor) is 8cm/40071km which is approximately 1
to 500 million or 1:500M.

Angle transformations on normal cylindrical projections

In Figure 2.5 we compare the rectangular infinitesimal elementPMQK on the sphere with
the corresponding elementP ′M ′Q′K ′ on the projection. The latter is also a rectangle but
without any approximation since the meridians map into lines of constantx and the parallels
map into lines of constanty. The angleK ′P ′Q′ is called thegrid bearing β corresponding

α β
φ

φ+δφ

a(cosφ)δλ

aδφ

λ λ+δλ

Q

P

QK

M
P

K

M

x x+δx
δx

y

y+δy

δy

(b)(a)

δsδs

sphere projection

Figure 2.5

to the azimuthα on the globe. The geometry of these rectangular elements gives

(a) tanα =
a cosφ δλ
a δφ

and (b) tanβ =
δx

δy
=

δλ

f ′(φ)δφ
. (2.15)

so that

tanβ =
secφ
f ′(φ)

tanα. (2.16)

Note thatα=β on the meridians (both zero) or on the parallels (bothπ/2) but in general
α 6= β unlessf ′(φ) = secφ. Therefore this is the condition for a normal cylindrical
projection to be conformal. It also provides the means of calculatingf(φ) for Mercator
projection.
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Definition of the point scale factor

If we setP ′Q′ = δs′ then for the element on the projection we have

δs′2 = δx2 + δy2. (2.17)

We now defineµ, the point scaleat P ′ by

µ = lim
Q→P

distanceP ′Q′ on projection
distancePQ on sphere

= lim
Q→P

δs′

δs
, (2.18)

or, in terms of the distances squared, (using (2.10))

µ2 = lim
Q→P

δs′2

δs2
= lim

Q→P

δx2 + δy2

a2 δφ2 + a2 cos2φ δλ2
. (2.19)

Point scale factors on meridians (h) and parallels (k)

WhenPQ lies along the meridianδλ andδx are zero andy = a f(φ). The scale factor
in this case is conventionally denoted byh. Therefore (2.19) gives

meridian: h = f ′(φ). (2.20)

Similarly, whenPQ lies along a parallel of latitude,δφ andδy are zero andx = aλ. The
scale factor in this case is conventionally denoted byk. Therefore

parallel: k = secφ. (2.21)

Point scale factor in a general direction

Equations (2.15) giveδφ=cotα cosφ δλ andδy=cotβ δx. Therefore equation (2.19)
gives the scale factor at azimuthα as

µ2
α = lim

Q→P

δx2(1 + cot2β)
a2 cos2φ δλ2(1 + cot2α)

, (2.22)

which reduces to

µα(φ) = secφ
[
sinα
sinβ

]
, (2.23)

where we assume thatβ has been found in terms ofα andφ from equation (2.16).

Area scale factor

The area scale is obtained by simply comparing the areas of the two rectanglesPMQK
andP ′M ′Q′K ′. Denoting this scale factor byµA and using equations (2.20) and (2.21).

µA = lim
Q→P

δx δy

(a cosφ δλ)(a δφ)
= secφ f ′(φ) = hk. (2.24)

NB. All of these scale factors apply only to the normal cylindrical projections. They are
independent ofλ, a reflection of the rotational symmetry.
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2.3 Three examples of normal cylindrical projections

We shall compare three simple projections of the sphere:

1. The equidistant (Ptolemy, Bonne or Plate Carrée) projection:f(φ) = φ.

2. Lambert’s equal area (sinusoidal) projection:f(φ) = sinφ.

3. Mercator’s projection:f(φ) = ln [tan(φ/2 + π/4)]. (Derived in Section 2.4).

equidistant equal-area Mercator

x transformation x = aλ x = aλ x = aλ

x-range (−πa, πa) (−πa, πa) (−πa, πa)
y transformation aφ a sinφ a ln[tan(φ/2+π/4)]
y-range (−πa/2, πa/2) (−a, a) (−∞,∞)
f(φ) φ sinφ ln[tan(φ/2 + π/4)]
f ′(φ) 1 cosφ secφ
meridian scale (h) 1 cosφ secφ
parallel scale (k) secφ secφ secφ
scale on equator 1 1 1

area scale (hk) secφ 1 sec2 φ

angles (eq. (2.16) tanβ=secφ tanα tanβ=sec2 φ tanα tanβ = tanα
aspect ratio 2 π 0

Figure 2.6 Figure 2.7 Figure 2.8

Table 2.1

The three projections are shown in Figures (2.6–2.8) with every little ‘smudge’ on the
maps indicating a small island or small lake! The maps all have the samex-range of
(−πa, πa) (in metres) but varyingy-ranges. They all have unit scale on the equator and the
RF on these pages is 12cm/40000km or about 1/300M.

On the equatorφ = 0 so that (a) all the point scales (h, k, andµα) are unity so
that the scale is isotropic and small elements retain their shape, (b) the area scale is unity
and (c) equation (2.16) shows thatα = β so that all lines cross the equator on globe and
projection at the same angle. Thus on the equator the projections are perfectly behaved and
suitable for theaccuratemapping of countries lying close to the equator.

Away from the equator the divergent parallel scale (secφ→∞ asφ→ π/2) produces
gross east-west stretching in high latitudes but the differing meridian stretching leads to
different shapes and areas. The acid test is to compare the projection with the outlines
shown on any toy or classroom globe. In particular look at the shape of Alaska and the area
of Greenland. The latter should be 1/8 that of South America and 1/13 that of Africa.

Finally, each of the projections is annotated on the right with a chequered column cor-
responding to5◦×5◦ regions on the sphere. The width of these rectangles is the same on all
but their height depends onf(φ).
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The equidistant projection: f(φ) = φ

This projection, whose only merit is the simplicity of construction, has been in use as
far back as the time of Ptolemy (83?–161AD): the meridians and parallels of latitude are
equidistant parallel lines intersecting at right angles, forming a square grid on the map—the
‘Plate Carŕee’. Except on the meridians (α = β = 0) and parallels (α = β = π/2) the map
is not conformal (α 6= β), the scale is not isotropic and the area scale factor is not unity.
High latitudes are distorted as expected. The aspect ratio (width:height) is 2.

The very terminology ‘equidistant’ is misleading, for the scale is true only on the
meridians and on the equator. On these lines finite ruler distances measured on the page
give accurate true distances simply by dividing by the RF, however separated be the two
end points. However the scale is not unity anywhere else. On the parallels it is given

−π 2
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Figure 2.6: The equidistant projection

by k = secφ and the ruler distance must be divided by this factor and the RF to obtain
true distances. On a straight line on the projection with a constant bearingβ (not equal
to zero orπ/2), equation (2.23) shows that the scale isµα = secφ sinα(φ) cosecβ with
α(φ) = arctan(tanβ cosφ) obtained from (2.16). Theφ dependence of this scale factor
means that there is no simple way of measuring along such a line with a ruler in order to
determine any kind of distance. A numerical integration of the scale factor along the line
on the projection is possible but it would give a distance on that line on the globe which
corresponds toβ constant; in general such a line is not a parallel, meridian, rhumb line or
great circle geodesic, so the utility of such an integration must be queried. The only simple
way to obtain the geodesic distance between general points on the projection is to transfer
their coordinates to the sphere and then use the standard geodesic formulae presented in
Chapter 11.
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Lambert’s equal area projection: f(φ) = sinφ

This projection, which was first presented by Lambert in 1772, has many properties in
common with the equidistant projection: it is well behaved at the equator, it is distorted at
high latitudes and the scale is unity on the equator only. Its great plus is that it preserves
the magnitude of small and large areas since the scale factor on the meridians (h = cosφ)
compensates exactly for the stretching on the parallels (k = secφ). The scale factor on the
meridians is a compression as compared to the equidistant projection so that the parallels
bunch up at high latitudes—witness the box scale on the right hand side. The projection
satisfies the Greenland test but still fails the Alaska test.

Once again reading distances from the map is trivial on the equator and parallels (where
we must divide by a factor ofsecφ). On meridians it is also simple for, if we know two
y-values,y1 andy2, not just their separation, we can useφ = arcsin(y/a) to find the corre-
sponding latitudes and hence the arc lengtha(φ2 − φ1). On general lines of the projection
we havetanβ = sec2φ tanα for which we have the same problems as in the previous case.

The projection is neither conformal nor isotropic but on the other hand it is one of the
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Figure 2.7: Lambert’s equal area projection

few which admits of a geometric interpretation becausey = a sinφ is simply the distance
of a point at latitudeφ above the equatorial plane. Thus points are projected from the sphere
to cylinder by lines parallel to the equatorial plane drawn from the axis of the sphere—not
projected from the origin. Thus any narrow (in longitude) strip of the map is basically the
view of an actual globe from an appropriate distant side position.

The projection is not often used in the form given here: it is usually compressed laterally
and extended vertically whilst preserving the equal area property;i.e. the transformations
becomex = Kaλ andy = K−1a sinφ so that we still havehk = 1 but the scale on
a parallel is nowK secφ and the meridian scale isK−1 cosφ. This means that the true
scale is attained only on some parallel other than the equator. For example the equal area
projection of Gall (1855), which was republished by Peters in 1973, setsK = 1/

√
2 so

that the meridian and parallel scales are unity at latitudes of±45◦. The distortion of shape
in the Peters projection is well known.
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Figure 2.8: The Mercator projection

Mercator’s projection: f(φ) = ln[tan(φ/2 + π/4)]

Figure 2.8 shows Mercator’s projection of 1569. Both scale factors, on meridian and par-
allel, increase assecφ so that in addition to the stretching along the parallels the meridians
are stretched to infinity and the aspect ratio becomes zero. In the above figure we have cho-
sen to truncate the projection at the valuey = ±3.13a corresponding toφ = ±85◦ so that
the aspect ratio is very close to 1. Truncation at these high latitudes emphasizes the great
distortion near the poles—witness the diverging area of Antarctica and a Greenland as big
as Africa.

The fundamental property of the Mercator projection is that it is conformal,i.e. it is an
angle preserving projection; this follows from equation (2.16) sincef ′(φ) = secφ implies
thatα = β, i.e. a curving rhumb line of constantα on the globe projects into a straight line
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of constant bearingβ on the map and vice-versa. For more on rhumb lines see Section 2.5.

The isotropy of scale implies that the shape ofsmallelements is well rendered on the
projection; the property of orthomorphism. Consider a small square of sideL at latitudeφ
where the isotropic scale factor issecφ. The projection will map this square into an exact
square of sideL secφ, preserving its shape, only if the variation ofsecφ over the square can
be neglectedat the precision of measurement in use. Larger shapes will be distorted ifsecφ
varies appreciably over their size making the Mercator projection unsuitable for detailed
mapping of large countries.

The only true scale on the Mercator projection is attained at the equator and moreover
the area scale approaches unity too. Thus, since we still have conformality, it may well
be convenient to use Mercator for accurate large scale mapping near the equator. This is
discussed more quantitatively in the next section. Meanwhile we must accept the limitations
of using Mercator for small scale maps of the globe—charts excepted!

Using ruler distance to deduce true distance is non-trivial away from the equator. On
parallels we can again divide the ruler distance byk = secφ to find the true distance on the
parallel (which is not a geodesic difference). On a meridian where the scale is (h = secφ)
we have to inverty = f(φ) to find latitudes and hence an arc length: this is discussed in
the next section. On lines of constant bearingβ the scale factor is alsosecφ. This can be
integrated but it gives a distance along a rhumb line—see Section 2.5

Conformal versus orthomorphic

The definition of ‘conformal’ just given is that the projection preserves the angle be-
tween any two lines through any (non-singular) point of the map. This is an exact statement
referring to the behaviour of the transformationsat a point. Many authors use the word
‘orthomorphic’ (right-shape) as a synonym for conformal but it is important to realise that
orthomorphism can only be satisfied approximately in a conformal projection because it is
a non-local property. No projection can be completely orthomorphic since even ifsmall
shapes are preserved then one can find large shapes which are distorted. For this reason we
prefer to use the word conformal (exact) rather than orthomorphic (approximate).

2.4 The normal Mercator projection

Derivation of the Mercator projection

The normal Mercator projection is defined to be that normal cylindrical projection which is
conformal, so that the azimuth and grid bearing are equal,α = β. Equation (2.16) shows
that this is possible only if

f ′(φ) =
df

dφ
= secφ, (2.25)

and therefore

f(φ) =
∫ φ

0
secφdφ, (2.26)

with a lower limit such thaty(0) = af(0) = 0.
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Now

cosφ = sin (φ+ π/2)
= 2 sin (φ/2+π/4) cos (φ/2+π/4)

= 2 tan (φ/2+π/4) cos2 (φ/2+π/4)

so that

y = a f(φ) =
a

2

∫ φ

0

sec2 (φ/2 + π/4)
tan (φ/2 + π/4)

dφ = a ln
[
tan

(
φ

2
+
π

4

)]
. (2.27)

There is no need for modulus signs inside the logarithm. For−π/2 ≤ φ ≤ π/2 the
argument of the tangent is in the interval[0, π/2], therefore the argument of the logarithm
is in the range[0,∞) and the logarithm itself varies from−∞ to∞.

Mercator parameter and isometric latitude

The function ofφ which occurs in the expression for they-coordinate in the Mercator pro-
jection is of importance in much that follows. We shall call it theMercator parameter and
denote it byψ(φ) and write the equations of the projection as

x(λ, φ) = aλ, y(λ, φ) = aψ(φ),

with

ψ(φ) = ln
[
tan

(
φ

2
+
π

4

)]
dψ

dφ
= secφ. (2.28)

The term Mercator parameter is not standard usage. It is usually called theisometric lati-
tude. For example see Snyder(1987). But beware; other authors use the term for a different,
but related, function. Note, too, that the symbolψ is not universal: Lee(1946a) and Red-
fearn(1948) useχ, Maling(1992) usesq and so on.

The origin of the term isometric latitude relates to a re-parameterisation of the sphere
in such a way that the isometric latitude (replacing the geodetic latitude) andλ are involved
with equal weight in the metric formulae such as (2.12). If we writeψ̃ for such an isometric
latitude then the metricds2 = a2dφ2 + a2 cos2φdλ2 becomesds2 = a2 cos2φ(dψ̃2 + dλ2)
if we choosecosφdψ̃ = dφ. The coefficients in the metric are now both equal toa2 cos2φ.
Since ourψ is defined above (2.28) bycosφdψ = dφ we see that the functionsψ(φ)
and ψ̃(φ) must be identical. However the two functions are logically distinct and in an
elementary treatment we prefer to use different names but allow the same symbolψ.

Having urged care with notation we must flag a small problem in notation. When we
define the Mercator projection on the ellipsoid (NME in Chapter 6) we must define the
Mercator parameterψ in a slightly different way, but such that it reduces to (2.28) as the
eccentricitye tends to zero. It would therefore have been natural to define the Mercator
parameter on the sphere asψ0. We have notnot done this, assuming that the correct inter-
pretation will be obvious from the context.
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Alternative forms of the Mercator parameter

The Mercator parameter can be cast into many forms which may be useful at times; here
we present five such. Consider the argument of the logarithm in (2.28):

tan(φ/2 + π/4) =
1 + tan(φ/2)
1− tan(φ/2)

=
cos(φ/2) + sin(φ/2)
cos(φ/2)− sin(φ/2)

=
(cos(φ/2) + sin(φ/2))2

cos2(φ/2)− sin2(φ/2)
=

1 + sinφ
cosφ

= secφ+ tanφ. (2.29)

Hence
ψ(φ) = ln[secφ+ tanφ]. (2.30)

Now rearrange the penultimate term in (2.29):

1 + sinφ
cosφ

=
{

(1 + sinφ)2

1− sin2 φ

}1/2

=
{

1 + sinφ
1− sinφ

}1/2

.

Therefore we have

ψ(φ) =
1
2

ln
[
1 + sinφ
1− sinφ

]
. (2.31)

Now exponentiate each side of (2.30):

eψ = secφ+ tanφ.

After a little manipulation we find that

2 sinhψ = eψ − e−ψ = 2 tanφ,
and therefore

(a) sinhψ = tanφ, (b) coshψ = secφ, (c) tanhψ = sinφ, (2.32)

from which we obtain three further variants forψ(φ):

ψ = arcsinh(tanφ) = arccosh(secφ) = arctanh(sinφ). (2.33)

The inverse transformation

The inverse transformation of (2.28) is clearly

λ =
x

a
, ψ =

y

a
(2.34)

whereφ must be deduced fromψ by using the inverse of any of the four expressions given
in (2.28) and (2.32). For example, from (2.28) and (2.32c) we get

(a) φ = 2 tan−1
(

ey/a
)
− π

2
, (b) φ = sin−1 [tanh(y/a)] . (2.35)

Comment: the coordinate origin of the transformation may be chosen as any point on the
equator so that we writex = a(λ− λ0) with a trivial inverse. There is no such freedom of
choice forφ since its definition is intimately tied to the choice of polar axis and a graticule
which assignsφ = 0 on the equator. The range ofφ is confined to[−π/2, π/2] and no
translation of theφ origin is permitted.
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2.5 The rhumb line or loxodrome

We have defined therhumb line or loxodrome on the sphere as a curve which intersects
meridians at a constant azimuthα and is therefore projected to a straight line on the Merca-
tor projection with constant bearingβ such thatα = β. Special cases are (a) the equator and
any parallel on whichα = β = π/2, (b) any meridian, on whichα = β = 0. The utility
of a direct link between rhumb lines on the sphere and straight lines on Mercator charts is
obvious; it is discussed in many nautical publications and web-sites.
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Figure 2.9: Rhumb line on the sphere and the Mercator projection

Figure 2.9 shows such a rhumb line crossing the equator at 30◦W and maintaining a con-
stant azimuth of83◦; it spirals round the sphere from pole to pole whilst, on the projection,
it becomes a repeated straight line of infinite total length because the Mercator projection
extends to infinity along they-axis. However, it is easy to show that corresponding rhumb
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Figure 2.10:

line on the sphere hasfinite length. In Figure 2.10 we show an enlarged view of correspond-
ing elements,PQ on the sphere andP ′Q′ on the projection. The left hand triangle shows
thatcosα = a dφ/ds. Sinceα is a constant this integrates directly to give

s12 = a secα (φ2 − φ1), φ1 6= φ2. (2.36)

for a rhumb line from(φ1, λ1) to (φ2, λ2). Settingφ1 = −π/2 andφ2 = π/2 we see
that the total length from one pole to another isa secα(π/2 − (−π/2)) = πa secα. This
becomesπa on a meridian where it does not spiral. Therefore to calculate the distance along
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a rhumb line we need know only the constant azimuth and the change of latitude. Note that
the above result fails on the equator or any parallel sinceφ1 = φ2. In this case we have

s12 = a cosφ (λ2 − λ1) φ1 = φ2 = φ.

It is very straightforward to plot the rhumb line on chart and on the sphere. On the chart it is
trivial for the equation of a line of gradientcotα through the point(x1, y1) on the projection
is simply

y − y1 = cotα (x− x1). (2.37)

The corresponding equation on the sphere follows immediately by using the Mercator pro-
jection formulae giving

a(ψ − ψ1) = a cotα (λ− λ1), (2.38)

which, on substitution forψ from (2.28) , becomes

λ(φ) = λ1 + tanα
(

ln
[
tan

(φ
2

+
π

4

)]
− ln

[
tan

(φ1

2
+
π

4

)])
. (2.39)

To plot the rhumb line on the surface of the sphere we choose a parallel (φ) and then evaluate
λ at the point where the rhumb line crosses the parallel by using the above result.

Mercator sailing

The above equations solve the basic problem of ‘Mercator sailing’. That is, given a starting
point (φ1, λ1) and a destination(φ2, λ2) we have to find the azimuth of the rhumb line
and the sailing distance. The azimuth follows from (2.38) as long as we have tables of the
Mercator parameter or a calculator and the formula (2.28). Notice that in using (2.38) the
longitude difference must be expressed in radians by a preliminary calculation. Once we
have the azimuth then the sailing distance follows from (2.36) with the latitude in radians.

Of course, even before the advent of technology, there was no need for these calculation
as long as one was sailingshort legs, no more than a few degrees, and as long as one
possessed a Mercator chart marked up with scales of latitude and longitude against which
we can plot start and final positions. The azimuth is trivial because it equals the bearing
marked on the chart as the line joining start and finish points.

The distance is a little more tricky because the chart scales vary non-linearly, but isotrop-
ically, assecφ. To find the true distanceds, corresponding tods′ we must first compensate
by dividing the ruler length ofds′ by secφ. This will also be the case for finite distances
as long as the variation insecφ along the sailing course can be neglected. Now rather than
working outds′/ secφ we can simply measureds′ on a ‘stretched rule’,i.e. one which has
already been stretched by a factor ofsecφ—and there is one on the map already, namely
the latitude scale on the vertical edges of the chart. So all one need do is use dividers to
transferds′ to the latitude scale and if this is marked with minutes then we have our final
results in traditional nautical miles (on a sphere) without further calculation. For longer
voyages, more than a few hundred miles, reading the azimuth from the chart is still trivial
but the distance must be calculated using (2.36) because the latitude scale on the sides is too
non-linear to use as a measure over such distances.
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Meridian parts

Equations (2.36) and (2.38) were the basic equations that navigators could use in the early
seventeenth century once they were furnished with Wright’s table of Meridian parts. The
first edition was based on the division of the meridian into 540 ‘parts’ of 10′ interval but
he soon improved this to 5400 parts at 1′ interval. For each part he calculated how much
it would be stretched by the Mercator scale factor and he then added these successively to
obtain his cumulative secants. Nautical texts often write the total of (stretched) Meridian
parts from the equator to a latitudeφ as

MP(φ) =
φ∑
0

secφi at intervals of 1′. (2.40)

Bearing in mind that there are 3437.75 minutes of arc in one radian (Equation 2.1) we see
that the above sum is proportional to a good approximation to the integral ofsecφ:

MP(φ) ≈ 3437.75
∫ φ

0
secφdφ = 3437.75ψ(φ). (2.41)

Thus the meridional parts are simply proportional to the ordinate of the Mercator projection.
Now if we also express(λ2 − λ1) in minutes of arc in equation (2.38) we obtain

tanα =
(λ2 − λ1)′

MP(φ2)−MP(φ1)
(2.42)

where the MP values are obtained from Wright’s tables. Thus, as long as we know latitude
and longitude values of start and finish, we can work out the required sailing course even if
we lack a chart. The sailing distance then follows immediately from equation (2.36) as

s12 = secα (φ2 − φ1)′, (2.43)

where we have absorbed the factor ofa so that if latitudes are expressed in minutes of arc
the result is in (traditional) nautical miles for a sphere.

2.6 Scale, distance and accuracy in the Mercator projection

We have already observed that sinceα = β for the Mercator projection the scale factor from
equation (2.23) is isotropic and equal tosecφ. It is customary to usek for the common value
of an isotopic scale factors therefore, in terms of the geographical coordinates, we have2

k(λ, φ) = secφ, (2.44)

and in terms of the projection coordinates we use (2.32b) to find

k(x, y) = coshψ = cosh(y/a). (2.45)

2Note the order. For all functions of two variables defined on the sphere we prefer to writeλ, the absciisa-
like variable, first. This is unconventional but it makes subsequent chapters more logical.
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Note that we should really distinguish these two scale factors, by using distinct functional
names such ask(λ, φ) andk̃(x, y), because replacingφ andλ in equation (2.44) byx andy
would givek(x, y) = secx, which is not equation (2.45). This kind of distinction is rarely,
if ever, made in the literature of cartography and we shall not do so here; context will make
things clear.

Away from the equator the scale factor isk = secφ > 1 and an infinitesimal ruler
distance on the map will therefore exaggerate distances on the sphere by this amount. It
is only on a parallel, whereφ is constant, that we can measure large distances by dividing
the ruler distance by the RF and then dividing again bysecφ. Unlike the other projections
we have considerd, for Mercator we can also easily measure distances on a rhumb line by
using (2.36) but geodesic distances must be measured by the methods of Chapter 11.

Our main concern in this article is to investigate the application of the transverse Mer-
cator projections to large scale accurate mapping so it is interesting to see how the normal
Mercator fares in this respect when we are close to the equator wherek ≈ 1. It is necessary
to define the word ‘accurate’: we shall use it to mean that the scale variation is within 0.04%
of some specified value, corresponding to 4 parts in 10000. We shall call this thezone of
accuracy.

For normal Mercator the scale varies betweenk = 1 at the equator and 1.0004 as
latitudes±φ1 given bysecφ1 = 1.0004, or cosφ1 ≈ 0.9996, corresponding toφ1 = 1.62◦.
Thus the zone of accuracy for the Mercator projection is a strip of about 3.24◦ width centred
on the equator—this corresponds to 360km or 200 miles. The projection is certainly suitable
for accurate mapping that narrow band of latitudes; in the next section we shall see how the
projection may be modified to give a wider zone of accuracy.

We could argue that that the absolute value of the scale is not relevant—only the vari-
ation of scale over the mapped region is of interest. Consider, for example, the band of
latitudes starting at10◦N, wherek = 1.015: we find that the scale has increased by0.04%
when we reach10.12◦N so that the width of the zone of accuracy starting at10◦N is only
7′.7. This is a tiny strip indeed. By30◦N we havek = 1.155 and the zone of accuracy is
only 2′.4. Clearly such narrow zones are unsuitable and the Mercator projection must be
limited to a narrow equatorial zone for accurate mapping.

2.7 The modified normal Mercator projection

We have just seen that Mercator is accurate only within a narrow band centred on the equa-
tor. We now show how the width of this zone may be enlarged by making the scale on the
equator less than 1, but greater than 0.9996 so that we are still with the 0.04% tolerance. We
simply modify the projection cylinder by reducing its radius (Figure 2.11). If the cylinder
intersects the sphere in the parallels at latitudes±φ1 then the radius of the cylinder must be
a cosφ1. We then demand that the scale be true on the parallels±φ1 and we can achieve
this, and retain conformality, by multiplying both equations of the transformation by the
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Figure 2.11: The modified normal cylindrical projection

factork0 = cosφ1 so that they become:

x = ak0 λ, y = ak0 ln
[
tan

(
φ

2
+
π

4

)]
, k0 = cosφ1 (2.46)

The definition of the scale factor in equation (2.19) shows that it remains isotropic with a
value

k(λ, φ) = k0 secφ = cosφ1 secφ. (2.47)

The scale factor is nowk = cosφ1 < 1 on the equator and increases with latitude. If
the lowest acceptable scale factor isk = 0.9996 then we must havecosφ1 = 0.9996
corresponding to a value ofφ1 = 1.62◦. Likewise, if the largest acceptable scale factor is
attained atφ = φ2 then we must have

1.0004 = k(λ, φ2) = k0 secφ2 = cosφ1 secφ2 = 0.9996 secφ2. (2.48)

This equation givescosφ2 ≈ 0.9992 andφ2 = ±2.29◦, so that the projection is now
reasonably accurate in a strip of total width 4.58◦ centred on the equator. This corresponds
to a north-south distance of about 512km or 284 miles.

Thus for the modified normal Mercator projection the scale on the equator is not unity;
the parallels±φ1, on which the scale is true, are called the standard parallels of the modified
projection. If we are willing to accept less accuracy then we can take the standard parallels
at higher latitudes. For example if we takeφ1 = ±40◦ then the scale at the equator is
k = 0.76 and the latitudes at whichk = 1.24 are±52◦. Between these latitudes the
projection is accurate to within 24%. Similar considerations apply to all normal cylindrical
projections.
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2.8 Summary of modified NMS

Direct transformation x(λ, φ) = k0a(λ− λ0),

y(λ, φ) = k0aψ(φ), (2.49)

Mercator parameter ψ(φ) = ln
[
tan

(
φ

2
+
π

4

)]
=

1
2

ln
[

1+ sinφ
1− sinφ

]
, (2.50)

Inverse transformationλ(x, y) = λ0 +
x

k0a
, ψ(y) =

y

k0a
(2.51)

φ(x, y) = 2 tan−1

[
exp

(
y

k0a

)]
− π

2
, (2.52)

= sin−1

[
tanh

(
y

k0a

)]
, (2.53)

Conformality α = β, (2.54)

Scale factors k(λ, φ) = k0 secφ, (2.55)

k(x, y) = k0 cosh
(

y

k0a

)
. (2.56)



Chapter3
Transverse Mercator on the sphere: TMS

Abstract

TMS transformations from NMS by rotation of the graticule. Three global
TMS maps. Inverse transformations. Meridian distance, footpoint and foot-
point latitude. Scale factors. Relation between azimuth and grid bearing. Grid
convergence. Conformality, the Cauchy–Riemann conditions and isotropy of
scale. Series expansions for the TMS transformation formulae. Modified TMS.

3.1 The derivation of the TMS formulae

In Chapter 2 we constructed the normal Mercator projection (NMS). The strength of NMS
is its conformality, preserving local angles exactly and preserving shapes in “small” regions
(orthomorphism). Furthermore, meridians project to grid lines and conformality implies
that lines of constant azimuth project to constant grid bearings, thereby guaranteeing the
continuing usefulness of NMS as an aid to navigation.

As a topographic map of the globe, NMS has shortcomings in that the projection greatly
distorts shapes as one approaches the poles—because of the rapid change of scale with
latitude. However, the (unmodified) NMS is exactly to scale on the equator and is fairly
accurate within a narrow strip of about three degrees centred on the equator (extending to
five degrees for modified NMS). It is this accuracy near the equator that we wish to exploit
by constructing a projection which takes a complete meridian great circle as a ‘kind of
equator’ and uses ‘NMS on its side’ to achieve a conformal and accurate projection within
a narrow band adjoining the chosen meridian. This is the transverse Mercator projection
(TMS) first demonstrated by Johann Lambert in 1772.

The modified versions of the transverse Mercator projection on the ellipsoid (TME, see
Chapter 7) are of great importance. They are used for map projections of countries which
have a predominantly north-south orientation, such as Great Britain. More importantly they
provide a systematic framework for covering the the whole of the globe with conformal
and accurate maps. The UTM (Universal Transverse Mercator) series covers the the globe
between the latitudes of84◦N and80◦S with 60 accurate projections of width 6◦ in lon-
gitude centred on meridians at 3◦, 9◦, 15◦, . . . (The polar regions are always mapped with
projections centred at the poles).
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Now for NMS the equator has unit scale because we project onto a cylinder tangential
to the sphere at the equator. Therefore, for TMS we seek a projection onto a cylinder which
is tangential to the sphere on some chosen meridian or strictly, a pair of meridians such as
the great circle formed by meridians at Greenwich and 180◦E: the geometry is shown in
Figure 3.1a. This will guarantee that the scale is unity on the meridian: the problem is to
find the functionsx(λ, φ) andy(λ, φ) such that the projection is also conformal.
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Figure 3.1

The solution is remarkably simple. We first introduce a new graticule which is simply
the normal graticule of Figure 3.1a rotated so that its “equator” coincides with the chosen
great circle as in Figure 3.1b. Letφ′ andλ′ be the coordinates ofP with respect to the new
graticule: they are the anglesPCM ′ andOCM ′ on the figure. Note that, ifφ′ is measured
positive fromM ′ to the ‘rotated pole’ atE, then the sense in whichλ′ is defined on the
rotated graticule is opposite to the sense ofλ in the standard graticule of Figure 3.1a. In
Figure 3.1b we have also shownx′ andy′ axes which are related to the rotated graticule in
the same way that the axes were assigned for the normal NMS projection in Figure 2.4 so,
bearing in mind the sense ofλ′, the equations (2.28) for NMS with respect to the rotated
graticule are

x′ = −aλ′, y′ = aψ(φ′) = a ln
[
tan

(
φ′/2 + π/4

)]
. (3.1)

Now the relation between the actual TMS axes and the primed axes is simplyx = y′ and
y = −x′, so that we immediately have the projection formulae with respect to the angles
(φ′, λ′, ) of the rotated graticule:

x = aψ(φ′) = a ln
[
tan

(
φ′/2 + π/4

)]
, y = aλ′. (3.2)

It will prove more useful to use one of the alternative forms of the Mercator parameter, that
in equation (2.31), giving

x =
a

2
ln
[
1 + sinφ′

1− sinφ′

]
, y = aλ′. (3.3)

All that remains is to derive the relation between(φ′, λ′) and(λ, φ) by a straightforward
exercise in applying spherical trigonometry to the triangleNM ′P defined by the (true)
meridians through the origin and an arbitrary pointP and by the great circleWM ′PE
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(Figure 3.2a). The right-hand figure shows a similar spherical triangle in standard notation
for which the sine and cosine rules (Appendix D) are (for a unit sphere)

sinA
sin a

=
sinB
sin b

=
sinC
sin c

, (3.4)

cos a = cos b cos c+ sin b sin c cosA, (3.5)

cos b = cos c cos a+ sin c sin a cosB, (3.6)

cos c = cos a cos b+ sin a sin b cosC. (3.7)
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Figure 3.2

With the identifications

A→ λ, B → π

2
, C → β,

a→ φ′, b→ π

2
− φ, c→ π

2
− λ′, (3.8)

the first two terms of the sine rule and the first two cosine rules give

sinφ′ = sinλ cosφ, (3.9)

cosφ′ = sinφ sinλ′ + cosφ cosλ′ cosλ, (3.10)

sinφ = sinλ′ cosφ′ + 0. (3.11)

Note the simple expression forsinφ′ in terms ofλ andφ; this explains why we chose the
alternative form of the NMS transformations in equation (3.3). To obtain the expression for
λ′ we eliminatecosφ′ from the last two of these equations. On simplification we find

tanλ′ = secλ tanφ. (3.12)

Therefore our final expressions for TMS centred on the Greenwich meridian are

x(λ, φ) =
a

2
ln
[
1 + sinλ cosφ
1− sinλ cosφ

]
y(λ, φ) = a arctan [secλ tanφ]

(3.13)

For a different central meridian we simply replaceλ by λ− λ0.
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Figure 3.3 : Transverse Mercator centred on Greenwich

3.2 Features of the TMS projection

In Figures 3.3–3.5 we have constructed projections centred on Greenwich (λ0 = 0), the
Americas (λ0 = −70◦) and Australasia (λ0 = 150◦). The axes of these maps are labelled in
units of Earth radius. These bizarre TMS projections covering most the Earth have very little
utility other than entertainment: it is only the restricted maps near the central meridians that
have practical uses for accurate mapping: the thin boxes show how much of the projection
is used in one UTM projection (on the ellipsoid).

Many of the features of TMS can be understood by considering its genesis as an NMS
projection ‘turned on its side’. For example the central meridian withλ = 0 projects to
a straight line at unit scale defining they-axis of the projection. It is of finite length,πa
between the poles, with the finite sections of lengthπa/2 aboveN and belowS corre-
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Figure 3.4 : Transverse Mercator centred on 70W

sponding to the inverted meridian of 180◦. On the other hand, thex-axis is now of infinite
length sinceE andW , the ‘poles’ of the rotated graticule, are projected to infinity: we have
arbitrarily truncated thex-width atx = ±2.5 in the figures.

Since all other meridians pass through N and S on they-axis they are in general com-
plicated curves running from top to bottom of the map. The exceptions are the meridians
at±90◦ which, since they are also great circles through the E and W ‘poles’, must extend
to infinity as horizontal lines on the map. The true parallels, except the equator, map into
a set of closed curves around the polesN andS; because of conformality these parallels
are orthogonal to the meridians at intersections, some of which are annotated with (lati-
tude,longitude) geographical coordinates.

The equator itself appears on the map in three horizontal lines; the ‘front’ equator lies
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Figure 3.5 : Transverse Mercator centred on 150E

on thex-axis, extends to infinity and reappears as the ‘back’ equator at the top and bottom
of the projection (corresponding to the generator along which the projection cylinder is cut
open). Note that longitude increases to the right on thex-axis and to the left at top and
bottom.

The grid lines which are parallel to thex-axis correspond to great circles which are
‘meridians’ of the rotated graticule. On the other hand the grid lines parallel to they-
axis have no readily defined precursors on the sphere. It is important to note that they are
parallel to the true meridians only where they cross the equator and nowhere else: the angle
between a (north-south) grid line and a curved meridian at a general point is called the grid
convergence, discussed in Section 3.6. We have also added some geographical coordinates
for grid intersections on the truncated sides and on the equator.

We shall give the formulae for the scale variation of this projection in Section 3.4.
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Here we point out that the projection is quite faithful close to the central meridian but
there are gross distortions as we move away from the central meridian—look at Africa on
the projection centred on the Americas. This is now of no concern for we shall use the
projection centred on someλ0 only near that meridian.

We know from Section 2.5 that a rhumb line, crossing meridians at a constant angle,
will reach both poles when extended on the sphere. Therefore, except for the zero azimuth
case, a rhumb line cannot be a straight line on the TMS projection. For short distances TM
maps are still suitable for navigation, particularly because conformality still guarantees a
simple relation (not equality—more anon) between azimuth and grid bearing.

Finally note that we need not have shown the inverted sections of these maps for, by
suitable choices of central meridians, what is inverted on one map will be the right way
up on some other. Observe that in plotting these maps we cannot get the inverted sections,
where eithery > πa/2 or y < −πa/2, by using equation (3.13) with the arctan function in
its principal interval,(−π/2, π/2). However arctan is a multivalued function, arbitrary to
within an additive factor ofNπ. To plot the figures we used:

y =

 aπ
0
−aπ

+ a arctan [secλ tanφ] for

 |λ| > π/2, φ > 0
|λ| < π/2,
|λ| > π/2, φ < 0

. (3.14)

3.3 The inverse transformations

Equations (3.13) can be easily inverted to give

sinλ cosφ = tanh(x/a), (3.15)

secλ tanφ = tan(y/a). (3.16)

Eliminatingφ gives

sec2φ = sin2λ coth2(x/a) = 1 + cos2λ tan2(y/a),

tan2λ
(
coth2(x/a)− 1

)
= sec2(y/a),

tanλ = sinh(x/a) sec(y/a), (3.17)

thus determiningλ as a function ofx andy.

To findφ as a function ofx andy multiply equations (3.15) and (3.16) to give

tanλ sinφ = tanh(x/a) tan(y/a). (3.18)

Using equation (3.17) to eliminatetanλ then gives

sinφ = sech(x/a) sin(y/a). (3.19)

Thus the final result for the inverse transformations is

λ(x, y) = arctan [sinh(x/a) sec(y/a)] , (3.20)

φ(x, y) = arcsin [sech(x/a) sin(y/a)] , (3.21)

where we take principal values in[−π/2, π/2] to correspond to the ‘front’ of the sphere.
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The meridian distance, the footpoint and the footpoint latitude

This is an appropriate place for three definitions which, whilst both trivial and superfluous
for the sphere, become very important when we study the inverse transformations on the
ellipsoid. LetP ′(x, y) be a general point on the projection.

• Themeridian distancem(φ) ≡ aφ is the distance on the sphere measured along the
central meridian from the origin on the equator to a point at latitudeφ. On the sphere

m(φ) = aφ. (3.22)

• The footpoint of P ′(x, y) on the projection is that pointP ′1 on the central meridian
of theprojectionwhich has the same ordinate asP ′. The coordinates of the footpoint
areP ′1(0, y).

• The footpoint latitude , φ1, is the latitude of that pointP1 on the central meridian
of thespherewhich projects into the footpointP ′1(0, y). It is not the latitude of the
pointP which is the inverse ofP ′.
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Figure 3.6

From these definitions and equation (3.21) we have

φ1 = φ(0, y) = arcsin [sin(y/a)] = y/a. (3.23)

This is obvious because, by construction, the scale of the projection is true on the central
meridian so thaty = aφ1 and henceφ1 = y/a. In terms of the meridian distance function,
defined in equation (3.22) we see thatφ1 satisfies

m(φ1) = y. (3.24)

We now take this equation as the definition of the footpoint latitude since we will find that it
continues to hold on the ellipsoid wherem(φ) is a non-trivial function. For future reference
we write equations (3.20) and (3.21) as

λ(x, y) = arctan [sinh(x/a) secφ1] , (3.25)

φ(x, y) = arcsin [sech(x/a) sinφ1] m(φ1) = y. (3.26)
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3.4 The scale factor for the TMS projection

Because of the way in which the TMS was constructed, by applying NMS to a rotated
graticule, weknow that the scale factor for TMS is isotropic and, in terms of the rotated
latitudeφ′, its value isk = secφ′. Using (3.9) and (3.15) we find the scale factor in terms
of either geographical or projection coordinates:

k(λ, φ) =
1

(1− sin2 λ cos2 φ)1/2
(3.27)

k(x, y) = cosh(x/a). (3.28)

[See comments after equation 2.45]. Note that the scale is a complicated function of the
geographical coordinates but is simply a function of thex-coordinate on the projection.
Both forms show that the scale is unity on the central meridian. (λ = 0 or x = 0).

3.5 Azimuths and grid bearings in TMS

To investigate the relation between azimuths on the sphere and grid bearings on the projec-
tion we consider the relation of the infinitesimal elements shown in Figure 3.7. Now strictly,
an infinitesimal element on the projection would be a quadrilateral but we have drawn it as
curvilinear quadrilateral to emphasize the fact that the meridianMP , the parallelPN and
the displacementPQ will in general project to curved lines on the map. The relevant angles
must be defined with respect to the tangents of these lines atP ′. The angles of concern are
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Figure 3.7

• α, the angle between the meridian atP on the sphere and a general displacementPQ.

• α′, the angle between the projected meridian and the projected displacementP ′Q′.

• β, the grid bearing, is the angle between the projected displacement and they-axis.

• γ, the angle between the projected meridian and they-axis: this angle is the (grid)
convergenceof the projection atP ′; in the next section we show how it is calculated.

• Clearlyα′ = β + γ.
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The construction of TMS guarantees conformality so the corresponding anglesα andα′

must be equal. Therefore

α = β + γ (3.29)

or, in words:

AZIMUTH = GRID BEARING +CONVERGENCE

This equation is to be used in both directions. If we are given an azimuthα at some point
on the sphere then the corresponding bearing on the map (chart) can be calculated from
β = α − γ(λ, φ). Likewise, given a bearing on the chart at(x, y) we find the azimuth
at the corresponding point on the sphere fromα = β + γ(x, y). Clearly we need to find
expressions for the convergence in terms of both geographic and projection coordinates.

Although the convergence can take a wide range of values on small scale TMS projec-
tions (such as Figure 3.3), remember that the projection will be applied only in the region
very close to the central meridian where the the non-central meridian lines make very small
angles with they-axis. For example, over Great Britain the convergence of the OSGB maps
is never greater than5◦.

3.6 The grid convergence of the TMS projection

The figure shows a section of the45◦E merid-
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Figure 3.8

ian between the equator and the north pole of the
TMS projection of Figure 3.3. Since TMS is con-
formal the angle between this projected meridian
and they-axis must be45◦ at the pole. The figure
also shows some grid lines and the (y increasing)
direction of these lines is defined asgrid north
even though these lines, they-axis excepted, do
not pass through the north pole on the projection.
We also define the tangent of the meridian atP ′

to be the direction oftrue north at that point even
though the tangent does not point directly to the
pole atN . We can therefore recast the definition of convergence given in the last section. It
is the angle between grid north and true north at a pointP ′ on the projection and it is usu-
ally specified as so many degrees west or east of grid north. For more general mathematical
work we use a signed convergence defined by

tan γ = − dx

dy

∣∣∣∣
P ′

(3.30)

so that in the quadrant shown in the figure, whereδx < 0 whenδy > 0, the convergenceγ
is positive. (Thus a positive convergence is to the west of grid north).
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Now the increments inx(λ, φ) andy(λ, φ) for arbitrary changes inφ andλ are

δx =
(
∂x

∂λ

)
δλ+

(
∂x

∂φ

)
δφ, (3.31)

δy =
(
∂y

∂λ

)
δλ+

(
∂y

∂φ

)
δφ, (3.32)

but the tangent atP ′ is along the projection of a meridian on whichδλ = 0. Therefore

tan γ = − dx

dy

∣∣∣∣
δλ=0

= −
(
∂x

∂φ

/
∂y

∂φ

)
= −

xφ
yφ
, (3.33)

γ = − arctan
(xφ
yφ

)
. (3.34)

The partial derivatives must evaluated from equations (3.13); to put them in simpler forms
we use equation (3.9) and some equivalent forms

sinφ′ = sinλ cosφ, (3.35)

cos2φ′ = 1− sin2λ cos2φ = sin2φ+ cos2λ cos2φ

= cos2λ+ sin2φ sin2λ = cos2λ cos2φ (1 + sec2λ tan2φ). (3.36)

Therefore

x =
a

2
ln
[
1 + sinλ cosφ
1− sinλ cosφ

]
, y = a arctan [secλ tanφ] , (3.37)

∂x

∂λ
= a sec2φ′ cosλ cosφ,

∂y

∂λ
= a sec2φ′ sinλ sinφ cosφ, (3.38)

∂x

∂φ
= −a sec2φ′ sinλ sinφ,

∂y

∂φ
= a sec2φ′ cosλ. (3.39)

The convergence as a function of geographic coordinates follows from equation (3.34):

γ(λ, φ) = arctan (tanλ sinφ) . (3.40)

This result can be written in terms ofx andy by using equation (3.18) giving

γ(x, y) = arctan
[
tanh(x/a) tan(y/a)

]
. (3.41)

It will prove useful to write this result in terms ofx and the footpoint latitude as

γ(x, y) = arctan
[
tanh(x/a) tanφ1

]
, m(φ1) = y. (3.42)
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3.7 Conformality of general projections

So far we have claimed, fairly, that TMS is conformal with an isotropic scale factor by virtue
of the method we used to derive the projection,vizNMS ‘on its side’. It is instructive to ask
how we may decide that an arbitrary projection from the sphere satisfies these conditions.
To this end consider Figure 3.7 where the azimuth angle of the displacementPQ on the
sphere is given by

tanα = lim
Q→P

cosφ δλ
δφ

= lim
Q→P

R
δλ

δφ
, (3.43)

where (for future developments) it is convenient to setR = cosφ. Now consider the grid
bearing of the corresponding displacementP ′Q′ for an arbitrary projection. Using equa-
tions (3.31, 3.32), with the constraint implied by the above equation, we have

tanβ = lim
δx

δy
= lim

xλδλ+ xφδφ

yλδλ+ yφδφ

∣∣∣∣
δφ= Rδλ

tanα

=
xλ tanα+ xφR

yλ tanα+ yφR
. (3.44)

We already knowtan γ from equation (3.33), therefore we can calculateα′, the angle be-
tween the projected meridian and parallel, as

tanα′ = tan(β + γ) =
tanβ + tan γ

1− tanβ tan γ
(3.45)

=
yφ(xλ tanα+ xφR )− xφ(yλ tanα+ yφR )
yφ(yλ tanα+ yφR ) + xφ(xλ tanα+ xφR )

=
(xλyφ − xφyλ) tanα

R (x2
φ + y2

φ) + (xλxφ + yλyφ) tanα
. (3.46)

The projection will be conformal iftanα′ = tanα so that

(xλxφ + yλyφ) tanα+
[
R (x2

φ + y2
φ)− (xλyφ − xφyλ)

]
≡ 0. (3.47)

This is an identity which must hold for all values ofα, therefore the coefficient oftanα and
the constant term must both vanish. This gives two conditions:

xλxφ + yλyφ = 0 (3.48)

R (x2
φ + y2

φ) = (xλyφ − xφyλ). (3.49)

Using (3.48), the second of these equations can be written as

Ry2
φ

(
1 + x2

φ/y
2
φ

)
= xλyφ

(
1 + x2

φ/y
2
φ

)
, (3.50)

so that we must havexλ = Ryφ. If we then substitute this back into (3.48) we obtain
yλ = −Rxφ. Thus, restoringR, the following conditions are necessary (and trivially
sufficient) for a conformal transformation from the sphere to the plane.

CAUCHY–RIEMANN xλ = cosφ yφ, yλ = −cosφ xφ (3.51)

It is trivial to check that these Cauchy–Riemann conditions are satisfied for both NMS and
TMS: in the first case have (from 2.28)xλ=a, yφ=a secφ andxφ=yλ=0; TMS follows
immediately from equations (3.38, 3.39).
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Conformality implies scale isotropy

Consider now the scale factor for an arbitrary transformation. Substitutingδx andδy from
equations (3.31 , 3.32) into the definition of the scale factor (equation 2.19) we have

µ2 = lim
Q→P

δs′2

δs2
= lim

Q→P

δx2 + δy2

a2δφ2 + a2 cos2φ δλ2

= lim
Q→P

Eδφ2 + 2Fδφ δλ+Gδλ2

a2δφ2 + a2 cos2φ δλ2
. (3.52)

where

E(λ, φ) = x2
φ + y2

φ, F (λ, φ) = xλxφ + yλyφ, G(λ, φ) = x2
λ + y2

λ. (3.53)

An isotropic scale factor must be independent of the azimuthα; in other words (from 3.43)
it must be independent of the ratio ofδφ/δλ. This isalwaysthe case when the Cauchy–
Riemann equations (3.51) are satisfied, for then we must haveF = 0 andG = cos2φE.
The isotropic scale factor is then

√
E/a or

ISOTROPIC SCALE k(λ, φ) = 1
a

√
x2
φ + y2

φ = 1
a cosφ

√
x2
λ + y2

λ .

(3.54)
ThereforeALL conformal transformations have isotropic scale factors. It is a simple exercise
to show that the above equation reduces tosecφ for NMS and tosecφ′ for TMS; for the
latter use equations (3.35–3.39) to confirm the results of Section 3.4.

3.8 Series expansions for the unmodified TMS

In the calculations for the transformations on the ellipsoid we shall have to resort to series
solutions. In this section we will derive the corresponding series for TMS. For the direct
transformations we holdφ constant and expand in terms ofλ and for the inverse transfor-
mations we holdy constant and expand in terms ofx/a. Typically the half-width (at the
equator) of a transverse projection is about 3◦ on the sphere and about 330km on the pro-
jection so thatλ < .05 (radians) andx/a < 0.05. We shall drop terms involving fifth or
higher powers of these small parameters.

The coefficients of the direct series involve trigonometric functions ofφ, which is not
generally a small term: for exampletanφ is about 1.7 at60◦N. Likewise, the coefficients of
the inverse series will be functions of the footpoint latitudeφ1 which again is not generally
small. It is convenient to introduce the following compact notation for the trigonometric
functions ofφ andφ1:

s = sinφ c = cosφ t = tanφ (3.55)

s1 = sinφ1 c1 = cosφ1 t1 = tanφ1 m(φ1) = y, (3.56)

wherem(φ) = aφ is the meridian distance andφ1 is the footpoint latitude.

All of the Taylor series that we need for the expansions are collected in Appendix E.
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Direct transformation for x

Equation (3.13a) is x =
a

2
ln
[
1 + sinλ cosφ
1− sinλ cosφ

]
=
a

2
ln
[
1 + c sinλ
1− c sinλ

]
.

Sincesinλ � 1 we first expand the logarithm with (E.12) and then substitute forsinλ
with (E.13) to obtain

x(λ, φ) = ac(λ− 1
6
λ3 + · · · ) +

1
3
ac3(λ− · · · )3 + · · ·

= acλ+
1
6
ac3(1− t2)λ3 + · · · . (3.57)

Direct transformation for y

Equation (3.13b) is y(λ, φ) = a arctan [secλ tanφ] = a arctan [t secλ] .

The argument of the arctan is not small but, using (E.16), we have

t secλ = t

(
1 +

1
2
λ2 +

5
24
λ4 + · · ·

)
= t+ z, with z = t

(
1
2
λ2 +

5
24
λ4 + · · ·

)
� 1.

Using (E.9) withb = t we have

y(λ, φ) = a arctan(t+ z)

= a arctan(t) + at

(
1
2
λ2 +

5
24
λ4

)
1

1 + t2
+ at2

(
1
2
λ2 + · · ·

)2 (−t)
(1 + t2)2

.

Now a arctan(t) = a arctan(tanφ) = aφ so we can write

y(λ, φ) = aφ+
asc

2
λ2 +

asc3λ4

24
(
5− t2

)
+ · · · . (3.58)

Inverse transformation for λ

Settingy/a = φ1, the footpoint latitude, equation (3.20) is

λ(x, y) = arctan [sinh(x/a) sec(y/a)] = arctan
[
c−1
1 sinh(x/a)

]
.

Sincesinh(x/a) � 1 we can expand with (E.20) and then substitute with (E.21) giving

λ(x, y) = c−1
1

(
x

a
+

1
6
x3

a3
+ · · ·

)
− c−3

1

1
3

(x
a

+ · · ·
)3

+ · · ·

= c−1
1

(x
a

)
+ c−1

1

(
1
6
− 1

3
c−2
1

)(x
a

)3
+ · · ·

=
1
c1

(x
a

)
− (1 + 2t21)

6c1

(x
a

)3
+ · · · . where φ1 = y/a. (3.59)
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Inverse transformation for φ

Settingy/a = φ1 in equation (3.21) gives

φ(x, y) = arcsin [sech(x/a) sin(y/a)] = arcsin [s1 sech(x/a)] .

We first use (E.24) to write

s1 sech(x/a) = s1

(
1− 1

2

(x
a

)2
+

5
24

(x
a

)4
+ · · ·

)
= s1 + z with z = s1

(
−1

2

(x
a

)2
+

5
24

(x
a

)4
+ · · ·

)
Using (E.8) withb = s1 we obtain

φ(x, y) = arcsin s1 +
s1

(1− s21)1/2

(
−1

2

(x
a

)2
+

5
24

(x
a

)4
)

+
1
2

s1

(1− s21)3/2
s21

(
−1

2

(x
a

)2
+ · · ·

)2

+ · · ·

= φ1 −
t1
2

(x
a

)2
+
t1
24

(5 + 3t21)
(x
a

)4
+ · · · . where φ1 = y/a. (3.60)

Series expansion for the scale factor

Using the binomial series (E.29) withz = − sin2 λ cos2 φ = −c2 sin2 λ and substituting
for sinλ with (E.13), we find that equation (3.27) gives

k(λ, φ) = [1− sin2 λ cos2 φ]−1/2

= 1 +
1
2
c2
(
λ− 1

6
λ3 + · · ·

)2

+
3
8
c4 (λ− · · · )4

= 1 +
1
2
c2λ2 +

1
24
c4λ4(5− 4t2) + · · · (3.61)

Similarly equations (3.28) and (E.22) give

k(x, y) = cosh(x/a) = 1 +
1
2!

(x
a

)2
+

1
4!

(x
a

)4
+ · · · . (3.62)

Series expansion for convergence

Equation (3.40) isγ(λ, φ)= arctan
[
tanλ sinφ

]
. Expandingtanλ with (E.15) and using

the expansion for arctan in equation (E.20) gives

γ(λ, φ) =s(λ+ (1/3)λ3 + · · · )− (1/3)s3(λ+ · · · )3

=sλ+
1
3
sc2λ3 + · · · (3.63)
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Equation (3.41) is

γ(x, y)= arctan
[
tanh(x/a) tan(y/a)

]
=arctan

[
t1 tanh(x/a)

]
.

Expandingtanh(x/a) for smallx with (E.23) and again using (E.20) for arctan gives

γ(x, y) = t1

(
x

a
− 1

3

(x
a

)3
+ · · ·

)
− (1/3)t31

(x
a

+ · · ·
)3

= t1

(x
a

)
− 1

3
t1
c21

(x
a

)3
+ · · · (3.64)

3.9 Modified TMS

In Section 2.7 we showed how the NMS was modified to obtain greater accuracy over wider
areas by reducing the scale factor on the equator. We do the same for the TMS, reducing the
scale on the central meridian by simply multiplying the transformation formulae in equa-
tions (3.13) by a factor ofk0. The corresponding equations for the inverses, scale factors
and convergence are easily deduced: they are listed below along with the corresponding
series solutions. We continue to use the abbreviations for the trig functions ofφ andφ1

(equations 3.55, 3.56)

Direct transformations

x(λ, φ) =
1
2
k0a ln

[
1 + sinλ cosφ
1− sinλ cosφ

]
= k0a

(
cλ+

1
6
c3λ3(1− t2) + · · ·

)
(3.65)

y(λ, φ) = k0a arctan [secλ tanφ] = k0m(φ)+k0a

(
sc

2
λ2+

sc3λ4

24
(
5−t2

)
+ · ·

)
(3.66)

Note that on the central meridian given byλ = 0 we havey(φ, 0) = k0m(φ) = k0aφ.
Therefore for the modified projection we must define the footpoint latitude by

φ1 =
y

k0a
. (3.67)

Inverse transformations

λ(x, y) = arctan
[
sinh

x

k0a
sec

y

k0a

]
=

1
c1

(
x

k0a

)
− (1 + 2t21)

6c1

(
x

k0a

)3

+ · · ·

(3.68)

φ(x, y) = arcsin
[
sech

x

k0a
sin

y

k0a

]
= φ1−

t1
2

(
x

k0a

)2

+
t1
24

(5+3t21)
(
x

k0a

)4

+ · ·

(3.69)
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Convergence

γ(λ, φ) = arctan(tanλ sinφ) = sλ+
1
3
sc2λ3 + · · · (3.70)

γ(x, y) = arctan
(

tanh
x

k0a
tan

y

k0a

)
= t1

(x
a

)
− 1

3
t1
c21

(x
a

)3
+ · · · (3.71)

Scale factors

k(λ, φ) =
k0

(1− sin2 λ cos2 φ)1/2
= k0

[
1 +

1
2
c2λ2 +

1
24
c4λ4(5− 4t2) + · · ·

]
(3.72)

k(x, y) = k0 cosh
(
x

k0a

)
= k0

[
1 +

1
2!

(
x

k0a

)2

+
1
4!

(
x

k0a

)4

+ · · ·

]
(3.73)

Consider the scale factor in terms of projection coordinates, that isk(x, y). If we choose
k0 = 0.9996 then we easily find that the scale is true whenx/a = ±0.0282 corresponding
to x = ±180km (approximately). Once outside these lines the accuracy decreases ask
increases without limit. (The value ofk reaches 1.0004 whenx = 255km so thatk increases
from 1 to 1.0004 in a distance of 75km. This is less than half of the distance over which the
scale changes fromk = 0.9996 on the central meridian tok = 1 atx = 180km.)

Thus we see that the modified TMS is reasonably accurate over a width of approxi-
mately 510km. We shall see later that this includes most of the area covered by the British
grid.
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Chapter4
NMS to TMS by complex variables

Abstract

The methods of complex variable theory are used to derive the TMS from NMS
by (a) an explicit closed formula, and (b) a Taylor series expansion.

4.1 Introduction

In Chapter 2 we derived the NMS projection: it takes a pointP (φ, λ) on the sphere to a
point on a plane defined by projection coordinates(x, y) with

x = aλ, y = aψ = a ln
[
tan

(
φ

2
+
π

4

)]
. (4.1)

Similarly, in Chapter 3 we derived the TMS projection: it takes a pointP (φ, λ) on the
sphere to a point on a plane defined by projection coordinates(x, y) with

x(φ, λ) =
a

2
ln
[
1 + sinλ cosφ
1− sinλ cosφ

]
, (4.2)

y(φ, λ) = a arctan [secλ tanφ] . (4.3)

In addition to these closed forms we also derived series expansions for TMS which neglect
terms of orderλ5 and higher:

x(λ, φ) = acλ+
1
6
ac3(1− t2)λ3 + · · · , (4.4)

y(λ, φ) = aφ+
asc

2
λ2 +

asc3λ4

24
(
5− t2

)
+ · · · . (4.5)

The purpose of this chapter is to show how the above projection equations for TMS , both
closed forms and series, may be derived directly from the NMS projection equations. To
avoid confusion of the two sets of projection coordinates we shall reserve(x, y) for the TMS
projection and refer to the NMS projection by coordinates(λ, ψ)—note the order. For the
transformation from NMS to TMS we seek functionsx(λ, ψ) andy(λ, ψ): for the inverse
transformations we seek two functionsλ(x, y) andψ(x, y): the latter then givesφ(x, y) by
inverting one of (2.28, 2.32) or by a Taylor series.
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Figure 4.1

Figure 4.1 summarizes the properties of the two projections. NMS is conformal, true
to scale on the equator (theλ-axis), with finite extent inλ and infinite extent inψ. TMS is
also conformal, true to scale on the central meridian (they-axis), with finite extent iny and
infinite extent inx. A general point on the sphereP (φ, λ) projects into pointsP ′(λ, ψ) and
P ′′(x, y) for NMS, TMS respectively; a general point on the central meridian of the sphere,
taken as the Greenwich meridian for simplicity, projects into pointsK ′(0, ψ) andK ′′(0, y).
We shall prove that the following conditions are sufficient to determine the functionsx(λ, ψ)
andy(λ, ψ) which define the transformation of NMS to TMS.

• The central meridian of NMS,λ = 0, transforms to the central meridian of TMS:

x(0, ψ) = 0. (4.6)

• The scale on they-axis of TMS is true so that the distanceOK ′′ on TMS is equal to
OK on the sphere; thereforey = m(φ) = aφ.

• The functionsx(λ, ψ) andy(λ, ψ) must describe a conformal transformation: any
two lines throughP ′ project into lines intersecting at the same angle atP ′′.

The first of these conditions is trivial but the others require further discussion.

The meridian distance as a function ofψ

We need to consider the meridian distance as a functionM of ψ as well as the usual function
m of φ; we equateM(ψ) andm(φ) or, more strictly, we set

M
(
ψ
)

= m
(
φ(ψ)

)
. (4.7)

Thus the scale condition on they-axis may be written as

y(0, ψ) = M
(
ψ
)
. (4.8)

On the sphere, wherem(φ) = aφ(ψ), we can use equation (2.32a) to obtain an explicit
expression forM(ψ):

M(ψ) = a arctan
[
sinh(ψ)

]
. (4.9)
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In our subsequent calculations we shall need the first four derivatives ofM(ψ) with respect
to ψ. These are straightforward enough to obtain as functions ofψ from the last equation
but, at the end of the day, it will prove more useful to express the derivatives in terms ofφ.
For example we have

M ′(ψ) ≡ dM(ψ)
dψ

=
dm(φ)
dφ

dφ

dψ
= a cosφ, (4.10)

where we have used the equation
dψ

dφ
= secφ (4.11)

which is the definition ofψ(φ) in Section 2.4. Proceeding in this way we can construct the
first four derivatives ofM(ψ) with respect toψ but with the results expressed as functions
of φ (using the compact notation forsinφ etc.defined in Section 3.8).

M ′ = a cosφ = ac,

M ′′ =
d(a cosφ)

dφ

dφ

dψ
= −asc,

M ′′′ = −a(c2 − s2)c = −ac3(1− t2),

M ′′′′ = −a(−3sc2 − 2sc2 + s3)c = asc3(5− t2). (4.12)
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Figure 4.2

The footpoint parameterψ1

In Section 3.3, where we discussed the inverse TMS transformations, we introduced the
footpoint and the footpoint latitude. In considering the inverse transformations from TMS
to NMS it is useful to introduce thefootpoint parameter ψ1. All of these parameters are
indicated in Figure 4.2 which shows the(x, y) plane of TMS and the central meridians only
of NMS and the sphere. Given a pointP ′′(x, y) the footpoint in the TMS plane isK ′′(0, y)
and the footpoint latitudeφ1 atK on the sphere is such thatm(φ1) = y. The footpoint
parameter in the NMS plane is defined as the pointK ′(0, ψ1) such that

M(ψ1) = y = m(φ1). (4.13)
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The conformality equations and complex functions

It is very straightforward to determine the equations which restrict the functionsx(λ, ψ)
andy(λ, ψ) if the transformation(λ, ψ) → (x, y) is to be conformal. Consider infinitesimal
elements atP ′ andP ′′ as shown in Figure 4.3. Comparing this figure with Figure 3.7 we
see that there are only two significant differences. First of all the angleφ in Figure 3.7
has been replaced byψ; secondly the factor ofcosφ is absent. We can now construct the
tangents of all the relevant angles exactly as we did in Section 3.7; imposing conformality
by demandingα′ = α′′ we obtain the equations (3.51) withφ replaced byψ andR = cosφ
replaced by unity.

CAUCHY–RIEMANN xλ = yψ, yλ = −xψ (4.14)

Satisfying the Cauchy–Riemann conditions and fitting the scale condition on they-axis,
namelyy(0, ψ) = M(ψ), is a non-trivial problem. It becomes much more tractable when
we use complex numbers to effect the transformation. The basic idea is to associate with
the pointP ′(λ, ψ) of NMS a complex numberζ = λ + iψ. Form a new complex number
by constructing a functionz(ζ); the real and imaginary parts ofz are then used to define the
coordinates of a pointP ′′(x, y) in TMS. Clearly this construction defines two real functions
x(λ, ψ) and y(λ, ψ). The theory of complex numbers tells us that if the functionz(ζ)
is differentiable (or analytic, an equivalent term) thenx andy mustsatisfy the Cauchy–
Riemann conditions and define a conformal transformation.

There is a (very) concise introduction to complex functions in Appendix G. Here we
consider a trivial example of a conformal transformation. Considerz(ζ) = ζ + ζ2: this is
differentiable, givingz′(ζ) = 1 + 2ζ2. Usingi2 = −1 we have

z(ζ) = ζ + ζ2 = (λ+iψ) + (λ+iψ)2 = λ+iψ + [λ2+2iλψ − ψ2]

= λ+ λ2 − ψ2 + i(ψ + 2λψ). (4.15)

Taking the real and imaginary parts defines the functionsx(λ, ψ) = λ + λ2 − ψ2 and
y(λ, ψ) = ψ + 2λψ which satisfy the Cauchy–Riemann equationsxλ = yψ = 1 + 2λ and
yλ = −xψ = 2ψ. On the other hand this example does not satisfy the boundary conditions
x(0, ψ)=0 and andy(0, ψ)=M(ψ) of equations (4.6), (4.8) and (4.9).
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4.2 Transformation to the TMS series

The stages of the transformation are summarized in the above figure. We proceed anti-
clockwise from the sphere and derive the series solutions for TMS that were presented
in Chapter 3, albeit at a very low order which which would be inappropriate for accurate
mapping. The same steps will be used when we come to the ellipsoid projections.

• Start at a general point on the sphere with coordinatesP (φ, λ) and map to the NMS
plane atP ′(λ, ψ) with ψ the Mercator parameter for the sphere.

• Associate this point with the complex numberζ = λ+ iψ in the complexζ-plane.

• Use a differentiable functionz(ζ) to construct a conformal map from the complex
ζ-plane to the complexz-plane.

• Let x andy be the real and imaginary parts of parts ofz so that

z(ζ) = x(λ, ψ) + iy(λ, ψ). (4.16)

• Expandz(ζ) in a Taylor series about a pointζ0 on the imaginary axis (λ=0).

• Demand that the central meridians correspond.

x(0, ψ) = 0. (4.17)

• Demand that the scale be true on the central meridian in thez-plane.

y(0, ψ) = M(ψ). (4.18)

• The result is a pair of series forx andy agreeing with those derived in Section 3.8.

• Invert the Taylor series to findζ(z) and use the real and imaginary parts to find the
series forλ(x, y) andψ(x, y).

• Findφ(x, y) fromψ(x, y).
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The direct complex Taylor series

The Taylor series forz(ζ) about a pointζ0 = iψ0 on the imaginary (λ = 0) axis of the
ζ-plane is

z(ζ) = z0 + (ζ − ζ0)z′(ζ0) +
1
2!

(ζ − ζ0)2z′′(ζ0) +
1
3!

(ζ − ζ0)3z′′′(ζ0) + · · · . (4.19)

Equation (4.17) implies thatz0 = z(ζ0) is on the imaginary axis of thez-plane so that we
must havez0 = iy0. Then equation (4.18) implies thaty0 = M(ψ0). Thus the leading term
in the expansion may be recast in various forms as and when required:

z0 = z(ζ0) = iy0 = iM(ψ0) = iM0 (4.20)
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It is instructive to consider the derivatives ofz(ζ) from first principles, (as in (G.27):

z′(ζ) = lim
δζ→0

z(ζ + δζ)− z(ζ)
δζ

. (4.21)

Now becausez(ζ) is analytic we know that this limit is independent of direction and we
choose to take it in theψ direction so thatδλ = 0 andδζ = iδψ. Therefore we have

z′(ζ) =
(

1
i

d

dψ

)
z(ζ). (4.22)

Once again, equations (4.17) and (4.18) imply thatz(ζ) reduces toiM(ψ) at an arbitrary
point on the imaginary axis. therefore

z′(ζ0) =
(
−i d

dψ

)(
iM(ψ)

)∣∣∣∣
ψ0

= M ′(ψ0),

z′′(ζ0) =
(
−i d

dψ

)(
M ′(ψ)

)∣∣∣∣
ψ0

= −iM ′′(ψ0),

z′′′(ζ0) =
(
−i d

dψ

)(
− iM ′′(ψ)

)∣∣∣∣
ψ0

= −M ′′′(ψ0),

z′′′′(ζ0) =
(
−i d

dψ

)(
−M ′′′(ψ)

)∣∣∣∣
ψ0

= iM ′′′′(ψ0). (4.23)

Finally, if we abbreviateM ′(ψ0)= M ′
0, M ′′(ψ0)=M ′′

0 etc., the Taylor series (4.19) may
be written as

z = z0+(ζ−ζ0)M ′
0 −

i

2!
(ζ−ζ0)2M ′′

0−
1
3!

(ζ−ζ0)3M ′′′
0 +

i

4!
(ζ−ζ0)4M ′′′′

0 + · · · (4.24)
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The direct series forx and y

When we derived the direct series in Section 3.8 we expandedx andy as power series inλ
keepingφ constant. Now constantφ on the sphere corresponds to constantψ in theζ-plane.
Therefore, if we start from a given pointP ′(λ, ψ) in theζ plane, that is a givenζ = λ+ iψ,
we must chooseζ0 atK ′ with thesameordinate, that isζ0 = iψ: see Figure 4.6. Therefore
in the Taylor series (4.24) we must setζ−ζ0 = (λ+iψ) − iψ = λ so that it becomes a
power series inλ. Moreover we must evaluateM and its derivatives withψ0 = ψ so that
z0 = iM0→iM andM ′

0→M ′ etc.Thus

z = x+ iy = iM+λM ′ − i

2!
λ2M ′′− 1

3!
λ3M ′′′+

i

4!
λ4M ′′′′ + · · · (4.25)
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The real and imaginary parts of equation (4.25) givex andy as functions ofλ andψ. The
derivatives ofM are real so that the transformations from NMS→TMS are

x(λ, ψ) = λM ′ − 1
3!
λ3M ′′′ + · · · (4.26)

y(λ, ψ) = M − 1
2!
λ2M ′′ +

1
4!
λ4M ′′′′ + · · · . (4.27)

On substituting forM and its derivatives using equations (4.12), we obtain the correspond-
ing expressions in terms ofλ andφ (with s = sinφ etc.) which define the transformation
from sphere to TMS:

x(λ, φ) = acλ+
1
3!
ac3(1− t2)λ3 + · · · , (4.28)

y(λ, φ) = aφ+
1
2!
asc λ2 +

1
4!
asc3(5− t2)λ4 + · · · . (4.29)

These results agree with the expansions obtained in equations (3.57, 3.58).

The Cauchy–Riemann equations

It is instructive to verify that the (plane to plane) Cauchy–Riemann equations (4.14) are
indeed satisfied by equations (4.26) and (4.27) (at least if the series are continued to infinity).
Evaluating the four partial derivatives we have

xλ = yψ = M ′ − 1
2!
λ2M ′′′ + · · · , (4.30)

xψ = −yλ = λM ′′ − 1
3!
λ3M ′′′′ + · · · . (4.31)
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Note also that the equations (4.28, 4.29) satisfy the the Cauchy–Riemann equations (3.51)
which apply to the transformation from thesphereto the TMS plane. Explicitly

xλ = cosφ yφ = ac+
1
2!
ac3(1− t2)λ2 · · · , (4.32)

yλ = − cosφxφ = asc λ+
1
3!
asc3(5− t2)λ3 + · · · . (4.33)

The inverse complex series: method of Lagrange series inversion

The simplest method of obtaining the inverse series is to use the Lagrange series expansions
described in Appendix B; in particular we use the inversion of a fourth order polynomial as
described in Section B.4. The beauty of the Lagrange expansions for simple polynomials is
that the coefficients can be determined once and for all and applied in various contexts as
need arises.

We start by writing the direct Taylor series (4.24) as

z − z0
M ′

0

= (ζ−ζ0) +
b2
2!

(ζ−ζ0)2 +
b3
3!

(ζ−ζ0)3 +
b4
4!

(ζ−ζ0)4 + · · · (4.34)

where

b2 = −iM
′′
0

M ′
0

, b3 = −M
′′′
0

M ′
0

, b4 = i
M ′′′′

0

M ′
0

. (4.35)

The series (4.34) and (B.13) are identical if we replacez andζ in the latter by(z− z0)/M ′
0

andζ − ζ0 respectively. Using (B.14) we can immediately find the inverse series of (4.34)
as

ζ − ζ0 =
(
z − z0
M ′

0

)
− p2

2!

(
z − z0
M ′

0

)2

− p3

3!

(
z − z0
M ′

0

)3

− p4

4!

(
z − z0
M ′

0

)4

+ · · · (4.36)

where thep-coefficients follow from (B.12):

p2 = b2 = − iM
′′
0

M ′
0

p3 = b3 − 3b22 = −M
′′′
0

M ′
0

+ 3
(M ′′

0 )2

(M ′
0)2

p4 = b4 − 10b2b3 + 15b32 =
iM ′′′′

0

M ′
0

−10i
M ′′

0M
′′′
0

(M ′
0)2

+15i
(M ′′

0 )3

(M ′
0)3

. (4.37)

Using equations (4.12), these become

p2 = is0

p3 = c20(1 + 2t20)

p4 =− is0c
2
0(5 + 6t20), (4.38)

with c0 = cosφ0 etc.are the usual abbreviations.
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The inverse series forψ andλ

When we derived the inverse series in Section 3.8 we expandedλ andφ in power series in
x keepingy constant. The corresponding approach for the complex planes is indicated in
Figure 4.7. We start with a given pointP ′′(x, y) on the projection corresponding to the point
z = x+iy in the complexz-plane. Letz0 = iy be the pointK ′′ in thez-plane corresponding
to the footpoint ofP ′′. Clearly this point projects back to the central meridian of theζ-plane
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at the pointζ0 = iψ1 whereM(ψ1) = y, that isψ1 is the footpoint parameter defined in
Figure 4.2. With these choices we see that we must setz − z0 = (x + iy) − iy = x in
equation (4.36) giving a power series inx as required.M and its derivatives must now be
evaluated atψ1. Denoting these derivatives byM ′

1 etc.equation (4.36) becomes

λ+ iψ − iψ1 =
x

M ′
1

− p2

2!

(
x

M ′
1

)2

− p3

3!

(
x

M ′
1

)3

− p4

4!

(
x

M ′
1

)4

+ · · · (4.39)

where thep coefficients are also evaluated atψ1 using equations (4.37) withM ′
0 → M ′

1

etc. Taking the real and imaginary parts (noting thatp3 is real whilstp2 andp4 are pure
imaginary) we find

λ(x, y) =
x

M ′
1

− 1
3!
p3

(
x

M ′
1

)3

+ · · · (4.40)

ψ(x, y) = ψ1 −
1
2!

Im (p2)
(
x

M ′
1

)2

− 1
4!

Im (p4)
(
x

M ′
1

)4

+ · · · . (4.41)

Now substitute for thep-coefficients from equations (4.38): these coefficients must now be
evaluated at the footpoint latitudeφ1 = φ(ψ1) corresponding to the footpoint parameterψ1.
SinceM ′

1 = ac1 (equation 4.12) and we find

λ(x, y) =
1
c1

x

a
− 1

3!
1
c1

[
1 + 2t21

] (x
a

)3
+ · · · , (4.42)

ψ(x, y) = ψ1 −
1
2!
t1
c1

(x
a

)2
+

1
4!
t1
c1

[
5+6t21

] (x
a

)4
+ · · · . (4.43)

The series forλ is in agreement with equation (3.59) but we must now derive the series for
φ from that forψ.
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The inverse of the Mercator parameter

The last equation determinesψ−ψ1 as a power series inx with coefficients evaluated at the
footpoint latitudeφ1. To obtain the corresponding series forφ we first construct the Taylor
series expansion ofφ(ψ) about the footpoint parameterψ1:

φ(ψ) = φ(ψ1) + (ψ − ψ1)
dφ

dψ

∣∣∣∣
1

+
1
2!

(ψ − ψ1)2
d2φ

dψ2

∣∣∣∣
1

+ · · · . (4.44)

Once again we could use equation (2.32)a to find the derivatives ofφ(ψ) in terms of the
footpoint parameterψ1 but we obviously need to express the derivatives in terms ofφ and
evaluate them atφ1. Again we proceed from the definition ofψ(φ) in Section 2.4:

dψ

dφ
= secφ,

dφ

dψ
=
(
dψ

dφ

)−1

= cosφ, (4.45)

d2φ

dψ2
=

d

dψ
(cosφ) = − sinφ

dφ

dψ
= − sinφ cosφ. (4.46)

Substituting these derivatives into the Taylor series, and settingφ(ψ1) = φ1, we have

φ = φ1 + (ψ − ψ1) cosφ1 −
1
2!

(ψ − ψ1)2 sinφ1 cosφ1 + · · · . (4.47)

The inverse series forφ

Substituting forψ − ψ1 from equation (4.43) gives, to order(x/a)4,

φ(x, y) = φ1 +
[
− 1

2!

(x
a

)2
+

1
4!

(x
a

)4 [
5+6t21

]] t1
c1
c1

− 1
2!

[
− 1

2!

(x
a

)2
+ · · ·

]2( t1
c1

)2

s1c1

which simplifies to
φ(x, y) = φ1 −

t1
2

(x
a

)2
+
t1
24
[
5 + 3t21

] (x
a

)4
+ · · · , (4.48)

wherem(φ1) = aφ1 = y, in agreement with equation (3.60).

4.3 The inverse complex series: an alternative method

Another way of deriving the inverse series is to take the development given in the first part
of Section 4.2 and run it backwards from thez-plane to theζ-plane. That is we assume the
existence of an analytic functionζ(z) such that (a) the central meridian maps fromx = 0
to λ = 0 and (b) on theψ-axis the scale is true. Therefore

ζ(z) = λ(x, y) + iψ(x, y), (4.49)

λ(0, y) = 0, (4.50)

ψ(0, y) = M (y), (4.51)
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whereM (y) is an inverse toM(ψ) in the sense thatM
(
M (y)

)
= y andM

(
M(ψ)

)
= ψ.

The Taylor series analogous to (4.24) is then an expansion ofζ(z) about a point on the
z0 = iy0 on they-axis of thez-plane:

ζ(z) = ζ0+(z−z0)M ′
0 −

i

2!
(z−z0)2M ′′

0−
1
3!

(z−z0)3M ′′′
0 +

i

4!
(z−z0)4M ′′′′

0 + · · · ,
(4.52)

whereζ0 = iψ0 = iM (y0) and the derivatives ofM are with respect toy aty0.

Now although it is straightforward to construct the functionM (y) on the sphere we
shall construct its derivatives from those ofM(ψ). We start by differentiating the identities

y = M(M (y)) = M(ψ), (4.53)

ψ = M (M(ψ)) = M (y), (4.54)

to give
dy

dψ
= M ′(ψ),

dψ

dy
= M ′(y). (4.55)

Therefore, as long asM ′(ψ) 6= 0, we have

M ′(y) =
dψ

dy
=

1
M ′(ψ)

, (4.56)

and in general
d( )
dy

=
1

M ′(ψ)
d( )
dψ

. (4.57)

It is now straightforward to calculate all the derivatives in equation (4.52). For compactness
we suppress the argumentψ inM(ψ) and all its derivatives,M ′(ψ),M ′′(ψ) etc.Comparing
the results with thep-coefficients in equation (4.37) we find

M ′(y) =
1
M ′ =

1
M ′ ,

M ′′(y) =
1
M ′

d

dψ

[
M ′(y)

]
=

1
M ′

d

dψ

[
1
M ′

]
= − M ′′

(M ′)3
=
−ip2

M ′2 ,

M ′′′(y) =
1
M ′

d

dψ

[
M ′′(y)

]
=

1
M ′

d

dψ

[
−M ′′

(M ′)3

]
= − M ′′′

(M ′)4
+ 3

(M ′′)2

(M ′)5
=

p3

M ′3 ,

M ′′′′(y) =
1
M ′

d

dψ

[
M ′′′(y)

]
= − M ′′′′

(M ′)5
+ 10

M ′′M ′′′

(M ′)6
− 15

(M ′′)3

(M ′)7
=

ip4

M ′4 .

(4.58)

Substituting these derivatives (evaluated aty0 for M and atφ0 for M ) into equation (4.52)
clearly gives a complex series identical to that of (4.36) and the same results follow. We
choose not to follow this method since the calculation of the derivatives to eighth order for
the ellipsoid becomes very intricate.
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4.4 The closed formula for the transformation

Finally, we present a closed analytic expression whose real and imaginary parts give the
TMS transformations of equation (4.2). This section does not readily generalise to the
transformations on the ellipsoid: it is included as an interesting digression.

Finding a conformal transformation which satisfies given conditions is not always sim-
ple: there is no general technique and we have to rely mainly on our experience—and the
fact that there are books which give exhaustive lists of the conformal transformations which
have been studied in the last two hundred years. The required transformation is

z =
iπa

2
− 2ia arccot [exp(−iζ)] (4.59)

We now verify that this transformation has the required properties. Substitutingz = x+ iy
andζ = λ+ iψ in the above gives

cot
(
x+ iy

−2ia
+
π

4

)
= cot

(
π

4
− y

2a
+
ix

2a

)
= exp(−iλ+ ψ). (4.60)

The real and imaginary parts of the cotangent function are given in Appendix G, equa-
tion (G.17). We substituteA = π

4 −
y
2a andB = x

2a in that identity but to clarify the

algebra we temporarily replacex/a andy/a by x andy respectively. The result is

cos y − i sinhx
coshx− sin y

= eψ(cosλ− i sinλ). (4.61)

Taking the real and imaginary parts gives

cos y
coshx− sin y

= eψ cosλ ≡ p (4.62)

sinhx
coshx− sin y

= eψ sinλ ≡ q. (4.63)

Re-arranging these equations and also taking their quotient gives

cos y = p coshx− p sin y, (4.64)

sinhx = q coshx− q sin y, (4.65)

cos y =
p

q
sinhx. (4.66)

Eliminatey from (4.65) and (4.66) usingcos2y + sin2y = 1; eliminatex from (4.64) and
(4.66) usingcosh2x− sinh2x = 1. On simplification we find

tanhx =
2q

p2 + q2 + 1
=

2eψ sinλ
e2ψ + 1

= sinλ sechψ, (4.67)

tan y =
p2 + q2 − 1

2p
=

e2ψ − 1
2eψ cosλ

= secλ sinhψ. (4.68)

This is the final result for the real and imaginary parts of the transformation from the com-
plex ζ-plane to the complexz-plane.
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The final step is to transform fromψ to φ in (4.67, 4.68) . To do this we use the inverse
expressions from equation (2.32), that is

sinhψ = tanφ, coshψ = secφ, (4.69)

and equations (4.67, 4.68) become

tanhx = sinλ cosφ, (4.70)

tan y = secλ tanφ. (4.71)

The second equation agrees directly with they transformation equation (4.2) after restoring
y → y/a. Equation (4.3) for thex transformation follows since

1 + sinλ cosφ
1− sinλ cosφ

=
1 + tanhx
1− tanhx

=
coshx+ sinhx
coshx− sinhx

=
2ex

2e−x
= e2x → e2x/a. (4.72)

The Cauchy–Riemann conditions

To check the Cauchy–Riemann equations (4.14) we evaluate the partial derivatives ofx
andy from equations (4.67) and (4.68):

(sech2x)xλ = cosλ sechψ, (sec2y) yλ = sinλ sec2λ sinhψ, (4.73)

(sech2x)xψ = − sinλ sinhψ sech2ψ, (sec2y) yψ = secλ coshψ (4.74)

and simplify using

sech2x = 1− sin2λ sech2ψ = sech2ψ
[
cosh2ψ − sin2λ

]
, (4.75)

sec2y = 1 + sec2λ sinh2ψ = sec2λ
[
cosh2ψ − sin2λ

]
. (4.76)
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Chapter5
The geometry of the ellipsoid

Abstract

Cartesian coordinates. Geodetic and geocentric latitude. Parameters of the
ellipsoid. Parameterisation in terms of geodetic latitude. Relation of Carte-
sian and geographical coordinates. Reduced latitude. Curvature. The metric.
Meridian distance and its inverse. Rectifying latitude.

5.1 Coordinates on the ellipsoid

We now model the Earth as an ellipsoid of revolution for which the Cartesian coordinates
with respect to its centre satisfy

X2

a2 +
Y 2

a2 +
Z2

b2
= 1. (5.1)

The definition of longitudeλ is exactly the same as on the sphere. Thegeodetic latitudeφ,
which we will simply call the latitude, is the angle at which the normal atP intersects the
equatorial plane (Z = 0). The crucial new feature is that the normal does not pass through
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Figure 5.1

the centre of the ellipsoid (except whenP is on the equator and at the poles). The line
joining P to the centre defines thegeocentric latitudeφc. We introduce the notationp(φ)
for the distancePN of a pointP from the central axis and we also setν(φ) for the length
CP of the normal atP to its intersection with the axis. Therefore

p(φ) = ν(φ) cosφ =
√
X2 + Y 2. (5.2)
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5.2 The parameters of the ellipsoid

Instead of using(a, b) as the basic parameters of the ellipse we can use either(a, e) where
e is theeccentricity, or (a, f) wheref is theflattening. These parameters are defined and
related by

b2 = a2(1− e2), f =
a− b

a
, e2 = 2f − f2. (5.3)

For numerical examples we use the values for the Airy (1830) ellipsoid which is used for
the OSGB maps:

a = 6377563.396m, e = 0.0816733724, f = 0.0033408505,

b = 6356256.910m, e2 = 0.00667053982,
1
f

= 299.3249753. (5.4)

The flattening of the Earth is small. For example, in the figures on the previous page the
difference between a sphere of radiusa and the ellipsoid should be about the width of one of
the lines in the figure. Thus the ellipses shown here, and elsewhere, are greatly exaggerated.

Other parameters used to describe an ellipse

There are several other small parameters which arise naturally in the study of the properties
of the ellipse. Two which we shall need are: (a) the second eccentricity,e′, and (b) the
parametern (sometimese1). They are defined by

e′2 =
a2 − b2

b2
=

e2

1− e2
, n = e1 =

a− b

a+ b
. (5.5)

There are many possible relations between all these parameters. For example we will need
the following results:

a = b
(
1− e2

)−1/2 = b

(
1 + n

1− n

)
(5.6)

= b
(
1 + 2n+ 2n2 + 2n3 + · · ·

)
, (5.7)

e2 = 1−
(
b

a

)2

= 1−
(

1− n

1 + n

)2

=
4n

(1 + n)2
(5.8)

= 4n(1− 2n+ 3n2 − 4n3 + · · · ). (5.9)

5.3 Parameterisation by geodetic latitude

The equation of the cross-section ellipse follows from (5.1) and (5.2):

p2

a2 +
Z2

b2
= 1. (5.10)
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Differentiating this equation with respect top gives

dZ

dp
= − pb2

Za2 . (5.11)

Since the normal and tangent are perpendicular the product of their gradients is−1 and
therefore the gradient of the normal is

tanφ = −
(
dZ

dp

)−1

=
Za2

pb2
=

Z

p(1− e2)
. (5.12)

SubstitutingZ = p(1− e2) tanφ in (5.10) gives

p2[1 + (1− e2) tan2 φ] = a2. (5.13)

Thus the required parameterisation is;

PN = p(φ) =
a cosφ

[1− e2 sin2 φ]1/2
, (5.14)

PM = Z(φ) =
a(1− e2) sinφ

[1− e2 sin2 φ]1/2
. (5.15)

SinceCP = PN secφ = p secφ we have

CP = ν(φ) =
a

[1− e2 sin2 φ]1/2
(5.16)

in terms of which

p(φ) = ν(φ) cosφ, (5.17)

Z(φ) = (1− e2) ν(φ) sinφ. (5.18)

The triangle OCE

Later we shall require the sides of the triangle∆OCE
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��
=ν(φ)

Figure 5.2

defined by the normal and its intercepts on the axes.

OE = OM − EM = p− Z cotφ

= ν cosφ− (1− e2)ν cosφ

= νe2 cosφ.

CE = νe2

OC = νe2 sinφ. (5.19)

The sides of this small triangle are all of orderae2; for example at latitude±45◦ the sides
OE andOC are about 30km andCE is about 42.5km.
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The relation betweenφ andφc

From Figure 5.1b and equations (5.17) and (5.18) we immediately obtain the relation be-
tweenφ andφc:

tanφc =
Z

p
= (1− e2) tanφ. (5.20)

Clearlyφ andφc are equal only at the equator,φ = 0, or at the poles,φ = π/2. Since
e2 ≈ 0.0067 the differenceφ − φc at any other angle is small (and positive). It is a simple
exercise in calculus to find the position and magnitude of the maximum difference. First
write

tan(φ− φc) =
tanφ− tanφc

1 + tanφ tanφc
=

e2 tanφ
1 + (1− e2) tan2 φ

. (5.21)

Differentiating with respect toφ gives

sec2(φ− φc)
d(φ− φc)

dφ
=
e2 sec2 φ

[
1− (1− e2) tan2 φ

][
1 + (1− e2) tan2 φ

]2 . (5.22)

Thereforeφ−φc has a turning point, clearly a maximum, when the right hand side vanishes
at tanφ = 1/

√
1− e2. Using the value ofe for the Airy ellipsoid (equation 5.4) shows that

the maximum difference occurs atφ ≈ 45◦.095, for whichφc ≈ 44◦.904 and the latitude
differenceφ−φc ≈ 11.5′. (Note thate2 ≈ 0.00667 is the radian measure of 22.9′).

A comment on other latitudes

In addition to the geodetic latitudeφ and geocentric latitudeφc, we have already discussed
the isometric latitudeψ (Section 2.4) and we shall meet three further latitude definitions:
the reduced (or parametric) latitudeU (Section 5.5), the rectifying latitudeµ (Section 5.9)
and the conformal latitudeχ (Section 6.5). With the exception of the isometric latitude all
of these latitudes coincide with the geodetic and geocentric latitudes at the poles and on the
equator and the maximum deviations fromφ are no more than a few minutes of arc. The
isometric latitude agrees with the others at the equator only but diverges to infinity at the
poles: it is a radically different in character.

5.4 Cartesian and geographic coordinates

Using (5.17) and (5.18) the Cartesian coordinates of a point on the surface are

X(φ) = p(φ) cosλ = ν(φ) cosφ cosλ, (5.23)

Y (φ) = p(φ) sinλ = ν(φ) cosφ sinλ, (5.24)

Z(φ) = (1− e2)ν(φ) sinφ. (5.25)

For givenX, Y, Z the inverse relations forφ andλ are clearly

(a) λ = arctan
(
Y

X

)
, (b) φ = arctan

(
Z

(1− e2)
√
X2 + Y 2

)
. (5.26)
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Now consider a pointH at a heighth on the normal to the �
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surface at the pointP with geographical coordinatesφ andλ.
The distance of this point from the axis is nowp + h cosφ.
Also, from (5.20), we haveEP = CP − CE = ν(1 − e2).
The coordinates ofH are

X(φ) =
(
ν(φ) + h

)
cosφ cosλ, (5.27)

Y (φ) =
(
ν(φ) + h

)
cosφ sinλ, (5.28)

Z(φ) =
(
(1− e2) ν(φ) + h

)
sinφ. (5.29)

For the inverse relations dividing equation (5.28) by (5.27) givesλ explicitly, as in equa-
tion (5.26a). To findφ andh we can eliminateλ from (5.27) and (5.28) and rewrite equa-
tion (5.29) forZ to give √

X2 + Y 2 =
(
ν(φ) + h

)
cosφ, (5.30)

Z + e2ν(φ) sinφ =
(
ν(φ) + h

)
sinφ. (5.31)

Dividing these equations gives an implicit equation forφ:

φ = arctan

[
Z + e2ν(φ) sinφ√

X2 + Y 2

]
. (5.32)

There is no closed solution to this equation but we can develop a numerical solution by
considering the followingfixed point iteration :

φn+1 = g(φn) = arctan

[
Z + e2ν(φn) sinφn√

X2 + Y 2

]
, n = 0, 1, 2 . . . .

(5.33)

Now in most applications we will haveh � a so that a suitable starting approximation is
the value ofφ obtained by using theh = 0 solution, equation (5.26b):

φ0 = arctan
[

Z

(1− e2)
√
X2 + Y 2

]
. (5.34)

If the iteration scheme converges so thatφn+1 → φ∗ andφn → φ∗ in (5.33) thenφ∗ must
be the required solution of equation (5.32). The condition for convergence of this fixed
point iteration is that|g′(φ)| < 1: this is true here sinceg′(φ) = O(e2). Once we have
foundφ it is trivial to deduceh from equation (5.30):

h = secφ
√
X2 + Y 2 − ν(φ). (5.35)

Comment: The formulae of this section are presented without proof in the OSGB web
publication mentioned in the Bibliography. We do not use them elsewhere but the method
of iteration to a fixed point is important and we will apply it in several places.
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5.5 Parameterisation by reduced latitude

There is another important and obvious parameterisa-
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�
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��
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Figure 5.4

tion of the ellipse. Construct theauxiliary circle of the
ellipse: it is concentric and touches the ellipse at the ends
of its major axis so that the radius is equal toa. Take
a pointP on the ellipse and project its ordinate until it
meets the auxiliary circle atP ′ and let angleP ′OA beU .
The angleU is called thereduced latitude(or parametric
latitude) of the pointP on the ellipse.

The pointsP andP ′ clearly have the same abscissa,
p = a cosU . Substituting this abscissa into the equation
of the ellipse (5.10) we have

Z = b
√

1− p2/a2 = b sinU. (5.36)

The pair of equations

p = a cosU, Z = b sinU, (5.37)

constitutes the required parametric representation of the ellipse. It is clear that that the
ellipse is related to the auxiliary circle by scaling in theZ direction by a factor ofb/a.

Relations between the reduced and geodetic latitudes

Comparing the parameterisations ofp andZ in equations (5.17, 5.18) and (5.37) gives

p = ν(φ) cosφ = a cosU,

Z = (1− e2)ν(φ) sinφ = b sinU.

The basic relation betweenU andφ could be taken as

a cosU = ν(φ) cosφ, (5.38)

but it is more useful to divide the expressions forZ andp to find (usingb = a
√

1− e2)

tanU =
√

1− e2 tanφ (5.39)

It will also be useful to have an expression forν in terms ofU . Using (5.38) and (5.16)

1− e2 cos2U = 1− e2ν2

a2
cos2φ = 1− e2 cos2φ

1− e2 sin2φ

=
1− e2

1− e2 sin2φ
, (5.40)

so that

ν =
a[

1− e2 sin2φ
]1/2 =

a√
1− e2

[
1− e2 cos2U

]1/2
(5.41)
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We shall need the derivative ofU with respect toφ. Differentiating (5.39) gives

sec2U
dU

dφ
=
√

1− e2 sec2φ =
√

1− e2
[
1 +

1
1− e2

tan2U

]
. (5.42)

dU

dφ
=

1− e2 cos2U√
1− e2

. (5.43)

The difference between reduced and geodetic latitudes

We could use the above derivatives to find the maximum difference betweenU andφ but
the result follows by simply comparing equations (5.20) and (5.39). They differ only in that
the factor of(1− e2) in (5.20) is replaced by

√
1− e2. Since the maximum value ofφ−φc

occurred whentanφ = 1/
√

1− e2 we deduce that the maximum value ofφ−U will occur
whentanφ = 1/ 4

√
1− e2. This corresponds toφ ≈ 45◦.048 for which the corresponding

value ofU is 44◦.952 so that the maximum difference isφ− U ≈ 5′.7.

5.6 The curvature of the ellipsoid

We now investigate the properties of the two dimensional curves formed by the intersection
of some, but not all, planes with the surface of the ellipsoid: we use the mathematical results
established in Appendix A. In particular we investigate two special families of planes.
The first family (S) has the normal atP as a common axis and the intersections of its
planes with the surface are called thenormal sectionsatP . One member of the family is
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the meridian plane (black) containingP and the symmetry axis of the ellipsoid. Another
important member of the family is the plane at right angles to the meridian plane: it is called
theprime vertical plane (shaded grey). Other members of the family are labelled by the
angleα between a specific plane and the meridian plane.

The second family of planes (T) has as its axis the tangent to the parallel circle atP : we
are interested in just two of its planes. One (black) is the plane of the parallel: its section
on the surface is the parallel circle. The other is that which contains the normal atP : this is
the prime vertical plane (grey), the only plane common to both families.
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Radius of curvature in the meridian plane

The section by the meridian plane is an ellipse whose curvature may be determined from
either Cartesian equations or parameterised equations by the well known formulae sum-
marised in Appendix A. The easiest method is to use the parameterisation in terms of the
reduced latitude given in (5.36). This has been done as an example in Appendix A: equa-
tion (A.12) gives themeridian curvature as

κ =
1
a

√
1− e2

[1− e2 cos2 U ]3/2
. (5.44)

It will be more useful to work with themeridian radius of curvature defined byρ = 1/κ
and expressed as a function ofφ. Using equation (5.41) we have

ρ(φ) =
a(1− e2)(

1− e2 sin2 φ
)3/2 (5.45)

Using (5.16) we have the following relation betweenρ andν:

ρ =
ν3

a2

(
1− e2

)
. (5.46)

Furthermore, we have
ρ

ν
=

1− e2

1− e2 sin2 φ
. (5.47)

Since (a) the denominator is less than or equal to 1 and (b) the numerator is less than or
equal to the denominator, we have

(1− e2)ν ≤ ρ ≤ ν. (5.48)

Now in Figure 5.2 we haveCP = ν andEP = CP − CE = (1 − e2)ν. Therefore the
centre of curvature of the meridian is at a pointD betweenC andE, as shown in Figure 5.5.

Radius of curvature in the prime vertical plane

To find the radius of curvature in the prime vertical we consider two planes of the familyT :
the prime vertical itself (grey) and the parallel plane (black). The radii of curvature in these
two planes are related by Meusnier’s theorem (Appendix A). This theorem relates the radius
of curvature in a normal section to that made by a plane at an oblique angleφ:

Rnormal = secφRoblique (5.49)

We identify the prime vertical plane and parallel plane of the familyT with the normal and
oblique planes of the theorem. Now the parallel plane intersects the surface in a parallel
circle so we know that its radius of curvature is simplyNP = p(φ) in Figure 5.2. But this
is justν(φ) cosφ and therefore

Rprime vertical = secφRparallel = secφ p(φ) = ν(φ). (5.50)
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Thus we have the important result that the distanceCP = ν(φ) may be identified as the
radius of curvature of the normal section made by the prime vertical plane. The pointC
where the normal meets the axis is the centre of curvature of this section.

Radius of curvature along a general azimuth

Returning to S, the family of planes on the normal, we now know the curvature of two
of the normal sections:ρ−1 on the meridian plane andν−1 on the prime vertical. Now
consider the curvature,K(α), of the section made by that plane of the family at an angleα,
measured clockwise from the meridian plane. Clearly the symmetry of the ellipsoid about
any meridian plane implies thatK(−α) = K(α) so thatK(α) is a symmetric function ofα
and it must therefore have a turning point atα = 0. Therefore the curvature of the meridian
section must be either a minimum or maximum and it is therefore one of the principal
curvatures atP—see Appendix A.

In the appendix we proved that the planes containing the principal curvatures are or-
thogonal. Therefore the curvature of the normal section made by the prime vertical plane
must be the other principal curvature. Furthermore, equation (5.47) givesρ ≤ ν and
thereforeρ−1 ≥ ν−1 so that the curvature in the meridian section is the maximum normal
section curvature at any point. Introducing the radius of curvature on the general section by
R(α) = 1/K(α), we use Euler’s formula, equation (A.36), to deduce that

1
R(α)

=
1
ρ

cos2 α+
1
ν

sin2 α. (5.51)

Curvatures and their derivatives. The parameterβ

In addition to the principal curvatures,ρ andφ it is useful to introduce a special notation for
their quotient,β = ν/ρ:

ν(φ) =
a(

1− e2 sin2φ
)1/2 , ρ(φ) =

ν3

a2

(
1− e2

)
, (5.52)

β(φ) =
ν

ρ
=

1− e2 sin2φ

1− e2
. β − 1 =

e2 cos2 φ
1− e2

. (5.53)

We shall frequently require the derivatives of the curvatures and their quotient. It is straight-
forward to show that

dν

dφ
= (β − 1)ρ tanφ,

dρ

dφ
= 3

(β − 1)
β

ρ tanφ,
dβ

dφ
= −2(β − 1) tanφ.

(5.54)

We need both first and second derivative ofν in the combinations

1
ν

dν

dφ
=

(β − 1) tanφ
β

,
1
ν

d2ν

dφ2
=

(β − 1)
β

+
1
β2

(
2β2 − 5β + 3

)
tan2φ. (5.55)
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Finally we note that the cross-section coordinates (5.17, 5.18) and their derivatives are

p(φ) = ν(φ) cosφ, Z(φ) = (1− e2) ν(φ) sinφ, (5.56)

dp

dφ
= −ρ sinφ,

dZ

dφ
= ρ cosφ. (5.57)

Spherical limit

We shall refer to the limite→ 0 as the spherical limit. Clearly in this limit

ν → a, ρ→ a, β → 1, ν ′, ρ′, β′ → 0. (5.58)

5.7 Distances on the ellipsoid

Derivation of the metric

Starting from the parameterisation of the Cartesian coordinates (Section 5.4):

X(φ) = p(φ) cosλ = ν(φ) cosφ cosλ,
Y (φ) = p(φ) sinλ = ν(φ) cosφ sinλ,

Z(φ) = (1− e2)ν(φ) sinφ. (5.59)

we have

dX = ṗ cosλ dφ− p sinλ dλ, whereDOT ≡ d

dφ
dY = ṗ sinλ dφ+ p cosλ dλ,

dZ = Ż dφ. (5.60)

The metric may be written as

ds2 = dX2 + dY 2 + dZ2,

=
(
ṗ2 + Ż2

)
dφ2 + p2dλ2.

Using (5.57) and (5.56) we obtain two useful forms:

ds2 = ρ2 dφ2 + p2dλ2, (5.61)

ds2 = ρ2 dφ2 + ν2 cos2φdλ2. (5.62)

On the meridian we havedλ = 0 and on the parallel circle we havedφ = 0 Therefore

dsmeridian = ρ dφ, (5.63)

dsparallel = ν cosφdλ. (5.64)
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The infinitesimal element on the ellipsoid

The infinitesimal element on the sphere was discussed in Section 2.1 and the same consid-
erations apply on the ellipse. In particular the infinitesimal element may be approximated
by a planar rectangular quadrilateral to which we can apply plane trigonometry. Equa-
tions (5.63) and (5.64) show that the sides are equal toρ δφ on the meridians andν cosφ

α
φ

φ+δφ

ν���φ δλ

ρδφ

λ λ+δλ

�

�

�

�

�
�	



φλ

����

δ�

Figure 5.6

on a parallel. The metric (5.62) may be viewed as the application of Pythagoras to the
infinitesimal element. The azimuth of an arbitrary displacement is calculated from

tanα =
ν cosφ
ρ

dλ

dφ
. (5.65)

Finite distances on the ellipsoid

In general the integration of the metric to find the distance between arbitrary points is non-
trivial. The whole of Chapter 11 is devoted to this topic, concluding with the Vincenty
series for the geodesic distance. Here we consider only the trivial case of integration along
a parallel and the non-trivial case of integration on the meridian where we obtain an elliptic
integral. From equations (5.63) and (5.64) we have

sparallel =
∫ λ2

λ1

dsparallel =
∫ λ2

λ1

ν(φ) cosφdλ = ν(φ) cosφ
(
λ2 − λ1

)
, (5.66)

smeridian =
∫ φ2

φ1

dsmeridian =
∫ φ2

φ1

ρ(φ)dφ = a(1− e2)
∫ φ2

φ1

dφ(
1− e2 sin2 φ

)3/2 . (5.67)

5.8 The meridian distance on the ellipsoid

On the sphere we defined the meridian distancem(φ) as the distance along a meridian from
the equator to a point at latitudeφ; this was triviallym(φ) = aφ. On the ellipsoid we use
the same notation but the definition follows from equation (5.67):

m(φ) =
∫ φ

0
dsmeridian =

∫ φ

0
ρ(φ)dφ = a(1− e2)

∫ φ

0

dφ(
1− e2 sin2 φ

)3/2 . (5.68)
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Series expansion for meridian distance: method I

The above (elliptic) integral cannot be evaluated in closed form but, sincee2 ≈ 0.007, we
expand the denominator as a series and integrate term by term. Settings = sinφ we have

m(φ) = a(1− e2)
∫ φ

0

(
1 + b2e

2s2 + b4e
4s4 + b6e

6s6 + b8e
8s8 + · · ·

)
dφ, (5.69)

where, from (E.30),

b2 =
3
2
, b4 =

15
8
, b6 =

35
16
, b8 =

315
128

. (5.70)

Using the trigonometric identities (C.32) to (C.38) we can express thesin2φ, . . . sin8φ in
termscos 2φ, . . . cos 8φ. Collecting terms with the same cosine factors and integrating will
then give a series starting with aφ term and followed by terms insin 2φ, . . . sin 8φ. The
result is:

m(φ) = A0φ+A2 sin 2φ+A4 sin 4φ+A6 sin 6φ+A8 sin 8φ+ · · · , (5.71)

where the coefficients are given by

A0 = a(1−e2)
(
1+

b2e
2

2
+

3b4e4

8
+

5b6e6

16
+

35b8e8

128

)
= a

(
1−e

2

4
−3e4

64
− 5e6

256
− 175e8

16∗1024

)
A2 =

a(1−e2)
2

(
−b2e

2

2
−b4e

4

2
−15b6e6

32
−7b8e8

16

)
= a

(
−3e2

8
−3e4

32
− 45e6

1024
− 420e8

16∗1024

)
A4 =

a(1−e2)
4

(
b4e

4

8
+

3b6e6

16
+

7b8e8

32

)
= a

(
15e4

256
+

45e6

1024
+

525e8

16∗1024

)
,

A6 =
a(1−e2)

6

(
−b6e

6

32
−b8e

8

16

)
= a

(
− 35e6

3072
− 175e8

12∗1024

)
,

A8 =
a(1−e2)

8

(
b8e

8

128

)
= a

(
315e8

128∗1024

)
. (5.72)

If we use the numerical values for the Airy ellipsoid (5.4), then, in metres,

m(φ) = 6336914·609φ−15979·859 sin 2φ+16·711 sin 4φ−0·022 sin 6φ+0·00003 sin 8φ
(5.73)

The first four terms have been rounded to the nearest millimetre whilst the last term shows
that theO(e8) terms give rise to sub-millimetre corrections. We shall therefore dropO(e8)
terms in expressions for the meridian distance .

The distance from equator to pole is defined by

mp = m(π/2) =
1
2
πA0 = 10001126·081 metres. (5.74)
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Series expansion for meridian distance: method II

There are other ways of obtaining a series expansion. For example, the OSGB publication
uses an expansion in terms of the parametern. From the relations betweena, b, e, n given
in Section 5.2 we can write the meridian distance as

m(φ) = b(1− n)(1 + n)2
∫ φ

0

dφ(
1 + 2n cos 2φ+ n2

)3/2 . (5.75)

The integral is then evaluated by a change of variable: setz = exp(2iφ) for which we have
dz = 2iz dφ andz + z−1 = 2 cos 2φ. The integrand becomes, toO(n3),(

1 + 2n cos 2φ+ n2
)−3/2

= (1 + nz)−3/2 (1 + nz−1
)−3/2

=
(
1 + a1nz + a2n

2z2 + a3n
3z3+

) (
1 + a1nz

−1 + a2n
2z−2 + a3n

3z−3
)

= 1+a2
1n

2+
(
a1n+a1a2n

3
) [
z+

1
z

]
+a2n

2

[
z2+

1
z2

]
+a3n

3

[
z3+

1
z3

]
+O(n4)

where the coefficients are given by (E.30):

a1=− 3
2
, a2=

15
8
, a3=− 35

16
. (5.76)

Apart from the overall constant multiplier the integral becomes, toO(n3),∫ z

1

dz

2iz

(
1 + a2

1n
2 +

(
a1n+a1a2n

3
) [
z +

1
z

]
+ a2n

2

[
z2+

1
z2

]
+ a3n

3

[
z3+

1
z3

])

=
1
2i

((
1 + a2

1n
2
)
ln z+

(
a1n+a1a2n

3
) [
z − 1

z

]
+
a2n

2

2

[
z2− 1

z2

]
+
a3n

3

3

[
z3− 1

z3

])∣∣∣∣z
1

Now the contributions from the lower limit all vanish and at the upper limit we haveln z =
ln
(
exp(2iφ)

)
= 2iφ andz − z−1 = 2i sin 2φ etc.Therefore the final result is

m(φ) = B0φ+B2 sin 2φ+B4 sin 4φ+B6 sin 6φ+ · · · , (5.77)

where the coefficients are given to ordern3 by

B0 = b(1− n)(1 + n)2
(

1 +
9
4
n2

)
= b

(
1 + n+

5
4
n2 +

5
4
n3

)
,

B2 = b(1− n)(1 + n)2
(
−3n

2
− 45n3

16

)
= −b

(
3
2
n+

3
2
n2 +

21
16
n3

)
,

B4 = b(1− n)(1 + n)2
(

15n2

16

)
= b

(
15
16
n2 +

15
16
n3

)
,

B6 = b(1− n)(1 + n)2
(
−35n3

48

)
= −b

(
35
48
n3

)
. (5.78)
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It is straightforward to show that these coefficients are exactly the same as those obtained
in Method I. Simply substitute in theAn with expressions fore2 etc.obtained from (5.9).
(Ignoring terms ofO(e8)). Therefore we can write

mp = m(π/2) =
1
2
πA0 =

1
2
πB0 (5.79)

The truncated meridian distance

The results we have just obtained measure the meridian distance from the equator. In prac-
tice we often require∆m, the distance from a reference latitudeφ0. Using the second form
of the series we find

∆m = m(φ)−m(φ0)

= B0(φ−φ0) +B2(sin 2φ− sin 2φ0) +B4(sin 4φ− sin 4φ0) +B6(sin 6φ− sin 6φ0)

= B0(φ− φ0) + 2B2 sin(φ− φ0) cos(φ+ φ0) + 2B4 sin 2(φ−φ0) cos 2(φ+φ0)
+ 2B6 sin 3(φ−φ0) cos 3(φ+φ0) + · · · . (5.80)

with the coefficients given by equation (5.78).

5.9 Inverse meridian distance

When we derived the inverse series for TMS in Chapter 3 we expressed the coefficients
in terms of the footpoint latitudeφ1 which was defined bymsph(φ1) = aφ1 = y for a
given point(x, y) on the projection. Trivially,φ1 = y/a. We will have to do the same for
the ellipsoid but now we are faced with inverting the series (5.71). There are two methods
to choose from. The first is a numerical solution by a fixed point iteration, the second is to
apply the Lagrange method to a series for a function closely related to the meridian distance,
the rectifying latitude.

Inverse meridian distance by numerical methods

To solvem(φ) = y whenm(φ) is given by (5.71) or (5.77) we consider the iteration

φn+1 = g(φn) = φn −
(m(φn)− y)

a
, n = 0, 1, 2 . . . , (5.81)

where the initial value is that for the spherical approximation: namelyφ0 = y/a. Now if
the iteration scheme converges so thatφn+1 → φ∗ andφn → φ∗ then (5.81) becomes

φ∗ = g(φ∗) = φ∗ − (m(φ∗)− y)
a

(5.82)

so thatm(φ∗)− y = 0 andφ∗ is the required solution for the footpointφ1. Note that since
g′(φ) ≈ 1−B0/a = O(e2) < 1 the iteration will indeed converge.
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Inverse by way of the rectifying latitude and Lagrange series expansion

Therectifying latitude is simply a scaled version of the meridian distance. Using (5.79),

µ(φ) =
π

2
m(φ)
mp

=
m(φ)
A0

=
m(φ)
B0

(5.83)

wheremp = m(π/2) is the distance from equator to pole given by (5.71) or (5.77): the
constantsA0 andB0 are given by (5.78) or (5.77) respectively. The rectifying latitude may
be used to construct projections from the ellipsoid to the sphere which preserve the meridian
distance but here we use it simply as a parameter which facilitates the series inversion. We
choose to use the expansion inn, equation (5.77).

µ(φ) =
1
B0
m(φ) = φ+ b2 sin 2φ+ b4 sin 4φ+ b6 sin 6φ+ · · · (5.84)

whereb2 = B2/B0, b4 = B4/B0 etc.The coefficients are to be calculated toO(n3) from
equations (5.78):

set ε = n+
5
4
n2 +

5
4
n3,

B−1
0 = b−1(1 + ε)−1 = b−1(1− ε+ ε2 − ε3 + · · · )

= b−1
(
1− n− 1

4
n2 +

1
4
n3 + · · ·

)
b2 = −bB−1

0

(3
2
n+

3
2
n2 +

21
16
n3 + · · ·

)
= −3

2
n+

9
16
n3 + · · · ,

b4 = bB−1
0

(15
16
n2 +

15
16
n3 + · · ·

)
=

15
16
n2 + · · ·

b6 = −bB−1
0

(35
48
n3 + · · ·

)
= −35

48
n3 + · · · . (5.85)

Finally, we invert equation (5.84) by the Lagrange expansion of Appendix B, Section B.5:

φ = µ+D2 sin 2µ+D4 sin 4µ+D6 sin 6µ+ · · · , µ =
m

B0
, (5.86)

where, toO(n3),
D2 = −b2 − b2b4 +

1
2
b32 =

3
2
n− 27

32
n3,

D4 = −b4 + b22 =
21
16
n2,

D6 = −b6 + 3b2b4 −
3
2
b32 =

151
96

n3. (5.87)

This completes the derivation of a series for the inverse meridian distance. Note that the
definition of the rectifying latitude is such that it is zero on the equator andπ/2 at the pole.
From the first term of the above series we see that the maximum ofφ−µ must occur when
φ ≈ µ ≈ 45◦ and it will be of a magnitude given byD2, approximately9′.
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5.10 Ellipsoid: summary

Equation: ellipsoid and cross-section

X2

a2 +
Y 2

a2 +
Z2

b2
= 1,

p2

a2 +
Z2

b2
= 1. (5.88)

Parameters

b2 = a2(1− e2), f =
a− b

a
, e2 = 2f − f2, (5.89)

e′2 =
a2 − b2

b2
=

e2

1− e2
, e1 = n =

a− b

a+ b
. (5.90)

Airy ellipsoid

a = 6377563.396m, e = 0.081673372415, f = 0.03340850522,

b = 6356256.910m, e2 = 0.006670539762,
1
f

= 299.3249753. (5.91)

Cartesian coordinates

X(φ) = p(φ) cosλ = ν(φ) cosφ cosλ,

Y (φ) = p(φ) sinλ = ν(φ) cosφ sinλ,

Z(φ) = (1− e2) ν(φ) sinφ. (5.92)

Coordinate derivatives

dp

dφ
= −ρ sinφ,

dZ

dφ
= ρ cosφ. (5.93)

Radii of curvature and their ratio β

ν(φ) =
a

[1− e2 sin2 φ]1/2
, ρ(φ) =

ν3

a2

(
1− e2

)
, β(φ) =

ν

ρ
=

1− e2 sin2φ

1− e2
.

(5.94)

Curvature derivatives

dν

dφ
= (β − 1)ρ tanφ,

dρ

dφ
= 3

(β − 1)
β

ρ tanφ,
dβ

dφ
= −2(β − 1) tanφ.

(5.95)

Metric
ds2 = ρ2 dφ2 + ν2 cos2φdλ2. (5.96)

/continued
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Meridian distance

m(φ) = A0φ+A2 sin 2φ+A4 sin 4φ+A6 sin 6φ+ · · · , (5.97)

= B0φ+B2 sin 2φ+B4 sin 4φ+B6 sin 6φ+ · · · , (5.98)

Rectifying latitude

µ(φ) =
π

2
m(φ)
mp

. (5.99)

Inverse meridian distance

φ = µ+D2 sin 2µ+D4 sin 4µ+D6 sin 6µ+ · · · . (5.100)

In the above series theAn,Bn andDn coefficients are given by (5.72), (5.78) and (5.87).
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Chapter6
Normal Mercator on the ellipsoid (NME)

Abstract

Derivation by analogy with NMS. Inversion of the projection by (a) numerical
methods and (b) Taylor series expansion. A digression on double projections
through a sphere. The conformal latitude and the application of its series ex-
pansion to the inversion problem.

6.1 Normal cylindrical projections on the ellipsoid

The normal Mercator projection on the ellipsoid (NME) is a straightforward generalisation
of the normal projection on the sphere (NMS) that we discussed in Chapter 2. It is of course
a more accurate projection, the differences between NME and NMS being of ordere2 ≈
0.0067. We are not so much interested in NME in itself, but rather as a step on the way to
TME, the transverse Mercator projection on the ellipsoid.

NME has the same advantages and disadvantages as NMS. It is constructed to be con-
formal, preserving angles exactly and mapping rhumb lines on the ellipsoid map into lines
of constant bearing on the map. Once again conformality guarantees that the scale at any
point is isotropic (independent of direction) so that the projection is locally orthomorphic.
As in NMS, the scale does vary with latitude, being exact on the equator and reasonably
accurate only within a fairly narrow band centred on the equator. The extent of this region
of high accuracy may be increased by modifying the projection so that the scale is exact on
a pair of parallels at±φ1. The projection is very distorted at high latitudes and nowhere
preserves area.

Before investigating the details of NME we consider an arbitrary normal cylindrical
projection on the ellipsoid defined by the equations

x(λ, φ) = aλ, (6.1)

y(λ, φ) = a f(φ). (6.2)

The geometry of the projection may be illustrated by Figure 2.4 with only one change,
the normal atP no longer passes through the centre in general. The meridians on the
ellipsoid are projected into lines parallel to they-axis on the projection and parallel circles
are projected into lines parallel to thex-axis. The meridian spacing is equal but the spacing
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of the projected parallels will of course depend on the nature of the functionf(φ). Note
that the orthogonal intersections of meridians and parallels on the graticule are transformed
into orthogonal intersections on the map but this isnot necessarily true for intersections at
an arbitrary angle.

The essential difference is that the metric on the ellipsoid is given by (5.62):

ds2 = ρ2 dφ2 + ν2 cos2φdλ2, (6.3)

whereν(φ) andρ(φ) are defined by equations (5.16) (5.45) respectively. The corresponding
infinitesimal elements on the ellipsoid and the plane of projection are shown in Figure 6.1.
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Figure 6.1

Transformation of azimuth to grid bearing

The geometry of the infinitesimal elements gives

(a) tanα =
ν cosφ δλ
ρ δφ

, and (b) tanβ =
δx

δy
=

a δλ

a f ′(φ)δφ
, (6.4)

so that

tanβ =
ρ secφ
νf ′(φ)

tanα. (6.5)

If the projection is conformal, that isα = β, we must have

f ′(φ) =
ρ(φ) secφ
ν(φ)

. (6.6)

We defer the integration to the next section.

The point scale factor

If we denote the distancesPQ andP ′Q′ by δs andδs′ respectively, the square of the
point scale factor is

µ2 = lim
Q→P

δs′2

δs2
= lim

Q→P

δx2 + δy2

ρ2 δφ2 + ν2 cos2φ δλ2
. (6.7)

OnPQ andP ′Q′ equations (6.4) giveδφ = (ν/ρ) cotα cosφ δλ andδy=cotβ δx. There-
fore we have

µ2
α = lim

Q→P

δx2(1 + cot2β)
ν2 cos2φ δλ2(cot2α+ 1)

. (6.8)
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Sincex = aλ this reduces to

µα(φ) =
a secφ
ν(φ)

[
sinα
sinβ

]
, (6.9)

where we assume thatβ has been found in terms ofα andφ from equation (6.5). Clearly if
the projection is conformal, withα = β, we have an isotropic scale factor with

k(φ) =
a secφ
ν(φ)

. (6.10)

This scale factor differs from that on the sphere by the factor ofa/ν, a difference ofO(e2).
There is no simple expression fork as a function ofy. Giveny we must first use one of the
methods of inversion discussed in Section 6.3 to findφ from y and then we apply (6.10).

6.2 The Mercator parameter on the ellipsoid

The Mercator parameter (or isometric latitude) for NME will be be denoted byψ(φ) so that
the equations of the projection are still written as

x(λ, φ) = aλ, y(λ, φ) = aψ(φ). (6.11)

Warning. We use thesamenotation for the Mercator para-
meter on both the sphere and the ellipsoid although they are
of course different functions. From this pointψ will always
denote the ellipsoidal form which is derived below.

The condition that NME be conformal follows from equation (6.6) whenf(φ) → ψ(φ).

dψ

dφ
=
ρ(φ) secφ
ν(φ)

. (6.12)

Substituting forν andρ from equations (5.16) and (5.45), splitting into partial fractions and
noting that the first term simply gives the same integral as (2.26), we have

ψ(φ) =
∫ φ

0

(1− e2)
cosφ

1
1− e2 sin2 φ

dφ

=
∫ φ

0

[
1

cosφ
− e2 cosφ

2

(
1

1 + e sinφ
+

1
1− e sinφ

)]
dφ

= ln
[
tan

(
φ

2
+
π

4

)]
− e

2

[
ln
(

1 + e sinφ
1− e sinφ

)]
. (6.13)

The first term is just the NMS Mercator parameter for the sphere so we see that the para-
meters on sphere and ellipse differ by terms ofO(e2). Note thatψ still diverges to±∞ at
φ = ±π/2. Obviously we recover the parameter for the spherical case whene→ 0.
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Alternative forms

As in Section 2.4 we can rewrite the Mercator parameter for the ellipsoid in many different
forms. The most useful are (a) a simple rearrangement of (6.13), (b) likewise but with
tan(φ/2 + π/4) replaced bycot(π/4 − φ/2) and (c) a replacement of the tangent term as
in equation (2.31):

ψ(φ) = ln

[
tan

(
φ

2
+
π

4

)(
1− e sinφ
1 + e sinφ

)e/2]
, (6.14)

ψ(φ) = − ln

[
tan

(
π

4
− φ

2

)(
1 + e sinφ
1− e sinφ

)e/2]
, (6.15)

ψ(φ) =
1
2

ln
[(

1 + sinφ
1− sinφ

)(
1− e sinφ
1 + e sinφ

)e ]
. (6.16)

6.3 The inverse NME transformation

Inverting the equationsx = aλ andy = aψ to findλ andψ is trivial but finding a value of
φ from ψ = y/a is anything but trivial. There is no way in which we can manipulate any
of the expressions forψ(φ) to giveφ(ψ) in a closed form. We have to resort to one of the
following methods.

• Attempt to expandψ(φ) as a series inφ and then invert the series by a Lagrange
expansion. (As we did form(φ)).

• Construct an iterative scheme from which we can find a numerical value forφ for any
given value ofψ = y/a.

• Use a Taylor series expansion ofφ(ψ). In particular we shall need an expansion about
the footpoint parameterψ1 when we come to the transverse Mercator on the ellipse
(TME) in the next chapter.

It is clear that the first method is problematic. The range ofφ is finite, [−π/2, π/2],
but we haveψ → ±∞ asφ → ±π/2; there is obviously no hope of obtaining a series
of the formψ = φ + terms of ordere, e2, . . . which would be amenable to inversion by
a Lagrange expansion. However, in Sections 6.4–6.6, we shall see that this is possible for
another parameter which is closely related toψ. In the remainder of this section we consider
the numerical solution and the Taylor series.



Chapter 6. Normal Mercator on the ellipsoid (NME) 6.5

Numerical inversion by a fixed point iteration

For positive values ofψ and the correspondingφ it is convenient to write (6.15) as an
implicit equation

φ =
π

2
− 2 arctan

[
exp(−ψ)

(
1− e sinφ
1 + e sinφ

)e/2]
, (6.17)

from which we construct an iteration

φn+1 =
π

2
− 2 arctan

[
exp(−ψ)

(
1− e sinφn
1 + e sinφn

)e/2]
, (6.18)

wheren = 0, 1, 2 . . . For the initial valueφ0 we use the spherical approximation. Setting
e = 0 in equation (6.17) we have

φ0 =
π

2
− 2 arctan[exp(−ψ)]. (6.19)

The choice of (6.15) rather than (6.14) introduces the factor ofexp(−ψ) which clearly
facilitates the convergence whenψ is large and positive. If the iteration does converge to a
valueφ∗, thenφn → φ∗ andφn+1 → φ∗ in (6.18) so that

φ∗ =
π

2
− 2 arctan

[
exp(−ψ)

(
1− e sinφ∗

1 + e sinφ∗

)e/2]
. (6.20)

Thusφ∗ is the required solution of (6.17).

Inverse by Taylor series

In the next chapter we shall require the Taylor series ofφ(ψ) about the footpoint parameter
ψ = ψ1. To order(ψ − ψ1)4 we have

φ(ψ) = φ1 + (ψ−ψ1)
dφ

dψ

∣∣∣∣
1

+
(ψ−ψ1)2

2!
d2φ

dψ2

∣∣∣∣
1

+
(ψ−ψ1)3

3!
d3φ

dψ3

∣∣∣∣
1

+
(ψ−ψ1)4

4!
d4φ

dψ4

∣∣∣∣
1

,

(6.21)

whereφ1 = φ(ψ1) is the footpoint latitude. The definitions of the footpoint parameter and
footpoint latitude are as given in equation (4.13) but with the meridian distance given by
that on the ellipsoid by equation (5.71) or (5.77).

Now although we do not know the functionφ(ψ) we do know its first derivativeas a
function ofφ. Equation (6.12) gives

dφ

dψ
=
ν(φ) cosφ
ρ(φ)

= β(φ) cosφ = βc, (6.22)

where we have introduced the usual compact notation

s = sinφ c = cosφ t = tanφ β = β(φ) = ν/ρ . (6.23)
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Note that an expression fordφ/dψ evaluated at the footpoint latitudeφ1 is exactly what we
shall need in the application of this series.

We now construct expressions for all the derivatives in the Taylor series as functions
of φ. We need the derivative ofβ(φ) given in equation (5.54) asβ′ = (2 − 2β)t where
t = tanφ (anddt/dφ = 1 + t2).

dφ

dψ
= βc,

d2φ

dψ2
=

d

dψ
[βc] =

d

dφ
[βc]

dφ

dψ
=
[
β′c− βs

]
(βc)

= [(2− 2β)tc− βs] (βc) = c2t
[
−3β2 + 2β

]
,

d3φ

dψ3
=

d

dφ

{
c2t
[
−3β2 + 2β

]} dφ

dψ

= (βc)
{(
− 2cst+ c2(1 + t2)

) [
−3β2 + 2β

]
+ c2t [−6β + 2] (2− 2β)t

}
= c3

[
β3(−3 + 15t2) + β2(2− 18t2) + β(4t2)

]
,

d4φ

dψ4
=

d

dφ

{
c3
[
β3(−3 + 15t2) + β2(2− 18t2) + β(4t2)

]} dφ

dψ

= c4t
[
β4(57−105t2) + β3(−68+180t2) + β2(16−84t2) + β(8t2)

]
(6.24)

These derivatives must be evaluated atφ1 and substituted into the Taylor series which we
now write as

φ−φ1 = (ψ−ψ1) β1c1 +
(ψ−ψ1)2

2!
β1c

2
1t1D2 +

(ψ−ψ1)3

3!
β1c

3
1D3 +

(ψ−ψ1)4

4!
β1c

4
1t1D4,

(6.25)

whereβ1 = ν(φ1)/ρ(φ1), c1 = cosφ1, t1 = tanφ1 and

D2 = −3β1 + 2

D3 = β2
1(−3 + 15t21) + β1(2− 18t21) + 4t21

D4 = β3
1(57−105t21) + β2

1(−68+180t21) + β1(16−84t21) + 8t21. (6.26)

We shall also need these coefficients in the spherical limit (e→ 0, β → 1):

D2 = −1

D3 = −1 + t21

D4 = 5− t21. (6.27)
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Comment. The following three sections are a digression. We
shall not need any of these results in the derivation of TME. They
do, however, provide another approach to findingφ(ψ).

6.4 Double projections via the sphere

Projections can be defined from the ellipsoid to any surface of ‘reasonable’ shape, not just to
the plane. Here we shall consider only the case of projections from the ellipsoid to a sphere
of radiusR. Such a projection can then be followed by one of the many known projections
from the sphere to the plane to produce a double projection with desirable properties.

If we denote the latitude and longitude coordinate on the sphere by(Φ,Λ) then the
projection to the sphere is defined by two (well-behaved) functions,Φ(φ, λ) andΛ(φ, λ),
whereφ andλ are the usual geodetic longitude and latitude on the ellipsoid. To complete
the double projection we define coordinates(x, y) on the plane by specifying a further two
functionsx(Φ,Λ) andy(Φ,Λ).

The basic properties of such a projection from the ellipsoid to the sphere can be inves-
tigated by comparing the infinitesimal elements shown in Figure 6.2.

α α
φ

φ+δφ

δλ

δφ

λ λ+δλ

�

��

����

��
�

�

�

������

	
�φν

ρ

������� ������

δΛ	
�
�

Φ

δΦ

Λ Λ+δΛ

Φ Φ+δ

Φ

�
�

Figure 6.2

The geometry of the infinitesimal elements gives

(a) tanα =
ν cosφ δλ
ρ δφ

and (b) tanα′ =
R cos Φ δΛ
RδΦ

. (6.28)

Restricted projections to the sphere

The restricted projections are those in whichΛ = λ andΦ is a function ofφ only. In this
case the relation betweenα andα′ then becomes

tanα′ =
cos Φ
Φ′(φ)

ρ

ν cosφ
tanα. (6.29)

It is straightforward to calculate the scale factor for any azimuth but we shall consider only
the scale factor on the meridian of the sphere; denoting this byh(φ), as in Section 2.2, we
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have

h(φ) =
RδΦ
ρ δφ

=
RΦ′(φ)
ρ

. (6.30)

Note that we have not specified how the radiusR is to be chosen. There are many possible
choices which, whilst not affecting the angle transformations, will of course influence the
scale factor. All of the following have been used forR.

• The semi-major axis.

• An arithmetic or geometric mean of the semi-axes.

• The meridian radius of curvature,ρ, at a latitude where we seek the best fit.

• The Gaussian radius of curvature,
√
ρν, at a latitude where we seek the best fit.

• R such that the ellipsoid and sphere have the same volume.

• R such that the ellipsoid and sphere have the same surface area.

• R such that the ellipsoid and sphere have the same equator–pole distance.

A conformal projection to the sphere: the conformal latitude

The function ofΦ(φ) which generates a conformal restricted projection to the sphere is
called theconformal latitude, for which we use the notationχ(φ) (in agreement with
Snyder—see Bibliography). There are many other nomenclatures in the literature. Beware
also that many older books apply ‘conformal latitude’ to that function ofφ which we have
already defined as the Mercator parameter.

Equation (6.29) shows that the projection is conformal, that isα=α′, if Φ = χ satisfies
the condition

secχ χ′(φ) =
ρ(φ) secφ
ν(φ)

, (6.31)

which integrates to ∫ χ(φ)

0
secχdχ =

∫ φ

0

ρ(φ) secφ
ν(φ)

dφ. (6.32)

The integral on the left is the same as that for the Mercator parameter on the sphere, equa-
tion (2.26), whilst the integral on the right is that which gives the Mercator parameter on
the ellipse, equation (6.13). Therefore

ln
[
tan

(
χ(φ)

2
+
π

4

)]
= ln

[
tan

(
φ

2
+
π

4

)(
1− e sinφ
1 + e sinφ

)e/2]
≡ ψ(φ), (6.33)

χ(φ) = 2 arctan

[
tan

(
φ

2
+
π

4

)(
1− e sinφ
1 + e sinφ

)e/2]
− π

2
. (6.34)
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This rather complicated transformation (along withΛ = λ) has been constructed to guaran-
tee a conformal projection from ellipsoid to sphere. But note that equations (6.30) and (6.31)
clearly show that the scale cannot be uniform on any meridian of the sphere. Therefore fol-
lowing this projection with TMS from sphere to plane will produce a conformal projection
of the ellipsoid to the plane but with a non-uniform scale on the central meridian. When we
meet TME (next Chapter) we shall find that it is a conformal projection of the ellipsoid to
the plane with a uniform scale on the central meridian.

A rectifying projection from ellipse to the sphere

As a second example of a projection to the sphere consider that defined by settingΦ=µ(φ),
whereµ(φ) is the rectifying latitude defined in Section 5.9, equation (5.83):

Φ(φ) = µ(φ) =
π

2
m(φ)
mp

(6.35)

wheremp = m(π/2) is the meridian distance between equator and pole on the ellipsoid.
The corresponding distance on the sphere is(π/2)R and the two are clearly equal if we set
R = 2mp/π. In terms of the notation developed in Section 5.8 we haveR = A0 = B0 so
that we havea > R > b as expected.

The scale factor on the meridian is then

h =
RΦ′(φ)
ρ

=
R

ρ

π

2
m′(φ)
mp

= 1, (6.36)

sincem′(φ) = ρ from equation (5.68). Thus this projection to the sphere conserves the
scale factor and total length on every meridian but on the other hand it is not a conformal
projection sinceµ(φ) andχ(φ) are different functions.

6.5 A series expansion for the conformal latitude

Equation (6.34) shows thatχ andφ are equal at the equator and at the pole and elsewhere
they differ byO(e) terms, (actually byO(e2) as we shall see), so there is every reason to
expect them to be related by a series which can be inverted by the Lagrange method. In this
section we will find coefficients such that

χ(φ) = φ+ b2 sin 2φ+ b4 sin 4φ+ b6 sin 6φ+ b8 sin 8φ+ · · · , (6.37)

φ(χ) = χ+ d2 sin 2χ+ d4 sin 4χ+ d6 sin 6χ+ d8 sin 8χ+ · · · . (6.38)

To develop the direct series forχ(φ) we first introduce two new (small) parameters,A
andη, such that (

1− e sinφ
1 + e sinφ

)e/2
= expA = 1 + η. (6.39)
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Taking logarithms

A =
e

2
ln
(

1− e sinφ
1 + e sinφ

)
=
e

2
ln
(

1− es

1 + es

)
.

Using the series (E.12) we obtainA and its powers to orderO(e8):

A = −e2s
[
1 +

1
3
e2s2 +

1
5
e4s4 +

1
7
e6s6

]
,

A2 = e4s2
[
1 +

2
3
e2s2 +

23
45
e4s4

]
,

A3 = −e6s3
[
1 + e2s2

]
,

A4 = e8s4.

Therefore η = expA − 1 = A+
1
2!
A2 +

1
3!
A3 +

1
4!
A4 + · · ·

= p2e
2 + p4e

4 + p6e
6 + p8e

8 + · · · ,

η2 = p2
2e

4 + 2p2p4e
6 + (p2

4 + 2p2p6)e8 + · · · ,
η3 = p3

2e
6 + 3p2

2p4e
8 + · · · ,

η4 = p4
2e

8 + · · · , (6.40)

where p2 = −s
p4 = (s2/6)(3− 2s),

p6 = −(s3/30)(5− 10s+ 6s2),

p8 = (s4/2520)(105− 420s+ 644s2 − 360s3). (6.41)

We now introduce the abbreviation, (and use equation 2.29),

b = tan
(
φ

2
+
π

4

)
= secφ+ tanφ =

1
c
(1 + s), (6.42)

and note for future reference that

b

1 + b2
=

tan(φ/2 + π/4)
sec2(φ/2 + π/4)

=
1
2

sin
(
φ+

π

2

)
=

1
2

cosφ =
c

2
. (6.43)

With this notation equation (6.34) becomes

χ

2
+
π

4
= arctan[b(1 + η)] = arctan(b+ ηb). (6.44)

For the inverse tangent we use the series (E.9) withz = ηb. Therefore

χ

2
+
π

4
=
φ

2
+
π

4
+
ηb

1!
1

1 + b2
− (ηb)2

2!
2b

(1 + b2)2
(6.45)

+
(ηb)3

3!

[
−2

(1 + b2)2
+

8b2

(1 + b2)3

]
− (ηb)4

4!

[
−24b

(1 + b2)3
+

48b3

(1 + b2)4

]
+ · · · ,
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Substitute first for the powers of[b/(1 + b2)] from equation (6.43) and then substitute for
the remaining powers ofb from equation (6.42). The result is

χ = φ+ cη − c

2
(1 + s)η2 +

c

6
(1 + 3s+ 2s2)η3 − c

4
(s+ 2s2 + s3)η4 + · · · . (6.46)

Substitute for the powers ofη in terms of thep-coefficients (equation 6.40) and then substi-
tute for thep-coefficients using equation 6.41. This gives a series of the form

χ = φ+ q2e
2 + q4e

4 + q6e
6 + q8e

8 + · · · , (6.47)

where the coefficients are given by

q2 = cp2 = −sc,

q4 = cp4 −
c

2
(1 + s)(p2

2) = 0.s2c− 5
6
s3c,

q6 = cp6 −
c

2
(1 + s)(2p2p4) +

c

6
(1 + 3s+ 2s2)(p3

2) =
1
6
s3c+ 0.s4c− 13

15
s5c,

q8 = cp8 −
c

2
(1 + s)(p2

4 + 2p2p6) +
c

6
(1 + 3s+ 2s2)(3p2

2p4)−
c

4
(s+ 2s2 + s3)(p4

2)

= 0.s4c+
9
24
s5c+ 0.s6c− 1237

1260
s7c. (6.48)

Note the cancellation of all the terms involvings2c, s4c ands6c. This suggests that there
must be a smarter way of carrying out this expansion. Finally, using the identities for
sc, s3c, s5c, s7c given in Appendix C, equations (C.39)etc.

χ = φ+ b2 sin 2φ+ b4 sin 4φ+ b6 sin 6φ+ b8 sin 8φ+ · · · (6.49)

where
b2 = −e

2

2
− 5e4

24
− 3e6

32
− 281e8

5760
− · · · ,

b4 =
5e4

48
+

7e6

80
+

697e8

11520
+ · · · ,

b6 = −13e6

480
− 461e8

13440
− · · · ,

b8 =
1237e8

161280
+ · · · . (6.50)

The leading correction term(b2) gives a maximum value ofχ− φ ≈ 12′ atφ ≈ 45◦.

The inverse series

The inverse of the above series forχ may be calculated as a Lagrange expansion as in
Appendix B, equation (B.17). The result is

φ = χ+ d2 sin 2χ+ d4 sin 4χ+ d6 sin 6χ+ d8 sin 8χ+ · · · (6.51)
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where

d2 = −b2 − b2b4 +
1
2
b32 =

e2

2
+

5e4

24
+
e6

12
+

13e8

360
+ · · · ,

d4 = −b4 + b22 − 2b2b6 + 4b22b4 −
4
3
b42 =

7e4

48
+

29e6

240
+

811e8

11520
+ · · · ,

d6 = −b6 + 3b2b4 −
3
2
b32 =

7e6

120
+

81e8

1120
+ · · · ,

d8 = −b8 + 2b24 + 4b2b6 − 8b22b4 +
8
3
b42 =

4279e8

161280
+ · · · . (6.52)

6.6 The inverse of the Mercator parameter

Returning to equation (6.33) we see that the relation between the Mercator parameter and
the conformal latitude is

ψ(χ) = ln
[
tan

(χ
2

+
π

4

)]
= ln

[
cot
(π

4
− χ

2

)]
. (6.53)

Inverting the second of these gives

χ(ψ) =
π

2
− 2 arctan [exp(−ψ)] . (6.54)

This result, alongwith the last section, provides another inversion of the Mercator parameter.
Givenψ = y/awe use equation (6.54) to calculateχ and then use the series (6.51) to findφ.
This solves the problem of the inverse transformation and also allows us to find the scale
factor for anyy using (6.10).

6.7 Summary of modified NME

NME can be modified exactly as NMS to provide a slightly wider domain near the equator
in which the scale is accurate to within a given tolerance. For a tolerance of 1 in 2500 the
range of latitude will differ from that for NMS (Section 2.7) by terms of ordere2. The
technique is the same, we simply introduce a factor ofk0 into the transformations.

Direct transformation

x = k0aλ, y = k0aψ(φ), ψ(φ) = ln

[
tan

(
φ

2
+
π

4

)(
1− e sinφ
1 + e sinφ

)e/2]
(6.55)
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Inverse transformation

λ = x/k0a, φ = φ(ψ) with ψ = y/k0a
(6.56)

whereφ(ψ) is calculated by either of the following two methods:

Inverse of the Mercator parameter I

φ(ψ) may be evaluated numerically by the iteration of

φn+1 =
π

2
− 2 arctan

[
exp(−ψ)

(
1− e sinφn
1 + e sinφn

)e/2]
, (6.57)

with a starting value

φ0 =
π

2
− 2 arctan [exp(−ψ).]

Inverse of the Mercator parameter II

φ(ψ) may also be calculated by using the series

φ(χ) = χ+ d2 sin 2χ+ d4 sin 4χ+ d6 sin 6χ+ d8 sin 8χ+ · · · , (6.58)

where the coefficients are given in equation (6.52) andχ (the conformal latitude) is defined
in terms ofψ by

χ(ψ) =
π

2
− 2 arctan [exp(−ψ)] . (6.59)

Scale factor

k(φ) =
k0a secφ
ν(φ)

(6.60)

To find the scale for a giveny on the projection we use the above results to first findφ when
givenψ = y/k0a.
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Chapter7
Transverse Mercator on the ellipsoid (TME)

Abstract

TME is derived as a series by a complex transformation from the NME projec-
tion. The method parallels that used in Chapter 4 for the derivation of the TMS
series from NMS.
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Figure 7.1

7.1 Introduction

In Chapter 6 we derived the NME projection: it can be considered as a conformal transfor-
mation from a pointP (φ, λ) on the ellipsoid to a point on the complexζ-plane defined by
ζ = λ+ iψ whereψ(φ) is the Mercator parameter for the ellipsoid given in (6.14).

Let (x, y) be the coordinates of the required TME projection and letz = x + iy be a
general point on the associated complex plane. The aim of this chapter is to find a conformal
transformation

ζ → z(ζ) ≡ x(λ, ψ) + iy(λ, ψ), (7.1)

such that (a) the central meridians,λ = 0 andx = 0, map into each other, and (b) the scale
is true on they-axis. Our method parallels that of Chapter 4 with the appropriate definitions
of the Mercator parameter and meridian distance for the ellipsoid. The resulting series are
those first given by Lee (to sixth order) and Redfearn (to eighth order)—see bibliography.
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The meridian distance

The meridian distance on the ellipsoid was obtained as a series in Section 5.8: two possible
forms are given in equations (5.71) or (5.77). The first of these is (to sufficient accuracy)

m(φ) = A0φ+A2 sin 2φ+A4 sin 4φ+A6 sin 6φ, (7.2)

where theA-coefficients are given in equations (5.72). In considering the transformation
from the complexζ-plane to the complexz-plane it is useful to express the meridian distance
as a function ofψ and write it asM(ψ), where

M
(
ψ(φ)

)
= m(φ). (7.3)

There is no closed expression forM(ψ) analogous to (4.6); this is of no import since we
only need its derivatives. (See next page).

Footpoint latitude and parameter

Given a pointP ′′ with projection coordinates(x, y) then the projection coordinates of the
footpoint are(0, y). The definition of the footpoint latitudeφ1 and the footpoint parame-
terψ1 are unchanged from those of Sections 3.3 and 4.1: they are the solutions of

m(φ1) = y, M(ψ1) = y. (7.4)

We shall need to calculate the footpoint latitude (but not the footpoint parameter) for a
giveny. One method of finding the solution ofm(φ)=y is to use the fixed point iteration
given in equation (5.81),

φn+1 = g(φn) = φn −
(m
(
φn)− y

)
a

, n = 0, 1, 2 . . . , (7.5)

starting with the spherical approximationφ0 = y/a.

Alternatively, we can use the series given in (5.86) withm(φ) = y,

φ = µ+ d2 sin 2µ+ d4 sin 4µ+ d6 sin 6µ+ · · · , µ =
y

B0
, (7.6)

where the d-coefficients are given in (5.87).

The Mercator parameter: derivative and inverse

The Mercator parameter on the ellipsoid is given in equation (6.14) as

ψ(φ) = ln

[
tan

(
φ

2
+
π

4

)(
1− e sinφ
1 + e sinφ

)e/2]
. (7.7)

We shall not need this explicit form but we shall require require its derivatives. From (6.12)

dψ

dφ
=

ρ(φ)
ν(φ) cosφ

,
dφ

dψ
=
ν(φ) cosφ
ρ(φ)

. (7.8)
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We shall also needφ(ψ), the inverse of the Mercator parameter, as a fourth order Taylor
series about the footpoint parameterψ1. This is given in equation (6.25).

φ−φ1 = (ψ−ψ1) β1c1 +
(ψ−ψ1)2

2!
β1c

2
1t1D2 +

(ψ−ψ1)3

3!
β1c

3
1D3 +

(ψ−ψ1)4

4!
β1c

4
1t1D4

(7.9)

where the D-coefficients are given in (6.26). The ‘1’ suffix of course denotes a term calcu-
lated at the footpoint latitude.

The derivatives of the meridian distance

We shall need the derivative of theM(ψ) as functions ofφ. From (5.68) we have

dm(φ)
dφ

= ρ(φ), (7.10)

and using (7.8) we obtain

M ′(ψ) ≡ dM(ψ)
dψ

=
dM(ψ(φ))

dφ

dφ

dψ
=

dm(φ)
dφ

ν cosφ
ρ

= ν(φ) cosφ. (7.11)

Proceeding in this way we can construct all the derivatives ofM(ψ) with respect toψ but
with the results expressed as functions ofφ. Denoting then-th derivative ofM with respect
toψ byM (n) the exact results for the first six derivatives are given below. We use the usual
compact notation forsinφ etc. and also make frequent use of the derivatives ofν(φ) and
β(φ) given in equation (5.54):

dν

dφ
= (β − 1)ρ tanφ,

dβ

dφ
= −2(β − 1) tanφ. (7.12)

M (1) =
dM

dψ
= νc. (7.13)

M (2) =
d2M

dψ2
=

d

dφ

(
M (1)

) dφ
dψ

=
d

dφ
(νc)

dφ

dψ
= [(β − 1)ρtc− νs]

νc

ρ

= −νsc. (7.14)

M (3) =
d3M

dψ3
= −

[
(β − 1)ρtsc+ ν(c2 − s2)

] νc
ρ

= −νc3
(
β − t2

)
(7.15)

≡ −νc3W3.

/cont.
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M (4) =
d4M

dψ4
= −

[ {
(β−1)ρtc3 − 3νc2s

}
(β−t2) + νc3

{
−2(β−1)t− 2t(1+t2)

} ] νc
ρ

= νsc3
[
4β2 + β − t2

]
(7.16)

≡ νsc3W4.

M (5) =
d5M

dψ5
=

[ {
(β − 1)ρtsc3 + ν(c4 − 3s2c2)

}
(4β2 + β − t2)

+ νsc3
{
(8β + 1)(−2β + 2)t− 2t(1 + t2)

} ] νc
ρ

= νc5
[
4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

]
(7.17)

1ex ≡ νc5W5.

M (6) =
d6M

dψ6
=

[ {
(β − 1)ρtc5 + ν(−5sc4)

}
W5 + νc5W ′

5

] νc
ρ

= νsc5
[
(−4β − 1)

{
4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

}
+ βt−1

{(
12β2(1− 6t2) + 2β(1 + 8t2)− 2t2

)
(−2β + 2) t

−
(
24β3 − 8β2 + 2β

) (
2t(1 + t2)

)
+ 4t3(1 + t2)

} ]
= −νsc5

[
8β4(11− 24t2)− 28β3(1− 6t2) + β2(1− 32t2)− 2βt2 + t4

]
≡ −νsc5W6 (7.18)

We shall find that the derivativesM (7) andM (8) multiply λ7 andλ8 terms respectively
and we shall later justify the neglect of terms of ordere2λ7 ande2λ8. Accordingly, we
evaluate these derivatives in the spherical limit in whiche→ 0 andβ → 1, (except that the
overall multiplicative factors ofν are not set equal toa for the sake of visual conformity
with the lower order derivatives, not to improve accuracy). Noting thatν ′ = β′ = 0 in this
limit we find

M (7) =
d7M

dψ7
= −

[
ν
(
c6 − 5s2c4

)
W6|β=1 + νsc5 W ′

6

∣∣
β=1

] νc
ρ

= −νc7
[(

1− 5t2
) (

61− 58t2 + t4
)

+ t
(
−116t+ 4t3

)
(1 + t2)

]
= −νc7

(
61− 479t2 + 179t4 − t6

)
.

≡ −νc7W7. (7.19)

M (8) =
d8M

dψ8
=

[
7νc6sW7 − νc7W7

′] νc
ρ

= νsc7
[
7
(
61−479t2+179t4−t6

)
−1
t

(
−958t+716t3−6t5

)
(1+t2)

]
= νsc7

(
1385− 3111t2 + 543t4 − t6

)
.

≡ νsc7W8. (7.20)

Note the minus signs introduced in the definitions ofW3,W6 andW7.
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Summary of derivatives

M (1) = νc

M (2) = −νsc

M (3) = −νc3 W3 W3(φ) = β − t2

M (4) = νsc3W4 W4(φ) = 4β2 + β − t2

M (5) = νc5 W5 W5(φ) = 4β3(1−6t2) + β2(1 + 8t2)− 2βt2 + t4

M (6) = −νsc5W6 W6(φ) = 8β4(11−24t2)−28β3(1−6t2)+β2(1−32t2)−2βt2 + t4

M (7) = −νc7 W7 W7(φ) = 61− 479t2 + 179t4 − t6 +O(e2)

M (8) = νsc7W8 W8(φ) = 1385− 3111t2 + 543t4 − t6 +O(e2). (7.21)

The bar onW7 andW8 denotes that the term is evaluated in the spherical limit. This notation
will be standard from here on. Later we will need the expressions forW3, . . .W6 in the
spherical approximation: settingβ = 1 gives

W3(φ) →W3(φ) = 1− t2,

W4(φ) →W4(φ) = 5− t2,

W5(φ) →W5(φ) = 5− 18t2 + t4,

W6(φ) →W6(φ) = 61− 58t2 + t4. (7.22)

7.2 Derivation of the Redfearn series

The direct complex series

Following Section 4.2, the complex Taylor series ofz(ζ) aboutζ0 on the central meridian is

z = z0+(ζ−ζ0)M (1)
0 − i

2!
(ζ−ζ0)2M (2)

0 − 1
3!

(ζ−ζ0)3M (3)
0 +

i

4!
(ζ−ζ0)4M (4)

0

+
1
5!

(ζ−ζ0)5M (5)
0 − i

6!
(ζ−ζ0)6M (6)

0 − 1
7!

(ζ−ζ0)7M (7)
0 +

i

8!
(ζ−ζ0)8M (8)

0 + · · · ,
(7.23)

whereM (n)
0 = M (n)(ψ0), then-th derivative ofM(ψ) with respect toψ evaluated atψ0.

The leading term in the expansion will be recast in various forms when required:

z0 = z(ζ0) = iy0 = iM(ψ0) = iM0 (7.24)
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The direct series forx and y

For the direct series we start from a given (arbitrary) pointP ′ at ζ = λ + iψ and choose
ζ0 = iψ with thesameordinate in theζ-plane. Therefore in the Taylor series (7.23) we set

�
λ

ψ
ζ=λ+�ψ

ζζ ��
��

��������
��

ζ	� ����
��ψ

(ψ)��
��

���
�����

Figure 7.2

ζ − ζ0 = λ and evaluate the derivatives atψ0 = ψ. Writing M (n)(ψ) asM (n) and using
z0 = iM0 → iM the generalisation of equation (4.25) is

z = x+ iy = iM+λM (1)− i

2!
λ2M (2)− 1

3!
λ3M (3)+

i

4!
λ4M (4)

+
1
5!
λ5M (5)− i

6!
λ6M (6)− 1

7!
λ7M (7)+

i

8!
λ8M (8) + · · · (7.25)

The real and imaginary parts of equation (7.25) givex andy as functions ofλ andψ:

x(λ, ψ) = λM (1) − 1
3!
λ3M (3) +

1
5!
λ5M (5) − 1

7!
λ7M (7) + · · · (7.26)

y(λ, ψ) = M − 1
2!
λ2M (2) +

1
4!
λ4M (4) − 1

6!
λ6M (6) +

1
8!
λ8M (8) + · · · . (7.27)

Writing M and its derivatives as functions ofφ from (7.3) and (7.21) gives the Redfearn
formulae for the direct transformation as power series inλ (radians):

x(λ, φ) = λνc+
λ3νc3

3!
W3 +

λ5νc5

5!
W5 +

λ7νc7

7!
W7, (7.28)

y(λ, φ) = m(φ) +
λ2νsc

2
+
λ4νsc3

4!
W4 +

λ6νsc5

6!
W6 +

λ8νsc7

8!
W8. (7.29)

Since all the coefficients on the right hand sides are now expressed in terms ofφ, we have
replacedx(λ, ψ) andy(λ, ψ) on the left hand side byx(λ, φ) andy(λ, φ) respectively.

Conformality and the Cauchy–Riemann equations

The conformality of the above transformations may be confirmed by evaluating the Cauchy–
Riemann equations (4.14)

xλ = yψ = M (1) − 1
2!
λ2M (3) +

1
4!
λ4M (5) − 1

6!
λ6M (7) + · · · , (7.30)

xψ = −yλ = λM (2) − 1
3!
λ3M (4) +

1
5!
λ5M (6) − 1

7!
λ7M (8) + · · · . (7.31)
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The inverse complex series

We start by dividing the direct Taylor series (7.23) by a factor ofM
(1)
0 which, from (7.21),

is equal toν0c0. Therefore

z − z0
ν0c0

= (ζ−ζ0) +
b2
2!

(ζ−ζ0)2 +
b3
3!

(ζ−ζ0)3 + · · ·+ b8
8!

(ζ−ζ0)8 + · · · (7.32)

where we have setz0 = iy0 = iM0. Theb-coefficients are

b2 =
−iM (2)

0

ν0c0
= is0

b3 =
−M (3)

0

ν0c0
= c20W3(φ0)

b4 =
iM

(4)
0

ν0c0
= is0c

2
0W4(φ0)

b5 =
M

(5)
0

ν0c0
= c40W5(φ0)

b6 =
−iM (6)

0

ν0c0
= is0c

4
0W6(φ0)

b7 =
−M (7)

0

ν0c0
= c60W7(φ0)

b8 =
iM

(8)
0

ν0c0
= is0c

6
0W8(φ0) (7.33)

where the functions on the right hand sides are evaluated atφ0 such thatψ0 = ψ(φ0).

The Lagrange inversion of an eighth order series is developed in Appendix B, Sec-
tions B.6–B.8. If we identify the series (7.32) with (B.23) by replacing(z − z0)/ν0c0 and
(ζ − ζ0) byw andz respectively we can use (B.24) to deduce that the inverse of (7.32) is

ζ − ζ0 =
(
z − z0
ν0c0

)
− p2

2!

(
z − z0
ν0c0

)2

− p3

3!

(
z − z0
ν0c0

)3

− · · · − p8

8!

(
z − z0
ν0c0

)8

, (7.34)

where thep-coefficients are given by equations (B.25) and (B.30). We shall actually need
these coefficients at the footpoint latitudeφ1 and we choose to write them as

p2 = ic1t1,

p3 = c21 V3 V3 = β1 + 2t21,

p4 = ic31t1 V4 V4 = 4β2
1 − 9β1 − 6t21,

p5 = c41 V5 V5 = 4β3
1(1− 6t21)− β2

1(9− 68t21)− 72β1t
2
1 − 24t41,

p6 = ic51t1 V6 V6 = 8β4
1(11−24t21)−84β3

1(3−8t21)+225β2
1(1−4t21)+600β1t

2
1+120t41,

p7 = c61 V7 V7 = 61 + 662t21 + 1320t41 + 720t61,

p8 = ic71t1 V8 V8 = −1385− 7266t21 − 10920t41 − 5040t61. (7.35)
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The inverse series forψ andλ

�
λ

ψ
ζ=λ+�ψ

ζ

ζ
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ψ
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�
�
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Figure 7.3

For the inverse we start from an arbitrary point with projection coordinatesP ′′(x, y) and
move to the footpoint atK ′′(0, y) so that we setz−z0 = (x+iy)−iy = x in equation (7.34).
We must then setζ0 = iψ1 whereψ1 is the footpoint parameter such thatM(ψ1) = y. Let
φ1 be the corresponding footpoint latitude such thatm(φ1) = y. Therefore (7.34) becomes

λ+ iψ − iψ1 =
x

ν1c1
− p2

2!

(
x

ν1c1

)2

− p3

3!

(
x

ν1c1

)3

− · · · − p8

8!

(
x

ν1c1

)8

, (7.36)

where thep coefficients at the footpoint latitudeφ1 have already been given in (7.35). Tak-
ing the real and imaginary parts we have

λ(x, y) =
x

ν1c1
− x3

3! ν3
1c1

V3 −
x5

5! ν5
1c1

V5 −
x7

7! ν7
1c1

V7, wherem(φ1) = y, (7.37)

ψ − ψ1 = − x2t1
2! ν2

1c1
− x4t1

4! ν4
1c1

V4 −
x6t1

6! ν6
1c1

V6 −
x8t1

8! ν8
1c1

V8. (7.38)

We see that the spherical approximation has been used only in the last term of each series.
Therefore it is equivalent to neglecting terms of ordere2(x/a)7 ande2(x/a)8. This will be
justified when we look at the typical magnitude of such terms.

Finally, we note for future reference the spherical limits of the termsV3, . . . V6: since
β1 → 1 ase→ 1 we have

V3 → V3 = 1 + 2t21,

V4 → V4 = −5− 6t21,

V5 → V5 = −5− 28t21 − 24t41,

V6 → V6 = 61 + 180t21 + 120t41. (7.39)

The inverse series forφ

In Chapter 6, equation (6.21) we derived the following fourth order Taylor series for the
inverse of the Mercator parameter on the ellipsoid:

φ−φ1 = (ψ−ψ1) β1c1 +
(ψ−ψ1)2

2!
β1c

2
1t1D2 +

(ψ−ψ1)3

3!
β1c

3
1D3 +

(ψ−ψ1)4

4!
β1c

4
1t1D4,

(7.40)
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where theD-coefficients are given in (6.26). All that remains is to substitute for(ψ − ψ1)
using (7.38). It is convenient to use a temporary abbreviation, settingx̃ = x/ν1.

ψ − ψ1 = − t1
c1

[
1
2!
x̃2 +

1
4!
V4x̃

4 +
1
6!
V6x̃

6 +
1
8!
V8x̃

8

]
,

(ψ − ψ1)2 =
t21
c21

[
1

2!2!
x̃4 +

2
2!4!

V4x̃
6 +

2
2!6!

V6x̃
8 +

1
4!4!

V 2
4 x̃

8

]
,

(ψ − ψ1)3 = − t
3
1

c31

[
1

2!2!2!
x̃6 +

3
2!2!4!

V4x̃
8

]
,

(ψ − ψ1)4 =
t41
c41

[
1

2!2!2!2!
x̃8

]
wherex̃ =

x

ν1
. (7.41)

Substituting these expressions into the Taylor series (7.40) gives

φ−φ1 =− 1
2!
x̃2β1t1 [ 1 ]

− 1
4!
x̃4β1t1

[
V4 − 3t21D2

]
− 1

6!
x̃6β1t1

[
V6 − 15t21D2V4 + 15t21D3

]
− 1

8!
x̃8β1t1

[
V8 − 28t21D2V6 − 35t21D2V4

2
+ 210t21D3V4 − 105t41D4

]
, (7.42)

where we use the spherical approximation in evaluating the eighth order term. Substitut-
ing for theD-coefficients from equations (6.26, 6.27) and theV -coefficients from equa-
tions (7.35,7.39) our final result forφ is

φ(x, y) = φ1 −
x2β1t1
2ν2

1

− x4β1t1
4!ν4

1

U4 −
x6β1t1
6!ν6

1

U6 −
x8β1t1
8!ν8

1

U8, (7.43)

where

U4 = 4β2
1 − 9β1(1− t21)− 12t21,

U6 = 8β4
1(11− 24t21)− 12β3

1(21− 71t21) + 15β2
1(15− 98t21 + 15t41)

+ 180β1(5t21 − 3t41) + 360t41
U8 = −1385− 3633t21 − 4095t41 − 1575t61. (7.44)

Later we shall requireU4 andU6 in the spherical approximation:

U4 → U4 = −5− 3t21,

U6 → U6 = 61 + 90t21 + 45t41, (7.45)
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7.3 Summary of Redfearn’s transformation formulae

Direct x(λ, φ) = λνc+
λ3νc3

3!
W3 +

λ5νc5

5!
W5 +

λ7νc7

7!
W7 (7.46)

y(λ, φ) = m(φ) +
λ2νsc

2
+
λ4νsc3

4!
W4 +

λ6νsc5

6!
W6 +

λ8νsc7

8!
W8 (7.47)

Inverse λ(x, y) =
x

ν1c1
− x3

3! ν3
1c1

V3 −
x5

5! ν5
1c1

V5 −
x7

7! ν7
1c1

V7 (7.48)

φ(x, y) = φ1 −
x2β1t1
2ν2

1

− x4β1t1
4!ν4

1

U4 −
x6β1t1
6!ν6

1

U6 −
x8β1t1
8!ν8

1

U8 (7.49)

ψ(x, y) = ψ1 −
x2t1

2! ν2
1c1

− x4t1
4! ν4

1c1
V4 −

x6t1
6! ν6

1c1
V6 −

x8t1
8! ν8

1c1
V8 (7.50)

where
W3 = β − t2

W4 = 4β2 + β − t2

W5 = 4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

W6 = 8β4(11−24t2)− 28β3(1−6t2) + β2(1−32t2)− 2βt2 + t4

W7 = 61− 479t2 + 179t4 − t6 +O(e2)

W8 = 1385− 3111t2 + 543t4 − t6 +O(e2) (7.51)

V3 = β1 + 2t21
V4 = 4β2

1 − 9β1 − 6t21
V5 = 4β3

1(1− 6t21)− β2
1(9− 68t21)− 72β1t

2
1 − 24t41

V6 = 8β4
1(11−24t21)−84β3

1(3−8t21)+225β2
1(1−4t21)+600β1t

2
1+120t41

V7 = 61 + 662t21 + 1320t41 + 720t61
V8 = −1385− 7266t21 − 10920t41 − 5040t61 (7.52)

U4 = 4β2
1 − 9β1(1− t21)− 12t21

U6 = 8β4
1(11− 24t21)− 12β3

1(21− 71t21) + 15β2
1(15− 98t21 + 15t41)

+ 180β1(5t21 − 3t41) + 360t41
U8 = −1385− 3633t21 − 4095t41 − 1575t61 (7.53)

and (a)m(φ) is the meridian distance which may be calculated from the series (5.71)
or (5.77); (b)s, c, t denotesinφ, cosφ, tanφ; (c) the functionsν(φ) andβ(φ) are de-
fined in equation (5.52, 5.53); (d)λ is measured in radians from the central meridian; (e) the
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subscripted terms in the inverse series are to be evaluated at the footpoint latitudeφ1 such
thatm(φ1) = y.

Comments

1. The series given on the previous page are in full accordance with those printed in Red-
fearn’s article in the (Empire) Survey Review. They differ in format since Redfearn
writes the series in terms ofρ(φ) andν(φ) rather thanβ(φ)

(
= ν/ρ

)
andν(φ). In

the original paper Redfearn’s formulae a few ‘1’ subscripts are omitted in the inverse
series.

2. We shall defer an analysis of the accuracy of the above series until we present the
results for scale and convergence in the next chapter. Then in Chapter 9 we discuss
the results in the context of two important applications, UTM and NGGB.

3. The TME projection may be modified so that the scale on the central meridian is less
than unity, equal to or approximately equal to 0.9996 for UTM and NGGB respec-
tively. Unit scale is achieved on two lines but for TME these are neither meridians
nor grid lines. This modification reduces the range of scale variation.

4. For computational purposes the series should be written in a ‘nested’ form. For ex-
ample equation (7.46) can be written as

x = νλ̃

[
1 + λ̃2

{
W3

3!
+ λ̃2

(
W5

5!
+ λ̃2W7

7!

)}]
, λ̃ = λc. (7.54)
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Chapter8
Scale and convergence in TME

Abstract

Cauchy–Riemann conditions for the inverse. Grid convergence in geographical
coordinates. Azimuths and bearings. Grid convergence in projection coordi-
nates.Scale factors.Redfearn series for convergence and scale. Modified TME.

8.1 Cauchy–Riemann conditions for NME to TME

In Chapter 7 we proved that the transformation NME→TME was conformal by checking
that the series (7.28, 7.29) satisfied the Cauchy–Riemann equations (4.14). That is,

ζ → z(ζ) ≡ x(λ, ψ) + iy(λ, ψ) : xλ = yψ, xψ = −yλ. (8.1)

Since a conformal transformation is angle-preserving then the inverse transformation must
also be angle-preserving and conformal, satisfying the following conditions:

z → ζ(z) ≡ λ(x, y) + iψ(x, y) : λx = ψy, λy = −ψx. (8.2)

It is straightforward, and useful, to show that the Cauchy–Riemann equations for the inverse
transformation follow from (8.1). Consider the identities

x = x
(
λ(x, y), ψ(x, y)

)
,

y = y
(
λ(x, y), ψ(x, y)

)
. (8.3)

Differentiate both these identities byx and then both byy, giving four equations:

1 = xλλx + xψψx, 0 = xλλy + xψψy,

0 = yλλx + yψψx, 1 = yλλy + yψψy. (8.4)

Eliminatingψx thenλx from the left pair and thenψy andλy from the right pair:

yψ = J λx, yλ = −J ψx, xψ = −J λy, xλ = J ψy, (8.5)

where

J = xλyψ − yλxψ = x2
λ + y2

λ = |xλ + iyλ|2 = |z′(ζ)|2

=
1

|ζ ′(z)|2
=

1
|λx + iψx|2

=
1

λ2
x + ψ2

x

. (8.6)
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Now neitherz′(ζ) nor ζ ′(z) can vanish, for otherwise the transformation and its inverse
would degenerate intoz=constant orζ=constant respectively (so that everyP (φ, λ) would
map to the same point). ThereforeJ must be non-zero and bounded and equations (8.5) can
be used to show that the equations (8.2) follow from (8.1).

8.2 Azimuths and grid bearings in TME

Following Section 3.5 we consider the geometry of infinitesimal elements on the ellipsoid
and corresponding elements on the NME and TME complex planes. Both steps of the
projection are conformal and the azimuthα on the ellipsoid is equal to the angle between
projected meridian and the projected displacement on both NME and TME planes. The
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Figure 8.1

grid bearingβ on the TME projection is defined as the angle between grid north (on which
δx = 0) and the tangent to the projected displacementP ′′Q′′. The TME projection conver-
gence,γ, is defined as the angle between TME grid north and the projected meridian—and
because of conformality we see that the displacentsP ′M ′, P ′Q′ andP ′N ′ are all rotated
by γ to the corresponding displacementsP ′′M ′′, P ′′Q′′ andP ′′N ′′. With these definitions
we see that just as in Section 3.5 we have

α = β + γ (8.7)

This equation can be used to find bearings from azimuths or vice versa if we knowγ(λ, φ)
andγ(x, y) respectively. That isα=β+γ(x, y) or β=α−γ(φ, λ).

8.3 Grid convergence in TME

We have defined grid (or projection) convergence,γ, as the angle between true north and
grid north on the projection atP ′′, where true north is defined by the tangent to the projected
meridian atP ′′. Sinceδλ = 0 on the projected meridian, and remembering that we are now
consideringx andy as functions ofλ andψ, we have

tan γ = − dx

dy

∣∣∣∣
δλ=0

= − lim
xλ δλ+ xψ δψ

yλ δλ+ yψδψ

∣∣∣∣
δλ=0

= −
xψ
yψ

=
yλ
xλ
, (8.8)

where we use the Cauchy-Riemann conditions (8.1) in the last step. This last form is to be
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preferred since the Redfearn formulae (7.46, 7.47) givex andy as power series inλ with
coefficients as functions ofφ. Therefore we have

γ(λ, φ) = arctan
(
yλ
xλ

)
. (8.9)

The calculation of the convergence in projection coordinates follows immediately if we use
equations (8.5) to setyλ = −J ψx andxλ = J ψy:

γ(x, y) = − arctan
(
ψx
λx

)
, (8.10)

whereψ andλ are power series inx (7.50, 7.48) with coefficients evaluated at the foot-
pointφ1.

8.4 Point scale factors in TME

If we work from first principles (compare equation 2.19) the square of the point scale factor
is given by the ratio of the metric distances on the TME projection and the ellipsoid:

µ2 =
δx2 + δy2

ρ2 δφ2 + ν2 cos2φ δλ2
. (8.11)

From the derivative of the Mercator parameter on the ellipsoid, equation (6.12), we have
thatρ δφ = ν cosφ δψ. Therefore we can write the above as

µ2 =
a2

ν2 cos2φ
δx2 + δy2

a2(δψ2 + δλ2)
≡ k2

NMEm
2 (8.12)

The first of these factors is just the square of the scale for the transformation from the el-
lipsoid to NME—see equation (6.10). The second factor, which we have defined asm2,
is the square of the scale factor between the NME and TME projections (or the magnifica-
tion of the conformal transformation between the NME, TME complex planes). Using the
Cauchy–Riemann equations (8.1) we can rewrite the numerator as follows:

δx2 + δy2 = (xψδψ + xλδλ)2 + (yψδψ + yλδλ)2 (8.13)

= (x2
ψ + y2

ψ)δψ2 + 2(xψxλ + yψyλ)δψ δλ+ (x2
λ + y2

λ)δλ
2

= (x2
λ + y2

λ)(δψ
2 + δλ2). (8.14)

Therefore the scale factor can be written as

k(λ, φ) =
1

ν(φ) cosφ
{
x2
λ + y2

λ

}1/2 =
xλ sec γ(λ, φ)
ν(φ) cosφ

, (8.15)

where we use (8.9) in the second step. We have also replacedµ by k, the usual notation for
an isotropic scale factor, sincexλ andyλ are independent ofα (depending only on position).
Using equations (8.6, 8.10) this result can be transformed to

k(x, y) =
1

ν(φ) cosφ
{
λ2
x + ψ2

x

}−1/2 =
1

ν(φ) cosφ
1

λx sec γ(x, y)
, (8.16)

where it is assumed that we have first calculatedφ(x, y).



8.4 Chapter 8. Scale and convergence in TME

Alternative derivations of scale and convergence

In Section 8.2 we remarked that all linear elements in the complex NME plane are rotated
by the angle of convergenceγ when we transform to the complex TME plane. Therefore if
we denote the elementP ′Q′ in the NME complex plane byδζ = r exp[iθ] then the element
P ′′Q′′ will be represented byδz = R exp

[
i(θ + γ)

]
wherem = R/r is the magnification

of the element. Since the limit of the ratio of these elements is the value ofz′(ζ) atP we
must have

xλ + iyλ = z′(ζ) = lim
δz

δζ
=
R

r
eiγ = meiγ . (8.17)

Therefore
γ = arctan

(
yλ
xλ

)
, m = {x2

λ + y2
λ}1/2, (8.18)

reproducing the previous definitions in equations (8.9) and (8.15), the latter after multipli-
cation by the scale factorkNME for the transformation from the ellipsoid to NME and after
dividing by a factor ofa to allow for the fact that we chose (Chapter 4) to label the NME
complex plane by(λ, ψ) rather than(aλ, aψ).

8.5 Series for partial derivatives

The expressions for the convergence and scale factors in equations (8.9), (8.10), (8.15) and
(8.16) depend on the partial derivativesxλ, yλ, λx, ψx of the Redfearn series (7.46–7.50).
Settingλ̃ = λc andx̃ = x/ν1 we have

xλ =
∂x

∂λ
= νc

[
1 +

1
2
λ̃2W3 +

1
24
λ̃4W5 +

1
720

λ̃6W7,

]
, λ̃ = λc (8.19)

yλ =
∂y

∂λ
= νs λ̃

[
1 +

1
6
λ̃2W4 +

1
120

λ̃4W6 +
1

5040
λ̃6W8

]
, (8.20)

λx =
∂λ

∂x
=

1
ν1c1

[
1− 1

2
x̃2V3 −

1
24
x̃4V5 −

1
720

x̃6V7

]
, x̃ =

x

ν1
(8.21)

ψx =
∂ψ

∂x
= − t1x̃

ν1c1

[
1 +

1
6
x̃2V4 +

1
120

x̃4V6 +
1

5040
x̃6V8

]
. (8.22)

Note that, apart from the overall multiplicative terms, the series forλx is obtained from that
for xλ by the replacements̃λ → x̃ andWn → −Vn (n odd); the series forψx is obtained
from that foryλ by the replacements̃λ→ x̃ andWn → Vn (n even).

NB. In constructing the Redfearn series we discarded terms of orderλ9 and(x/a)9 so we
must discard terms of orderλ8 and(x/a)8 (and higher order) in the derivatives and in any
expressions obtained by manipulation of the above series. Moreover the coefficients ofλ̃7,
x̃7, λ̃8 andx̃8 terms of the Redfearn series were evaluated in the spherical approximation
(e = 0, β = 1); therefore, for consistency, we must use the spherical approximation in
coefficients of terms of the order̃λ6, x̃6, λ̃7 andx̃7 wherever they arise in the manipulation
of the series for the derivatives.
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The quotient of yλ andxλ

Using (E.31) we find the inverse ofxλ in (8.19) to be such that

νc

xλ
= 1− λ̃2

(
W3

2

)
− λ̃4

(
W5

24
−W

2
3

4

)
− λ̃6

(
W7

720
−W3W5

24
+
W3

3

8

)
. (8.23)

Note that theW3 andW5 which the inversion casts into the last term have been replaced by
their spherical limits. The product of the above with (8.20) gives

yλ
xλ

= t λ̃
[
1 + a2λ̃

2 + a4λ̃
4 + a6λ̃

6
]
, (8.24)

where the coefficients (and required spherical limits) are calculated using (7.21, 7.22)

a2 =
W4

6
− W3

2
=

1
3

[
2β2 − β + t2

]
, a2 =

1
3
(
1 + t2

)
a4 =

W6

120
− W3W4

12
+
W 2

3

4
− W5

24
,

=
1
15

[
β4(11−24t2)−β3(11−36t2)+β2(2−4t2)−4βt2+2t4

]
, a4 =

1
15
(
2+4t2+2t4

)
a6 =

W8

5040
−W3W6

240
+
W3

2
W4

24
−W4W5

144
−W3

3

8
+
W3W5

24
−W7

720

=
1

315

[
17 + 51t2 + 51t4 + 17t6

]
. (8.25)

The quotient ofψx andλx

Bearing in mind the comment made immediately after equation (8.22) we see that if we
define

ψx
λx

= −t1 x̃
[
1 + r2x̃

2 + r4x̃
4 + r6x̃

6
]

(8.26)

then the coefficients follow by analogy with equations (8.25). Using (7.35, 7.39) we find
that the r-coefficients and their spherical limits are

r2 =
V4

6
+
V3

2
=

1
3

[
2β2

1 − 3β1

]
, r2 = −1

3

r4 =
V6

120
+
V3V4

12
+
V 2

3

4
+
V5

24
,

=
1
15

[
β4

1(11−24t21)−3β3
1(8−23t21)+15β2

1(1−4t21)+15β1t
2
1

]
, r4 =

2
15

r6 =
V8

5040
+
V3V6

240
+
V3

2
V4

24
+
V4V5

144
+
V3

3

8
+
V3V5

24
+
V7

720
= − 17

315
. (8.27)

Note the absence of terms int2, t4 or t6 in the coefficientsr2, r4 or r6.
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8.6 Convergence in geographical coordinates

From (8.9) and (8.24) we have

tan γ(φ, λ) = λ̃t
[
1 + a2λ̃

2 + a4λ̃
4 + a6λ̃

6
]

(8.28)

and we calculateγ asarctan(tan γ) by using the series (E.20):

γ = tan γ − 1
3

tan3γ +
1
5

tan5γ − 1
7

tan7γ + · · · . (8.29)

To orderλ̃7 the higher powers oftan γ are given by

tan2γ = λ̃2t2
[
1 + 2a2λ̃

2 + (2a4 + a2
2)λ̃

4
]

tan5γ = λ̃5t5
[
1 + 5a2λ̃

2
]

tan3γ = λ̃3t3
[
1 + 3a2λ̃

2 + 3(a4 + a2
2)λ̃

4
]

tan6γ = λ̃6t6 [ 1 ]

tan4γ = λ̃4t4
[
1 + 4a2λ̃

2
]

tan7γ = λ̃7t7 [ 1 ] (8.30)

so that

γ = λ̃t+
λ̃3t

3
[
3a2−t2

]
+
λ̃5t

5
[
5a4−5a2t

2+t4
]
+
λ̃7t

7
[
7a6−7

(
a4+a2

2

)
t2+7a2t

4−t6
]
.

(8.31)

Substituting thea-coefficients from (8.25) gives our final result

γ(φ, λ) = λ̃t+
1
3
λ̃3tH3 +

1
15
λ̃5tH5 +

1
315

λ̃7tH7, λ̃ = λc. (8.32)

H3 = 2β2 − β,

H5 = β4(11− 24t2)− β3(11− 36t2) + β2(2− 14t2) + βt2,

H7 = 17− 26t2 + 2t4. (8.33)

8.7 Convergence in projection coordinates

From (8.10) and (8.26) and

tan γ(x, y) = t1x̃
[
1 + r2x̂

2 + r4x̂
4 + r6x̂

6
]
. (8.34)

Comparing this equation with (8.28) we see from equation (8.31) that

γ = x̃t1+
x̃3t1

3
[
3r2−t21

]
+
x̃5t1

5
[
5r4−5r2t21+t

4
1

]
+
x̃7t1

7
[
7r6−7

(
r4+r22

)
t21+7r2t41−t61

]
.

(8.35)
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Substituting ther-coefficients from (8.27) gives our final result

γ(x, y) = x̃t1 +
1
3
x̃3t1K3 +

1
15
x̃5t1K5 +

1
315

x̃7t1K7, x̃ =
x

ν1
, (8.36)

where

K3 = 2β2
1 − 3β1 − t21,

K5 = β4
1(11− 24t21)− 3β3

1(8− 23t21) + 5β2
1(3− 14t21) + 30β1t

2
1 + 3t41,

K7 = −17− 77t21 − 105t41 − 45t61. (8.37)

Settingβ1 = ν1/ρ1 gives the Redfearn series except that he writesν rather than a more
correctν1 etc.

8.8 Scale factor in geographical coordinates

From (8.15) we have

k(λ, φ) =
xλ sec γ(λ, φ)

ν cosφ
, (8.38)

wherexλ is given in equation (8.19) and we evaluatesec γ by using the binomial se-
ries (E.28) and the expressions fortannγ given in (8.30):

xλ
νc

= 1 +
1
2
λ̃2W3 +

1
24
λ̃4W5 +

1
720

λ̃6W7, (8.39)

sec γ =
{
1 + tan2γ

}1/2 = 1 +
1
2

tan2γ − 1
8

tan4γ +
1
16

tan6γ + · · ·

= 1 +
1
2
λ̃2t2 +

1
8
λ̃4
[
8a2t

2 − t4
]
+

1
16
λ̃6
[
16a4t

2 + 8a2
2t

2 − 8a2t
4 + t6

]
(8.40)

k(φ, λ) = 1 +
1
2
λ̃2
(
W3 + t2

)
+

1
24
λ̃4
(
W5 + 6t2W3 + 24a2t

2 − 3t4
)

+
λ̃6

720
(
W7+15t2W5+360a2t

2W3−45t4W3+720a4t
2+360a2

2t
2−360a2t

4+45t6
)

(8.41)

Finally, using theW -coefficients from (7.21 7.22) and thea-coefficients from (8.25),

k(λ, φ) = 1 +
1
2
λ̃2H2 +

1
24
λ̃4H4 +

1
720

λ̃6H6, λ̃ = λc, (8.42)

H2 = β

H4 = 4β3(1− 6t2) + β2(1 + 24t2)− 4βt2

H6 = 61− 148t2 + 16t4. (8.43)
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8.9 Scale factor in projection coordinates

From (8.16) we have

k(x, y) =
1

ν cosφ
1

λx sec γ
. (8.44)

Ignoring the factor ofν cosφ for the moment we follow the same steps as in the previous
section but calculatesec γ using the expression fortan γ given in equation (8.34):

λx =
1
ν1c1

[
1− 1

2
x̃2V3 −

1
24
x̃4V5 −

1
720

x̃6V7,

]
, (8.45)

sec γ =
{
1 + tan2γ

}1/2 = 1 +
1
2

tan2γ − 1
8

tan4γ +
1
16

tan6γ + · · ·

= 1 +
1
2
x̃2t21 +

1
8
x̃4
[
8r2t21 − t41

]
+

1
16
x̃6
[
16r4t21 + 8r22t

2
1 − 8r2t41 + t61

]
,

(8.46)

λx sec γ =
1
ν1c1

[
1 +

1
2
x̃2
(
− V3 + t21

)
+

1
24
x̃4
(
− V5 − 6t21V3 + 24r2t21 − 3t41

)
+
x̃6

720
(
−V7−15t21V5−360r2t21V3+45t41V3+720r4t21+360r22t

2
1−360r2t41+45t61

)]
=

1
ν1c1

[
1 +

1
2
x̃2p2 +

1
24
x̃4p4 +

1
720

x̃6p6

]
, (8.47)

where the coefficients and their spherical limits are evaluated using (7.35, 7.39) and (8.27):

p2 = −β1 − t21 p2 = −1− t21

p4 = −4β3
1(1− 6t21) + β2

1(9− 52t21) + 42β1t
2
1 + 9t41 p4 = 5 + 14t21 + 9t41

p6 = −61− 331t21 − 495t41 − 225t61. (8.48)

The factor ν cosφ

We expandf(φ) = ν(φ) cosφ in a Taylor series about the footpoint latitudeφ1:

f(φ) = f(φ1) + (φ−φ1)f ′(φ1) +
1
2!

(φ−φ1)2f ′′(φ1) +
1
3!

(φ−φ1)3f ′′′(φ1). (8.49)

The series terminates with the third order term since equation (7.49) shows that(φ−φ1)4 is
of orderx̃8 and is therefore neglected; further(φ−φ1)3 is of orderx̃6 so the third derivative
must be evaluated in the spherical limit, (ν = a, ν ′ = ν ′′ = 0). Therefore

f(φ) = νc, f ′(φ) = ν ′c−νs, f ′′(φ) = ν ′′c−2ν ′s−νc, f ′′′(φ) = as,

and

ν cosφ = ν1c1+[ν ′1c1−ν1s1](φ−φ1)+
1
2!

[ν ′′1 c1−2ν ′1s1−ν1c1](φ−φ1)2 +
1
3!

[as1](φ−φ1)3.

(8.50)
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Divide byν1c1 and using the expressions forν ′/ν andν ′′/ν given in (5.55):

ν cosφ
ν1c1

= 1− t1
β1

(φ−φ1)−
1

2β2
1

(β1 + 3β1t
2
1 − 3t21)(φ−φ1)2 +

t1
6

(φ−φ1)3. (8.51)

Substituting for(φ−φ1) from (7.49) we have

ν cosφ
ν1c1

= 1− t1
β1

[
−1

2
β1t1x̃

2 − 1
24
β1t1x̃

4U4 −
1

720
t1x̃

6U6

]
− 1

2β2
1

(β1+3β1t
2
1−3t21)

[
1
4
β2

1t
2
1x̃

4+
1
24
t21x̃

6U4

]
+
t1
6

[
−1

8
t31x̃

6

]
. (8.52)

Using theU -coefficients in (7.44, 7.45) we find

ν cosφ
ν1c1

= 1 +
1
2
x̃2q2 +

1
24
x̃4q4 +

1
720

x̃6q6, (8.53)

q2 = t21 q2 = t21,

q4 = t21U4 − 3t21(β1 + 3β1t
2
1 − 3t21) = 4β2

1t
2
1 − 12β1t

2
1 − 3t41 q4 = −8t21 − 3t41,

q6 = t21U6 − 15t21U4 − 15t41 = 136t21 + 120t41 + 45t61, (8.54)

The scale factor

Multiplying the series (8.47) and (8.53) gives the product

ν cosφλx sec γ = 1 +
1
2
x̃2g2 +

1
24
x̃4g4 +

1
720

x̃6g6, (8.55)

g2 = p2 + q2 = −β1 g2 = −1

g4 = p4 + q4 + 6p2q2 = −4β3
1(1− 6t21) + β2

1(9− 48t21) + 42β1t
2
1 g4 = 5

g6 = p6 + q6 + 15(p2q4 + q2p4) = −61. (8.56)

The actual scale factor (8.44) is the inverse of (8.55); using (E.32) we have,

k(x, y) = 1 +
1
2
x̃2K2 +

1
24
x̃4K4 +

1
720

x̃6K6, x̃ =
x

ν1
(8.57)

where

K2 = −g2 = β1 ,

K4 = −g4 + 6g2
2 = 4β3

1(1− 6t21)− 3β2
1(1− 16t21)− 24β1t

2
1,

K6 = −g6 + 30g2g4 − 90g3
2 = 1. (8.58)

Settingβ1 = ν1/ρ1 gives the Redfearn series except that in the sixth order term he has a
denominator ofν3

1ρ
3
1 as againstν6

1 here. Since we assume the spherical limit for this term
both could be replaced bya6 and there is no inconsistency.
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8.10 Final results: Redfearn’s modified TME series

Direct series

As for NMS, TMS and NME simply multiply (7.46) and (7.47) by a factor ofk0.

x(λ, φ) = k0ν

[
λ̃+

λ̃3

3!
W3 +

λ̃5

5!
W5 +

λ̃7

7!
W7

]
, λ̃ = λc (8.59)

y(λ, φ) = k0

[
m(φ) +

λ̃2νt

2
+
λ̃4νt

4!
W4 +

λ̃6νt

6!
W6 +

λ̃8νt

8!
W8

]
. (8.60)

Inverse series:

Setx→x/k0 and replacẽx = x/ν1 by x̂ = x/k0ν1. The footpoint latitude , φ1, must be
found from (7.4) or (7.5) withy→y/k0: it is the solution ofm(φ1) = y/k0. Equations 7.48,
7.50 and 7.49 become

λ(x, y) =
x̂

c1
− x̂3

3! c1
V3 −

x̂5

5! c1
V5 −

x̂7

7! c1
V7, x̂ =

x

k0ν1
(8.61)

ψ(x, y) = ψ1 −
x̂2t1
2 c1

− x̂4t1
4! c1

V4 −
x̂6t1
6! c1

V6 −
x̂8t1
8! c1

V8. m(φ1) =
y

k0
(8.62)

φ(x, y) = φ1 −
x̂2β1t1

2
− x̂4β1t1

4!
U4 −

x̂6β1t1
6!

U6 −
x̂8β1t1

8!
U8, (8.63)

Scale and convergence.

The calculations of the present chapter may be applied to the modified series above. Clearly
the derivativesxλ, yλ pickup a factor ofk0 and the derivativesλx, ψx pickup a factor of
1/k0. The modified forms of 8.42, 8.32, 8.57 and 8.36 are

k(λ, φ) = k0

[
1 +

1
2
λ̃2H2 +

1
24
λ̃4H4 +

1
720

λ̃6H6

]
, λ̃ = λc, (8.64)

γ(λ, φ) = λ̃t+
1
3
λ̃3tH3 +

1
15
λ̃5tH5 +

1
315

λ̃7tH7, (8.65)

k(x, y) = k0

[
1 +

1
2
x̂2K2 +

1
24
x̂4K4 +

1
720

x̂6K6

]
, m(φ1) =

y

k0
, (8.66)

γ(x, y) = x̂t1 +
1
3
x̂3t1K3 +

1
15
x̂5t1K5 +

1
315

x̂7t1K7, x̂ =
x

k0ν1
. (8.67)

Note 1: both series for the scale factor give a value ofk0 on the central meridian.

Note 2: as usualc=cosφ, t=tanφ, β=ν(φ)/ρ(φ) from (5.53) and the ‘1’ subscript
denotes a function evaluated at the footpoint latitude. For convenience all of the required
coefficients are collected on the following page.
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All coefficients

x(λ, φ) W3 = β − t2

W5 = 4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

W7 = 61− 479t2 + 179t4 − t6 +O(e2)

y(λ, φ) W4 = 4β2 + β − t2

W6 = 8β4(11−24t2)− 28β3(1−6t2) + β2(1−32t2)− 2βt2 + t4

W8 = 1385− 3111t2 + 543t4 − t6 +O(e2)

λ(x, y) V3 = β1 + 2t21
V5 = 4β3

1(1− 6t21)− β2
1(9− 68t21)− 72β1t

2
1 − 24t41

V7 = 61 + 662t21 + 1320t41 + 720t61

ψ(x, y) V4 = 4β2
1 − 9β1 − 6t21

V6 = 8β4
1(11−24t21)−84β3

1(3−8t21)+225β2
1(1−4t21)+600β1t

2
1+120t41

V8 = −1385− 7266t21 − 10920t41 − 5040t61

φ(x, y) U4 = 4β2
1 − 9β1(1− t21)− 12t21

U6 = 8β4
1(11− 24t21)− 12β3

1(21− 71t21) + 15β2
1(15− 98t21 + 15t41)

+ 180β1(5t21 − 3t41) + 360t41
U8 = −1385− 3633t21 − 4095t41 − 1575t61

k(λ, φ) H2 = β

H4 = 4β3(1− 6t2) + β2(1 + 24t2)− 4βt2

H6 = 61− 148t2 + 16t4

γ(λ, φ) H3 = 2β2 − β

H5 = β4(11− 24t2)− β3(11− 36t2) + β2(2− 14t2) + βt2

H7 = 17− 26t2 + 2t4

k(x, y) K2 = β1

K4 = 4β3
1(1− 6t21)− 3β2

1(1− 16t21)− 24β1t
2
1

K6 = 1

γ(x, y) K3 = 2β2
1 − 3β1 − t21

K5 = β4
1(11− 24t21)− 3β3

1(8− 23t21) + 5β2
1(3− 14t21) + 30β1t

2
1 + 3t41

K7 = −17− 77t21 − 105t41 − 45t61 (8.68)
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Chapter9
The UTM and NGGB projections

Abstract

A review of projections, grids and origins. UTM and NGGB projections. Nu-
merical discussion of the variation of scale and convergence. The accuracy of
the Redfearn series. Approximations to the series. The OSGB series.

9.1 Projections, grids and origins

So far we have rather casually mixed the terms ‘projection coordinates’ and ‘grid coordi-
nates’. We must now be a little more precise for the two are logically distinct and rarely
equal. In fact we must consider four reference systems:

• Geographic coordinates on an ellipsoid (of revolution).

• The projection coordinates in the plane.

• A set of grid coordinates relative to true and false origins.

• An alpha-numeric grid reference system.

We will discuss each of these points in turn with examples relating to the National Grid of
Great Britain (NGGB) and the Universal Transverse Mercator (UTM).

Geographic coordinates

The basic data of any survey are the latitude and longitude of all features of interest. It is
important to remember that in each survey the(φ, λ) coordinates are defined with respect
to one particular ellipsoid of revolution. For example the NGGB projection is based on the
Airy 1830 ellipsoid and UTM is based on the International 1924 (aka Hayford 1909) ellip-
soid. Remember that there is no such thing as an ‘absolute’ value of latitude or longitude—
the same location has different geographic coordinates with respect to different ellipsoids.
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Projection coordinates

We consider here only the modified Transverse Mercator projection coordinates derived
from the latitude and longitude values and the parameters of the chosen ellipsoid by the
Redfearn formula forx(λ, φ) andy(λ, φ) in equations (8.59, 8.60). These formulae give
Cartesian coordinates with aprojection origin where the central meridian crosses the equa-
tor. Our convention (in agreement with Snyder) is that the positivey-axis is directed north-
wards along the projection of the central meridian and the positivex-axis is eastwards along
the projection of the equator. (Beware of alternative conventions. For example the original
paper of Redfearn, and most ‘continental’ texts, havex andy interchanged).

In the introduction we called the Cartesian representation defined by equations (8.59)
and (8.60) a ‘super-map’. From (8.59) we see that if we restrictλ to be less than say 5◦,
or about 0.1 radians, then thex-range of this super-map will of the order106 metres and
from (8.60) we see that the distance between the equator and pole on the central meridian
is k0m(π/2) ≈ 107 metres. Actual printed maps are then obtained by scaling the super-
map by the representation factor (RF). For example the Landranger maps produced by the
Ordnance Survey of Great Britain (OSGB) have an RF of 1:50000 so that a sheet which
measure 80cm square represents an area approximately 40km square on the super-map or
on the ground. The caveat ‘approximately’ is necessary since we know that the scale in the
TME projection is the complicated function given by equation (8.64), approximately unity
when close to the central meridian.

Note that the maps produced in this way need not be embellished by lines of any kind.
There is no obligation to show thex- andy-axes or the origin of the projection coordinates.
There is also no obligation to show any lines marking constant values ofx andy. There is
no obligation to show lines (curves) of constant latitude or longitude.

Grid coordinates: true and false origins

It is of courseusefulto to overlay the map with some kind of reference grid system so that
we can refer precisely to the locations of features of interest but there is no necessity that
the grid should coincide with the Cartesian system used in the construction of the map. For
example we might wish to superimpose a polar grid centred on some point so that positions
were related to that point by a distance and a direction. Or a surveyor might construct a large
scale map overlain with a grid aligned to some prominent feature such as a river or highway.
Thus we see that grids are an arbitrary addition to the map but, if present, we must know
how to relate them to the underlying projection and geographic coordinates. In practice,
most gridsare taken as Cartesian coordinate systems aligned to the projection coordinates.
This is certainly the case for both UTM and NGGB but the origins of these grids are chosen
differently. For UTM the grid origin is chosen to be coincident with the projection origin
but, for NGGB, it is taken at latitude 49◦N on the central meridian. These are examples of
the choice of thetrue origin for a grid.

Now TM projection coordinates are not positive everywhere; they are negative both
west of the central meridian and south of the projection origin. It follows that the grid
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coordinates referred to a true origin on the central meridian will also take positive and
negative values. This is unsatisfactory for many practical applications and we therefore
introduce afalse origin of the grid at a position such that the grid coordinates relative to
that point are positive throughout the region of interest. These positive coordinates, rounded
to the nearest metre, are calledEastings(E) andNorthings (N). The choice of false origin
for UTM and NGGB is described in the next sections.

9.2 The UTM projections

UTM is a collection of 60 distinct modified
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Figure 9.1

TME projections based on the International 1924
(aka Hayford 1909) ellipsoid; each is of 6◦ width
in longitude and their central meridians are at
λ0 = −177, −171,−165. . . . The figure, which
is not to scale, shows zone number 30 which in-
cludes my home city of Edinburgh at H: the pro-
jection is centred on 3◦W and it covers the region
between parallels at 84◦N and 80◦S and between
the meridians at 6◦W and Greenwich. The actual
aspect ratio of the grid overlying the projection
can be appreciated from the box shown in Fig-
ure 3.5; the difference between TMS and TME
is not visible at such a small scale.

The true originT of the UTM grid coincides
with the origin of the projectionO where the
central meridian meets the equator at 3◦W. We
treat the hemispheres differently and introduce
two false origins, both are 500km west of the true
origin but one, for the northern hemisphere, is at
F1 on the equator and the other, for the south-
ern hemisphere, is at a pointF2 10000km below
the equator on the projection. Therefore the east-
ings and northings for points in the northern and
southern hemispheres are

E = E0 + x(λ, φ), E0 = 500000 (9.1)

N = N0 + y(λ, φ) N0 =

{
0 (N)

10000000 (S)
(9.2)

wherex, y are calculated (to the nearest metre) using the modified TME series (8.59, 8.60)
takingλ relative to 3◦W (in radians) andk0 =0.9996. Note that(E0, N0) are the coor-
dinates of the true origin (atx = y = 0) relative to the false origin on each grid. The
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figure shows the eastings and northings of several points on the perimeter of the zone: (a) at
λ = 0 on the equator we haveE = 833960, N = 0; (b) atλ = 0 on the parallel at 84◦N
we haveE = 534993, N = 9329291. Thus the width of the UTM zone at the equator is
approximately (recallk0 6= 1) 668km and at latitude 84◦N it is approximately 70km.

The inverse relations are the series (8.61, 8.63) with the replacement ofx by E − E0
and coefficients evaluated at a footpoint latitude such that

m(φ1) =
y

k0
=
N −N0
k0

. (9.3)

Grid reference systems for UTM

Eastings and Northings are measured in metres and provide a purely numeric grid reference
system. For example the grid reference of my armchair is E=488533, N=6200666 (in zone
30 north). This is a rather unwieldy system because we have to give large numbers: in
the northern hemisphereE lies between 166040 and 833960 andN lies between 0 and
9329291. To avoid such large numbers the grid reference system has been modified to an
alpha-numeric referencing system with the following components:

• The zone number: in my case 30.

• Each zone is split into twenty latitude sub-zones, nineteen of extent 8◦ starting from
80◦S and one of 12◦ finishing at 84◦N. Each of these twenty latitude bands is desig-
nated a zone letter from C to X, with I and O excepted (to avoid ambiguity with digits
1 and 0). My home (approximately 55◦57′N, 3◦11′W) is just within the northern limit
of zone 30U, centred on 3◦W and running from 48◦ to 56◦N. The extent of this sub-
zone in projection coordinates is approximately 890km north-south whilst the width
varies from 447km to 373km as one goes north.

• Within each of the sub-zones the 100km squares are labelled with row and column
letters; for example Edinburgh is in a 100km square labelled UG. Thus 30UUG fixes
my home to within 100km. (For a full description of the labelling of the 100km
squares see the DMA manual listed in the bibliography.)

• Within a 100km square the Eastings and Northings range from 0 to 99999m so that
1m accuracy is given by two five digit numbers. Thus the full UTM grid reference of
my armchair is 30UUG 88533 00666.

• Such precision is often superfluous and a pair of numbers with 4, 3, 2, 1 digits may
be used for accuracy to within 10m, 100m, 1km, 10km (of the left hand and bottom
edges of a box of that size). Thus

– 30UUG 8853 0066 fixes my home to within 10m

– 30UUG 885 006 fixes my home to within 100m

– 30UUG 88 00 fixes the centre of Edinburgh within 1km

– 30UUG 8 0 fixes Edinburgh within 10km
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9.3 The British national grid: NGGB

The British national grid (NGGB) is a grid overlain on the TME projection centred on
longitude 2◦W and based on the Airy 1830 ellipsoid, for which the parameters are given in
Section 5.2. It is a modified projection with a value ofk0 = 0.9996012717 on the central
meridian. This value arose when the 1936 re-survey was constrained to be as close as
possible to the previous survey at a number of selected points. For most practical purposes,
and in the remainder of this chapter, we will takek0 ≈ 0.9996.

Clearly only a small area of the projection is

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

-0.4 -0.2  0  0.2  0.4

x/a

y/a

true
false

projection
origin

2W

30W

15W 0 15E

eq

15N

30N

45N

60N

Figure 9.2

needed, just the small box shown in Figure 9.2,
so we take the true origin at latitudeφ0 = 49◦,
or 0.855rad; this parallel is slightly south of the
area mapped by the OSGB. The false origin is
then chosen west and north with E0=400000m
and N0=−100000m so that mapped area is com-
pletely to its east and north and all E and N values
are positive. Recall that E0 and N0 give the posi-
tion of the true origin relative to the false origin.

Figure 9.3 shows the grid in greater detail.
There are several features to be noted. (a) East-
ings and northings are normally used and quoted
in metres but in this figure we have shown their
values in kilometres; (b) the region over which
NGGB is extant is defined in terms of ranges of
eastings (0–700km) and northings (0–1300km)
relative to the false origin; this is unlike the UTM
zone which is defined on the ellipsoid in terms of
meridians and parallels; (c) the 100km squares
are annotated by with the letter pairs which are
used in the alpha-numeric grid reference scheme;
(d) meridians and parallels are thecurvedlines—
compare with the TMS projections such as Fig-
ure 3.3; (e) the lines on whichk is equal to 0.9996,
1 and 1.0004 (bounding the region of ‘acceptable’ scale accuracy) are shown as lines which
appear to be straight—but see Section 9.4 for a truer statement.

The territory covered by NGGB requires a much wider longitude range than UTM; it
must extend 2◦E to 7◦W, an interval of 9 degrees compared to the 6 degrees of UTM.
Moreover this longitude range is not symmetric about the central meridian— 4 degrees to
the east but 5 degrees to the west. This means that NGGB requires use of the transformation
formulae at up to 5 degrees from the central meridian.

[Aside. Although the grid clearly covers Northern Ireland (and part of Eire) it is not
used as a reference system in that province. The excluded region is shown in Figure 9.3
(heavy dotted line). In both Northern Ireland and Eire one uses a TME projection based
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on a slightly modified Airy ellipsoid centred on the meridian at8◦ W; the grid having a
true origin on this meridian at latitude53◦30′N and a false origin such that E0=200000m
and N0=250000m. The scale modification isk0 = 1.000035. (See the Bibliography for a
reference to a discussion of this unusual factor).

Returning to NGGB we see that the equations for E and N must take into account the
shift along the meridian to the true origin as well as the translation to the false origin:

E = E0 + x(λ, φ) = x+ 400000, (9.4)

N = N0 + [y(λ, φ)− k0m(φ0)] = y − 5542868, (9.5)

where we have calculatedm(φ0) with φ0 = 49◦ = 0.8552 radians using (5.71). Forx
andy we use the Redfearn series (8.59, 8.60) with the understanding thatλ (in radians)
is measured from the central meridian at 2◦W. The inverse series are again calculated
from (8.61, 8.63) withx replaced byE − E0 and the footpoint calculated from

m(φ1) =
y

k0
=
N −N0
k0

+m(φ0) (9.6)

Using the above formulae I calculate that, to the nearest metre, I am sitting at E=325701,
N=673642. This is in the 100km square labelled NT so the alpha-numeric grid reference
is NT 25701 73642 to within 1m. As for UTM we can use shorter grid references such as
NT25707364, NT257736, NT2573, NT27 for accuracy to within 10m, 100m, 1km, 10km.

9.4 Scale variation in TME projections

Scale variation in TMS

Since the differences between TMS and TME are small (of ordere2) it is instructive to
review the properties of the scale factor in TMS as a function of the projection coordinates.
If we use the notationk(x, y)

∣∣
TMS for the TMS scale factor we have the exact result from

equation (3.73),

k(x, y)
∣∣∣
TMS

= k0 cosh
(
x

k0a

)
(9.7)

and the series to sixth order inx/a is

k(x, y)
∣∣∣
TMS

= k0

[
1 +

1
2
x̂2 +

1
24
x̂4 +

1
720

x̂6

]
x̂ =

x

k0a
. (9.8)

This scale factor is a function ofx only and it is straightforward to calculate (using 9.7) the
values at whichk = 1 andk = 1.0004. Takingk0 = 0.9996 and the radius of the sphere
asa = 6378km, (approximately equal to the semi-major axis of the Airy ellipsoid), we
find that theseisoscalelines are at approximatelyx=180km andx = 255km respectively.
Figure 9.4 shows a plot of the scale factor as a function ofx. We shall prove that the
differences between the scale factors of TMS and TME are so small that the corresponding
plot for TME at any fixedy value is indistinguishable from Figure 9.4.
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Scale variation in TME

The corresponding result for TME is given by equation (8.66):

k(x, y) = k0

[
1 +

1
2
x̂2K2 +

1
24
x̂4K4 +

1
720

x̂6K6

]
x̂ =

x

k0ν1
, (9.9)

where theK coefficients are given in (8.68) as

K2 = β1 ,

K4 = 4β3
1(1− 6t21)− 3β2

1(1− 16t21)− 24β1t
2
1,

K6 = 1, (9.10)

whereβ1 andt1 are evaluated at the footpoint latitude such thatm(φ1) = y/k0 andy is
related to the northing coordinate by equation (9.2) or (9.5) for UTM or NGGB respectively.

To simplify the comparison of the TMS and TME scale factors it is instructive, and
useful, to writeK2 andK4 in terms of the following parameter of ordere2:

η2 = β − 1 =
ν

ρ
− 1 =

e2 cos2φ
1− e2

= e′2 cos2φ. (9.11)

The importance of this parameterisation is that it allows us to identify the way in which the
K-coefficients depend on the eccentricity of the ellipse. It was not introduced at an earlier
stage because the parameterβ is much better suited to the derivations of all the coefficients.
For the non-trivial coefficients in the TME scale factor we have

K2 = 1 + η2
1

K4 = 1 + 6η2
1 + η4

1(9− 24t21) + η6
1(4− 24t21) (9.12)

Clearly ase2 → 0 the TME scale factor reduces to the TMS scale factor. Their difference
is given by terms of orderη2x̂2 andη2x̂4: these are typically no more than10−5 and10−8

respectively so that Figure 9.4 is an adequate representation of the TME scale variation
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with x for any value ofη1 calculated for the footpoint value corresponding toy. (Note that
in working with the Redfearn series we must not assume that thet1 terms are small: the
footpoint latitude may be of the order80◦ for which t1=tanφ1 ≈ 5.7 so thatt21 ≈ 32).

Figure 9.4 is annotated with the scale factors for the extreme cases which may arise in
TME. For UTM the greatest extent in projection coordinate is on the equator wherex ≈
334km andk reaches its worst value of almost 1.001—still perfectly acceptable in all prac-
tical applications. For NGGB the worst cases are the extremes of the East Anglia coast and
the Outer Hebrides where|x| is about 300km andk≈1.0007. The bulk of the NGGB grid is
within approximately 255km of the central meridian where|k−1|<0.0004. Note that a typ-
ical map sheet corresponds to a small section of the plot. For example on my ‘local’ sheet of
the OSGB, bounded by E=316km and E=356km and close to the central meridian on which
E=400km, the scale varies fromk=0.999686 on the west tok=0.999624 on the east.

Isoscale lines of TME

We will now investigate the lines on whichk is a constant and show how little they differ
from the straight linesx=constant which we found for the TMS projection. To do this we
make a Lagrange inversion of the series (9.9) for the TME scale factor. Start by writing this
equation as

w ≡ 2
K2

(
k

k0
− 1
)

= x̂2 +
1
12
x̂4K4

K2
+

1
360

x̂6K6

K2
x̂ =

x

k0ν1
. (9.13)

From equations (B.10–B.11), withz = x̂2 andb4 = 0, we immediately obtain the inverse

x̂2 = w −
(
K4

12K2

)
w2 −

(
K2K6 − 5K2

4

360K2
2

)
w3 w =

2
K2

(
k

k0
− 1
)
, (9.14)

from which we can findx = k0ν1x̂ , and hence(E−E0), as a function ofk for a given value
of N . We have used this result to calculate the eastings at whichk = 1 andk = 1.0004 for
the UTM projection at four particular values ofN for each of which we have first calculated
the footpoint from equation (9.3). From the fourth column we see that the deviation in

N footpoint k=0.9996 k=1.0 k=1.0004

9000000 81◦.05846848 0 180946 255887

6000000 54◦.14694587 0 180556 255336

3000000 27◦.12209299 0 180010 254564

0 0◦.00000000 0 179759 254208

UTM: value of|E−E0| at whichk=0.9996, 1, 1.0004

eastings on thek = 1 isoscale is just approximately 1km over in a range of 9000km from
the equator to just over 80◦N. The deviation of thek = 1.004 isoscale is still under 2km.
Thus the isoscale lines are essentially parallel to the central meridian.
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Similar results can be calculated for the British grid:

N footpoint k=0.9996 k=1.0 k=1.0004

1200000 60◦.68382350 0 180369 255275

800000 57◦.09116995 0 180302 255180

400000 53◦.49645197 0 180231 255080

0 49◦.89956809 0 180157 254976

NGGB: value of|E−E0| at whichk=0.9996, 1, 1.0004

Clearly the lines on whichk = 1 andk = 1.0004, which are shown in Figure 9.3, are
indistinguishable from straight lines parallel to the central meridian. For thek = 1 locus
the change in eastings is only 212m over the full northings extent of 1200km.

To end this discussion of the scale factor in TME note that much of mainland Britain is
just within the scale variation of 0.9996 to 1.0004. Thismaybe why these numbers were
adopted as suitable criteria for mapping in the first place. This is of course speculation and
we would be interested to hear of any evidence either way.

9.5 Convergence in the TME projection

When we first discussed convergence in Section 3.6 we observed that on any particular
meridian (on the TMS projection) the convergence, defined as the angle between grid north
and true north (the tangent to the meridian), must increase from zero at the equator toλ
at the pole. The same must be true for TME although we require only values up to the
northerly limit of UTM or NGGB. The following table shows the convergence for these two
projections for several latitude values—on a bounding meridian for UTM (atλ0+3◦) and on
the extreme meridian intersecting the land area covered by NGGB.

Convergence along a projected meridian

UTM at λ0+3◦ NGGB at 7◦W

84◦N 2◦59′ 1′′W 60◦N 4◦19′ 58′′E

80◦N 2◦57′ 16′′W 58◦N 4◦14′ 36′′E

60◦N 2◦35′ 55′′W 56◦N 4◦ 8′ 55′′E

40◦N 1◦55′ 46′′W 54◦N 4◦ 2′ 55′′E

20◦N 1◦ 1′ 37′′W 52◦N 3◦56′ 38′′E

0◦N 0◦ 50◦N 3◦50′ 3′′E

For UTM the values clearly approach the limiting value of 3◦ which would be attained
at the pole. For NGGB the specified meridian is 5◦ west of the central meridian and the
convergence clearly approaches this value at the northern extremity of the grid.



Chapter 9. The UTM and NGGB projections 9.11

The convergence varies only slightly over any one of the map sheets. For example exact
calculations give the convergence at the corners of the NGGB Edinburgh sheet bounded by
E=316km, E=356km, N=650km and N=690km as

Boundary of Edinburgh sheet

E N γ γ E N

NW 316 690 1◦7′ 14.94′′E 35′ 13.82′′E 356 690 NE

SW 316 650 1◦6′ 20.85′′E 34′ 45.48′′E 356 650 SE

Note that the variation of convergence from top to bottom is much less than the variation
from east to west. Similar figures are given at the corners of every map in the OSGB series:
the values at other points may be approximated by interpolation.

It is important to observe that convergence (γ) values are not vanishingly small and
they must be taken into account in relating an azimuth (α) to a grid bearing (β) by the
relationα = β + γ discussed in Section 8.2. This correction is important in high accuracy
applications.

9.6 The accuracy of the TME transformations

One obvious test of the accuracy of the TME transformations is to start from given geo-
graphical coordinates(φ, λ), transform to projection coordinates with the direct Redfearn
series (8.59, 8.60) and then reverse the transformation with the inverse series (8.61, 8.63) We
should then be back where we started. Before doing so we must decide on our standard of
accuracy. We shall work to within 1mm in the projection coordinates and to within 0.0001′′

in geographical coordinates. These accuracies are approximately equivalent, for we see
from (2.5) that 0.0001′′ is equivalent to 3mm along the meridian and less than 2mm along
a parallel for examples calculated within the region of the NGGB (at latitudes from 50◦N–
60◦N). To cope with rounding errors we compute to two extra places of decimals. These
accuracies are purely to assess the mathematical consistency of our transformations for, in
practice, no survey claims accuracies better than 10cm. The following example shows that
this first test is satisfied with flying colours. Note that we use eastings and nothings rather
thanx andy, the projection coordinates. For NGGB they are related by (9.4, 9.5) and the
footpoint is to be calculated from (9.6).

Lat Lon E N

Redfearn–direct 52◦39′ 27.2531′′ 1◦43′ 4.5177′′ 651409.903 313177.270

E N Lat Lon

Redfearn-Inverse 651409.903 313177.270 52◦39′ 27.2531′′ 1◦43′ 4.5177′′

Another test is to assess the outcome of small changes in the inputs to the direct and
inverse series. Sticking to the same coordinates as above we perturb the geographical coor-
dinates by 0.0001′′ in latitude, longitude separately and together: for the inverse we perturb
the projection coordinates by 0.001mm. The results are shown overleaf.
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Lat Lon E N

NGGB-direct 52◦39′ 27.2531′′ 1◦43′ 4.5177′′ 651409.903 313177.270

Lat + 0.0001′′ 52◦39′ 27.2532′′ 1◦43′ 4.5177′′ 651409.903 313177.273

Lon + 0.0001′′ 52◦39′ 27.2531′′ 1◦43′ 4.5178′′ 651409.905 313177.270

Both together 52◦39′ 27.2532′′ 1◦43′ 4.5178′′ 651409.905 313177.274

E N Lat Lon

NGGB-Inverse 651409.903 313177.27052◦39′ 27.2531′′ 1◦43′ 4.5177′′

E + 1mm 651409.904 313177.27052◦39′ 27.2531′′ 1◦43′ 4.5178′′

N + 1mm 651409.903 313177.27152◦39′ 27.2531′′ 1◦43′ 4.5177′′

Both together 651409.904 313177.27152◦39′ 27.2531′′ 1◦43′ 4.5178′′

Thus we see that 0.0001′′ changes induce a maximum change on the projection of no more
than 4mm: for the inverse transformation 1mm changes in the projection coordinates change
the geographical coordinates by no more than 0.0001′′.

Now when Redfearn published his series he was ‘simply’ extending the series that had
been published earlier by Lee who had discarded terms smaller thatλ4e2, λ5e2, (x/a)4e2

and(x/a)5e2 in the series forx, y, φ andλ respectively. Redfearn observed that the coeffi-
cients in Lee’s series were increasing rapidly, particularly at larger latitudes wheret andt1
are not small, and consequently it seemed possible that some omitted terms might actually
be larger than the smallest ones retained. This in fact proved to be the case for two of the
terms omitted by Lee. Redfearn’s analysis to higher order makes clear which terms can be
safely omitted, as is done in many published expressions for the transformations.

To compare the size of the terms we again introduce the parameterη2, which isO(e2),
defined in equation (9.11). The transformation equations are those of Section 8.10 but we
now write them in terms of eastings and northings using equations (9.4–9.6) and we also
replaceλ by λ− λ0.

E − E0 = k0ν

[
λ̃+

λ̃3

3!
W3 +

λ̃5

5!
W5 +

λ̃7

7!
W7

]
, (9.15)

N −N0 + k0m(φ0) = k0

[
m(φ) +

λ̃2νt

2
+
λ̃4νt

4!
W4 +

λ̃6νt

6!
W6 +

λ̃8νt

8!
W8

]
, (9.16)

λ(E,N) =
x̂

c1
− x̂3

3! c1
V3 −

x̂5

5! c1
V5 −

x̂7

7! c1
V7, (9.17)

φ(E,N) = φ1 −
x̂2β1t1

2
− x̂4β1t1

4!
U4 −

x̂6β1t1
6!

U6 −
x̂8β1t1

8!
U8, (9.18)

where

λ̃ = (λ− λ0)c, x̂ =
E − E0
k0ν1

, m(φ1) =
N −N0
k0

+m(φ0) (9.19)

and the coefficients, given in equations (7.51–7.53), are now written in terms ofη as shown
overleaf.



Chapter 9. The UTM and NGGB projections 9.13

The significance of the vertical rules in the rewritten coefficients will be discussed shortly.

W3 = 1− t2 + η2

W4 = 5− t2 + 9η2 + 4η4

W5 = 5− 18t2 + t4 + η2(14− 58t2) + η4(13− 64t2) + η6(4− 24t2)

W6 = 61− 58t2 + t4 + η2(270− 330t2) + η4(445− 680t2)

+ η6(324− 600t2) + η8(88− 192t2)

W7 = 61− 479t2 + 179t4 − t6

W8 = 1385− 3111t2 + 543t4 − t6 (9.20)

V3 = 1 + 2t21 + η2
1

V5 = −5− 28t21 − 24t41 − η2
1(6 + 8t21) + η4

1(3− 4t21) + η6
1(4− 24t21)

V7 = 61 + 662t21 + 1320t41 + 720t61 (9.21)

U4 = −5− 3t21 − η2
1(1− 9t21) + 4η4

1

U6 = 61 + 90t21 + 45t41 + η2
1(46− 252t21 − 90t41) + η4

1(−3− 66t21 + 225t41)

+ η6
1(100 + 84t21) + η8

1(88− 192t21)

U8 = − 1385− 3633t21 − 4095t41 − 1575t61 (9.22)

As an example we consider the direct and inverse transformations for a location in
the Outer Hebrides withφ = 58◦N andλ = 7◦W and projection coordinates given by
E =104647.323m andN =912106.244m. This point has about the greatest value ofλ−λ0

that we can get in the NGGB and moreover it is about as far north as we can get so the value
of tanφ in the coefficients is not small (t=1.6). In the tables shown overleaf all the sub-
terms have been displayed according to their power ofη2, essentiallye2, and their power of
eitherλ̃ or x̂ for the direct and inverse series respectively.

In these two tables the upright rules correspond to those in the expressions for the co-
efficients in (9.20). We now see that they demarcate the significant terms: all terms to the
right of them are negligible and hence we can drop these terms from the series with im-
punity. Since the chosen point was the most extreme for NGGB we can obviously neglect
these terms for all applications of NGGB.

Thus, at the end of the day, after much hard graft, we have thrown away almost all of
the higher order terms except for the seventh order term inx/a in the inverse series forλ.
Clearly terms of orderO

(
e2(x/a)7

)
would also be negligible so at last we have justified

the use of the spherical approximation in calculating the higher order terms. Note that we
could not have assessed the size of the higher order terms without working them out!

One can of course use the Redfearn series as they stand for they are simple to encode
on any computer. Remember, however, that when these series were first developed it was
imperative to simplify the working as much as possible for hand(-machine) calculations.
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In: φ = 58◦ λ = −7◦ Out:E =104647.323m

η0 η2 η4 η6 η8

λ̃1 104482.705

λ̃3 164.425 -0.199

λ̃5 0.389 0.003 6.0E-06 4.3E-09

λ̃7 4.9E-06

In: φ = 58◦ λ = −7◦ Out:N =912106.244m

η0 η2 η4 η6 η8

λ̃0 901166.420

λ̃2 10935.050

λ̃4 4.753 0.032 2.8E-05

λ̃6 -0.011 -1.5E-04 -6.4E-07 -1.1E-09 -7.1E-13

λ̃8 -1.6E-05

In: E =104647.323,N =912106.244 Out:φ =58◦ 0′ 0.0000′′

η0
1 η2

1 η4
1 η6

1 η8
1

x̂0 58◦ 5′ 53.7728′′

x̂2 −5′ 54.5718′′

x̂4 0.8042′′ − 0.0025′′ -8.9E-07′′

x̂6 − 0.0027′′ 1.0E-05′′ -2.1E-08′′ -9.4E-12′′ 2.3E-14′′

x̂8 1.1E-05′′

In: E =104647.323,N =912106.244 Out:λ =−7◦ 0′ 0.0000′′

η0
1 η2

1 η4
1 η6

1 η8
1

x̂1 −7◦ 0′ 39.4213′′

x̂3 39.5711′′ 0.0120′′

x̂5 − 0.1626′′ -3.4E-05′′ -1.8E-08′′ -2.6E-10′′

x̂7 0.0008′′

Lee would no doubt have had this in mind when he dropped the sixth order terms in his
calculations. To be exact, of the required terms he dropped the term inλ6 in the direct
series fory, the term in(x/a)6 in the inverse series forφ and the term in(x/a)7 in the
inverse series forλ; at the same time he included the term in(x/a)5e2 in the inverse series
for λ although we now see that it is negligible.

The approximations used in Snyder are similar but he retains the termsη2
1(46−252t21) in

U6; we have shown this is negligible for NGGB but it is required at the higher latitudes that
we meet in UTM. (Comment: Snyder usese′2 explicitly in some coefficients. To compare
with the expressions above first sete′2 = η2 sec2φ = η2[1 + t2]).
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9.7 The truncated TME series

We have stressed that although no penalty is incurred by using the full Redfearn series
as summarised in Section 8.10, the coefficients truncated at the vertical rules in equa-
tions (9.20–9.22) will be perfectly adequate. Dropping the small terms equations (9.15–
9.19) become

E(φ, λ) = E0 + k0ν

[
λ̃+

λ̃3

3!
W T

3 +
λ̃5

5!
W T

5

]
, (9.23)

N(φ, λ) = N0 + k0 [m(φ)−m(φ0)] + k0

[
λ̃2νt

2
+
λ̃4νt

4!
W T

4 +
λ̃6νt

6!
W T

6

]
, (9.24)

λ(E,N) =
x̂

c1
− x̂3

3! c1
V T

3 − x̂5

5! c1
V T

5 − x̂7

7! c1
V
T

7 , (9.25)

φ(E,N) = φ1 −
x̂2β1t1

2
− x̂4β1t1

4!
UT4 −

x̂6β1t1
6!

UT6 , (9.26)

where

λ̃ = (λ− λ0)c, x̂ =
E − E0
k0ν1

, m(φ1) =
N −N0
k0

+m(φ0), (9.27)

and, as usual,c=cosφ, t=tanφ, β=ν(φ)/ρ(φ) from (5.53) and the ‘1’ subscript denotes
a function evaluated at the footpoint latitude.

The truncated coefficients follow from equations (9.20–9.22)

W T
3 = 1− t2 + η2

W T
4 = 5− t2 + 9η2

W T
5 = 5− 18t2 + t4 + η2(14− 58t2)

W T
6 = 61− 58t2 + t4 (9.28)

V T
3 = 1 + 2t21 + η2

1

V T
5 = −5− 28t21 − 24t41

V
T

7 = 61 + 662t21 + 1320t41 + 720t61 (9.29)

UT4 = −5− 3t21 − η2
1(1− 9t21)

UT6 = 61 + 90t21 + 45t41 (9.30)

where

η2 = β − 1 =
ν

ρ
− 1 =

e2 cos2φ
1− e2

= e′2 cos2φ. (9.31)
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9.8 The OSGB series

The published form of the series used by the OSGB uses a different notation for the trun-
cated series of the previous section. First use equations (5.78, 5.80) to set

M = k0 [m(φ)−m(φ0)] (9.32)

= k0b

[(
1+n+

5
4
n2+

5
4
n3

)
(φ−φ0)−

(
3n+3n2+

21
8
n3

)
sin(φ−φ0) cos(φ+φ0)

+
(

15
8
n2+

15
8
n3

)
sin 2(φ−φ0) cos 2(φ+φ0)−

(
35
24
n3

)
sin 3(φ−φ0) cos 3(φ+φ0)

]
wheren is defined in equation (5.5) as(a− b)/(a+ b).

Equations (9.24), (9.23), (9.26) and (9.25) may be written as

N = I + II(λ− λ0)2 + III (λ− λ0)4 + IIIA (λ− λ0)6 (9.33)

E = E0 + IV(λ− λ0) + V(λ− λ0)3 + VI(λ− λ0)5, (9.34)

φ = φ1 − VII (E − E0)2 + VIII (E − E0)4 − IX(E − E0)6, (9.35)

λ = λ0 + X(E − E0)− XI(E − E0)3 + XII (E − E0)5 − XIIA (E − E0)7, (9.36)

whereφ1 must be calculated from equation

m(φ1) =
y

k0
=
N −N0
k0

+m(φ0) (9.37)

by the methods of Section 5.9.

If we introduceν̃ = k0ν andρ̃ = k0ρ the coefficients I–XIIA may be written in terms of
the truncated coefficients (9.28–9.30) as

I = M +N0 II =
ν̃sc

2
III =

ν̃sc3W T
4

4!
IIIA =

ν̃sc5W T
6

6!

IV = ν̃c V =
ν̃c3W T

3

3!
VI =

ν̃c5W T
5

5!

VII =
t1

2ρ̃1ν̃1
VIII =

−t1UT4
4!ρ̃1ν̃3

1

IX =
t1U

T
6

6!ρ̃1ν̃5
1

X =
1
ν̃1c1

XI =
V T

3

3!ν̃3
1c1

XII =
−V T

5

5!ν̃5
1c1

XIIA =
V T

7

7!ν̃7
1c1

and, as usual,c=cosφ, t=tanφ, β=ν(φ)/ρ(φ) from (5.53) and the ‘1’ subscript denotes
a function evaluated at the footpoint latitude. The OSGB publication exhibits the above
formulae without the tildes onν andρ because the definitions ofν andρ in that publication
already absorb a factor ofk0.
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The oblique Mercator projection

10.1 Introduction and summary
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Chapter11
Geodesics on the sphere and ellipsoid

11.1 Introduction and summary

This chapter is a not directly concerned with the Mercator (or any) transformation, rather
it tackles the problem of finding geodesics, curves of shortest length, between points on a
sphere and on an ellipsoid. To be precise we solve the following two problems on both the
sphere and the ellipsoid.

1. The direct problem.

Define a geodesic by an initial azimuthα1 at a starting pointP1 with geographic
coordinates(φ1, λ1). Find the coordinates(φ2, λ2) of a pointP2 at a distances
measured along the geodesic; find also the azimuthα2 of the geodesic atP2.

2. The inverse problem.

Given the coordinates(φ1, λ1) and(φ2, λ2) of two pointsP1 andP2 find s, the geo-
desic distance between them, and alsoα1, α2, the azimuths of the geodesic at the
points.

Note that we need only relative longitudes so we calculate onlyλ = λ2 − λ1 in the direct
problem; for the inverse problem onlyλ is given.

For the case of the sphere we shall see that we can derive the results (a) by spherical
trigonometry or (b) by integrating in closed form simple first order differential equations
describing the geodesics. For the ellipsoid there is no equivalent to spherical trigonome-
try and we have no option but to integrate the differential equations; moreover, since the
equations cannot be integrated in closed form we must resort to series expansions.

The results for the sphere have been long established and approximations to the ellipsoid
problems have been presented by many authors over the last 150 years. The results we
present here were given in the Survey Review by Vincenty. (See bibliography)

THIS CHAPTER IS IN PREPARATION
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AppendixA
Curvature in 2 and 3 dimensions

A.1 Planar curves

A straight line has zero curvature. The curvature,κ, of a general curve in the plane is
defined as the rate of change of the direction of its tangent with respect to the distance
travelled along the line:

κ =
dθ

ds
. (A.1)

If we are given the equation of the curve asy = f(x) with respect to Cartesian axes then it
is natural to choose thex-axis as the reference for the direction of the tangent.

The geometry of the small inset in the figure
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Figure A.1

shows that

tan θ =
dy

dx
= y′(x), cos θ =

dx

ds
(A.2)

Differentiating the first of these statements by
s and using the second gives

sec2 θ
dθ

ds
=

d[y′(x)]
ds

= y′′(x)
dx

ds

= y′′(x) cos θ. (A.3)

Now sec θ = ±
√

1 + tan2θ = ±
√

1 + y′2 so we obtaindθ/ds and

κ = ± y′′(x)
[1 + y′2]3/2

. DASH≡ d

dx
(A.4)

The choice of sign is a matter for convention in every case. We shall illustrate this point
immediately.
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The curvature of a circle

For a general circle of radiusa at the origin we havex2 + y2 = a2 so that on the two
semicirclesy > 0 andy < 0,

y(x) = ±
√
a2 − x2, y′(x) =

∓x√
a2 − x2

, y′′(x) =
∓a2

(a2 − x2)3/2
. (A.5)

Substituting these values in equation (A.4) we see that the curvature of the upper semicircle
is κ = ±(−1/a) whilst for the lower semicircleκ = ±(1/a). Now it is conventional to
define the curvature of a circle to bepositiveso we must choose the negative sign in the
definition for the case of the upper semicircle and the positive sign for the lower; with these
choices of sign we have a constant curvatureκ = 1/a. Therefore the curvature of a circle
is the inverse of the radius and vice-versa.

The osculating circle and the radius of curvature

The particular circle which touches the curve atP (Figure A.1) and also shares the same
curvature at that point is called the ‘osculating circle’ (osculating=kissing) or the ‘circle of
curvature’. The radius of this circle definesR, the radius of curvature of the curve at that
point. Clearly

R =
1
κ
. (A.6)

Curves in parametric form

The previous results related to a curve in two dimensions described by a single functiony(x)
in Cartesian coordinates. We now consider the situation where these Cartesian coordinates
are parameterised by two functions ofu; that is the position of a point on the curve is written
as r(u) =

(
x(u), y(u)

)
. We shall investigate three types of parameterisation: (1) the

parameter is assumed to be perfectly general,not necessarily the distance along the path;
(2) the parameteris taken as the arc lengths; (3) the parameter is taken as the angle between
the tangent and thex-axis.

Case 1:Arbitrary parameterisation:x(u), y(u). SetDOT≡ d
du

y′(x) =
dy

dx
=
ẏ

ẋ
,

y′′(x) =
d

du

( ẏ
ẋ

) du
dx

=
ẋÿ − ẏẍ

ẋ3

1
R

= κ =
ẋÿ − ẏẍ

[ẋ2 + ẏ2]3/2
DOT≡ d

du
. (A.7)
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Case 2:Special parameterisation:u→ s. Givenx(s), y(s). SetDASH≡ d
ds

Sinces is the arc length we havedx2 + dy2 = ds2 and consequentlyx′2 + y′2 = 1.

Therefore (A.7) becomes

1
R

= κ = x′y′′ − y′x′′ DASH≡ d

ds
(A.8)

Case 3:Special parameterisation:u→ θ. Givenx(θ), y(θ). SetDOT≡ d
dθ

Sinceθ is the angle between the tangent and thex-axis we havetan θ = dy
dx

= ẏ/ẋ

Differentiating with respect toθ givessec2 θ =
ẋÿ − ẏẍ

ẋ2
.

But we also havesec2 θ = 1 + tan2 θ =
ẋ2 + ẏ2

ẋ2

Therefore we must have ẋÿ − ẍẏ = ẋ2 + ẏ2 so that (A.7) becomes

1
R

= κ =
1

[ẋ2 + ẏ2]1/2
DOT≡ d

dθ
(A.9)

Note that this result follows directly from equation (A.1) since1
κ dθ = ds = [dx2+dy2]1/2.

Curvature of the ellipse

The Cartesian equation of an ellipse is
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Figure A.2

x2

a2
+
y2

b2
= 1, (A.10)

where the semi-axes are related to the eccentricity byb =
a
√

1− e2. Now the ellipse may be obtained by scaling the
auxiliary circle by a factor ofb/a in they direction. Since an
arbitrary pointP ′ on the circle is(a cosU, a sinU) the cor-
responding point on the ellipse isP (a cosU, b sinU). We
call U the ‘parametric’ or ‘reduced’ latitude in cartography
and the ‘eccentric anomaly’ in astronomy.)

We calculate the curvature from equation (A.7) setting:

x = a cosU, y = b sinU,
ẋ = −a sinU, ẏ = b cosU,
ẍ = −a cosU, ÿ = −b sinU, (A.11)

giving

κ =
+ab

[a2 − (a2 − b2) cos2 U ]3/2
=

1
a

√
1− e2

[1− e2 cos2 U ]3/2
. (A.12)
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A.2 Curves in three dimensions

First consider two neighbouring points,P (s) andQ(s+δs), on a curve parameterised by its
arc lengths (Figure A.3a). The chord length between these points is given byδs2 = δr · δr.
The tangent vector atP is the limit of δr/δs and therefore has the properties

t = r′, t · t = 1 t · t′ = 0, (A.13)

where the last follows by differentiation of the second.
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Consider the tangents at neighbouring points (Figure A.3b);t(s) andt(s+δs) = t+δt are
compared in the third figure by bringing them together at some pointB. Tangent vectors
are unit vectors so that|t| = |t + δt| = 1; therefore in the limit ofδs→ 0 we see thatδt is
in the direction ofn, a unit vector normal tot and in the ‘osculating plane’ defined by the
two vectorst(s) andt(s + δs). Furthermore, if the angle between the unit tangent vectors
is δθ then asδs→ 0 we must have|δt| = δθ. Consequently

t′ = lim
δs→0

δt
δs

=
dθ

ds
n = κn. (A.14)

The vectorn is called the principal normal to the curve and the curvatureκ, is defined as
for planar curves. We can invert this relation and write

n =
1
κ
t′ =

1
κ
r′′. (A.15)

Note thatn is defined to be a unit vector; on the other handt′ is not a unit vector, its length
is equal to the curvatureκ. Sincet · t′ = 0 we must haven · t = 0.

Now introduce the unit ‘binormal’ vectorb, defined so that it
forms a right-handed orthogonal triad witht andn. Therefore

b = t× n, (A.16)

t · n = 0 n · b = 0 b · t = 0,
t× n = b, n× b = t, b× t = n. (A.17)
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Torsion and the Frenet–Serret formulae

Sinceb is a unit vector, differentiation givesb · b′ = 0. Furthermore if we differentiate the
relationt · b = 0 we get

t′ · b + t · b′ = 0. (A.18)

Now sincet′ = κn the first of these terms must vanish so we must havet · b′ = 0.
Consequentlyb′ is perpendicular to botht andb and it is therefore a vector in the direction
of n. The vectorb′ is not a unit vector and its magnitude is defined to beτ , the ‘torsion’ of
the curve. We choose to set

b′ = −τn. (A.19)

The torsion of the curve is a measure of the rate of rotation of the vectorsb, and hencen,
about the tangent vector ass increases. The negative sign associates a ‘right-handed’ rule
as part of the definition.

We have expressions for the derivatives oft andb in equations (A.15) and (A.19). We
now evaluate the derivative ofn from b× t:

n′ = b′ × t + b× t′ = −τn× t + b× (κn) = τb− κt. (A.20)

This equation together with the derivatives oft andb constitute the set of Frenet-Serret
relations:

t′ = κn,

n′ = τb− κt,

b′ = −τn. (A.21)

These equations show that the form of a curve in three dimensions is essentially determined
by the two functionsκ(s) andτ(s) and an initial orthonormal triad.

A.3 Curvature of surfaces

At any point on a surface we can define the curvature of a line on the surface passing
through that point. Rather than build up a large part of differential geometry we shall give
elementary proofs of two important results that we need.

First consider those curves which are defined by the intersection of a plane with the sur-
face. The most important case is a plane which contains the normalN at the pointP ; such a
plane defines a ‘normal section’ of the surface. We shall consider all the normal sections at
a given point and investigate the curvature atP of their intersections. The principal result is
that the maximum and minimum curvatures arise on two normal sections at right-angles to
each other; these are the ‘principal’ curvatures which we will denote byκ1 andκ2. Euler’s
formula gives the curvature on any other normal section in terms of the principal curvatures.

The other main result that we need is Meusnier’s theorem. This relates the curvature
on a normal section to the curvature of the sections made by planes oblique to the chosen
normal plane,i.e.sharing the same tangent atP . It is convenient to prove this theorem first.
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A.4 Meusnier’s theorem

Without loss of generality we choose axes with the originO at an arbitrary point on a surface
and such that thexy-plane is tangential at the point. Consider the family of planes which
contain the tangent directed along thex-axis. Each plane intersects the the surface in a plane
curve; letg(x) be the curve on the normal plane andw(x) on an oblique plane inclined at
an angleφ to the normal plane. Ifκ, R denote the curvature and radius of curvature at the
origin of g(x) andw(x) on the normal and oblique planes repectively, then

κoblique = secφκnormal, Roblique = cosφRnormal. (A.22)

The choice of coordinates implies thatz = f(x, y),
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the ‘height’ of the surface above thexy-plane, is such
that f(0, 0) = 0 and has partial derivativesfx(0, 0)=0
andfy(0, 0)=0. The Taylor series at the origin is then

z = f(x, y) =
1
2
Ax2 +Bxy +

1
2
Cy2 + · · · , (A.23)

with A = fxx(0, 0),B = fxy(0, 0) andC = fyy(0, 0).

The intersection of thexz-plane (y = 0) and the sur-
face is the curveg(x) which, nearP , is given by

g(x) = f(x, 0) =
1
2
Ax2 +O(x3). (A.24)

The curvature ofg(x) atP follows from (A.4)

κnormal=
g′′(x)

[1 + (g′)2]3/2

∣∣∣∣
x=0

=A. (A.25)

On the oblique plane atP we havez = f(x, y) with
z = w cosφ andy = w sinφ. Therefore

w cosφ=f(x,w sinφ)=
Ax2

2
+Bxw sinφ+

Cw2

2
sin2φ

It is clear from this equation that for smallx and arbi-
trary φ we must havew(x) = O(x2). (For suppose on
the contrary thatw(x) = O(x), then the LHS of the pre-
vious equation would beO(x) and the RHS would be
O(x2)).

w(x) = secφ
(1

2
Ax2 +O(x3)

)
. (A.26)

Equations (A.26) and (A.24) give Meusnier’s theorem

κoblique =
w′′

[1 + (w′)2]3/2

∣∣∣∣
x=0

= A secφ = secφκnormal. (A.27)
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A.5 Curvature of normal sections

We now consider the set of planes which have as axis
the normal to the surface at a given point. The intersec-
tions of these planes with the surface define the ‘normal
sections’ at that point. Once again we take the given
point as the origin of our coordinate systems and de-
fine the tangent plane at the origin to be thexy-plane.
Therefore the equation of the surface may be taken as
in the last section:

z = f(x, y) =
1
2
Ax2 +Bxy +

1
2
Cy2 + · · · . (A.28)

Now one of the planes in the normal set is thexz-plane.
This plane was also the first we considered in the proof
of Meusnier’s theorem. It intersects the surface in the
curveg(x) which, in the neighbourhood of the origin,
is given by

g(x) = f(x, 0) =
1
2
Ax2 +O(x3), (A.29)

and, from equation (A.25), we know that its curvature
at the origin is equal to A. Similarly the curvature of the
section by theyz-plane is equal toC.
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Principal Axes

We exploit the freedom to choose any pair of orthogonal lines as axes in thexy-plane. If
newx′y′-axes are rotated from the original by an angleα then we must set

x = cosα x′ − sinα y′, (A.30)

y = sinα x′ + cosα y′. (A.31)

Abbreviatec = cosα ands = sinα and setx = cx′−sy′ andy = sx′+cy′ in the equation
of the surface (A.28). In terms of these new coordinates

z = h(x′, y′) =
1
2
A(cx′−sy′)2 +B(cx′−sy′)(sx′+cy′) +

1
2
C(sx′+cy′)2 + · · · . (A.32)

Now the coefficient of thex′y′ cross term is equal to[−Asc+B(c2 − s2) + Csc] and this
will vanish if (A − C) sin 2α = 2B cos 2α or tan 2α = 2B/(A − C). There is always a
solution forα and therefore we can always rotate axes so that the equation of the surface
may be taken without a cross term. This defines theprincipal axes in the tangent plane at
the given point.
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Curvature in an arbitrary normal plane: Euler’s formula

We now re-interpret Figure A.6 by assuming that the principal axes have been found and
they have been chosen as thex-axis andy-axis. Therefore the equation of the surface with
respect to the principal axes in the tangent plane is of the form

z = f(x, y) =
1
2
κ1x

2 +
1
2
κ2y

2 + · · · , (A.33)

whereκ1, κ2 could be related toA, B, C. On the normal plane which includes thex
principal axis we havey = 0 andz = (1/2)κ1x

2 so that the curvature of the section isκ1.
Similarly κ2 is the curvature of the normal section which includes they principal axis.κ1

andκ2 are called theprincipal curvatures of the surface atP .

We shall now find the curvature of the section made by a normal plane which makes
an arbitrary angleα to one of the principal axes, say thex-axis. Once again we rotate
axes, away from the principal axes, so that the newx′ axis lies in the chosen plane and
y′ is orthogonal to it. This is achieved by exactly the same rotation as before, namely
x = cx′ − sy′ andy = sx′ + cy′. The equation of the surface now takes the form:

z = h(x′, y′) =
1
2
κ1(cx′ − sy′)2 +

1
2
κ2(sx′ + cy′)2 + · · · . (A.34)

Now the chosen plane at the angleα is the plane withy′ = 0 in the new coordinates so its
section with the surface is given by

p(x′) = h(x′, 0) =
1
2
κ1(cx′)2 +

1
2
κ2(sx′)2 + · · ·

=
1
2
x′2(κ1 cos2α+ κ2 sin2α) + · · · . (A.35)

We now evaluate its curvature at the origin using equation (A.4), giving:

EULER’ S FORMULA κ(α) = κ1 cos2 α+ κ2 sin2 α (A.36)

for the curvature of the normal section made by a plane making an angleα with one of the
principal normal planes.

Without loss of generality let us takeκ1 > κ2, then we have

κ1 − κ(α) = (κ1 − κ2) sin2 α ≥ 0, (A.37)

κ(α)− κ2 = (κ1 − κ2) cos2 α ≥ 0. (A.38)

κ1 ≥ κ(α) ≥ κ2. (A.39)

Thus we have proved that the curvatures of normal sections at a point are such that the
minimum and maximum values, the principal curvatures, are associated with orthogonal
planes and the curvature on any other plane is given by the Euler formula. Note that we have
not provided any way of calculating the curvature for an arbitrary surface for in general we
do not have equations for the surface in the form of (A.28). The general study requires the
machinery of differential geometry (see Bibliography) but for surfaces of revolution such
as the ellipsoid we shall find that this not required.
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Two definitions of average curvature

The mean curvature at a point on a surface is H =
1
2
(κ1 + κ2). (A.40)

The Gaussian curvature at a point on a surface isG =
√
κ1κ2. (A.41)

These definitions are useful in various ways—for example, when we seek to approximate
the surface of small part of the ellipsoid by a sphere.
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AppendixB
Lagrange expansions

B.1 Introduction

We wish to investigate the inversion of a finite series such as

w = z + a2z
2 + a3z

3 + a4z
4 + a5z

5 · · · (B.1)

where bothz andw are assumed to be small, less than 1, whilst the coefficients are of
of order unity. The series we shall meet in the cartographic applications will typically be
Taylor series truncated after a few terms. Now sincezn � z for z < 1 andn > 1 we must
havez ≈ w and we might expect it to be represented by a series of the form

z = b1w + b2w
2 + b3w

3 + b4w
4 + b5w

5 + · · · . (B.2)

One way of finding the coefficients is to substitute the series forz into every term on the
right hand side of (B.1) and compare coefficients ofwn on both sides. This is demonstrated
explicitly in the next section. Fortunately a more general method exists, namely the La-
grange expansions defined in Section B.3. This is essential for the inversion of the eighth
order series that we shall encounter.

A second category of problem is illustrated by a series of the form

w = z + c2 sin 2z + c4 sin 4z + c6 sin 6z + · · · , (B.3)

where we might havez andw asO(1) whilst the coefficientscn are small. The method of
Lagrange expansions will show that there is an inverse given by

z = w + d2 sin 2w + d4 sin 4w + d6 sin 6w + · · · . (B.4)
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B.2 Direct inversion of power series

The power series may be solved simply by back substitution,i.e.we substitutez from (B.2)
into the terms on the right hand side of (B.1) and compare coefficients ofw. If we retain
only terms up toO(w4) we have

w = (b1w+b2w2+b3w3+b4w4) + a2w
2(b1+b2w+b3w2+ · · · )2

+ a3w
3(b1+b2w+ · · · )3 + a4w

4(b1+ · · · )4,
= (b1w+b2w2+b3w3+b4w4) + a2w

2(b21+2b1b2w+b22w
2+2b1b3w2+ · · · )

+ a3w
3(b31+3b21b2w+ · · · ) + a4w

4b41 +O(w5).

Comparing coefficients gives

w1 : 1 = b1,

w2 : 0 = b2 + a2b
2
1,

w3 : 0 = b3 + 2a2b1b2 + a3b
3
1,

w4 : 0 = b4 + a2(b22 + 2b1b3) + 3a3b
2
1b2 + a4b

4
1.

These equations are solved in turn to give

b1 = 1, b2 = −a2, b3 = −a3 + 2a2
2, b4 = −a4 + 5a2a3 − 5a3

2. (B.5)

This method is straightforward but becomes progressively harder as we go up toO(z8)
terms. Moreover the method is inapplicable for the trigonometric series. Fortunately there
is a more general and elegant approach.

B.3 Lagrange’s theorem

The general form of the series (B.1, B.3) is

w = z + f(z), (B.6)

with |f(z)| � |z| andw ≈ z. The theorem of Lagrange states that in a suitable domain the
solution of this equation is

z = w +
∑∞

k=1

(−1)k

k!

(
d

dw

)(k−1)

[f(w)]k (B.7)

The proof of this theorem will be given in the last section of this appendix.
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B.4 Application to a fourth order polynomial

Consider the finite polynomial

w = z + a2z
2 + a3z

3 + a4z
4, (B.8)

which is a case of equation (B.6) with

f(z) = a2z
2 + a3z

3 + a4z
4.

We now apply the theorem with

f(w) = a2w
2 + a3w

3 + a4w
4.

In evaluating the inverse we shall only retain terms up tow4 in the series forz (although the
Lagrange expansion is infinite). Therefore in evaluating the power[f(w)]k we need retain
only those powers ofw which give terms no higher thanw4 after differentiating(k−1)
times. For example[f(w)]3 has terms of orderw6, w7, . . . w12 but only the first of these
terms contributes after differentiating 2 times. No terms of orderw4 arise from[f(w)]4 and
higher powers. Therefore we keep only

f(w) = a2w
2 + a3w

3 + a4w
4,

[f(w)]2 = w4(a2
2) + w5(2a2a3) + · · · ,

[f(w)]3 = w6(a3
2) + · · · .

Calculate the derivatives

f(w) = a2w
2 + a3w

3 + a4w
4,

1
2!
D[f(w)]2 = 2w3(a2

2) + 5w4(a2a3) + · · · ,
1
3!
D2[f(w)]3 = 5w4(a3

2) + · · · .

Substitute in Lagrange’s expansion:

z = w − f(w) +
1
2!
D[f(w)]2 − 1

3!
D2[f(w)]3 + · · · .

The final result is

z = w − w2 [a2]− w3
[
a3 − 2a2

2

]
− w4

[
a4 − 5a2a3 + 5a3

2

]
− · · · . (B.9)

The coefficients are in agreement with equation (B.5).
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Modified fourth order polynomial

It will be convenient to consider a modified version of equation (B.8) with coefficients are
of the forman = bn/n!. In this case the above equations become

w = z +
b2
2!
z2 +

b3
3!
z3 +

b4
4!
z4, (B.10)

z = w − p2

2!
w2 − p3

3!
w3 − p4

4!
w4 + · · · (B.11)

where thep-coefficients are given by

p2 = b2, p3 = b3 − 3b22, p4 = b4 − 10b2b3 + 15b32. (B.12)

Alternative notation

For the applications to cartography it is convenient to use the following notation for the
direct and inverse series:

z = ζ +
b2
2!
ζ2 +

b3
3!
ζ3 +

b4
4!
ζ4, (B.13)

ζ = z − p2

2!
z2 − p3

3!
z3 − p4

4!
z4 + · · · (B.14)

B.5 Application to a trigonometric series

Consider equation (B.6), that is
w(z) = z + f(z), (B.15)

with f(z) defined by the following finite trigonometric series:

f(z) = b2 sin 2z + b4 sin 4z + b6 sin 6z + b8 sin 8z, (B.16)

where the coefficientsbn are small enough for the condition|f(z)| � z, w to be valid;
note that we are assuming thatw andz are of order unity. For the applications we have in
mind we shall have|bn| = O(en) wheree is the eccentricity of the ellipsoid. In deriving
the inversion we shall truncate the infinite Lagrange expansion at terms of ordere8; thus we
retain terms proportional tob2, b4, b22, b6, b2b4, b

3
2, b8, b2b6, b

2
2b4, b

2
4, b

4
2 and drop higher

powers.
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In the following steps we make use of several trigonometric identities from Appendix C.

f(w) = b2 sin 2w + b4 sin 4w + b6 sin 6w + b8 sin 8w,

[f(w)]2 = b22 sin22w+2b2b4 sin 2w sin 4w+b24 sin24w+2b2b6 sin 2w sin 6w + · · ·

=
1
2
b22(1− cos 4w) + b2b4(cos 2w − cos 6w)

+
1
2
b24(1− cos 8w) + b2b6(cos 4w − cos 8w) + · · ·

[f(w)]3 = b32 sin3 2w + 3b22b4 sin2 2w sin 4w + · · ·

=
1
4
b32(3 sin 2w − sin 6w) +

3
4
b22b4(2 sin 4w − sin 8w) + · · ·

[f(w)]4 = b42 sin4 2w + · · · = 1
8
b42(3− 4 cos 4w + cos 8w) + · · · .

Calculate the derivatives

f(w) = b2 sin 2w + b4 sin 4w + b6 sin 6w + b8 sin 8w,

1
2!
D[f(w)]2 = b22 sin 4w + b2b4(− sin 2w + 3 sin 6w)

+ 2b24 sin 8w + 2b2b6(− sin 4w + 2 sin 8w) + · · ·

1
3!
D2[f(w)]3 =

1
2
b32(− sin 2w + 3 sin 6w) + 4b22b4(− sin 4w + 2 sin 8w) + · · ·

1
4!
D3[f(w)]4 =

4
3
b42(− sin 4w + 2 sin 8w) + · · · .

Finally, substituting into

z = w − f(w) +
1
2!
D[f(w)]2 − 1

3!
D2[f(w)]3 +

1
4!
D3[f(w)]4 + · · ·

and grouping terms according to the trigonometric functions gives

z = w + d2 sin 2w + d4 sin 4w + d6 sin 6w + d8 sin 8w + · · · , (B.17)

where

d2 = −b2 − b2b4 +
1
2
b32,

d4 = −b4 + b22 − 2b2b6 + 4b22b4 −
4
3
b42,

d6 = −b6 + 3b2b4 −
3
2
b32,

d8 = −b8 + 2b24 + 4b2b6 − 8b22b4 +
8
3
b42. (B.18)
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B.6 Application to an eighth order polynomial

We now invert a series of the form

w = z + a2z
2 + a3z

3 + a4z
4 + a5z

5 + a6z
6 + a7z

7 + a8z
8. (B.19)

retaining only the terms up tow8 in the series forz. This problem is a trivial generalisation
of the derivation for the fourth order series developed in Section B.4, only the algebra is
a little more involved. We setf(w) = a2w

2 + a3w
3 · · · in the Lagrange expansion and

evaluate the powers of[f(w)]k; recall that we need retain only those powers ofw which
give terms no higher thanw8 after differentiatingk − 1 times.

f(w) = a2w
2 + a3w

3 + a4w
4 + a5w

5 + a6w
6 + a7w

7 + a8w
8,

[f(w)]2 = w4(a2
2)

+ w5(2a2a3)

+ w6(2a2a4 + a2
3)

+ w7(2a2a5 + 2a3a4)

+ w8(2a2a6 + 2a3a5 + a2
4)

+ w9(2a2a7 + 2a3a6 + 2a4a5) +O(w10),

[f(w)]3 = w6(a3
2)

+ w7(3a2
2a3)

+ w8(3a2
2a4 + 3a2a

2
3)

+ w9(3a2
2a5 + 6a2a3a4 + a3

3)

+ w10(3a2
2a6 + 6a2a3a5 + 3a2a

2
4 + 3a2

3a4) +O(w11),

[f(w)]4 = w8(a4
2)

+ w9(4a3
2a3)

+ w10(4a3
2a4 + 6a2

2a
2
3)

+ w11(4a3
2a5 + 12a2

2a3a4 + 4a2a
3
3) +O(w12),

[f(w)]5 = w10(a5
2)

+ w11(5a4
2a3)

+ w12(5a4
2a4 + 10a3

2a
2
3) +O(w13),

[f(w)]6 = w12(a6
2)

+ w13(6a5
2a3) +O(w14),

[f(w)]7 = w14(a7
2) +O(w15),

[f(w)]8 = O(w16).
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Evaluate the derivatives, (writingD for d/dw):

f(w) = a2w
2 + a3w

3 + a4w
4 + a5w

5 + a6w
6 + a7w

7 + a8w
8,

1
2!
D[f(w)]2 = + 2w3(a2

2)

+
5
2
w4(2a2a3)

+ 3w5(2a2a4 + a2
3)

+
7
2
w6(2a2a5 + 2a3a4)

+ 4w7(2a2a6 + 2a3a5 + a2
4)

+
9
2
w8(2a2a7 + 2a3a6 + 2a4a5) +O(w9),

1
3!
D2[f(w)]3 = + 5w4(a3

2)

+ 7w5(3a2
2a3)

+
28
3
w6(3a2

2a4 + 3a2a
2
3)

+ 12w7(3a2
2a5 + 6a2a3a4 + a3

3)
+ 15w8(3a2

2a6 + 6a2a3a5 + 3a2a
2
4 + 3a2

3a4) +O(w9),
1
4!
D3[f(w)]4 = + 14w5(a4

2)

+ 21w6(4a3
2a3)

+ 30w7(4a3
2a4 + 6a2

2a
2
3)

+
165
4
w8(4a3

2a5 + 12a2
2a3a4 + 4a2a

3
3) +O(w9),

1
5!
D4[f(w)]5 = + 42w6(a5

2)

+ 66w7(5a4
2a3)

+ 99w8(5a4
2a4 + 10a3

2a
2
3) +O(w9),

1
6!
D5[f(w)]6 = + 132w7(a6

2)

+
429
2
w8(6a5

2a3) +O(w9),

1
7!
D6[f(w)]7 = + 429w8(a7

2) +O(w9),

1
8!
D7[f(w)]8 = O(w9).

Substitute the above in the Lagrange expansion:

z = w − f(w) +
1
2!
D[f(w)]2 − 1

3!
D2[f(w)]3 +

1
4!
D3[f(w)]4 − 1

5!
D4[f(w)]5

+
1
6!
D5[f(w)]6 − 1

7!
D6[f(w)]7 +

1
8!
D7[f(w)]8. (B.20)
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Final result for basic eighth order series

The inverse of the series

w = z + a2z
2 + a3z

3 + a4z
4 + a5z

5 + a6z
6 + a7z

7 + a8z
8, (B.21)

is
z = w−w2[a2]

−w3
[
a3−2a2

2

]
−w4

[
a4−5a2a3+5a3

2

]
−w5

[
a5−3(2a2a4+a

2
3)+21a2

2a3−14a4
2

]
−w6

[
a6−7(a2a5+a3a4)+28(a2

2a4+a2a
2
3)−84a3

2a3+42a5
2

]
−w7

[
a7−4(2a2a6+2a3a5+a

2
4)+12(3a2

2a5+6a2a3a4+a
3
3)

−30(4a3
2a4+6a2

2a
2
3)+330a4

2a3−132a6
2

]
−w8

[
a8−9(a2a7+a3a6+a4a5)+15(3a2

2a6+6a2a3a5+3a2a
2
4+3a2

3a4)

−165(a3
2a5+3a2

2a3a4+a2a
3
3)+99(5a4

2a4+10a3
2a

2
3)

−1287a5
2a3+429a7

2

]
(B.22)

B.7 Application to a modified eighth order series

Replacingan by bn/n! gives the following pair of inverse series:

w = z +
b2
2!
z2 +

b3
3!
z3 +

b4
4!
z4 +

b5
5!
z5 +

b6
6!
z6 +

b7
7!
z7 +

b8
8!
z8. (B.23)

z = w − p2

2!
w2 − p3

3!
w3 − p4

4!
w4 − p5

5!
w5 − p6

6!
w6 − p7

7!
w7 − p8

8!
w8. (B.24)

where
p2 = [b2]

p3 =
[
b3−3b22

]
p4 =

[
b4−10b2b3+15b32

]
p5 =

[
b5−(15b2b4+10b23)+105b22b3−105b42

]
p6 =

[
b6−(21b2b5+35b3b4)+(210b22b4+280b2b

2
3)−1260b32b3+945b52

]
p7 =

[
b7−(28b2b6+56b3b5+35b24)+(378b22b5+1260b2b3b4+280b33)

−(3150b32b4+6300b22b
2
3)+17325b42b3−10395b62

]
p8 = [b8−(36b2b7+84b3b6+126b4b5)

+(630b22b6+2520b2b3b5+1575b2b
2
4+2100b23b4)

−(6930b32b5+34650b22b3b4+15400b2b
3
3)

+(51975b42b4+138600b32b
2
3)−270270b52b3+135135b72

]
(B.25)

Comment: these results are extended to 12th order series in papers by (a) W E Bleieck and
(b) W G Bickley and J C P Miller. See bibliography.
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B.8 Application to series for TME

In evaluating the inverse of the complex series that arises in the derivation of the transverse
Mercator projection on the ellipsoid (TME) we have the following coefficients

b2 = i s b3 = c2W3 b4 = isc2W4 b5 = c4W5

b6 = i sc4W6 b7 = c6W7 b8 = i sc6W8 (B.26)

wherei =
√
−1, s = sinφ, c = cosφ, t = tanφ and theW functions are of the form

W3 = β − t2

W4 = 4β2 + β − t2

W5 = 4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

W6 = 8β4(11− 24t2)− 28β3(1− 6t2) + β2(1− 32t2)− 2βt2 + t4

W7 = 61− 479t2 + 179t4 − t6

W8 = 1385− 3111t2 + 543t4 − t6, (B.27)

whereβ is defined in equation (5.53). Substituting for theb-coefficients in (B.25) gives

p2 = ict [ 1 ]

p3 = c2
[
W3+3t2

]
p4 = ic3t

[
W4−10W3−15t2

]
p5 = c4

[
W5+(15t2W4−10W 2

3 )−105t2W3−105t4
]

p6 = ic5t
[
W6−(21W5+35W3W4)−(210t2W4−280W 2

3 ) +1260t2W3+945t4
]

p7 = c6
[
W7+(28t2W6−56W3W5+35t2W 2

4 ) −(378t2W5+1260t2W3W4−280W 3
3 )

−(3150t4W4−6300t2W 2
3 )+17325t4W3+10395t6

]
p8 = ic7t

[
W8−(36W7+84W3W6+126W4W5)

−(630t2W6−2520W3W5+1575t2W 2
4−2100W 2

3W4)

+(6930t2W5+34650t2W3W4−15400W 3
3 )

+(51975t4W4−138600t2W 2
3 ) −270270t4W3−135135t6

]
(B.28)

Now substitute for theW . Forp2, . . . p6 we use the expressions given in (B.27). Forp7, p8

we use the spherical approximation (5.58) for all the terms on the right hand sides. That is
we setβ = 1 in W3, . . .W6 on the right hand sides using the approximations

W3 →W3 = 1− t2,

W4 →W4 = 5− t2,

W5 →W5 = 5− 18t2 + t4,

W6 →W6 = 61− 58t2 + t4. (B.29)
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Thep-coefficients now become

p2 = ict [ 1 ]

p3 = c2
[
β − t2 + 3t2

]
p4 = ic3t

[
4β2 + β − t2 − 10(β − t2)− 15t2

]
p5 = c4

[
4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

+ 15t2(4β2 + β − t2)

− 10(β − t2)2 − 105t2(β − t2) −105t4
]

p6 = ic5t
[
8β4(11− 24t2)− 28β3(1− 6t2) + β2(1− 32t2)− 2βt2 + t4

− 21
{
4β3(1− 6t2) + β2(1 + 8t2)− 2βt2 + t4

}
− 35(β − t2)(4β2 + β − t2)− 210t2(4β2 + β − t2)

+ 280(β − t2)2 + 1260t2(β − t2) +945t4
]

p7 = c6
[
61− 479t2 + 179t4 − t6 + 28t2(61− 58t2 + t4)− 56(1− t2)(5− 18t2 + t4)

+ 35t2(5− t2)2 − 378t2(5− 18t2 + t4)− 1260t2(1− t2)(5− t2)

+ 280(1− t2)3 − 3150t4(5− t2) + 6300t2(1− t2)2 + 17325t4(1− t2)

+10395t6
]

p8 = ic7t
[
1385− 3111t2 + 543t4 − t6 − 36(61− 479t2 + 179t4 − t6)

− 84(1− t2)(61− 58t2 + t4)− 126(5− t2)(5− 18t2 + t4)

− 630t2(61− 58t2 + t4) + 2520(1− t2)(5− 18t2 + t4)

− 1575t2(5− t2)2 + 2100(1− t2)2(5− t2) + 6930t2(5− 18t2 + t4)

+ 34650t2(1− t2)(5− t2)− 15400(1− t2)3 + 51975t4(5− t2)

− 138600t2(1− t2)2 − 270270t4(1− t2) −135135t6
]

Note that we have changedp7, p8 to p7, p8 to show that these coefficients have been evalu-
ated in the spherical approximation. Finally, simplifying these expressions gives

p2 = ict [ 1 ]

p3 = c2
[
β + 2t2

]
p4 = ic3t

[
4β2 − 9β − 6t2

]
p5 = c4

[
4β3(1− 6t2)− β2(9− 68t2)− 72βt2 − 24t4

]
p6 = ic5t

[
8β4(11− 24t2)− 84β3(3− 8t2) + 225β2(1− 4t2) + 600βt2 + 120t4

]
p7 = c6

[
61 + 662t2 + 1320t4 + 720t6

]
p8 = ic7t

[
−1385− 7266t2 − 10920t4 − 5040t6

]
(B.30)
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B.9 Proof of the Lagrange expansion

This derivation of the Lagrange expansion is included since it is to be found only in older
textbooks—see bibliography. This account is based on a simplified version of that in Whit-
taker’s Modern Analysis (1902!!) where there is a more general statement of the theorem.
The derivation requires an excursion into complex analysis. In particular we require three
results which follow from Cauchy’s theorem. Since these results can be found in most texts
on complex analysis we quote them without proof.

Definition: a functionf(z) is analytic in some domainD if it is single valued and
differentiable withinD, except possibly at a finite number of points, thesingularities of
f(z). If no point ofD is a singularity then we say thatf(z) is regular.

• Cauchy’s integral formula: let f(z) be an analytic function, regular within a closed
contourC and continuous within and onC, and leta be a point withinC. If in
additionf(z) has derivatives of all orders, then then-th derivative ata is

f (n)(a) =
n!
2πi

∮
C

f(z)
(z − a)n+1 dz. (B.31)

• The following result is usually found as a corollary to the proof ofthe principle of
the argument. If f(z) andg(z) are regular within and on a closed contourC and
f(z) has a simple zero atz = a then

g(a) =
1

2πi

∮
C

g(z)f ′(z)
f(z)

dz. (B.32)

• Rouché’s theorem: if f(z) andg(z) are two functions regular within and on a closed
contourC, on whichf(z) does not vanish and also|g(z)| < |f(z)|, thenf(z) and
f(z) + g(z) have the same number of zeroes withinC.

Let p(z) be regular within and on a closed contourC and let there be asinglesimple
zero at the pointz = w insideC. Consider the equation

p(z) = t, (B.33)

wheret is a constant such that

|p(z)| > |t| at all points ofC. (B.34)

By Rouch́e’s theorem (withf → p andg → −t) we see thatp(z) andp(z)−t have the same
number of zeroes insideC, namely one. The zero ofp(z) is of coursez = w: let the zero
of p(z) − t bez = a. Therefore settingf(z) = p(z) − t andg(z) = z in equation (B.32),
noting thatt is a constant, we find the solutionz = a of (B.33) is

z = a =
1

2πi

∮
C

zp′(z)
p(z)− t

dz. (B.35)
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Expanding the integrand

a =
1

2πi

∮
C

zp′(z)
p(z)

[
1 +

∞∑
1

(
t

p(z)

)n]
dz. (B.36)

Since|t| < |p(z)| onC the series is convergent and we can integrate term by term to find

a =
∞∑
0

Ant
n, (B.37)

where
A0 =

1
2πi

∮
C

zp′(z)
p(z)

dz, An =
1

2πi

∮
C

zp′(z)
[p(z)]n+1

dz (n ≥ 1). (B.38)

Now sincep(z) has a simple zero atz = w the first integral may be integrated by setting
g(z) = z in equation (B.32).

A0 = w. (B.39)

For the second integral we integrate by parts. The integral of the total derivative is zero
because the change in a single valued function around a closed curve is zero. Therefore

An =
1

2πi
1
n

∮
C

1
[p(z)]n

dz, (n ≥ 1). (B.40)

Now set

p(z) = (z − w)q(z) =
z − w

r(z)
. (B.41)

so that

An =
1

2πi
1
n

∮
C

[r(z)]n

(z − w)n
dz. (B.42)

p(z) has one zero insideC, at z = w, soq(z) will have no zeroes withinC andr(z) will
have no poles withinC. Using the Cauchy integral formula (B.31)An becomes

An =
1
n!
D(n−1)
z [r(z)]n

∣∣∣
z=w

=
1
n!
D(n−1)
w [r(w)]n (n ≥ 1). (B.43)

Therefore the solution of

z − w

r(z)
= t (B.44)

is given by

z = a = w +
∞∑
1

tn

n!
D(n−1)
w [r(w)]n. (B.45)
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Finally we set

f(z) = −t r(z), (B.46)

so that equation (B.44) becomes

w = z + f(z), (B.47)

with the solution

z = w +
∞∑
1

(−1)n

n!
D(n−1)
w [f(w)]n. (B.48)

This is the form of the expansion given in Section B.3. The domain of validity is discussed
in the textbooks. In the current applications we start from convergent series forw(z) and
find that the above series forz(w) is also convergent.
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AppendixC
Plane Trigonometry

A brief reminder of some identities from plane trigonometry which are required at various
points in the main text.

basic definition exp ix = cosx+ i sinx (C.1)

exp i(x+ y) = (cosx+ i sinx)(cos y + i sin y) (C.2)

real part of (C.2) cos(x+ y) = cosx cos y − sinx sin y (C.3)

y → −y cos(x− y) = cosx cos y + sinx sin y (C.4)

imag. part of (C.2) sin(x+ y) = sinx cos y + cosx sin y (C.5)

y → −y sin(x− y) = sinx cos y − cosx sin y (C.6)

(C.5) / (C.3) tan(x+ y) =
tanx+ tan y

1− tanx tan y
(C.7)

(C.6) / (C.4) tan(x− y) =
tanx− tan y

1 + tanx tan y
(C.8)

(C.5) + (C.6) sinx cos y =
1
2

[sin(x+ y) + sin(x− y)] (C.9)

x↔ y cosx sin y =
1
2

[sin(x+ y)− sin(x− y)] (C.10)

(C.3) + (C.4) cosx cos y =
1
2

[cos(x+ y) + cos(x− y)] (C.11)

(C.4) – (C.3) sinx sin y =
1
2

[cos(x− y)− cos(x+ y)] (C.12)

x± y → x, y in (C.9) sinx+ sin y = 2 sin
x+ y

2
cos

x− y

2
(C.13)

x± y → x, y in (C.10) sinx− sin y = 2 cos
x+ y

2
sin

x− y

2
(C.14)

x± y → x, y in (C.11) cosx+ cos y = 2 cos
x+ y

2
cos

x− y

2
(C.15)

x± y → x, y in (C.12) cosx− cos y = −2 sin
x+ y

2
sin

x− y

2
(C.16)
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y = x in (C.4) 1 = cos2x+ sin2x (C.17)

sec2x = 1 + tan2x (C.18)

csc2x = cosec2x = 1 + cot2x (C.19)

y = x in (C.3) cos 2x = cos2x− sin2x (C.20)

use (C.17) = 1− 2 sin2x (C.21)

use (C.17) = 2 cos2x− 1 (C.22)

y = x in (C.5) sin 2x = 2 sinx cosx (C.23)

from (C.21) sin2x =
1
2

[1− cos 2x] (C.24)

from (C.22) cos2x =
1
2

[1 + cos 2x] (C.25)

use (C.21) sin3x =
1
2

sinx [1− cos 2x]

use (C.9) =
1
2

sinx− 1
4

[sin 3x− sinx]

=
3
4

sinx− 1
4

sin 3x (C.26)

from (C.26) sin3x cosx =
3
4

sinx cosx− 1
4

sin 3x cosx

use (C.9) =
3
8

sin 2x− 1
8
[sin 4x+ sin 2x]

=
1
8

[2 sin 2x− sin 4x] (C.27)

from (C.24) sin4x =
1
4

[1− cos 2x]2

use (C.25) =
1
4

[
1− 2 cos 2x+

1
2

+
1
2

cos 4x
]

=
1
8

[3− 4 cos 2x+ cos 4x] (C.28)

use (C.25) cos3x =
1
2

cosx [1 + cos 2x]

use (C.11) =
1
2

cosx+
1
4

[cos 3x+ cosx]

=
3
4

cosx+
1
4

cos 3x (C.29)
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NOTATION Sk ≡ sin kx (C.30)

Ck ≡ cos kx (C.31)

Hence sin2x =
1
2

[1− C2] (C.32)

sin3x =
1
4

[3S − S3] (C.33)

sin4x =
1
8

[3− 4C2 + C4] (C.34)

sin5x =
1
16

[10S − 5S3 + S5] (C.35)

sin6x =
1
32

[10− 15C2 + 6C4 − C6] (C.36)

sin7x =
1
64

[35S − 21S3 + 7S5 − S7] (C.37)

sin8x =
1

128
[35− 56C2 + 28C4 − 8C6 + C8] (C.38)

sinx cosx =
1
2

[S2] (C.39)

sin3x cosx =
1
8

[2S2 − S4] (C.40)

sin5x cosx =
1
32

[5S2 − 4S4 + S6] (C.41)

sin7x cosx =
1

128
[14S2 − 14S4 + 6S6 − S8] (C.42)

Hyperbolic functions

The basic definitions are

coshx =
ex + e−x

2
, sinhx=

ex − e−x

2
. (C.43)

From equation (C.1) the corresponding equations are

cosx =
eix + e−ix

2
, sinx=

eix − e−ix

2i
, (C.44)

so we can immediately deduce that

cos ix = coshx, sin ix= i sinhx, tan ix = i tanhx, (C.45)

cosh ix = cosx, sinh ix= i sinx, tanh ix = i tanx. (C.46)

These identities can be used to derive all the hyperbolic formulae from the trigonometric
identities simply by replacingx andy by ix and iy. This effectively changes all cosine
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terms to cosh. Each sine term becomesi sinh and where there is a single sinh in each term
of the identity an overall factor ofi will cancel. Terms which have a product of two sines
will become a product of twoi sinh terms giving an overall sign change. Likewise for the
tangent terms. We list only the identities corresponding to (C.3–C.8) and (C.17–C.23).

cosh(x± y) = coshx cosh y ± sinhx sinh y (C.47)

sinh(x± y) = sinhx cosh y ± coshx sinh y (C.48)

tanh(x± y) =
tanhx± tanh y

1± tanhx tanh y
(C.49)

1 = cosh2x− sinh2x (C.50)

sech2x = 1− tanh2x (C.51)

cosech2x = coth2x− 1 (C.52)

cosh 2x = cosh2x+ sinh2x

= 1 + 2 sinh2x

= 2 cosh2x− 1 (C.53)

sinh 2x = 2 sinhx coshx (C.54)



AppendixD
Spherical trigonometry

D.1 Introduction

A great circle on a sphere is defined by the intersection of any plane through the centre of
the sphere with the surface of the sphere. Any two points on the sphere must lie on some
great circle and the shorter part of that great circle is also the shortest distance between
the points. In general three great circles define a spherical triangle (Figure D.1) and this
appendix develops the trigonometry of such triangles. There are many (old) text books and
we recommend Todhunter’s book on Spherical Trigonometry—see Bibliography.

Consider the three great circles defining the trian-
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Figure D.1

gleABC: they meet again in the pointsA1, B1 and
C1 defining the triangleA1B1C1. In fact they define
eight triangles since each pair of geodesics bounds
four triangles butABC andA1B1C1 are counted
three times. (Think of slicing an apple into eight
pieces with three diametral cuts). Note that we do not
consider the ’improper’ triangles such as that formed
by theinterior arcsBA ,BC together with theexte-
rior arcAC1A1C. Such improper triangles have one
angle greater thanπ. Their solution presents no dif-
ficulty but we refer to Todhunter’s book for details.

We now restrict attention to triangles in which the angles are less than or equal toπ.
The case of all equal toπ is degenerate for the ’triangle’ must then be three points on one
great circle with the sum of the angles equal to3π and the sum of the sides equal to2π (on
the unit sphere). The rigorous proof of this last statement is to be found in Euclid: Book 11,
Proposition 21—see Bibliography. We shall see that it has as a corollary that the sum of the
angles of a spherical triangle is greater thanπ. This lower bound is approached by small
triangles (sides much less than the radius) that are almost planar.
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Figure D.2 shows the spherical triangle in more
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Figure D.2

detail: A, B, C label the vertices and also give the
measure (in radians) of the angles of the spherical
triangle and the angles between planesOAC,OAB
andOBC. The sides of the spherical triangle area,
b, c; these give the distances along the great circle
arcs joining the vertices. The angles subtended by
the sides at the centre areα, β andγ so thata = αR
etc. The aim of this appendix is to prove the prin-
cipal relations between the six elements of a spheri-
cal triangle.The fundamental relation is the spherical
cosine rule.ALL OTHER RULES, and there are many,
can be derived from the cosine rule.

D.2 Spherical cosine rule

Geometric proof

In Figure D.2AD andAE are the tangents to the sides of the spherical triangle atA. As
long as the anglesβ andγ are strictly less thanπ/2 the tangent to the sideAB meets the
radiusOB extended toD and the tangent to the sideAC meets the radiusOC extended to
E. Since any tangent to the sphere is normal to the radius at the point of contact we have
that the trianglesOAD andOAE are right angled.

We apply the planar cosine rule to the trianglesODE andADE:

DE2 = OD2 +OE2 − 2OD.OE cosα,

DE2 = AD2 +AE2 − 2AD.AE cosA.

Subtracting these equations and using Pythagoras’ theorem to setOD2−AD2 = OA2 and
OE2 −AE2 = OA2 we obtain

0 = 2OA2 + 2AD.AE cosA− 2OD.OE cosα

Dividing each term by the productOD.OE and usingOA/OD = cos γ etc.gives

cosα = cos γ cosβ + sin γ sinβ cosA.

It is conventional to express these identities in terms of the actual sides so that we should
setα = a/R etc. If we assume that the lengths have been scaled to aunit sphere then the
above, alongwith the two relations obtained by cyclic permutations, becomes

cos a = cos b cos c+ sin b sin c cosA,

cos b = cos c cos a+ sin c sin a cosB,

cos c = cos a cos b+ sin a sin b cosC.

(D.1)
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For a small triangle witha, b, c � 1 on the unit sphere, the spherical cosine rules
reduce to the planar cosine rule if we neglect cubic terms. For example the first becomes

1− a2

2
=
(

1− b2

2

)(
1− c2

2

)
+ bc cosA,

which simplifies to
a2 = b2 + c2 − 2bc cosA.

The above proof assumes that the anglesβ andγ are less than ninety degrees for the con-
structions as drawn. This restriction may be removed; it is discussed in detail in Todhunter’s
book (pages 16 to 19). The following alternative proof does not rely on these assumptions.

Cosine rule: vector proof
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Figure D.3

For any given spherical triangle we can introduce Carte-
sian axes with thez-axis alongOA and thexz-plane de-
fined by the planeOAB. Take the radius of the sphere
as unity and define vectorsB andC along the radiiOB
andOC respectively. The angle between the planesAOM
andAON is given by6 MON = A, so the components of
these unit vectors are

B = (sin c, 0 , cos c),
C = (sin b cosA, sin b sinA, cos b) (D.2)

Now the angle between the unit vectors is simplya, the angle subtended at the centre
by the arcBC. Therefore

B·C = cos a = sin b sin c cosA+ 0 + cos b cos c, (D.3)

in agreement with our previous result for the cosine rule. This is the simplest proof of the
cosine rule: it needs no restrictions on the angles.

D.3 Spherical sine rule

Derivation from the cosine rule

From equation (D.1) we have

cosA =
cos a− cos b cos c

sin b sin c

sin2A = 1−
(

cos a− cos b cos c
sin b sin c

)2

=
(1− cos2b)(1− cos2c)− (cos a− cos b cos c)2

sin2b sin2c
.
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Therefore

sinA
sin a

= ∆(a, b, c), (D.4)

where
∆(a, b, c) =

[1− cos2a− cos2b− cos2c+ 2 cos a cos b cos c]1/2

sin a sin b sin c
. (D.5)

Since∆ is invariant under a cyclic permutation ofa, b, c we deduce the spherical sine rule

sinA
sin a

=
sinB
sin b

=
sinC
sin c

= ∆(a, b, c) (D.6)

The three separate rules are

sin b sinA = sin a sinB,
sin c sinA = sin a sinC,
sin b sinC = sin c sinB. (D.7)

Spherical sine rule: geometric proof

Consider the following construction. Take any point
P on the lineOA and drop a perpendicular to the
pointN in the planeOBC. Draw the perpendicu-
lar fromN to the lineOB at the pointM . There-
fore the three trianglesPMN , PON andONM
are all right angled triangles and we can therefore
use Pythagoras’ theorem to deduce that

PM2 = MN2 + PN2,

OP 2 = ON2 + PN2,

ON2 = OM2 +MN2.
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Figure D.4

Therefore we must have

PM2 = (ON2 −OM2) + (OP 2 −ON2) = OP 2 −OM2,

so that the triangleOPM must have a right angle atM . From this we first deduce that
PM = OP sin γ. Secondly we note that sincePM andNM are both normal toOB then
the anglePMN is the angle between the planesOAB andOBC; this is the angleB so
that we must have

PN = PM sinB = OP sin γ sinB.

We now repeat the argument with the construction ofNS perpendicular toOC and prove
that triangleOPS is right angled and the anglePSN is equal toC. (M , N andS are not
collinear). Therefore we find

PN = PS sinC = OP sinβ sinC.
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Comparing the two expressions forPN we deduce that

sin γ sinB = sinβ sinC.

This whole process can be repeated withP an arbitrary point onOB orOC and dropping
perpendiculars onto the faceOAC andOAB respectively. Clearly this will give

sin γ sinA = sinα sinC,
sinβ sinA = sinα sinB.

On the unit sphere the anglesα, η, γ will be replaced bya, b, c giving equations (D.6).
Note that the construction and proof will need slight modifications if either of the anglesB
orC exceedsπ/2. This is discussed in Todhunter.

D.4 Solution of spherical triangles I

In general, if we know three elements of a triangle then we might expect to find the other
three elements by direct application of the spherical sine and cosine rules. This isNOT

possible: to complete the solution in many cases we shall need further rules developed in
the ensuing sections.

The six distinct ways in which three elements may be given are shown in Figure D.5
along with a seventh case involving four given elements. In each figure the given elements
are shown below and the given angles are marked with a small arc and the given sides
are marked with a cross bar; each figure has variations given by cyclic permutations. The
solution of such spherical triangles is harder than in the planar case because we do not know
the sum of the angles: given two angles we do not know the third.
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Figure D.5

• Case 1: this can be solved by using the cosine rule.

• Case 2: cosine rule givesa and then we are back to Case 1.

• Case 3: sine rule givesC and then we are in Case 7.

• Case 4: no progress possible with only sine and cosine rules.

• Case 5: sine rule givesb and then we are in Case 7.

• Case 6: no progress possible. This case doesn’t arise in plane geometry.

• Case 7: no progress possible with only sine and cosine rules.
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This is an appropriate point to mention that any determination of an angle or side from
its sine will generally lead to ambiguities sincesinx = sin(π − x). However the angles
and sides on the unit sphere are in the interval(0, π) so their determination from cosines,
secants, tangents or cotangents will be unambiguous. Likewise the sine, cosine or tangent
of any half-angle (or side) is positive and its inverse is also unambiguous. Many of the
formulae that we will derive were established to avoid the sine ambiguity.

D.5 Polar triangles and the supplemental cosine rules

Figure D.6a below shows the three great circles which intersect to form the spherical triangle
ABC. In addition we show the normals to the plane of each great circle; each intersects
the sphere in two points each of which is a ’pole’ when a specific great circle is identified
as an equator. As shown some of the poles (small solid circles) are visible and some(open
circles) are on the hidden face. Three of these six poles may be used to define the polar
triangle. The convention is thatA and its poleA′ lie on the same side of the diametral plane
containingBC; likewise for the others. We shall now prove the following statements.

• The sides of the polar triangleA′B′C ′ are the supplements of the angles of the orig-
inal triangleABC. (We assume a unit sphere on which the lengths of the sides are
equal to the radian measure of the angles they subtend at the centre).

• The angles of the polar triangleA′B′C ′ are the supplements of the sides of the origi-
nal triangleABC.
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Figure D.6

Figure D.6b shows the triangleABC, the poleA′ of A and the corresponding ‘equator’
formed by extending the sideBC. Note three properties:

1. Any great circle through the poleA′ to its equatorBC is a quadrant arc of lengthπ/2
(on the unit sphere),i.e.A′K = A′L = π/2.

2. Any great circle throughA′ intersects its equatorBC at a right angle, as atK andL.

3. The angleλ (in radians) between two such quadrant arcs is equal to the length of the
segment cut on the equator by the arcs,i.e.λ = 6 KA′L = KL.
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Figure D.7

Figure D.7, which is neither an elevation nor a perspec-
tive view, shows theschematicrelation between the tri-
angleABC and its polar triangleA′B′C ′. The sides of
ABC are extended along their great circles to meet the
sides ofA′B′C ′ at the points shown. From the the three
properties discussed in the previous paragraph we can
deduce the following results.

• The great circlesA′B′ andA′C ′ through the poleA′ intersect the equator corre-
sponding toA′, that isBC extended, at pointsD andE. The intersections are right
angles and the distanceDE is equal to the angleA′ expressed in radians. Therefore
A′ = DE.

• B′G is a great circle through the poleB′ meeting its corresponding equatorCA at
G. The intersection atG is at right angles and the lengthB′G = π/2. SimilarlyC ′F
is a great circle through the poleC ′ meeting its corresponding equatorAB atF : the
intersection atF is at right angles and the lengthC ′F = π/2.

• Now consider the intersections of the great circleB′C ′ with the great circles defined
byAB andAC. Since the angles atF andG are right angles we deduce thatA must
be the pole to the equatorB′C ′. Similarly B, C must be the poles of the equators
C ′A′ andA′B′ repectively. We conclude that the polar triangle of the polar triangle
A′B′C ′ must be the original triangleABC. Consequently (1) sinceC is the pole
of A′B′ we must haveCD = π/2; (2) sinceB is the pole ofC ′A′ we must have
BE = π/2; (3) sinceA is the pole ofB′C ′ we must haveFG = A.

We now have all the information we need to deduce

A′ = DE = DC +BE −BC =
π

2
+
π

2
− a = π − a,

a′ = B′C ′ = B′G+ FC ′ − FG =
π

2
+
π

2
−A = π −A.

Similar results follow for the other angles and sides of the polar triangle so that:

A′ = π − a B′ = π − b C ′ = π − c,

a′ = π −A b′ = π −B c′ = π − C. (D.8)

An important corollary follows from the existence of the polar triangle. We have already
stated that Euclid proves that the sum of the sides of a spherical triangle on the unit sphere
satisfiesσ = a+b+c < 2π. Applying this to the polar triangle gives3π−A−B−C < 2π
so thatΣ, the sum of the angles, is greater thanπ. Since we conventionally take the angles
to be less thanπ then we must haveπ < Σ < 3π. (The restriction to angles and sides less
than π may be lifted; the so-called improper triangles so formed are discussed in Todhunter.
We have no need to consider them here.)
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Supplemental cosine rules

As an example of using the polar triangle let us apply the cosine rules of (D.1) toA′B′C ′:

cos a′ = cos b′ cos c′ + sin b′ sin c′ cosA′,
cos b′ = cos c′ cos a′ + sin c′ sin a′ cosB′,

cos c′ = cos a′ cos b′ + sin a′ sin b′ cosC ′.

(D.9)

Now substitute for angles and sides usung equation (D.8) noting thatcos(π − θ) = − cos θ
andsin(π − θ) = sin θ:

cosA+ cosB cosC = sinB sinC cos a,
cosB + cosC cosA = sinC sinA cos b,
cosC + cosA cosB = sinA sinB cos c.

(D.10)

Now these equations, obtained by applying a known rule to the polar triangle, are obviously
newrelations between the elements of the original triangle; they are called the supplemental
cosine rules. This is an example of a powerful method of generating a new formula from
any that we have already found.

The supplemental cosine rules clearly provide a way of solving a spherical triangle when
all three angles are given. This is Case 6 in Figure D.5.

Note that a new rule does not always arise. For example, applying the sine rule to
A′B′C ′ gives

sinA′

sin a′
=

sinB′

sin b′
=

sinC ′

sin c′
.

On substituting (D.8) we have the usual rules simply inverted:

sin a
sinA

=
sin b
sinB

=
sin c
sinC

.

Alternative derivation of the supplemental cosine rules

It is possible to derive the supplemental cosine rules directly without appealing to the polar
triangle. For example, in the first formula of (D.10) substitute for the terms on the left-hand
side using the normal cosine rules:

cosA+cosB cosC=
(cos a− cos b cos c) sin2a+ (cos b− cos c cos a)(cos c− cos a cos b)

sin2a sin b sin c

=
cos a[1− cos2a− cos2b− cos2c+ 2 cos a cos b cos c]

sin2a sin b sin c
= cos a∆2 sin b sin c
= cos a sinB sinC,

where we have used the definition of∆ in (D.5) and also the sine rule (D.6). Thus we
could have proceeded in this way and then deduced the existence of the polar triangle as a
corollary without the geometrical proof that we presented earlier.
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D.6 The cotangent four-part formulae

The six elements of a triangle may be written in an anti-clockwise order as(aCbAcB). The
cotangent, or four-part, formulae relate two sides and two angles forming fourconsecutive
elements around the triangle, for example(aCbA) orBaCb. The six distinct formulae that
we shall prove are

(a) cos b cosC = cot a sin b− cotA sinC, (aCbA)
(b) cos b cosA = cot c sin b− cotC sinA, (CbAc)
(c) cos c cosA = cot b sin c− cotB sinA, (bAcB)
(d) cos c cosB = cot a sin c− cotA sinB, (AcBa)
(e) cos a cosB = cot c sin a− cotC sinB, (cBaC)
(f) cos a cosC = cot b sin a− cotB sinC, (BaCb),

(D.11)

where the subset of elements involved is shown to the right of every equation. In the first
equation, for the setaCbA, we terma andA the outer elements andC and b the inner
elements. With this notation the general form of the equations is

cos(inner side). cos(inner angle) = cot(outer side). sin(inner side)
− cot(outer angle). sin(inner angle)

(D.12)

Note that the ‘inner’ elements of each set formula occur twice and cannot be deduced from
the other elements; only the ‘outer’ elements of each set may be derived in terms of the
other three. For example in the first equation involving the setaCbA we can only determine
the outer sidea in terms ofCbA or the outer angleA in terms ofaCb. Note also that the
outer angle or side is determined from its cotangent so that there is no ambiguity.

To prove the first formula start from the cosine rule (D.1a) and on the right-hand side
substitute forcos c from (D.1c) and forsin c from (D.6):

cos a = cos b cos c+ sin b sin c cosA
= cos b (cos a cos b+ sin a sin b cosC) + sin b sinC sin a cotA

cos a sin2b = cos b sin a sin b cosC + sin b sinC sin a cotA.

The result follows on dividing bysin a sin b. Similar techniques with the other two cosine
rules give D.11c,e. Equations D.11b,d,f follow by applying D.11e,a,c to the polar triangle.

Solution of spherical triangles II

The four-part formulae may be used to give solutions to two of the cases discussed
in Section D.4. In Case 2 in Figure D.5, where we are given(bAc), we can use equa-
tions D.11b,c to find the anglesC,B from their cotangents: we can then finda from D.11a
without any sine ambiguity. We can now solve Case 4, where we are given(BaC), by using
equations D.11e,f to give the sidesc, b and we can then findA from D.11a. We are still left
with the problem solving Case 7 (since Cases 3, 5 can also be reduced to Case 7).
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D.7 Half-angle and half-side formulae

If 2s = (a+ b+ c) is the sum of the sides and2S = (A+B+C) is the sum of the angles,
then we can easily prove the following formulae:

sin
A

2
=
[
sin(s−b) sin(s−c)

sin b sin c

]1/2

sin
a

2
=
[
− cosS cos(S−A)

sinB sinC

]1/2

cos
A

2
=
[
sin s sin(s−a)

sin b sin c

]1/2

cos
a

2
=
[
cos(S−B) cos(S−C)

sinB sinC

]1/2

tan
A

2
=
[
sin(s−b) sin(s−c)

sin s sin(s−a)

]1/2

tan
a

2
=
[
− cosS cos(S−A)

cos(S−B) cos(S−C)

]1/2

(D.13)

To prove the first formula usecosA = 1− 2 sin2(A/2) and the cosine rule (D.1).

sin2A

2
=

1− cosA
2

=
1
2
− cos a− cos b cos c

2 sin b sin c
=

cos(b−c)− cos a
2 sin b sin c

=
1

sin b sin c
sin
(
a+ b− c

2

)
sin
(
a− b+ c

2

)
.

Since2(s−b) = (a + b + c) − 2b = a − b + c etc.we obtain the first result. The second
follows from 1+ cosA = 2 cos2(A/2) and the third from their quotient. The results in the
right hand column follow by applying the first column formulae to the polar triangle. They
also follow from (D.10) and by starting withcos a = 1− 2 sin2(a/2) etc..

It is worth commenting on the negative signs under some radicals. Take the expression
for sin a/2 as an example. Sinceπ < A+B + C < 3π we haveπ/2 < S < 3π/2 so that
cosS < 0. Now in any spherical triangle the sideBC is the shortest distance betweenB
andC so we must haveBC < BA + AC, or a < b + c; i.e. any side is less than the
sum of the others. Applying this to the polar triangle we haveπ−A < (π−B) + (π−C);
therefore2(S−A) = B+C−A < π or (S−A) < π/2. Furthermore, sinceA < π we have
B+C−A > −π and consequently2(S−A) > −π. Therefore−π/2 < (S−A) < π/2 and
cos(S−A) > 0. These results guarantee that the expressions under the radical are positive.

Solution of spherical triangles III

The above formulae are clearly applicable to the cases where we know either three sides
or three angles, cases which we have solved by either the normal or supplemental cosine
rules. The expressions given here involving tangents of half angles are to be preferred
whenever the angle or side to be found is very small or nearlyπ.
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Delambre (or Gauss) analogies.

sin 1
2(A+B)

cos 1
2C

=
cos 1

2(a−b)
cos 1

2c

sin 1
2(A−B)

cos 1
2C

=
sin 1

2(a−b)
sin 1

2c

cos 1
2(A+B)

sin 1
2C

=
cos 1

2(a+b)

cos 1
2c

cos 1
2(A−B)

sin 1
2C

=
sin 1

2(a+b)

sin 1
2c

(D.14)

These are proved by expanding the numerator on the left hand side and using the half angle
formulae. For example, using equations C.5, C.13 and C.23

sin
1
2
(A+B) = sin

A

2
cos

B

2
+ cos

A

2
sin

B

2

=
[
sin s sin2(s−b) sin(s−c)

sin a sin b sin2c

]1/2

+
[
sin s sin2(s−a) sin(s−c)

sin a sin b sin2c

]1/2

=
sin(s−b) + sin(s−a)

sin c

[
sin s sin(s−c)

sin a sin b

]1/2

=
sin 1

2c cos 1
2(a−b)

sin 1
2c cos 1

2c
cos

1
2
C,

and hence the required result.

Napier’s analogies

Published by Napier in 1614. His methods were purely geometric but we obtain them by
dividing the Delambre formulae.

tan 1
2(A+B) =

cos 1
2(a−b)

cos 1
2(a+b)

cot 1
2C tan 1

2(a+b) =
cos 1

2(A−B)

cos 1
2(A+B)

tan 1
2c

tan 1
2(A−B) =

sin 1
2(a−b)

sin 1
2(a+b)

cot 1
2C tan 1

2(a−b) =
sin 1

2(A−B)

sin 1
2(A+B)

tan 1
2c

(D.15)

Solution of spherical triangles IV

We now have all we need to solve all the possible configurations shown in Figure D.5.
Napier’s analogies clearly provide the means of solving Case 7, and hence Cases 3, 5. They
also provide a means of progressing without the trouble of ambiguities arising from the use
of the sine rule. For example in Case 4 givena, B, C, we can use the Napier analogies to
find b± c and then again to findA.
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D.8 Right-angled triangles

There are many problems in which one of the angles, sayC, is equal toπ/2. In this case
there are only 5 elements and in general two will suffice to solve the triangle. We shall
show that the solution of such a triangle can be presented as a set of 10 equations involving
3 elements so that every element can be expressed in terms of any pair of the other elements.

The required 10 equations involvingC are found from the third cosine rule (D.1), two
sine rules (D.7), four cotangent formulae (D.11) and all three of the supplemental cosine
rules (D.10). SettingC = π/2 we obtain (from the equations indicated)

(D.1c) cos c = cos a cos b, (D.11b) tan b = cosA tan c,

(D.7b) sin a = sinA sin c, (D.11e) tan a = cosB tan c,

(D.7c) sin b = sinB sin c, (D.10a) cosA = sinB cos a,

(D.11a) tan a = tanA sin b, (D.10b) cosB = sinA cos b,

(D.11f) tan b = tanB sin a, (D.10c) cos c = cotA cotB. (D.16)

As an example suppose we are givena andc (andC = π/2). Then we can findc, A, B
from the first, fourth and fifth equations.

Napier’s rules for right-angled triangles

Napier showed that the ten equations which give all
possible relations in a right-angled triangle can be
summarised by two simple rules along with a simple
picture. We define the ‘circular parts’ of the triangle
to bea, b, 1

2π − A, 1
2π − c, and 1

2π − B. These
are arranged around the circle in the natural order
of the triangle,C omitted betweena andb. Choose
any of the five sectors and call it the middle part.
The sectors next to it are called the ‘adjacent’ parts
and the remaining two parts are the ‘opposite’ parts.
Napiers rules are:

�

�π�−

�π�−

�π�−

�

Figure D.8

sine of middle part = product of tangents of adjacent parts,

sine of middle part = product of cosines of opposite parts.
(D.17)

For example if we take12π − c as the middle part the first rule givessin(π/2 − c) =
tan(π/2−A) tan(π/2−B) which gives the last of the equations in (D.16); if we apply the
second rule we getsin(π/2− c) = cos a cos b which is the first of the equations in (D.16).
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D.9 Quadrantal triangles

The triangleABC is quadrantal if at least one side subtends an angle ofπ/2 at the centre of
the sphere. Without loss of generality takec = π/2. Therefore the angleC ′ = π − c of the
polar triangle is equal toπ/2. Now apply Napier’s rules to the polar triangle withC ′ = π/2
and

a′ = π −A, b′ = π −B, A′ = π − a, B′ = π − b.

The circular parts of the polar triangle

�

�π�

�π�

�
π�

�

π

π−

−

−

−

−

Figure D.9

a′, b′,
π

2
−A′,

π

2
− c′,

π

2
−B′,

must be replaced by

π−A, π−B, a− π

2
, C− π

2
, b− π

2
,

Noting thatsin(x−π/2) = − cosx, cos(x−π/2) =
sinx andtan(x−π/2) = − cotxwe have the following
equations:

cosC = − cosA cosB, tanB = − cos a tanC,
sinA = sin a sinC, tanA = − cos b tanC,
sinB = sin b sinC, cos a = sin b cosA,
tanA = tan a sinB, cos b = sin a cosB,
tanB = tan b sinA, cosC = − cot a cot b. (D.18)

Example

�α

α

π� φπ�

�

λ
φπ��

Figure D.10

As an example of a quadrantal triangle we consider
a problem arising in the discussion of geodesics on a
sphere in Chapter 11. With the following identifications

a = s, b =
π

2
− φ, c =

π

2
,

A = λ, B = α0, C = π − α. (D.19)

the equations (D.18) become

cosα = cosλ cosα0, tanα0 = cos s tanα,
sinλ = sin s sinα, tanλ = sinφ tanα,

sinα0 = cosφ sinα, cos s = cosφ cosλ,
tanλ = tan s sinα0, sinφ = sin s cosα0,

tanα0 = cotφ sinλ, cosα = cot s tanφ. (D.20)

The practical problems are (a) givenα0 ands find λ, φ andα; (b) givenλ, φ find α0 ands.
For the first we use the fourth, ninth, and then the first equation. For the second we use the
fifth and eighth equations.
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Solution of spherical triangles V

The rules for right angled triangles provide another method for
the solution of spherical triangles in general. Consider the tri-
angleABC shown in the figure;b, c, B are assumed given.
Draw the great circle throughA which meetsBC at right an-
gles at the pointD. We first solve the triangleABD usingc
andB to findAD, BD and 6 BAD. Then in triangleACD
we useAD andb to findCD and the angles6 CAD andC.
The difficulty with this method, apart from the increased num-
ber of steps, is to find the most appropriate construction.

�

�

�

�

�

�

Figure D.11



AppendixE
Power series expansions

E.1 General form of the Taylor and Maclaurin series

Taylor’s theorem may be written in the form:

f(z) = f(b) +
(z − b)

1!
f ′(b) +

(z − b)2

2!
f ′′(b) +

(z − b)3

3!
f ′′′(b) + · · · . (E.1)

or, alternatively,

f(b+ z) = f(b) +
z

1!
f ′(b) +

z2

2!
f ′′(b) +

z3

3!
f ′′′(b) + · · · . (E.2)

Whenb = 0 we obtain Maclaurin’s series.

f(z) = f(0) +
z

1!
f ′(0) +

z2

2!
f ′′(0) +

z3

3!
f ′′′(0) + · · · . (E.3)

E.2 Miscellaneous Taylor series

sin(b+z) = sin b+ z cos b− z2

2!
sin b− z3

3!
cos b+

z4

4!
sin b+ · · · (E.4)

cos(b+z) = cos b− z sin b− z2

2!
cos b+

z3

3!
sin b+

z4

4!
cos b+ · · · (E.5)

tan(b+z) = tan b+ z sec2b+z2 tan b sec2b+
z3

3
(1+3 tan2b) sec2b+ · · · (E.6)

tan
(π

4
+z
)

= 1 + 2z + 2z2 +
8
3
z3 + · · · (E.7)

arcsin(b+z) = arcsin b+ z
1

(1− b2)1/2
+
z2

2
b

(1− b2)3/2
+ · · · (E.8)

arctan(b+z) = arctan b+ z
1

1+b2
− z2

2!
2b

(1+b2)2
+
z3

3!

[
−2

(1+b2)2
+

8b2

(1+b2)3

]

− z4

4!

[
−24b

(1+b2)3
+

48b3

(1+b2)4

]
+ · · · (E.9)

/over
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E.3 Miscellaneous Maclaurin series

• Logarithms

ln(1 + z) = z − 1
2
z2 +

1
3
z3 − 1

4
z4 + · · · −1 < z ≤ 1 (E.10)

ln(1− z) = −z − 1
2
z2 − 1

3
z3 − 1

4
z4 + · · · −1 ≤ z < 1 (E.11)

ln
(

1 + z

1− z

)
= 2z +

2
3
z3 +

2
5
z5 +

2
7
z7 + · · · |z| < 1 (E.12)

• Trigonometric

sin z = z − 1
3!
z3 +

1
5!
z5 − 1

7!
z7 + · · · |z| <∞ (E.13)

cos z = 1− 1
2!
z2 +

1
4!
z4 − 1

6!
z6 + · · · |z| <∞ (E.14)

tan z = z +
1
3
z3 +

2
15
z5 +

17
315

z7 + · · · |z| < π

2
(E.15)

sec z = 1 +
1
2
z2 +

5
24
z4 +

61
720

z6 + · · · |z| < π

2
(E.16)

csc z =
1
z

+
1
6
z +

7
360

z3 +
31

15120
z5 + · · · 0 < |z| < π (E.17)

cot z =
1
z
− 1

3
z − 1

45
z3 − 2

945
z5 − · · · 0 < |z| < π (E.18)

• Inverse trig

arcsin z = z +
1
6
z3 +

3
40
z5 +

5
112

z7 + · · · |z| < 1 (E.19)

arctan z = z − 1
3
z3 +

1
5
z5 − 1

7
z7 +

1
9
z9 − · · · |z| < 1 (E.20)

• Hyperbolic

sinh z = z +
1
3!
z3 +

1
5!
z5 +

1
7!
z7 + · · · |z| <∞ (E.21)

cosh z = 1 +
1
2!
z2 +

1
4!
z4 +

1
6!
z6 + · · · |z| <∞ (E.22)

tanh z = z − 1
3
z3 +

2
15
z5 − 17

315
z7 + · · · |z| < π

2
(E.23)

sech z = 1− 1
2
z2 +

5
24
z4 − 61

720
z6 · · · |z| < π

2
(E.24)

/over
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E.4 Miscellaneous Binomial series

Settingf(z) = (1 + z)n, n an integer, in the Maclaurin series gives the standard binomial
series:

(1 + z)n = 1 + nz +
n(n−1)

2!
z2 + · · ·+ n!

(n−r)! r!
zr + · · · , (E.25)

(1 + z)−1 = 1− z + z2 − z3 + z4 − · · · , (E.26)

(1 + z)−2 = 1− 2z + 3z2 − 4z3 + 5z4 · · · . (E.27)

Whenn is a half-integer we obtain

(1 + z)1/2 = 1 +
1
2
z − 1

8
z2 +

1
16
z3 − 5

128
z4 + · · · , (E.28)

(1 + z)−1/2 = 1− 1
2
z +

3
8
z2 − 5

16
z3 +

35
128

z4 − · · · , (E.29)

(1 + z)−3/2 = 1− 3
2
z +

15
8
z2 − 35

16
z3 +

315
128

z4 − · · · , (E.30)

We will also need the the inverse of(1 + a2z
2 + a4z

4 + a6z
6). Therefore replacingz

by (a2z
2 + a4z

4 + a6z
6) in (E.26) gives

(1+a2z
2+a4z

4+a6z
6)−1 = 1− (a2z

2 + a4z
4 + a6z

6)

+ (a2
2z

4 + 2a2a4z
6 + · · · )2 − (a3

2z
6 + · · · )3 +O(z8)

= 1− (a2)z2 − (a4−a2
2)z

4 − (a6−2a2a4+a3
2)z

6+O(z8).
(E.31)

Furthermore(
1+

a2z
2

2
+
a4z

4

24
+
a6z

6

720

)−1

= 1− z2

2
(a2)−

z4

24
(
a4−6a2

2

)
− z6

720
(
a6−30a2a4+90a3

2

)
.

(E.32)
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AppendixF
Calculus of variations

The simplest problem in the calculus of variations is as follows. LetF (x, y, y′) be a function
of x and someunspecifiedfunctiony(x) and also its derivative. For everyy(x) we construct
the following integral betweenfixedpointsA andB at whichx = a andx = b:

J [y] =
∫ b

a
F (x, y, y′)dx. (F.1)

The problem is to find the particular functiony(x) which, for a given functionF (x, y, y′),
minimises or maximisesJ [y]. In general we will not be able to say that we have a maximum
or a minimum solution but the context of any particular problem will usually decide the
matter. The following method only guarantees thatJ [y] will be extremal. The solution here
is valid for twice continuously differentiable functions.

�

����

η
�

�

�
���

� �
�

�

	

�

ε

Figure F.1

We first tighten our notation a little. We assume that an extremal function can be found
and that it is denoted byy(x), the heavy pathC in the figure;J [y] then refers to the value of
the integral on the extremal path. We consider the set of all pathsAB defined by functions
y where

y(x) = y(x) + εη(x), (F.2)

whereη(x) is an arbitrary function such thatη(a) = η(b) = 0, thus guaranteeing that
the end points of all paths are the same. One of these paths is denotedC1 in the figure.
The set of integrals for one givenη(x) and varyingε may be considered as generating a
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functionΦ(ε) such that

Φ(ε) = J [y] = J [y + εη] =
∫ b

a
F (x, y + εη, y′ + εη′)dx. (F.3)

In this notation the value of the integral on the extremal path isΦ(0) and the condition that
it is an extremum is

dΦ
dε

∣∣∣∣
ε=0

= 0. (F.4)

The Taylor series for the integrand is

F (x, y + εη, y′ + εη′) = F + Fyεη + Fy′εη′ +O(ε2) (F.5)

whereFy andFy′ denote partial derivatives ofF with respect toy and y′ respectively.
Substituting this series into the integral and differentiating with respect toε gives

dΦ
dε

∣∣∣∣
ε=0

=
∫ b

a

[
Fyη + Fy′η′

]
dx = 0. (F.6)

The second term may be integrated by parts to give∫ b

a
Fy′η′dx =

[
Fy′η

]∣∣∣b
a
−
∫ b

a
η
d

dx

[
Fy′
]
dx. (F.7)

Since the first term vanishes we have proved that for an extremal∫ b

a
η(x)H(x) dx = 0, (F.8)

where H(x) =
d

dx

[
Fy′
]
− Fy. (F.9)

We now show that equation (F.8) implies thatH(x) = 0. This result rejoices under the
grand name of ‘the fundamental lemma’ of the calculus of variations. The proof is by
contradiction: first suppose thatH(x) 6= 0, say positive, at some pointx0 in (a, b). Then
there must be an interval(x1, x2) surroundingx0 in which H(x) > 0. Sinceη(x) can
be any suitably differentiable function we takeη = (x2 − x)4(x − x1)4 in [x1, x2] and
zero elsewhere. Clearly, for such a function we must have

∫ b
a ηH dx > 0, in contradiction

to (F.8). Therefore our hypothesis thatH 6= 0 is not valid. Therefore we must haveH = 0,
giving the Euler–Lagrange equations:

EULER–LAGRANGE
d

dx

[
∂F

∂y′

]
− ∂F

∂y
= 0. (F.10)

In this equation the partial derivatives indicate merely the formal operations of differentiat-
ing F (x, y, y′) with respect toy andy′ as if they were independent variables. On the other
hand the operatord/dx is a regular derivative and the above equation expands to

∂2F

∂x∂y′
+

∂2F

∂y∂y′
y′ +

∂2F

∂y′2
y′′ − ∂F

∂y
= 0. (F.11)

This is a second order ordinary differential equation fory(x): it has a solution with two
arbitrary constants which must be fitted at the end points.
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An alternative form of the Euler–Lagrange equations

Using the Euler equation (F.10) we have

d

dx

[
y′Fy′ − F (x, y, y′)

]
= y′′Fy′ + y′

d

dx

[
Fy′
]
− Fx − Fyy

′ − Fy′y′′ = −Fx, (F.12)

giving an alternative equation

d

dx

[
y′Fy′ − F

]
+ Fx = 0 (F.13)

Functions of the formF (y, y′)

Equation (F.13) shows that ifF is independent ofx then the equations integrate immediately
sinceFx = 0:

y′Fy′ − F = constant. (F.14)

Functions of the formF (x, y′)

If F is independent ofy then equation (F.10) can be integrated directly sinceFy = 0:

Fy′ = constant. (F.15)

Extensions

There are many variants of the above results:

1. F has two (or more) dependent functions:F
(
x, u(x), u′(x), v(x), v′(x)

)
2. F has two (or more) independent variables:F

(
x, y, u(x, y), u′(x, y)

)
3. Both of above:F

(
x, y, u(x, y), u′(x, y), v(x, y), v′(x, y)

)
4. F involves higher derivatives:F (x, y, y′, y′′, . . .).

5. The end points are not held fixed.

Only the first of the above concerns us here. The proof is along the same lines as above but
we need to make two independent variations and set

ū(x) = u(x) + εη(u)(x),

v̄(x) = v(x) + εη(v)(x).

Equation (F.8) now becomes of the form∫ b

a

[
η(u)(x)H(u)(x) + η(v)(x)H(v)(x)

]
dx = 0. (F.16)
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Sinceη(u) andη(v) are arbitrary independent functions we obtainH(u) = H(v) = 0, i.e.

d

dx

[
∂F

∂u′

]
− ∂F

∂u
= 0, (F.17)

d

dx

[
∂F

∂v′

]
− ∂F

∂v
= 0. (F.18)

Sufficiency

The Euler–Lagrange equations have been shown to be a necessary conditions for the ex-
istence of an extremal integral. The proof of sufficiency is non-trivial and is discussed in
advanced texts.
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G.1 Complex numbers and functions

Complex numbers

A complex numberz is a pair of real numbers,x, y combined with the basic ‘imaginary’
number ‘i’ in the expressionz = x + iy. Such complex numbers may be manipulated just
as real numbers with the proviso thati2 = −1. We say thatx is the real part of the complex
number,x = Re(z), andy is the imaginary part,y = Im (z). Fromz = x+ iy we form its
complex conjugatez∗ = x− iy. Note thatzz∗ = (x+ iy)(x− iy) = x2 +y2. The complex
numberz = x + iy may be be represented as a point(x, y) in a plane which is called the
complexz-plane. It is also useful to introduce polar coordinates in the plane and write

z = x+ iy = r(cos θ + i sin θ). (G.1)

In this context we say thatr is the ‘modulus’ ofz andθ is the
‘argument’ ofz and write

r = |z| =
[
x2 + y2

]1/2
, θ = arg(z) = arctan

(y
x

)
.

(G.2)
Note that we can also writer = |z| =

√
zz∗.

�θ �

�
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Figure G.1

Complex functions: examples

• The simplest complex function we can consider is a finite polynomial such as:

w(z) = 3 + z + z2. (G.3)

If we substitutez = x+ iy in this expression, usingi2 = −1, we obtain

w(z) = u(x, y) + iv(x, y) where

{
u(x, y) = 3 + x+ x2 − y2,

v(x, y) = y + 2xy.
(G.4)

Here we have writtenw(z) in terms of two real functions of two variables. All com-
plex functions can be split up in this way.
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• Complex functions may be defined by convergent infinite series of the form

w(z) = a0 + a1z + a2z
2 + a3z

3 + a4z
4 + a5z

5 + · · · , (G.5)

where the coefficients will, in general, be complex numbers. The real and imaginary
parts ofw(z) will be infinite series.

• The complex exponential function is defined by the series

exp z = 1 +
1
1!
z +

1
2!
z2 +

1
3!
z3 +

1
4!
z4 +

1
5!
z5 + · · · . (G.6)

It can be proved that this series is convergent for all values ofz. Note that whenz is
purely real,z = x, the series reduces to the usual real definition ofexp(x). Whenz
is purely imaginary,z = iθ say, we get a very interesting result:

exp iθ = 1 +
i

1!
θ − 1

2!
θ2 − i

3!
θ3 +

1
4!
θ4 − i

5!
θ5 + · · · . (G.7)

Now the real terms in this expansion are simply those in the expansion ofcos θ, whilst
the imaginary terms are those that arise in the expansion ofsin θ. Therefore we can
write the polar coordinate expression ofz in (G.1) as

z = r(cos θ + i sin θ) = r exp(iθ) = reiθ. (G.8)

If we raise this result to then-th power we obtain De Moivre’s theorem:

zn = rn exp(inθ) = rn(cosnθ + i sinnθ). (G.9)

• We can also define the sine and cosine functions of a complex number by the series

cos z = 1− 1
2!
z2 +

1
4!
z4 − · · · , (G.10)

sin z = z − 1
3!
z3 +

1
5!
z5 − · · · . (G.11)

Once again, whenz is purely real,z = x, these series reduce to the usual real de-
finition of cos(x) andsin(x). Whenz is purely imaginary,z = iθ say, we get the
following important results using (E.21,E.22):

cos iθ = cosh θ, (G.12)

sin iθ = i sinh θ, (G.13)

tan iθ = i tanh θ. (G.14)

For a general complex number we can use compound angle formulae (C.3,C.4) to
determine the real and imaginary parts of the sine and cosine functions:

cos(x+ iy) = cosx cos iy − sinx sin iy = cosx cosh y − i sinx sinh y, (G.15)

sin(x+ iy) = sinx cos iy + cosx sin iy = sinx cosh y + i cosx sinh y. (G.16)
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• In Chapter 4 we require the real and imaginary parts ofcot z; these follow from the
quotient of the last two equations. Simply multiply top and bottom by the complex
conjugate of the denominator and use the identities forcos 2x, cosh 2x etc.given in
Appendix C. It will be convenient to use different notation for this example.

cot(A+ iB) =
cosA coshB − i sinA sinhB
sinA coshB + i cosA sinhB

=
sinA cosA− i sinhB coshB
sin2A cosh2B + cos2A sinh2B

=
sin 2A− i sinh 2B
cosh 2B − cos 2A

(G.17)

• Similarly, we define the hyperbolic sine and cosine functions of a complex numbers.
Whenz is purely real,z = x, these series reduce to the usual real definition ofcoshx
and sinhx. Whenz is purely imaginary,z = iθ say, we get the counterparts of
(G.12–G.14)

cosh z = 1 +
1
2!
z2 +

1
4!
z4 + · · · , (G.18)

sinh z = z +
1
3!
z3 +

1
5!
z5 + ·, (G.19)

cosh iθ = cos θ, (G.20)

sinh iθ = i sin θ, (G.21)

tanh iθ = i tan θ. (G.22)

G.2 Differentiation of complex functions

Before presenting the definition of differentiation of a complex function we examine two
aspects of real differentiation.

Real differentiation in one dimension

The usual definition of the derivative of a real functionf(x) is

f ′(x) = lim
δx→0

f(x+ δx)− f(x)
δx

. (G.23)

The ‘small print’ of the definition is that the limit whenx tends to zero from above (δx →
0+) should be equal to the limit whenx tends to zero from below (δx→ 0−). In principle
these limits could be different and we would then have to define two different derivatives,
sayf ′+(x) andf ′−(x). A simple example where the limits differ is the functionf(x) = |x|,
for which f ′+ = +1 andf ′− = −1 at the origin. The only point we wish to make is that
even in one dimension we must be careful about directions when defining derivatives.
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Real differentiation in two dimensions

In two dimensions we can define two partial derivatives: that with respect tox being the
derivative off(x, y) wheny is held constant, and that with respect toy being the derivative
of f(x, y) whenx is held constant. The notation and definitions of the partial derivatives is(
∂f

∂x

)
y

= lim
δx→0

f(x+ δx, y)− f(x, y)
δx

,

(
∂f

∂y

)
x

= lim
δy→0

f(x, y + δy)− f(x, y)
δy

.

(G.24)
The brackets and subscripts are usually dropped if there is no ambiguity introduced thereby.
There is no reason why the two derivatives should be equal, or even related in any particlar
way.

The above derivatives are along the directions of the coordinate axes but it is perfectly
reasonable to seek a derivative off(x, y) along any specified direction. To do this we
use Taylor’s theorem (in two dimensions), keeping only the first order terms, so that for a
general displacement with componentsδx andδy,

δf =
∂f

∂x
δx+

∂f

∂y
δy. (G.25)

If the direction of the displacement is taken in the direction of the unit vectorn and the
magnitude of the displacement isδs, then we can setδx = nxδs andδy = nyδs. We can
then define a directional derivative in two dimensions as(

df

ds

)
n

= nx
∂f

∂x
+ ny

∂f

∂y
. (G.26)

The point we wish to stress is that the derivatives of functions of two variables are essentially
dependent on direction.

Differentiation of complex functions

We have seen that a complex function can always be split into two functions of two variables
as in (G.4) and therefore the differentiation of a complex functionw(z) = u + iv may be
expected to parallel the partial differentiation off(x, y) given above. This would mean
that complex functions were no more that a combination of two real functions. Instead, we
define the derivative ofw(z) in a way that parallels the the definition of the derivative of a
real function in one dimension, namely

w′(z) = lim
δz→0

w(z + δz)− w(z)
δz

. (G.27)

The crucial step is that we demand that this limit should existindependent of the direction
in which δz tends to zero. If such a limit exists in all points of some region of the complex
plane then we say thatw(z) is ananalytic (or regular) function ofz (in that region). This
restriction on differentiation is very strong and as a result analytic functions are very special,
with many interesting properties.
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The Cauchy–Riemann conditions

The Cauchy–Riemann conditions are a pair of equations which arenecessarilysatisfied if
w(z) is differentiable. To derive them first write out the definition of the derivative in terms
of the functionsu(x, y) andv(x, y) and setδz = δx+ iδy.

w′(z) = lim
δ(x+iy)→0

(
u(x+ δx, y + δy) + iv(x+ δx, y + δy)− u(x, y)− iv(x, y)

δx+ iδy

)
.

(G.28)
Consider two special cases. In the first we letδz tend to zero along the realx-axis. Therefore
we setδy = 0, so that the limits reduce to partial derivatives with respect tox:

w′(z) = ux + ivx. (G.29)

Repeating with limit taken along they-axis, so thatδx = 0, we have

w′(z) =
1
i

(uy + ivy) = vy − iuy. (G.30)

If we now demand that these two derivativesw′(z) are the same we have the Cauchy–
Riemann equations:

ux = vy, uy = −vx (G.31)

It can also be shown that if the partial derivativesux etc.are continuous, then the Cauchy–
Riemann conditions are sufficient for the derivativew′(z) to exist.

Simple examples of differentiation

• As an example of differentiation and the Cauchy–Riemann conditions consider the
functionw(z) = z3. Since

w = u+ iv = (x+ iy)3

= x3 + 3x2(iy) + 3x(iy)2 + (iy)3 (G.32)

the real and imaginary parts and their partial derivatives are

u = x3 − 3xy2, v = 3x2y − y3.

ux = 3x2 − 3y2, vx = 6xy,

uy = −6xy, vy = 3x2 − 3y2.

These equations show that the Cauchy–Riemann equations (G.31) are indeed satisfied
and we can use either (G.29) or (G.30) to identify the derivative as

w′(z) = ux + ivx = vy − iuy

= 3x2 − 3y2 + i6xy = 3(x+ iy)2

= 3z2. (G.33)
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• Similarly we can prove thatw(z) = zn is analytic with a derivative given byw′(z) =
nzn−1. (The proof is easier if the Cauchy–Riemann conditions are written in terms
of polar coordinates andzn is written asrneinθ.

• Consider the functionw(z) = sin z. The real and imaginary parts of the sine function
were determined in equation (G.16) so thatw(z) = u+ iv where

u = sinx cosh y, v = cosx sinh y.
ux = cosx cosh y, vx = − sinx sinh y,
uy = sinx sinh y, vy = cosx cosh y.

Once again the Cauchy–Riemann equations are indeed satisfied and we can identify
the derivative from equation (G.15):

w′(z) = ux + ivx = vy − iuy

= cosx cosh y − i sinx sinh y
= cos z. (G.34)

• In similar ways we can show that all the derivatives of ‘standard’ functions parallel
those that arise for functions of one real variable.

Taylor’s theorem

We state without proof or qualification that under ‘reasonable’ conditions an analytic func-
tion may be represented by a convergent Taylor’s series. In the following development we
shall use the theorem in the following form.

w(z) = w(z0)+
1
1!

(z−z0)w′(z0)+
1
2!

(z−z0)2w′′(z0)+
1
3!

(z−z0)3w′′′(z0)+· · · . (G.35)

It is also true that any convergent power series defines an analytic function. Proofs of these
statements are to be found in the standard texts on complex functions.

/continued overleaf
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G.3 Functions and maps

Mathematicians and geographers both use the term map in essentially the same way. A
complex functionw(z) may be viewed as simply a pair of real functions which define a
map in the sense that it takes a point(x, y) in the complexz-plane into a point(u, v)
in the complexw-plane by virtue of the two functionsu(x, y) andv(x, y). Points go to
points, regions go to regions, curves through a point go to curves through the image point,
(Figure G.2). The important result is that ifw(z) is an analytic function thenγ, the angle
of intersection of two curvesC1 andC2 at P , is equal toγ′ the angle of intersection of
the image curves at the image point. Such maps are said to be be conformal. We proceed
immediately to the proof of this statement.
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Figure G.2

Proof of the conformality property

Let z0 be a fixed point on the curveC in thez-plane. Letz be a nearby point onC and write
z− z0 = reiθ. Note thatθ is the angle between real axis and the chord; in the limitz → z0,
this angle will approach the angle between the real axis and the tangent toC at z0. Letw0
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Figure G.3

andw be the corresponding image points and setw − w0 = r′eiθ
′
. Taylor’s theorem tells

us that

w(z) = w(z0) +
1
1!

(z − z0)w′(z0) +
1
2!

(z − z0)2w′′(z0) + · · · , (G.36)

so that we can write
w − w0

z − z0
= w′(z0) +

1
2!

(z − z0)w′′(z0) + · · · . (G.37)
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The derivative of the functionw(z) at z0 is a unique complex number which depends only
on the positionz0 and we can write it asA(z0) exp(iα(z0)) whereA(z0) andα are both
real.

Therefore in the limit asz → z0 equation (G.37) becomes

lim
z→z0

(
r′

r
exp

[
i(θ′ − θ)

])
= w′(z0) = A(z0) exp(iα(z0)), (G.38)

since the remaining terms on the RHS vanish in the limit. We deduce that

lim
z→z0

(
r′

r

)
= A(z0), (G.39)

exp i(θ′0 − θ0) = exp[iα(z0)], (G.40)

whereθ0 andθ′0 are the angles between the tangents and the real axes. Note that the sec-
ond of these equations can be derived only whenA 6= 0. The value ofθ − θ′ becomes
indeterminate ifA = 0 so we must therefore demand thatw′(z0) 6= 0.

The second of the above limits, when it exists, shows thatθ′0 = θ0 + α(z0), that is the
tangent atP is rotated by an angleα when it is mapped to thew-plane. This will be true
of all curves through P and consequently the angle of intersection of any two curves will be
preserved under the mapping. This is the definition of a conformal mapping.

For a given measurement accuracy we can always find an infinitesimal region aroundP
in which the variation ofA andα is imperceptible. Equations (G.39,G.40) then imply that
the small region is scaled and rigidly rotated, so preserving its shape. This is the property
of orthomorphism.
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This short bibliography lists some of the papers and books that I found useful in preparing
this article. A more extensive list with hypertext links will be published in due course. In
addition a Wikipedia search on ‘geodesy’, ‘cartography’, ‘Mercator’, ‘NGGB’, ‘UTM’etc.
will generate a great many relevant web pages. On such subjects these Wikpedia pages are
faily reliable (but not infallible) and most topics can be verified by following up the many
references.

Geodesy

In addition to the Wiki pages we select only two.

• The American Practical Navigator/Chapter 2 at
http://www.answers.com/topic/the-american-practical-navigator-chapter-2
This is a good elementary discussion in practical terms.

• The Ordnance Survey of Great Britain (OSGB) have an excellent web site on which
can be foundA guide to coordinate systems in Great Britain. This article discusses
modern approaches to reference systems. It can be found at:
http://www.ordnancesurvey.co.uk/oswebsite/gps/information/index.html

This article mentions geodesy only briefly in the introduction. Those who wish to go (much)
deeper can consult the following texts:

• CLARKE, A R (1880),Geodesy, Clarendon Press, Oxford.

A classic which is old enough to be very clear! Clarke discusses techniques which are
now very outmoded but this is still a fascinating insight to the work of a nineteenth
geodesist. Particularly interesting chapters show how survey results are combined to
define the figure of the Earth. Clarke’s ellipsoid of 1866 was the basis of the United
States map projections until very recently.

• BOMFORD G, (1971 and later),Geodesy, Clarendon Press, Oxford.

A more modern classic: comprehensive but heavy going. The earlier editions cover
traditional (land-based) methods but the later editions have a fair amount on satellite
techniques. Expensive to get hold of this book.
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• TORGEW, (1980),Geodesy, de Gruyter,ISBN-13: 978-3110170726. (3rd edition)

Clear but fairly advanced survey based on modern satellite methods. The latest edition
is available in a reasonably priced paperback format.

General cartography and projections

There are not many textbooks which cover the more mathematical aspects of projections
but the following is a good text at an intermediate level covering the general features of all
projections and details of some. The mathematics is not too demanding but does not extend
to a derivation of the full Redfearn formulae. Lots of interesting material.

• MALING D H,
(1992),Coordinate Systems and Map Projections,
Pergamon,ISBN: 0-08-037234-1.

The following is a comprehensive summary of just about all projections in use, including
of courseall the Mercator projections: normal, transverse and oblique. The introductions
to the projections are very readable and moreover each is complemented with an historical
survey. BUT there are no derivations of any projection formulae.

• SNYDER J P, (1987),
Map Projections: a Working Manual,
US Geological Survey, Professional Paper 1395
Published by US Government Printing Office but also available on the web at:
http://pubs.er.usgs.gov/usgspubs/pp/pp1395

For a more advanced treatment covering all projections (but with many gaps in the mathe-
matical development requiring large amounts of work to fill in):

• BUGAYEVSKIY L M AND SNYDER J P, (1995),
Map Projections: A Reference Manual,
CRC Press,ISBN: ISBN 0748403043.

The article referred to in the geodesy section,A guide to coordinate systems in Great
Britain, also includes a statement of the transverse Mercator projection formulae (with-
out derivations) with examples of transforming between grid and geographical coordinates.
There is also an excellent (short) Wikipedia page entitled ‘British National Grid Reference
System’ which gives a direct link to the above article.

Survey Review (SR)

The Survey Review was the principal British source of papers on surveying and cartogra-
phy at the time (mid twentieth century) when the first modern British maps based on the
transverse Mercator projection were being prepared by the OSGB. Note that until 1962 the
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journal was entitled the Empire Survey Review. Note also that this journal is published in
parts (from four to eight a year) and bound in two year periods so both volume and part
number are specified. Sadly this journal is not readily available in general libraries.

Two important papers are listed below. The first, by Lee, is the first article in the journal
to present a correct derivation of the Transverse Mercator projection formulae. The second
paper, by Redfearn, presents a derivation of the series to high enough order to be applicable
to all practical problems. By one of those quirks of fate it is Redfearn’s name that has en-
tered the literature. The set of papers by Hotine present a much less elegant derivation which
refuses to countenance the existence of complex variable methods: they are not discussed
here.

• LEE L P, (1946), Survey Review, Vol8, Part 58 pp 142–152.
The transverse Mercator projection of the spheroid. (Errata and comments in Vol8,
Part 61 pp 277–278).

• REDFEARN J C B, (1948), Survey Review, Vol9, Part 69 pp 318–322.
Transverse Mercator formulae.

• HOTINE, M (1946, 1948), Survey Review, Vol8, Part 62 pp 301–311 and Vol9,
Part 63 pp 29–35, Part 64 pp 52–70, Part 65 pp 112–123, Part 66 pp 157–166.
The orthomorphic projection of the spheroid, parts I–V.

It should be said at once that these papers are fairly terse when it comes to the derivations
of the projection formulae. The present article errs in the other direction and it is fair to say
that no extra details will be found in the original papers. Note also that this article uses a
different convention for the names of axes; basicallyx andy are exchanged.

The discussion of geodesic problems in Chapter 11 includes a greatly expanded version of
the following paper:

• V INCENTY, T (1976), Survey Review, Vol23, Part 176 pp 88–93.
Direct and inverse solutions of geodesics on the ellipsoid with applications of nested
tables.

Mathematics

The appendices include all the mathematics we require and a little more besides. They are
derived from first principles and should hopefully not require further background reading.
In their preparation I found that modern texts were not helpful on the whole because they
were too distant from application. The older books were much more useful. A few texts are
listed here.

Spherical Trigonometry

• SMART W M, (1962),Textbook on spherical astronomy, Cambridge.

First chapter is a compact survey of Spherical Trigonometry.



R.4 References R. References and Bibliography

• TODHUNTER I, (1859 . . . 1901),Spherical Trigonometry, Macmillan (London).

A splendid traditional account of the subject. Many editions. Final edition (1901)
revised by J G Leathem is best. An earlier edition is on the web at the Cornell centre
for Historical Mathematical Monographs:

http://historical.library.cornell.edu/math/

• EUCLID, The elements.

Book 11 contains results required by Todhunter. There are several good references in
the Wikipedia page for Euclid. One of the nicest is a website by David Joyce at Clark
university:
http://aleph0.clarku.edu/ djoyce/java/elements/toc.html

Differential Geometry

• WEATHERBURN C E, (1939),Differential Geometry, Cambridge.

An old, but good, straightforward account in approachable notation. Modern texts
tend to set up much more ‘elaborate’ machinery before encountering reality.

Lagrange Expansions

The derivation of the Lagrange expansions has essentially disappeared from modern texts.
The proof in Appendix B is a combination of

• WHITTAKER C E, (1902),Modern Analysis, Cambridge.

• COPSONE T, (1935),Theory of Functions of a Complex Variable, Oxford

The twelfth order Lagrange series are published in the Philosophical Magazine.

• BICKLEY W G, MILLER J C P, (1949)Phil Mag3 35-36.
Notes on the reversion of a series.
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Euler–Lagrange equations, F.2

false origin, 9.2
figure of the Earth, 1.1
fixed point iteration, 5.5, 6.5
flattening, 1.2, 5.2
footpoint, 3.8
footpoint latitude, 3.8, 7.2
footpoint parameter, 4.3, 7.2

Gall projection, 2.10
Gauss, 1.9
Gauss–Kr̈uger projection, 1.9
geocentric latitude, 5.1
geodesic, 2.2, 2.3

ellipsoid, 1.11
sphere, 1.11

geodesy, 1.1, R.1
geodetic latitude, 5.1
geoid, 1.1
graticule, 1.6, 3.2
Greenland, size, 2.8
grid bearing, 1.6, 2.6, 3.9, 3.10, 8.2
grid convergence, 1.6, 3.9, 3.10, 8.2, 8.6, 9.10
grid north, 3.10
grid origins, true and false, 9.1
grid reference system, 9.4, 9.7
GRS(1980) ellipsoid, 1.2

Halley, Edmond, 1.9



X.2 Index X. Index

Harriot, Thomas, 1.9
Hotine, M, 1.9, R.3

Indian datum, 1.3
infinitesimal element

sphere , 2.3
inverse meridian distance, 5.15
isometric latitude, 5.4
isotropic scale,seescale

Lagrange expansion, 4.8, 5.15, 6.11, B.1–B.13
Lagrange expansions, R.4
Lambert, Johann, 1.9, 2.10, 3.1
latitude

conformal, 5.4, 6.8, 6.9
geocentric, 5.4
geodetic, 5.1
isometric, 2.13, 5.4
parametric, 5.4, 5.6
rectifying, 5.4, 5.15, 6.9
reduced, 5.4, 5.6

Lee, L P, 1.9, R.3
local scale,seescale
loxodrome, 2.2, 2.15

Maling, D H, R.2
Mercator parameter, 2.13, 4.10, 6.3, 6.8
Mercator projection

NMS, 1.4, 1.7, 2.11–2.20
NMS→TMS, 4.1–4.13
TMS, 1.4, 1.7, 3.1–3.17
NME, 1.4, 1.7, 6.1–6.13
TME, 1.4, 1.7, 7.1–7.11
British grid,seeNGGB
oblique, 1.4
universal,seeUTM

Mercator projections
TME, R.3

Mercator, Gerardus, 1.7
meridian arc surveys, 1.2
meridian distance, 3.8, 5.11, 7.2
metric

ellipsoid, 5.10
Meusnier’s theorem, 5.8, A.6
mil, 2.1
Molyneux, Emery, 1.8

Napier, 1.8
National Grid of Great Britain,seeNGGB
nautical mile, 2.3
NGGB, 1.11, 3.10, 9.1, 9.5

North American datum, 1.3

Ordnance Survey of Great Britain,seeOSGB
orthomorphic projection, 1.5
OSGB, 1.3, 1.5, 1.6, 5.2, 5.5, 9.2, 9.16, R.1
OSGB36 datum, 1.3

Peters projection, 2.10
Plate Carŕee projection, 2.9
point scale,seescale
prime vertical, 5.7
principal curvature, 5.9
projection

Bonne, 2.8
conformal, 1.5, 2.12
double, 6.7
equal area, 1.5
equidistant, 2.8
faithfulness criteria, 1.4
Gall, 2.10
Gauss–Kr̈uger, 1.9
Lambert equal area, 2.10
Mercator,seeMercator projections
normal cylindrical, 2.5
orthomorphic, 1.5, 2.12
Peters, 2.10
Plate Carŕee, 2.8, 2.9
Ptolemy, 2.9
singular points, 1.4
Universal Mercator,seeUTM

Ptolemy, 2.9

radian–degree conversion, 2.1
rectifying

latitude, 6.9
rectifying latitude, 5.4
Redfearn, J C B, 1.9, 7.5, 7.10, 8.10, R.3
reduced latitude, 5.4
reference ellipsoid, 1.2
reference grid, 1.6
representation factor,seeRF
RF, 2.6, 2.8, 9.2
rhumb line, 2.2, 2.15, 6.1

scale, 1.4, 1.6
area, 2.7
azimuth, 2.7
isotropic, 1.5, 2.12, 2.17
Mercator, 2.7, 2.17, 6.2
Mercator, transverse, 3.9, 8.3, 8.7
meridian (h), 2.7, 6.2, 6.9



Index X. Index X.3

scale factor
NGGB and UTM, 9.7

Snyder J P, R.2
South America, size, 2.8
spherical limit, 5.9, 7.4
spherical trigonometry, 3.2, D.1–D.14, R.3
spheroid, 1.1
Survey Review, R.2

topographic surveying, 1.2
true north, 3.10
true origin, 9.2

Universal Transverse Mercator,seeUTM
UTM, 1.11, 3.1, 9.1, R.1

Vincent, T, R.3
Vincenty formulae, 1.11, 5.11

WGS(1972) ellipsoid, 1.2
Wright, Edward, 1.8
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