THE ANDRE-OORT CONJECTURE.

B. KLINGLER, A. YAFAEV

ABSTRACT. In this paper we prove, assuming the Generalized Riemann Hypothesis, the
André-Oort conjecture on the Zariski closure of sets of special points in a Shimura variety.
In the case of sets of special points satisfying an additional assumption, we prove the

conjecture without assuming the GRH.

CONTENTS

1. Introduction

1.1.  The André-Oort conjecture.

1.2. The results

1.3.  The history of the André-Oort conjecture.

1.4. Conventions.

2. Equidistribution and Galois orbits.

2.1. Some definitions

2.2.  The rough alternative

2.3. Equidistribution results.

2.4. Galois orbits of non-strongly special subvarieties.

2.5. The precise alternative

3. Reduction and strategy.

3.1. First reduction

3.2.  Second reduction

3.3.  Sketch of the proof of the André-Oort conjecture in the case where Z is a
curve.

3.4. Strategy for proving the theorem 1.2.2 : the general case.

Acknowledgements.

4. Preliminaries.

4.1. Notations

4.2. Baily-Borel compactification and degrees of subvarieties.

4.3. p-adic closure of Zariski-dense groups

B.K. is supported by NSF grant DMS 0350730.

0 00 O O O U = NN

— e e
N = = = O

14
16
17
18
18
22
28



2 B. KLINGLER, A. YAFAEV

5. Inclusion of Shimura subdatum. 29
6. The geometric criterion. 30
7. Existence of suitable Hecke correspondences. 35
7.1. Some properties of Iwahori subgroups 36
7.2.  Some uniformity results. 38
7.3. Proof of theorem 7.1. 41
8. Condition on the prime [ 41
8.1. Passing to an Iwahori subgroup 41
8.2. Notation 42
8.3. The criterion 43
8.4. An auxiliary proposition 43
8.5. Proof of theorem 8.3.1 46
9. The choice of a prime [ 49
9.1. Effective Chebotarev. 49
9.2. Proof of the theorem 3.2.1 50
References 54

1. INTRODUCTION

1.1. The André-Oort conjecture. The purpose of this paper is to prove, under certain
assumptions, the André-Oort conjecture on special subvarieties of Shimura varieties.

Before stating the André-Oort conjecture we provide some motivation from algebraic
geometry. Let Z be a smooth complex algebraic variety and let 7 — Z be a variation
of polarizable Q-Hodge structures on Z (for example F = R'f,Q for a smooth proper
morphism f : Y — Z). To every z € Z one associates a reductive algebraic Q-group
MT(z), called the Mumford-Tate group of the Hodge structure F,. This group is the
stabilizer of the Hodge classes in the rational Hodge structures tensorially generated by
F. and its dual. A point z € Z is said to be Hodge generic if MT(z) is maximal. If Z
is irreducible, two Hodge generic points of Z have the same Mumford-Tate group, called
the generic Mumford-Tate group MT . The complement of the Hodge generic locus is a
countable union of closed irreducible algebraic subvarieties of Z, each not contained in the
union of the others. This is proved in [7]. Furthermore, it is shown in [38] that when Z is
defined over Q (and under certain simple assumptions) these components are also defined
over Q. The irreducible components of the intersections of these subvarieties are called
special subvarieties (or subvarieties of Hodge type) of Z relative to F. Special subvarieties
of dimension zero are called special points.
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Example : Let Z be the modular curve Y/(N) (with N > 4) and let F be the variation
of polarizable Q-Hodge structures R!f,Q of weight one on Z associated to the universal
elliptic curve f : F — Z. Special points on Z parametrize elliptic curves with complex
multiplication. The generic Mumford-Tate group on Z is GLag. The Mumford-Tate
group of a special point corresponding to an elliptic curve with complex multiplication by
a quadratic imaginary field K is the torus Resg/gGm, k obtained by restriction of scalars
from K to Q of the multiplicative group Gm, g over K.

The general Noether-Lefschetz problem consists in describing the geometry of these spe-
cial subvarieties, in particular the distribution of special points. Griffiths transversality
condition prevents, in general, the existence of moduli spaces for variations of polarizable
Q-Hodge structures. Shimura varieties naturally appear as solutions to such moduli prob-
lems with additional data (c.f. [11], [12], [21]). Recall that a Q-Hodge structure on a
Q-vector space V' is a structure of S-module on Vg :=V ®q R, where S = Resc/rGm,c-
In other words it is a morphism of real algebraic groups

h: S — GL(VR) .

The Mumford-Tate group MT(h) is the smallest algebraic Q-subgroup H of GL(V') such
that h factors through Hg. A Shimura datum is a pair (G, X), with G a linear connected
reductive group over Q and X a G(R)-conjugacy class in the set of morphisms of real
algebraic groups Hom(S, Gg), satisfying the “Deligne’s conditions” [12, 1.1.13]. These
conditions imply, in particular, that the connected components of X are Hermitian sym-
metric domains and that Q-representations of G induce polarizable variations of Q-Hodge
structures on X. A morphism of Shimura data from (G, X;) to (G, X2) is a Q-morphism
f: Gy — Gg that maps X; to Xo.

Given a compact open subgroup K of G(Ayf) (where Ay denotes the ring of finite
adeles of Q) the set G(Q)\(X x G(Af)/K) is naturally the set of C-points of a quasi-
projective variety (a Shimura variety) over C, denoted Shi (G, X)c. The projective limit
Sh(G, X)c = lim Shi (G, X)c is a C-scheme on which G(Ay) acts continuously by mul-
tiplication on the right (c.f. section 4.1.1). The multiplication by g € G(A¢) on Sh(G, X)c
induces an algebraic correspondence T, on Shi (G, X)c, called a Hecke correspondence.
One easily shows that a subvariety V' C Shi (G, X)c is special (with respect to some
variation of Hodge structure associated to a faithful Q-representation of G) if and only if
there is a Shimura datum (H, X ), a morphism of Shimura data f : (H, Xg) — (G, X)
and an element g € G(Af) such that V is an irreducible component of the image of the

morphism :
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Sh(H, Xm)e ¥ Sh(@, X)e =% Sh(G, X)e — Shx(G, X)c .

It can also be shown that the Shimura datum (H, X§) can be chosen in such a way
that H is the generic Mumford-Tate group on Xp (see Lemma 2.1 of [37]). A special point

is a special subvariety of dimension zero. One sees that a point (z,g) € Shi (G, X)c(C)
(where z € X and g € G(Ay)) is special if and only the group MT(z) is commutative (in
which case MT(z) is a torus).

Given a special subvariety V' of Shx (G, X)c, the set of special points of Shx (G, X)c(C)
contained in V' is dense in V for the strong (and in particular for the Zariski) topology.
Indeed, one shows that V' contains a special point, say s. Let H be a reductive group
defining V and let H(R)" denotes the connected component of the identity in the real Lie
group H(R). The fact that H(Q) N H(R)* is dense in H(R)™" implies that the “H(Q) N
H(R)*-orbit” of s, which is contained in V| is dense in V. This “orbit” (sometimes referred
to as the Hecke orbit of s) consists of special points. The André-Oort conjecture is the

converse statement.

Definition 1.1.1. Given a set ¥ of subvarieties of Shg (G, X)c we denote by 3 the subset
UvesV of Shi (G, X)c.

Conjecture 1.1.2 (André-Oort). Let (G, X) be a Shimura datum, K a compact open
subgroup of G(Ag) and let ¥ a set of special points in Shg (G, X)c(C). Then every
irreducible component of the Zariski closure of ¥ in Shi (G, X)c is a special subvariety.

One may notice an analogy between this conjecture and the so-called Manin-Mumford
conjecture (first proved by Raynaud) which asserts that irreducible components of the
Zariski closure of a set of torsion points in an Abelian variety are translates of Abelian
subvarieties by torsion points. There is a large (and constantly growing) number of proofs
of the Manin-Mumford conjecture. A proof of the Manin-Mumford conjecture using ezxactly
the same strategy as the one used in this paper was recently given by Ullmo and Ratazzi
(see [36]).

1.2. The results. Our main result is the following :

Theorem 1.2.1. Let (G, X) be a Shimura datum, K a compact open subgroup of G(Ag)
and let X be a set of special points in Shi (G, X)c(C). We make one of the following

assumptions :

(1) Assume the Generalized Riemann Hypothesis (GRH) for CM fields.
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(2) Assume that there exists a faithful representation G — GL,, such that with re-
spect to this representation, the Mumford-Tate groups MTy lie in one GL,(Q)-

conjugacy class as s ranges through .

Then every irreducible component of the Zariski closure of 3 in Shx (G, X)c is a special

subvariety.
In fact we prove the following

Theorem 1.2.2. Let (G, X) be a Shimura datum, K a compact open subgroup of G(Ag)
and let ¥ be a set of special subvarieties in Shi (G, X)c. We make one of the following

assumptions :

(1) Assume the Generalized Riemann Hypothesis (GRH) for CM fields.

(2) Assume that there exists a faithful representation G — GL,, such that with respect
to this representation, the generic Mumford-Tate groups MTy of V lie in one
GL,,(Q)-conjugacy class as V' ranges through X.

Then every irreducible component of the Zariski closure of 3 in Shi (G, X)c is a special

subvariety.
The case of theorem 1.2.2 where X is a set of special points is theorem 1.2.1.

1.3. The history of the André-Oort conjecture. For history and results obtained
before 2002, we refer to the introduction of [16]. We just mention that conjecture 1.1.2
was stated by André in 1989 in the case of an irreducible curve in Shg (G, X )¢ containing
a Zariski dense set of special points, and in 1995 by Oort for irreducible subvarieties of
moduli spaces of polarised Abelian varieties containing a Zariski-dense set of special points.

Let us mention some results we will use in the course of our proof.

In [9] (further generalized in [34] and [37]), the conclusion of the theorem 1.2.2 is proved
for sets X of strongly special subvarieties in Shi (G, X )¢ without assuming (1) or (2) (c.f.
section 2). The statement is proved using ergodic theoretic techniques.

Using Galois-theoretic techniques and geometric properties of Hecke correspondences,
Edixhoven and the second author (see [17]) proved the conjecture for curves in Shimura
varieties containing infinite sets of special points satisfying our assumption (2). Sub-
sequently, the second author (in [41]) proved the André-Oort conjecture for curves in
Shimura varieties assuming the GRH. The main new ingredient in [41] is a theorem on
lower bounds for Galois orbits of special points. In the work [15], Edixhoven proves, as-
suming the GRH, the André-Oort conjecture for products of modular curves. In [40], the
second author proves the André-Oort conjecture for sets of special points satisfying an

additional condition.
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The authors started working together on this conjecture in 2003 trying to generalize
the Edixhoven-Yafaev strategy to the general case of the André-Oort conjecture. In the
process two main difficulties occur. One is the question of irreducibility of transforms of
subvarieties under Hecke correspondences. This problem is dealt with in sections 6 and
7. The other difficulty consists in dealing with higher dimensional special subvarieties.
Our strategy is to proceed by induction on the generic dimension of elements of Y. The
main ingredient for controlling the induction was the discovery by Ullmo and the second
author in [37] of a possible combination of Galois theoretic and ergodic techniques. It took
form while the second author was visiting the University of Paris-Sud in January-February
2005.

1.4. Conventions. Let F' be a number field or C. An F-algebraic variety is a reduced
separated scheme over F, not necessarily irreducible. It is of finite type over F' unless
mentioned. A subvariety is always assumed to be a closed subvariety. In sections 2 and 3
we freely use notations recalled in section 4.

2. EQUIDISTRIBUTION AND (GALOIS ORBITS.

In this section we recall a crucial ingredient in the proof of the theorem 1.2.2 : the
Galois/ ergodic alternative from [37].

2.1. Some definitions.

2.1.1. Shimura subdata defining special subvarieties. Let (G, X) be a Shimura datum and
K be a neat compact open subgroup of G(Ag). We fix X* a connected component of X
and denote by Sk (G, X )¢ the connected component of Shi (G, X)c image of X x {1}
in Shg (G, X)c. Thus Sk(G,X)c =T\XT, where I' = G(Q)+ N K is a neat arithmetic
subgroup of G(Q).

Definition 2.1.1. Let V' be a special subvariety of Sx(G,X)c. A Shimura subdatum
(Hy, Xv) of (G, X) is said to define V if :

e the algebraic group Hy is the generic Mumford-Tate group on Xy .

e V is the image in Sk (G, X)c of a connected component of Shgnp, (ap)(Hy, Xv)c
under the natural morphism

[ Shgrm, ap (Hy, Xv)e — Shi (G, X)c
(we emphasize here that no Hecke correspondence is involved).

Remark 2.1.2. Let V' be a special subvariety of Sk (G, X)c. If there exists a Shimura
subdatum (i : Hy — G, Xy C X) of (G, X) defining V' then any other Shimura subdatum
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defining V' is of the form (Intyoi : Hy — G,vXy C X) for some element v € 'y :=
G(Q)+ N K. In other words : the algebraic group Hy is uniquely defined by V' but its
embedding into G is uniquely defined only up to conjugation by I'k.

Lemma 2.1.3. Let (G, X) be a Shimura datum with G semisimple of adjoint type. Let
K be a neat compact open subgroup of G(Ays).

Let (H, Xy ) be a Shimura subdatum of (G, X) with H the generic Mumford-Tate group
on Xy and denote by Ky the compact open subgroup K N H(At) of H(Agf). Let V be a
special subvariety of Sk (H, Xt1)c. Then there exists a Shimura subdatum (Hy, Xy ) of
(H, Xu) defining V.

Proof. The case (H, Xy) = (G, X) is proven in [37, lemma 2.1]. In general let p(V') be
the special subvariety of Sk (G, X)c image of V under the natural morphism

She,,(H, Xg1)c == Shg (G, X)c .

As G is semi-simple of adjoint type there exists a Shimura subdatum (Hy, Xy ) of (G, X)
defining p(V'). One checks immediately that (Hy, Xy/) is a Shimura subdatum of (H, Xg)
defining V. O

2.1.2. The measure py. Let (G, X) be a Shimura datum with G semisimple of adjoint
type. Let (Hy, Xy) be a Shimura subdatum of (G, X)) defining a special subvariety V' of
§x (G, X)c. Thus there exists a connected component X{ﬁ of Xy, a neat arithmetic group
Iy of the stabiliser Hy (Q)4 of X{/" in Hy (Q)* and a morphism

f:TV\X) — Sk(G, X)c
whose image is V.
Remark 2.1.4. The morphism f is generically injective by lemma 2.2 of [37].

Definition 2.1.5. We define uy to be the probability measure on Shi (G, X)c(C) sup-
ported on V', push-forward by f of the standard probability measure on the Hermitian
locally symmetric space I’V\X‘t induced by the Haar measure on Hy (R).

Remark 2.1.6. One immediately checks that the measure py depends only on V and not
on the choice of the embedding Hy — G.

2.1.3. T-special subvarieties.

Definition 2.1.7. Let (G, X) be a Shimura datum and let \ : G — G4 be the canonical
morphism. Fiz a (possibly trivial) subtorus T of G such that T(R) is compact. A T-
special subdatum (H, Xy1) of (G, X) is a Shimura subdatum such that H is the generic
Mumford-Tate group of Xy and T is the connected centre of A(H).
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A special subvariety V of Sk (G, X)c is T-special if there exists a T-special subdatum
(Hy, Xy) of (G, X) defining V.

In the case where T is trivial, we call V' strongly special.

Remark 2.1.8. The definition of strongly special given in [9] requires that Hy is not con-
tained in a proper parabolic subgroup of G but as explained in [34, rem. 3.9] this last
condition is automatically satisfied.

2.2. The rough alternative. With these definitions, the alternative from [37] can roughly
be stated as follows.

Let (G, X) be a Shimura datum with G semisimple of adjoint type, X a connected
component of X, K be a neat compact open subgroup of G(A¢) and F' a number field
over which Shx (G, X)c admits a canonical model (c.f. section 4.1.2). Let (V,,)nen be a
sequence of special subvarieties of Sk (G, X)c.

o If there exists a finite collection {T4,--- , T, } of R-anisotropic Q-subtori of G such
that each V;,, n € N, is T-special for some i € {1,--- ,r}, then the sequence (V},) is
equidistributed in the following sense : after possibly passing to a subsequence the
sequence of probability measures py,, weakly converges to the probability measure
wy of some special subvariety V' and for n large, V,, is contained in V.

This implies that all irreducible components of the Zariski closure of | J,cy Vi in
Shi (G, X)c are special. Indeed, let n; be a subsequence such that e 1%
and V,, C V for all k large enough. Let Y be the closure of the union of V,,, for k
such that V,,, C V. Then Y C V and by convergence of measures, the support of
wy whose closure is V' is contained in Y hence Y = V and is special. Because the
sequence formed by the remaining elements of the original sequence V,, is again
equidistributed, we reiterate the process. Thus we show that the components of
Unen Vi are special.

e otherwise the function deg;, (Gal(Q/F)-V,) is an unbounded function of n and
we can use Galois-theoretic methods to study the Zariski closure of (J,, oy Vi in
Shi (G, X)c (c.f. definition 4.2.4 for the definition of the degree degy,, ) .

We now explain this alternative in more details.

2.3. Equidistribution results. Ratner’s classification of probability measures on ho-
mogeneous spaces of the form I'\G(R)™ (where I' denotes a lattice in G(R)™"), ergodic
under some unipotent flows [29], and Dani-Margulis recurrence lemma [10] enable Clozel
and Ullmo [9] to prove the following equidistribution result in the strongly special case,
generalized by Ullmo and Yafaev [37, theorem 3.8] to the T-special case :
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Theorem 2.3.1 (Clozel-Ullmo, Ullmo-Yafaev). Let (G,X) be a Shimura datum with
G semisimple of adjoint type, K a compact open subgroup of G(Ag). Let T be an
R-anisotropic Q-subtorus of G. Let (Vi)nen be a sequence of T-special subvarieties of
Sk (G, X)c. Let py, be the canonical probability measure on Shi (G, X)c supported by
Vn. There exists a T-special subvariety V. of Sk (G, X)c and a subsequence (i, )ken
weakly converging to py. Furthermore V' contains Vi, for all k sufficiently large. In par-
ticular, the irreducible components of the Zariski closure of a set of T-special subvarieties
of Sk (G, X)c are special.

Remarks 2.3.2. (1) Note that a special point of Sk (G, X)c, whose Mumford-Tate
group is a non-central torus, is not strongly special. Moreover, given an R-
anisotropic Q-subtorus T of G, the connected Shimura variety Sk (G, X )¢ contains
only a finite number of T-special points (c.f. [37, lemma 3.7]). Thus theorem 2.3.1
says nothing directly on the André-Oort conjecture.

(2) In fact the conclusion of the theorem 2.3.1 is simply not true for special points :
they are dense for the Archimedian topology in Sk (G, X)c(C), so just consider a
sequence of special points converging to a non-special point in Sk (G, X)c(C) (or
diverging to a cusp if Sk (G, X )c(C) is non-compact). In this case the correspond-
ing sequence of Dirac delta measures will converge to the Dirac delta measure of
the non-special point (respectively escape to infinity).

(3) There is a so-called equidistribution conjecture which implies André-Oort and
much more. A sequence (zy) of points of Sk (G, X)c(C) is called strict if any for
any proper special subvariety V' of Shx (G, X)c(C), the set

{n:xz, €V}

is finite. Let E be a field of definition of canonical model of Shx (G, X)c(C). To
any special point x, one associates a probability measure A, on Shi (G, X)c(C)
as follows :

1
" |Gal(E/E) -4l yeGa%/E),z K
where 8, is the Dirac measure at the point y and |Gal(E/E) - x| denotes the
cardinality of the Galois orbit Gal(E/E) - x. The equidistribution conjecture
predicts that if (z,,) is a strict sequence of special points, then the sequence of
measures A, weakly converges to the canonical probability measure attached to
Shi (G, X)c(C). This statement implies the André-Oort conjecture. The equidis-
tribution conjecture is known for modular curves and is open in general. There
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are some recent conditional results for Hilbert modular varieties due to Zhang (see
[42]). For more on this, we refer to the survey [35].

2.4. Galois orbits of non-strongly special subvarieties. In this paragraph, we recall
the lower bound obtained in [37] for the degree of the Galois orbit of a non-strongly special
subvariety in a Shimura variety Shx (G, X )¢, G semisimple of adjoint type.

Definition 2.4.1. Let (G, X) be a Shimura datum. Let K = [[, ineKp be a neat
compact open subgroup of G(Ag). Let (Hy, Xy) be a Shimura subdatum of (G, X) defining
a special subvariety V of Sk (G, X)c.
We denote by :

o Ey, the reflex field of (Hy, Xu, )

e Ty the connected centre of Hy . It is a (possibly trivial) torus.

e Kx  the mazimal compact open subgroup of Ty (Ag).

o Kt the compact open subgroup Ty (Asf) N K C Ky, .

e i(Ty) the number of primes p such that K,}”Vyp # Kty .

e Cy the torus HV/HC‘I/er isogenous to Ty/.

e dt, the absolute value of the discriminant of the splitting field Ly of Cy, and ny

the absolute degree of Ly .

o By :=log(dt, ).

Remark 2.4.2. Notice that the group KT, depends on the particular embedding Hy — G
(which is determined by V' up to conjugation by I') while the other quantities defined above
(and also the index |KY /K, |) only depend on V.

1%

One of the main ingredients of our proof is the following lower bounds for the degree of
Galois orbits of non-strongly special subvarieties obtained in [37, theorem 2.13] :

Theorem 2.4.3 (Ullmo-Yafaev). Let (G, X) be a Shimura datum with G semisimple of
adjoint type. Let K =[], Liime
number field over which Shi (G, X)c admits a canonical model.

Assume the GRH for CM fields. There exists a real number B > 0 and, for each positive
integer N, a real number C(N) > 0 such that the following holds.

Let (H, X11) be a Shimura subdatum of (G, X) with H the generic Mumford-Tate group
of Xu and let Ky = K NH(A¢). Let V be a special subvariety of Sky(H, Xu)c. Then
the following inequality holds :

(2.1) degy,. (Gal(Q/E)-V) > C(N)-max(1, B™) - |K§, /Kr,|-5)) .

K, be a neat compact open subgroup of G(A¢). Let E be a

Furthermore, if one considers only the subvarieties V' such that the associated tori Ty lie

in one GL,(Q)-conjugacy class, then the assumption of the GRH can be dropped.
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2.5. The precise alternative. Throughout the paper we will be using the following

notations.

Definition 2.5.1. Let (G, X) be a Shimura datum with G semisimple of adjoint type.
Let K = Hp prime Kp be a neat compact open subgroup of G(Ay).
Let (H, X11) be a Shimura subdatum of (G, X) with H being the generic Mumford-Tate
group of Xy and let Ky = K NH(A¢). Let V be a special subvariety of Sk (H, Xm)c-
With the notations of definition 2.4.1 and theorem 2.4.3 we define ay = 0 if Ty is
trivial, otherwise :

av = BT KR [Kz,| |

The alternative roughly explained in the introduction to section 2 can now be formulated
in the following theorem (easy adaptation of [37, theor. 3.9]) :

Theorem 2.5.2. Let (G, X) be a Shimura datum with G semisimple of adjoint type and
let X be a connected component of X. Let K =[]
of G(Ay).

Assume the GRH for CM fields.

Let X be a set of special subvarieties V' of Sk (G, X)c such that ay By is bounded as V
ranges through X.. There exists a finite set {T1,---, T} of Q-subtori of G such that any
V' in X is T;-special for some i € {1,--- ,r}.

» prime Kp b€ a compact open subgroup

Furthermore, if one considers only the subvarieties V' such that the associated tori Ty
lie in one GL,(Q)-conjugacy class, then the assumption of the GRH can be dropped.

Proof. Choose a number field F' such that Sk (G, X) admits a canonical model over F.
Then the assumption that ay Gy is bounded as V ranges through Y implies that the

degrees of Gal(F/F) orbits of varieties in ¥ are unbounded. The conclusion now follows

from [37, theorem 3.9]. O

3. REDUCTION AND STRATEGY.

From now on we will use the following convenient terminology :

Definition 3.0.3. Let (G, X) be a Shimura datum and K a compact open subgroup of
G(Ay). Let X be a set of special subvarieties of Shi (G, X)c. A subset A of ¥ is called
a modification of ¥ if A and X have the same Zariski closure in Shi (G, X)c. Given a

subtorus T of G we say that ¥ is T-special if any element in ¥ is a T-special subvariety.

3.1. First reduction. We first have the following reduction of the proof of theorem 1.2.2 :
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Theorem 3.1.1. Let (G, X) be a Shimura datum and K a compact open subgroup of
G(A¢). Let Z be an irreducible subvariety of Shix (G, X)c. Suppose that Z contains a
Zariski dense set 3, which is a union of special subvarieties V, V € X, all of the same
dimension n(¥X) < dim Z.

We make one of the following assumptions :

(1) Assume the Generalized Riemann Hypothesis (GRH) for CM fields.
(2) Assume that there is a faithful representation G — GL,, such that with respect to
this representation, the connected centres Ty of the generic Mumford-Tate groups

Hy of V lie in one GLy(Q)-conjugacy class as V' ranges through X.
Then

(a) The variety Z contains a Zariski dense set X' of special subvarieties of constant
dimension n(¥') > n(X).
(b) Furthermore, if ¥ satisfies the condition (2), one can choose X' also satisfying (2).

Proposition 3.1.2. Theorem 3.1.1 implies the main theorem 1.2.2.

Proof. Let ¥ as in the main theorem 1.2.2. Without loss of generality one can assume
that the Zariski closure Z of ¥ is irreducible. Moreover by Noetherianity one can assume
that all the V' € ¥ have the same dimension n(X).

Notice that the assumption (2) of the theorem 1.2.2 implies the assumption (2) of the
theorem 3.1.1. We then apply theorem 3.1.1,(a) to 3 : the subvariety Z contains a Zariski-
dense set 3’ of special subvarieties V', V' € ¥/, of constant dimension n(¥’) > n(X).

By theorem 3.1.1,(b) one can replace ¥ by ¥’. Applying this process recursively and as
n(X") < dim(Z), we conclude that Z is special. O

3.2. Second reduction. Part (b) of theorem 3.1.1 is easy, we deal with it in section 5.
Part (a) of theorem 3.1.1 can itself be reduced to the following main theorem (we refer
to section 4 for relevant facts about reflex fields and to definition 6.0.4 for the (usual)
definition of an F-irreducible F-variety) :

Theorem 3.2.1. Let (G, X) be a Shimura datum with G semisimple of adjoint type and
let Xt be a connected component of X. Let K be a compact open subgroup of G(Ag). Let
F be a number field containing the reflex field E(G, X).

Let Z be a Hodge generic F-irreducible F-subvariety of the connected component Sk (G, X)c
of Shg (G, X)c. Suppose that Z contains a Zariski dense set 3, which is a union of special
subvarieties V, V € X, all of the same dimension n(X) and such that for any modification
Y of ¥ the set {ay By, V € X'} is unbounded.

We make one of the following assumptions :
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(1) Assume the Generalized Riemann Hypothesis (GRH) for CM fields.
(2) Assume that there is a faithful representation G — GL,, such that with respect to
this representation, the connected centres Ty of the generic Mumford-Tate groups

Hy of V lie in one GLy,(Q)-conjugacy class as V' ranges through X.

After possibly replacing ¥ by a modification, for every V in X there exists a special
subvariety V' such that V.C V' C Z.

Proposition 3.2.2. Theorem 3.2.1 implies theorem 3.1.1 (a).

Proof. Let (G, X), K, Z and X be as in theorem 3.1.1.

Notice that the image of a special subvariety by a morphism of Shimura varieties deduced
from a morphism of Shimura data is a special subvariety. Conversely any irreducible
component of the preimage of a special subvariety by such a morphism is special.

This first implies that if K C G(Ay) is a compact open subgroup and if K/ C K is a
finite index subgroup then theorem 3.1.1(a) is true at level K if and only if it is true at
level K.

Let (G2, X2d) be the Shimura datum adjoint to (G, X) and X : (G, X) — (G24, x2d)
the natural morphism of Shimura datas. For K C G(Ay) sufficiently small let K24 be a
neat compact open subgroup of G (Ay) containing A\(K). Consider the (finite) morphism

of Shimura varieties
f:Shg(G, X)c — Shyaa (G, X230

By construction 2.3 in [17] if Z C Shg (G, X)c satisfies assumption (2) then its image
f(Z) in Shi (G, X)c also satisfies (2). Applying our first remark to the morphism f we
obtain that theorem 3.1.1 (a) for (G®4, X24) implies theorem 3.1.1 (a) for (G, X). Thus
we reduced the proof of theorem 3.1.1 (a) to the case where G is semisimple of adjoint
type.

We can assume that the variety Z in theorem 3.1.1 is Hodge generic. To fulfill this con-
dition, replace Shx (G, X)c by the smallest special subvariety of Shx (G, X)c containing
Z (c.f. [17, prop.2.1]). This comes down to replacing G with the generic Mumford-Tate
group on Z.

We can also assume that Z is contained in Sk (G, X)c as proving theorem 3.1.1 for Z
is equivalent to proving theorem 3.1.1 for any irreducible component of its image under
some Hecke correspondence.

As Z contains a Zariski-dense set of special points, and any special point is Q-valued,
the variety Z is defined over some number field F' C C containing the reflex field F(G, X) :
Z = ZF Xspec F Opec C. As Z is irreducible Zr is geometrically irreducible.
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If for some modification X’ of 3 the set {ay By, V € ¥’} is bounded, by theorem 2.5.2
and by Noetherianity there exists a Q-subtorus T of G and a T-special modification of
3. Applying theorem 2.3.1 one obtains that Z is special.

Thus we can assume that Z satisfies the hypothesis of theorem 3.2.1 : we have reduced
the proof of theorem 3.1.1 to the case where Z satisfies moreover the assumptions of
theorem 3.2.1.

Let Y be the set of the special subvarieties V'’ obtained from theorem 3.2.1 applied
to Z. Thus Z contains the Zariski-dense set X' = Uy sy V', After possibly replacing Y’
by a modification, we can assume by Noetherianity of Z that the subvarieties in ¥’ have
the same dimension n(¥’). Of course n(X') > n(X). This proves the theorem 3.1.1 (a)
assuming theorem 3.2.1. O

3.3. Sketch of the proof of the André-Oort conjecture in the case where 7 is a
curve. The strategy for proving theorem 3.2.1 is fairly complicated. We first recall the
strategy developed in [17] in the case where Z is a curve. In the next section we explain
why this strategy cannot be directly generalized to higher dimensional cases.

As already noticed in the proof of theorem 1.2.1 one can assume without loss of gener-
ality that the group G is semisimple of adjoint type, Z is Hodge generic (i.e. its generic
Mumford-Tate group is equal to G), and Z is contained in the connected component
Sk (G, X)c of Shg (G, X)c. The proof of the theorem 1.2.1 in the case where Z is a curve
then relies on three ingredients.

3.3.1. The first one is a geometric criterion for a Hodge generic subvariety Z to be special
in terms of Hecke correspondences. Given a Hecke correspondence T,,, m € G(Af) (c.f.
section 4.1.1) we denote by T the correspondence it induces on Sk (G, X)c. This cor-
respondence decomposes as 79, = >_.T,,, where the ¢;’s are elements of G(Q)1 N KmK
defined by

G(Q)y NKmK = [[Tkq; 'Tk .

Theorem 3.3.1. [17, theorem 7.1] Let Shx (G, X)c be a Shimura variety, with G semisim-
ple of adjoint type. Let Z C Sk (G, X)c be a Hodge generic subvariety of the connected
component Sk (G, X)c of Shx (G, X)c. Suppose there exist a prime | and an element
m € G(Q;) such that the neutral component TO = S"" | T, of the Hecke correspondence
T, associated with m has the following properties :

(1) ZCToZ.

(2) For any i € {1,---n}, the variety Ty, Z is irreducible.

(3) For any i € {1,---n} the T,, + Tq;1-0rbit is dense in Sk (G, X).
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Then Z = Sk (G, X), in particular Z is special.

From (1) and (2) one deduces the existence of one index i such that Z = T, Z. It follows
that Z contains an Ty, + T, -1-orbit. The equality Z = Sk follows from (3).

In the case where Z is a curve one proves the existence of a prime [ and of an element m €
G(Qy) satisfying these properties as follows. The property (3) is satisfied for essentially
any m. The property (2), which is crucial for this strategy, is obtained by showing that
for any prime [ outside a finite set of primes Pz and any ¢ € G(Q)* N(G(Q) x [, 4 Kp),
the variety 73,7 is irreducible. This is an easy corollary of a result due independently
to Weisfeiler and Nori (c.f. theorem 4.3.3) applied to the Zariski closure of the image
of the monodromy representation. This result implies that for all [ except those in a
finite set Py, the closure in G(Q;) of the image of the monodromy representation for
the Z-variation of Hodge structure on the smooth locus Z%" of Z coincides with the
closure of K N G(Q)" in G(Q;) of the open compact subgroup K C G(A¢). To prove
the property (1) one uses Galois orbits of special points contained in Z and the fact that
Hecke correspondences commute with the Galois action. First one notices that Z is defined
over a number field F, finite extension of the reflex field E(G, X) (c.f. section 4.1.2). If
s € Z is a special point, 75 the associated reciprocity morphism and m € G(Q;) belongs
to rs((Q ® F)*) € MT(s)(Q;) then the Galois orbit Gal(Q/F) - s is contained in the
intersection Z N T,,Z. If this intersection is proper its cardinality Z N T,,Z is bounded
above by a uniform constant times the degree [K; : K; N mK;m™!] of the correspondence
Ty To find [ and m such that Z C T,,,Z it is then enough to exhibit m € rs((Q; @ F)*)
such that the cardinality |Gal(Q/F).s| is larger than [K; : K; N mK;m~']. This is dealt
with by the next two ingredients :

3.3.2. The second ingredient claims the existence of “unbounded” Hecke correspondences
of controlled degree defined by elements in r5((Q; ® F)*) :

Theorem 3.3.2. [17, corollary 7.4.4] There exists an integer k such that for all s € 3

and for any prime | such that MT(s)r, is a split torus, there exists m € rs((Q; ® F)*) C
MT(s)(Qy) such that

(1) for any factor G; of G the image of m in G;(Qy) is not in a compact subgroup.
(2) [K; : K,nmEKm™) < I*

3.3.3. The third ingredient is a lower bound for |Gal(Q/F) - s| due to Edixhoven, and
improved in theorem 2.4.3.
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3.3.4. Finally using this lower bound for |Gal(Q/F)-s| and the effective Cebotarev theorem
consequence of GRH one proves the existence for any special point s € ¥ with a sufficiently
big Galois orbit of a prime [ outside Pz, splitting MT(s), such that MT(s)p, is a torus
and such that |Gal(Q/F).s| > I*. Effective Cebotarev is not needed under the assumption
that the MT(s), s € X, are isomorphic. The reason being that in this case, the splitting
field of the MT(s) is constant and the classical Chebotarev theorem provides us with a
suitable [.

We then choose an m satisfying the conditions of the theorem 3.3.2. As |Gal(Q/F).s| >
[K; : K; N mK;m~1] one obtains Z C T,,Z and by the criterion 3.3.1 the subvariety Z is

special.

3.4. Strategy for proving the theorem 1.2.2 : the general case. Our strategy for
dealing with the general case of the theorem 3.2.1 is as follows :

Let (G, X) be a Shimura datum with G semisimple of adjoint type and let X be a
connected component of X. Let K be a compact open subgroup of G(A¢). Let Z be a
subvariety of Sk (G, X)c. Suppose that Z contains a Zariski dense set 3, which is a union
of special subvarieties V, V' € 3, all of the same dimension n(X) and such that the set
{ay Py, V € ¥} is unbounded.

Notice that the idea of the proof of [17] generalizes to the case where dim Z = n(X) +1
(c.f. section 8.5.1). In the general case, for a V' in ¥ with ay Sy sufficiently large we want
to exhibit V' special subvariety in Z containing V' properly.

Our first step (section 6) is geometric : we give a criterion (theorem 6.1) similar to
criterion 3.3.1 saying that an inclusion Z C T, Z, for a prime [ and an element m € Hy (Q;)
satisfying certain conditions, implies that V' is properly contained in a special subvariety
V'of Z.

The criterion we need has to be much more subtle than the one in [17]. In the charac-
terization of [17], in order to obtain the irreducibility of 7}, Z the prime ! must be outside
some finite set Pz of primes. It seems impossible to make the set of bad primes P explicit
in terms of numerical invariants of Z, except in a few cases where the Chow ring of the
Baily-Borel compactification of Shy (G, X)c is easy to describe (like the case considered
by Edixhoven, where Shx (G, X)c is a product [[;; X; of modular curves, and where he
shows that for a k-dimensional subvariety Z dominant on all factors X;, 1 < i < n, the
bad primes p € Py are smaller than the supremum of the degree of the projections of Z
on the k-factors X, x ---x X, of Shx (G, X)c). In particular that characterization is not

suitable for our induction.
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Our criterion 6.1 for an irreducible subvariety Z containing a non-strongly special sub-
variety V' and satisfying Z C T,,Z for some m € Ty (Q;) to contain a special subvariety
V' containing V properly does no longer require the irreducibility of 7,,,Z. In particular it
is valid for any prime [, outside Pz or not. Instead we notice that the inclusion Z C T},Z
implies that Z contains the image Z’ in Shi (G, X)c of the (K], (kimk2)™)-orbit of (one
irreducible component of) the preimage of V' in the pro-i-covering of Shx (G, X)c. Here
ki and ko are some elements of K, n some positive integer and K the l-adic closure of
the image of the monodromy of Z. If the group (K, (kimkz)™) is not compact, then the
irreducible component of Z’ containing V' contains a special subvariety V' of Z containing
V properly.

The main problem with this criterion is that the group (K], kymks) can be compact,
containing K with very small index. This is the case in Edixhoven’s counter-example [14,
Remark 7.2]. In this case G = PGLy x PGLy, K] :=Tg(l) x T'g(l) and kimks is w; X wy,
the product of two Atkin-Lehner involutions. The index [(K], kimksg) : K]] is four.

Our second step (section 7) consists in getting rid of this problem and is purely group-
theoretic. We notice that if Kj is not a mazimal compact open subgroup but is contained
in an Twahori subgroup of G(Q;), then for “many” m in Ty (Q;) the element kymks is not
contained in a compact subgroup for any ki and ke in K;. This is our theorem 7.1 about
the existence of adequate Hecke correspondences. The proof relies on simple properties of
the Bruhat-Tits decomposition of G(Q).

Our third step (section 8) is Galois-theoretic and geometric. We use theorem 2.4.3,
theorem 6.1, theorem 7.1 to show (under one of the assumptions of theorem 3.1.1) that
the existence of a prime number [ satisfying certain conditions forces a subvariety Z of
Shx (G, X)c containing a non-strongly special subvariety V' to contain a special subvariety
V' containing V properly. The proof is a nice geometric induction on r = dim Z — dim V.

Our last step (section 9) is number-theoretic : we complete the proof of the theorem 3.2.1
and hence of theorem 1.2.2 by exhibiting, using effective Chebotarev under GRH (or
usual Chebotarev under the second assumption of theorem 1.2.2), a prime [ satisfying
our desiderata. For this step it is crucial that both the index of an Iwahori subgroup
in a maximal compact subgroup of G(Q;) and the degree of the correspondence T, are
bounded by a uniform power of [.
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4. PRELIMINARIES.

4.1. Notations. In this section we define some notations and recall some standard facts
about Shimura varieties that we will use in this paper. We refer to [11], [12], [21] for
details.

As far as groups are concerned, reductive algebraic groups are assumed to be connected.
The exponent Y denotes the algebraic neutral component and the exponent T the topolog-
ical neutral component. Thus if G is a Q-algebraic group G(R)™ denotes the topological
neutral component of the real Lie group of R-points G(R). We also denote by G(Q)™ the
intersection G(R)* N G(Q).

When G is reductive we denote by G the adjoint group of G (the quotient of G by its
center) and by G(R), the preimage in G(R) of G*(R)*. The notation G(Q), denotes
the intersection G(R)4 N G(Q). In particular when G is adjoint then G(Q)* = G(Q)+.

For any topological space Z, we denote by my(Z) the set of connected components of Z.

4.1.1. Shimura varieties. Let (G, X) be a Shimura datum. We fix Xt a connected com-
ponent of X. Given K a compact open subgroup of G(Ay) one obtains the homeomorphic
decomposition

(4.1) Shic(G, X)c = GIQ\X x G(AD/K = [ T\x*

geC
where C denotes a set of representatives for the (finite) double coset space G(Q)+\G(Af)/K,
and ', denotes the arithmetic subgroup gKg=' N G(Q)+ of G(Q);+. We denote by I'g
the group I'. corresponding to the identity element e € C and by Sk (G, X)c = Tg\X™*
the corresponding connected component of Shi (G, X)c.
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The Shimura variety Sh(G, X)c is the C-scheme projective limit of the Shx (G, X)c, K
ranging through compact open subgroups of G(Ag¢). The group G(A¢) acts continuously
on the right on Sh(G, X)c. The set of C-points of Sh(G, X)c is

$h(@, X)e(C) = S\ (x x a(A)/Z(@)) .

Z(Q)

where Z denotes the centre of G and Z(Q) denotes the closure of Z(Q) in G(Ay) [12,
prop.2.1.10]. The action of G(A) on the right is given by : (x,h) -2 (x,h-g). For
m € G(Ag), we denote by T, the Hecke correspondence

Shx (G, X)¢ «— Sh(G, X)¢c - Sh(G, X)c — Shx (G, X)c .

4.1.2. Reciprocity morphisms and canonical models. Given (G, X) a Shimura datum, where
X is the G(R)-conjugacy class of some h : S — Gg, we denote by up, : Gy c — Gc
the C-morphism of Q-groups obtained by composing the embedding of tori

G,c — Sc
z — (z,1)

with hc. Let E(G, X) be the field of definition of the G(C)-conjugacy class of py, it is
called the reflex field of (G, X). In the case where G is a torus T and X = {h} we denote
by
T(T,{h}) : Gal(@/E)ab — T(Ay)/T(Q)

the reciprocity morphism defined in [12, 2.2.3] for any field E C C containing E(T, {h}).
Let © = (h, g) be a special point in Sh(G, X )¢ image of the pair (h: S — T C G,g) €
X x G(Ag). The field E(h) = E(T,{h}) depends only on h and is an extension of
E(G,X) [12, 2.2.1]. The Shimura variety Sh(G, X)c admits a unique model Sh(G, X)
over E(G, X) such that the G(Af)-action on the right is defined over E(G, X), the special

points are algebraic and if z = (h, g) is a special point of Sh(G, X)(C) then an element
o € Gal(Q/E(h)) C Gal(Q/E(G, X)) acts on z by o(z) = (h,7(0)g), where 7#(c) € T(A¢)
is any lift of r(p (n))(z) € T(Af)/T(Q), c.f. [12, 2.2.5]. This is called the canonical model
of Sh(G, X). For any compact open subgroup K of G(Af), one obtains the canonical
model for Shi (G, X) over E(G, X). For details on this definition, sketches of proofs of
the existence and uniqueness and all the relevant references we refer the reader to Chapters
12-14 of [21].

For m € G(Ay) the Hecke correspondence T, is defined over E(G, X). We will denote
by 7k : Sh(G, X) — Shg (G, X) the natural projection.
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4.1.3. Galois action on the set of connected components of a special subvariety. In this
subsection we recall the explicit description of the Galois action on the set of connected
components of special subvarieties of Shimura varieties. All of this is taken from [12],
sections 2.4-2.6.

Let (G, X) be a Shimura datum and let (H, Xgg) be a Shimura sub datum of (G, X).
Let T be the connected centre of H. Note that we do not rule out the case when T is
trivial. The group H is an almost direct product THd,

Let Kg be the compact open subgroup H(A) N K of H(Ay). We describe the Galois
action on the set of components of Shg,, (H, X1). Let mo(H, Kg) be the set of geometric
components of Shg,, (H, Xgr). Recall ([12] 2.1.3.1) that

mo(H, Ku) = H(Q)+\H(A)/Kn = H(A)/H(Q)+ Kn
where H(Q) is the stabiliser of a connected component of Xy in H(Q). Let E' = Ey be

the reflex field of (H, Xg) and Tg := Resg,, /oGm ey -
Following Deligne ([12] 2.0.15.1) we define for any reductive Q-group N

m(N) := N(A)/N(Q)p(N(A)).
Here p: N — N9 denotes the universal covering of N9°*, We set
mo(m(N)) := mo(m(N)) /w0 (N(R)+),
then by ([12] 2.1.3.2) we have
mo(H, Ku) = mo(r(H))/Kn.
The action of Gal(Q/Fy) on mo(H, K¢) is given by the reciprocity morphism ([12]
2.6.1.1)
T xy)  Gal(Q/En) — mo(n(H)) .
The morphism 7y xy) factors through Gal(Q/Ey)* which is identified with mo(7(Tg))
by the global class field theory.
Let C be H/HY". To (H, Xg) one associates two Shimura data (C, {z}) and (H*!, Xyaa).

The field By is the composite of E(C, {z}) and E(H*!, X{gaa). There are morphisms of
Shimura data

0°P: (H, Xgr) — (C, {z}) and 0*: (H, Xgg) — (H*, Xygaa).

Note that (C,{z}) is a special Shimura datum. Let r(c (,}) be the reciprocity morphism
associated with (C, {z}). The morphism 62" induces a morphism 75 (7(H)) — 7o(m(C)).
This morphism preceded by 711, xy) IS 7(c{z})- We let L be the Galois closure of Fp.
Note that the degree of L over Q is bounded uniformly on (H, Xg). We will keep the
notations and assumptions introduced above throughout this section.
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4.1.4. The tower of Shimura varieties at a prime l. Let [ be a prime. Suppose K! C G(Alf)
is a compact open subgroup, where Aé denotes the ring of finite adeles outside I.

Definition 4.1.1. We denote by Shy: (G, X) the E(G, X)-scheme lim Shy.y, (G, X) for
U; compact open subgroup of G(Qy).

The scheme Shy: (G, X) is the quotient Sh(G, X)/K!. It admits a continuous G(Q;)-
action on the right. Given a compact open subgroup U; C G(Q;) we denote by my, :
Shi (G, X) — Shyu, (G, X) the canonical projection.

4.1.5. Neatness. Let G be a linear algebraic group over Q. We recall the definition of
neatness for subgroups of G(Q) and its generalization to subgroups of G(Ayf). We refer
to [3] and [26, 0.6] for more details.

Given an element g € G(Q) let Eig(g) be the subgroup of Q" generated by the eigenval-
ues of g. We say that g € G(Q) is neat if the subgroup Eig(g) is torsion-free. A subgroup
I' € G(Q) is neat if any element of I" is neat. In particular such a group is torsion-free.

Given an element g, € G(Q,) let Eig,(g,) be the subgroup of @p* generated by all
eigenvalues of g,. Let Q — Q, be some embedding and consider the torsion part (Q* N
Eig,(gp))tors- Since every subgroup of Q" consisting of roots of unity is normalized by
Gal(Q/Q), this group does not depend on the choice of the embedding Q — Qp*. We
say that g, is neat if

(@' NEig,(9))tors = {1} -
We say that g = (gp)p, € G(A¢) is neat if
M@ N Eigy(g5)or = {1 -
P
A subgroup K C G(Ay) is neat if any element of K is neat. Of course if the projection K,
of K in G(Q)) is neat then K is neat. Notice that if K is a neat compact open subgroup
of G(Ag) then all of the I'y in the decomposition (4.1) are.

Neatness is preserved by conjugacy and intersection with an arbitrary subgroup. More-
over if p : G — H is a Q-morphism of linear algebraic Q-groups and g € G(Q) (resp.
G(Ay)) is neat then its image p(g) is also neat.

We recall the following well-known lemma :

Lemma 4.1.2. Let K = Hp K, be a compact open subgroup of G(Ag) and let | > 3
be a prime number. There exists an open subgroup K| of K; such that the subgroup
K' = K} x [],, Kp of K is neat.

Proof. As noticed above if Kj is neat then K’ := Kj x [[,,,; K} is neat. As a subgroup of
a neat group is neat, it is enough to show that a special maximal compact open subgroup
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K; € G(Q;) contains a neat subgroup K, with finite index. By [26, p.5] one can take,
K =K l(l) the first congruence kernel. g

4.2. Baily-Borel compactification and degrees of subvarieties. In this section we
recall the results we will need on projective geometry of Shimura varieties. We will also
prove a proposition (proposition 4.2.11) which compares the degrees of a subvariety of
Shi (G, X) with respect to two different line bundles.

4.2.1. Degrees. We will need only basics on numerical intersection theory as recalled in
[20, chap.1, p.15-17]. Let X be a complete irreducible complex variety and L a line bundle
on X with topological first Chern class ¢;(L) € H*(X,Z). Given V C X an irreducible
subvariety we define the degree of V with respect to L by

deg, V =c(L)"™V'N[V] € Hy(X,Z) =7 ,

where [V] € Hogimv(X,Z) denotes the fundamental class of V' and N denotes the cap
product between H24™V (X, 7Z) and Hy gim v (X, Z). We also write deg; V = fv c1(L)dmV,
It satisfies the projection formula : given f : Y — X a generically finite surjective proper
map one has

degs.r Y = (deg f) degy X .

All this naturally extends to the case where X or V are possibly non-reduced complete
complex schemes provided V' is of pure dimension.

4.2.2. Nefness. Recall (c.f. [20, def. 1.4.1]) that a line bundle L on a complete scheme
X is said to be nef if deg; C' > 0 for every irreducible curve C C X. We will need the
following basic result (c.f. [20, theor.1.4.9]) :

Theorem 4.2.1 (Kleiman). Let L be a line bundle on a complete complex scheme X.
Then L is nef if and only if for every irreducible subvariety VC X one has deg; V > 0.

4.2.3. Baily-Borel compactification. Let (G, X) be a Shimura datum. Given K C G(A¢) a
neat compact open subgroup, let Shx (G, X)c the corresponding complex Shimura variety.

Definition 4.2.2. We denote by Shi (G, X )¢ the Baily-Borel compactification of Shi (G, X)c,
c.f. 2]

The Baily-Borel compactification m is a normal projective variety. Its bound-
ary Sh (G, X)c \ Shg (G, X)¢ has complex codimension > 1 if and only if G has no split
Q-simple factors of dimension 3. The following proposition summarizes basic properties
of Shx (G, X)c that we will use.
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Proposition 4.2.3. (1) The line bundle of holomorphic forms of mazimal degree on
X descends to Shi (G, X)c and extends uniquely to an ample line bundle Ly
on m such that, at the generic points of the boundary components of
codimension one, it is given by forms with logarithmic poles. Let K1 and Ko be
neat compact open subgroups of G(Ay) and g in G(Ag) such that Ko C gK1g~".
Then the morphism from Shg, (G, X)c to Shgk, (G, X)c induced by g extends to
a morphism f : Shg,(G,X)c — Shk, (G, X)c, and the line bundle f*Lg, is
canonically isomorphic to Ly, .

(2) The canonical model Shi (G, X) of Shx (G, X)c over the reflex field E(G, X) ad-
mits a unique extension to a model Shi (G, X) of Shx (G, X)c over E(G, X). The
line bundle Lk is naturally defined over E(G, X).

(3) Let ¢ : (H,Y) — (G, X) be a morphism of Shimura data and Ky C H(Ay),
Kg C G(A¢) neat compact open subgroups with o(Ku) C Kg. Then the canonical
map ¢ : Shi, (H,Y) — Shi, (G, X) induced by ¢ extends to a morphism still
denoted by ¢ : Shiy (H,Y) — Shg (G, X).

Proof. The first statement is [2, lemma 10.8] and [26, prop.8.1, sections 8.2, 8.3]. The
second one is [26, theor.12.3.a]. The third statement is [30, theorem p.231] (over C) and
[26, theor. 12.3.b] (over E(G, X)). O

Definition 4.2.4. Given a complex subvariety Z C Shi (G, X)c we will denote by deg,, Z
the degree of the compactification Z C Shg (G, X)c with respect to the line bundle L.
We will write deg Z when it is clear to which line bundle we are referring to.

Remark 4.2.5. More generally given a connected semisimple algebraic Q-group G of
Hermitian type (and of non-compact type) with associated Hermitian domain X and
I' € G(Q) a neat arithmetic lattice, the Baily-Borel compactification F\iX of the quasi-
projective complex variety I'\ X and the bundle L on 1“\7)( are well-defined.

4.2.4. Comparison of degrees for sub-Shimura data.

Proposition 4.2.6. Let ¢ : Shx (G, X)c — Shx/(G', X')¢ be a morphism of Shimura
varieties associated to a Shimura sub-datum ¢ : (G, X) — (G, X'), a neat compact open
subgroup K of G(Ag) and a neat compact open subgroup K' of G'(Ag) containing ¢(K).
Then the line bundle

AK,K’ = (b*LK’ ® Ll_{l
on Shi (G, X)c is nef.

This proposition is a corollary of the following
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Proposition 4.2.7. Let ¢ : G — G’ be a Q-morphism of connected semisimple algebraic
Q-groups of Hermitian type (and of nmon-compact type) inducing a holomorphic totally
geodesic embedding of the associated Hermitian domains ¢ : X+ — X'T. Let T' C G(Q)
be a neat arithmetic lattice and I" C G'(Q) a neat arithmetic lattice containing p(T").
Then the line bundle

Arpr = ¢*Lp @ L
on T\ X is nef.

Proposition 4.2.7 implies the proposition 4.2.6. Let C C Shi(G,X)c be an irreducible
curve. To prove that degAK - C > 0 one can assume without loss of generality that C

is contained in the connected component Sx = T \XT and that ¢ : Shg (G, X)c —
m maps Sk to Sgr = W The morphism of reductive Q-groups ¢ :
G — G’ induces a Q-morphism % : G — G/2d of semisimple Q-groups. Let I denote
the neat lattice GI'(Q) N K € GI'(Q) and I" the neat lattice of G*(Q) image of T'k.
Notice that I\ X't = T'g/\ X’*. Consider the diagram

(4.2) I\ X+

l ¢om
T

F\XF —=T\X7F

with 7 the natural finite étale map. The proposition 4.2.3 (1) easily extends to this setting :
7 (Lr,) = Lr .

Thus
T A = Arp .

Let d denote the degree of m. By the projection formula one obtains :

1 _
degAK,K, C = p degAK,K, = 1(C) .

Now degy ., 771(C) > 0 by proposition 4.2.7.
O

Proof of the proposition 4.2.7. Let C C T\X be an irreducible curve. We want to show
that deg A C > 0. First notice that by the projection formula and by proposition 4.2.3
(1), we can assume that the group G is simply connected and the group G’ is adjoint.
Let G = G x --- X G, be the decomposition of G into Q-simple factors. Let ¢; :
G; — G’, 1 < ¢ < r denote the components of o : G — G'. If I'y C T is a finite
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index subgroup and p : I''\X+t — I'\X* is the corresponding finite étale morphism,
by proposition 4.2 the line bundle Ar, v corresponding to ¢ o p is isomorphic to p*Ar rv.
The fact that degAF’F, C > 0 is once more implied by degAFLF, p~1(C) > 0. Thus we can
assume that I' =T"; x --- x [, with I'; a neat arithmetic subgroup of G;(Q). The variety
F\T decomposes into a product

D\X+ =T\X; x - x T\ X'
and the line bundle Ar  on I'\ X+ decomposes as
Arp=Ar,m®---XKAp

with Ap, v = ¢ L @ Li_l the corresponding line bundle on I‘Z'\X;r . Let p; : T\X+ —
Fi\X;r be the natural projection. As

T
degAF,F’ C= Z dengAFim’ C ’
=1

we have reduced the proof of the proposition to the case where G is Q-simple. It then

follows from the more precise following proposition 4.2.8. U

Proposition 4.2.8. Assume that G is Q-simple.
(1) If G is Q-anisotropic then the line bundle Ar v on the smooth complex projective

variety T\X T admits a metric of non negative curvature.
(2) If G is Q-isotropic then either the line bundle Arr on Shi (G, X) is trivial or it
is ample.

Proof. Let G’ = G} x --- x G}, be the decomposition of G’ into Q-simple factor and
¢j: G — G, 1 <j <7/, the components of ¢ : G — G’. By naturality of Lr and Ly
(c.f. proposition 4.2) one can assume that I'' =T x ---I',. Accordingly one has

N\XF =DN\X T x- o x TA\XLT

As ¢ : G — G’ is injective and G is Q-simple we can without loss of generality assume
that ¢1 : G — G/ is injective. As

A= (¢iLp, ® Lp") @ ¢3Lpy @ -+ i Ly,

and the Lp;,, Jj = 2, are ample on I'}\ X §+ it is enough to prove the statement replacing
Ar v by qf{erl ® Ly ! Thus we can assume G’ is Q-simple.

By the adjunction formula the line bundle Ap,p/w\ + restriction of Ap v coincides with
AMXN* - where N denotes the automorphic bundle on T'\ X associated to the normal
bundle of X in X’ and N* denotes its dual. As X is totally geodesic in X’ the curvature
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form on N is the restriction to N of the curvature form on TX’. As X’ is non-positively
curved, the automorphic bundle N* and thus also the automorphic line bundle Anp/'F\ X+
admits a Hermitian metric of non-negative curvature. This concludes the proof of the
proposition in the case G is Q-anisotropic.

Suppose now G is Q-isotropic. For simplicity we denote Arr by A from now on.
We have to prove that the boundary components of F\W do not essentially modify the
positivity of Ajp\x+. We use the notation and the results of Dynkin [13], Thara [19] and
Satake [31]. Let X = X x --- x X, (resp. X' = X| x--- x X/,) be the decomposition
of X (resp. X') into irreducible factors. Each X; (resp. X7}) is the Hermitian symmetric
domain associated to an R-isotropic R-simple factor G; (resp. G’) of Gg (resp. Gg). The
group Gg (resp. G) decomposes as Go x G1 x -+ x G, (resp. G{x G| x--- x G/,) with
Gy (resp. G{) an R-anisotropic group. Let m (resp. m’) be the r-tuple (resp. r’-tuple)
of non-negative integers defining the automorphic line bundle Lg (resp. Lg/) (c.f. [31,
lemma 2]) and My be the 7’ x r-matrix with integral coefficients associated to ¢ : G — G’
(c.f. [31, section 2.1]). The automorphic line bundle A x+ on T\ X is associated to the
r-tuple of integers A = m'M, — m (where m and m’ are seen as row vectors). It admits
a locally homogeneous Hermitian metric of non-negative curvature if and only if A\; > 0,
1 <4 <r (in which case we say that A is non-negative).

Lemma 4.2.9. The row vector A is non-negative.

Proof. As G and G’ are defined over Q, both m and m’ are of rational type by [31, p.301].
So m; = m for all i, m}; = m’ for all j. The equality A = m’M,, — m can be written in
coordinates

(4.3) Vie{l,---,r}, \= Z mj;m —m

1<5<r
with M, = (mj;). Fix ¢ in {1,---7} and let prove that A; > 0. As the m;;’s and m' are
non-negative, it is enough to exhibit one j, 1 < j < ¢/, with m;; m' —m > 0. Choose j
such that the component ¢; ; : X; — Xj’- of the map ¢ : X1 x -+ x X, — X{ x---x X/,
induced by ¢ : G — G’ is an embedding. Recall that with the notation of [31, p.290]
one has

m; =< Hy;, Hi; >;

where b; denotes the chosen Cartan subalgebra of g;(R) and <, >; denotes the canonical
scalar product on v/—1b;. This gives the equality :

(4.4) myimy —mi =< ¢j(Hy), ¢j(Hi) >5 — < Hig, Hig >
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As G; is R-simple, any two invariant non-degenerate forms on /—10; are proportional :
there exists a positive real constant ¢;; (called by Dynkin [13, p.130] the index of ¢; ; :
G; — G;) such that

VX,Y e v—1b;, < (ﬁj(X),(ﬁj(Y) >i=¢Cij; < XY >,
Equation (4.4) thus gives :
(4.5) mji m; —m; = (Ci,j — 1) < Hl,inl,i >

;—mi is

non-negative and this finishes the proof that A is non-negative. O

By [13, theorem 2.2. p.131] the constant ¢; ; is a positive integer. Thus m;;m

By [31, cor.2 p.298] the sum M = >, ;.. m;; is independent of i (1 < i < r). This
implies that A is of rational type : one of the ); is non-zero if and only if all are. In this

case A is positive of rational type and A is ample on T'\ X+ by [31, theor.1].

If A = 0, the line bundle A\ x+ is trivial. As G is Q-simple, if G is not locally
isomorphic to SLy the line bundle A on I'\ X T is trivial.

The last case is treated in the following lemma :

Lemma 4.2.10. If A = 0 and G is locally isomorphic to SLs, then ¢ : G — G’ is a
local isomorphism and the line bundle A on T\ X is trivial.

Proof. Tt follows from the equation (4.3) that there exists a unique integer j such that
the morphism ¢; : Gg — G is non trivial. In particular G is R-simple. Moreover the
equation (4.5) implies that index c of ¢ : G — G’ is equal to 1. Thus by [13, theorem 6.2
p.152] the Lie algebra g is a regular subalgebra of g’. If G, is classical, the equality [13,
(2.36) p.136] shows that necessarily ¢ : G — G’ is a local isomorphism. In particular

the line bundle A on I'\X* is trivial. If the group Gp is an exceptional simple Lie group
of Hermitian type (thus Eg or E7), Dynkin shows in [13, Tables 16, 17 p.178-179] that
there is a unique realization of g as a regular subalgebra of g’ of index 1. However this
realization is not of Hermitian type : the coefficient o} (p(H1)) is zero. Thus this case is
impossible. O

This finishes the proof of proposition 4.2.8.

From the nefness of Ag g we now deduces the following crucial corollary :

Corollary 4.2.11. Let ¢ : Shg (G, X) — Shx/(G', X') be a morphism of Shimura vari-
eties associated to a Shimura sub-datum ¢ : (G, X) — (G', X"), K’ a compact open sub-
group of G(A¢) and K = K'NG(A¢). Then for any irreducible subvariety Z of Shx (G, X)
whose irreducible components are Hodge generic one has degr, . Z < degy, o(Z).
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Proof. As the irreducible components of Z are Hodge generic in Shx (G, X) we know by
lemma 2.2 in [37] (and its proof) that ¢, : Z — Z' is generically injective. In particular
by the projection formula one has

degy, ., AR degg-r,., Z -

So the inequality deg;,, Z < degLK, 7' is equivalent to the inequality degLK, Z > degyp, Z.
As ¢*Lg = L @ Ak i one has

dim Z .
1 . . .
degy; 7 = L)' Aer(Ag gr)d™2—0
€8¢ Ly ;:0 < dim Z) /Z a(Li)' Aer(Ag k)

The inequality deg - L Z > degy, Z thus follows if we show :

Vi ,1<i<dimZ, / c1(Li)' Aer(Ag o) imZ=0 >0 .
z
As Ly is ample it follows from the nefness of Ax g7 and Kleiman’s theorem 4.2.1. O

4.3. p-adic closure of Zariski-dense groups. We recall the following well-known re-
sult :

Proposition 4.3.1. Let H be a subgroup of GL,(Z) and let H be the Zariski closure of
H in GL, 7. Suppose that HPQ 1s semisimple. Then for any prime number p the closure
of H in H(Z,) is open.

Proof. The case when H is finite is obvious. Suppose that H is infinite. Since H(Z,)
is compact and H is infinite, the closure H, of H in H(Z,) is not discrete. Then it is
a p-adic analytic group and it has a Lie algebra L which is a Lie subalgebra of the Lie
algebra Lie H of H and projects non-trivially on any factor of Lie H. By construction L is
invariant under the adjoint action of H, thus also under the adjoint action of the Zariski
closure H of H. As H?Q is semisimple one deduces Lg = Lie Hg, which implies that H,
is open in H(Zy). O

Remark 4.3.2. The easy proposition 4.3.1 can be strengthened to the following remarkable
theorem, due independently to Weisfeiler and Nori, which was used in [17] but which we
will not need :

Theorem 4.3.3 ([39], [25]). Let H be a finitely generated subgroup of GLy(Z) and let H
be the Zariski closure of H in GL,, 7. Suppose that H(C) has finite fundamental group.
Then the closure of H in GL,(Af) is open in the closure of H(Z) in GL,(A¢).
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5. INCLUSION OF SHIMURA SUBDATUM.

In this section we prove the following proposition which implies part (b) of the theo-
rem 3.1.1.

Proposition 5.1. Suppose that the set X in the theorem 3.2.1 is such that with respect
to a faithful representation p: G — GL,, the centres Ty of the generic Mumford-Tate
groups Hy lie in one GL,,(Q)-orbit as V ranges through ¥. Then the set ¥ obtained in
the proposition 3.2.2 admits a modification ¥ such that the centres Ty of the generic
Mumford-Tate groups Hy: lie in one GL,(Q)-orbit as V' ranges through %".

We first prove the following general fact about Shimura data which will also be used at
another point in this paper.

Lemma 5.2. Let (G, X) be a Shimura datum such that G is the generic Mumford-Tate
group on X and (H, Xwu) be a Shimura subdatum of (G,X). Let T (resp. Z) be the
connected centre of G (resp. H). Then

TCZ .

Proof. The proof uses in a crucial way the fact that G is the generic Mumford-Tate group
on X. We write

G = TG .
As T N H is contained in the centre Z of H, we can write

H=(TnHH

for some subgroup H’ of G4,
Fix a an element of X that factors through Hg = (T N H)gHp. As X is the G(R)

1

conjugacy class of a any element z € X is of the form gag™" = a9 for some g of G(R).

Thus x factors through
(T NH)r)’ (GE™)* = (T NH)z GE™ .

It follows that the Mumford-Tate group of x is contained in (T N H)G9". For x Hodge
generic, we obtain

(TNH)G¥ =G |,
hence TN H = T, therefore T C Z. O

To prove the proposition, first note that an inclusion of special subvarieties V' C V'
corresponds to an inclusion of Shimura data (H, Xg) C (H, Xgr). The lemma above
implies that the centres T/ of the groups H' are contained in a GL, (Q)-conjugacy class of
a fixed torus T. It follows that the tori T’ are split by the same field L. As there are only
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finitely many subfields of L, a modification of ¥’ satisfies the condition that the splitting
field of the tori T’ is constant, say L. As in the discussion before the lemma 2.4 of [37],
we identify X*(T') with a submodule of X*(Resy,/9Gmpz) which has a canonical basis.
By the lemma 2.4 of [37], the coordinates of the characters (with respect to this basis)
occurring in the representation TV C GL,, are uniformly bounded. It follows that the tori
T’ lie in finitely many GL,(Q)-conjugacy classes. The result follows.

6. THE GEOMETRIC CRITERION.

In this section we show that for certain elements m € G(Q;) and under certain as-
sumptions on a subvariety Z, the inclusion Z C T,,Z implies that Z contains a special
subvariety V' containing V' properly.

Definition 6.0.4. Let (G, X) be a Shimura datum and K C G(Af) a compact open
subgroup. Let F C C be a number field containing the reflex field E(G,X). We use
the following common abuse of notation : a subvariety Z C Shi (G, X)c is called an
F-irreducible F-subvariety if Z = Zp Xgpec r Spec C, where Zrp C Shig (G, X)p is an
irreducible closed subscheme.

Our main theorem in this section is the following :

Theorem 6.1. Let (G, X) be a Shimura datum, X+ a connected component of X and
K =TI, prime Kp C G(A¢) an open compact subgroup of G(As). We assume that there
exists a prime py such that the compact open subgroup K,, C G(Q,,) is neat. Let F' be a
number field containing the field of definition of Sk (G, X)c.
Let V' be a non-strongly special subvariety of Sk (G, X)c contained in a Hodge generic
F-irreducible F-subvariety Z of Sk (G, X)c.
Let I # po be a prime number splitting Ty and m an element of Ty (Qy).
Suppose that Z satisfies the conditions
(1) Z CcTZ.
(2) for every ki and ko in K; the image of kymks in G*(Q) generates an unbounded
(for the l-adic topology) subgroup of G*4(Qy).

Then Z contains a special subvariety V' containing V properly.
Proof.

Lemma 6.2. If the conclusion of the theorem 6.1 holds for all Shimura data (G, X) with
G semisimple of adjoint type then the conclusion of the theorem 6.1 holds for all Shimura
data.
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Proof. Let G, X, K, V, Z, F', |l and m be as in the statement of theorem 6.1. Let
A: G — G be the natural morphism. Let (G2, X2d) be the adjoint Shimura datum
attached to (G, X) and let K24 =]
defined as follows :

K Sd be the compact open subgroup of G*I(Ay)

p prime

(1) Kgg C G*(Qy,) is the compact open subgroup image of K, by .

(2) Kf‘d C G*(Q) is the compact open subgroup image of K; by .

(3) If p # po, 1, Kgd is a maximal compact open subgroup of G*4(Q,) containing the
image of K, by A.

The group K2 is neat because K,,, and therefore Kgg, is. As the reflex field E(G, X)

contains the reflex field £ (Gad, X ad), there is a finite morphism of Shimura varieties
f:Shg (G, X)r — Shpaa (G, X*)

Let V2 be the image fc(V). As V is non-strongly special, V4 is a non-strongly special
subvariety of Sgaa(G*, X2) . Thus Tyaa = A(Ty) is a non-trivial torus.

We define the F-irreducible subvariety Z3 of Shy.a(G®d, X3)p to be the image of
Zp in Shy.a (G, X2 1 by this morphism. Of course Z2d := Zp xp C is contained in
Spaa (G2, X2 Let m® be the image of m in T2 (Q;). The inclusion Z C T, Z implies
that Z8d C T),.a 224

As G* is of adjoint type, we can apply the theorem 6.1 to G2, x2ad fad yad
Zad F. [ and m?d. So Z2? contains a special subvariety V'2d containing ¥V properly.
As irreducible components of the preimage by a finite Shimura morphism of a special
subvariety are special, Z contains a special subvariety V' containing V properly. O

For the rest of this section, we are assuming the group G to be semisimple of adjoint
type. Moreover for simplicity of notations we replace in this proof the field F(G, X) by
the field F. Thus Sh(G, X) denotes the canonical model of Sh(G, X )¢ over F, Si1(G, X)
is the connected component, of Shy: (G, X) = Shyi (G, X)r (image of X x {1}), etc.
Moreover we will drop the label (G, X) when it is obvious which Shimura datum we are
referring to.

Lemma 6.3. Let Z = Z1U---UZ, be the decomposition of Z into geometrically irreducible
components. Each irreducible component Z;, 1 < i <mn, is Hodge generic.

Proof. As Z is Hodge generic, at least one irreducible component, say Z1, is Hodge generic.
As Zp is irreducible, any irreducible component Z;, 1 < j < n, is of the form Z7 for some
element o € Gal(Q/F). As the conjugate under any element of Gal(Q/F) of a special
subvariety of Shx (G, X)c is still special, one gets the result. This is a consequence of
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a theorem of Kazhdan’s. See [22] for a comprehensive exposition of the proof in full
generality and all the relevant references. O

We fix a Z-structure on G and its subgroups by choosing a finitely generated free Z-
module W, a faithful representation {: G — GL(Wg) and taking the Zariski closures
in the Z-group-scheme GL(W). We choose the representation ¢ in such a way that K
is contained in GL(Z ®z W) (i.e. K stabilizes Z ®z W). This induces canonically a
Z-variation of Hodge structure on Shx (G, X)c : c.f. [17, section 3.2].

Let z be a Hodge generic point of the smooth locus Z§™ of Z;. Let m1(Z5™,z) be
the topological fundamental group of Zi™ at the point z. The representation £: G —
GL(Wg) induces a polarizable variation of Z-Hodge structure F on Shi (G, X)c, in par-
ticular on its irreducible component Sk (G, X)c. We choose a point z of X lying above
z. This choice canonically identifies the fibre at z of the locally constant sheaf underly-
ing F with the Z-module W. The action of m(Zj™, z) on this fibre is described by the
monodromy representation

p: m(Z5™,2) — T = m(Sk (G, X)c, 2) = G(Q) N K 5 GL(W) .

As I' is Zariski-dense in G the algebraic monodromy group is G. As Z is Hodge generic
the group p(m1(Z;™, 2)) is Zariski-dense in G by [1, theor. 1.4].

Let [ be a prime as in the statement. The proposition 4.3.1 implies that the [l-adic
closure of p(m1(Z7™, z)) in G(Q;) is a compact open subgroup K| C K;.

Write K = K'K; with K! = Hp# K,. Let mg,: Shyn — Shg be the Galois pro-étale
cover with group K as defined in section 4.1.1. Let Z; be an irreducible component of the
preimage of Z™ in Shy: and let V be an irreducible component of the preimage of V' in
Z. As mg, : Shyn — Shg is pro-étale, the smooth locus Zsm of ZNl naturally identifies
with an irreducible component vam of ﬂl_{ll(me)

The idea of the proof is to show that the inclusion Z C T,,,Z implies that Z is stabilized
by a “big” group and then consider the orbit of V under the action of this group.

Lemma 6.4. The variety Z is stabilized by the group K|. The set of irreducible compo-
nents of W[}ll(Zl) naturally identifies with the finite set K;/K].

Proof. Let z be a geometric point of Zan lying over z. Let w(Z™,z) denote the al-
gebraic fundamental group of Zi™ at z. The set of irreducible components of WI_(ZI(Zl)
naturally identifies with the quotient K;/pais(w(Z™, 2)), where paig: w(Z7™, 2) — K| C
G(Q) denotes the (continuous) monodromy representation of the Kj-pro-étale cover 7y, :
WI_(ll(me) — Z™. The group w(Z, z) naturally identifies with the profinite completion
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of m(Z{™, z). One has the commutative diagram

(6.1) T (23, 2) L G(Q)

| I

w1(me7Z) ﬁ G(Q)

where i : ™ (Z7™, 2) — wi1(Z{™,2) and j : G(Q) — G(Q;) denote the natural homo-
morphisms. As i(m(Z5™, 2)) is dense in w;(Zi™, 2) and paig is continuous one deduces
that pajg(wi(Z5™, z)) = K. Thus the set of irreducible components of WI_{II(ZT”‘) identifies
with K;/K] and Z{™ is Kj-stable. O

Lemma 6.5. There exist elements k1, ko of K; and an integer n > 1 such that
71 = 7y - (kymks)"

Proof. The inclusion Z C T}, Z implies that for every geometrically irreducible component
Zi, 1 <1i<mn,of Z, there is a geometric irreducible component ZZ of ﬂ[_(ll(ZZ) which is also
a geometric irreducible component of the preimage of T,,,Z by 7k, : Shgr — Shg. As the
geometric irreducible components of w]}ll (T}, Z) are of the form Z; - (kimks), ki, ko € K,
there exists an index 7, 1 < ¢ < n, and two elements ki, ks in K such that

Z = Zl . k‘lmk‘g .

As Z is F-irreducible there exists o of Gal(Q/F) such that Z; = o(Z). As the morphism
Tk, : Shgr — Shg is defined over F, the subvariety o(Z;) of Shy. satisfies mg, (0(Z1)) =
Z;. Thus the subvarieties 0(Z;) and Z; of Shy: are both irreducible components of 7717(;1 (Zi).
Thus there exists an element k of K; such that

Zi =o0(Z1) - k
By replacing k1 with kkq, we obtain k1, ke in K; such that
(6.2) Zy = o(Z1) - (kimks)
As the G(Ag)-action is defined over F', the previous equation implies :
(6.3) VieN, Zi=0o"(Z)- (kimks)

As the set of irreducible components of Z is finite, there exists a positive integer m
such that ¢™(Z;) = Z;. Thus the Abelian group (¢™)% acts on the set of irreducible
components of ﬂ[_(ll(Zl). By the previous lemma this set is finite. So there exists a
positive integer n (multiple of m) such that J”(Z) = 7. The equality (6.3) applied to
i = n concludes the proof of the lemma. O
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From the lemmas 6.4 and 6.5 one obtains the
Corollary 6.6. Let U be the group (K|, (kimk2)"™). The variety 7, is stabilized by U;.

We now conclude the proof of theorem 6.1. Let G = [[;_; G; be the decomposition of
G into Q-simple factors. Without loss of generality we can assume that K = K7 x--- x K,
where K;, 1 < i < s, is a compact open subgroup of G;(A¢). Let (G=1, X~1) be the prod-
uct of Shimura data ([[;_y Gi, [[;_5 Xi), and K~ be the compact open subgroup [[;_, K;
of G>1(A¢). The connected component Sk (G, X)c of the Shimura variety Shx (G, X)c

decomposes as a product
Sk(G,X)c = Sk, (G1, X1)c X Sk, (G>1, X51)c

with Sk, (G>1, X>1)c = [[7_5 Sk, (G4, Xi)c.

Let p; : G — G; denote the natural projections. By the assumption made on m, the
group U; is unbounded in G(Q;). After possibly renumbering the factors, we can assume
that p; (U;) is unbounded in G1(Qy). In particular the torus p;(T) is non-trivial. Indeed
if it was trivial, then the group p1(U;) would be contained in p;(K;) which is compact and
therefore bounded.

Similarly let G g, = H;Zl H; be the decomposition of G g, into simple Q-factors.
Again, up to renumbering we can assume that the image of U; under the projection
hi : Gg, — H; is unbounded in H;(Q;). Let Hy; = H;ZZ H;. Let 7 : Gg, — G,

(resp. 71 : Hy — H;) be the universal cover of Gg, (resp. Hy).
Sublemma 6.7. The group Uy NH1(Q;) contains the group 11 (}AIE (Qq)) with finite index.

Proof. Let hy : CT‘WQTI — H,; be the canonical projection. Let U; = —HU) c %(QZ).
As U is an open non-compact subgroup of Gg,(Q;), the group ﬁl is open non-compact in
%(QZ). As h1(U;) is non-compact in H;(Q;) the projection 71\;((71) is open non-compact
in the group E(Ql). As the group ITl is simple and simply connected, we obtain by the
theorem (T) of [28] the equality E(ﬁl) = ﬁ;(@ﬂ. This implies that the group U ﬁI?IJl(Ql)
is normal in Hy(Q;) : given h € Hy(Qy), let g € Uy satisfying hy(g) = h. Then

(U NHL{(Q)" = (U, n H1(Q))? = (U nH(Q)) -

As the group U N E(@l) is an open normal subgroup of I:i/l((@l) and the group H, is
simply-connected, we obtain the equality U; N H;(Q;) = H;(Q;). As 71 is an isogeny of
algebraic groups, we get that U; N H;(Q;) contains 71 (H1(Q;)) with finite index. O

As a corollary, there exists compact open subgroups U;; in K1 N H>1(Q;) and U; ~ in
K1 such that U; contains the unbounded open subgroup 71 (H1(Q;)) - U1 - Ups1-
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Definition 6.8. We replace U; by its subgroup Tl(E(Ql)) Uy - U 1. We denote by V'

—————— 7Zar
the Zariski closure mg,(V - Up)
As Z, is stabilized by U; the variety V' is a subvariety of Z.
Lemma 6.9. The subvariety V' of Z is special.

Proof. Let V51 denote the special subvariety of Sk_,(G>1,X>1)c projection of V. By
definition of U; the inclusion

V/ (- SK1 (GLXI)(C X V>1

holds. On the other hand as U; N G1(Q;) is open unbounded in G1(Q;) one can choose ¢
in U;NG1(Q)" and not contained in any bounded subgroup of U;. Let I'; be the subgroup
of G1(Q)" generated by I' := K1 N G1(Q)* and q. As ¢ is not contained in a compact
subroup of U the group I'y contains I' with infinite index. Let z = (x1,21) be any
point of V' (the coordinates correspond to the above decomposition of Sk (G, X)c as a
direct product). By definition of I'y the closure of (I'yzi, 1) is contained in V'. By
the proof of [17, th.6.1 p.637] this closure is Sk, (G1,X1)c X {z>1}. Thus V' contains
Sk, (G1,X1)c x V~1. Finally

V/:SKl(GlaXl)(C ><V>1 .
In particular V"’ is special. O
Lemma 6.10. The subvariety V' of Z contains V properly.

Proof. As the Mumford-Tate group H of V' centralizes the torus T, the projection H; of
H on G; centralizes the non-trivial torus T; projection of T on G;. In particular Hy is
a proper algebraic subgroup of Gi. But as

V' =8k (G1, X1)e x Va1

the group Gy is a direct factor of the Mumford-Tate group of V'. O

7. EXISTENCE OF SUITABLE HECKE CORRESPONDENCES.

In this section we prove, under some assumptions on the compact open subgroup Kj,
the existence of Hecke correspondences of small degree candidates for applying theorem 6.1
assuming the Galois orbit of V' is sufficiently big.
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Definition 7.0.5. Let G be a reductive Q-group and T C G a split torus. Let | be a
prime number. A compact open subgroup U; of G(Q;) is said to be in good position with
respect to T if Uy N'T(Qy) is the mazimal compact open subgroup of T(Qy).

Our main result in this section is the following :

Theorem 7.1. Let (G, X) be a Shimura datum, X a connected component of X, K C
G(A¢) a neat open compact subgroup of G(A¢) and F a number field containing a field of
definition of Sk (G, X)c. There is a positive integer k such that the following holds.

Let 'V be a special, not strongly special subvariety contained in a Hodge generic F-
irreducible F-subvariety Z of Sk (G, X)c.

Let | be a prime number splitting Ty and m an element of Ty (Q;). We assume that
the compact open subgroup K is of the form K = K'- K;, where K' is a compact open
subgroup of G(Alf) and Kj is a compact open subgroup of G(Q;) contained in an ITwahori
subgroup Iy of G(Qq) (c.f. next paragraph) in good position with respect to Ty .

Then there exists an element m € Ty (Qy) satisfying the following conditions :

(1) Gal(F/F)-V C ZNTyZ.

(2) For every ki, ke € K; the image of kymks in G*(Q;) generates an unbounded
subgroup of G*4(Qy).

(3) [K;: KjnmKm™] < k.

Remark 7.0.6. As noticed in the introduction, the restriction K; C I; is a necessary
condition. One easily constructs a counter-example to the conclusion of theorem 7.1 if
K; € G(Q)) is a special maximal open compact subgroup. For explicit counterexamples
see remark 7.2 of [14].

7.1. Some properties of Iwahori subgroups. We refer to [5], [6] and [18] for basic
facts about buildings, Iwahori subgroups and Iwahori-Hecke algebras.

We first recall the definition of an Iwahori subgroup. Let [ be a prime number. Let G
be a reductive algebraic isotropic Q;-group and A C G a maximal split torus of G. We
denote by M C G the centraliser of A in G. We choose P = M - N a minimal parabolic
subgroup of G, where N denotes the unipotent radical of P. Let X be the (extended)
Bruhat-Tits building of G, A C X the apartment of X associated to A. Let K" C G(Q;)
be a special maximal subgroup (c.f [5, (I), def. 1.3.7 p.22, def. 4.4.1 p.79]) of G(Q;) such
that K’y = K" N A(Q) is the maximal compact open subgroup of A(Q;). We denote
by zg € A the unique K;"-fixed vertex in X', by C C A the unique Weyl chamber with
apex at xo whose stabilizer at infinity is P(Q;), by C the unique chamber (or alcove) of C
having zg for one of its vertices and by I; C K" the Iwahori subgroup fixing C' pointwise.
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Remark 7.1.1. Strictly speaking (i.e. with the notations of Bruhat-Tits [5]) the group I;
as defined above is an Iwahori subgroup only in the case where the group G is simply-
connected. Our terminology is a well-established abuse of notations.

Definition 7.1.2. We denote by ordy : M(Q;) — X.(M) the homomorphism charac-
terized by

< ordpm(m), a >= ordg,(a(m)) ,
where ordg, denotes the normalized (additive) valuation on Q;f and X,.(M) denotes the
group of cocharacters of M. We denote by A C X, (M) the free Z-module ordns(M(Qy)).

The group M(Q;) (in particular the group A(Q;)) acts on A via A-translations.
Definition 7.1.3. Let AT C A be the positive cone associated to the Weyl chamber C.
Elements of AT acting on A map C to C.

Proposition 7.1.4. Let m be an element of A(Q;) with non-trivial image ordys(m) € A™T.
Then for any elements i1,is € Ij, the element iymis € G(Qy) is not contained in a compact

subgroup of G(Qy).

Proof. Let Wy be the finite Weyl group of G, let W be the modified affine Weyl group
associated to A and € the finite subgroup of W taking the chamber C' to itself. Let
A ={aq, -+ ,am} be the set of affine roots on A which are positive on C' and whose null
set H, is a wall of C. For a € A we denote by S, the reflexion of A along the wall H,.
The group W is generated by  and the S,’s, « € A. It identifies with the semi-direct
product Wy x A (c.f. [6, p.140]).

Recall the Bruhat-Tits decomposition :

(7.1) GQ)=5L-Ww-I, ,

where by abuse of notations we still write W for a set of representatives of W in G(Q;)
Let 7 : G(Q;) — W be the map sending g € G(Q;) to the unique r(g) € W such that
r(g) € Iigl;. Geometrically speaking the map r essentially coincides with the retraction
pa,c of the Bruhat-Tits building X with centre the chamber C onto the apartment A ([5,
I, theor.2.3.4]).

Let H(G, I;) be the Hecke algebra (for the convolution product) of bi-Ij-invariant com-
pactly supported continuous complex functions on G(Q;). By the equation (7.1) this is an
associative algebra with a vector space basis Ti, = 17,,1,, w € W, where 1y,,,;, denotes the
characteristic function of the double coset [jwl;. A presentation of the algebra H(G, I;)
with generators T, w € Q, and T, a € A, is given in [6, theorem 3.6 p.142] (or [4,
p.242-243]). Given w € W let I[(w) € N be the number of hyperplanes H, separating the
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two chambers C' and wC'. One obtains in particular (c.f. [6, theorem 3.6 (b)] or [3, section
3.2, 1) and 6)]) :

(7.2) Vw,w' € W, Ty Ty = T if l(ww') = {(w) + () .

Let 6 € X*(M) be the determinant of the adjoint action of M on the Lie algebra of N.
For A € AT C W one easily shows the equality (c.f. [18, (1.11)]) :

(7.3) I(A) = (3,\) .

In particular any two elements A, u in AT C W satisfy {(A - p) = I(A) + I(p). Thus the
equation (7.2) implies the relation :

(7.4) AT, = Taiy -

Remark 7.1.5. Equality (7.4) is stated in [18, (1.15)]) for the Iwahori-Hecke algebra of a
split adjoint group, but generalizes easily.

Let m, i1, i as in the statement of the proposition and denote by ¢ the element
itmia € G(Qy). By equation (7.4) one has the equality :

r(g") =n-r(g) =n-ordm(m) .

This implies that the chamber psc(¢"C) = n - ordm(m) + C leaves any compact of A
as n tends to infinity. As a corollary the chamber ¢"C of X also leaves any compact of
X when n tends to infinity. This proves that the group ¢Z is not contained in a compact
subgroup of G(Q;). O

7.2. Some uniformity results. In this section we prove some uniformity results con-

cerning Shimura data and reciprocity morphisms. The first is this simple observation.

Lemma 7.2.1. Let (G, X) be a Shimura datum. There is constant R such that for any
Shimura sub-datum (H, Xg), the degree of the reflex field E(H, Xy) over E(G,X) is
bounded by R.

Proof. This is a direct consequence of the definition of the reflex field. O

Proposition 7.2.2. Let (G, X) be a Shimura datum, K C G(At) a neat open compact
subgroup of G(Ag). There is a positive integer h such that the following holds. Let V' be
a special subvariety of Sk (G, X)c which is not strongly special and | be a prime splitting
Ty. For any m in Ty (Q;), m" satisfies the condition that for some o € Gal(Q/F)

o(V) C T,n(V).
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Proof. Let V be as above. For simplicity of notations we write T for Ty, H for Hy and
C for Cy. By definition a constant is called uniform if it is independent of V.
To show the existence of an element A as in the statement, we will prove several lemmas.

The first one is the following.

Lemma 7.2.3. Replace F' by a compositum of it with the reflex field E(C,{x}). There
is a uniform integer ny such that for any m € T(Qy), the power m™ is in the preimage
of rcqap) (Q @ F)*) in T(Qq) by the natural map T(Q;) — C(Q;).

Proof. Let L be the torus Resp/gGmp. The element x gives a cocharacter uc: Gme —
Cc defined by pc(z) = xc(2,1). The morphism 7(c (4)): L — C corresponds to the
morphism on cocharacter groups X,(L) — X,(C) which sends the cocharacter u, €
X«(L) (induced by o € Gal(F/Q)) to o(uc). The lemma 2.4 of [37] says that there is
a basis (x;) of characters of C such that the < x;,o(uc) > are uniformly bounded. It
follows that the index of r(c (1) ((Q @ F)*) in C(Q) is finite (this is the consequence of
the fact that r(c (5} is surjective as a morphism of tori) and uniformly bounded. Let n4
be a uniform bound on this index. It follows that for any m € T(Q;), the power m™ is in
the preimage of 7(c (1) ((Q; ® F)*) in T(Qy). O

Recall that we have assumed that F' contains the reflex field of (C,{z}) and that we
have the following sequence of morphisms
Gal(@/F) "= w((H)) L W(m(C)
For an element ¢t of H(A) (resp. C(A)), we write m for its image in 7(H) (resp. 7(C)).
We know that p(Tn™) is in p o 7y, x;y)(Gal(Q/F)) = r(c 12})(Gal(Q/F)). Hence, there
is an element o of Gal(Q/F) such that

—n1

p(m™) = (POT(H,XH))(U) .
It follows that there exists an element y in the kernel of p such that
m" = yrm,xg) ()

Our next aim is to show that a uniform power of 7 is actually in 7 x;y) (Gal(Q/F)).
This follows directly from the following lemma.

Lemma 7.2.4. There exists a uniform integer n such that any element of the kernel of p

1s killed by n.

Proof. We start by noticing that to prove the lemma, it suffices to prove that the natural
morphism
m(H) — m(C)



40 B. KLINGLER, A. YAFAEV

has a kernel killed by a uniform integer. Indeed, suppose this to be the case. Then, passing
to the group of connected components, we see that the kernel of

mo(m(H)) — mo(7(C))

satisfies the same property. The lemma now follows from the fact that the groups mo(H(R).)
and mo(C(R)4) are finite of uniformly bounded order.

Let us now turn to showing that the kernel of 7(H) — 7(C) is killed by a uniformly
bounded integer. To simplify notations, let us still denote this morphism by p. Recall
that 7(H) = H(A)/H(Q)p(H(Q)). Let y be an element of H(A) such that its image 7 in
m(H) belongs to the kernel of p.

Using that H = THY" and that T N HI" is finite of uniformly bounded order we see
that there is a uniform integer n, an element ¢ in T(A) and o in H*(A) such that

y?2=t-«
As HI'(A)/ pITIEg(A) is killed by a uniform integer n3, the images of y™2"™ and t"® in
m(H) coincide.
Consider the exact sequence
W-—T-5C
where W = T N H" and hence is of order ny. As 7 (and hence y™7) is in the kernel of
p, the image of ¢"3 in C(A) is in C(Q) (note that 7(C) = C(A)/C(Q)).
A ng-th power of any element of C(Q) is in the image of T(Q) hence there exists a g
in T(Q) such that
(") = v(q)
It follows that
"3 = quw
where w is in W(A). As W(A) is killed by ns, we see that t"3" = ¢"2 € T(Q). The

image of #nand in m(H) equals the image of y”3”% and therefore a uniform power of y is in
the kernel. g

We have proved the following:

Lemma 7.2.5. There is a uniform integer h such that the image of m" in wor(H) is in

T(H,Xg) (Gal(@/F)).
Proof. Take h = nyn with n the integer from 7.2.4. g

It remains to see that some Galois conjugate (and therefore the whole of the Galois
orbit) of V is in 7,,,»V. The variety V is the image of (X}, 1) in Shx (G, X). Let o be the
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element of Gal(Q/F) as above. By definition of the Galois action on the set of connected
components of a Shimura variety, we get

o(V) = (X{,m") C T,nV
where (Xjp, m") stands for the image of (X, m") in Shi (G, X). O

7.3. Proof of theorem 7.1. As V is non-strongly special, the torus T?/d = ATy) is a
non-trivial torus in G2, where X : G — G2 denotes the natural morphism. Let A?d
be a maximal split torus of G(E containing T%;,i@z' Let C be the unique chamber of the
Bruhat-Tits building X of G%‘ll fixed by I; and zg a special vertex in the closure of C
such that the intersection of its stabilizer with T%4(Q;) is maximal compact in T2(Q,).
Choose a minimal parabolic subgroup P4 of GE whose Levi subgroup is the centraliser
M2d of Aad,

We use the notations of section 7.1 applied to Gal. By lemma 2.4 of [37] and the
proposition 7.4.3 of [17] there exists a uniform constant k; and an element m € Ty (Q)
such that A(m) has a non-trivial image in AT C X,(M?d) and [K; : K; nmEK;m™'] < ¥,
By proposition 7.2.2, there is a uniform constant h such that for some o € Gal(F/F), one
has o(V) C T,,nV.

The uniform constant k = kih and the element m” satisfies the conditions of the
theorem :

From o(V) C T,,»V C T,,» Z and as T,,» Z is defined over F', we deduce V' C T,,»Z. As
V C Z we obtain condition (1).

As A\(m) has a non-trivial image in AT C X, (M), \(m") too. By proposition 7.1.4,
for any ki, ke in K, the image of ky - m - ks in G24(Q;) generates an unbounded subgroup
of G24(Q;) : this is condition (2).

As deg T, = [K; : K;nmKym™'] <% and T,,» C (T),)" as algebraic correspondences,
[K;: KynmEKm™'] = degT,,» < (degT;,)" < IF : this is condition (3).

This finishes the proof of theorem 7.1.

8. CONDITION ON THE PRIME [

In this section, we use theorem 2.4.3, theorem 6.1, theorem 7.1 to show (under one
of the assumptions of theorem 3.1.1) that the existence of a prime number [ satisfying
certain conditions forces a subvariety Z of Shx (G, X)c containing a non-strongly special
subvariety V' to contain a special subvariety V' containing V' properly.

8.1. Passing to an Iwahori subgroup. In the process of constructing V'’ we will en-
counter one minor technical difficulty : we will have to lift the situation to an Iwahori
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level in order to apply theorem 7.1. The following lemma introduces an absolute constant
f which controls this phenomenon.

Lemma 8.1.1. Let G be a reductive Q-group.

a) For any prime 1, any Q;-split torus T C G and any special mazimal compact subgroup
K; € G(Q) in good position with respect to T, there exists an Twahori subgroup I; of K
in good position with respect to T.

b) There exists an integer f such that for any reductive Q-subgroup H C G, any prime
l such that Hq, is not Q;-anisotropic, and any special maximal compact subgroup K; of
H(Q)), any Iwahori subgroup I; C K; is of index |K;/I;| smaller than 15,

Proof. To prove a) let [, T and K be as in the statement. Choose a maximal split torus A
of Gg, containing Tg,, denote by M the centraliser of A in Gg, and choose any minimal
parabolic P with Levi M. By construction the Iwahori subgroup I; defined by P and K|
(c.f. section 7.1) satisfies that ;N A(Q) is the maximal compact open subgroup of A (Qy).
In particular I; N T(Q;) is the maximal compact open subgroup of T(Q;).

To prove b) : notice that the index [K; : [}] coincide with , y. ¢ where Wy denotes
the finite Weyl group of Hg, and ¢, denotes [[jwl; : I;] for w € Wy. With the notations
of [33, section 3.3.1] for a reduced word w = r1---r; € W one has g, = I¢ with d =

g:l d(v;), where v; denotes the vertex of the local Dynkin diagram of Hg, corresponding
to the reflection r;. As the cardinality of Wy and its length function are bounded when H
ranges through reductive Q-subgroups of G and [ through prime numbers we are reduced
to prove that for any positive integer r there exist a positive integer s such that d(v;) < s
for any local Dynkin diagram of rank at most . This follows immediately from inspecting
the tables in [33, section 4]. O

8.2. Notation. In the following we will consider the following set of assumptions and
data :

Definition 8.2.1. Assume the GRH.
Let (G', X') be a Shimura datum with G’ semi-simple of adjoint type, K' =] K,
a neat compact open subgroup of G'(Ag). We suppose that the group Ks is the principal

p prime

congruence subgroup of level three.

Let F' a number field containing the reflex field E(G', X"). Let N be a positive integer,
let B and C(N) be as in the theorem 2.4.3, k the constant defined in theorem 7.1, and f
the constant defined in lemma 8.1.1.

Let (G, X) be a Shimura subdatum of (G', X') with G the generic Mumford-Tate group
on X and let K = K'NG(Ay). Let V C Sk (G, X)c be a special subvariety which is not
strongly special.
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Let | be a prime splitting Ty such that K; is contained in a special maximal compact
subgroup K™ of G(Q;) in good position with respect to Ty .

The following remark will be especially important :
Lemma 8.2.2. In the situation of definition 8.2.1 the real torus Ty (R) is compact.

Proof. As Ty is the connected center of the generic Mumford-Tate group Hy ¢ G ¢ G’
of V it fixes some point 2’ of X’. As G’ is semisimple of adjoint type the stabilizer of z’
in G'(R) is compact. O

8.3. The criterion. We can now state the main result of this section :

Theorem 8.3.1. In the situation of definition 8.2.1 let Z be a Hodge generic F-irreducible
F-subvariety of Sk (G, X)c containing V' and satisfying

(8.1) (ER2D2 (degy 227 < C(N)av By

where r =dim Z — dim V' and a : N — N is the function defined by a(n) = %
Then Z contains a special subvariety V' that contains V' properly.
Moreover if one considers only the subvarieties V' such that the associated tori Ty lie

in one GL,(Q)-conjugacy class, then the assumption of the GRH can be dropped.

8.4. An auxiliary proposition. In addition to theorem 2.4.3, theorem 6.1, and theo-
rem 7.1, the main ingredient in the proof of theorem 8.3.1 is the following :

Proposition 8.4.1. In the situation of definition 8.2.1 let Z be a Hodge generic F'-
irreducible F-subvariety of Sk (G, X)c containing V' and satisfying

(8.2) M (degy, Z2)7 < C(N)av Y

forr=dimZ —dim V.
Let m be an element of Ty (Qy) satisfying the conclusion of theorem 7.1 with respect to
Z.
Then one of the following holds :
(a) Z CTZ.
(b) there exists an F-irreducible subvariety Y of Sk (G, X)c with the following prop-
erties :
—Gal(F/F)-VCYCZNTwZ G Z.
~ degy, Y <7 (degy,, Z)7
— Let Y71 be an irreducible component of Y containing V. We denote by Gy C
G the generic Mumford-Tate group on Y1, by (Gy, Xa, ) the corresponding
Shimura subdatum of (G, X) and by Ky the intersection K N Gy (Af). Let V
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be the special subvariety of Shi, (Gy,Xqg, ) preimage of V. Then V is not

strongly special.

Moreover if one considers only the subvarieties V' such that the associated tori Ty lie in

one GL,(Q)-conjugacy class, then the assumption of the GRH can be dropped.
8.4.1. We start with the following auxiliary lemma :

Lemma 8.4.2. In the situation of definition 8.2.1 let Y be a subvariety of Sk (G, X)c
defined over Q such that an irreducible component Yi of Y contains V. We denote by
Gy C G the generic Mumford-Tate group on Y1, by (Gy, Xa, ) the corresponding Shimura
subdatum of (G,X) and by Ky the intersection K N Gy (Ag). Let V and Yy be the
preimages of V. and Y1 respectively in Shi, (Gy, Xa, )c-

Suppose that V is strongly special in Shi, (Gy, Xa, )c and that

degp, (Gal(F/F) Y1) < C(N)av ) .

Then

(a) Ty = Z(Gy)?, where Z(Gy)? denotes the connected centre of Gy . In particular
TV(Af) acts on ShKy (Gy, Xy)(c.
(b) There exists o € Gal(F/F) such that

TTV(O'> -Y1 g_ Gal(F/F) . Y1 .

Moreover if one considers only the subvarieties V' such that the associated tori Ty lie
in one GL,(Q)-conjugacy class, then the assumption of the GRH can be dropped.

Proof. As V is strongly special in Shg, (Gy, Xy)c, the connected centre Ty of Hy is
contained in the connected centre Z(Gy)? of Gy. By lemma 5.2, one obtains the equality :

Ty = Z(Gy)° .

This proves (a).

The idea to prove (b), is to obtain a lower bound for the degree of rr,, (Gal(F/F)/ﬁ)
orbit of /}}I by proceeding exactly as in [37], section 2.2. This lower bound will contradict
the assumption made on the degree of Gal(F/F) -Y;. For simplicity of notations, write Y’
(resp. Y) instead of Y] (resp. Y7).

Assume for contradiction that

rr, (Gal(F/F))-Y C Gal(F/F)-Y |

thus also
ro, (Gal(F/F))-Y C Gal(F/F)-Y .



THE ANDRE-OORT CONJECTURE. 45

Write Ky = Hp Ky, product of compact open subgroups of Gy (Q,). Define the compact
open subgroup Ky C Gy (A¢) as the product K7, -Ky and, as in the section 2.2 of [37], we
make K7 neat by replacing it, by the neat open compact subgroup (K{}??)OK;;) Hp 23 KV,
This is a neat subgroup of uniformly bounded index. Consider the diagram deduced from
the inclusion Ky C Ky :

Ve Y€ Shg, (Gy, Xy)c

L |

ymC ymC ShK}r,n(Gy,Xy)(c

where V™ is (V) and Y™ is 7(Y).

The group Ky, /Kr, acts freely on Shg, (Gy, Xy)c and the morphism 7 is finite of
degree |K7y /KT, | As Ty(R) is compact one can follow the proof of the lemma 2.8 of
[37] with Y instead of V' (there the assumption that the subvariety V is special is not used
in the proof, and the assumption that the group G is semisimple of adjoint type is only
used to imply that Ty (R) is compact). We obtain that deg;, (Gal(F/F)) - Y is at least
the degree of Gal(F/F) -V Na—1(Y™) times the number of Gal(F/F) conjugates of Y.

We now use that

ro, (Gal(F/F))-Y C Gal(F/F)-Y
Following [37], prop 2.11 and 2.12 again with Y instead of V', we obtain that the degree
of Gal(F/F) -V Na L (Y™) is at least oy and by following prop 2.10 of [37] we obtain
that the number of Gal(F/F) conjugates of Y™ is at least C'(V) BY. This contradicts the
assumption that degLKY Y < deg;, Y < C(N)ay 3Y. O

8.4.2. Proof of proposition 8.4.1.

Proof. Suppose we are not in the case (a). We need to construct a subvariety Y satisfying
the conditions of (b).

Step 1: AsV C ZNT,,Z, there exists a geometric irreducible component Y7 of ZNT,,Z
containing V. Notice that Z and T}, Z do not have any geometric irreducible component in
common as Z and T,,Z are defined over F, Z is F-irreducible and Z ¢ T,,Z. In particular
dimY; < dim Z.

Lemma 8.4.3. V C Y]

Proof. Otherwise V = Y; and Gal(F/F) -V is a union of geometrically irreducible com-
ponents of Z N1T,,Z. Thus

degy, (Gal(F/F)-V) < degy, (ZNTyZ) < (degp, Z)*[Ki: KynmKm™'] .
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The last inequality is the consequence of the theorem 7.2 of [16] and its proof. As m
satisfies the conclusion of theorem 7.1, [K; : K; N mK;m™!] < Ik,
As degy, (Gal(F/F)-V) > C(N)ay3{ by theorem 2.4.3, we finally obtain the inequal-
ity :
O(N)avAY < (degy, 221 .

This contradicts the inequality 8.2 on page 43. U

Let Y be the Gal(F/F)-orbit of Y;. We obtain Gal(F/F)-V CY C ZNTywZ C Z.
Moreover degy, Y < (degy, Z)*IF < C(N)ayBY.

Step 2 : Let G be the generic Mumford-Tate group on Y7, (G1,X1) C (G, X) the
Shimura sub-datum it induces, Ky, the compact open subgroup K N Gy, (A¢) of G1(Ay).
Let V be special subvariety of Shg, (G1, X1)c preimage of V.

If V is non-strongly special in Shg, (G1,X1)c then Y satisfies the condition (b) of
proposition 8.4.1 and we are done.

Thus we can assume that V is strongly special in Shg, (G1,X1)c. As V C Y] and
deg;, Y < C(N)ay By, by lemma 8.4.2 applied to Y; there exists ¢ € Gal(F/F) such
that rr, (o) - Y1 ¢ Gal(F/F) - Y;.

As o(V) =rp,(0)V, we have o(V) C o(Y1) Nrp, (o) - Y7. Thus

Gal(F/F)-V CcYNrp,(o)(Y) .
Let Y5 be a geometric irreducible component of Y N ry,, (0)(Y') containing V. We obtain
Gal(F/F)-VCGal(F/F)- Y2 CY .
Moreover degy,  (Gal(F/F)-Ys) < degy, (Y Nrr, (0)(Y)) < ((degy,. Z)?I%)%. Once again
the inequality 8.2 on page 43 implies that V is a proper subvariety of Y5.

We now iterate step 2, replacing Y7 by Y5. AsdimV < dimY5 < dimY; < dim Z, in at
most 7 = dim Z — dim V' iterations we obtain the variety Y as in (b).
O

8.5. Proof of theorem 8.3.1. We prove theorem 8.3.1 by induction on r = dim Z —
dim V.

8.5.1. Caser =1 i.e. V is of codimension one in Z. In the situation of definition 8.2.1
let Z be a Hodge-generic F-irreducible subvariety of Sk (G, X )¢ containing V' as a hyper-
surface.

We denote dz := degy,, Z. Suppose that the inequality 8.1 on page 43 holds for r =1 :
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(8.3) BE+2 @2 < C(N)ayY .

In order to apply the theorem 7.1 to produce V', we first lift to an Iwahori-level at the
prime [.

Let I C K be the compact open subgroup K'I; of G(Af) where I; denotes the inter-
section of K; and an Iwahori subgroup of K" as in the lemma 8.1.1. As K is neat its
subgroup [ is also neat. We get a finite morphism of Shimura varieties

7r: Shy(G, X)r — Shx (G, X)r ,

of degree bounded above by If by lemma 8.1.1,b).

Let ZF be an irreducible component of ngZp. Its base change 7 = ZF X p C is the
union of the Gal(F/F)-conjugates of an irreducible component of 7~1(Z). The image of
Z in Shg (G, X)c is Z and

degy, Z <1/ - degy, Z

Let V be an irreducible component of the preimage of V' in Z , this is a non-strongly special
subvariety of Shy(G, X)c contained in Z. We have the inequality

degy (Gal(F/F) - V) > degy, (Gal(F/F)-V)

As the morphism 7: Sh;(G, X)c — Shg (G, X)c is finite and preserves the property of
a subvariety of being special, exhibiting a Spe(nal subvarlety V' such that V C V' C Z is
equivalent to exhibiting a special subvariety V’ such that V - Vi cZ.

Thus by replacing K by I, Z by A , V by \N/, we can (and we will from now on) assume
that K is contained in an Iwahori-subgroup of G(Q;) in good position with respect to Ty
up to the modification degy, Z < dz - .

As K] is contained in an Iwahori-subgroup of G(Q;) in good position with respect to Ty,
we can apply theorem 7.1. Let m satisfying the conclusion of theorem 7.1. By condition (1)
of theorem 7.1, Gal(F/F) -V C ZNTy,Z. If Z and T,,,Z have no common (geometric)
irreducible component, then any o(V), ¢ € Gal(F/F) is an irreducible component of
Z N Ty Z for dimension reasons. By Bezout’s theorem, we get

C(N)ay ) <degy, (Gal(F/F)-V) <deg;, (ZNT,Z)
< (degyp, Z)*[K;: KynmKm™') < 1" 42

Contradiction to the inequality (8.3). Thus we are in case (a) of proposition 8.4.1 :
Z C T,nZ. As m also satisfies condition (2) of theorem 7.1, we can apply theorem 6.1 to
this m : there exists V' special subvariety of Z containing V properly.
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8.5.2. The induction. Fix r > 1 an integer and suppose by induction that theorem 8.3.1
holds for dim Z — dim V' < r. In the situation of definition 8.2.1 let Z be a Hodge generic
F-irreducible F-subvariety of Sk (G, X), containing V with dimZ — dimV = r. Let
dz := degy,, Z and suppose the inequality 8.1 on page 43 is satisfied :

(42025020 O(NYay BY

As in the case r = 1, we can assume that K is contained in an Iwahori-subgroup of
G(Q) in good position with respect to Ty up to the modification : deg,, Z < dz - .
Choose m € G(Q;) satisfying the conclusion of theorem 7.1. As condition 8.1 on page 43
implies condition 8.2 on page 43, one can apply proposition 8.4.1.

If we are in case (a) of proposition 8.4.1, once more as in the case r = 1 we are done by
the theorem 6.1.

Thus we can assume we are in case (b) : there exists an F-irreducible subvariety Y of
Shi (G, X) satisfying the following properties :
e Gal(F/F)- VCYCZNTwZCZ.
o deg; YV < l(k+2f)'2771d22T.
e V is not strongly special in Shg, (Gy,, Xa, )c, where Gy C G denotes the generic
Mumford-Tate group of a component Y; of ¥ containing V, (Gy, Xa, ) C (G, X)
is the corresponding Shimura sub-datum and Ky denotes the intersection K N
Gy (Ag).
We obtain a finite morphism of Shimura varieties 7 : Shg, (Gy, Xy)c — Shg (G, X)c,
which is generically of degree one ([37]). Let E(Gy, Xy) be the reflex field of the Shimura
datum (Gy, Xy) and let F’ be the composite field

F' = F-E(Gy,Xy) .

The variety Y7 contains the non-strongly special subvariety V. Let Y’ be the Gal(F/F')-
orbit of Y7 in Shg, (Gy, Xy)c, Y’ is an F'-irreducible F’-subvariety of Shg, (Gy, Xy )c.

Let us check that Gy, Xy, Ky, F', V, [ and Y’ satisfy the assumptions of theorem 8.3.1.
The compact open subgroup Ky = K N Gy (Ag) is a product [] Ky, with Ky, =
K, N Gy(Qp). As Kj is contained in a special maximal compact open subgroup K;"**

p prime

of G(Q;) in good position with respect to Ty, Ky, is contained in the compact open
subgroup K"*N Gy (Q), which is still in good position with respect to Ty as Ty C Gy.
It remains to check that

alry +1) a(ry)
(EDET (degp,e, YT < C(N)av Y
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where ry = dimY’ — dim V.
As
degp, Y’ <deg, ¥/ <degy, vV <1202 a3
we are reduced to checking the inequality

(A2 eI gt - o Ny BY

As Z satisfies the condition 8.1 on page 43, it is enough to check that

2(1(7‘y+1)+27‘—1+a(7‘y) < 9a(r+1)
or+a(ry) < 9a(r)

The second inequality is obviously satisfied because the function a is increasing, ry <
r—1and r+a(r—1)=a(r).
For the first one, notice that r — 1 + a(ry) < r+a(r — 1) = a(r), thus :
galry+1) 4 or—l+a(ry) < o 5 9alr) _ ga(r)+1 < ga(r+1)

and we are done.

As dimY’ —dimV < dim Z —dim V' = r, we can by induction apply the theorem 8.3.1
to Gy, Xy, Ky, F', V, l and Y' : there exists a special subvariety V§. of Shg, (Gy, Xy)
such that V' C V. C Y'. Let V’ denote the special subvariety 7(Vy.) of Shx (G, X). As
7(Y') CY C Z and 7 is finite, we obtain V C V/ C Z and we are done. This finishes the
induction and the proof of theorem 8.3.1.

9. THE CHOICE OF A PRIME [

9.1. Effective Chebotarev. The choice of a prime [ satisfying all of the conditions of
the theorem 8.3.1 will be made possible by the effective Cebotarev theorem, which we now
recall.

Definition 9.1.1. Let L be a number field of degree ny, and absolute discriminant dy,. Let
x be a positive real number. We denote by mr(x) the number of primes p such that p is

split in L and p < x.

Proposition 9.1.2. Assume the Generalized Riemann Hypothesis (GRH). There exists a
constant A such that the following holds. For any number field L Galois over Q and for
any x> max(A, 2log(dr)?*(log(log(dr)))?) we have

x
>
~ 3nr, log(z)
Furthermore, if we consider number fields such that dy, is constant, then the assumption
of the GRH can be dropped.

7TL(1')
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Proof. The first statement (assuming the GRH) is proved in the Appendix N of [16] and
the second is a direct consequence of the classical Cebotarev theorem. O

9.2. Proof of the theorem 3.2.1.

Proof. Let (G, X) be a Shimura datum with G semisimple of adjoint type. Recall that this
assumption implies that for all Shimura subdata (H, Xg) with H generic Mumford-Tate
group on Xy of (G, X), the centre T of H is such that T(R) is compact.

Let K be a compact open subgroup of G(A¢). Let F' be a number field containing the
reflex field E(G, X). Let Z be a Hodge generic F-irreducible F-subvariety of Shi (G, X)c.
Suppose that Z contains a Zariski dense set X, which is a union of special subvarieties
V, V € X, all of the same dimension n(3) such that for any modification ¥ of ¥ the set
{ay Py, V € X'} is unbounded. We want to show, under each of the two assumptions of
theorem 3.2.1 separately, that for every V in ¥ there exists a special subvariety V' such
that V' C V' C Z (possibly after replacing ¥ by a modification).

Lemma 9.2.1. Without any loss of generality we can assume that :

(1) The group K is a product of compact open subgroups K, of G(Qp), p prime.
2) There is a prime number pg such that K,, is sufficiently small so that the group
Po
K is neat.
(3) After possibly replacing ¥ by a modification, ¥ consists of non-strongly special
subvarieties.

Proof. To fulfill the first condition, let K C K be a compact open subgroup which is a
product. Let Z be an F-irreducible component of the preimage of f~1(Z), where f :
Shz (G, X)c — Shg (G, X)c is the canonical finite morphism. The Hodge generic F-
irreducible F-subvariety Z of Sh 7#(G, X)c contains a Zariski-dense set fl, which is a union
of special subvarieties V, V € i all of the same dimension n(X) : Y is the set of all
irreducible components V of f~1(V) contained in ZasV ranges through ». Notice that
for any modification ¥’ of 3 the set {a/Bys, V' € ¥’} is unbounded : By = By and
ayr is equal to a gy up to a factor independent of V'. Thus Z satisfies the assumptions of
theorem 3.2.1. As a subvariety of Shi (G, X)c is special if and only if some (equivalently
any) irreducible component of its preimage by f is special, theorem 3.2.1 for Z implies
theorem 3.2.1 for Z.

To fulfill the second condition, replace K, by a smaller subgroup satisfying lemma 4.1.2.
The same argument as above shows that it is safe to do this.

Concerning the last condition : otherwise there is a modification ¥’ of ¥ consisting
only of strongly special subvarieties. Contradiction with the assumption that the set
{ayBy,V € X'} is unbounded. O



THE ANDRE-OORT CONJECTURE. 51

From now on, we fix a faithful rational representation p : G — GL, such that K is
contained in GLy,(Z). In the case of the assumption (2) in theorem 3.2.1, we take for p the
representation which has the property that the centres Ty lie in one GL,(Q)-conjugacy
class (possibly replacing K by K N GLn(Z)) as V ranges through X.

For almost all primes [, K is a special maximal compact open subgroup of G(Q;) and
furthermore K; = G(Z;), where the Z-structure on G is given by taking the Zariski closure
in in GL,, 7 via p. Moreover, if the group Ty, is a split torus then K is in good position
with respect to Ty .

By theorem 8.3.1, it is then enough (for the purposes of proving theorem 3.2.1) to show
that for any V in ¥ (up to a modification), there exists a prime [ satisfying the following
conditions :

(1) the prime [ splits Ty .

(2) Ty, is a split torus.

(3) 122 (degy, 27 < C(N)av Y .
(4) K= G(Zy).

Proposition 9.1. For every D > 0, € > 0 and every integer m > max(e,6), there exists
an integer M such that (up to a modification of ¥2) : for every V in X with ay By larger
than M there exists a prime | satisfying the following conditions

(1) 1 < Do, By

(2) (Tv)r, is a split torus.

Moreover the number of such primes goes to infinity as ay Py goes to infinity.

Proof. For V in ¥ recall that ny is the degree of the splitting field Ly of Cy = Hy/ H?/er
over Q. By [41, Lemma 4.2], ny is bounded when V' ranges through .
Fix D >0,e>0and m > 6. For V in X, let

xy = Doy, By

As we are assuming either the GRH, or that the connected centres Ty of the generic
Mumford-Tate groups Hy of V' lie in one GL,(Q)-conjugacy class under p as V ranges
through 3, in which case dr,, is independent of V', we can apply proposition 9.1.2 :

Ty

iy (@v) 2 3nlog(zv)

provided that xy is larger than some absolute constant and ﬁ‘?’/.
If 2y > 4 (which is true if ay fy is large enough), then

vy > log(zy)
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and it follows that

1
Ty Das, 3772
TLy (xV) Z _ ( Vv V)
3n 3n
Thus to prove the proposition we have to show that 7, (zv) > iy = i(Ty) if ayfy
is large enough.
K, ;=

Indeed, this will yield a prime [ which is split in Ly and such that
KTV,Z‘ These conditions imply that Ty, is a split torus. We refer to the proof
of lemma 3.12 of [37] for the proof of this fact.
such that KT

Write iy = #{, + 1}, where ¢}, denotes the number of primes unramified in Ly and
Tv,p

m
KTv,p # KTva'

# K, p and 7}, denotes the number of primes ramified in Ly such that
Lemma 9.2.2. ay > B0 1 and By > max (i, 1).
Proof. The first inequality follows from the following facts :

(1) by the proof of lemma 3.12 of [37], for p unramified in Ly and such that Ky’ #
Kt , we have

KR, /K1yl > p -
(2) in general, for a prime p such that Ky, # Krp we have

BIKR, /K1y ol > 1

(3) The pth prime in N is at least p.

The second inequality follows from the definition of By = log(dy, ). O
Definition 9.2.3. Given a positive real number t we denote by Xy (resp. X}) the set of V
in X with iy >t (resp. with 1, > t).

We proceed by dichotomy :

e Suppose that for any ¢ the set ¥ is a modification of X. In particular the function

iy, (thus also 4y) is unbounded as V' ranges through ¥. Recall the well-known
inequality: for every integer n > 1,

ene™™ < nl < en™tle™™ |
That gives :
ay > e(B;/V)i’v > (Bivyiy,
Hence :

e

< Bi!, <y,
o > (By3
For 4, > % we obtain :
< Bi!
2 V2
ap > ( )

e
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Using the lower bound for 7z, (zv) we obtained above and as m > 6, we see

that . )
D2 B? . 2 -1/ 2 D3 p?
3ne2 VO (max{iy, 1}) > 12ne?

Ty (xv) >

where we used that )

it? - (max(if,, 1))? > ¥

4
because iy = iy, + i{, and i{, > 1. Hence, whenever
) 4 12€%n
iy >t =max(—, ———)
€ D2B2
we obtain
sl s 12e2n
v >y > ——
D3 B2

I

and thus 7, (xy) > iy. As the set X} is a modification of ¥ we get the proposi-

tion 9.1.

Otherwise there exists a positive number ¢ such that ¥\ X, is a modification of

Y. Replacing ¥ by ¥\ X/, the function ¢}, is bounded by ¢ as V' ranges through X.

In particular i{, > iy — c as V ranges through X. Let r be a real positive number

such that r < ay for all V € X.

— Suppose that for any ¢ the set 3; is a modification of ¥. In particular the

function 4y is unbounded as V ranges through ¥. This time the lower bound

obtained on 7, (zy) gives :

13
D2ozv
3n

WLV(wv)> ~ﬂ‘2/>0(iv—c)2 s

1 €
where C' = 2 ;;;2 . Thus one obtains

T Ly (I'V) >y

as soon as iy is larger than the largest root ¢ of the quadratic polynomial
C(iy —c)?—iy. Asthe set ¥ is a modification of ¥ we get the proposition 9.1.
Otherwise there exists a positive number ¢ such that ¥\ ¥; is a modification of
Y. Replacing ¥ by X\ 3; the function iy is bounded by ¢ as V' ranges through
Y and 7y (xy) will be larger than iy when 7y (zy) > t. The inequality we

want to prove then is
aaﬁg > 3ntD? .

The inequality a;ﬂﬁ;ﬂﬂ > (avﬁv)e/z shows that in this case M can be taken
to be (3nHD?)?/¢.
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0

Let 7 := dimZ — n(X). Let N be a positive integer, at least 6(k 4+ 2f)2°+1). Let

1
1 — C(N) 2a(r 1) _
€< Grepzem P = ((degL 2)20) ) (k22 and m = Let M be the
K

integer provided by the proposition 9.1.

N
(k+2f)-200+D

We apply the proposition 9.1 with €, m and D : up to a modification of ¥, for every
V € ¥ we can choose a prime [ # po such that [ splits Ty, Ty, is a split torus and
I < Dof,377. This last inequality is exactly condition 8.1 on page 43 of theorem 8.3.1.

Finally for every V' in X we can apply theorem 8.3.1 to Z, V and [ and we are done. [
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