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ABSTRACT

The Berlekamp-Massey algorithm takes a sequence of elements from afield and finds
the shortest linear recurrence (or linear feedback shift register) that can generate the
sequence. In this paper we extend the algorithm to the case when the elements of the
sequence are integers modulo m, where m is an arbitrary integer with known prime
decomposition.
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|. Introduction

The Berlekamp-Massey agorithm used in decoding BCH codes also solves the
following problem: given a sequence Sp,Sq,...,S-1 Of eements from a field, find the
shortest linear recurrence (or linear feedback shift register) that will generate the
sequence ([1, Chapter 7], [21]). The agorithm can be used to decode other codes ([18]-
[20],[23],[27],[32]), is related to the Euclidean algorithm and the computation of Padé
approximations ([6],[7],[22],[34]), and has been extensively studied ([2],[8]-
[10],[13],[26],[33],[35]). W. F. Lunnon, in an unpublished manuscript [17], has pointed
out that a version of the quotient-difference algorithm ([12],[14],[15]) can be used to find
the shortest linear recurrence which generates a given sequence of complex numbers.
This is not as efficient as Berlekamp-Massey algorithm, although it has the advantage of
being easier to remember, at least in its simplest form. Games and Chan [11] give a fast
algorithm for finding the shortest linear recurrence in the special case of a binary
sequence of period 2K. Nevertheless, in spite of this extensive literature, it appears that
until now no-one has extended the Berlekamp-Massey algorithm so as to find the shortest
linear recurrence that will generate a given sequence of numbers modulo m, where mis
an arbitrary (but known) integer. (For the case when m is unknown, see [24],[25].) In
this note we describe such an algorithm. The original algorithm ([1],[21]) fails in this
case because not all numbers have inverses modulo m, and other versions — such as
those involving the Euclidean algorithm [32] — fail because certain polynomial rings are

no longer principal ideal domains.

There are several obvious applications of the new agorithm, for example in

certifying random number generators (see the discussion in [29]), or in decoding BCH



codes defined over the integers modulo m (see [3],[4],[28],[30],[31]).

Section 1l establishes our notation for linear recurrences, and Section |1l uses the
Chinese remainder theorem to reduce the problem to the case when mis a prime power.
The agorithm itself is given in Section 1V and its justification in Section V. The final

section contains an example.

Gustavson [13] has analyzed the complexity of the Berlekamp-Massey agorithm, and
the complexity of our algorithm is essentially the same. If the modulus mis fixed, O(n?)
steps are required to synthesize a sequence of length n. Changing from a sequence

modulo p to a sequence modulo p€ increases the number of steps by a factor of e.

II. Linear Recurrencesand Linear Feedback Shift Registers

Our notation follows Massey’s description [21] of the Berlekamp-Massey agorithm,
and some familiarity with that paper would be helpful (although not essential) in reading
this one. Let R be a commutative ring containing the unit element 1, and let R* denote
the set of al units (or invertible elements) of R ([16]). The sequence Sy,S1,...,Sh-1,
wheredl S; 0 R, issaid to obey alinear recurrence of length , , or to be generated by a
linear feedback shift register of length , , if there are elementsag = 1, a;,...,a O R
such that

S aSj-i =0, for j=,,.,n-1. (1)
i=0
It is convenient to express equation (1) in terms of polynomias from R[x]. Let
a(x) = ag+aix+..+a x',S(X) = Sg+S;x+..+S,_1x""L. Then (1) isequivalent

to



BS(X) a(x) = b(x) (mod x"),

0

a0) = 1, 2
for some polynomial b(x) [0 R[x] of degree <, —1. Thus the length of the recurrence
or shift register is, = max{deg a(x), 1+deg b(x)}, and in fact there is no loss of
generality in assuming that , = max{deg a(x), 1+deg b(x)}. We write

A = (a(x), b(x)) and define L(A) = max{deg a(x), 1+deg b(x)}. By convention

deg (0) = - w.

[11. The Chinese Remainder Theorem

In our problem Risthering Z,, = Z/mZ of integers modulo m, wherem = 2 isa
given integer whose factorization is known. We wish to find an algorithm which, when
presented with a sequence Sg,...,Sh-1, al S O Zp,, will find a linear recurrence
A = (a(x), b(x)) that generates the sequence, i.e. satisfies (2), and has minimal length
, = L(A). By the Chinese remainder theorem [16] it is enough to solve the problem in

the case when the modulus is a prime power. For suppose m = [7] pi', e = 1, where
i

the p; are distinct primes, and assume that for each i we have found a minimal length
recurrence (2t (x), b (x)), of length , ; say, that generates the sequence Sy, ...,Sn -1

modulo pi*. By the Chinese remainder theorem we can find a pair (a(x), b(x)) with
a(x) =al(x), b(x) =b"(x) (mod pi")

for al i, of length, = max{, ;}, and it is straightforward to show that (a(x), b(x)) isa

minimal length recurrence generating Sg, ..., S, -1 modulo m.



V. TheAlgorithm

Given S9,S1,...,Sh-1 O R, where R = Z ,e, p = prime, e > 1, we wish to find a
linear recurrence A = (a(x), b(x)) of minimal length , = L(A) satisfying (2). The
key idea is to consider not just (2) but the following more general problem. For al
n=20,1,..,e-1findparsA, = (ay(x), by (x)) such that

BS(X) an(x) = by(x) (mod x"),

U
5an(0) = p", 3

andL(A,) =, isminimized.
Our agorithm is an iterative procedure that, for all 0 < k < n,0 £ n < g, caculates
pairs
A = (a9 (x), b (x))
satisfying
S00af () = bfd(x)  (mod x¥) ,
O
%g]k)(o) = p"
and minimizing L (A{)). Let p™™* (0 < upk < €) bethe highest power of p dividing the
coefficient of xX in
S(x)afd (x) - b (x) .

(If this coefficient is zero we take up, = e.) Then at the k-th step in the iteration, the

following property holdsforal 0 < r < k:



(P,) ForalO<g < e ether
L(AJ D) = L(A]) (4)

or elsethereexistsanh = f(g,r) with

g+ Uy <e, )
L(AJ ") = r+1 - L(A) , (6)
L(AG D > L(AD) . 7)

(This property is the analog for our problem of the conditions that Berlekamp givesin [1,
p. 183, Eq. (7.314)] and Massey givesin [21, p. 123, Egs. (11)-(13)].) Given this data,
our agorithm calculates A{*Y and f(n,k), 0<n < e such that P, holds. The

quantities L (A{¥) also obey the inequalities
LA 1) < L(AJY) < L(AKHD) . (8)

We can now state the algorithm. (A more compact version, suitable for computer

implementation, is given at the end of this section.)
The algorithm (theorem-proving version)

Given Sg,S1,...,Sp-1, Al S O R = Z,e, wewish to find apair A = (a(x), b(x))
such that S(x)a(x) =b(x) (modx"), a(0) =1, and the Ilength

, = L(A) = max{deg a(x), 1 + deg b(x)} is minimized.

Step 0. We start the algorithm with k = 0O, and for eachn = 0,1,...,e -1 define



al (x) = p", b (x) =0,
all (x) = p", b{Y(x) = p"Sy,

and AQ) = (all) (x), b (x)), for i = 0,1. Let Sy = &pF for & OR*, 0 < ¢ < e (if
So = 0setd =1ande = €). ThenL(ALY) = 0,andL(AY) = lifn+e < eor=0

if n+€& > e Weasodefine

Bho = 9, Uyo = N+¢g, if n+e <e,

Bho =1, upo = €, if ntex>e
(these values are consistent with Eq. (9) below). Finally weset f(n,0) = Ofor al n.

Thefollowing step is carried out for eachk = 1,2,...,n—-1.
Step k. This produces A{*Y. For each n = 0,1,...,e—1 we perform the following

calculations. Define6, O R* and0 < u, < eby
S(x)ald (x) = b (x) + Bqkp ™xK  (mod x¥*1) . (9)

(enkp“”k isthe current discrepancy in the notation of [21].)
Casel. Ifupy = e st Af*D = A,

Casell. If uy, < edefine
g=e-1-Up, (20)
sothat 0 < g < e and put

f(n,k) = g (11)

There are now two subcases.

Casella. If L(AJ)) = Oweset



AJHD = Al + (0, Bp™™x¥) (12)
Casellb. If L(A{?) > Othenfor some0 < r < kwehave
L(AYY) < LAY D) = L(AD)) . (13)

r is the time of the most recent length change in the sequence L(A{Y),L(A(Y),... .

From (5), (6) and (13) it follows that
L(AJY) = LAY *Y) = r+1-L(AD) (14)
whereh = f(g,r) and
g+up < e. (15)

From (10) and (15), Uy < uy. Thus the power of p from the past can be used to

annihilate the power of p in the current discrepancy, and we define

al(’]k+1) (X) aI(]k) (X) _ enkeﬁrlpunk—uhrxk—l‘aﬂ') (X) , (16)

bs}k+1)(x) bs]k)(x) _ enkeﬁrlpunk—uhrXk—rbﬂ’)(x) (17)
and AY*D = (@Y (x), b{* D (x)). Then

509 af V00 = b0 (mod X7 |

0

D (0) = pn

This concludes Step k.

At the end of Step n—-1 the agorithm terminates and the desired pair

A = (a(x), b(x))isgivenby AV = (af” (x), b (x)).

The initial values of A{Y ae as follows. Let S = Sp"i, where P 0 RY,



O< 0 <ei=0o0rl Then

AD =", 0, LAY) =0, (18)
Ag]l) = (prl ) anO) ) (19)

L(Aﬁl)) =1 for n<e-0p-1,=0 for n=2e-0p,
and
AP = (p", p"Sp) for e-DOp<n,

AP = (pN-pN " PetHigr1g0y 50y, for Op-O;<n<e-0;-1.
(20)

The algorithm as presented above calculates and saves various intermediate quantities
not needed in subsequent steps. The following is a more streamlined version that needs

to remember only O(e) intermediate quantities, some of which are polynomials.
The algorithm (computer-implementation version).

Given S9,S1,...,5h-1, dl S O R = Zpe, this agorithm produces a pair
A = (a(x), b(x)) such that S(x)a(x) = b(x) (mod x"), a(0) = 1, and the length
, = L(A) = max{deg a(x), 1+deg b(x)} is minimized.
Step 0. Foreachn = 0,1,...,e—1 set
ap(x) =p", by(x) =0,
an ' (x) = p", bp*™(x) = p1Sy,

and find er, and un,en OR*0<uy<e, such that

S(x)an (x) - by(x) = 6,p™" (mod x) .
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Thefollowing step is carried out for eachk = 1,2,...,n-1.

Step k. There are three parts.

First, foreachg = 0,1,...,e—1,if L(ag™ (x), bg™ (x)) > L(ag(x), bg(x)), set

ag?(x) = an(x) ,
b3 (x) = bn(x) ,
6g¢ = 6y ,
udd = uy

rg = k-1,

whereh = e-1-uj.
Second, foreachn = 0,1,...,e—1, seta, (x) = ay™ (x) and by, (x)
Third, for eachn = 0,1,...e-1,find6, andu,, 6,, O R*,0 < u,
S(x)an (x) — by(x) = 6,p""x* (mod xk*1) .
Setg = e-1-uy. Then(l)ifu, = eset
an ' (X) = ag(x), byp(x) = by(x) ;
or (1a) if u, # eandL(ag(x), bg(x)) = 0, set
al™ (x) = an(x), bf(x) = by(x) + 8,p""x¥;

or (Ilb) if uy # eandL(ag(x), bg(x)) # 0, set

AP () = ag () — 8, (839) " Lp T X Teagd(x)

Y (X) = by () = 8 (83) ~1p™ ™ X Mo (x) .

ba™ ().

< e, such that
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At the end of Step n — 1 the algorithm terminates and the desired pair (a(x), b(x)) is

given by (ag™ (x), bg™ (x)).

The variables in this version of the algorithm are related to those in the original

version as follows. At the conclusion of Step k we have, for each n,

(an(x), by (x)) = (@9 (x), by (x)) ,

(™ (%), bg™ (x))

(agk+1) (X) , bg]k+l) (X)) ’

g=0y =e-1-uy = e-1-upn

then

ry = max{r:r <k and

L(al? (x), b§) (%)) < L& *P (), bf *V(x)} ,
egld = B,
Ugld = Uhr, »

whereh = f(g,ry).

V. Proof of Correctness

It is convenient to denote the set of al pairs (a(x), b(x)) satisfying

B()a() =b(x)  (mod x¥)

O (21)
(0) = p"
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by %, and to let
@ = { (a(x), b(x)): S(x)a(x) = b(x)+08p"xk (mod xk*1) for some B O R*}

for 0<n < e Note tha if (a(x), b(x)) O % then (pa(x), pb(x)) O %44, and
(a(x), b(x)) is in @Y for some u, O<u<e while if u=e then

(a(x), b(x)) O %<1, Furthermore, from (9),
AR DAY n @l . (22)
The proof that the algorithm works is based on two lemmas. The first is a

generaization of [21, Lemma 1] and part of [1, Theorem 7.42].

Lemma 1
If (a(x), b(x)) O % and (c(x), d(x)) O @Y, wheren+u < e then
L(a(x), b(x)) + L(c(x), d(x)) = k. (23)
Proof. Working modulo x* we have
S(xa(x) =b(x) ,  S(X)c(x) =d(x) + OpUx*T,
for 8 0 R*, 0

b(x) c(x)—a(x)d(x) = BpUx* 1a(x)

= OpUx*~1a(0) = epnruxk-1 | (24)

which does not vanish. Therefore the degree of the left-hand side of (24) is at least k — 1.

But
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deg(b(x) c(x) —a(x) d(x))

IN

max{deg(b(x) c(x) , deg a(x)d(x)}

L(a(x),b(x)) + L(c(x),d(x))-1, (25)

IN

asrequired.

A pair (a(x), b(x)) is said to have minimal length in %X if (a(x), b(x)) O %X
and if L(a(x), b(x)) < L(ar(x), br(x)) holds for al (ar(x), br(x)) O %. The
second lemma shows how Lemma 1 can be used to verify that a particular pair has
minimal length.

Lemma?2

Suppose in addition to the hypotheses of Lemma 1 that equality holds in (23). Then

(a(x), b(x)) has minimal length in 9.

This is an immediate consequence of Lemmal. We can now justify the correctness
of the algorithm.

Theorem
Forallk = 0,1,...,nandn = 0,1,..,e-1, A{Y hasminimal length in %.

Proof. The proof is by inductin on k. The induction hypothesis is that, when beginning

Step k,
propertiesPg,P1,...,Px -1 hold (see (4)-(7)), and
A has minimal lengthin %) for0<r <k 0<g <e.

In Step k we compute up etc. from (9) and form A+, To establish the induction we

must show that, at the end of Step k, property Py holds, i.e.
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(Px) Foradl0<n < e either

L(AKHD = L(AW) (26)
or else
n+ugc<e, (27)
L(AKTD) = k+1-L(AY) , (28)
L(AK*D) > L(AP) ; (29)
and that

AT D has minimal length in %Y for0<n <e.

The initialization, proving Po and the minimality of A{® and A{Y, is straightforward and

we omit the details.

Suppose we are in Stepk, and Casel obtains. Then (26) holds, and A{*Y has

minimal length by induction.

Suppose Case llaobtains. We first establish P,. We may assume (26) does not hold.

Then

L(AF) =0, A =(p?,0),
and, from (9),

S(x)pY = Bgp *x¥  (mod xk*1) .

This implies that p©~9 = p**“* divides each of Sy,...,S¢-1 and S, = Bp"* 9 for
someB O R*. LetS; = p“u“ksiD for i < k. Using (9) again, and remembering that

al?(0) = p", wehave
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P (ot + S X T+ BpH T - {p + L)

= b9 (x) + Bkp ™xK  (mod x¥*1) . (30)
Since L(AK* D) = k+1 > L(AD),
deg b{(x) < k-1,
Equating coefficients of xX in (30), and using (10), we obtain
O(|01+unk N elougk+r]—e+1+unk _ eqkpu”k
forsomea O R. Since 8, isaunit, it follows that p does not divide

Ugtn-e+l

Y :
i.e.n + ug < e whichis(27).

Next we show that (28) follows from (27). Infact we shall show that (27) implies

L(AK* D) = max {L(AYY) , k+1-L(A{))} . (31)
From (16), (17), (14) we have
L(AK*D) < max{L(A{), k—r +L(A)}

max{L(AJ)), k+1-L(A{)} .

But the reverse inequality follows from Lemma 1, using (22), and establishes (31). The

minimality of A{*Y) now follows from (27), (28) and Lemma 2.

Finally, suppose Casellb obtains. To establish P, we may assume (26) does not

hold, and so, from (16), (17),
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k-r + L(A) > L(A) ,

k+1 > L(A{) + L(AY) , (32)
using (14). Consider the polynomial

a(x) = af? () {s(x)ag?(x) - b§?(x)}

- al? () {S(x)af? (x) - b{Y(x)} (33)
= a? (x) b (x) - ald (x)b{I (x) . (34)

Then, just asin (25),

deg q(x) < L(A) + L(AJ]Y) - 1

<k, by (32).
On the other hand, from (33),
q() = (p" + .)(Bgkp ¥ X + )
- (p9 + ) (@qkp X + L) (35)

containing only terms of degree > k. Therefore q(x) is identicaly zero. but the

coefficient of x* in (35) is
Bgp" % — B p?
and so
N+ Ug =9+ Upk - (36)

(27) now follows from (10). The remainder of the proof isthe sameasin Casella
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VI. Example

As an example we find the shortest linear recurrence that can produce the sequence
So =6,S1 =3,S, =1,S3 =5,S;, = 6 modulo 9. The computation is displayed in
apair of tables indexed by (k,n), k = 0,1,...,5and n = 0,1. The first table shows the
pairs (al (x), by (x)). The second table shows the quintuples (, ,unk,8nk,f(N,K),
Case), where, = L(a{? (x), b{¥ (x)), and Caseisoneof I, I1a, or I1b, indicating which
case obtains in the computation of (af* (x), b{*¥ (x)). From the last line of Table

1, the shortest recurrence satisfied by the sequenceis

Sh + 45,1 + 7S4-2 + S,-.3 =0, n=>3.
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Table 1: (al (x), b9 (x))

(1+4x +7x%+x3,6+x?),

(3+3x2+5x3,3x?)

n=20 n=1

0 O O
O (1,0) O (3.0 O
- g 0
O 1,6 O 3,0 O
o (1,6) o (3,0) 0
0 0 O
B (1+4x,6) ] (3,0 B
- g 0
O (1+4x,6+4x?) 0 (3+4x2,0) O
O O O
0 ) 0 ) O
B (1+4x,6+4x°) 0 (3+4x<,0) B
- g 0
0 0 O
O O

N




* means "does not apply".

U U [
D(O1 112101*) D(012! 110!*) |:|

M

- O
%1,1,1,0,Ilb) o221+ O
O O

|

0 i
€1,0,4,1,11a) §0,1,1,0,11b) [

|

0(3,2,1.%,1) 5(2,2,1,*,0 O




References

1. E.R. Berlekamp, Algebraic Coding Theory, McGraw-Hill, NY, 1968.

2. E. R. Berlekamp, E. M. Fredricksen and R. C. Proto, Minimum conditions for
unigquely determining the generator of a linear sequence, Utilitas Math., 5 (1974),

305-315.

3. |. F. Blake, Codes over certain rings, Information and Control, 20 (1972), 396-404.

4. 1. F. Blake, Codes over integer residue rings, Information and Control, 29 (1975),

295-300.

5. W.A. Blankinship, Solution of simultaneous linear diophantine equations,
Algorithm 288 in Collected Algorithms from ACM, Assoc. Computing Mach., New

York, 2 Vols. 1978.

6. R.P.Brent, F. G. Gustavson and D. Y. Yun, Fast solution of Toeplitz systems of
equations and computation of Pad€ approximants, J. Algorithms, 1 (1980), 259-

295.

7. A. Bultheel, Recursive algorithms for nonnormal Pade€ tables, SIAM J. Appl.

Math., 39 (1980), 106-118.

8. P.H. Chen, Multisequence linear shift register synthesis and its application to

BCH decoding, |[EEE Trans. Commun., COM-24 (1976), 438-440.

9. B. W. Dickinson, M. Morf and T. Kailath, A minimal realization algorithm for

matrix sequences, |EEE Trans. Auto. Control, AC-19 (1974), 31-38.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

R-2

J. F. Dillon and R. A. Morris, On a paper of Berlekamp, Fredricksen and Proto,

Utilitas Math., 5 (1974), 317-321.

R. A. Games and A. H. Chan, A fast algorithm for determining the complexity of a
binary sequence with period 2", IEEE Trans. Information Theory, I T-29 (1983),

144-146.

W. B. Gragg, The Pade table and its relation to certain algorithms of numerical

analysis, SIAM Review, 14 (1972), 1-62.

F. G. Gustavson, Analysis of the Berlekamp-Massey feedback shift-register

synthesis algorithm, IBM J. Res. Dev., 20 (1976), 204-212.

P. Henrici, Quotient-difference algorithms, in Mathematical Methods for Digital

Computers |1, edited by A. Ralston and H. Wilf, Wiley, NY, 1967, pp. 35-62.

W. B. Jones and W. J. Thron, Continued Fractions. Analytic Theory and

Applications, Addison-Wesley, Reading, MA, 1980.
S. Lang, Algebra, Addison-Wesley, Reading, MA, 1971.

W. F. Lunnon, Linear recurring sequences over the complex numbers, unpublished

manuscript, 1970.

R. J. McEliece, The Theory of Information and Coding, Addison-Wesley, Reading,

MA, 1977.

F. J. MacWilliams and N. J. A. Sloane, The Theory of Error-Correcting Codes,

North-Holland, Amsterdam, 1977.



20.

21.

22.

23.

24,

25.

26.

27.

28.

R-3

D. M. Mandelbaum, A method for decoding of generalized Goppa codes, |EEE

Trans. Information Theory, 1 T-23 (1977), 137-140.

J. L. Massey, Shift-register synthesis and BCH decoding, |EEE Trans. Information

Theory, 1 T-15 (1969), 122-127.

W. M. Mills, Continued fractions and linear recurrences, Math. Comp., 29 (1975),

173-180.

N. J. Patterson, The algebraic decoding of Goppa codes, IEEE Trans. Information

Theory, 1 T-21 (1975), 203-207.

J. B. Plumstead, Inferring a sequence generated by a linear congruence, in 23rd
Annual Symposium on Foundations of Computer Science, |IEEE Press, NY, 1982,

pp. 153-159.

J. B. Plumstead, Inferring sequences produced by pseudo-random number
generators, Ph.D. dissertation, Computer Science Dept., Univ. of Calif., Berkeley,

1983.

M. K. Sain, Minimal torsion spaces and the partial input/output problem, Info.

Control, 29 (1975), 103-124.

D. V. Sarwate, On the complexity of decoding Goppa codes, |IEEE Trans.

Information Theory, I T-23 (1977), 515-516.

P. Shankar, On BCH codes over arbitrary integer rings, IEEE Trans. Information

Theory, 1 T-25 (1979), 480-483,



29.

30.

31

32.

33.

34.

35.

R-4

N. J. A. Sloane, Encrypting by random rotations, pp. 71-128 of Cryptography
(Proc. Workshop on Cryptography, Burg Feuerstein, Germany, March 29-April 2,

1982), Lecture Notesin Computer Science 149, Springer-Verlag NY, 1983.

E. Spiegel, Codes over Z,,,, Information and Control, 35 (1977), 48-51.

E. Spiegel, Codes over Z,,, revisited, Information and Control, 37 (1978), 100-104.

Y. Sugiyama, M. Kasahara, S. Hirasawa and T. Namekawa, A method for solving

key equation for decoding Goppa codes, Information Control, 27 (1975), 87-99.

K. K. Tzeng and G. L. Feng, Shift-register synthesis for t sequences, preprint.

L. R. Welch and R. A. Scholtz, Continued fractions and Berlekamp’s algorithm,

|EEE Trans. Information Theory, 1T-25 (1979), 19-27.

N. Zierler, Linear recurring sequences and error-correcting codes, in Error

Correcting Codes, edited H. B. Mann, Wiley, NY, 1969, pp. 47-59.



