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Abstract

A nonlinearfeatureextractionmethodis presentedavhich canreducethe datadimensiordown to the
numberof clusters providing dramaticsavingsin computationatosts.The dimensionreducingnonlin-
eartransformatioris obtainedby implicitly mappingthe input datainto a featurespaceusinga kernel
function, andthenfinding a linear mappingbasedon an orthonormalbasisof centroidsin the feature
spacethat maximally separateshe between-clusterelationship. The experimentalresultsdemonstrate
thatour methodis capableof extractingnonlinearfeatureseffectively so that competitive performance
of classificatiorcanbe obtainedwith linear classifieran thedimensiornreducedspace.

Keywords. clusterstructure dimensiorreduction kernelfunctions,KernelOrthogonalCentroid(KOC)
method linear discriminantanalysis,nonlinearfeatureextraction, patternclassification supportvector

machines

1 Intr oduction

Dimensionreductionin dataanalysiss animportantpreprocessingtepfor speedingip the maintasksand
reducingthe effect of noise. Nowadays,asthe amountof datagrows larger, extractingtheright featuress
not only a useful preprocesstepbut becomesecessaryor efficient and effective processinggespecially
for high dimensionabata. The Principal ComponenfAnalysis(PCA) andthe LinearDiscriminantAnalysis
(LDA) aretwo of the mostcommonlyuseddimensionreductionmethods.Thesemethodssearchoptimal
directionsfor the projectionof inputdataontoalower dimensionakpacdl, 2, 3]. While thePCA findsthe
directionalongwhich the datascatternesis greatestthe LDA searcheshe directionwhich maximizesthe
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between-clustescatterandminimizesthe within-clusterscatter However, thesemethodshave a limitation
for the datawhich are not linearly separablesinceit is difficult to capturea nonlinearrelationshipwith a
linear mapping. In orderto overcomesucha limitation, nonlinearextensionsof thesemethodshave been
proposed4, 5, 6].

Oneway for a honlinearextensionis to lift theinput spaceto a higherdimensionafeaturespaceby a
nonlinearfeaturemappingandthento find alineardimensiorreductionin thefeaturespacelt is well known
thatkernelfunctionsallow suchnonlinearextensionswithout explicitly forming a nonlinearmappingor a
featurespaceaslong asthe problemformulationinvolvesonly the inner productsbetweerthe datapoints
andneverthedatapointsthemseles|[7, 8, 9]. Theremarkablesuccessf thesupportvectormachindearning
is anexampleof the effective useof the kernelfunctions[10, 11,12, 13]. ThekernelPrincipalComponent
Analysis(kernelPCA) [14] andthe generalizediscriminantAnalysis[15, 16, 17, 18] have recentlybeen
introducedas nonlineargeneralization®f the PCA andthe LDA by kernel functions, respectiely, and
someinterestingexperimentalresultsare presented. However, the PCA and the LDA require solutions
from the singularvaluedecompositiorandgeneralizecigervalue problem,respectiely. In generalthese
decompositiongre expensve to computewhen the datadimensionis high. In addition, the dimension
reductionfrom the PCA doesnot reflectthe clusteredstructurein the datawell.

Thecentroidof eachclusterminimizesthesumof thesquaredlistanceso vectorswithin the clusterand
it yieldsarankoneapproximatiorof the cluster In the OrthogonalCentroidmethodintroducedn [19], the
centroidsaretakenasrepresentatiesof eachclusterandthevectorsof theinputspacearetransformedy an
orthonormabasisof the spacespannedy the centroids.This methodprovidesa dimensiorreducinglinear
transformatiorwhich preserestheclusteringstructuren thegivendata.Therelationshipgbetweerary data
pointsandcentroidsmeasuredby Lo-normor cosinein thefull dimensionakpaces completelypresered
in the reducedspaceobtainedwith this transformation.However, whenthe datais not linearly separable,
structurepreservingdimensionreductionmay not optimalfor a classificatiorproblem.By consideringhat
nonlinearmappingsby kernelfunctionscantransformoriginal datato a linearly separablestructurein a
higherdimensionakpacewe aimto obtainboth computationakfficiency andclassificatiorcapability

In this paper we apply the centroid-basearthogonaltransformationthe OrthogonalCentroidalgo-
rithm, to the datatransformedby kernel-basecdhonlinearmappingand shav thatit canextract nonlinear
featureseffectively, thusreducingthe datadimensiondown to the numberof clustersandsaving therelative
computationatost. In Section2, we briefly review the OrthogonalCentroidmethodwhichis a dimension
reductionmethodbasedon anorthonormalbasisfor the centroids.In Section3, we derive the nenv Kernel
OrthogonalCentroidmethodextendingthe OrthogonalCentroidmethodusing kernelfunctionsto handle
nonlinearfeatureextractionandanalyzethe computationatompleity of our nev method.Our experimen-
tal resultspresentednh Sectiond demonstrat¢hatthe new nonlinearOrthogonalCentroidmethodis capable
of extractingnonlinearfeatureseffectively sothat competitve classificationperformancecanbe obtained
with linear classifiersafter nonlineardimensionreduction. In addition, it is shavn thatoncewe obtaina
lower dimensionakepresentatiora linear soft magin SupportVectorMachine(SVM) is ableto achieve
high classificationaccurag with muchlessnumberof supportvectors,thusreducingpredictioncostsas
well.



2 Orthogonal Centroid Method
Givenavectorspaceepresentation,
A=lay, - ,a,] € R™*"

of adatasetof n vectorsin am-dimensionakpacedimensiornreductionby lineartransformatioris to find
GT € R*™ thatmapsa vectorz to avectori for somel < m:

Gl:izeR™! 52 eRYY je GTz=14%. (1)

In particulay we seekfor a dimensiorreducingtransformatiorG” with which the clusterstructureexisting
in the givendataA is preseredin the reduceddimensionakpace.Eqn. (1) canberephraseasfinding a
rankreducingapproximatiorof A suchthat

min |4 — GY||r, whereG € R™*! andY € R™*". 2)
GY

For simplicity, we assumehatthe datamatrix A is clusterednto r clustersas
T
A=Ay, Ay, ,A] where A; e R™™, and Y n;=n. (3)
=1

Let N; denotethe setof columnindicesthatbelongto the cluster:. The centroide; of eachclusterA; is the
averageof thecolumnsin 4;, i.e.,

1
c; = —A;e; where e; = [1, ey 1]T S RniXI (4)
n;

andtheglobalcentroidc is definedas

1 n
== . 5
c n;a] (5)

The centroidof eachclusteris the vectorthat minimizesthe sumof squarediistancego vectorswithin the
cluster Thatis the centroidvectore; givesthe smallestdistancen Frobeniusnormbetweerthe matrix A;
andtherankoneapproximationze! where

T2 2 : 2 : T2
|Ai —eiel IF =3 laj—eilld= min 3 fla;j~al}= min A~ el [} (6)
JEN; JEN;
Takingthecentroidsasrepresentatiesof theclusterswe find anorthonormabasisof thespacespanned
by the centroidsby computingan orthogonaldecomposition
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Algorithm 1 OrthogonalCentroidmethod

Givenadatamatrix A € R™*™ with r clustersandadatapointz € R™*!, it computesmatrixQ, € R™*"
andgivesar-dimensionatepresentatiost = Q, 2z € R™*1.

1. Computethecentroide; of thesth clusterfor 1 <4 <.
2. SetthecentroidmatrixC = [c1,¢2,- - , ¢
3. Computeanorthogonaldecompositiorof C, whichis C = Q.. R.

4. 3 = QT r givesar-dimensionarepresentationf z.

of thecentroidmatrix
C - [617' tc 7C1‘] S RmX?"’

where@ € R™*™ js anorthogonalmatrix with orthonormalcolumnsandR € R™*" is anuppertriangular
matrix. Thematrix Q, ! givesadimensiorreducingdineartransformatiompreservingheclusteringstructure
in the sensethatthe relationshipbetweenary dataitem anda centroidmeasuredising Lo-norm or cosine
in the full dimensionakpaces completelypreseredin the reduceddimensionakpaceg19]. This method
is calledthe OrthogonalCentroidmethodandis summarizedn Algorithm 1.

Thelineartransformatiorobtainedn the OrthogonalCentroidmethodsolvesa traceoptimizationprob-
lem, providing alink betweerthe methodsf lineardiscriminantanalysisandthosebasedn centroidg20].
Dimensionreductionby the Linear DiscriminantAnalysissearchegor alineartransformatiorwhich max-
imizes the between-clustescatterand minimizesthe within-clusterscatter The between-clustescatter
matrix is definedas

Sb:z Z(Ci_c)(ci—c)T:Zni(ci—c)(ci—c)T (8)
i=1 jEN; i=1

and

r

trace(Sy) = > > (e =) (e =) = 30 3 llei — el ©)

i=1 jEN; i=1 jEN;

Let's considera criterionthatinvolvesonly the between-clustescattermatrix, i.e., to find a dimension
reducingtransformationGT € R!*™ suchthatthe columnsof G are orthonormalandtrace(G? S G) is
maximized.Notethatrank(S,) cannotexceedr — 1. Accordingly,

trace(S’b) =M+ + A (10)

where);’s,1 <1 < r—1, arether — 1 eigervaluesof S,. Denotingthe correspondin@igervectorsasu;’s,
forary l > r — 1 andU; = [uq, - - , w], we have

trace(UL SpUy) =M+ -+ N =M+ + A1 (11)



In addition,for ary G € R™*! which hasorthonormakolumns,

trace(GT S,G) < trace(S). (12)
Hencetrace(GT S,G) is maximizedwhenG is choserasU; forary I > r — 1 and

trace(U;’ SyU;) = trace(Ss), (13)

accordingo Egns.(10)and(11).
By theorthogonaldecompositior{7), for ary scalara; € R, 1 < i < r, we have

zr:aiQ = ‘ Q" (i ai@) = |H %’T } (i aiai>
i=1 2 i=1 2 m=r i=1
= H [ Qr iy ici } = ‘ Qr (i ozzc;')
2 i=1

0
Eqgn.(14)impliesthatthetransformatiorQ? preseresthelengthof ary vectorin the subspacepannedy
the centroidvectorsin Lo-normsenseln particular distancebetweerary centroidandthe global centroid
is preseredin thetransformedspaceandall the otheritemsareprojectedto the subspacspannedy the
centroidsmaintainingrelative distancerelationshipwith the centroids.Hence

(14)

2

2

r T

trace(Sp) = Z Z les —¢ll3 = Z Z Q% c; — QT ¢||3 = trace(QF S,Q,). (15)

i=1 jEN; i=1 jEN;

By computingan orthogonaldecompositiorof the centroid matrix we obtain a solution that maximizes
trace(GT S,G) over all matricesG € R™*" with orthonormalcolumns. Therefore jinsteadof computing
ther — 1 leadingeigervectorsof S;, which give thesolutionfor maxgr_ trace(G* S,G), we simply need
to compute@,., whichis muchlesscostly.

3 Kernel Orthogonal Centroid Method

Although a linear hyperplaneis a naturalchoiceas a boundaryto separateclustersit haslimitations for
nonlinearlystructureddata. To overcomethis limitation we mapinput datato a featurespace(possiblyan
infinite dimensionakpace}hrougha nonlinearfeaturemapping

d:S CR™™ o FcRV*n (16)

which transformsinput datainto linearly separablestructure. Without knowing the featuremapping® or
the featurespaceF explicitly, we canwork on the featurespaceF throughkernelfunctions,aslong as
the problemformulationdependnly on the inner productsbetweendatapointsin F andnot on the data
pointsthemseles.For ary kernelfunctionx satisfyingMercer’s condition,thereexistsareproducingernel
Hilbert spaceH andafeaturemap® suchthat

K(z,y) =< ®(z), 2(y) > (7)



where< , > is aninnerproductin H [9, 21, 22]. As positive definitekernelfunctionssatisfyingMercer’s
condition,polynomialkernel

K(z,y) = (1(z - y) +2)% d > 0andy, v € R (18)
andGaussiarkernel
k(z,y) = exp(—|lz —y|*/o),0 € R (19)

arein wide use.

Next we shov how the OrthogonalCentroidalgorithm can be combinedwith the kernel function to
producea nonlineardimensionreductionmethodwhich doesnot require the featuremapping® or the
featurespaceF explicitly. Let & be a featuremappingandC be the centroidmatrix of ®(A), wherethe
inputdatamatrix A hasr clusters.Considerthe orthogonaldecomposition

C=0,R (20)

of C whereQ, € RV*" hasorthonormalcolumnsandR € R™*" is a nonsingularuppertriangularma-
trix [23]. We apply the OrthogonalCentroidalgorithmto ®(A) to reducethe datadimensionto r, the
numberof clustersin theinput data. Thenfor ary datapointz € R™*!, thedimensiornreducedepresenta-
tion of z in ar-dimensionakpacewill begivenby Qf ®(z).

We now shav how we can calculate Q7 ®(z) without knowing @ explicitly, i.e., without knowing C
explicitly. ThecentroidmatrixC in thefeaturespaces

1 1
C=|—Y ®),,— > da)| eRV". (21)
™M Ny Nr N,
Hence
c’'c=M"KM, (22)
whereK € R™*" js thekernelmatrix with
K(i,j) = k(a;,aj) =< ®(a;),®(a;) > for1 <i,j<n (23)
and
% n% 0 0
()()nLnL() o0
MT = > > € R™*™, (24)
0 - o L ... L

Sincethekernelmatrix K is symmetrigpositive definiteandthematrix M haslinearlyindependentolumns,
C'¢C is alsosymmetricpositive definite. The Cholesk decompositiorof C*'C givesa nonsingulamupper
triangularmatrix R suchthat

cfc=RTR. (25)



Algorithm 2 KernelOrthogonalCentroidMethod

Givenadatamatrix A € R™*™ with r clustersandindex setsN;, i = 1,--- ,r which denotethe setof
the columnindicesof the datain the clusteri, anda kernelfunction , this algorithmcomputesonlinear
dimensiorreducedepresentatiot = Q7 &(x) € R™*! for ary inputvectorz € R™*1.

1. Formulatethekernelmatrix K basedonthekernelfunctionx as

K(%]) = K(a’i7aj)7 1 < Za] <n.
2. ComputeC’C = MT K M where

. 1/nj if’iENj . .
— ) << <ji<r.
M@, ) {0 otherW|se’1—Z—n’1—J—r

3. Computethe Cholesly factorR of CTC: cf'c =RTR.

4. Thesolutionz for thelinearsystem

1
a1 2aien, F(ai, T)
RTg = :
1
-~ ZieNr k(a;, )

givesr-dimensionatepresentatioof x.

Since
Q,=CR! (26)
from (20), we have

nr 2ieny (0i; @)
QI ®(z) = (R )TCT®(x) = (R T : (27)
nr Lien, K(ai )

Dueto theassumptiorthatthekernelfunction is symmetricpositive definite thematrix CT C is symmetric
positive definite and accordinglythe centroidmatrix C haslinearly independentolumns. We summarize
our algorithmin Algorithm 2 the KernelOrthogonalCentroid(KOC) method.

We now briefly discussthe computationacomplexity of the KOC algorithmwhereoneflop (floating
point operationyepresentsoughlywhatis requiredto do oneaddition(or subtractionandonemultiplica-
tion (or division) [23]. We did notincludethe costfor evaluatingthekernelfunctionsx(a;, a;) andx(a;, z)
sincethisis requiredin any kernel-basednethodsandthe costdependn the specifickernelfunction. In

Algorithm 2, the computatiorof
cfc=MTKM



requiresn? + rn flopstaking advantageof the specialstructureof the matrix M. Cholesl decomposition
of CT'C for obtainingthe uppertriangularmatrix R in (25) takesO(%) flops sinceC”C is r x r where
r is the numberof clusters. Oncewe obtain the uppertriangularmatrix R, thenthe lower dimensional
representatio® = QY'®(z) of a specificinput z can be computedwithout computingR~*, but from

solvingalinearsystem

nil Zi€N1 k(ai, )
RT: = ; , (28)

nir ZiENT K(ai, )

which requwesO( + n) flops. Typically the numberof clustersis muchsmallerthanthe total numberof
training samples:. Thereforethe complity in nonlineardimensionakeductionby the KernelOrthogo-
nal Centroidmethodpresentedn Algorithm 2 is O(n?). However, thekernel-based. DA or PCA needgo
handleaneigervalueproblemof sizen x n wheren is thenumberof trainingsampleswhichis moreexpen-
sive to compute[14, 15, 16]. Therefore the KernelOrthogonalCentroidmethodis an efficient dimension
reductionmethodthatcanreflectthe nonlinearclusterrelationin thereduceddimensionarepresentation.

Alternatively, the dimensionreducedepresentatio®? ®(x) givenby the KOC methodcanbe derived
asfollows. Representhe centroidmatrix C in thefeaturespacegivenby Eqn.(21),as

C=[é, & Zﬂl a;) ZB" (a:) (29)

whereﬂ{ is % if a; belonggo theclusterj, otherwise@{ is 0. Now, considertheorthogonaddecompaosition

C=9,R (30)
of C. Sincethecolumnsof Q,. canberepresentedsa linearcombinationof the columnsof C, they in turn
canbeexpressedsa linearcombinationof thevectors®(a;), ¢ = 1,--- ,n, as

Qr:[dla"‘7QT = Zali) az Zacbaz . (31)

In orderto computeQ? ®(z), first we will shav how we canfind the coeficienISag's from the given Bf’s
where

c = zn:,Blcb (ai) - Zﬂ” a;) (32)
Li=1
n g Fll Flr
= [Salw@). . et | | o .
=1 - 0 0 frr



Algorithm 3 KernelOrthogonalCentroidmethodby the modifiedGram-Schmidt

Givenadatamatrix A € R™*™ with r clustersanda kernelfunction s, this methodcomputeshenonlinear
dimensiorreducedepresentatiot = Q7 ®(x) € R™*! for ary inputvectorz € R™*1.

L if a; belongsto thecluster;

1. Defineﬁ{:{"a for1<i<n,1<j<r.

0 otherwise

2. Computean orthogonaldecompositiorC = Q, R of the centroidmatrix C asin Eqn. (32) by the
modifiedGram-Schmidt.

fors=1,---,r
fss =< éSv 55 > = (ﬁs)TKBs
o? :Bs/fss

for t=s+1,---,r
st =< gs, & >= (a®)TK B!
ﬁt = ﬂt —a’Tg
end
end

3. 9Td(x) = [Z?:l alk(ai, ), -, >0, a{m(a,’,w)]T

withoutknowing @ explicitly. Notethatwe cancalculatennerproductsbetweerthecentroidsn thefeature
spacehroughthe kernelmatrix K as

n T n
< &5y 8 >= (Zﬁf@(w)) <Zﬂf¢>(ai)) = (6°)"KB", (33)
i=1 =1

wheres® = [85,---,5:]T. In addition,thevectors
- c . . < CsCt >
Ps=ﬁ and Pt=Ct—ﬁCsy 1<s<t<m (34)
Sy “S8 Sy ~Ss

thatwould appeaiin themodifiedGram-Schmidprocesof computing@,. areorthogonalectorssuchthat

span{ps, pt} = span{és, & }. (35)

From Eqns.(33) and (34), we canrepresens andp; aslinear combinationsof ®(a;), i = 1,--- ,n.

Basedon theseobsenations,we canapply the modified Gram-Schmidmethod[23] to the centroidmatrix

C to computeanorthonormabasisof the centroids gventhoughwe only have animplicit representationf

the centroidsin the featurespace.Oncethe orthonormalbasisQ, is obtainedj.e., the coeficientsa;’s of

ds = >, af®(a;), 1 < s < r arefound, thenthe reduceddimensionarepresentatio®’ ®(z) canbe
computedrom

E?:l a}n(ai, :E)
QI d(z) = : : (36)

Z?:l a;n(aiv 'T)



This approachis summarizedn Algorithm 3.

Algorithm 3, the Kernel OrthogonalCentroid method,require30(§n2) flops for the orthogonalde-
compositionof the centroidmatrix C andO(rn) flopsfor obtainingthe reduceddimensionaftepresentation
9T'®(z) for ary inputvectorz € R™*1, Hencethetotal complexity of Algorithm 3 is slightly higherthan
Algorithm 2. However, the approacthof finding the parameters:® from the parameterg® canbe applied
in othercontet of kernelbasedfeatureextractionwheredirect derivation of the kernelbasedmethodas
in Algorithm 2 is not possible.In the next section,we presenthe numericaltestresultsthat comparethe
effectivenessof our proposedmethodto otherexisting methods. We alsovisualizethe effects of various
kernelsin our algorithms.

4 Computational TestResults

The KernelOrthogonalCentroidmethodhasbeenimplementedn C on IBM SPat the University of Min-
nesotaSupercomputingnstitutein orderto investigateits computationaperformance.The predictionac-
curag of classificationof the test datawhosedimensionwas reducedto the numberof clustersby our
KOC methodwascomparedo otherexisting linearandnonlinearfeatureextractionmethods We useddata
setsavailablein the public domainaswell assomeatrtificial datawe generatedin addition,theinput data
with clusterstructurearevisualizedin the 3-dimensionakpaceafter dimensionreductionby our proposed
methodto illustratethe quality of the representedlusteredstructure.In the processwe alsoillustratethe
effect of variouskernelfunctions. We usedtwo of the mostcommonlyusedkernelsin our KOC method,
which arepolynomialkernels

w(z,y) = (z-y+1)%4d>0
andGaussiarkernels
k(z,y) = exp(—|z — y[|*/0),0 € R.

Ourexperimentaresultsillustratethatwhenthe OrthogonalCentroidmethods combinedwith anonlin-
earmappingasin theKOC algorithm,with anappropriatékernelfunction,thelinearseparabilityof thedata
is increasedn thereduceddimensionakpace Thisis dueto the nonlineardimensiorreductionachiezedby
theorthonormabasisof the centroidsin the featurespacewhich maximizeshebetween-clustescatter

4.1 3D Representationof NonseparableData

The purposeof our first testis to illustrate how our methodproducesa lower dimensionalrepresentation
separatinghe dataitemswhich belongto differentclassesWe presenthe resultsfrom theIris plantsdata
of Fisher[26], aswell asfrom anartificial datasetthatwe generatedywherethe datapointsin threeclusters
in the original spacearenot separable.

In the Iris data,the given datasethas150 datapointsin a 4-dimensionakpaceandis clusteredto 3
classesOneclassis linearly separabldérom the othertwo classesbut thelattertwo classesrenot linearly
separableFigurel shavsthedatapointswhich arereducedo a 3-dimensionaspaceby variousdimension
reductionmethods.The leftmostfigurein Figurel is obtainedby an optimal rank 3 approximatiorof the
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datasetfrom its singularvalue decompositionwhich is one of the mostcommonlyusedtechniquegor
dimensionreduction[23]. Thefigure shows that afterthe dimensionreductionby a rank 3 approximation
from the SVD, two of the threeclassesare still not quite separated.The secondandthe third figuresin
Figure 1 areobtainedby our KOC methodwith the Gaussiarkernelwheres = 1 and0.01, respectiely.
They shav thatour KernelOrthogonalCentroidmethodcombinedwith the Gaussiarkernelfunction with
o = 0.01 givesa 3-dimensionalepresentatiomf Iris datawhereall threeclustersarewell separatednd
the between-clusterelationshipis remote.

The artificial datawe generatechasthree classes.Eachclassconsistsof 200 datapoints uniformly
distributedin the cubic region with height 1.4, width 4 andlength 18.5. The threeclassesdntersecteach
otherasshown in thefirst figure of Figure2, for thetotal of 600givendatapoints. Differentkernelfunctions
wereappliedto obtainthe nonlinearrepresentationf thesegivendatapoints. In this test,the dimensionof
theoriginal datasetis in factnotreducedsinceit wasgivenin the 3-dimensionaspaceandafterapplying
the KOC method thefinal dimensioris also3 whichis the numberof the clusters.The secondigure showvs
the new datarepresentationvith a polynomialkernelof degree4. The third figureis producedusingthe
Gaussiarkernelx(z, y) = exp(—||lz — y||?/o) wheres = 5.

4.2 Performancein Classification

In our secondtest, the purposewasto comparethe effectivenessof dimensionreductionfrom our KOC
methodin classification.For this purposewe comparedhe accurag of binary classificatiorresultswhere
thedimensiorof thedataitemsarereducedy our KOC methodaswell asby thekernelFisherdiscriminant
(KFD) methodof Mika etal. [15]. Thetestresultspresentedhn this sectionarefor binary classificationgor
comparisongo KFD which canhandletwo-classcasesonly. For more detailson the testdatageneration
and results,see[15], wherethe authorspresentedhe kernel Fisher Discriminant(KFD) methodfor the
binary-classvith substantiatestresultscomparingtheir methodto otherclassifiers.

The Linear DiscriminantAnalysis optimizesvariouscriteria functionswhich involve between-cluster
within-clusteror mixed-clustescattermatriceq2]. Many of thecommaonlyusedcriteriainvolve theinverse
of the between-clustescattermatrix S, definedin (8) or the within-cluster scattermatrix S,, which is
definedas

Sw = Z Z (a; — ci)(a; — ci)T, (37)

i=1 jEN;

requiringoneof thesescattematriceso be nonsingularHowever, in mary applicationghesescattematri-
cesareeithersingularor ill-conditioned. Onecommonsituationwhenbothscattematricesbecomesingular
is whenthe numberof datapointsis smallerthanthe dimensionof the dataspace Numerouanethodshave
beenproposedo overcomethis difficulty including the regularizationmethod[24]. Generalizediscrim-
inantanalysiscalled LDA/GSVD, which is basedon the generalizeasingularvalue decompaositionyorks
well regardlessof the singularityof thewithin-clusterscattemmatrix. (Seg[25].) In the KFD analysisMika
etal. usedregularizationparameterso make the within-clusterscattematrix nonsingular
Fisherdiscriminantcriterion requiresa solutionof an eigervalue problemwhich is expensve to com-
pute.In orderto improve the computationakfficiency of KFD, sereralmethodshave beenproposedyvhich
includetheKFD basednaquadraticoptimizationproblemusingregularizationoperatoror asparsayreedy
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approximatiorj27, 28,29]. In generalguadraticoptimizationproblemsareascostlyastheeigervalueprob-
lems. A majoradwantageof our KOC methodis thatits computationatostis substantiallyower, requiring
computatiorof aCholesk factor[23] andasolutionfor alinearsystemwherethe problemsizeis thesame
asthe numberof clusters. The computationakaszings comefrom the fact that the within-clusterscatter
matrix is notinvolvedin the optimaldimensionreductioncriterion.

In Tablel, we presentheimplementatiorresultson sevendatasetswhich Mika etal. have usedin their
tests [30]. Thedatasetswhicharenotalreadyclusteredr with morethantwo clustersverereoganizedso
thattheresultshave only two classesEachdatasethas100pairsof trainingandtestdataitemswhichwere
generatedrom onepool of dataitems. For eachdataset,theaverageaccurag is calculatedoy runningthese
100casesParameterdor the bestcandidatdor the kernelfunctionandSVM aredeterminechasedona’s
fold cross-alidationusingthefirst five trainingsets.We repeatheir resultsin thefirst five columnsof Table
1 which shawv the predictionaccuraciesn percentag€%) from the RBF classifier(RBF) AdaBoost(AB),
regularizedAdaBoost,SVM andKFD. For moredetails,seg[15].

Theresultsshowvn in the columnfor KOC areobtainedfrom the linear soft maigin SVM classification
usingthe software sum!9h* [31] after dimensionreductionby KOC. The testresultswith the polynomial
kernelwith degree3 andthe Gaussiarkernelwith an optimal o valuefor eachdatasetare presentedn
Tablel. Theresultsshav that our methodobtainedcomparableaccurag to othermethodsn all the tests
we performed. Using our KOC algorithm,we were ableto achiere substantiatomputationakavings not
only dueto the lower computationatompleity of our algorithm, but from usinga linear SVM. Sinceno
kernelfunction (or identity kernelfunction)is involved in the classificationprocessby a linear SVM, the
parametetw in therepresentationf the optimal separatindiyperplane

fx)=wlz+b

canbe computedxplicitly, saving substantiatomputatiortime in thetestingstage.In addition,dueto the
dimensiorreduction kernelfunctionvaluesarecomputedetweemmuchshortervectors.

Anotherphenomenonve obseredin all thesetestsis that after the dimensionreductionby KOC, the
linear soft mamgin SVM requiressignificantly lessnumberof training datapoints asthe supportvectors,
comparedo the soft margin SVM with the kernelfunction appliedto the original input data. More details
canbefoundin the next section.

4.3 Performance of the Support Vector Machines

Usingthesameartificial datathatwe usedin Sectiord.1,now we compareheperformancef classification
on the soft-magin SVMs usingthe datageneratedrom our KOC, aswell asusingthe original data. This
time, 600moretestdatapointsaregeneratedh additionto the 600trainingdatageneratedor theearliertest
in Sectiond.1. Thetestdataaregeneratedollowing the samerulesasthetraining data,but independently
from thetrainingdata.

In orderto apply the SVMs for a three-clasgproblem,we usedthe methodwhereafter a binary clas-
sificationof C; vs. not C; (C1/ ~ C1) is determineddataclassifiednot to bein the classC; is further
classifiedto bein Cy or C3 (C2/C3). Therearethreedifferentwaysto organizethe binary classifiersfor

1Thebreastancedatasetwasobtainedrom the UniversityMedical Center Inst. of Oncology Ljubljana, Yugoslaia. Thanks
to M. Zwitter andM. Soklic for thedata.
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athree-clasproblemdependingon which classifierC;/ ~ C;, ¢ = 1,2, 3, is consideredn the first step.
Onemay run all threecaseso achieve betterpredictionaccurag. We presentthe resultsobtainedfrom
C,/ ~ Cy andCs/Cs, sinceall threewaysproduceccomparableesultsin our tests.

In Figure3, thepredictionaccurag andthenumberof supportvectorsareshavn whenthenonlinearsoft
maigin SVM is appliedin the original dimensionandthelinear soft maigin SVM is appliedin thereduced
dimensionobtainedfrom our KOC algorithm. In both casesGaussiarkernelswith variouso valueswere
used.While thebestpredictionaccurag amongvariouse valuesis similarin bothcasesit is interestingto
notethatthe numberof supportvectorsis muchlessin the caseof the linear soft mamgin SVM with datain
thereducedspace.ln addition,the performanceandthe numberof supportvectorsarelesssensitie to the
valueof ¢ afterdimensionreductionby the KOC algorithm.

Thetestresultsconfirmthatthe KOC algorithmis an effective methodin extractingimportantnonlinear
features Oncethe bestfeaturesareextracted the computatiorof finding the optimal separatindiyperplane
andclassificationof new databecomemuchmoreefficient. An addedbenefitwe obseredin all our tests
is that after the kernel-basedhonlinearfeatureextractionby the KOC algorithm,anotheruseof the kernel
functionin the SVM is not necessary Hencethe simple linear SVM can be effectively used,achieving
further efficiengy in computation. Another merit of the KOC methodis that after its dramaticdimension
reduction,in the classificatiorstagethe comparisorbetweerthe vectorsby ary similarity measuresuchas
Euclideandistance(Ls norm)or cosinebecomesnuchmore efficient, sincewe now comparethe vectors
with » componentgach ratherthanm componentgach.

5 Conclusion

We have presentedh new methodfor nonlinearfeatureextraction called the Kernel OrthogonalCentroid
(KOC). The KOC methodreduceghe dimensionof the input datadown to the numberof clusters. The
dimensionreducingnonlineartransformatioris a compositeof two mappingsthefirst implicitly mapsthe
datainto a featurespaceby usinga kernelfunction, andthe secondmappingwith orthonormalvectorsin
the featurespaceis found so that the dataitems belongingto different clustersare maximally separated.
Oneof the majoradwantage®f our KOC methodis its computationagfficiency, comparedo otherkernel-
basedmethodssuchaskernelPCA [14] or KFD [15, 27, 29] andGDA [16]. The efficiency comparedo
othernonlinearfeatureextraction methodutilizing discriminantanalysisis achieved by only considering
the between-clustescatterrelationshipandby developingan algorithmwhich achiesesthis purposefrom
finding anorthonormabasisof the centroidswhichis far cheapethancomputingthe eigervectors.

While linearor nonlinearDiscriminantAnalysisconsiderthe minimizationof the within-clusteraswell
asthemaximizationof the between-clustedistancesthey have somedisadantagesThe nonsingularityof
scattematricesshouldbe appropriatelytaken careof. The singularvaluedecompositiorwhichis required
in computingthe solutiondemandsigh computationatompleity andmemory Making an optimal bal-
ancebetweenwithin-clusterandbetween-clustescatternessanmake modelselectionfor kernelfunctions
difficult, sinceit is impossibleto maximizebetween-clustescatterand minimize within-clusterscatterat
thesametime.

The experimentakesultsillustratethatthe KOC algorithmachievesan effective lower dimensionatep-
resentatiorof theinputdatawhich arenotlinearly separablewhencombinedwith theright kernelfunction.
With the proposedeatureextractionmethod,we wereableto achieve comparableor betterpredictionac-
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curag to otherexisting classificatiormethodsn ourtests.In addition,whenit is usedwith the SVM, in all
ourteststhelinearSVM performedaswell andwith farlessnumberof supportvectors furtherreducingthe
computationatostsin theteststage.
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Figure 1: Iris datarepresentedn a 3-dimensionakpace. The first figure is obtainedfrom a rank 3 ap-
proximationby the SVD. The othersare by the KernelOrthogonalCentroidmethodwith Gaussiarkernel
k(z,y) = exp(—||z — y||?>/o) whereo = 1(thesecond and0.01(thethird). Using Gaussiarkernelwith

o = 0.01, our methodobtaineda completeseparatiorof thethreeclasses.

05 08

Figure2: Thefirst figureis thetraining datawith 3 clustersin a 3-dimensionakpace.The secondigureis
generatedy the KernelOrthogonalCentroidmethodwith apolynomialkernelof degree4. Thethird figure
is from the KOC algorithmusingthe Gaussiarkernelwith width 5.
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Resultsfrom [15] KOC
RBF | AB | ABg | SVM | KFD Gaussian | poly. d=3
Banana || 89.2 | 87.7| 89.1 | 88,5 | 89.2 || 89.1 | 0 =0.1 65.9
B.cancer| 72.4|69.6| 735 | 74.0 | 74.2 || 75.0 5.0 76.4
German || 75.3 | 725| 75.7 | 76.4 | 76.3 || 76.3 6.0 74.6
Heart 82.4|79.7| 83.5| 84.0 | 83.9| 83.9 49.0 84.9
Thyroid || 95.5| 95.6| 954 | 95.2 | 95.8 | 95.5 1.8 88.9
Titanic 76.7 | 774 77.4 | 77.6 | 76.8 | 77.3 33.0 76.2
Twonorm| 97.1|97.0| 97.3 | 97.0 | 97.4 | 97.6 38.0 97.6

Table 1: The predictionaccuraciesare shovn. The first part (RBF to KFD) is from [15]:
accurag from a single RBF classifier(RBF) AdaBoost(AB),regularizedAdaBoost,SVM andKFD. The
lasttwo columnsarefrom theKernelOrthogonalCentroidmethodusingGaussiarkernels(optimalo values
shawvn) anda polynomialkernelof degree3. For eachtest,the bestpredictionaccurag resultis shovn in

boldface.
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Figure 3: Classificationresultson the artificial datausinga soft magin SVM. The left graphshows the
predictionaccuray in the full input spaceby a SVM with a Gaussiarkernel(dashedine), andthatin the
reduceddimensionakpaceobtainedby our KOC methodwith a Gaussiarkernelanda linear SVM (solid
line). Theright graphcompareshe numberof supportvectorsgeneratedn the training process While the
bestaccuray is similarin bothcasesthe overall numberof supportvectorsis muchlesswhenthereduced
dimensionalepresentatiors usedin alinear SVM.
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