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Abstract

The Brushless Doubly-Fed Machine (BDFM) shows commercial promise as a variable speed drive or
generator. However, for this promise to be realised the design of the machine must be improved be-
yond that proposed to date. This dissertation contributes towards this goal through machine analysis,
design and control.

A generalised framework is developed for a coherent and rigorous derivation of models for a wide
class of BDFMs, of which machines with ‘nested-loop’ design rotors are a subset. This framework
is used to derive coupled circuit, d-q axis, sequence components and then equivalent circuit models
for the class of machines. Proofs are given for all derivations, exploiting the circulant properties
of the mutual inductance matrices. The coherence between the different models allows parameters
calculated for the coupled circuit model to provide parameter values for the other models.

A method of model order reduction is proposed for the class of BDFMs with ‘nested-loop’ rotors,
and examples given of the efficacy of the procedure. The reduction method allows parameter values to
be computed for a simple equivalent circuit representation of the machine. These calculated parameter
values, and those for other BDFM rotor designs are verified by experimental tests on a prototype
BDFM.

The significance of particular equivalent circuit parameters is investigated from the model. Se-
ries rotor inductance terms are found to have a significant and direct effect on machine performance.
These terms are shown to relate directly to the design of the rotor, and are quantified using the previ-
ously developed framework. Seven different rotor designs, including a new BDFM rotor design, are
considered to show how the values of these parameters change.

An experimental method of parameter estimation is developed for the equivalent circuit model,
and the relationship between these parameters and the parameters in other forms of the model derived.
The experimental method is shown to be applicable both to standard induction machines and to BDFM
machines, yielding accurate results in each case.

A synchronous reference frame model for the class of BDFMs is derived and is used to analyse the
stability of the machine via a linearized model. Practical methods for the design of PID controllers
are proposed to stabilise the machine using voltage source inverters. Results are presented from
experimental implementations which show a significant improvement in performance over previously
published results.

The non-linear control technique, feedback linearization, is applied to the BDFM and shown to
have some robustness to modelling errors, in a realistic simulation. An initial attempt at implementa-
tion of the scheme is reported. Preliminary results are encouraging, and warrant further investigation.

Keywords: ac machines, BDFM, Brushless Doubly Fed Machines, control, coupled circuits, dq
axis, equivalent circuits, feedback linearization, model reduction, parameter estimation, synchronous

reference frame
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Notation & Terminology

Notation

Numbers

R

C

Z

7

N

J

N{X}, 3{X}
X

[nxm

field of real numbers

field of complex numbers

set of integers

set of non-negative integers

natural numbers (positive integers excluding zero)
the imaginary unit, i.e. /—1

denotes real, imaginary part of X € C

denote the complex conjugate of X € C

denotes that a set comprised of matrices of dimension n x m, the elements

of which are in the set or field IF.

xi
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NOTATION & TERMINOLOGY

Vectors

Xy
Vif

[l 112

L

1P 1]i.2

Matrices
X!, xt
XT, x*

;4~o><>3<
~

scalar (dot) product of x and y

Given a vector function, f € R”", which is a function of the vec-

tor x € R™, and possibly other vector or scalar variables, then

o on
8)61 8x2
V.f = A dfr . |, which is known as the Jacobian of f whenn = m.

dx;  d0x2

2-norm of a vector or vector signal. For x € R”, ||x||» = Z;’Zl xiz. Def-
inition[3.1/defines the 2-norm of a continuous function x, which shares the
same notation, however the reader should assume the standard definition
unless otherwise indicated.

The space of square integrable Lebesgue measurable functions, see defini-

tion[3.1.
The induced 2-norm of a system P, see definition|3.2

indicating inverse, pseudo-inverse of matrix X

indicating transpose, complex-conjugate transpose of matrix X

element of matrix X at x row, and y™® column

estimated value of X

zero matrix of compatible dimension

the identity matrix of compatible dimension

the n x n identity matrix (also used to denote complex current)

X+ is a matrix where the rows (or columns) of X+ span the orthogonal comple-
ment of the subspace defined by the span of the rows (or columns) of X. Whether

row space or column space is intended will be determined by the context.
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Mathematical terminology

S

[1>

< W

OJ

[0, 10]

(0, 10)

S

iff
>

<

1
X |: i| x<|: , a hypercube around the origin.
—1

proportional to

the empty (null) set

intersection, e.g. A N B denotes the set defined by the intersection of set A
and set B

defined as

‘there exists’

“for all’

‘such that’

‘in’, for example 3g € R : g> = q., reads ‘there exists a ¢ in the field of
real numbers, such that g2 = ¢’.

end of proof.

end of remark.

closed interval from O to 10, that is a range from 0 to 10 including both 0
and 10.

open interval from 0 to 10, as above but excluding 0 and 10. Hence [0, c0)
is the interval from 0 to co excluding oo, but including 0.

‘implies’, from left to right, e.2. A = B reads ‘A implies B’.

‘implies’, from right to left, e.g. A <= B reads ‘B implies A’.

‘implies’, from right to left and from left to right, e.g. A < B reads ‘B
implies A and A implies B’.

‘if and only if”

‘much greater than’, for example a > b = a > b + K for some (‘large’)
K > 0.

the dual of >.
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Electrical Machine Notation

XSlv XS25 Xr
Xda Xqv XO

Xe

X® or Xgyne
R.M L,Z

S1, 82

indicating a stator 1, 2, or rotor quantity X

indicating direct (or d) axis component, guadrature (or q) axis component,
zero (or 0) sequence X

indicating an equilibrium value of quantity X

indicating the value of quantity X in the synchronous reference frame
resistance, mutual inductance, self inductance, impedance

an inductance-like term arising from the movement between stator and rotor
indicates a coupled-coil inductance parameter

indicates an apparent (referred) quantity

indicates an equivalent circuit inductance parameter

instantaneous voltage, current, flux linked (A is also used to denote eigen-
values).

stator-rotor phase offset, or magnetic flux.

stator 1, stator 2 winding number of pole pairs

stator 1, stator 2 supply frequencies

BDFM rotational shaft speed

frequency of currents in the rotor reference frame in BDFM synchronous
mode see (4.26).

BDFM angular position

stator 1 and stator 2 slip, as defined in equations (4.32) and (4.33), not
to be confused with s which denotes the complex variable of the Laplace
transform.

current density, or moment of inertia

electrical torque, load torque

machine diameter, as shown in figure 2.1/

machine stack length, as shown in figure 2.1/

coil pitch, in radians (see figure [2.2)

slot pitch, in radians (see figure 2.2)

slot pitch, in metres

permeability of free space, 1o = 47 x 107~’H/m

magnetic flux density

air gap width (see figure 2.2)

magnetic field intensity, see definition 2.1/
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Terminology

absolute harmonic
A/D

balanced three phase supply

cascade induction mode

D/A
FBL
FFT

I/O

inverter

lamination stack length

LHP
LMI
LPV
LTI
Matlab

MIMO
mmf

orthonormal completion

ODE

orthogonal matrix

PI
PID

relative harmonic

see remark

analogue to digital converter

three voltage or current sources supplying K cos(wt — ¢),
K cos(wt—2m/3—¢), and K cos(wt—4m /3—¢) for some K, ¢, w.
operation of the BDFM when the second stator is short circuited,
see section[1.2.1.

digital to analogue converter

feedback linearization, see chapter|8.

fast Fourier transform, a fast implementation of the discrete
Fourier transform

input / output

a device which converts DC to AC, i.e. performs in inverse opera-
tion of a rectifier. In this dissertation the word always refers to an
electronic device.

length of the stack of laminations (typically made from electrical
steel) used to make a machine stator or rotor. Figure[2.1 shows this
dimension on a rotor.

left half-plane, the dual of RHP.

linear matrix inequality

linear, parameter-varying

linear, time-invariant

‘Matrix-Laboratory’: computer software for numerical and sym-
bolic computations from the Mathworks, Inc.; essentially a high
level programming language design for mathematical computa-
tion.

multiple input, multiple output

magneto-motive force, see definition 2.2

a set of mutually orthonormal vectors which span the orthogonal
complement of a subspace.

ordinary differential equation.

a unitary matrix with X € R™*", hence its columns form an or-
thonormal basis for R".

Proportional-Integral, a controller with transfer function K, + %
Proportional-Integral-Derivative, a controller with transfer func-
tion K, + % + Kys.

see remark|[2.6/
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RHP right half-plane - refers to the position of (typically poles or zeros)
in the complex plane, RHP means that ) {X} > O where X is the

complex number in question.

rms root mean square - the square-root of the mean of the square of a
quantity.

simple induction mode operation of the BDFM when the second stator is open circuit, see
section[1.2.1.

Simulink A modelling environment within Matlab, allowing easy solution
of ODE:s.

SISO single input, single output

stack length abbreviation of lamination stack length.

unitary matrix X € C™ is a unitary matrix if X*X = XX* = I, which means

that the columns of X form an orthonormal basis for C".



Chapter 1

Introduction

This dissertation is concerned with the analysis, design and control of the Brushless Doubly-Fed
Machine (BDFM).

The BDFM, sometimes referred to as the Brushless Doubly-Fed Induction Machine, is an AC
electrical machine which can operate as both a motor and a generator. As the name implies the
machine requires two AC supplies, and has no direct electrical connection to the rotor, which removes
the need for carbon brushes sometimes found in electrical machines.

This chapter reviews the development of the BDFM, then section gives a basic description
of the machine operation, and explains the modern interest in the machine. Readers unfamiliar with
the machine may prefer to read this section first. We then outline the approach and structure of this

dissertation in section|1.3|

1.1 Evolution of the BDFM

The history of the modern BDFM can be originally traced back to a patent taken out by the Siemens
Brothers and Mr. F. Lydall in 1902 for a self-cascaded machine [97].

At the time it had become clear that the supply distribution standard was changing from DC
to AC. The adoption of AC brought the induction machine into industrial service. The induction
machine offered a simple and robust construction, which was desirable, however industry required
variable speed operation which led to a significant problem as the fundamental operating speed for
an induction machine is fixed by the mains frequency. At the turn of the 20" century the common
method of controlling the speed of induction machines was the introduction of series resistance to
the rotor, connected via slip rings, as the modern luxury of power electronic frequency converters
(inverters) had not even been conceived.

The use of series resistance (rheostats) connected to the rotor is inherently lossy, and thus there
was a strong desire to design machines which could be operated at different speeds without rheostatic
loss [97].



2 Introduction

It was well known at the time that connecting two induction machines together allowed one to
achieve three different speeds of efficient operation [48, p. 648]. Such an arrangement was known
as ‘cascaded induction machines’. The Lydall patent covered the incorporation of two induction ma-
chines with air gap fields of different pole numbers in one frame. Lydall realised that the resulting
machine would mimic the behaviour of two cascaded (but physically separate) machines because un-
like pole number fields do not couple. His machine had two stator windings and two rotor windings
each brought out on slip rings. Three different efficient speeds of operation could be achieved, the
synchronous speed of winding 1, w/p;, the synchronous speed of winding 2, @/p,, and the cas-
cade synchronous speed, ﬁ. Lydall’s work was to achieve ‘self-cascaded’ operation by, in effect,

putting two machines in the same frame.

At the same time as Lydall’s work, others were attempting to create a ‘self-cascaded’ machine,
but their attempts used suitable spacing of the stator windings to ensure non-linking of the stator
fields, rather than different pole number fields. Prof. Silvanus P. Thompson took out a patent in 1901
[49, p.406] for such a machine, Steinmetz in the USA for a similar machine in 1903, and Meller in
Germany in 1904 [48, p.651].

In 1907 Hunt [48] further developed Lydall’s original idea, although it appears he was initially
unaware of Lydall’s work [49, p. 407]. Hunt realised that the slip rings were unnecessary, that is,
if the cascade connection is made rotor to rotor, rather than rotor to stator, then no slip rings are
needed, and three speeds of operation are still possible. Hunt also contributed to the development
of the machine and showed that with suitably designed stator and rotor windings it was possible to
reduce copper losses significantly. The single rotor winding was designed to couple to both air gap
fields and needed significantly less cross-sectional area of copper than Lydall’s design, leading to
smaller slots and a more practical rotor design. Hunt developed the machine from 1907 to 1914,
and he describes some refinements in his 1914 paper along with experiences gained from industrial
applications, principally in the mining industry [49].

Further improvements were made to the rotor and stator designs by Creedy in 1920 [27]. Creedy
also refined some of Hunt’s rules for choosing suitable pole number combinations, thus providing
greater choice of machine configurations. Most significantly Creedy’s rules for choosing pole num-
bers led to the possibility of using a machine with 6 and 2 poles, which was 50% faster than the
fastest machine available using Hunt’s rules. However, in fact, Creedy’s rules for choosing pole
number combinations were still incomplete.

The self-cascaded machine met with some commercial success. Hunt reports a number of ma-
chines which found application in areas including an air compressor in a colliery, and as an air com-
pressor for refrigeration [49, p. 426].

However, after Creedy’s paper no further publications appeared until Smith published in 1966
[102]. Smith’s machine was in the category of the Thompson/Steinmetz/Muller machines, that is,

the non-linking of stator fields was achieved by spatial separation rather than different pole number
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fields. Smith’s initial motivation appears to have been for the cascade mode of operation, and he
presents, for the first time, a model of the steady-state operation of the machine. The following
year Smith published on the synchronous performance of his machine, and noted that a lower power
frequency converter could be used to extract slip power from the rotor by induction, or if supplied
from the second winding, the machine would behave as a synchronous machine [103]. This was a
significant development as it was the first time that the full synchronous mode was noted, however the
Smith machine was not a true BDFM, rather two magnetically separate machines in the same frame.
Furthermore, in his 1967 paper Smith presents an equivalent circuit for his machine, and analyses its
performance in the synchronous mode of operation. Cook and Smith went on to publish on stability
of the synchronous mode of operation, [24,25], however, as mentioned, his work concerns essentially
two separate induction machines in cascade, which happen to be put in the same frame. Nevertheless
Smith must be credited with first noting the synchronous mode of operation which is achieved by a
double feed.

In 1970 an unquestionably significant contribution was made by Broadway and Burbridge [17].
Indeed, physically, the modern BDFM is essentially the same as that proposed by Broadway and
Burbridge. It seems that they were unaware of the work of Smith, however. Broadway and Bur-
bridge returned to the Hunt machine, and made significant contributions to the design of the rotor.
They reasoned that a wound rotor, which the Hunt and Creedy designs required, would lead to higher
losses and lower durability. They sought to design a cage-type rotor which could be made by the
same means as a squirrel cage rotor, yet did not suffer from excessive leakage reactance. They have
erroneously been credited with first realising that a cage rotor for a BDFM must have the number of
bars given by the sum of the pole pairs of the stator windings; in fact Hunt noticed this [27, p. 534].
Nevertheless Broadway and Burbridge were the first to formalise this concept. Their main contribu-
tion was to propose the ‘nested-loop’ design rotor, which has been adopted in most subsequent work
on the BDFM. Broadway and Burbridge presented an equivalent circuit for the BDFM, and some
performance aspects were analysed in steady-state. They also noted that the second winding can, not
only extract slip power, but also be used to run the machine in a synchronous mode. Yet unlike Smith,

they only consider the synchronous mode in the case that the second stator supplies DC.

Broadway published again in 1971 on what is, in essence, the modern Brushless Doubly-Fed
Reluctance Machine (BDFRM) [15]. In this paper it is noted that doubly-fed operation is possible
with different supply frequencies, through the use of a variable frequency inverter. In 1974 a further
publication by Broadway appeared, with a valuable discussion of the effects of two pole number fields

sharing the same iron circuit, and the effects of saturation [16].

Four years later Kusko and Somuah [57] presented work on a BDFM with two 3 phase wind-
ings on the rotor, although they conceded that the Broadway/Burbridge design would have been an
improvement. They are, perhaps, the first to have noticed that the BDFM equivalent circuit has simi-

larities with that of the synchronous machine in synchronous operation, however they were principally
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concerned with slip power recovery rather than true double feed - the latter requiring a fully controlled

converter.

In 1983 and 1987 Shibata and Kohrin and Shibata and Taka published on the Broadway machine,
firstly in the cascade mode of operation and then in the synchronous doubly-fed mode [94, 95].

In the mid-1980s as part of US Department of Energy contracts, interest developed in the BDFM
at Oregon State Univserity [65]. Wallace, Spée, Li and others at Oregon studied BDFMs exten-
sively, and indeed the name ‘BDFM’ originated in these publications. Their work used the Broad-
way/Burbridge rotor, and developed a coupled-circuit dynamic model for their prototype machine.
They used this model to investigate performance [110, 104]. They then reconsidered the rotor design,
and presented some analysis and proposals for refinement [109]. This work led towards a patent filed
by Lauw in 1993 [59].

Hunt, Creedy and Broadway/Burbridge all proposed a single stator winding which allowed both
pole number fields to be achieved without the need for separate stator windings. However Rochelle
et. al investigated this winding configuration and concluded that it can lead to circulating currents
[88]]. Therefore, later work at Oregon used separate windings.

Li et. al. proposed a d-q (two axis) dynamic model for their prototype machine, and presented
performance results [64, 63]. In these works the authors use separate three phase windings, although
as they comment, under their modelling assumptions the multi-tap single winding is effectively the
same. They used this d-q model to derive an equivalent circuit for their prototype BDFM, and consid-
ered steady state performance of the machine in the synchronous mode, [60]. This work was furthered
by Gorti et. al [41]. Boger et. al. generalised the Li d-q model to any pole pair configuration, however
their starting point was an assumed stator and rotor configuration [11, 12].

Also at Oregon, Ramchandran et. al. offered frequency-domain methods of extracting most
parameters for the d-q model described in [[64]. Their work was initially presented in simulation only,
but then partially verified by experiment in a later paper [79, 80].

At this stage, work on the BDFM at Oregon concentrated on control aspects and applications
of the machine, which will be discussed later. However further contributions were made on the
modelling of the BDFM by Williamson et. al at Cambridge University. They presented a generalised
harmonic analysis of the BDFM which is capable of predicting the steady-state performance of any
BDFM with a nested loop rotor with any stator winding, allowing the harmonic contributions to be
specifically analysed [115, 114, 33]. Williamson and Ferreira also used finite element analysis to
verify their results and investigate the effect of iron loss and saturation [33,34]. Williamson and
Boger also used the harmonic analysis model as a starting point to investigate inter-bar currents in
the BDFM. Significantly they found that, unlike in a conventional cage rotor induction machine,
the performance of the BDFM is significantly impaired by inter-bar current, to the extent that they
recommend insulation of the rotor bars [12, 117]. Nevertheless, this does not mean that it would be

impossible to cast a rotor, as Koch et. al. present methods by which this can be achieved [55].
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As previously discussed, Cook and Smith noted the presence of unstable operating modes in the
doubly-fed single frame cascade induction machine [24, 25]. Similar lightly damped, and unstable
regions were evidently of concern to the work at Oregon State University from the outset [104, p.
742].

The first attempt, and indeed the only to date, to analyse the open-loop (that is without any feed-
back, speed or otherwise) stability of the BDFM was undertaken by Li et. al. in 1991 [62], the same
work was also published four years later [61].

Reference [61] (and [62]) used the d-q axis model developed in [64], and linearized this model
about an operating point. The approach adopted used the first term of the Taylor series, as usual when
performing a linearization. However the process is complicated by the choice of reference frame for
the d-q axis model, which is synchronous with the rotor. In such a reference frame the equilibrium
conditions are not constant, but sinusoidally varying. This rendered the linearised system periodic,
and Li et. al. used Floquet theory (see [28]) to numerically analyse the stability, and present an
algorithm for doing so.

In 1992 Brassfield et. al. published a ‘direct torque control’ algorithm for the BDFM [13] (also
published as [14]). This is believed to be the first control algorithm proposed for the BDFM. The
algorithm was developed from the d-q model developed in [64], but using a vector flux quantity
instead of rotor current states. The algorithm seeks to regulate the torque and control winding flux
derivatives, and then outer PI (proportional-integral) loops use these variables to drive the controlled
outputs to their reference set points. However, the algorithm, in its most basic state, requires complete
knowledge of the stator and rotor currents, speed and position in real time. To overcome this limitation
an estimator was proposed to estimate the flux variables, leaving only measurement of the stator
voltages and currents, and the speed and position. The results were presented in simulation only.

It is interesting to note that the development of the ‘direct torque control’ algorithm in [14] is, in
fact, closely related to the application of feedback linearization to the BDFM, although the authors
do not appear to have made this connection. Feedback linearization is a non-linear control design
technique where full state feedback is used to remove non-linearities in a model. The application of
feedback linearization to the BDFM will be discussed in chapter 8.

In reference [128] a variation of the ‘direct torque control’ algorithm of [14] was presented where
the outer loop PI regulation is replaced with an adaptive control law. Simulation results were pre-
sented.

In 1993 Zhou et. al. presented experimental results from a so-called ‘scalar’ control algorithm
for the BDFM. The algorithm comprised of two PI regulation loops, one for the shaft speed and the
other for the grid-connected stator power factor, by varying the instantaneous magnitude and phase of
the converter-fed stator. The proposed algorithm requires a current source inverter [127]. The ‘scalar’
control algorithm requires measurement of the grid-connected winding voltage, current and the rotor

speed.
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In reference [127] it was also noted that the ‘direct torque control’ algorithm was being imple-
mented in hardware, however to date this is the last mention of the ‘direct torque control’ algorithm,
suggesting that there were practical problems associated with its implementation. One problem men-
tioned was that of computational complexity and associated hardware limitations, but there may have
been more fundamental problems with the algorithm.

A significant development took place in 1994 when Zhou and Spée noted that the d-q model of
[64] could be rotated into a reference frame in synchronism with the machine d-q currents, rather
than synchronous with the rotor itself [130]. While this reference frame lacks a concrete physical
interpretation it is has the advantage that the d and q quantities become constant quantities in the
steady state. In reference [130] version of the d-q model in the rotor reference frame supplied with a

current source inverter (first presented in [42]) was converted into the synchronous reference frame.

From the synchronous reference frame model a rotor field orientated control scheme was devel-
oped, using the dynamic BDFM equations to decouple control winding flux and torque. The method
assumes that the flux is a constant parameter, and then estimates the remaining quantities required to
derive a demanded control winding current. The control input is the desired electrical torque, which is
used to regulate the speed using a PI regulator. The effect of all stator resistance terms is neglected, as
are leakage inductances. The control algorithm required measurement of the power winding voltages,
position and speed. The control winding currents are the control outputs, which are fed into a current
source inverter.

Reference [125] (also published as [129]) presents an experimental implementation of the control
algorithm. Principally the implementation is as described in [130], with the same control inputs,
however the internal calculations were manipulated for easier implementation, using a synchronous
load angle as the internal variable.

Two simplifications of the proposed field orientated scheme were presented. The first, [126], re-
moves the need for position measurement, by assuming a fixed value of the synchronous load angle
during transients. This was reported as degrading the step response for a 100rpm step speed change
from 0.4s to 1.2s. The second simplification proposed in [124] is conceptually similar to the original
field orientated scheme. However, no attempt is made to estimate the electrical torque, instead the
synchronous load angle is regulated. Although the new algorithm constitutes a conceptual simplifica-
tion, the performance of the resulting control law was improved: 0.3s for a 100rpm step change. The
authors attribute this improvement is due to an increase in controller bandwidth made possible by the
reduced controller complexity.

An implementation of the original field orientated scheme ([125]) was reported in [96]. The
results are for a much larger machine (30kW), and although the dynamic performance is not as good
(100rpm step response of 1.3s), it is likely that the speed of response was limited by inverter rating,

rather than the control algorithm.

More recent publications have appeared for the cascaded doubly-fed machine, which is electri-
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cally similar to the machine of Lydall, but literally comprises of two machines, in two separate frames
with the rotors coupled both mechanically and electrically. A stator flux orientated control scheme
and ‘combined magnetizing flux’ control scheme were presented. It is claimed that these schemes
would apply equally to the BDFM, although results are only presented for the cascaded machine
[45) 46].

1.2 Description of the BDFM

The contemporary BDFM is single frame induction machine, without any brushes, which has two
3-phase stator supplies (hence ‘doubly-fed’), of different pole numbers. Typically the two stator
supplies are of different frequencies, one a fixed frequency supply connected to the grid, and the
other a variable frequency supply derived from a power electronic frequency converter (inverter), as

illustrated in figure(1.1.
3 — phase grid, 5S0Hz
Y

Yy

Fractionally rated
frequency converter

pYVYY
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3- phase variable freq.
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Figure 1.1: BDFM concept: a brushless, doubly-fed induction machine

1.2.1 Machine Concept

The machine may be thought of, conceptually, as two induction machines, of different pole numbers
(and hence different synchronous speeds, for the same supply frequency) with their rotors connected
together both physically and electrically. Physically the machine is very similar to the self-cascaded
machine proposed by Hunt [48], the main distinction is that the BDFM is explicitly a doubly-fed
machine.

This combination of induction machines is similar to the traditional cascade connection of induc-
tion machines. In a traditional cascade connection, the rotor of one machine was connected to the

stator of the next (via slip rings). However it was Hunt who realised that if both machines were in the



8 Introduction

same frame, then it was advantageous to connect the rotors together, rather than one machine’s stator
to another’s rotor, as it removed the need for slip rings [48]. Hunt also showed that the rotor-rotor
connections amounted to essentially the same system as stator-rotor connections.

If stator 1 has p; pole pairs, and stator 2 p, pole pairs, then the BDFM can be operated as
an induction machine of either p; pole pairs or p, pole pairs, by connecting stator 1 or stator 2
respectively, and leaving the other supply unconnected in each case. In the sequel this mode of
operation will be referred to as simple induction mode. The characteristics of the BDFM in this mode
are the same as those of a standard induction machine, except that the performance will be poor. The
reasons for this will be addressed in chapter 4.

However, if the non-supplied stator winding is short-circuited, then the behaviour of the machine
is like that of a cascaded induction machine. A cascade induction machine formed from p; and p,
pole pair induction machines has characteristics which resemble an induction machine with p; + p;
pole pairs. This will be discussed in more detail in chapter [4, and in the sequel this mode will be
referred to as cascade induction mode.

The previous two modes are both asynchronous modes of operation, that is, the shaft speed is
dependent on the loading of the machine, as well as the supply frequency. However in doubly-fed
mode the BDFM has a synchronous mode of operation which is the desirable operating mode, and

the one for which the design of the machine is to be optimised.

1.2.2 Synchronous mode of operation

We shall now introduce the synchronous mode of operation of the BDFM. The synchronous mode of
operation of the BDFM relies on cross-coupling between the stator and rotor [115], so does, in fact,
the cascade induction mode of operation.

Cross-coupling means the coupling of the field produced by stator 1 to stator 2, and vice-versa.
By design, this cross coupling cannot occur directly between stator 1 and 2 as they are chosen to be
non-coupling - in the simple case this means that the pole number of each field must be different. A

full discussion of this point is given in chapter 2|

Stator 1 : Rotor : Stator 2
| |
P o1 } } ) 2) .
fi= T | | = 7
Vi \ ! V2
o Pn @y Wy
P1 P2

Figure 1.2: BDFM concept: speed of stator and rotor fundamental fields

If stator 1 has p; pole pairs and is supplied with a three phase supply at w; rad/s, then the stator
current wave, and hence air gap magnetic flux density will rotate at @;/p; rad/s. Similarly if stator 2

has p, pole pairs and rotates at w, rad/s then the waveforms will rotate at w,/p, rad/s. Therefore the
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fundamental magnetic flux density due to stators 1 and 2 may be expressed as follows (ignoring any

fixed angular offsets):

bi(0,1) = By cos (w1t — pi6)
by(6,1) = By cos (wrt — pab)

where By, B, are the peak magnetic flux density and 0 is the angular position around the circumfer-
ence.
If the rotor is rotating at w, rad/s, then the fundamental flux density equations may be written in

the rotor reference frame, 0’ = 6 + w,t:

by(@', 1) = By cos (w1 — @, p)t — 0 p1)
by(@', 1) = Bscos (w2 — w, pa)t — 6 ps)

Therefore the magnetic flux densities, in the rotor reference frame, are travelling waves of frequency
(w1 — w, p1) and (wr — w, py) respectively.

Cross coupling, then, requires currents induced by b in the rotor to ‘couple’ with 5/ and vice-
versa. By ‘couple’ we mean, in this context, that a constant torque be produced, i.e a torque with
a non-zero mean. Torque can be expressed as the integral from O to 27 of the product of a current
wave and magnetic field wave. The induced current wave due to a magnetic field will be of the same
frequency in the steady state. Therefore if a constant torque is to be produced by cross coupling then

(w1 — w, p1) = (w2 — w, p). Taking the negative condition and rearranging gives:

W+
P11+ P2

(1.1)

w;

Equation (1.1) gives the requirement on rotor speed for cross-coupling to occur in steady-state.

It is noteworthy that w, = 0 is a perfectly legitimate BDFM synchronous speed, that is, the second
supply may be fed with DC. This operational condition was noted by Broadway and Burbridge [17].
The condition when w, = 0 will be referred to as natural speed in the sequel, and is given by:

w1

_P1+P2

Wy (1.2)

Furthermore there must be spatial compatibility for cross coupling to occur. That is, the current
induced in the rotor by »] must produce a magnetic field containing a p, pole pair field harmonic
component for cross coupling to occur; and of course, vice-versa. This requirement can be satisfied by
a special design of rotor, one example of which is the ‘nested-loop’ rotor first proposed by Broadway
and Burbridge [17]. Further consideration of rotor design is given in chapter|5.

When the synchronous conditions are satisfied then the machine produces torque, the value of
which is controlled by a load angle, like that of a synchronous machine [115]. Also, the power

supplied to the machine is approximately split between the two stator supplies in the ratio w, : w1,
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therefore if only a small speed deviation is required away from the natural speed, then it is likely that
a variable speed drive installation could be designed with an inverter rating a fraction of the total drive
power, perhaps as small as 30% of the total [104].

Furthermore, it can be shown that the power factor of the machine can be controlled in this
synchronous mode, and, subject to inverter capacity, the grid-connected winding may run at leading

power factor [115].

1.2.3 Potential Applications for the BDFM

The BDFM then has some very attractive features: it is brushless in operation, offers high power
factor operation when operating as variable speed drive, and can achieve variable speed operation
with a fractionally rated inverter. The fractional rating of the inverter will lead to significant economic
benefits, as typically the cost of a variable speed drive is dominated by the cost of the inverter [[127].

The most promising applications therefore are applications requiring variable speed operation,
preferably over a limited speed range, and in environments where high power factor and lack of
brushes are highly advantageous.

Wind power generation is a likely area of application at present, the advantages of fractional
inverter and high power factor have already prompted the use of the doubly-fed induction machine
[75]. The BDFM maintains these advantages but also achieves brushless operation, which particularly
for off-shore installations, would be of considerable benefit; increasing the time between services
[8,/19].

Other applications that have been considered, include pump drives [10]. Again the motivation is
the reduced inverter rating, the typically low starting torque required for fluid loads means that this
advantage can be maximised.

There is, however, likely to be a cost penalty for using a BDFM as compared to a conventional
induction machine-based drive. The rotor is likely to be more complex, hence manufacturing costs
will be slightly higher, and also it is likely that the machine itself may be slightly larger for the same
output torque. However the benefits will certainly outweigh the costs in an appropriate number of

application areas.

1.3 Approach of this work

The evidence of the previous discussions leads to a number of unresolved issues which prevent the
commercial adoption of the BDFM. The BDFM is seen as a brushless replacement for certain electri-
cal machines in particular applications, however to date no machines are in commercial service and
there is no industrial experience of machine design or control. It is therefore desirable for the ma-
chines manufacturers to quantify the performance penalty incurred with the new technology (if any),

as this decides the economic success, or otherwise. The performance of the machine is of commercial
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concern in: its physical size, efficiency, the extent to which it draws harmonic currents, the required
inverter rating for machine operation and the dynamic stability of the drive system.

Initially the focus of this work was on the dynamic stability of the machine, however it became
clear that existing analysis of the machine was incomplete and provided only a partial solution. There-

fore this dissertation addresses the following areas:

* The development of a coherent set of models for a general class of BDFM machines which

accurately predict both steady state and dynamic performance (Chapters 2,(3}/4, and[7);

* The use of these models to investigate the steady-state performance of the machine and the
stability of steady-state operating points, and to propose a method of quantifying machine per-

formance in terms of machine equivalent circuit parameter values (Chapters 4/and 5);
* The estimation of machine parameter values by experiment (Chapter 6);
e The consideration of new rotor designs to improve the steady state performance (Chapter 5);

* The consideration of control strategies to stabilize and improve the damping of steady-state

operating points (Chapters|7 and(8).

The specific context of these areas will now be discussed.

1.3.1 BDFM Model Development

A spectrum of modelling techniques has been successfully employed in the study of electrical ma-
chines, ranging from the elegant simplicity of the equivalent circuit model to the detail and precision
of finite elements modelling. Both ends of this spectrum, and methods which fall in between, have
their place in BDFM modelling and have been successfully used.

Finite elements modelling, from the users perspective, essentially allows ‘experiments’ to be
performed on detailed numerical models of electrical machines which are defined by their physical
dimensions and electrical connections. This approach allows dynamic and steady-state modelling and
can include the effects of saturation. This technique has been applied to the BDFM in [34, 33], and
gave very good predictions. However, the complexity of the model makes the computational burden
significant, typically of the order of 1 hour of computation time to simulate 1 s, using a Pentium 4
class processor. Furthermore, the finite element approach is very much a computer-based method of
experimentation rather than an analysis tool, that is, it provides little insight as to how designs may
be improved, and machines must be investigated on a case by case basis. For these reasons finite
elements modelling is not considered further in this dissertation.

While the finite elements technique leads to accurate results, it can be difficult to gain insight into

machine operation. A generalised harmonic analysis for the BDFM with a ‘nested-loop’ design rotor
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was presented in Williamson et. al. [115, 114]. Harmonic analysis performs a harmonic decomposi-
tion of the magnetic flux density, and couplings between constituent motor circuits, which can be vital
in the optimization of machine design. The model presented in [115,/114], while not able to account
for saturation, can model any configuration of nested-loop rotor BDFM (although not any other rotor
design) in combination with any realistic stator winding. However, as is typical with harmonic analy-
sis, it can only be used to model the steady-state operation of the machine, which means it cannot be
used investigate stability of the machine.

Other modelling techniques applied to the BDFM include, dynamic coupled-circuit models, al-
though these were applied to a specific example[110, 104]. d-q axis dynamic models have been pre-
sented [64,/63,/11,/12], however these models either apply to a specific machine, or to machines with
‘nested-loop’ design rotors, and furthermore the connection between these models and the coupled-
circuit model is not made clear. Equivalent circuit models have been proposed by a number of authors
[17, 60, 65,59, 41]. However, these have generally been either given without derivation, or have been
for a specific machine configuration. Again the connection between these equivalent circuit models
and either the d-q axis models or coupled circuit model has not been made clear.

There is a need for a generalised dynamic and steady-state modelling framework which can be
applied to a wide class of BDFM machines, including, but not limited to, those with a ‘nested-loop’
rotor. A rigorous derivation of other models is needed from this framework to give a d-q axis model,
and equivalent circuit model which are consistent and for which parameter values may be calculated
and their physical meaning made explicit. This dissertation provides such a framework and rigorous

derivations.

1.3.2 Use of BDFM models to investigate performance, new rotor designs and the

estimation of machine parameters

The majority of previous work on the BDFM has been analysis detached from any performance
objectives. While some work has been done on the basic machine operation, [41, 60,/114,10], it has
not sought to identify key machine parameters which an ideal design would optimize. Therefore it is
difficult to know what design compromises will lead to good machine performance without actually
designing a machine and testing it.

This dissertation provides a partial solution by investigating which machine parameters in the
derived equivalent circuit model have the greatest impact on machine performance.

Since the work of Broadway and Burbridge the rotor design has remained largely static for the
BDFM [17]. Although some investigations into improving the performance of the ‘nested-loop’ de-
sign of rotor proposed by Broadway and Burbridge was undertaken [109], the design of the rotor has
not been considered since. However the design of the rotor cannot be considered a closed area of
research as Broadway and Burbridge themselves concede [17]. Therefore in this dissertation new ro-

tor designs are considered and their performance evaluated using the derived equivalent circuit model
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and by experimental means.

The issue of parameter estimation for the BDFM has received relatively little attention. Only
two publications appear in the literature [80, 79]. These methods find parameter values for a d-q
axis model. However little, or no, experimental evidence was presented supporting the efficacy of the
approach. We therefore propose a new method of parameter estimation. The method gives parameters
for the derived equivalent circuit model which are related back to parameter values for the d-q axis

model, and for which considerable experimental evidence is presented for its effectiveness.

1.3.3 Analysis of stability of the BDFM and the development of control strategies

The only publication to address the stability of the BDFM in its synchronous mode of operation was
presented by Li et. al. [61] (also published as [62]). However, because of the model used, Li et. al.
were forced to analyse the stability of a periodic system, which therefore, did not admit the use of
well-established controller design tools for LTI systems. Furthermore, the analysis was for a specific
BDFM machine.

There is a need for a rigorous stability analysis which covers a wide class of BDFM machines.
This dissertation develops a general linearized model which admits local stability analysis by standard
eigenvalue techniques, and from which controllers may be designed. We also investigate the quadratic
stability of the electrical dynamics of the class of BDFM machines considered.

Furthermore although a number of publications have appeared on control aspects of the BDFM
[125,1129, 130,126, 124], all of the publications containing experimental results were for control
schemes which required a current source inverter. Therefore we propose two practical control strate-
gies using a voltage source inverter.

Recognising the limitations of linear controller design techniques we consider the nonlinear con-
troller design technique feedback linearization. We give two possible methods of application to the

BDFM and outline initial attempts at implementation of such schemes on a prototype BDFM.
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Chapter 2

BDFM Coupled Circuit Modelling and

Parameter Calculation

2.1 Introduction

For the purposes of this work it is necessary for the adopted model to predict both dynamic and
steady-state performance of a range of different machine designs. Furthermore, in order to make use
of the model and to explore potential machine designs it is necessary to calculate parameter values
for any such model.

As discussed, it has been decided to use a coupled-circuit model for this purpose.

Wallace et. al. and Spée et. al. [110, 104] used a coupled circuit technique to model a prototype
BDFM, however no generalisation of this model was ever presented. Although Wallace et. al used the
model to simulate their prototype machine, [104], the limitations of the model were never addressed,
specifically, the inclusion of leakage inductance effects, allowance for finite conductor widths and
the generalisation of the model to a wide class of machines. The work presented here is similar to
their work, but generalised, to allow any realistic BDFM to be modelled, allow the inclusion of some
leakage inductance effects and makes allowance for finite conductor widths.

The machine is modelled as a set of interconnected coils. This assumption is reasonable in prac-
tice, as will be argued, as it allows almost all industrial-type electrical machines to be modelled
without further simplification. From this standpoint, relationships between stator and rotor of the
machine are derived in terms of mutual inductance matrices.

Furthermore the parameter calculation technique adopted is particularly suited for implementation
on computer, and when so done allows significant modification of the design of the machine to be
performed with relative ease. This is achieved by calculating inductance parameters in a coil by coil
basis, and then combining the results in a manner appropriate to the circuit being analysed.

In contrast to [110], two methods are proposed for the calculation of inductance parameters.

Firstly the parameters are calculated by direct integration, and secondly by splitting into Fourier

15
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series prior to integration.

The latter method is useful as it allows the harmonic content to be investigated. This is something
that will be important in chapter|5.

Finally a dynamic model is derived for the BDFM using the calculated parameters.

Some of the results presented in this chapter will be of no surprise to readers familiar with elec-
trical machine modelling. However the BDFM is an unusual machine, and great care must be taken
in the analysis as not all results applicable to related machines, such as the induction machine, can
be directly transfered. For this reason, and because it is anticipated that readers from a system-theory
background will have had less exposure to electrical machine modelling, derivations are presented in
detail.

An attempt has been made to state assumptions at the start of each section and in some cases

references are provided to well-respected works which adopt the same assumptions.

2.2 Preliminaries

The following definitions are standard, for further information see, for example, [122].

Definition 2.1. Let there be N turns of wire with current i € R A flowing in each. Let the magnetic
field intensity vector be H € R3, dI € R? a direction vector of infinitesimal magnitude, J be the

current density, and dA € R? a direction vector normal to the surface S of infinitesimal magnitude.

%H-dl:f]-dA:Ni
c s

where S is any open surface bounded by a closed path C. In the case that the surface S contains N

Ampere’s Law states:

conductors each carrying current i, then the right hand side reduces to Ni, as shown. A right-hand
coordinate system will be used, therefore an anti-clockwise closed path requires the positive direction
of current flow to be out of the page. Ampere’s Law is only valid if the rate of change of electric flux

density is negligible. This fact will be assumed.

Definition 2.2. [35, p. 132] The magneto-motive force (mmf) of any closed path, C, is defined as the
net ampere-turns, Ni = fs J - dA, enclosed by that path:

Fec = 55 J-dA = Ni
s
where N, i, S, and J are as given in definition

Definition 2.3. A magnetic material is said to be linear if:

Ju : B = uH, pu constant
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where u is the magnetic permeability of the material, and B is the magnetic flux density.

Linearity of the magnetic material implies that there is no saturation, or skin effects.

Definition 2.4. The magnetic flux, ¢, passing through a surface, A is defined as:

¢éy§B-dA
A

Definition 2.5. Gauss’s Law for magnetic fields states that total magnetic flux out of any closed

fB-dA:O
s

Definition 2.6. The magnetic flux ¢;, linked by a circuit with conductor density, C, is defined as:

¢zé?§ f B-dA,CdA,
Az JAI(A2)

where the surface A is defined by the closed curve due to elemental conductor Cd A, within which

surface, S, is zero:

the magnetic flux density is B. In the simple case of N coincident conductors bounding a surface A

the flux linked by the circuit reduces to:

¢>léN?§B-dA
A

Therefore from definitions 2.1} 2.3/and 2.4} in a network of k circuits, if a magnetic material is,
or can be assumed to be, linear, the magnetic flux ¢, linked by circuit n < k due to magnetic flux

produced by circuit m < k circuits is linearly dependent on the current flowing in circuit m.

Definition 2.7. For a network of n circuits with linear magnetic material the Mutual inductance,
M € R*", can be defined in terms of the flux linked by each of the n circuits due to the current

flowing in the n circuits:
¢ = Mi

where M is not a function of i. The flux linked by the j" circuit due to current flowing in the k™" is

M.

Definition 2.8. Self inductance, Ly, is the flux linked in the k™ circuit (k < n) due to current flowing

in the k" circuit. Therefore:

Ly = My
i.e. the self inductance terms are the diagonal elements of M.
Lemma 2.1. [72] From energy conservation it can be shown that:

Vi,jfl’l:M,'j:Mj,' (21)
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Lemma 2.2. [72] For any mutually coupled coils of self inductance L; and L ; and mutual inductance
M,‘j N

Mij < LiLj 2.2)

Definition 2.9. Faraday’s law relates the voltage induced across the terminals of a circuit due to the
flux linked by that circuit:
dg
V= —
dt

where the electro-motive force (emf) induced in the circuit is given by —uv.

Definition 2.10. A matrix, A € R"*" is said to positive (semi) definite if xTAx > (=)0 Vx € R" #£ 0.

From this definition the following are immediate:
1. If A, B are positive definite then A + B is positive definite.

2. If A is positive definite and ¥ > 0 where y is scalar, then y A is positive definite.

A 0
3. |:0 j| is positive definite if and only if A and B are positive definite.
B

Analogous results follow for positive semi-definite matrices and negative (semi) definite matrices.

Lemma 2.3. [72] For any set of mutually coupled coils , M € R™™", with constant inductance
parameters, the work done in increasing the current from 0 to i € R", that is the energy stored, is
%i TMi. Furthermore from Lenz’s law, with the chosen sign convention, this energy must be greater

than or equal to zero. We may therefore conclude from def. 2.10\that M is positive definite.

2.3 General Electrical Machine Coupled-Circuit Model

Given a network of #n circuits, each with terminal voltage, v € R”, current i € R” flowing in them,

and ¢ € R”" being the flux linked by each circuit, combining Faraday’s law and Ohm’s law:

d¢
=Ri+ — 2.3
v i+ o 2.3)

where R € R"*" is the matrix of resistances.

This modelling approach is called a coupled-circuit or coupled-coil model.

It should be noted that for any physically realizable system the principle of reciprocity requires
that R and M are symmetric, that is that R = RT and M = MT. Further, it is usually the case that R

is diagonal.
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Assuming a linear magnetic circuit, from the definition of mutual inductance, def. 2.7, equation

(2.3) may be expanded using the chain rule to give:

R'+dM'+Mdi 2.4)
v = — — .
! dtl dt

In electrical machines the mutual inductance term, M, is assumed to vary only with the rotor
position, 6, € R.

We define the rotor angular speed as:

2 46 (2.5)
w, = .
dt
It is then natural, to express (2.4) in terms of the rotor angular speed:
Ri + M'+Mdi (2.6)
v=Ri+ o, i — .
do, dt

In systems theory terms an electrical machine can be thought of as a dynamic system with input
voltage and output currents. In this case, the system admits a state-space representation where the

currents are the system states. From (2.6):

di ) dM
M— = —Ri — o,
dt do,

i+v 2.7

2.3.1 Torque Calculation

The electro-magnetic torque developed by the machine couples the electrical differential equations
to the mechanical differential equations. The torque produced by an electrical machine can be deter-
mined by considering instantaneous power transfer in the system.

Firstly we recall that the energy stored in magnetic field in a coupled circuit network, or magnetic

co-energy, is defined as:

Lo
Weo = 51 Mi (2.8)

Therefore the instantaneous power transfer from the magnetic field is given by:

dWe, 1di" 1 .dM. 1., di
=——Mi+-i —i+<i M—
dt 2 dt 2 dt 2 dt
1 ~dM di Weo .
=—iT—i+ iTM—l as —— is scalarand M = M"T (2.9)
2 dt dt dt

Multiplying (2.4) by iT from the left:

T . . . . .
1V 1 1 l " l 1 : ( )
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Therefore from (2.9) with (2.5), and expanding via the chain rule gives:

T Ty  L.pdM. dW., . . I pdM . dW,,
iv=i Ri+—-i —i+ =i Ri +w,—i I
2 dt dt 2 do, dt

(2.11)

Equation (2.11) is a balance of the instantaneous power transfer in the system. The input power,
iTv is balanced by the Ohmic loss term, i T Ri, the rate of change of stored energy in the magnetic
field, dde"” , and the remaining term corresponds to the mechanical power generated by the machine.
Therefore the electrical torque generated by the machine is given by:

1 dM
= —jT— (2.12)
2 db,

T,

Notice that the torque may equivalently be defined as:

_ aWCO
06,

(2.13)

2.4 Calculation of Parameters for Electrical machines

In the previous section the general electrical machine equations have been derived. In order to pro-
ceed with simplifying transformations it is necessary to explore the structure of the inductance and
resistance matrices in (2.4). The structure is most simply revealed by calculating values for these
parameters, under the assumptions stated in section [2.3. The following additional assumptions will

now be made:
* The permeability of iron can be considered to be infinite.

* The air gap width between the stator and rotor is small enough, relative to the machine length

and diameter, that it may be assumed that:

— The effects of finite machine length can be neglected.

— The lines of magnetic flux in the air gap are parallel.

* The machine is assumed to consist of a cylindrical rotor inside a cylindrical stator, with con-
ductors which may each be adequately modelled as a uniform conductor distribution on the
surface of either the rotor or stator cylinder within the region containing those conductors (see

figure[2.2). That is, the conductors are assumed to be of zero depth, but finite width.

* For the purposes of mutual inductance calculation the rotor and stator are separated by an

effective air gap width, given by Carter’s Factor. See section|2.8 for full details.

* All conductors in each slot of the stator (or rotor) are uniformly distributed over the same pitch,
although the pitch may differ between stator and rotor. The pitch over which the conductors are

distributed is assumed to be the slot mouth width.
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* The effects of leakage (discussed in section [2.5.2) may be satisfactorily modelled by some

suitable addition to the self-inductance terms only.

The assumptions stated above, combined with those used to derive (2.4), are known to yield a
model with satisfactory accuracy in the modelling of induction machines and BDFMs: [115] and
[110] present BDFM models derived using these assumptions. [114] and [104] verify these respec-
tive models against experimental results. Furthermore, [113] and [116] give examples of models
for cage rotor induction machines derived with these assumptions, the results being verified against
experimental data.

As calculation of parameters for a variety of different machines is required, the approach pre-
sented here is motivated by versatility. It is similar to that described in [110], but the assumption
of point conductors relaxed, and generalised for any machine for which the stated assumptions are
reasonable. We first calculate the flux density due to unit current flowing in a single coil. We then
use this result to derive an expression for the mutual inductance between any two coils with a par-
ticular class of conductor distributions (to generalise to any conductor distribution is trivial, but of
limited application). We then split the machine windings and rotor circuits into single coil elements
and compute the mutual inductance between all single coil elements. We then sum the single coil
elements taking care with the sign to yield the machine parameters. The calculation of flux density
and inductance for a single coil is well-known, and can be found in, for example, [43, ch. 1], although
it is usual to express the result as a Fourier series rather than a definite integral, as is required in this
case. Furthermore point conductors are usually assumed, whereas, in common with [116] we allow
for uniformly distributed finite width conductors. For these reasons, and for the benefit of the reader

from a systems theory background, a full derivation is included.

2.4.1 Magnetic Flux Density due to Single Coil

We wish to determine the spatial magnetic flux density produced in the air gap due to current i flowing
in a coil of N turns connected in series. The coil is the basic building block used to create machine
windings. From Definition 2.1, we may relate the line integral of the magnetic field intensity around
any closed path to the current flowing through the surface bounded by the closed path. Figure
shows a machine rotor in plan with a section through the rotor. As the air gap is assumed small, the
rotor and stator diameter are taken to be the same. Figure|2.2 shows a cross-section through a rotor
and stator of an electrical machine. For simplicity, the cylindrical rotor and stator surfaces have been
flattened, thus the far left and right hand edges of the diagram are coincident. The figure shows two
stator slots filled with conductors, and the remaining slots empty. ® and © indicate current flow into
and out of the page respectively.

Consider the closed path, C;: as we assume that the iron has infinite permeability the portion of

the line integral of magnetic field intensity in the iron is zero regardless of the exact path. Therefore
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A typical slot filled with one or more conductors
:;:

— d = < w ——

Figure 2.1: Cross-section and plan views of a typical machine rotor, showing the rotor diameter, d,

and lamination stack length, w.

Stator teeth

| Stator slots Stator

f (0%

0l0 5ol TS TV [
olo oal L~

H, i, o Wy = air _gap $ P
< a; —= M= o
Rotor
C, H=00
B,

2w

Figure 2.2: Magnetic flux and current density for a stator coil, all dimensions in radians except for g,

the air gap width.
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from Ampére’s Law (def. 2.1), because J = 0 everywhere, around C;:

Hyg — Hyg =0 (2.14)
= H; = H, (215)

where g is the air gap length as shown in figure 2.2| and H, are magnetic field intensities. Whereas,

around path C, we get:
Hzg — ng = Ni

where N is the number of conductors each with current i flowing in them.
From def. [2.3/the total change in air gap magnetic flux density across a slot with N conductors
with current i flowing in each is:
Nipo
8

AB =By — B =

(2.16)

Thus equations (2.16) and (2.14) show that changes in magnetic field in the air gap only occur between
teeth, and that the value of this change is given by (2.16).

As in [116], it is assumed that the change in magnetic field is linear across the slot mouth, wy,
which therefore means that the current density, J for the two slots shown is as given in figure 2.2.
The magnetic flux density, B is shown in blue.

In order to calculate B, and B, Gauss’s Law (def (2.5)) may be applied to the cylindrical surface
of the machine rotor. By considering the flux density waveform (see figure 2.2), it can easily be shown

that:

Ba. + By 21 — ) =0 2.17)

where o, is the coil pitch in radians, as shown in figure 2.2|

From (2.17) and (2.16):
—Ni .
B = K0 % (2.18)
g 2r
Nipo 27 — a,
B, = Nito @7 — ) (2.19)

g 2r

where w; the slot mouth width in radians, as shown in figure

We have now calculated the air gap magnetic field due to current i flowing in a coil, as shown
in figure2.2. We may now write down the equation of the air gap magnetic flux density, By (6), due
excitation of the k™ circuit as shown in blue in figure [2.3] (the green lines depicting the j™ circuit

conductor distribution will be used in a later section):
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0 — P

Sk
B, Br +ws, <0 < B+ g,
0 — Br — a,

Sk

B]k + (sz — Blk) Br <6 < By + wy,

B (0) = (2.20)

BZk + (Blk - sz) :Bk +ack <0 < ,Bk +ack + wsk

By, otherwise

Using (2.18) and (2.19), equation (2.20) may be written in terms of the current, number of turns and
slot and pitch geometries of the k™ circuit, shown in blue in figure 2.3}

_ac 0 —

LT B <0 < B+ wy
2 Wy,
2w — o,

Niixito | ~ 20 Br +ws, <0 < B+ o,

B (0) =

27 — o, B 0 — Br — oy, (22D

27 wy, IBk + Qe < 0 < ﬂk + (0259 + Wy

2w

otherwise

2.4.2 Mutual (and self) Inductance of Single Coils

From the definition of mutual inductance [2.7]and flux linked [2.6] the mutual inductance between the

ith circuit and k™ circuit of an electrical machine, M 4, is given by:
j

d 2w 0
Mjkik = w-— / Bk(9) / Cj (‘L’)dl’d9
2 0 0

where i, By are the current and magnetic flux density in the air gap in the k™ circuit, C; is the conduc-
tor density function for the j" circuit ( foe C;(r)dt will be referred to as the conductor distribution
function for the j™ circuit). In particular, the conductor density function is related to the current

density for the j circuit by the coil current, i ;:
Ji(0) =C;)i;

As self inductance is a special case of mutual inductance, mutual inductance will henceforth be used
to refer to both mutual and self inductance.

We have assumed that the conductors in each coil are uniformly distributed across the slot mouth
width (w; in figure[2.2). Therefore, as each coil comprises of N series connected turns, the current in
each turn is the same, and the current density function will always be of the form shown in figure 2.2}

with each rectangle having area Ni, as depicted.
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Jy €z

’ —

2

—= Bk =

Figure 2.3: Air gap magnetic flux density due to excitation of the k™ coil and conductor distribution

for the j™ coil

Figure 2.3 shows By () and fog C;(r)d for a typical jk pair. From this diagram we may write:

d ﬂ_/+w5j 0 — ,3 ﬂj-i-ac
M iy = w=N, / B (0) Ldo +/ B (6)d6+
B B

2 ij j+w5

pitwgte Bt ta, —0
f Bi(6) 240 (222)
B wS.f

it
J+ cj

J

where By (6), the magnetic field due to the k™ circuit is given by (2.21) and foe C;(r)d is the con-
ductor distribution function for the j" circuit.

Therefore the mutual inductance between any two coils of differing pitches, and positions may be
calculated by considering unit current flow in one coil, and computing Mi using (2.22), because the

integral can be analytically solved for the magnetic field distribution assumed.

2.4.3 Calculation of spatial harmonic components of mutual inductance

Equation (2.22) can be used to calculate space harmonic components of the mutual inductance be-
tween two coils. The space harmonic components of the mutual inductance between two coils are
the components of mutual inductance due to terms of the Fourier series representation of magnetic
flux density. The method described is essentially the same as that used in [113,116] although the
presentation is rather different, and lends itself more directly to calculation by computer.

The Fourier series representation of the magnetic flux density for a single coil can be derived by

finding the Fourier series of equation (2.21). It is straightforward to show that it is given by:

(2.23)

2Nkzkuoism(no((k/2) sm(nwsk/Z) 05 (1 (6 — i — % — "))

Bi(60) = WG _ %

2 T 2

n=1
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Thus the n'" spatial harmonic component of magnetic flux density for the k™ coil is:

2Niigpo sin(nog, /2) sin(nws, /2)

By, (6) = cos (n (0 — P — == — 5%)) (2.24)

g n nwyg, /2 2 2

Hence the n™ spatial harmonic component of mutual inductance linking the j™ coil to the k™ coils

is:

d Bjtws. 0 — B Bjtac;
Mj, = woN; [/ "Bl ® ﬂ’d0+/ﬁ " B! (0)d0+

Bj 5 s
ﬁj+wA"+a(?‘ +ws+ac —0
/ " "Bl®) Pitwn £ =0 41 (225
Bjtac; Ws;

where B,ln is the By, due to unit current flow.
Alternatively (2.25) can be derived directly from (2.4.2). The conductor distribution function,
foe C;(t)dt from figure 2.3/may be written as a Fourier series:

o]

o 2N; K sin(nay, /2) sin(nwy, /2)
[, crmar = Sy s 10 =y —y 2w 7)) @26

n

Before proceeding it is necessary to recall the following trigonometric result:
Lemma 2.4. Givenm,n € N and ¢, ¢, 0 € R then:
2
/ cos(nf + ¢y) cos(mb + ¢,)d0 =0Vn = m
0

Proof. Apply trigonometric identity 2 cos(A) cos(B) = cos(A + B) + cos(A — B), then integrate,

and the result comes by inspection. O

Substituting (2.26) and (2.23) into (2.4.2), and using Lemma 2.4 gives:

v d 2Ny o 2N; sin(na,, /2) sin(nwy, /2) sin(no; /2) sin(nws, /2)
7 2 g =w = n nwy, /2 n nwy, /2

2
/ cos (n (0 — B — = — 5k))cos (n (0 — B — ay; /2 — wy, /2)) dO (2.27)
0

Remark 2.5. The principle used to derive (2.27) applies more generally to the mutual inductance
between any two circuits. From equation (2.4.2) and Lemma it can be seen that the mutual
inductance between two circuits can only consist of terms from the Fourier series representation of the
magnetic flux density distribution, B(6) and the conductor distribution function, foe C(t)dt which
corresponds to the same absolute harmonic. More precisely if Q;, Q. denote the set of absolute
harmonics which have non-zero coefficients for the magnetic flux density and conductor distribution

function respectively, then only harmonics in O, N Q. contribute to the mutual inductance. Q
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Remark 2.6. The terms absolute and relative harmonic are used to differentiate between the math-
ematical harmonics in a Fourier series (i.e. the value of n), and relative harmonics, that is integer
multiples of some frequency (or pole number) field. In other words the fundamental absolute har-
monic is n = 1, the second absolute harmonic n = 2 and so on. Whereas the first relative harmonic

is n = k, for some integer k and the second relative harmonic is n = 2k and so on. v

2.5 Mutual Inductance of Machine Windings

Using equation (2.22) the mutual inductance matrix for a machine winding may be calculated.

We are concerned with the calculation of mutual inductance parameters for any winding which
can be made up of interconnected groups of coils. A group of coils is a number of coils, typically in
different positions within the frame, connected in series.

In order to calculate the mutual inductance matrix for a machine winding, each group of coils
can be represented by a single circuit as it is series connected. Therefore it can be represented by
a single self-inductance term with mutual inductance terms for each coupling to other coil groups.
Furthermore, these inductance terms are the summation of the inductance terms of the individual
coils making up the group:

Suppose that there are a total of N coils, with mutual inductance matrix M € RV*N_ Further
suppose that there are m sets of series connected groups of coils. Hence there are m circuits in total,
and the voltage induced at the terminals of each of the m circuits is given by:

- di

v=TM— (2.28)
dt

where i € RY is the current vector and T € R”*¥, T is a combination matrix made up of only
Is, -1s and Os. Typically 7 will have only one non-zero element per column, because each coil is
only connected to one series set. T can be found by considering the connections between the coils
which form each group. When elements of 7" are —1 this corresponds to the coil being connected the
opposite way around.

Furthermore, if the current flowing in each of the m series connected groups of coils is i, then,

after some consideration, it can be seen that the current in each of the N coils is 7 Ti. Therefore:
M=TMT" (2.29)

where M is the mutual inductance matrix for the m sets of series coils.

The procedure outlined above can be used to calculate the mutual inductance matrices for any ma-
chine subject to the constraints described at the start of the section. The method has been implemented
in Matlab, and has been used to calculate all inductance parameters used in this dissertation.

Functions were written which compute the mutual inductance between individual coils, returning

the answer as a symmetric matrix, the fact that the matrix must be symmetric facilitates the elim-
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ination of programming errors. Functions were written for the direct calculation method, equation
(2.22), and for the calculation method using the Fourier series representation, equation (2.27).

As each coil must be placed in a slot, the functions were written to take a list of slots which house
the ‘out’ and ‘return’ conductors for each coil, and from this compute the mutual inductances.

When one coil is on the stator of the machine, and the other on the rotor, then the functions take
an angular offset parameter. The stator-rotor (and hence rotor-stator) mutual inductance terms will,

of course, be parameterised by this angular offset.

2.5.1 Calculation of rotor and stator inductance matrices

When applying the previously outlined procedure to a machine, the transformation matrices can al-
ways be partitioned into a block diagonal matrix.

By choosing the coil order so that the stator coils appear before the rotor coils, the transformed
mutual inductance matrix will be:

M= [T” 0 } [M Af} {T 0 T (2.30)
0 T,||M, M,|| 0 T,
where M o5 M o ]\;Irr are the coil mutual inductance matrices for the stator, stator to the rotor, and the
rotor respectively. Ty, T,, are the combination matrices for the stator and rotor respectively.
Note that the 1\71“ will be a function of the rotor position at any instant.
Appendix [B.2| gives full details of the stator winding used on the prototype machine, including
the coil order, and coil combination matrix used, and thus serves as an example application of this
calculation procedure. Appendix also reviews standard ‘winding factors’ which are often used in

the design of machine windings and can be used to verify inductance calculations for certain winding

configurations.

2.5.2 Leakage inductance

Thus far, inductance arising from leakage eftects have not been discussed. Inductance arising from
leakage effects are inductances due to the magnetic flux not linking stator and rotor conductors. This
definition is similar to that found in [31, sect. 5.2], except that for our purposes the harmonic mutual
inductance terms are not considered part of the leakage terms, rather as a separate term (contrary to
[43]).

There are various types of leakage effects, a summary of those used is found in appendix [C.1.

Typically leakage inductances in a well designed machine are 1-2 orders of magnitude lower than
the principal inductance terms. For simplicity it will be exclusively assumed that leakage inductance
causes an increase in self inductance only. This assumption will typically lead to only very small

errors, and simplifies the calculations which follow.
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2.5.3 Resistance calculation

The calculation of resistance is rather more straightforward than inductance calculations. We assume

that the resistivity is constant, and therefore the resistance of a coil is given by:

A

R (2.31)

where A is the wire cross-sectional area, [ is the total length of wire in each coil, and p is the resistivity

of the material at the operating temperature. The coil’s length is approximately given by:
d
I = 2kN(aC§ + w) (2.32)

where «, is the coil pitch, d the diameter of the centre-line of the slots, w the machine stack length,
N the number of turns in the coil, and k > 1 a constant to allow for the space required to bend the
conductors in the coil, typically £ < 1.1.

Once the coil resistance has been calculated, the resistance of each group may be computed using
the same combination matrices used to compute the group inductance parameters.

In this dissertation it is assumed that the resistance of each coil is constant throughout the machine
operation. The major source of error introduced by this assumption is the increase in resistance due
to temperature. However if resistance values are calculated at a normal running temperature, then the
error will be minimised. There is also a small error due to the skin effect, however at the frequencies

involved, with copper or aluminium conductors, this error is likely to be negligible.

2.6 Some properties of machine windings

Having described methods of computation for machine inductance parameters. It will be useful to
derive analytic expressions for a class of stator windings. The general approach is well-known, how-
ever a complete derivation is included to ensure consistency with the previously used notation, and
so that it can be used to draw some conclusions about suitable, and unsuitable, winding arrangements
for the BDFM.

The ensuing approach shares much with that adopted in [43, chap. 1], although the presentation
is different.

The following properties will now be assumed for stator windings. These assumptions cover

concentrated, and distributed windings both fully pitched and short pitched when series connected:
* Each coil is of the same pitch.
* The machine slot pitch is constant for this winding.

¢ The coil is located inside the slots.
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* The winding is comprised of groups of series connected coils. Each group comprises of N,

coils separated from one another by a constant angle «;.
* There are 2p groups in each phase of the winding.
Before proceeding we will recall three trigonometric results which will be required later:

Lemma 2.7. Given 0 € R, N € N:

N-l (i -10pSWNO/D) L ke
Z el (0) — sin(6/2)
n=0 N otherwise

Proof. Notice that the left hand side is a geometric progression. Recalling that:

=

—1 | N

x' = x,xe(C;él
1—x

N
Il
=}

then, for 0 # 2rnk, k € Z:

1 — eI NO [ GJ(NO2N o= (NOY2 _ ,j(NOY/2
LHS = 1_ei® — ( 2l )2 ) eI O)/2 _ 0i®)/2
_ itN-10p2 sin(N6/2)
sin(6/2)
]
Lemma 2.8. Given p,n, k € N then:
1 n=kp, p odd
sin(n) k) .
————- =3 costkm) n =kp,p even
p sm(n;)

0 otherwise

Proof. When n # kp, sin(n%) # 0, and clearly sin(nzr) = 0, hence the result.
When n = kp we investigate what happens as n approaches kp. Let ¢ = n + & where ¢, § € R.
Consider the limit as ¢ — n. By L’Hopital’s rule:

sin(g ) — lm cos(gm)mw cos(kpm) _

= = =41
q—kp p sin(q%) q%kpp% cos(q%) cos(k)
O
Lemma 2.9. Given 6, ¢ € R # 2nk (k € Z), N € N:
sin(N¢/2)
cos(f)+cos(@ —¢@)+cos(@—2¢)+- - -+cos(@ —(N—1)¢p) = ————cos (@ — (N — 1)¢/2)

sin(¢/2)
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Proof.

Applying the trigonometric identity cos(A — B) = cos(A) cos(B) + sin(A) sin(B) gives:

LHS = cos(@) [1 4 cos(¢) + cos(2¢) + - - - 4+ cos((N — 1)¢) ]+
sin(0) [sin(p) + sin(2¢) + - - - +sin((N — 1)@)]

N—1 N—1
= cos(0) |:Z cos(n¢)i| + sin(0) |:Z sin(n¢)i|

n=0 n=0
From Lemmal2.7, taking real and imaginary parts we may write:

sin(N¢/2)

LHS::amw)[“B«N;_D¢/m sin(¢/2)

] + sin(0) [sin((N — 1)¢/2)M]

sin(¢/2)
recombining using cos(A — B) = cos(A) cos(B) + sin(A) sin(B) gives:

_sin(N¢/2)

Magnetic flux density due to a coil group

We consider a group of N, series connected coils of N, turns each, with equal current i, flowing and
each displaced from the next by constant angle, ,. Each coil has a magnetic flux density distribution
given by with By = {Bg, By + &g, -+, Bg + (Ng — Do, } for the different coils in the group,
Ny = N, iy = iy To compute the resultant field distribution the contribution from each coil is

summed. It can be shown using Lemma 2.9:

B.(0) = 2N:Ngigpio Z sin(no./2) sin(nw,/2) sin(nNgo,/2)
g g "N n nw;/2  Ngsin(nag/2)

cos(n(0—Bg— % —% — (N, — DE)) (233

see [43, Sect. 1.4] for details.

Magnetic flux density due to a single series connected phase

It is assumed that a single phase comprises of either p or 2p groups of coils where p € N is the
number of pole-pairs. If the winding is a double layer winding (where coils are ‘short-pitched’), then
it is assumed that each phase comprises of 2 p coil groups connected in series with alternating polarity.
If the winding is single layer (‘fully pitched’) then it is assumed that each phase has p coil groups,

connected in series, all of the same polarity.
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In both cases the total magnetic flux density for a phase is the sum of its component groups. The
flux density of each group is given by (2.33), but with different values of the group offset, S,.

In the case of the single layer winding B, = {Bx, Br + 27”, v, B+ W}, for the double
layer winding B, = {B, Bx + %, N #ﬁ_l)}, where By is the angular offset of the k™ phase.
However in the case of the double layer winding the polarity of connection alternates.

Using Lemma 2.9 the magnetic flux density for the k" phase, with current iy, of a single layer

winding can be written as:

2N Ngigpop Z sin(na./2) sin(nw,/2) sin(nNyo,/2)  sin(nm)

Brns (6) = g n nwg/2 Ngsin(na,/2) psin(nw/p)
neN * 8 /2P p

(cosm(® — i = % =% = (N, = D% — (= DT)))
from Lemma 2.8, assuming p even (modification trivial for p odd):

_ 2N¢Ngigpop Z sin(na,/2) sin(nw;/2) sin(i?Ngag/2) cos(n/ p)
Tg = n nwg/2  Ngsin(na,/2)
s (2.34)

(cosm® — B =% =% = (N, = D% = (p— DE)

For a single layer winding, the coil pitch, o, will generally be o, = T [99, sect. 10.7], therefore all

g
P
even absolute harmonics vanish. The resulting magnetic flux density is:

_ 2NNgigpop Z sin(no./2) sin(nw,/2) sin(nNga,/2)

g = n nws/2  Ngsin(no,/2) costnm/p)
”*’Zé& ) (2.35)

cos(n(® — fi = 5 =5 = (Ng = DF = (p = DY)
A double layer winding consists of coil groups spaced by %. The polarity of connection of these

coil groups alternates, thus a phase of a double layer winding can be thought of as two phases of a

single layer winding connected in series, but with one set the opposite polarity to the other.

Therefore the magnetic flux density may be written as:

B kdoub. (0) =

2N:Ngigpop i sin(na./2) sin(nw,/2) sin(nNga,/2)  sin(nm)

T n nwg/2  Ngsin(nag/2) psin(nm/p)
(COS('Z(Q B - —-%—-(N,—DZE—(p— HI)—

cos(n(® — fi — % — % — (N = D% = (p— DZ = 1)) (2.36)
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from Lemma 2.8} assuming p even (modification trivial for p odd):

2N:Ngixpop sin(na/2) sin(nwy, /2) sin(nNya/2)
= Z . cos(nm/p)
g nept n nwg /2 Ngsin(nay/2)
teN
a  w o - (2.37)
(cosm® = B = % =% = (Ve = DF = (p = DI~
cos(n(6 — B — % — % — (N = D% = (p— DT — 7))
i ; ; A ain(A+BY i (A=BY.
applying the identity cos(B) — cos(A) = 2sin(=5~) sin(57):
_ 4Ny Neigpop Z sin(na,/2) sin(nwy/2) sin(r.zNgal/Z) cos(nt/ p)
g nept n nwg/2  Ngsin(na/2)
teN (2.38)
(sin(=nZ) sin(a(6 — i — % — % — (N, = D% — (p = DT~ 1))

notice that the sin(—n z”—p) suppresses even multiples of the working harmonic, p. Hence the magnetic

flux density for a phase from a double layer winding may be written as:

4NcNgixjrop sin(no/2) sin(nw;/2) sin(nNya1/2)
=— X . cos(niw/ p)
8 n=pQ1—1) " nws/2  Ngsin(na;/2)
TeN (2.39)
(Sin(—”%> sinm@ — e — 5 =5 -~ (Ng = DF —(p— DT - ;—,,)))

2.6.1 Mutual inductance between two stator windings

Equation (2.39) gives the magnetic flux density for a single phase of any winding realisable under the
assumptions stated.

Using a similar method to that used to derive (2.39) the conductor distribution function for each
phase may be derived. Equation (2.26) gives the conductor distribution for a single coil, hence the

conductor distribution for a phase of a double layer winding can be written as:

0 __4N:Ngp sin(na./2) sin(nw,/2) sin(nNgo1 /2)
/ Cip(DdT = — n_p%;_l) " /2 N, sin(na 2) <57/ P)
teN
(sin(—nz”—p) sin(n(® — B — % — % — (Ng— D% —(p— DT - ;—p))) (2.40)

From equation (2.4.2) the mutual inductance between two phases is proportional to the integral
of the product of (2.40) and (2.39) (if the winding is single layer a similar result ensues). This leads

to the following results:

Remark 2.10. The mutual (and self) inductance between phases within any double or single layer
three phase winding can only comprise of terms from the Fourier series representation of the magnetic

flux density (or equivalently the conductor distribution function) which are odd harmonics of the
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working harmonic (the number of pole pairs). Note that the mutual inductance will include 3rd
harmonics of the working harmonic, however these terms can be shown to cancel out if the supply is

a balanced three phase set, see for example [43]. Qo

Remark 2.11. The individual phases of a three phase winding will have the same self-inductance,
and same mutual-inductance between phases. This is self-evident from considering (2.39) and (2.40):
different phases differ only in the value of B; and B;, which correspond to a phase offset, which has
no bearing on the value of the integral (Lemma|2.4). The self-inductance has 8, = 8, and the mutual
inductance By = B; + 2m /3 (for B > B;, which can be ensure for all phases). Therefore for a three

phase winding the stator-stator mutual inductance matrix will be of the form:

Ly M; M;
My =|M, L, M,
My, M; L
which, from definition|A.1 is a symmetric, circulant matrix. ©

Rules for choosing pole numbers for BDFM stator windings

Kusko and Somuah [57] give general guidelines for choosing non-coupling pole pair combinations,
however they offer no proof, or say for which windings their claims apply. From the preceding work

a general statement may be made:

Theorem 2.12. The mutual inductance between any two phases of any single layer three phase wind-
ings of p1 € Nand p, € N pole pairs respectively (p; > p») will be zero if and only if, p, is even and
P2 is odd, or py and p, are both even providing that p,/ p, is not odd ( p1/ p> may not be an integer)

and p\ # p,. Furthermore the condition is sufficient for double layer windings.

Proof. Sufficiency:

A three phase winding of p; pole pairs produces the set of absolute harmonic Q| = p;(2t—1),t €
N and for p, pole pairs, Q» = P22t —1),t € N.

If p; is even and p;, odd then Q; therefore contains only even numbers, and Q, only odd numbers.
Hence Q| N Q» = ¥, hence from Remark 2.5, the mutual inductance will be zero.

Q1 = pi(2k — 1),k € Nand Q> = p(2k — 1),k € N, hence Q\/p> = p1(2k — 1)/p>
and Q,/p> = 2k — 1). As pi/p> is not odd then Q/p> N Qs/p> = W, as O,/ p» is odd, hence
01N Q0,=40. U

Necessity:

From (2.35) none of the terms will be zero, hence:

If p; and p, are odd then p;p, is odd, and thus p;p, € Q;, hence the mutual inductance is
non-zero.

If p; and p; is even and p,/p, is odd, then Q;/p, and Q,/p, are both odd, and hence Jg €
01/p2:q € O2/p2, hence Q1 N O, # ¥ hence the mutual inductance is non-zero. O
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Remark 2.13. For a double layer winding, the sin(na./2) term will typically be zero for certain
harmonics, by design. It can be shown that this term is equivalent to + cos(“7£) where k is the number
of slots per pole, and ¢ is the number of slots by which the winding is short-pitched. Therefore if,
say, p1 = 1, p, = 15, and if the 2 pole winding is wound with ¢ = 1, k = 5 then no coupling will
result as all odd 15" harmonics are cancelled. However, practically speaking, because k > ¢ unless
P> > p1 too then there is little chance of being able to cancel out the coupling by careful choice of

o, hence Theorem 2.12]is necessary and sufficient in most practical situations. <

Remark 2.14. Notice that Theorem 2.12 is derived from consideration of the mutual inductance be-
tween phases of different windings. It can be shown (see e.g. [43]) that when a p pole pair three
phase winding of the types assumed, is supplied with a balanced set of three phase voltages, absolute
harmonics of order 3np,n € N of the magnetic flux density and conduction distribution function
are zero. Therefore the requirement of theorem [2.12 for zero coupling may be relaxed: any p; and
p2 such that p;/p, = 3k, k € N, p; > p,. This relaxed requirement allows the usage of 6/2 pole
machines, such as [11]. However extra caution should be exercised, as there will be direct coupling
between the two different pole number stator whenever the balanced condition is not met (e.g. due to

differing end winding resistances in each phase). QO

There is a further requirement which is imposed on candidate stator pole pair combinations, the
requirement that there be no unbalanced magnetic pull on the rotor. If there were this would unduly
stress the machine bearings. Creedy [27, p. 512] gives necessary and sufficient conditions for this
to be so. He points out that the conditions given by Hunt [49, p.408], who first made this point, are
sufficient but not necessary. Creedy states that to avoid unbalanced magnetic pull it must be ensured
that, “...at every instant any value of the square of the magnetic [flux] density which appears at any
point [around the circumference of the rotor] shall also appear at one or more other points equally
distributed around the circumference with respect to the first.” However Creedy’s interpretation of this
rule is still only sufficient. It is worth noting that some authors have cited Broadway and Burbridge
[17, p. 1281] as stating that unbalanced magnetic pull can be avoided by ensuring that the pole pairs
of the stator winding differ by at least 2, in fact Broadway and Burbridge states that this is a necessary,
but not sufficient condition. However it turns out that the condition given in Broadway and Burbridge

is both necessary and sufficient:

Theorem 2.15. In order not to impose unbalanced magnetic pull on the rotor of a machine with two

different pole pair fields in the airgap, p and p,, the pole pairs must be chosen so that |p; — pa| # 1.

Proof. Assume that the air gap field, at some time instant, #; is given by:

B0, t;) = By cos(pi0 + ¢}) + By cos(p2 + ¢) (2.41)
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where B, B, € R are the amplitudes of the flux density waves, and d){, ¢§ € R are the phase offsets
at time #;. p;, p» € N are the number of pole pairs. Then from Creedy [27, p. 512], the square of this

value, must be balanced. Squaring gives:

B9, 1;)* = Bf cos*(p10 + @}) + B3 cos*(p20 + ¢3) + 2B1 By cos(p16 + ¢}) cos(p26 + ¢b)
(2.42)

Applying the trigonometric identities: cos?(A) = % + %cos(2A) and cos(A + B) + cos(A — B) =
2 cos(A) cos(B) gives:

, _Bf B} i, B:  Bj i
B@, ) = > + > cos(2p16 + 2¢7) + > + > cos(2p20 + 2¢,)+
BBy cos((p1 + p2)6 + @) + ¢5) + BiBycos((p1 — p2)6 + ¢} — ¢b)

(2.43)

The only way unbalanced magnetic pull can occur is if B(#, ¢;)? contains a point between 0 and 27
which is not balanced by another point or points. It is reasonably straightforward to see that cos(n6)
(where n € Z) is only unbalanced if n = 1. Therefore B(6, t;)? is balanced iff £2p,, +2p,, =(p; +
p2), £(p1 — p2) # 1. As p1, p2 € N then this condition reduces to |p; — p2| # 1. O

2.6.2 Mutual inductance between two stator windings where coils groups are not in

series

Early BDFM machines used a special tapping on their stator winding to avoid the need to have sep-
arate isolated 3 phase windings to produce the two pole number fields, see for example [48, 17].
However it was shown by experiment in Rochelle et. al. [88], and theoretically by Alexander [2], that
connections of this nature can lead to windings where circulating currents are induced. Circulating
currents lead to additional Ohmic losses, and may lead to poor iron utilisation and knock-on effects
in the rest of the machine. Therefore separate 3 phase windings are now generally used.

In the preceding derivation of inductance parameters for single and double layer windings, we
have assumed that each winding consists of only three distinct circuits. That is, the groups of coils
making up a phase are connected only in series. However it is common practice when designing 3
phase electrical machine windings to choose to connect coils within a phase in either series, parallel
or some combination of the two, as suits the particular situation (often parallel connections allow a
narrower wire gauge to be used which is preferred by machine winders) [91, sect. 6.4].

It will be shown, however, that even when adhering to the criteria of theorem [2.12]it is possible
to get coupling between two stator windings when the coil groups are connected in parallel. This fact
has been inadvertently verified by experiment on the prototype machine.

Using the method outlined in section [2.5.1 the mutual inductance matrix for a series or parallel

connected winding may be calculated. Appendix gives the details of the stator winding used in
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the prototype machine. The windings are a 4 and 8 pole winding with all coil groups connected in
series. After transformation by the combination matrix (B.8) the stator mutual inductance matrix is

(without any leakage effects added):

[ 0.210 —0.0963 —0.0963 0 0 0 i
—0.0963 0.210 —0.0963 0 0 0
—0.0963 —0.0963 0.210 0 0 0
M, = (2.44)
0 0 0 0.217 —0.0974 —-0.0974
0 0 0 —-0.0974 0.217 —-0.0974
i 0 0 0 —0.0974 —-0.0974 0.217 |
Recall that:
V di
[ 1} = M= (2.45)
Vi, dt
dis -1 Vsl
= —=M_ (2.46)
dt R

where Vj,, V, are the stator 1 and 2 supply voltage vectors, i, is the stator current vector. Furthermore

from LemmalA.5as M ! is block diagonal as M, is block diagonal. Therefore % may be expressed

diy, | M,V
dt Mssz Vsz

where Z\;Iml, Mm can be found from Lemma/A.5|

as:

2.47)

Therefore we conclude that there is no direct coupling between the two stator supplies because

the rate of change of current in the first winding is due only to stator 1 voltage supply.

An alternative winding was considered for the prototype machine, which comprised of the same
coil groups, however connected such that four sets of groups were connected in parallel for each
phase. Details can be found in appendix/B.2.2. To analyse a winding with parallel paths it is necessary
to treat each parallel path as a separate circuit. Therefore the stator mutual inductance matrix is
24 x 24, and as such too unwieldy to be printed here. However it can easily be shown that M, (and
hence M_,') are not block diagonal. Performing the same analysis applied to the series connected
winding we may write:

dis Vs
d_" =M { ‘P} (2.48)
4 Vs,
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where
Vi1 Viy
Vi1 Viy
Vi1 Viy
Vx“ V*"Zl
gslz 53'22
s s
Vo, = | v Vo, = | v (2.49)
V512 Vszz
VSI} VSQ}
VSI} V523
513 VS23
L Va3 | | Vias |

where Vj, | is the first element of Vj, etc.
Evaluation (2.48) for some balanced three phase voltage source of magnitudes V; and V, respec-

tively give:

B 211.2 V} cos(wt)—87.0 V; cos(wt)+86.8 Vs sin(wt) -

211.2 V} cos(wt)+87.0 V; cos(wt)—86.8 Vs sin(wt)

211.2 V| cos(wt)—87.0 V3 cos(wt)+86.8 V; sin(wt)

211.2 V} cos(wt)+87.0 V3 cos(wt)—86.8 V; sin(wt)
—105.6 V| cos(wt)+182.9 V| sin(wt)+118.7 V; cos(wt)+31.9 V sin(wt)
—105.6 V| cos(wt)+182.9 V| sin(wt)—118.7 V; cos(wt)—31.9 V; sin(wt)
—105.6 V1 cos(wt)+182.9 Vq sin(wt)+118.7 V, cos(wt)+31.9 V, sin(wt)
—105.6 V| cos(wt)+182.9 V| sin(wt)—118.7 V, cos(wt)—31.9 V; sin(wt)
—105.6 V| cos(wt)—182.9 V| sin(wt)—31.7 V5 cos(wt)—118.8 V5 sin(wt)
—105.6 V| cos(wt)—182.9 V| sin(wt)+31.7 V5 cos(wt)+118.8 V, sin(wt)

di —105.6 V| cos(wt)—182.9 V| sin(wt)—31.7 V5 cos(wt)—118.8 V sin(wt)
i _ —105.6 V| cos(wt)—182.9 V| sin(wt)+31.7 V5 cos(wt)+118.8 V sin(wt) (2 50)
dt - 200.1 V; cos(wt)—83.1 V sin(wt)+40.2 V5 cos(wt) .

—200.1 V; cos(wt)+83.1 Vi sin(wt)+40.2 V5 cos(wt)
200.1 V} cos(wt)—83.1 Vj sin(wt)+40.2 V; cos(wt)
—200.1 V} cos(wt)+83.1 Vq sin(wt)+40.2 V5 cos(wt)

172.0 Vi cos(wt)+131.8 Vy sin(wt)—20.1 V; cos(wt)+34.8 V>, sin(wt)
—172.0 V} cos(wt)—131.8 V| sin(wt)—20.1 V> cos(wt)+34.8 V; sin(wt)
172.0 Vi cos(wt)+131.8 Vy sin(wt)—20.1 V; cos(wt)+34.8 V, sin(wt)
—172.0 V} cos(wt)—131.8 V1 sin(wt)—20.1 V> cos(wt)+34.8 V; sin(wt)
—28.1 Vj cos(wt)+214.9 Vy sin(wt)—20.1 V; cos(wt)—34.8 Vs, sin(wt)
28.1 Vy cos(wt)—214.9 V; sin(wt)—20.1 V; cos(wt)—34.8 V5 sin(wt)
—28.1 Vy cos(wt)+214.9 V; sin(wt)—20.1 V5 cos(wt)—34.8 V; sin(wt)

L. 28.1Vjcos(wt)—214.9 Vq sin(wt)—20.1 V; cos(wt)—34.8 Vo sin(wt)

Therefore notice that all the coil groups are functions of both V; and V,. Therefore there is significant
direct coupling between the two windings. The effect of the cross coupling has been to introduce
circulating currents in the other winding. This will lead to poor copper utilisation and efficiency. This
winding was built and experiment confirmed the presence of circulating currents.

The machine was supplied from winding 1 (4 pole) with a balanced three phase supply derived
from the 50Hz grid, with the rotor removed. The rotor was removed to eliminate any possibility of
coupling via the rotor. The 4 pole winding was excited and allowed to reach thermal equilibrium while
the 8 pole winding was left unconnected at the terminals. Once thermal equilibrium was attained then
voltage, current and power were measured using a three phase digital power meter. Immediately after
disconnecting the power supply the DC resistance was measured of each phase of the 4 pole winding.
Table 2.1 summarises the results for both the parallel path winding and series connected winding. It
can immediately be seen that an unaccounted extra loss of 29% appears in the parallel path winding

whereas there is substantially no such extra loss in the series path winding, thus confirming that there
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Phase Voltage Current Power [?R  Diff.
V) (A) W) W) (W)

4 pole winding with parallel paths R = 1.77Q2

R 26.9 9 200 143 57
Y 26.9 9 200 143 57
B 25.8 8.67 186 133 53

4 pole winding with series paths R = 3.4Q !

R 47.1 8.95 270 272 2
Y 46.9 8.83 264 265 1
B 46.9 8.75 263 260 3

Table 2.1: Power dissipated as measured by a three phase power meter when the 4 pole winding of
prototype machine described in appendix [B.2!is excited with the 8 pole winding open circuit. The

results compare the difference between series and parallel connection of the 4 pole winding.

are circulating currents induced in the 8 pole winding by the 4 pole winding when the windings are

implemented with parallel coil groups.

Remark 2.16. The previous example leads to a general statement of caution: Theorem|2.12|gives rules
for choosing non-coupling stator winding pole numbers. However non-coupling is only guaranteed
when the coils groups are connected in series, furthermore it is easy to find examples of parallel
connected coil groups which lead to circulating currents being directly induced. Therefore it cannot
be assumed a priori that parallel connection of coils groups will lead to a satisfactory winding for the
BDFM. Q

2.7 BDFM Rotor Mutual Inductance terms

Having considered mutual inductance parameters for realistic stator windings it is pertinent to con-
sider the mutual inductance parameter of potential BDFM rotors. Although section [2.5.1 provides a
method of calculating rotor-rotor and rotor-stator mutual inductance matrices it will be of benefit to
derive some analytical results.

As BDFMs are not used commercially, there is not a ‘standard” BDFM rotor class, as there is
for conventional induction machines. The most commonly adopted rotor design for the recent proto-
types described in the literature (see table is the nested-loop rotor design, conceived by Broad-
way/Burbridge [17].

It is generally accepted that, at the current stage of BDFM development, the rotor design cannot

I This experimental data was obtained by Xiaoyan Wang.
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be considered finalised [109], however it will be argued in chapter |5 that all realistic BDFM rotors
will share the same general form of the mutual inductance matrix.

The general type of rotor design, which will be considered, falls within the following assumptions:

1. Each rotor circuit conductor distribution function must contain p; and p, space-harmonic

terms, so that it couples to the stator.

2. Rotors must have (or can be modelled as having) S = p; + p, identical circuits spaced evenly
around the circumference. As has generally been assumed so far, the circuits must be con-

structible from coil groups of the form illustrated in figures|2.2/and 2.3|

3. The rotor may have multiple sets of circuits as described in 2| each set may be different from
the other sets, and each set of circuits may be positioned at any angular position around the

rotor.

For example if p; = 2, p = 4 then S = 6, so the rotor must have 6 identical circuits evenly
spaced around the circumference. Further sets of 6 may be added as desired. The nested-loop rotor
design, in all its variants, clearly falls into this category as can be seen from figure although this
class of rotors is considerably broader.

It should be noted that this class of rotor designs does not guarantee that the rotor will cross-
couple and allow the machine to operate in synchronous mode. Chapter |5 presents results for a rotor
design (rotor(3) within this rotor class which does not cross couple.

Essentially the reason for this is that cross-coupling requires not only that the conductor distribu-
tion function contains the correct space harmonic terms, but also that the spatial distribution of rotor
coils must be such that harmonic field components of the right frequency are produced. This issue is

discussed further in chapter /5|

2.7.1 Rotor-rotor mutual inductance matrices

Firstly we consider a rotor consisting of only the outer loops of each ‘nest’ (see figure 2.4), that is a
rotor with only 6 circuits. Clearly the self-inductance will be the same for every loop, and furthermore
the mutual inductance between one loop and all other loops will always be the same, regardless
which loop is considered. The self and mutual inductances can be calculated directly from (2.27),
for appropriate parameter choices. If instead we consider a slightly more general rotor structure
where there can be overlap between adjacent nests, then the mutual inductances will differ. The most
general case possible for S = p; + p; circuits will have Q = floor(S/2) different mutual inductance
parameters, where ‘floor’ denotes round down. Without loss of generality it will be assumed that

adjacent elements in the mutual inductance matrix correspond to parameters for adjacent nests. In
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Figure 2.4: Three variant nested loop rotor designs, the difference between the designs is essentially
one of ease of fabrication [33,/115]
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this case the rotor-rotor mutual inductance matrix for M,, circuit is:

L, M, M, - M,, M, M,, M., M,
M, LM, M, - M,, M, M,, M,
M., M, L. M, M, My, M, M,
M, M, L M, M, - M, M, M,,
My, M,, - M, M, L M, M, - M,,
My, , M, M, M., M., L. M, M,
My, M, M,, M., M, LM, M,
M, My, M, M,, M, M, LM,
M, M, - My,, My, Mg,, - M, M, L |

and mutual inductance matrix of the outer loops of the rotor of figure 2.4} is a special case of M,,
where all the mutual terms are equal.
If the rotor in question has N sets of S circuits, such as the rotor shown in figure 2.4, which has 3

sets, then the total mutual inductance matrix can always be written as:

Mrr1 Mrr12 T MrrlN
M,, T M., M,, s
M, = ‘12 . 2 . 23 ‘ (252)
_MFHNT e M’r(N—l)NT M, _

where M,,, € RS*S is the rotor-rotor mutual inductance matrix for the i™ set of S circuits, and
M,,;; € RS x § is the mutual inductance between the i and j" sets. It should be noted that from
definition|A.1 is a symmetric circulant matrix. An example of a rotor-rotor mutual inductance
matrix is given in equation (B.12), which is the inductance matrix for the prototype ‘nested-loop’
rotor described in section|5.2.1.

2.7.2 Rotor-Stator mutual inductance matrix

Firstly we consider the mutual inductance between a single stator phase and single rotor circuit. A
phase of the stator winding will have a magnetic flux density of the form of (2.39). As the rotor circuit
will be formed out of a series connection of coil groups, the conductor distribution function will be the
summation of individual coil conductor distribution functions given by (2.26). The resulting mutual
inductance can be calculated from the derived expression for mutual inductance, equation (2.4.2).
From the Lemma 2.4, we know that the mutual inductance between a single phase and a single
rotor circuit can only contain harmonics common to both stator and rotor coils. Therefore assuming
the stator winding is a single or double layer winding, as previously described, then we know that
the mutual inductance can contain no more harmonic terms than are present in the expression for the

stator magnetic field (2.39), that is odd multiples of stator pole-pairs.
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Hence the mutual inductance between one phase of a p; pole-pair stator and a single rotor circuit,
regardless of the particulars of the circuit itself, can be written M, = )" co M (n) cos((6, — Bi)n),
where M is the coefficient for the n™ harmonic, 6, is the rotor position, B; is an offset angle, and
0=p12k—1),k=1{1,2,3,---}. As discussed in the previous section each rotor circuit is offset
from the next by 27 /S radians, where S = p; + p,. Furthermore each stator phase is, of course,
offset from the previous by 32% radians for stator 1 and 32% for stator 2. Hence we may write down

the rotor-stator mutual inductance matrix:

> neo, Mi(n) cos((6, — Bn) Y neo, Mi(n) cos((6, — 3 — Bi)n)

> neo, Mi(n) cos((0, — 3% —BOn) Yo, Mi(n) cos((6, — & — 3% — B)n)

M, = Znte Mi(n) cos((6, — 3‘% — Bn) ZHEQI M (n)cos((8, — %’T — 34—[’7’1 — Bin)
2 neo, M2(n) cos((6, — pa)n) > e, Ma(n) cos((6, — 3 — Bo)n)

>0, Ma(n) cos((6; — 35— BIn)  X,c, Ma() cos((6, — & — 5% — Bo)n)

| D e, Ma(n) cos((6, — 3% —Bn) Y0, Ma(n) cos((6, — & — 3‘% — Bo)n)

> peo, Mi(n) cos((6, — S=¢2% — Bi)n)
> e, Mi(m)cos((6, — B2 — 2 — gyn)
Yo Mi(n) cos((6, — S=2T — J — giyn) (2.53)
> nep, Ma(n) cos((6, — % — Bo)n)
ZnEQQ M5 (n) cos((6, — % — & — By)n)

Y00 Maln) cos((6, — S=H2Z — 42— gy |

where Q1 = p12k — 1), Q> = poRk - 1),k ={1,2,3,---}, S = p1+ p2, pi1, p> € Nare the
number stator winding 1 and 2 pole pairs, M, (n), M»(n) € R are the coefficients for the n'h absolute
harmonic of mutual inductance, and B, B, € R are offset angles between the first rotor coil and the
first phase of stator winding 1 and 2 respectively.

As with the rotor-rotor mutual inductance the rotor may contain additional sets of S identical,
equally spaced, rotor circuits. In the case that the stator-rotor mutual inductance matrix has N such

sets it becomes:
Mvr - I:Msrl Msrz e Mer] (254)

where M, is the mutual inductance of the i set of S equally spaced circuits on the rotor and is given

by (2.53) for a suitable choice of parameters.

2.8 Effect of Slotting on Mutual inductance terms

Hitherto all magnetic flux density and mutual inductance calculations have been derived assuming
that the stator and rotor are smooth cylinders, i.e. without any slots. The BDFM will generally have

a slotted stator and rotor to reduce leakage inductance.
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The effect of slotting is to change the profile of the air gap from a uniform ring of constant width,
to one where the width varies depending on whether or not the stator and rotor teeth align or not. It
is expected, therefore, that the air gap magnetic flux density will change as a result of slotting. Under
the stated assumptions the flux density was shown to be inversely proportional to the air gap width,
so if the air gap width varies, then it is reasonable to expect the flux density to vary accordingly with
a ripple pattern related to position of the slots.

A detailed analysis of slotting effects is beyond the scope of this work, [43, chap. 6] includes
a detailed discussion. However a significant effect of slotting which cannot be ignored is that the
effective width of the air gap is increased, on average. This will then scale the mutual inductance
terms.

The fractional increase in effective air gap width can be approximated by Carter’s Factor. Hence-
forth it will be assumed that the air gap width used is the effective air gap width. Appendix gives
details of the calculation method with references.

As noted in [43, sect. 6.11] a significant effect of slotting, which has been ignored, is its effect
on higher harmonic components of mutual inductance (differential leakage in the vocabulary of the

reference).

2.9 BDFM Coupled-Circuit Model

The BDFM coupled circuit model was first presented in [110] and [63]. The model will be presented
here, using previously defined notation.

In the BDFM it is convenient to partition v and i into stator 1, stator 2 and rotor quantities, noting
that the rotor voltage will always be zero. Note that the subscripted elements are still, themselves,

vectors:

Us1 Us1 Is1
A A .
V=1V | = [Vs2]> L= |1 (2.55)
vy 0 i

it should be noted that to practically deliver supply voltages of vy; and vy, will, in general, require 4
wire (3 phases plus neutral) connections in each case.

In partitioning the voltage and current it has been shown that for any well-designed BDFM:

1. The mutual inductance between stator 1 and stator 2 is zero by design, see section [2.6.2] for

details.

2. The mutual inductance matrices, M1, = M»; ', are functions of the rotor angle, as described in
section|2.5.1.
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3. The mutual inductance matrices My, M,, M, are all constant as they link circuits which are

not moving relative to one another, see section|2.5.1 for further details.

Therefore substituting (2.55) into (2.6):

Us1 Rga 0 O 0 0
Vs | = 0 Ry, 0 | tor 0 0
aml,  a?,
0 0 0 R, dé,l d0,.2

The torque equation, from (2.12) and (2.56):

0

L L
Tezi[l“ iy I, 0
a,
a9,

.TdMT

s2r l'T dM;iy

dM; .
dgi - Is1 Msl
dMs),
o, i |+ 0
T
0 Lr Mslr
dMjg .
0 @, | |51
dMy, .
0 d(;r - 2%
T
dMer 0 l
do, r

1 .
N R T

T

r ~do, a0,

T dMs, -
Ly g5, lr

dM;1r
p— -T T d@,- o
- |:ls1 ISZ] dMy), |:l"]

o

T dMgy, » +

sl do,

T dMsor /
+ i, 6, ] Is2

i\

sl de,

1 am], am
— _ (lT Slrls1 + er s2r isn + lT dMyy, i + lz‘zd{dw@sb l}’)
r

At this stage it is convenient to note the mechanical differential equation:

do,
dt

J

=T,-T

0 Mslr
M;Z MsZr E
Ms2r MV
(2.56)
(2.57)
(2.58)

where J is the combined moment of inertia of the BDFM and load, and 7; is load torque exerted on

the BDFM. Frictional forces are neglected.

Stacking equations (2.58), (2.5) and (2.56) gives a complete state-space representation of the

dynamics of the BDFM, with the currents in each individual circuit, the position and speed forming

the state vector:
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isl
is2
d|.
— | i —
dr | "
0,
— -1 —
dMsr .
Msl 0 Mslr Rsl 0 0 0 0 Trl Is1 Us1
dMso, H
0 My Mg, -1 0 Ryo 0 | —or 0 0 dTrz is2 | T | vs2
T T aml,  dmlb,
Mslr MSZr MV 0 0 Rr B d@rl Trz 0 Ly 0

(2.59)

note that the inverse is guaranteed to exist from Lemma|2.3.

It is significant to note that the BDFM is a non-linear parameter-varying system: while the elec-
trical equations are linear in i, they depend on the parameters w, and 6,, which are themselves states
of the full system. The dependence on 6, is particularly problematic to the control engineer because
normal machine operation necessitates a non-zero rotor speed, and therefore 6, varies rapidly. The
torque equation is quadratic in i.

Using equation (2.59), with parameters calculated as described earlier in the chapter a dynamic
model was implemented in Simulink. Simulink is an environment for modelling systems of differ-
ential equations, solved by a variable time-stepping procedure, in this particular case a variable step
version of the 4" order Runge-Kutta method was used, for details see [108]. For ease of imple-
mentation, and to maximise running speed, the position dependent parameters M, M, and their
derivatives were computed off-line at 1° intervals and then values interpolated online.

Figure 2.5 shows the implementation of the coupled circuit BDFM model of equation (2.59)
implemented in Simulink. The block described at ‘Mutual inductance matrix calculation’ contains a
subsystem which implements the required interpolation of the rotor-stator mutual inductance terms,
and their derivatives. The same implementation was used for all the BDFM designs considered in this
dissertation, with different designs simply requiring different parameter values. As an example of the
simulation speed, the simulation of a BDFM with a ‘nested-loop’ design rotor (described in chapter
'5 and appendix B as rotor|1) for 6s took 8.1s of CPU time on a 2.8GHz Pentium 4. The system had
26 states: 6 stator currents, 18 rotor currents and two mechanical states.

The model derived, although relatively simple to implement in simulation, provides little insight
into the behaviour of the machine, and there is therefore a strong motivation to transform the system

into a simpler form. This work forms the basis of the next chapter.
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Figure 2.5: Block diagram showing the implementation of the coupled circuit BDFM model, equation
(2.59), in Simulink

2.10 Conclusions

In this chapter a method of calculating machine inductance parameters which is sufficiently general
to cover any rotor or stator winding configuration, comprising of series connected groups of coils,
has been presented. The method calculates the self and mutual inductance for each coil group, and
then by choice of combination matrix, each series connected set of coils is combined into a machine
parameter. Furthermore, Carter’s factor was used to approximate the effect of slotting on the mutual
inductance parameters, and leakage inductances were estimated using standard methods applied on a
coil by coil basis.

The proposed method is straightforward to implement on a computer, and allows a general inter-
face for different machine windings or rotor designs.

It was argued that, because the assumptions made in the application of this modelling method
are common-place, and have substantial experimental backing in different modelling approaches, the
method proposed in this chapter is reliable and will give similar performance to other modelling
techniques based on the same assumptions.

Precise conditions were derived for the non-coupling of all harmonics of two stator windings, and
a proof given for conditions to avoid unbalanced magnetic pull. It was shown by counter example,
that it cannot be assumed that a winding with non-series connections of coil groups will meet the
non-coupling requirements for BDFM operation.

A broad class of BDFM rotors was defined, and the mutual inductance for the rotor-rotor and

rotor-stator determined using the method previously described.
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Using the derived parameters, a coupled-circuit model specific to the BDFM was derived from
the general electrical machine equations. This model can accurately model the transient (and steady-
state) performance of any BDFM. The model includes the effect of all space-harmonic components

of inductance parameters, however no attempt is made to take any saturation effects into account.



Chapter 3

d-q Transformed Model

3.1 Introduction

In chapter 2| a model was derived for the BDFM, and a method of calculating the values of the
mutual inductance parameters was presented. The derived coupled-circuit model has position varying
parameters, which means that it is not possible to solve the equations analytically for any condition
other than with the rotor at standstill.

However, it will be shown that if the model is transformed into the rotor reference frame, that is a
reference frame which rotates in synchronism with the rotor, then the position dependency vanishes.
Such a transformation will be shown to be achievable by an invertible state transformation of the
model equation (2.59).

The transformation adopted is the so-called d-q-0, direct-quadrature-zero transformation. It will
be shown that the zero sequence part of the transformation is of less interest, and thus the transforma-
tion is often referred to as simply d-q transformation.

Li et. al [64,63] first showed that a d-q transformation could be applied to a BDFM. Their work
was generalised to any pole pair configuration BDFM in Boger et. al. [11, 12]. However nowhere in
the literature has there been a rigorous proof of why the transformation is effective. In fact, in both
papers non-invertible state transformations are used without explanation (the use of a non-invertible
state transformation implies a change to the model dynamics). It will be shown that this is of particular
consequence when modelling nested-loop rotors. Kemp et al. presented a variation of the model found
in [64,63] for their prototype 6/2 configuration ‘nested-loop’ design rotor BDFM which does, in fact,
retain all observable dynamics [53]. We prove this fact as the model due to Kemp is a special case of
that described in this chapter.

Furthermore the generalised transformation given in [11, 12], starts from an idealised machine,
rather than explicitly transforming a more general model, where the implicit assumptions become
more explicit. In addition, all the d-q-0 BDFM models in the literature are derived for nested-loop

rotor BDFMs.

49
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In this chapter a new derivation, with full proofs, for the d-g-0 transformation is presented. The
approach adopted is to transform the general coupled-circuit model derived in chapter 2| with all
space-harmonic components retained in the stator-stator and rotor-rotor parameters. This approach
allows a large class of BDFM configurations to be incorporated in this model. The issue of how to
accurately model a nested-loop rotor will be addressed, using a reduced order model.

All the assumptions described in chapter|2 are maintained, including the assumption of 2 double
or single layer balanced three phase windings of appropriate pole numbers, as described in section
2.6, and a rotor as described in section 2.7}

In order to improve readability, the majority of the Lemmas used to prove the results are to be
found in appendix |A, and referenced as appropriate from within the text. While some results in
appendix |Alare standard results collected for convenience; others, particularly Lemmas [A.14,
'A.16,/A.17,/A.18/and A.19]are believed to be original.

3.2 The d-q-0 state transformation matrix

We start by giving a physical interpretation of the d-q axis transformation. Figure [3.1, shows an
idealised stator winding where the red, yellow and blue coils represent the three phases, each offset
from the other by 120°. Two additional coils are shown in figure 3.1, representing fictitious coils on
the d and g axes respectively. We now consider how the d and ¢ axis coils relate to stator phases.

g-axis, 0 = %

—
s _
l’lé lq
—~t

¢ @Y d-axis, 0 = 0

Figure 3.1: A pictorial representation of the d-q transformation, showing three coils representing the
phases of a stator winding, and two fictitious coils on the d and g axes by which the stator coils will

be represented. The d and g axes have been aligned (arbitrarily) to & = 0 and 6 = 7 respectively.

As we have assumed that the machine windings are balanced, the coils representing the three
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phases must be physically identical to one another, but positioned differently within the machine. To
facilitate the explanation we assume that each stator coil produces a perfect 2-pole field in the air
gap (this assumption does not apply to the BDFM analysis following). Therefore if instantaneous
currents, i,, i, and i, flow in the stator coils, then the magnetic flux density distributions due to each
of the coils are B,(6) = isk cos(6), B,(0) = ipk cos(6 + &), B.(0) = ick cos(6 + %), where 6 is
the angular position around the air gap.

We firstly consider the flux due to the red phase coil. We want to find a way of producing the
same flux density using coils aligned to the d and g axes, as shown in figure It turns out that if
the d and ¢ axis coils are physically the same as the individual phase coils (but differently aligned),
then the same flux density, B,(6), can be achieved by exciting the d and ¢ axis coils with currents
cos(a)i, and sin(a)i, respectively. To show this we consider the magnetic flux density in the air gap

due to the d and g coils:

B;(0) = izk cos(6 + )
B,(0) =izkcos(0 —m +a) =izksin(0 + a)

Now ifi; = cos(a)i, and i, = sin(a)i,, then B;(0)+B,(0) = cos(a)ik cos(0+a)+sin(a)i .k sin(0+
a), which may be combined using a cosine trigonometric identity to give B;(0)+ B, (0) = i k cos(0).

Therefore the air gap flux density produced by current i, in the red phase, i), in the yellow, and i,
in the blue may be achieved by a d axis current of i; = i, cos(«) +ij cos(o — %”) +i.cos(o — 47”) and
q axis current of iy = i, sin(a) + i), sin(«w — %”) + i, sin(a — %”). Therefore the d and ¢ axis currents
can be calculated by ‘resolving’ the phase currents onto the d and g axes. This is the physical basis
of the d-q transformation.

o, the angle of the d axis relative to the individual phase, is entirely arbitrary, and can be any
differentiable function. It is this freedom to rotate the d-q axis reference frame to any angle that has
the useful property that the position-varying mutual inductance terms found in electrical machines
may be represented as constant inductance terms by suitable choice of reference frame (i.e. the value
of ). Typically aligning the reference frame so that it rotates in synchronism with the rotor achieves
the desired effect [56, ch. 3]

However the transformation as is stands is not a 1 to 1 mapping. That is, there is an extra degree
of freedom in the 3 phase currents, which does not affect the d and ¢ axis currents. This is the zero
sequence current. The zero (0) sequence current has the interpretation of resolving the currents which
produce magnetic fields which do not move parallel to the air gap, that is non-rotating fields. See
Krause [56, ch. 3] for further details. It can be shown that the zero sequence current is proportional
to the sum of the instantaneous three phase currents.

The full transformation from phase currents to d axis, ¢ axis and 0 sequence currents may be
expressed as an invertible 3 x 3 matrix [56, ch. 3]. In the sequel this transformation will be referred

to as the d-q-0 transformation.
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The d-g-0 transformation has been interpreted as an equivalent representation of the air gap mag-
netic flux density. However the same transformation may also be applied to the phase voltages, to
give equivalent d and ¢ axis and O sequence voltages.

Additionally the d-q-0 transformation may be chosen so that it is orthogonal. This has the physical
advantage that it becomes a power conserving transformation [52], in other words, the product v77 is
the same whether v and i are expressed as d-g-0 or actual phase quantities.

The d-g-0 transformation may be used to transform the system into a reference frame which
rotates in synchronism with the rotor by aligning the d and q axes so that they track the rotor position.
It is important to note that while the physical explanation of the d-q-0 transformation assumed coils
giving a harmonic-free air gap field, no such assumption is required to use the d-q-0 transformation.
Harmonic effects will simply lead to different values of the d-q-0 currents. For a stator winding with

p1 pole pairs [56] gives the d-q-0 transformation as:

cos(pi6y) cos(pi (6, — ) cos(pi(6, — £2)

2
Cs1 = \/; sin(pi6,)  sin(p1 (6, — £5))  sin(pi (@, — $5) (3.1
1

3p1
L L L

NG NG NG

for the second stator winding with p; pole pairs, the transformation is:

cos(p2f,)  cos(p2(6; — 522))  cos(p2(6; — 5))

Cszz\/; sin(pafy)  sin(pa(6, — 30)) - sin(pa(®r — 57)) (3.2)
1 1 1

V2 V2 V2

It is noted at this point that some references (e.g. [12]) include a phase offset angle in the second
stator transformation matrix. This is because the orientation of the d-axis can be aligned with the stator
field without loss of generality (changing the zero position simply changes the physical position of
6, = 0). However the second stator field cannot, in general, be assumed to be physically aligned with
the stator 1 field (as this would place a constraint on where the two windings are physically placed in
the stator slots).

In this work it has been chosen not to modify the transformation matrices. This means that some
mutual inductance parameters will contain a phase offset term.

In order to transform the rotor into d and g axis components a different transformation matrix is
needed. Boger et. al. [11] give the p; pole pair rotor transformation matrix for a ‘nested-loop’ design

rotor with a single set of loops as:

2npi 272p 2n(pi+p2—1)pi
cos(0) cos(pl+p2) cos(p1+p2) cos( e )
— ; i (271 0 (272pi L a2 (pi+p2—1Dpi
C = ot sin(0) sm(plw2 51n(p|+P2) sin( i ) 3.3)
1 1 1 1
V2 V2 V2 V2

they also give a similar transformation for p, pole pairs, however we will show that it is not necessary

to use this transformation. In fact either the transformation for p; or p, pole pairs can be used.
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The transformation proposed by Boger, is a reasonable generalisation of the transformation ma-
trix for the stator phases. The transformation matrix ‘resolves’ each rotor loop into d and g axis
components, and the bottom row is a zero sequence component.

However unlike the stator transformation, the rotor transformation matrix is not square. This
means that the transformation does not simply constitute a change of variables, rather it reduces the
order of the model, and therefore will result in model which is a (possibly poor) simplification of the
original model.

In order to ensure that the model dynamics are unchanged, the transformation must be a similarity
transformation, that is one which is invertible (and therefore square, and full rank) [131, p. 53]. We
will therefore define such a transformation for the rotor.

From Lemma/A.10/C,,C,;T = I. From Lemma/A.12 a matrix whose rows are orthonormal and
span the orthogonal complement to the row space of C, exists. We denote this matrix C2,.

Using C; we may augment original transformation matrix (3.3), to one which is invertible. The

rotor transformation matrix for a single set of loops is therefore:

c = | (3.4)
r = Cﬁi .

note that not only is C, full rank (and hence invertible), but is also orthogonal (as the rows of both
C,1 and C; are orthonormal). As for the stator transformation matrix orthogonality implies that the
transformation is power conserving.

When the rotor has N sets of S = p;+ p, circuits, such as is the case with the ‘nested-loop’ design

rotor, then the full rotor d-q-0 transformation becomes (assuming rotor state order in accordance with
section 2.7.1):
i Crl
0 0
Cii

C,
0 0 [f}
CrN

where each matrix on the diagonal is the same, the differing subscripts are simply to facilitate book-

keeping, thatis C,; = C,, = --- = C, . Note that because is orthogonal so is (3.5).
At this point we also define C,1,, € R**%, C,y, € RS, C,, € R*™*N5, which will be useful
later on, as follows:
{Qw}zal (3.6)
Criy
Cyy 00
Cw=1] 0 " 0 (3.7)

0 0 Cu,
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3.3 Transformation to d-q-0 axes

We will use the transformation described in the previous section to transform the coupled-circuit
model derived in chapter 2| with stator windings fulfilling the requirements of section 2.6 and rotor
design compliant with the assumptions outlined in section[2.7|

One additional assumption will be required in the derivation: the stator-rotor (and rotor-stator)
mutual inductance matrix, given by equation (2.54) can be adequately approximated by the first non-
zero term of the series of harmonic inductances. As the rotor must fall within the assumptions of
section|2.7 we need the p'" and p absolute harmonic for the stator 1-rotor and stator 2-rotor coupling
respectively. It is significant that, in contrast to [11], we do not place any further constraint on the
rotor-rotor and stator-stator mutual inductance terms. In [11] the stator-stator, and rotor-rotor mutual
inductance are the fundamental (relative) harmonic terms from the Fourier series representation only.

From section|2.9 and particularly equation (2.56), the BDFM electrical equations can be written

as:

Us1 Rsl 0 0 isl d Msl 0 Mslr isl
Us2 | = 0 RsZ 0 is2 + E 0 MSZ Ms2r isZ (38)
0 0 0 R ||i ML oML M, ||

where the terms are defined in section2.9.

From (3.1), (3.2), and (3.5) we may define the overall d-q-0 transformation for the BDFM:

Cqa 0 O
C=]10 Cpp O (3.9
0o 0 ¢

note that as Cy1, Cy,, C, are all orthogonal, C is also orthogonal, and hence invertible.

We also define a non-square transformation, C,,; € R6T2V*6+NS Erom (3.7):

Csy O 0
Cns = 0 CS2 0 (3 10)
0 0 C

where N is the number of sets of S = p; + p, rotor circuits.

Using we may now define the d-q-0 transformed currents, through an invertible state trans-
formation of the currents in machine variables. The transformed stator currents are denoted i 440, » Lag0,, -
The transformed rotor currents we denote by i;,., and we will later show that i, can be partitioned

into d-q-0 components and other components:
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iquSI CSI 0 0 is 1
g, | =] 0 Ca O ||in 3.11)
ir, o o0 cl|i
. T .
Is1 C_yl 0 0 Ldq0,,
S linp|=]10 Cy» O l'dq()s2 3.12)
i, 0 0 | | i

Substituting (3.12) into (3.8) and pre-multiplying by C gives:

Csl 0 0 Vg1 Csl 0 0 Rsl 0 0 Csl 0 0 iquSl
0 C52 0 Vgo | = 0 Csz 0 0 Rsz 0 0 Csz 0 idqo‘yZ +
0 0 C 0 0 0 C 0 0 R, 0 0 C Irr,
T
Csl 0 0 d Msl 0 Mslr Csl 0 0 iquA,l
0 Cy»n O 7 0 My, Mo, 0 Cy»n O idq0,, (3.13)
0 0 C ML ML M, 0o 0 C irr,
Defining the d-q-0 transformed voltages in a similar manner gives:
Vdq0,, Csl 0 0 Us1
Vago, | = 0 Ca 0| |vg (3.14)
Vtr, 0 0 C vy
Substituting (3.14) into (3.13) and simplifying gives:
Vdq0,, Csl Rsl CslT 0 0 idqoxl
Vaq0,, | = 0 CooRnCyo" 0 ldgo, | T
Vir, 0 0 CRCT || i,
Co 0 0 | M Ca" 0 M1, C 1| | ago,
0 Cy»n O o 0 MpCo' Mo, G | | iago, (3.15)
0 0 C m! c,t ML cot M.CT irr,

Further simplification and use of the chain rule gives, noting that C,, M, M, M, are all con-

stant:
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Vdq0,, CsiRiCsi" 0 0 Ldq0,,
Vago,, | = 0 CrR»Cyr" 0 iaq0,, | T
Vi, 0 0 C.R.C,T iir,
CaMa2(Cy™) 0 Car MG, | [iago,, |
o, 0 CoMyugi(Co')  Coagy(Mo)C M| | iago, | +
Cr - (M, Ca™)  Crgi- (M), Cia") 0 I, |
Cyi My Coi T 0 CaM, &7 [iago,
0 CoyMyCyt CooMo, C,T 77 | taa. (3.16)
cMmh cyt c,ML Cc,t C.M.CT | i,

We have already established that My, M, are symmetric circulant matrices (see remark 2.11).

Therefore from Lemmas|A.15 and A.16:

J 0 pi(Li—M;) O
C“Mﬂd—gwsf) = | —pi(Li — My) 0 0
0 0
, 0 pa(Ly— M) O
CSZMSZdj(CsQT) = | —p2(Ly — M») 0 0
' 0 0 0
(L, — M, 0 0o |
CslMsICslT: 0 Ll _Ml 0
0 0 L, +2M,
(1, — M, 0 0 |
CSZMSZCSZT - 0 L2 — M2 0
0 0 Lr+2M,

= Quqo,, (3.17)
= Quq0,, (3.18)
= My, (3.19)
= My, (3.20)

where My, L, M,, L, are the mutual and self inductance parameters of the first and second stator

winding respectively as in remark 2.11.

As discussed in section the class of rotors considered here have N sets of S = p; + p»

individual circuits. S is fixed for a particular pole pair choice, but N may be chosen by the designer.

Consequently, from section|2.7, the rotor-rotor and stator-rotor mutual inductances can be written as:

Mslrl
MS‘Zrl

M,

Mslr
MsZr

r2

L TrIN

M T

Mslrz
Merz

M,

r2

M

r

Mser
MerN

M,

"N

N

3.21)

3.22)
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where Mqy;, My, ; € R3S, M, € RS*S,

Now, it is immediate from the choice of rotor class that the diagonal block matrices of (3.22) are
symmetric circulant, as explained in section 2.7.1, However, after some consideration it can be seen
that this implies that the off-diagonal block matrices (e.g. M,,,) are non-symmetric circulant. This
fact is most easily seen by considering the mutual inductance between a single rotor circuit of one set
of § circuits and another entire set of S circuits. The geometry of each circuit within a set of S circuits
is the same, the only difference being the position around the circumference of each. Therefore it is
reasonably straight forward to see that the mutual inductance between two different sets of S circuits
is itself circulant.

Considering, first C, M, C,T, from (3.5) and (3.22):

C,M.C" =

M,
Cii

Crl
Ci

|

T

|

CrN

L
CrN

M

CrN

1
CrN

T

|

(3.23)

As all block matrices of (3.22) are circulant, with the diagonal blocks symmetric in addition, then

with the chosen form of the transformation matrix, applying Lemma |A.16 to (3.23) gives:

Ly, O 0 My, Mp, 0 0
0 Ly, O ~Mp, Mp, 00
0 0 Lo, 0 Moy, O
0 0 0 *q 0 0 *p
My, =M, 0 O
CMCT = Mp, Mp, 0 O
0 0 My, O
0 0 0 o7
) ) _qurN 0 0
0 Ly, O
0 0 Lo,
0 0 0
(3.24)

where qurj , Lo,;

€ R, *;; € RP1P2=3xp1+,2=3 gare the d and ¢ axis rotor self-inductance, the ‘0’

sequence rotor self-inductance, and a matrix of other inductance terms for the j™ set of rotor circuits.

M;

Jio

sequence respectively. Explicit expressions for L., Lo

ijrs

My,; are the mutual inductance terms between different sets of S circuits, for d-q axes and zero
M

and M, can be found in the proof

kNN
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of Lemma We use * to denote terms for which the exact value is not relevant, but that are not
(typically) zero.

We now consider the stator-rotor mutual inductance terms. As an example, consider Cy M, C,."

From (3.21) and (3.5):

C}’ Cr Cr
CSIMSIVC”T = CslMslrl |:C l:| Cslelr2|: 1:| CslMser|: J_l:| (325)

the incrementing subscript on the transformation matrix has been dropped as it no longer serves any

purpose.

The general term, Mj,,;, corresponding to the stator-rotor mutual inductance between stator 1 and
the j™ set of rotor circuits, and is of the form of (2.53). The same is true for the M s2r; terms.

To proceed further we must invoke the additional assumption mentioned: we will assume that
M;),; and Mj,,, may be well approximated by the first non-zero term of their Fourier series repre-
sentations. This is a physically reasonable assumption because the mutual inductance terms for a
particular term of the Fourier series are derived from the product of the stator magnetic flux density
and rotor conductor distribution function (or vice-versa). As the stator winding is specifically (and
quite effectively) designed to produce one pole number field only, the harmonic content will be small.
Therefore the higher terms in the Fourier series for the stator-rotor mutual inductance will typically
be small, and thus the error in neglecting them slight. Nevertheless the omission of these harmonic
terms will idealise the machine, in that it becomes impossible for any frequency other than the supply
frequencies to appear in the current waveforms in the steady state, which is at odds with physical

reality where the stator currents will contain harmonic components.

With this assumption, the terms in (3.25) can be simplified by application of Lemma A.17, Fur-
thermore similar terms in (3.15) may be simplified for the same reasons by Lemmas and
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My, cos(¢y,) —M,, sin(¢;,) O

CaM,i,C." = | | My, sin(¢,) My cos(¢y,) 0 03P
0 0 0
MIN COS(¢1N) _MIN Sin(¢1N) 0
M, sin(¢1,) M, cos(¢,) 0O 0P (3.26)
0 0 0
My, cos(¢y,) My, sin(¢y,) O
CSZMs2rCrT = M21 Sin(¢21) —le COS(¢21) 0 03XD
0 0 0
M>, cos(¢a,) My, sin(gr,) O
My, sin(¢a,) —My, cos(dy,) 0 03P (3.27)
0 0 0
J M, pisin(¢y,) M, picos(¢;,) O
cﬂ%(Mm)ch = | | =My, picos(¢1,) M, pisin(¢;,) 0 0P
0 0 0

M, pisin(¢1,) M, picos(¢,) O
—Mi, picos(¢ry) M, pisin(g,) 0 0P

0 0 0
(3.28)
J My, pysin(¢a)  —Mp, pacos(éz,) O
C52%(Ms2r)CrT = _M21P2 COS(¢21) —Mgl )2} Sil’l(¢21) 0 03><D
0 0 0

My pasin(¢ay)  —Ma, pacos(ga,) 0
—May pycos(pay)  —May pysin(gy,) 0 0P
0 0 0
3.29)

where My, M>, are the mutual inductance between stator 1, stator 2 and the 7" set of rotor circuits,
and ¢y, ¢, are the electrical phase offsets between stator 1, stator 2 and the j th set of rotor circuits.
For a precise definition see LemmalA.17. D = S — 3, where S = p; + p».
The terms CrMserC S]T, C,MAQ,TC SzT may be induced by symmetry, and from Lemma A.17,
C My, and Cyo My, (and hence My, ' Cy; T and M,, T C,, 1) are constant with 6,, therefore dingserCslT =
Jr Mo, TCo = 0.
So far the resistance matrices have not been considered. The resistance matrices, R, Rs2, R,

will be diagonal, as long as the current path of each ‘circuit’ is independent. For the stator terms this
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will always be the case under the present assumptions, however for the rotor terms it may not be the

case. If the rotor were a squirrel cage then when modelling, it is more natural to take each ‘circuit’ as

a loop around two adjacent bars and the appropriate parts of the end ring. In this case neighbouring

‘circuits’ will share common bars. It can be shown that this has the effect of introducing off-diagonal

elements in the resistance matrix (see section B.7). However in any case the resistance matrix must

be symmetric and circulant from definition

For the present we will assume that all the resistance matrices are circulant, thus allowing for the

possibility of modelling cage rotor designs. As all the resistance matrices are circulant, from Lemma

A.16 it can be seen that the resulting transformed resistance matrix will be diagonal.

Using (3.1743.20), (3.24), (3.2643.29) in (3.16) gives:

vdqoxl
Vdq0y,
Utr,
Wy
*3x3
0
*%Xz 0
0 O
ODX3
2x2
*y 0
0 O
0Dx3

>l<3><3 0
0 *3x3
0 0

3x3

*
0 O
0Dx3

2x2
*y 0

0 o0
0DX3

[ 2x2 O_

Lag0,,
iquxZ +
itr,
2x2
) 0 O3xD
0 O
2x2
) 0 O3xD
0 O
2x2
*1 0 03xD
L0 0
[ 2x2
* 0 03xD
L0 0
[ 2x2
" 0 03XD
0 *
0 *DXD
2x2
o 0 03xD
0 *
0 0

2x2

2x2
*N

S o O© O

S O O O O

*

03XD}
O3XD}

03xD

DxD

idqo.vl
iquSZ

ltr,

_%

idqoa'l
(3.30)

idqo.r2

ltr,

where * denotes a constant (typically) non-zero element, D = S — 3. Where dimensions are not given

for a particular element it is either scalar or the dimension can be deduced.

If we now reorder i,,, to give i,’rr so the zero portion of that CslrMmC,T and similar elements

are collected together. We define the modified rotor resistance R, , significantly as R

It

R must also be diagonal. Hence:

was diagonal,

Ttr
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3x3 .
Vdqo,, #7000 0 dago,
_ 3x3
vdq()xz = 0 %% 0 la’q()xz +
/ / /
vtr, O 0 Rr“« ltr,
B 2x2 2x2 2xND
, * cee ok 0
>|<3>< 3 0 1 N
O 0 0 ldqoxl
2x2 2x2  (\2xND ;
Wy 343 *] cee Ky 0 ldq0,, +
0 *
./
0 0 0 tr,
0 0 0
B 2x2 2x2 2xND
* * 0
>l<3><3 0 1 N
0 0 0
2x2 2x2 2xND
0 3x3 *1 *N 0 .
* Laqo,,
0 0 0 d s
- T T = | ide0 (3.31)
*%XZ 0 *%X2 0 *%x2 *2X2 02><ND dt qYs2
*/
ltrr
2x2 2x2 2x2 2x2 2xND
*y 0 *y 0 * *y 0
NDx2 NDx2 2x2 2x2 _NDxND
0 0 0 0 0 0 *

where D = § — 2.

_ AT
By following through rotor terms it can be seen that we can now partition i/, into [i dqu i ] .

Where iy, = [idquT

dq,

lag, NT], with each iy, ; corresponding to the d and q axis currents from

the j™ set of rotor circuits. Note that the zero sequence circuit in each case has been included in qur

along with terms corresponding to the orthogonal complement of the d-q transformation, C+ (3.4).

Therefore with Ry, , My, € RVP*NP (3.31) may be written as:
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quoxl idqosl idqosl
Vagos | | _ (| Rag O} | Qag O fagoy | | | Mag O | d | |iago,
Vdq, 0 qur 0 0 ldg, 0 qur dt lag,
| Vdg, a L leqr i | ’qur
(3.32)

iquSI 1 idqosl quoxl

o 4| |0 | | _ | Mag O | Rag +@-Quqg O agoa | | | | Vdaos

dt ldg, 0 qur 0 qur ldg, Vdg,

| ’_'dq,- a L ’qur i B Vdg, i

(3.33)

quosl 0 quxrl quoxl O quxrl

qu = 0 quosl quer ’ qu = O quoﬂ quer

0 0 0 quosr] qu_erT qur

(3.34)

As the inductance matrix is block diagonal, its inverse will also be block diagonal from Lemma A.5|
therefore it is clear from (3.33) that le‘]r is independent of the other currents. And therefore if we can
only measure the other currents, it is quite impossible to determine the value of iz, . 4y, is said to be
unobservable from the output.

Furthermore as there is no voltage supply to the rotor, the rotor voltage will always be zero. It is
therefore not possible to affect, in any way, the value of leq, by changing the supply voltage. leq, is

said to be uncontrollable from the input (the supply voltage).

It is well-known to control engineers that removing states from a system which are uncontrollable
and unobservable, but unstable will inevitably lead to unsatisfactory performance. Fortunately, with
the BDFM, this is not the case. If we consider the rotor-rotor mutual inductance, M, of (3.8), then
from Lemma 2.3/we know it to be positive definite, and furthermore we know it to be symmetric (some
definitions of positive definite do not require symmetry), thus all the eigenvalues of M, must be greater
than zero. As the only transformation applied to M, is a constant, invertible state transformation its
eigenvalues will remain unchanged. The same holds true for R,, the rotor resistance. As M, and R,
Crll can be chosen so that Edq, and qur are diagonal, hence —Md_ql, Edq, is negative definite, thus all
eigenvalues are negative. Hence the uncontrollable and unobservable states highlighted are stable and

can safely be removed.

Therefore the full d-q transformed BDFM model can be written as:
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Vdq0,, Laqo,, Laq0,,
vago,, | = (Rag + @ Qag) | iago,, | +Mag 7 | iago,
0 ] idq,. idqr
d idqosl idqosl vdqosl
. -1 . -1
< a7 | a0 | = M,, (_qu - W qu) lago, | T May | Vago,,
idq, idqr O
- _ (3.35)
quo.vl O qu.vr] quos] O qust 1
qu = 0 quOSZ quer ’ qu = 0 qu0s2 quer
T T
| 0 O O qusr 1 quer qur
Raq0,, 0 0
qu = 0 quosz 0
0 0 Raq,

where M40, is given by (3.19), Myq0,, by (3.20), Quq0,, by (3.17), Quq0,, by (3.18). My, , is given
by (3.26) with the appropriate elements removed, My, , by (3.27), Quq,,, by (3.28), Quq,., by (3.29),
and Mg, by (3.24). The resistance matrix is diagonal as previously discussed.

We now turn our attention to the torque equation. From (2.12):

1 +dM
y = —1I i
2 db,

substituting with (3.11) and simplifying gives:

— =T

s ] fen 00 Coi 0 0 [ig,
= 5 idq()sz 0 C‘Yz 0 d@r 0 Csz 0 iquSz
i, 0 0 ¢ 0o 0 | | in
— =T
1 iquSI 0 0 Csldigr(Mslr)CrT
= 5 iqu.qz 0 0 CSZdL(;r(MSZr)CrT
i, | | Crgr M, DG Cr gl (Mo, )C" 0

. T
_ ldqo.vl
iquXZ

Csldigr(Mslr)CrT .
Co-t(MpoC, ™| "
Sngr( SZr) r

by adopting the same partition of i;,, used in (3.33):

T
Ldq0
Tg — qYs1
ldqosz

qusrl } .
ldg,
qu.;rZ

(3.36)
3.37)
idqoxl
iago, | (338
iir,
(3.39)
(3.40)

We may now make a general statement about d-q axis transformations for this class of machines:
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Remark 3.1. For the class of BDFMs with: single or double layer isolated, series connected stator
windings, as discussed in section 2.6, with suitable choice of pole pairs p;, p, as given by theorem
and a rotor which fulfils the requirements of section and then if the mutual inductance be-
tween stator and rotor can be adequately approximated by the first non-zero term of their Fourier series
representation; then the BDFM equations may be transformed using the non square transformation
given by which is a power-conserving transformation and removes the states corresponding
to leq,- Furthermore, the states removed by this transformation are unobservable, uncontrollable and
stable, and do not appear in the torque equation. In the special case of a ‘nested-loop’ design rotor,

the transformation derived is identical to one of the transformations of Boger [12, p. 25]. v

Remark 3.2. It is significant that the BDFM, with a rotor within the class outlined, can have its rotor
modelled using a single d-q pair for each set of S rotor circuits. This is somewhat surprising because
the machine has two stator supplies, of different pole numbers, hence it would be expected that two
d-q pairs would be required for each set of rotor circuits. Or in systems theory terminology one
would expect matrix M, of Lemma/A.17 to be of rank 4, when it is actually rank 2. This fact serves
to reinforce the necessity for the rotor to have S = p; + p, circuits per set, rather than any other
number. v

It it worth mentioning that the d-q transformation outlined may be extended for higher order
harmonic couplings between stator and rotor. It can be shown that the stator parameters will remain
the same for all higher harmonics, however the rotor parameters will change for some harmonic
combinations. This is because the special condition which allowed a single d-q pair to represent a
single set of S rotor circuits, as noted in remark (3.2 will only be met if (k;p> + k2 p2)/(p1 + p2)
is an integer where ki, k, are the relative harmonic for each winding. This has the effect that the
higher harmonics may require 2 d-q pairs for each set of § circuits, rather than 1, and consequently

the rotor-rotor portion of M, will alter. For each harmonic the stator-rotor parameters will change.

3.3.1 Determination of d-q model rotor current from bar currents

The problem of determination of d-q model rotor current from bar currents will briefly be considered.
Clearly the d-q axis rotor current can be computed using (3.5), and then truncated to leave the non-
zero portion, as discussed in the previous section.

However, as we have shown, for every set of S = p; 4 p, circuits on the rotor only 1 d-q pair
is controllable from the stator voltages. Therefore it is possible to calculate the d-q rotor currents for
each set of S rotor circuits by measuring the currents in only two of the § circuits.

For each of the N sets of S rotor circuits the transformation from bar currents to d-q currents is

given by C,y, where C,y is of the form of From the preceding discussion we know that:

idgn = Coniry (3.41)
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where i,y € RS, ldg,n € R? and C,y € R?>*S and it is full rank. We seek a transformation, C‘rN €
R2*2_ such that:

iggy = CrnPiry (3.42)

where P € R?>*S, and P is a matrix which has a single 1 in each row, with all other elements zero,

and is rank 2 (that is the 1s must be in different columns). For example P might be:
- [12 0 ] (3.43)
From|3.41 and 3.42 we may write:

CnPiy = Cnipn (3.44)

we have shown in the previous section that i,y = C, NTidq,_ - therefore:

ConPCNTiggy = CrnCrniag,y (3.45)
as C,nCon' = I
ConPCry gy = idgy (3.46)
as C’,NPCrNT is full rank:
& CyPCN =1 (3.47)
& Gy = (PCA")™ (3.48)

Therefore for each of the N sets of S rotor circuits a 2 by 2 transformation, which determines the d-q

. ~ -1
rotor currents from any two bar currents, is given by C,y = (PC, NT)

3.4 Model order reduction for Nested-loop rotor

The preceding derivation, culminating in remark (3.1, gives a full transformation for any BDFM rotor
in a broad class.

However, each of the N sets of S rotor circuits yields an additional d-q pair. Therefore the overall
model is of order 6 + 2N. It is desirable to reduce the order of the model so that a single d-q pair
models the rotor, thus reducing the order to 8.

Boger et. al. proposed a 8 order model (which reduces to 6 if the stator zero-sequence states can
be removed), [11]. However, their proposal is simply to sum the contributions from the N different
sets of circuits. No comment is made as to whether or not this is a good or poor approximation (in

fact they do not mention that it constitutes a model reduction at all).
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-1
—» W, —>—qu Quq

«— 7 < f M, le—

\ 4

—1
—qu Ryq

Figure 3.2: Block diagram of d-q transformed BDFM model

We will show that this can lead to a poor approximation, sometimes little better than ignoring
inner loops within a nest all together. The physical reason for this is that, in a ‘nested-loop’ design
rotor, the N sets are the different pitch coils within each ‘nest’. The difference in pitch means that
different currents will be induced into each of the coils, and the mutual coupling between the coils
within a ‘nest” will lead to circulating currents within each ‘nest’. These currents are eliminated if
the inductance terms are simply summed, leading to erroneous results. Section B.3/details the mutual
inductance matrices for the prototype ‘nested-loop’ design rotor. Equation (B.13) shows the d-q
mutual inductance matrix for this rotor design. Significantly (B.13) confirms the coupling between

the sets of rotor circuits by the presence of non-zero off-diagonal elements.

There is, therefore, a need for an improved method of model reduction which reduces the approx-

imation error in some sense.

3.4.1 Model Reduction Techniques

From the preceding analysis it is clear that the electrical equations for the BDFM are linear. That is,
the currents (and voltages) appear linearly in the equations. Therefore the BDFM equations for the

d-q transformed model, (3.35) may be represented by the block diagram in figure |3.2|

It is important that the BDFM may be modelled as a linear system because linear systems are
amenable to a rich set of techniques, particularly in terms of model reduction. Model reduction has

received considerable attention in the field of linear systems theory.

It will be of use to redraw figure (3.2 separating out the connections between rotor and stator. To
simplify the notation we will repartition the state vector, and corresponding matrices into rotor and

stator quantities, rather then stator 1, stator 2, and rotor quantities as in equations (3.35):



3.4 Model order reduction for Nested-loop rotor 67
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Figure 3.3: Block diagram of d-q transformed BDFM model with rotor and stator separate

M; M,
My, = [ . } (3.49)
Msr M}’
QS er
Quq = [ o o } (3.50)
Ry, = [RS 0} (3.51)
0 R

and we partition the inverse of My, compatibly with M, as follows, using superscript i to denote
that the block matrix belongs to M, q] rather than M,,. The analytical expression for these elements
can be determined from LemmalA.5. Note that M/ # M ! etc.:

v M '
(3.53)

We start by reviewing some possible model reduction techniques
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Linear, Time-invariant Model Reduction Techniques

Linear, time-invariant (LTI) systems have had considerable attention devoted to their analysis, and
model reduction is no exception.

Two techniques of LTI model reduction are balanced truncation and optimal Hankel-norm ap-
proximation. Both these techniques offer ‘automatic’ methods of model reduction for LTI systems,
that is, they are mathematical procedures which give results that are guaranteed to be ‘good’ in some
sense.

Before proceeding further is it necessary to introduce some of standard notation of linear systems

theory:

Definition 3.1. [131, p. 92] Any function, x(¢) € R” may be said to be £, (/) space iff:

12
xl2 £ (/ IX(t)Tx(t)ldt> < 00
1

where I C R is the interval, which will typically be [0, o). Thus a function x(¢) is a member of

Lo (1) if x(¢) has a bounded 2-norm over the interval /. J£,[0, c0) is denoted by the short hand OC;F .

Definition 3.2. [131, ch. 4] Given a linear system, P, mapping u € R™ to y € R” then the induced

2-norm, || P||; 2 is defined as:

l[y1l2

u(t)euczr ||Lt||2

A
I1Plli2 =

where sup stands for supremum, or ‘least upper bound’. Hence the induced 2-norm of P is the

worst-case gain for any input signal in £

Both balanced truncation and the optimal Hankel-norm approximation can guarantee that induced
2-norm of the error system will not be more than some upper bound. To explain the precise nature of

this upper bound it is necessary to introduce some more systems theory notation:

Definition 3.3. [131, ch. 3] A minimal realization of an LTI system, G, with input u(#) and output

y(t) may be written as:

X =Ax+ Bu
y=Cx+ Du

A| B

:|. A minimal realization is a representation of G for which the
C|D

or more compactly as: G = {

dimension of x is minimised.
The controllability and observability gramians, P and Q respectively are given by the solutions

to:
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G

u u

{ <L G2 < Gl l——
G,

Figure 3.4: Parallel and series connection of systems

AP+ PA*+BB*=0
A*Q+ QA+ C*C=0

where P = P* > 0, 0 = Q* > 0, thatis P and Q are Hermitian, positive semi-definite.

The Hankel singular values of G are /A(P Q), where A(-) denotes the eigenvalues. Furthermore
there will always exist an invertible state transformation, 7', such that x = Tx, and the transformed
gramians become P=TPT*=(T"HYQT '=(Q =3 where Zisa diagonal matrix of the Hankel
singular values of G in descending order. The realization of G which achieves P =0 =% is called

the balanced realization.

Remark 3.3. Series and parallel connection of two systems, G, G, may be conveniently represented

by GG, and G| + G, respectively. If G, G, are linear then they can be represented by G| =

Ay | B Ay | By .
, Gy = . The parallel connection can be represented by
Ci | Dy G | D,
A O B
Gl + G2 = 0 A2 Bz
G G ‘ Dy + Dy

and the series connection by:

A 0 B,
G2Gy = | Bo(Ci+ Dy) A, 0
D>C, C | D.D,

Diagrammatically the connection are illustrated by figure(3.4. @
Model reduction by balanced truncation reduces the order of the system by removing the states
corresponding to the smaller Hankel singular values. The induced 2-norm of the error system, that is
the error between the full-order and reduced order system for any input with unitary 2-norm, will be
less than twice the sum of the truncated Hankel singular values [131, ch. 7].
Model reduction by the optimal Hankel norm approximation, seeks to find a reduced order system,

G, such that the Hankel norm of the error system G — G is minimised. The Hankel norm of a system
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is the maximum Hankel singular value of that system. It turns out that for LTI systems it will always
be possible to find G, and furthermore it will always be possible to find a constant Dy such that the
induced 2-norm of G — G — Dy is less than the sum of the truncated Hankel singular values [131, ch.
8],[40].

Both these techniques could be applied to the d-q transformed model of the BDFM previously
derived, however the BDFM model, although linear, is not time-invariant. The model is dependent
on a parameter, the rotational speed, w, thus the techniques can only be applied for a fixed speed.
There are, however, generalisations of both balanced truncation and optimal Hankel-norm reduction

for linear parameter-varying (LPV) systems, which will now be considered.

Model Reduction Techniques for Linear Parameter Varying Systems

The methods of model reduction for linear parameter varying systems, are rather less established than
for the LTI case. Nevertheless methods have appeared in the literature which are applicable. In the
BDFM model presented, the parameter variation appears in the ‘A’ matrix. From figure 3.2/it can be
seen that in the BDFM the ‘A’ matrix becomes A| + w, A,. Hence the parameter dependence is affine
that is, linear with an offset.

Wood et. al. [118] and Wood [119] present generalisations of balanced truncation and Hankel
norm approximation for LPV systems. Related work in discrete time, which will not be further
discussed here, is presented in Lall and Beck [58], Beck and Doyle [5], Beck and Bendotti [4] and
Beck, Doyle and Glover [6].

An LPV system is one where time-dependent parameters enter the state equations through one or

more €xogenous parameter S:

X =A(p)x + B(p)u
(3.54)
y =C(p)x + D(p)u

where p is the parameter vector which may be time-varying.

In [118] the notions of controllability and observability gramians, balanced realizations, and Han-
kel singular values is generalised to LPV systems. These are then used to obtain similar bounds for
the worst case induced 2-norm error. However, unlike in the LTI case the results do not lead to a
unique solution for each system. That is, suppose one wanted to reduce the order of a linear system
from 10 to 6: In the LTI case both balanced truncation and the optimal Hankel norm approximation
method lead to a unique upper bound on the 2-norm error for that particular system and reduction
choice. In the LPV case however, although a bound can be found, there is no guarantee that it is the
smallest bound possible. The reason for this will become apparent in the following discussion.

From [118] the generalised gramians are given by any solutions for P and Q to:

A(p)'Q+ QA(p) + C(p)'C(p) <0, Q=07 >0, Vo) €F, (3.55)
A(p)P + PA(p)" + B(p)B(p)" <0, P=PT >0, Vp(t)€F, (3.56)
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where F), is the set of all possible parameter trajectories.

Having found such a P and Q the procedure is then the same as for the LTI case for balanced
truncation. Although a Hankel-norm approach is also presented which achieves an analogous bound
to the LTI case, the authors note that the additional complexity introduced limits the applicability of
the result, and therefore it will not be considered further here.

Note that, from the preceding discussion P and Q are not unique, because (3.55) and (3.56) are
inequalities rather than equalities in the LTI case. Because the BDFM d-q transformed equations are
affine in their only parameter, w, (see figure(3.2), then from LemmalA.7 will be satisfied
for all possible w, if they are satisfied for the extreme values of w,. To be precise, if ©™" < @, < W™
then (3.56[3.55) are satisfied if:

(A} + 0™ A2) 0 + Q(A| + 0™ Ay)) + CTC <0

L , (3.57)
(A1 +0™Ay) O+ QA1+ ™A +CTC <0, 0=0">0

(A} + @™ Ay)P + P(A; + o™ A)" + BBT <0 1 sg
(A + @™ A)P + P(A; + 0™ Ay)" + BBT <0, P=PT >0 (3:59)
The problem of finding a P and Q satisfying (3.57/3.58) (and with any further linear constraint
placed on the elements of P and Q) may be efficiently solved. The problem is a linear matrix
inequality (LMI) which is a convex optimization problem for which efficient algorithms exist [37].
As the upper bound on the error is the sum of the truncated singular values, the smaller the
truncated singular values can be made, the tighter the bound that can be achieved. Unfortunately the
constraint on P and Q to minimize the square-root of eigenvalues of P Q, or even the eigenvalues
themselves, amounts to a non-linear constraint, and therefore the problem becomes non-convex, and
hence impractical to solve. In [118] a procedure is proposed that will find a locally optimal solution
to the problem, via minimising the trace of a Q P pair, which therefore finds the minimum sum of the

eigenvalues of the Q P pair. Their algorithm is as follows:

1. Find a Q; which satisfies (3.57) and minimises ), trace(Q Py(w,,)) where Py(w,,) is the LTI
controllability gramian for o, = w,,, and w,, is the k™ value for w, over some grid of range of

permissible w, values.
2. Solve for a P; which satisfies equation (3.58) and minimises trace P; Q.
3. Solve for a Q, which satisfies equation (3.57) and minimises trace Q, P;.
4. Repeat steps|2 and[3|until the decrease in the cost function satisfies some convergence criterion.

Recall that the trace of a matrix is the sum of the eigenvalues, so this procedure has the effect
of trying to find a P and Q for which the sum of the eigenvalues of PQ are small. However the

procedure will not necessarily find the global minimum, and furthermore even if it did there may still
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be a P and Q which lead to a smaller upper bound on the error between the original and reduced
system.

Even if the optimal solution were to be found, one potential shortfall of the previous approach is
that the reduction process makes no assumption about the rate of change of the parameter, in our case
w,. This may lead to further conservatism in the results. Explicit bounds on the rate of variation of
the parameter can be included, by making P and Q functions of the parameter, however the existence
of a suitable transformation matrix to balance the system becomes potentially, hard to find, see [119]
for details. Therefore parameter dependent P and Q will not be considered further.

It is worth mentioning that although the techniques described offer guaranteed bounds on the
induced 2-norm of the error, it is possible to easily calculate the induced 2-norm of the error (or
indeed of any system) in both the constant system and affine linear parameter varying cases. In the
LTI case the induced 2-norm is simply the maximum (technically a supremum) singular value of the
frequency response of the system over all frequencies [131, ch. 4]. In the LPV case it is a little more

involved.

A B
Theorem 3.4. [7, Lemma 2.10] & LemmalA.9 Given the LPV system G = |: 2 (p)i| where

C(p) | D(p)
p € R™ is a time-varying parameter and y € R > 0. If there exists an X = X € R"™" such that for

all possible parameter trajectories:

ATX+XA XB CT

then the system G is stable and there exists B < y such that ||G||;» < B.

Using theorem|3.4/an upper bound on the induced 2-norm of a system can be computed by finding
the solution X which minimises y2. This problem is often known as the £, performance problem.
Fortunately theorem|3.4 presents this problem as an LMI with linear constraints, which can therefore
be directly solved.

However, in general, every parameter value must be checked, which constitutes an infinite number
of LMIs to be solved. The parameter space can, however, be gridded and the solution approximated
with a finite number of LMISs (see, for example [119] for details). In the case that p appears affinely in
G then it can be shown that it is only necessary to check the extreme point of the parameter box. As
the parameter dependence in the BDFM only appears in ‘A’, the sufficiency of checking the extreme
points can be seen from Lemma A.7 with Lemma|A.8. Using Matlab’s LMI Control tool box this
bound can be computed using the quadperf function [37]. The £, performance problem may also
be represented as an integral quadratic constraint (1QC) [74], for which a tool box is available for

calculation using Matlab [73].
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Stability of the BDFM

The LPV balanced truncation, and the new method of model reduction to be described, require the
system to be quadratically stable. We will now prove that the electrical BDFM equations are always

quadratically stable.

Theorem 3.5. Any BDFM satisfying the present assumptions is quadratically stable for any bounded

variation in shaft speed.

Proof. Tt was established in figure(3.2, that the dg-transformed BDFM equations may be written as:
di Aol +w,Ali + B
— = Api + w,Aji v
i 0 1

for suitable choices of Ay, A1, B as given by figure 3.2 Or equivalently:

G — A0+C(),A1 B
1 0

Quadratic stability can be ensured by finding a single Lyapunov function which holds for all parameter
trajectories, that is finda P = PT > 0 : A(p)TP + PA(p) <0, VYp € F,, where F), is the set of
permissible parameter trajectories and A(p) the system matrix ([7, Def 2.4]).

We first consider the eigenvalues of Ry, = Q4y. Qaq and Ry, for the class of machines considered
is given in (3.35). As R4y = Qaq is block triangular, from LemmalA.6, the eigenvalues of Rag £ Quq
are the union of the eigenvalues of: Q 40, == Rago,,> Qaq0,, £ Rago,, and Ry, .

As Ry, is diagonal and Ry, > 0, from the form of Qg440,, and Quq0,, then the eigenvalues of
Quaq0,; £ Raqo,, and Qgq0,, = Raqo,, have strictly positive real parts.

Furthermore it is easy to show that the eigenvalues of Ry,0,, + Quqo,, are the same as the eigen-
values of Rg40,, — Quaqo,,» and similarly the eigenvalues of Rz40,, + Quq0,, are the same as those of
Raq0,, — Quaqo,,. Essentially the reason for this is that the upper left 2 x 2 blocks of Q 440,, and Qg40,,
are skew-symmetric with real coefficients, and the remainder of the matrices are zero.

Therefore the eigenvalues of R;, &= Q4, are the same regardless of the sign of Q,, and are strictly
in the right half-plane, that is they have positive real parts.

From [32, Th. 3.1] Md_ql(qu + w, Q4y) must have all eigenvalues in the left half-plane (i.e. it is
Hurwitz), as My, is positive definite (from Lemma 2.3, and recalling that My, = TTMT, for some
7).

We have established that M d_ql(qu * w, Qqy) has the same eigenvalues regardless of the sign
of w,Qg4y. Therefore as the eigenvalues are the same both matrices must, or at least can, have the
same Jordan Canonical form (see [131, Theorem 2.4]). Therefore there exists a T € C"*" such that
Mc;ql (Ryg +@rQaq) = TMd:Il (Ryg — qu)T*I, where n is the dimension of M. Note that 7" will,

in general, be a function of w,.
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Now to prove quadratic stability we seek a single Lyapunov function which holds for all —w,x <
w, < wmax. Because the BDFM equations are affinely parameter dependent, then from Lemma A.7|
if we can find a single P which satisfies the extreme points, i.e. Wmpax and —wnax then it will also
satisfy the intermediate points.

The systems corresponding to the extreme points may be written as:

[ Ao+ wnx Ay | B
G1= 0 a 1

Ao — Wy AL | B
G2= 0 a 1

but, from the previous discussion G, may also be written as:

G, — |:A0 + On A \ TB:|
T |0

and therefore both G; and G, have the same ‘A’ matrices, thus any P which satisfies (AoT +
Omax A1 )P + P (Ap + wmaxA1) < 0 proves quadratic stability for both G| and G,, and we know
that such a P will always exist as Ay + wmaxA1 has strictly left half-plane eigenvalues ([47, Th
2.2.1]).

Therefore we know that a P exists for both G| and G,, therefore the BDFM is quadratically
stable for any speed variation in the range —wmyax < @, < Wmax. Then as wp,, was chosen arbitrarily,

quadratic stability is guaranteed for all w, U

Discussion of suitable model reduction methods for the BDFM with a nested loop rotor

We return now to our aim, to reduce the order of the d-q transformed BDFM equations so that the
rotor is represented by just two states. In other words we wish to find a simplified model of the rotor
which is equivalent in complexity to the model that one would derive from the special case when the
rotor comprises of only one set of coils. Physically speaking, we are trying to find an single set of
rotor coils which reasonably approximate the performance of the true rotor which has multiple sets
of coils.

From the previous discussion, it is clear that for dynamic BDFM modelling the machine cannot be
considered LTI, but rather LPV, as the rotor shaft speed will not be constant. Now we wish to reduce
the order of only the rotor states, leaving the stator states untouched. To apply balanced truncation in
this case it is necessary separate the rotor and stator systems, as shown in figure 3.3} If the rotor states
are not separated then, although the model reduction techniques can still be used, the helpful physical
distinction between rotor and stator states will be lost.

The problem is therefore to approximate the rotor currents, i,, using only two states. From figure
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it can be seen that the rotor currents are governed by the following differential equation:
% - (M;’R, + a),M;'rTQS,) i, +u (3.59)
where u represents the exogenous inputs from the stator currents and input voltage.

The rotor system is balanced by application of the appropriate state transformation, and then states
truncated to reduce the order of the rotor to 2. However, there is no simple way to represent the bal-
anced system in terms of mutual inductance, resistance, and Q terms, thus the physical interpretation
that the component matrices hold is lost.

The loss of physical meaning of the components doesn’t necessarily have any bearing on the
efficacy of the method, however it is significant. Although a model is still of use as a ‘black box’
model, in that its predictive power is unchanged, the designer can no longer easily glean insight from
the form of the model.

There is therefore, a need for a method of model reduction which retains some physical interpre-

tation, yet is still an accurate approximation to the original system. We now present such a method.

3.4.2 New BDFM Rotor State Reduction Technique

An alternative approach to the more automatic methods can be found through consideration of the
BDFM differential equations. For reasons which will become apparent, it is necessary to diagonalize
the rotor mutual inductance matrix, M,, by means of an orthogonal (invertible) transformation - this
will always be possible as M, is symmetric (as shown in (3.24)). Furthermore the state order will be
chosen such as to order the eigenvalues in decreasing order from the top left. This can be achieved

with the following state transformation:

-2

where T is a matrix of the eigenvectors of M, in an appropriate order.
With M, diagonal we now partition the BDFM equations into three parts, stator, 2 rotor states,

remainder of the rotor states. Then the equations may be written as:

Us M Msrl Msrz d I R; 0 0
0(=|M, M, O Tl T 0 Ry R |t
0 ML 0 M, ir 0 R! R,

Qs erl erg is
o | 0 0 0 i, | (3.61)
0 o0 0 i

note that the off-diagonal resistances will, in general, be non-zero.
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Now, notice that if Mm, ﬁrlz and Qm were all zero, then the system would be reducible: ;rz
could be removed with no error. It turns out that in the typical BDFM nested-loop rotors which were
simulated, these terms were always small, and hence truncating the system by removing f,z was a

good approximation in all the cases tried.

Physically, having a small value of MS,Z, (and hence Qm) corresponds to having a (relatively)
large transformer turns ratio between the stator and that part of the rotor state. This means that smaller
voltages are induced, and if the resistances are similar, then the current will be smaller. The effect
of diagonalization (and ordering) of M, has been to prioritise the effect of the stator coupling on
the various parts of the rotor, hence by keeping the states corresponding to the most significant M,
singular values (as M, is symmetric the eigenvalues are the singular values), and removing the other

states, the system will be reduced with little error.

The reduction algorithm can be summarised as:

1. Compute 7', a matrix of eigenvectors of M, ordered so that the corresponding eigenvalues

decrease from left to right.

2. Partition T into [ T\ 7 ], where T} is 2 columns wide.

3. Apply the resulting non-square state ‘transformation’, i = [(I) T?T] i, which reduces the state

order.

Thus application of the above algorithm to (3.61) leads to:

o I e A A | | S T e
0 My M, |dt i, 0 R,[l0 0 i

Significantly, the structure of the component mutual inductance, resistance and Q matrices can be
shown to be the same as that for a BDFM with a rotor comprising of a single set of coils (i.e. where
each rotor ‘nest’ has only 1 loop in it). This means that the method can be thought of as determining
an effective single loop inductance and resistance for each nest. This fact will be used in chapter (5
to compare a ‘nested-loop’ rotor design to a novel rotor design by comparing terms in the machine

equations.

This fact will now be proved. Equation (3.24) gives the general form of the rotor-rotor mutual
inductance matrix, however in removing the unobservable and uncontrollable states, the rows and
columns containing terms denoted by a * and the zero sequence terms are deleted. In the case of the

‘nested loop’ design rotor, each of the off-diagonal matrix blocks are themselves diagonal. In other
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words, My,, of (3.24) is zero. Therefore the rotor-rotor inductance matrix has the form:

qurl
0

M,
0

0
Ldrm

0
My

a

|
|

M,
0

0
My,

(3.63)

0

LerN :| -

qurN
0

Let x be any eigenvector of My, with corresponding eigenvalue, A,. We now define, x, and x;.

T
xn_l O:| ’

xb=[o X2 0 x5 O

0 xn]T

where x; is the i™ element of the eigenvector, x. Because of the structure of My, then x, and x,, are

also eigenvectors of My, with the same corresponding eigenvalue, A, as long as x, # 0 and x; # 0.

From examination of the structure, as My, x, = A.x, and My, x, = A,x; then we can conclude

that:

)Ch=k|:0 X1 0 X3 0

T
0 xn_l] , where k € R is arbitrary.

If x;, is zero then the corresponding result for x, applies instead.

Therefore as all the eigenvalues of My, appear in pairs, and the corresponding eigenvectors are

of the form of x, and x;, then the transformation matrix 7 will always be of the form:

a; 0
0
a, O
Ti=|0
o, O

| 0 oy |

Therefore, it is immediate that the transformed rotor-rotor mutual inductance, M,,, is of the form

k1, that is a scalar multiplied by the identity matrix. It is easy to show that the retained portion of the

transformed resistance matrix, Iérl , 1s also of the form k1.

The stator-rotor portions of the mutual inductance and Q matrices may be shown to transform to

matrices of the form:

|:M1COS(¢1) —M, sin(¢1):| |:M1P1 sin(¢1)  Mip COS(¢1):|
i1, = | LMisin@0 Micos@n) [ 5 | [=Mipicos@n) Mipisin)
M; cos(¢z) —M;sin(¢z) M pssin(¢a)  Maps cos(¢a)

_[Mz sin(¢2) My cos(¢n) } i {—Mm cos(¢2)  Maps sin(d)z)} |
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Therefore the new model reduction method reduces the order of the system in such a way that the
reduced order model has the same structure as a machine with a rotor comprising of one loop per

nest.

3.5 Simulation comparison of different BDFM model reduction tech-

niques

In order to evaluate the new ‘nested loop’ rotor BDFM model reduction technique, different BDFM

configurations were tested. Typical results will be presented, for a range of reduction techniques:
1. The new reduction method, as described in section|3.4.2}

2. ‘Biggest loop’ method: Model reduction by assuming that the rotor comprises of only the outer
loop of each ‘nest’. This technique can be easily applied by simply truncating parts of the

BDFM system matrices corresponding to the unwanted states.

3. ‘Sum loops’ method: This is essentially the method proposed in [64, 63,/11,12]. The model
can be reduced by summing the inductance, resistance, etc components for each set of loops

into a single lumped parameter set.

4. LPV balanced truncation method: the method described in section [3.4.1, due to [118,119].
The reduction method is applied only to the rotor, as previously described. Once the balancing
transformation has been found, the rotor system can be transformed, and then the component
system matrices truncated along with the state. The overall reduced system is given by G =

A, A,C | B
B,A,s, A, | BB,
I o | o

5. Full dq system: This is the full, untruncated system, as derived in section 3.3}

Figure [3.5/shows the upper bound on the induced 2-norm gain of the error between the full and
reduced system in each case. Two lines are plotted for each case, the straight line is for arbitrary speed
trajectories within the prescribed range, and is calculated using Theorem The non-straight lines
are for constant speed, and are calculated from the supremum of the maximum singular value of the
frequency response for each speed. Clearly the new method provides significantly better performance
(lower error) than the other methods. Note that the summing method and ‘biggest loop’ method
performance are not that different, therefore suggesting that summing contributions is scarcely a
better approximation than assuming a simpler rotor structure. The relatively poor performance of
the LPV balanced truncation is probably due, partly to the non-convexity of the problem, and hence

the solution is only locally optimal, but more significantly, because of the requirement to apply the
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Figure 3.5: Maximum induced 2-norm gain of the error between the full and reduced d-q-0 trans-
formed BDFM ‘nested-loop’ rotor design models. Straight lines are upper bounds for arbitrary speed
variations computed using Theorem[3.4. Curved lines are upper bounds for fixed speeds, calculated
from the supremum of the maximum singular value of the frequency response for each speed, the
glitches in the red line are due to numerical problems. The upper bound on the induced 2-norm of the
full system was 0.7382. The full-order system has 17-states (15 electrical states - of which 5 corre-
spond to zero sequence states, and 2 mechanical states), and the reduced order systems are 8 states (6

electrical and 2 mechanical).

technique only to the rotor states. If this limitation could be removed then the technique would be
superior. By way of comparison, the LPV balancing procedure was applied to the entire system, and
the results are similar or better than the new reduction method. Notwithstanding these comments, all
the methods achieved some amount of effective model reduction. The upper bound on the induced
2-norm of full system was 0.7382, thus if the reduced systems all have similar 2-norm values then
the worst case error is 1.4764 (twice 0.7382, from the triangle inequality), so even the LPV balanced

truncation method achieved some level of error reduction.

Figures(3.6/3.7,(3.8,/3.9land[3.10 show current and rotor shaft speed transients for the BDFM with
a ‘nested-loop’ rotor operating in synchronous mode. The machine was simulated with zero initial
current, but with the shaft speed set to synchronous speed (700rpm in this case), the figures show
the speed and current transient as the machine attains equilibrium. As expected, the error between
the reduced order and full systems is least in the case of the new reduction method. The sum loops

method actually appears to be slightly worse than the biggest loop method in the current plot, but
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Figure 3.6: Stator 1 phase current transient at startup for a BDFM with a ‘nested loop’ design rotor in
synchronous mode, for different BDFM model reduction methods. Full-order d-q-0 model: 17 states,

reduced order models: 8 states

slightly better in the speed plot. The LPV balanced truncation method yielded very poor results in
these transient tests, and so has been omitted. Again, these plots serve to illustrate the effectiveness
of the new model reduction method. It is significant in figures 3.7, (3.8 and , that the new model
reduction method achieves good estimation of the rotor bar currents, in contrast to the other method
considered. Previously the only available BDFM model which could estimate the rotor currents with

some degree of accuracy was the full order d-q model [53].

It is worth adding some confidence to the claim made at the start of the chapter, regarding the
additional assumptions made in the d-q-0 transformed BDFM model. It was claimed that the induc-
tive coupling between stator and rotor can be adequately approximated by the first non-zero spatial
harmonic of the Fourier series representation of the mutual inductance matrix. The d-q-0 and original

coupled circuit model of chapter|2 differ only in this respect.

Figures and show currents and shaft speed transients at startup for the full order d-q-0
transformed model, and the original coupled-circuit model. The coupled circuit model for this BDFM
is 26 states, of which 24 are electrical, and 2 mechanical. The full d-q-0 transformed model has 17
states, 15 electrical and 2 mechanical, however 5 of the electrical states correspond to zero-sequence
states, and as the supply in this case was balanced 3-phase, then the zero sequence states will remain

at zero.
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Figure 3.7: Inner loop rotor bar current transient at startup for a BDFM with a ‘nested loop’ design
rotor in synchronous mode, for different BDFM model reduction methods. Full-order d-q-0 model:

17 states, reduced order models: 8 states
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Figure 3.8: Middle loop rotor bar current transient at startup for a BDFM with a ‘nested loop’ design
rotor in synchronous mode, for different BDFM model reduction methods. Full-order d-g-0 model:

17 states, reduced order models: 8 states
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Figure 3.9: Outer loop rotor bar current transient at startup for a BDFM with a ‘nested loop’ design
rotor in synchronous mode, for different BDFM model reduction methods. Full-order d-q-0 model:

17 states, reduced order models: 8 states
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Figure 3.10: Rotor shaft speed transient at startup for a BDFM with a ‘nested loop’ design rotor
in synchronous mode, for different BDFM model reduction methods. Full-order d-q-0 model: 17
states, reduced order models: 8 states. The initial current was zero, the initial shaft speed was the

synchronous speed, 700rpm.
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The agreement between the two models for the conditions tested is very good, thus giving confi-
dence to the assumption made to derive the d-q-0 model. These results are typical of many operating

points, and BDFM models tried.
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Figure 3.11: Current transients at startup for a BDFM with a ‘nested-loop’ design rotor in syn-
chronous mode for the original coupled-circuit BDFM model of chapter 2/ and the full order d-q-0
transformed BDFM model of this chapter. Full-order d-q-0 model: 17 states (15 electrical, 2 mechan-

ical), coupled-circuit model: 26 states (24 electrical, 2 mechanical)

3.6 Conclusion

In this chapter we present a rigorous derivation of the d-q transformed model for a wide class of
BDFMs, including, but not limited to, the nested-loop rotor of Broadway and Burbridge [17]. The

model was derived directly from the coupled circuit model presented in chapter 2| The derivation is
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Figure 3.12: Rotor shaft speed transient at startup for a BDFM with a ‘nested-loop’ design rotor
in synchronous mode for the original coupled-circuit BDFM model of chapter 2/ and the full order
d-q-0 transformed BDFM model of this chapter. Full-order d-q-0 model: 17 states (15 electrical, 2
mechanical), coupled-circuit model: 26 states (24 electrical, 2 mechanical). The initial current was

zero, the initial shaft speed was the synchronous speed, 700rpm.
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consistent with that presented in [12], although the method is more general.

Furthermore we show that the states removed from the d-q transformed model are unobservable
and uncontrollable, but stable. In addition it was proved that all BDFMs in the analysed class are
quadratically stable for all shaft speed trajectories.

It has also been shown that the d-q transformation proposed in Boger et. al. [11] is a simplifica-
tion, and can lead to significant errors, both in dynamic and steady-state performance.

We have derived a new method of reducing the order of the derived d-q model for ‘nested-loop’
rotor design BDFMs. The new method yields a model of the same order model as that found in [11],

but with greatly improved accuracy, in both transient performance and worst case £, gain.
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Chapter 4

Equivalent Circuit Model and its

Implication for BDFM Performance

4.1 Introduction

In chapter 3/the coupled circuit model derived for the BDFM was transformed into d-q axes. In this
chapter we show how the d-q transformed model may be further transformed into complex symmet-
rical components. We then show how, in the steady state, this form of the BDFM model may be
written succinctly as an equivalent circuit where the meaning of the parameters has a clear physical
interpretation. The performance of the BDFM is then investigated using the equivalent circuit, and
some measures of ‘goodness’ of the BDFM are proposed, in terms of calculable machine parameters.
While the development of the equivalent circuit in this dissertation is achieved by way of transforma-
tions applied to the d-q model, the author has also shown that it is possible to derive the equivalent
circuit by considering the BDFM as two interconnected induction machines [86].

Li et al. used the d-q model for the 6/2 machine of [64], to derive an equivalent circuit represen-
tation, which was then used to investigate power flows within the machine [60]. A similar approach
was adopted by Gorti et al. [41]. Other references propose equivalent circuits without derivation,
[65,159]. Yet in the literature the equivalent circuits presented are either for an idealised machine, or
for a specific machine configuration. There is, therefore, a need for a generalised derivation of the
equivalent circuit for a wide class of BDFM machines.

Williamson et. al. analysed the synchronous mode of operation of all nested-loop rotor BDFMs
[115] via harmonic analysis. However, the model is not developed into an equivalent circuit form,
nor is it used to identify design parameters. Broadway and Burbridge [17], Hunt [48, 49], and Creedy
[27] make qualitative comments regarding rotor design, however, nowhere in the current literature
has any method been proposed to quantitatively evaluate the performance of BDFM machines with
different rotor designs. In this chapter we consider quantitative methods of BDFM evaluation.

Furthermore we briefly consider the issue of magnetic loading for the BDFM, which is not

87
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straightforward because there are two different pole number fields in the air gap during normal oper-

ation.

During this chapter the modelling assumptions are exactly the same as for the d-q model, as

described in chapter 3.

4.2 Conversion to Symmetrical Components

From [51, sect. 3.7], d-q-0 components may be transformed into positive, negative and zero sequence

components using the following unitary (invertible) transformation matrix:
i i
c o]l
i~ | = iy 4.1
. 0 1 .

where:

c= L' 4.2)
V2| - '

the voltage sequence components are similarly defined.

For brevity the zero sequence components will not be included, however they can be deduced
from the d-q model, as the zero sequence are unaffected by the transformation (as the ‘0’ of the d-q-0

components is the zero-sequence).

The full transformation matrix will consist of N +2 copies of C along the diagonal for a full-order
model, or 3 copies of C along the diagonal for a reduced order model. N is the number of sets of
S = p1 + p» circuits present on the rotor. For the full-order model the whole transformation matrix

is:

c, 0 - 0
0 C .
Cran = | ’ (4.3)
. t. t. 0
(0 -+ 0 Cuio]

where all C; are equal, the subscripts are simply for book-keeping purposes.

This transformation shall now be applied to the full-order BDFM d-q model of equation (3.35),
with the zero-sequence states removed. Equation (3.35) is multiplied by (4.3) from the left and from
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the right by the complex conjugate transpose of (4.3) which gives:

vcxl icsl icsl
Ueor | = (Rc + w, Qc) icsz + MCE iCs2 4.4)
0 io, ie,
QCSI 0 chrl Mc.rl 0 Mcsrl
QC = CquC* = O chl QC;rZ ? MC = CquC* = 0 MC.YZ MerZ
O O O Mcxrl ' MCer ! Mcr
R, O
Re=CRyuC*=| 0 R, O
0 0 R,

where Q., M., R, € C?W+2x2(N+2) "and the elements of which can easily be shown to be:

[Riyy O 0 0| 0O 0 0 0
0 Ry 0 0| 0O 0 O 0
0 0 Ry, O O 0 0 0
0 0 0 Ryy| O 0 O 0
Re=| 0 0 0 0 |Rgy, O O 0 (4.5)

0 0 0 0| 0 Ry O 0
0 0 Rigy O

L 0 0 Rigy |

The vertical and horizontal lines demark rotor and stator portions of the matrix. Q. and M, are given
by:



Q.

)

(L1 — M) 0 0 0 My, exp(jb1,) 0 My, exp(jo1,) 0
0 (Ly — M) 0 0 0 My, exp(—j¢1,) 0 My, exp(—jd1y)
0 0 (Ly — Mp) 0 0 My, exp(jé2,) 0 Mjy exp(jo2y)
0 0 0 (Ly — Mp) My, exp(—j¢a,) 0 -« My, exp(—jday) 0
My, exp(—jé1,) 0 0 My, exp(jé2,) Lag,, 0 My, exp(—jé12,) 0 - My, exp(—=jd1n,) 0
0 My, exp(jé1,) Ma, exp(—jé2,) 0 0 Lag,, 0 My, exp(jo12,) -+ 0 My, exp(join,)
Mz, exp(jb12,) 0 Lag,, 0 - MaN, exp(—joon,) 0
0 My, exp(—jd12,) 0 Lag,, e 0 M, exp(jdan,)
My exp(—joiy) 0 0 My, exp(jo2y) | Min, exp(jdin,) 0 Mjy, exp(jdan,) 0 Lag,y 0
L 0 My, exp(jo1y) Moy exp(—jd2y) 0 0 M, exp(—=jd1N,) 0 My, exp(—jéon,) - - 0 Lag,
[—jp1(Ly — My) 0 0 0 —Jjp1My, exp(jé1,) 0 e —jr1Miy exp(jo1,) 0 i
0 Jjpi(Ly — Myp) 0 0 0 JPIMy exp(—jdyy) ~-roer oo 0 JP1M1y exp(—jé1y)
0 0 —Jjp2(Ly — Mp) 0 0 —JjpaMy, exp(jy) <v v v 0 —Jip2May exp(j2,)
0 0 0 Jp2(Ly — M) | jpaMy exp(—j¢a,) 0 e JpaMay exp(—j¢ay) 0
0 0 0 0 0 0 e 0 0
0 0 0 0 0 0 e 0 0
0 0 0 0 0 0 e 0 0
i 0 0 0 0 0 0 e 0 0 |

06
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where the symbols used in M. and Q. are the same as those used in (3.1743.20), (3.24) and (3.26-

329, and M“r =,/ M12iu + Mlzib’ ¢1ir = arctan (Mlib/Mliu)-

The torque equation was given by (3.38) for the d-q model. Repartitioning the currents into stator

and rotor quantities, and noting that as all components in (3.38) are real, the transpose may be replaced

by complex conjugate transpose. (3.38) may therefore be written as:

g 1T 0 04 ][
T,= | Coa ||t 4.7)
2 |iag, Qay, O Ldg,
Applying the complex transformation to the currents in this equation gives:
To
1 Ti . .
T,=_|" Qesr | | e (4.8)
2 icr Q:‘(sr 0 iCr

where i.,,, i.,, i, are the symmetrical components of the stator 1, stator 2 and rotor currents. Q...

denotes the stator-rotor portion of Q. as defined in (4.6). Q. is therefore given by:

Qc, =
—Jjp1My, exp(j¢1,) 0 o —jpiMyy exp(joiy) 0
0 JpiMy exp(—jé1,) -+ 0 JjpiMy, exp(—joiy)
0 —Jjp2Ma, exp(jo,) - 0 —Jjp2May, exp(jday)
| Jp2My, exp(—ja) 0 o JpaMoy exp(—jay) 0 |
4.9)

If we now consider a re-ordering of the states of (4.4) using a permutation matrix (hence orthogo-

nal). Particularly we re-order the states so that the new order becomes: i [, i, i, -+ ily, i, iy i,
This can be achieved with the permutation matrix, P:
N -
1
1
1
P=|. . . . . . . . .1 . (4.10)
1
1
1
— 1_

where a single - denotes a zero.

s lene
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If (4.4) is multiplied from the left by P and the substitution i, = PTicp made, then it is easy
to see that the transformed matrices, PM.PT, PR.PT, PQ.PT are block diagonal. Therefore it is

immediate that, as expected [81], the different sequence components are orthogonal, that is a positive

sequence does not affect negative sequence components and vice-versa:

Ve,

]

Ue p2

PM.PT = M _0
0 M
PQ.PT = or 0
C - 0 Q+

L c

PR.PT = R0
[0 &

= (PR.P" +w,PQ.P") [

Icpy

|

leZ

d [i.
+ PMPT {’ 1"} @.11)
4 le2
(4.12)
4.13)
(4.14)

where i.,, i.,, are upper and lower partitions of i., and similarly for v.,,, v ,. Also:

Mt =
(Ll _Ml) 0 M1|exp(j¢11) MlNeXp(.jd)]N)
0 (L, — M) M, exp(—j¢2,) M, exp(—joay)
M, exp(—jo1,) My exp(joz,) Lag,, My, exp(—jdio,) -+ My, exp(—jdin,)
: : My, exp(jéiz,) Lag,, -+ Moy, exp(—jdan,)
| My exp(—jéiy) Moy exp(jgay) | Min, exp(join,) Mo, exp(jdon,) --- Lag,,
(4.15)
o =
—Jjpi(Ly — My) 0 —JjpiMy exp(jy,) -+ - —JjpiMiy exp(jouy)
0 Jp2(Ly — M) | jpaMy, exp(—jgy,) -+ - Jp2M, exp(—jooy)
0 0 0 ... 0
0 0 0o ... 0

_(4. 16)
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R =
Ry 0 | 0 0 0 |
0 Ryy 0 O
0 0 |Rgy O 0 Rig 010
0 =1 0 Ruyp| O 4.17)
0 0 | Ry
0
0 0 0 0 Rug
Ry, O 0 ]
0
where: Ry, =
0
L 0 0 0 qurzv_

In the BDFM, however, the special rotor design cross-couples positive and negative sequence
components from the different stator fields. Recall that in chapter 3 it was argued that rotor states
could be transformed into d-q axes using the stator 1 pole number transformation matrix, rather then
using two transformation matrices and then recombining. The effect of doing this is to, in effect,
reverse the phase sequence of stator 2. If we had used the stator 2 pole number transformation
matrix then the stator 1 phase sequence would have been reversed. This is not solely a mathematical
phenomenon, it corresponds to the physical reality that if the phase sequences of the stator supplies are
the same, then the frequencies of the stator fields viewed in the rotor reference frame are in opposite
directions, as shown in section

Considering now, the torque equation. After transformation by P, the torque equation becomes:

o . _
. " L Csr O .
T, = ! [1} Q. 0 _ [1} (4.18)
20 0 + i
Cp2 O _ Csr Cp2
{Q:,* 0 }
where:
+ | —JipiMi, exp(jor) —JjpiMy, exp(joiy) 4.19)
| jpaMa, exp(—jba,) Jjp2May exp(—jbay)

and i., and i., are the top and bottom partition of the symmetrical component current vector, i,
under the transformation P.

We now consider the supply voltage in the transformed state. Recall that the voltage must be first
transformed into d-q-0 axes, then into symmetrical components, removing the zero sequence state,

and finally re-ordered by P. The supply voltage is assumed to be a balanced three phase set, which
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can be represented by:

V cos (¢(1))
vy = | Veos (p(t) — &) (4.20)

V cos (¢ (1) — )

where ¢ () is some arbitrary function of time, in steady state it will generally be wt, and note that V
may also be a function of time. This may be transformed to d-q-0 axes using (3.1) or (3.2) if this is
the stator 2 supply. For this example we use (3.1):

3 V cos (pi6, — ¢ (1))
Vdg, = \/; Vsin (p16, — ¢ (1)) (4.21)
0

now remove the zero sequence voltage, and converting to sequence components using (4.2) gives:

[v;} V3 { Vexp (j (pi6, — ¢ (1)) } )

2 [ Vexp(—j(pib, — o (1))

Therefore it is clear that v;" = v". It is significant that the equation (4.12), shows that the BDFM
is composed of two separate, yet similar, equations, one supplied with v, the other supplied by

Ve, = Ve o1 Therefore from (4.12) it is clear that i, = i ,1- Hence the torque can be written as:

[ 0 QW}.

* ' le _

1[i. +* 0 | 1 0 + 1 0 +

T, = 5 |:l p1:| Qe = —i¥ 0 e, le, + —ir Q e, lepn

[ e ol
- T e,
oL" o ]”

Lo of |, L. 0o of|. __].|o0 off
= Elcpl Q+ . Os: lcy —+ Elcpl Q+ . Oar lepy = N lc,,] Q+ . Oar Lep

Y + . o) + k. Y + . Tk A+ T _ o + .
=N {1 Q. ic, ti. O lcm} =N {1 Q. ic, ti. O lcrp]} =2N {lcwl 0 zcrpl}

Cspl Crpl Cspl Csr Cspl = Csr Csr
(4.23)
Hence the BDFM may be fully described, in balanced three phase conditions, using:
+ +y; +dicpl
Ve, = (R + 0, Q )i, + M —— (4.24)

¢ dt

with the torque given by (4.23).
Note that this is a full dynamic model, which is mathematically equivalent to the full d-q model

under balanced conditions.
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4.3 Steady-state Equivalent Circuit Representation

We will now show that under steady-state conditions the equations lead to a symmetric impedance
matrix, which means that a simple equivalent circuit comprised of passive components exists.

Table 4.1 compares the rms values and frequencies of the voltages under the various modelling
stages presented. An immediate consequence of table [4.1 is that if the positive sequence stator 1

current is to be equal in frequency to that of the negative sequence stator 2 current, then pjw, —

W] = —prw, + wy, which implies the familiar condition on the rotor speed for BDFM synchronous
operation:
w, = w1 + @ (4.25)
pP1+ p2
Phase quantity d/q quantity Sequence quantity

rms freq. (rad/s) rms freq. (rad/s) rms freq. (rad/s)

Stator 1
Vi w1 V3Vi pio — \/gvl Piowr — o)
Stator 2
%) > V3V, prw, — \/sz Dawy —

Table 4.1: Comparison of rms values and frequencies for the different models presented under a
3 phase balanced supply in steady-state: coupled-circuit model, d-q axis model, complex sequence

components model, the latter two models being in the rotor reference frame

Therefore from (4.24), when (4.25) holds all the non-zero voltage sources are at a frequency of
w1 — p1w,. Therefore the currents, i, ,1 must also be at the same frequency, this can be most easily seen
by splitting (4.24) into real and imaginary components and taking the frequency response (Fourier
transform). This, of course, makes physical sense, as the d-q (and hence symmetrical components)
reference frame chosen is in synchronism with the rotor. The frequency of the currents in the rotor

reference frame under steady state conditions we denote by w;:
W5 = p1wy — 0] = —Prw, + @ (4.26)

In steady-state conditions, with (4.25) in effect, (4.24) becomes:

3 3
\/;VC =R+, 0 + ja)sMc“L)\/;Ic 4.27)

where \/g V. and \/g 1. (V,, I. € CN*2) are vectors of appropriate steady-state sequence components

of current and voltage. N is number of sets of S = p; + p, rotor coils in the particular machine. We
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now define:
M, = [M11 exp(jo1,) -+ - My CXP(j¢1N)] (4.28)
Mo, =My exp(—jgn) - - My exp(—jdn,)] (4.29)
Lag,, Mo, exp(—j1,) -+ My, exp(—jdin,)
M, exp(jdra,) Lyg, <+ Moy, exp(—joan,)
M, = 12 P 12 d-q ) | 2N, P' 2N, (4.30)
| Min, exp(jdin,) Moy, exp(jdon,) - Lag,y ]
and note that from (4.15) and (4.16) @, Q} + jw,M[ is given by:
J(Li — M) (ws — w,p1) 0 J (wy _wrpl)Mcslr
wy Q: + ]a)sM:— = 0 j(LZ — M) (ws + wrpZ) .](wv + wrpZ)Mcxzr
jo M, joM?, | oM,
4.31)

We now define the slip between stator 1 and the rotor, and stator 2 and the rotor as follows:

ge/pmon o mpor o (4.32)
w1/ p1 w1 w1
w — Wy W)y — Wy Wy
5 2 2/ P2 _ D2 P @5 (4.33)
w2/ P2 w2 @2
= W25y = —S1W1 (4.34)

The notion of slip will be familiar for readers with a machines background. Slip is so-named because
it is the ratio of the difference in rotational speed between the stator magnetic field and the physical
rotor speed, normalised by the rotational speed of the stator magnetic field. Therefore the slip is zero
when the machine rotates at the stator field speed, and unity at standstill.

Substituting (4.32), (4.33) and (4.31) into (4.27) gives (subject to w; # 0 and w, # 0) :

Vi (Li — M) 0 M., Ry O 0 I
Vol =1—Jjor 0 ;—;(Lz — M) ;—;MCNZ, + 0 qu2 0 I (4.35)
0 SIMZ;“ SlM:YZ)‘ SlMcr 0 0 qur Ir
Vi (L — My) 0 M., Riyy O 0 I
= j—? V2 = —jC()1 0 (L2 — Mz) MCsZr + 0 ‘;—Tquz 0 12
0 M:Slr M:A‘Zr Mcr 0 0 qur /S1 Ir

(4.36)

1%
where [v;] = V,.exp(—jwy), and similarly for Iy, I, I,, that is Vi, V, are the complex phasors.
0
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Adopting a change of notation (4.36) becomes:

Vi L, 0 M,, R, 0 0 I
z_? V2 - _ja)l 0 LC.YZ MC.VZr + 0 ;_TRCZ 0 12 (437)
O M:vlr M:;Zr MC" 0 0 RCr /Sl Ir

In this new notation from (4.23) the torque equation becomes:

T, = 20 {_ exp(_ja)s)ll*jlecsl, I, eXP(jws) + exp(_ja)s)l;jPZMcszr I, exp(.ja)s)}
= 29% {_jll*leCslrIr + jI;pzMCer Ir}
=23{Ipi M., I, — I poM,, 1, } (4.38)

Now (4.37) is in a form which admits an equivalent circuit representation. Figure [4.1 shows

an equivalent circuit representation. The terms M., ,, M., ,, -, M., , are the elements of M, , .
M., M, -, M, are the elements of M., . M., , M, -, M.,y are the elements of
M,.And R, , R, -, R,
-] I
R, I Mey- "
R,
S1
I,
R,
S1
MCrlN
L,
R,

Figure 4.1: Coupled coils Equivalent Circuit for BDFM model with N sets of rotor circuits

Note that as there will, in general, be phase offsets between stator and rotor, and between the
different rotor circuits, the mutual inductance terms are complex, rather than real. This means that the
equivalent circuit is unusual in that there will be a phase offset at the voltage terminals. This is made
explicit in figure(4.2, following the dot convention for the polarity of the mutual inductance terms (see
e.g. [30] for details) between currents forming the input and output of each coupled coil. Physically
this corresponds to the physical phase offset between coil sets in the machine. It is worth noting that

in the case of a ‘nested-loop’ design rotor, the matrix M., is purely real, as the off-diagonal S x §



98 Equivalent Circuit Model and its Implication for BDFM Performance

sub-matrices in the coupled circuit rotor-rotor mutual inductance matrix will be symmetric circulant

matrices, rather than just circulant matrices.

M

[1€7j¢ (‘\' 53

Vie™/? . . V2
JjoL, jwL,

Vie™?® = joL e '? + joMI,
Vo = joLlol, + joMe %1,

Vl . L 1 M€j¢ ]1
Vs Me™ 1% L, b

Figure 4.2: Circuit equivalent of coupled coils with complex mutual inductance terms

4.4 Equivalent circuit for the BDFM with a single set of rotor coils

We now turn our attention to a sub-class of BDFMs having either a single set of rotor coils, or
equivalently a ‘nested-loop’ design rotor to which the model reduction method described in section
3.4.2 has been applied. While equivalent circuits have been presented for BDFMs with a single set
of rotor coils, they have been for specific machines. Both Li et al. [60] and Gorti et al [41] give an
equivalent circuit for a 6/2 configuration nested loop machine, however it is not clear how the model
order has been reduced. It is most likely that the method of summing the contributions from each
loop given in [64, 63] was used (see section [3.5/for details).

We will show that the circuit derived for a specific BDFM configuration in [60, 41] is in fact
the correct form for any BDFM of this sub-class, that is with a single set of rotor circuits. Further-
more we will synthesize the equivalent circuit in such as way as to preserve the physical meaning of
components, as far as possible.

A BDFM with a single set of rotor circuits is a special case of the general case previously pre-
sented in section|2.7| In this case the rotor-rotor coupling term, M., is a real scalar.

From figure 4.2 and (4.37) the steady-state equations may be written as:

Vye I EMey, L., 0 M., | R, O 0 [1e~ 7 “Meyy,
j_f V2e_j4Mc“2’ =|—Jjo 0 L, |Me, ||+ O ;_T R, 0 IZe_jLMCm
0 |MCs1r| |Mcsz,-| Mc, 0 0 Rcr/Sl I,
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taking the complex conjugate of each side (recalling that now the mutual inductance and resistance

terms are real) gives:

Viel “Mer L., 0 M, R, O 0 e/ “Meqy
2Vyel Moo | = | jor | 0 Ly, [Me,l|+]| 0 2R, 0 el “Meps,
0 (Mg, | [Mep, | M, 0 0 R,/ I,
(4.39)

It will now be convenient to change notation into a more concise form, defining:

Vl é ‘_/lejéMfslr
V2 é ‘_/2ej4M"s2r
I, £ e/ Mesr (4.40)
12 é I_zejéM”sZr
pel

Hitherto the steady-state BDFM equations presented have been functions of sequence phasors.
From table [4.1]it is clear that the only difference in magnitude between a per-phase quantity and a
sequence quantity is a scalar multiple. Furthermore, as the steady-state equations are in terms of
phasors, the equations hold regardless of the reference frame chosen. A change of reference frame
simply requires a different phase on V and /. Therefore the electrical equations may be considered
per-phase equations without modification. Each current in the torque equation, however, must be

multiplied by the factor \/g as given in table 4.1} if per-phase quantities are used.
Using the simplified notation the per-phase steady-state BDFM equations become:

Vi L., 0 M., R, O 0 I
2V, | =|Jjer| 0 Ly, [IMepl|+| 0 2R, 0 L (4.41)
0 |MC31r | |MCJ2r | MCr 0 0 Rcr /Sl ir

and multiplying the current phasors in (4.38) by \/g the torque equation corresponding to the per-

phase equivalent circuit is (noting that for a, b € C, 3 {ab} = 3 {—ab}):
T, = 33 {—1]* pilMe I + I p2|MCS2,_|I,} (4.42)

It it worth noting that equation (4.42) is identical to eq. (7) of [41], subject to the factor of 3 as (4.42)
a per-phase representation.
Some useful alternative forms of (4.42) may now be derived. From the the first row of (4.41):

Vil = joyLe, LI} + jo I \M.,, I, + R, I 1) (4.43)

slr

- m{ 1 1*} R, L =9 {ja)lff‘|MCm|I~r} (4.44)
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and from the second row of (4.42):
S5 m T N
SV = jorLe, bI + jon I3 Moy, | + = R (4.45)
| 1
Ky -~ o~ -~ ~ -~
-2 (% {Vglz*} ~ RCZ|12|2) _ {jwllz*lMcser,} (4.46)
1

noting that (4.42) can be written:

T = 30| J T} p11 Moy |1 = I3 pal Mo I, | (447)

hence, substituting (4.43) and (4.46) in (4.47):

3 - > 3 7 i
T, = 2Pt (% {Vlll*} _ Rc1|11|2> OS2 (‘R {VzIQ*} — Rcz|12|2)
wq w181

(4.48)

We may write the per-phase BDFM equations (4.41) as an equivalent circuit as shown in figure
4.3. This form of the equivalent circuit is the same as that found in [60, 41].

S JorLe,
! IM('«er |

Figure 4.3: Coupled Coils Per-Phase Equivalent Circuit for Single Rotor Circuit BDFM

4.4.1 Physical interpretation of parameters in the per-phase equivalent circuit model

The parameters used in are calculated, in the first instance, from the coupled-circuit method
described in section 2.5.1, using in particular equation (2.22). These parameter values then undergo
transformation to d-q axes, model reduction (if appropriate) and then conversion to symmetrical com-
ponents as described in sections 3.3, and[4.2.

However, as noted in section [2.4.3, it is also possible to calculate machine parameters from the
Fourier series representation of mutual inductance using instead of (2.22). For each harmonic
a separate inductance matrix will be given, and an infinite sum of the harmonic terms will, of course,

give the same result as the direct calculation method. As the transformation to d-q axes, model
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reduction and transformation to symmetrical components are linear operations, the transformations
may be directly applied to each harmonic component. Note that the matrix used in model reduction
will be the one derived for the full system, and this model reduction technique then applied to each

harmonic in turn.

Furthermore the leakage inductance terms, as described in section [2.5.2 may be retained sepa-

rately and converted to symmetrical components via the same procedure.

We may therefore split the inductance terms into their constituent parts:

Mcr = Lr1 + er + Lrl + Lrh
LCSI = Llf + Llh + Lll (449)
L, = L2f + Ly, + Ly,

These terms correspond to inductance due to leakage, and inductances due to particular space har-
monic components. Inductance due to leakage is self-inductance arising from flux which does not
cross the air gap, the leakage terms are L,,, L;,, Ly,. Of the other terms, we know from section 2.6]
that for the class of BDFMs considered, the first non-zero component of the harmonic Fourier series
of the inductance matrices will be p; for stator 1 and p, for stator 2. These harmonic terms, when
suitably transformed, become L, and L, respective, the fundamental space harmonics for the two

stator windings.

On the rotor, in general there will be a rich set of harmonics. From Lemma 2.9 we know that the
rotor-rotor mutual inductance term can only comprise of harmonics of p; and p,, the fundamental
stator field, as the rotor is not directly energised, however in general the magnitude of these harmonic
terms is significant. L,, and L,, are the p;, p, pole number harmonic components of the rotor self-
inductance, that is, the harmonics which link to the stator 1 and 2 respectively. The L,,, L;,, and L,,
terms are higher order space harmonic self-inductance terms, which are not included elsewhere, as
given by (4.49).

Using the relationships in (4.49), figure 4.3/ may be re-written as figure

Using standard results, figure may be transformed into a ‘T’ equivalent form using the re-
lationships shown in figures 4.5/ and 4.6 (see, for example [20]). Note that in a network sense, the
choice of N is entirely arbitrary. However we will choose the turns ratio in each case so that it is the
effective turns ratio for each coupling. The effective turns ratio, is the square root of the ratio of the
fundamental space harmonic self-inductance terms for the rotor and the stator. Equivalently, it is the
ratio of the amplitudes of the fundamental air gap mmf waveforms produced by unit current in the

stator and rotor [100, p. 381]. Therefore the effective turns ratio for stator 1 - rotor is:

! (4.50)
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M, |
Il Rl ja)]L1, j(1)1L1,x '/i]\' Ir

Vi JoiLy;

jwlLr,

Figure 4.4: Coupled coils Equivalent Circuit Separating M., , L., L.,

and for stator 2 - rotor:

Ly,
L,

N, = 4.51)

Because Ly, L, and L, ,, L,, represent couplings between same pole number fields with no parasitic

effects, the coupling in each case is perfect, therefore:

Mc,,,.| =/Li,Ly, (4.52)
and
\M,,,| = /L2, L, (4.53)
M
11 (‘\ 12
e joL, |7

Figure 4.5: Coupled coils

Therefore converting the coupled coils arrangements of figure|4.4 using figure 4.6 gives the equiv-
alent circuit as shown in figure|4.7. Note that from (4.52) and (4.53) the series terms in figure 4.6 are
Zero.

It is helpful, for physical insight, to note that figure [4.7/is equivalent to figure [4.8. This can be
seen by noting that from (4.32) and (4.33) w; = —sjw;. Then as the sign of E; and E,; can be
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N :1

, M
L oL —MN) /N B Jeta =)

N'SE

L] L]

Vi joMN v,

E, E,

E, = E)N

Figure 4.6: Transformer equivalent of coupled coils

I,
Il Rl ja)l(Ll, +Llh) N N, 1 Ir Rr/Sl
L M L
) .
Vi Jo1|Mc,,, [Ny
El Erl jw]Lrh
E, = E, N,
I,
12 ja)l(L2, + Lzh) N2 N2 -1 Ir ja)lLr,
L 00
st_z . .
s1
V22 Jo1Mep, |N2
S1
E, E,

E,=E,N,

Figure 4.7: BDFM Equivalent circuit with separate inductance components

arbitrarily assigned, figure [4.8| becomes equivalent to figure [4.7 if the direction of positive Vi, I} is
reversed. Figure may be recognised as two normal induction machine equivalent circuits with

rotors connected together, which is conceptually how the BDFM operates.

Figure [4.7 may be referred to stator 1 or stator 2, as is customary for the standard induction
machine. We will refer all quantities to stator 1, although they could easily be referred to stator 2.

The use of the modifier “ " ” denotes that the quantity is referred. The relationships between the
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L Ry jwlLl Ir/Nl Nyl I, _]'(,()SL,,1 R,

. .
Vl jwl Lm1

E E,
O
Ny
E\ = E,
N
L R JjwnL, I,/ N, Ny:l I joL,,
000 S
L] L]
|2 Jwr Ly,
E2 E'z
Na ©
E,=FE,—

52
Figure 4.8: BDFM Equivalent represented as two induction machine connected together. Equivalent
with figure 4.7 is achieved with L,,, = |M,,, [N\, Ly, = |M., N2, Ly = (Ly, + Ly,), L, =
(LZ/ + Lzh), Lrl + er - Lrh + Lrl

slr s2r

parameter of figure|4.7/and figure(4.9 are:
Ll = (Llj + Llh)
, N
Ly = (L + Lzh)N—22
L) = (Ly+L,)N?

—l
R2 = RZN—ZZ
R, = RyN} (4.54)
Ly, = M, INy = Ly, from (4.50) and (4.52)
” N} N?
Ll = (1M, IN)—% = L, —L  from (4.51) and (4.53)
? NZ N2
Ny
"_ Ty
2 =3,
N,
I// — —I
2 =5 P

4.4.2 Development of Torque Equations from the Equivalent Circuit

It is interesting to now consider how the conversion of electrical to mechanical energy is represented
in the equivalent circuit. This leads to development of expressions for the electrical torque produced
by the machine. Such expressions will be developed in terms of supply currents, voltage, and a com-

bination of the two. During these derivations two voltages, V,, and V,, are introduced, and are defined
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//X_Q
RZ P 12//

I, R jor Ly jor L. Rifsi I jer LY

L

L d Ld Ld L]

\%3

N1 1: N,

Figure 4.9: BDFM Referred Per-Phase Equivalent Circuit

in figure Working in terms of these voltages leads to considerable algebraic simplifications, yet
prevents the needs for any simplification to the overall model, as analysis can be performed using
these intermediate variables, and then the terminal quantities ‘backed-out’. V,, and V,, are physically
meaningful in that they represent the voltages across the magnetizing inductances of the two wind-
ings. Thus a limit on the magnetization of the laminations may be written in terms of a limit on V,,
and V,,. This point will be discussed further in section 4.7

By applying the principle of power conservation to figure [4.9/we get:

R/
3R{VITY + 3S—2m{V2”12”*} =3|I}|R, + 3|1~ + 3|12”2|Rgs—2 (4.55)
S1 51 S1
IR(VIIF) + 3R(VS 1*) = 3|13 |Ry + 3|I2|R. + 3|I*|R) + w, T (4.56)

where T is the torque generated by the machine, with positive values for motoring, and the ‘3’s arise
because figure(4.9 is a per-phase equivalent circuit.
From figure 4.9/ we may define P,,, P,,, the power delivered at the rotor terminals from stator 1

and 2 respectively:
P, 2 3R{V, I}} = 3R{Vi I}} — 3|I7|R, (4.57)
P, = 3S—1§R{Vr212”*} = 3N{V,) 1%} — 3|, |R) (4.58)
52

Subtracting (4.55) from (4.56) gives the fraction of power not dissipated in the rotor and stator resis-

tances, i.e. the power which is converted to mechanical power:

1
IRV L)) <1 - zi) = 3|I7R. <1 - s—> +3|2|R, (1 - z—z) +o T (4.59)
1 1 1
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Rearranging, and substituting (4.58) for the 1)’ terms gives the torque as:

Pr2 52 3 21 1
T="2(1-=)-=1AR (1 -— (4.60)
Wy S1 wy 51

Alternatively, substituting (4.57) and (4.58) into (4.55)) and (4.56) gives:

R/
P+ 2p, =312 4.61)
S1 S1

P, + P, =3/I*R + o T (4.62)

Combining (4.61) and (4.62) and with (4.32), (4.33), (4.25), (1.2) gives the following expression for

the torque:

Plp  P22p (4.63)

w1 w11

T =

which, using (4.57) and (4.58)) and some sustained manipulation may be written as:

3 , . 3pas . .
T =LY {virr) = RiLP) + 222 (-9 (vlf) + RalLP) (4.64)
w] w11
3]71 S 3p2s2 S1
il S LETH T 4.65
o OV IT)) + 2 (Ve 3D (4.65)
R, 3 + s
_3 R 22PN e i) (4.66)
w181 w11
, 3(p1 + p) )
=3—pIL 2+ TP Ry P — i Vo 13)) 4.67)
w181 w1S¢
(p1+ p2) R,
=3 LR (w17} = RiLP) = 3——pal I, 4.68)
w1 S1w1
where:
o=t @2 o= (it pey 4.69)

) Wi i
Note that (4.64) is the same as (4.48), the torque equation derived from the coupled circuit model, as
expected.
It is convenient as this stage to recall the natural speed, w,, for the BDFM, given in (1.2).
w1
W, =
P11+ p2
Referring back to the definition of BDFM synchronous speed (4.25), and slips (4.32), (4.33), it is

straightforward to see that the rotor speed, w, can be written in terms of a deviation from natural

speed:

S1
w, = (1 — —) Wy
52 (4.70)



4.4 Equivalent circuit for the BDFM with a single set of rotor coils 107

Using (4.70), (4.32) and (4.58) the expression for the torque, (4.60), may be written as:

3R(V,, 1L
_3MVL L7 312 R P 4.71)

wy, w1

T =

or more generally because % {V,, I} = =R {V,, I*} and % {V,, J*} = % {V,,1/*}, from (4.65):

rntr

3 3
=22 v, 1)) + 222 (<9 { v, 1)) 4.72)
w1 w1

T

writing /] in terms of V,, and V,,:

:mm -V V;;—V;; _i_@m v Vrt_VrT
w1 " Z;k w1 2 Z;k

:%5}{{_%'2_?+%}+3w_1712m{_|\;}|2+ V;‘:l} .
- 3w_P11 <_ |V|rlzrv|rzl cos(yr +8) + I|VZ ||2 cos(W)) N 360_1712 (_ I|VZ ||2 oo+ |vlnzrV|,2| cos(r 6))
(4.74)

- %%\/p% + p3 — 2p1p2 cos 2y sin (8 — arctan (%))
wi] (p1||zv:|l - P2||ZV:|2|2) cos(¥) (4.75)

where Y = ZZ, and § = £V, — £V,,, the phase angle between V,, and V,,.

Hence the maximum (and minimum) torques occurs when (p, — pj)tand = (p; + po)tan /.
Furthermore note that from (4.75) for any given torque, there are either 0, 1, or 2 values of §, for a
given set of |V, |V,,|, w1, Z,, pi and p,. There will be zero solutions when the torque is outside the
maximum and minimum torque envelopes, one solution when the torque is precisely on these torque
envelopes, and two solutions in all other cases. The two solutions will be 8o and & — §y. Physically,
if one these values of § corresponds to a stable operating point, the other typically corresponds to an
unstable operating point. This fact is explored further in chapter|7.

A further variant of the torque expression is obtained by re-writing the first term of equation (4.71)
in terms of V,, and V,,. As no real power is dissipated in L,,,, from figure [4.9]it is straightforward
to see that R {V,,13*} = % {V,,1/*}. From figure|4.9 I may be written as @ therefore, from
4.71

3 (V,Vi—=V,V*
T=——§)’t{—2 2" ‘}+3|1;2|R;—p1
wy, * w181
3 (V. V. |?
S (' 1 Vi cos(yy — 8) — V| cos(lﬁ)) +3|1,’2|R;L (4.76)
w, \ |Z,] |Z, | 1S

where § is the angle between V,, and V,, and = £Z,, as before.
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Figure 4.10: BDFM Rotor Circuit Phasor Diagram

4.4.3 Phasor diagram for rotor branch circuit

Figure shows the phasor diagram for the rotor branch of the circuit shown in figure 4.9.

Figure 4.10/can be used to determine the power and VAR flow in and out of the rotor terminals
on figure|4.9. We therefore define:

V., |2
0, £ -33{Vv, "} =33{ViI;} = 3|L1PLiw; — 3 [V 4.77)
m; W1
A A 51 ~ * 2 S1 |Vr2|2 S1
0, £33{V,,1["} = =33 {Valj} + 31 P Lywy — + 3——— (4.78)
52 $2 myW1 82

Hence if V,,, V,,, and I are known then the VARs produced/consumed at the machine terminals
can be calculated. For example if Q,, and Q,, are minimised for a given |I/|, |V,,| and |V,,|, then the
terminal VARs will also be minimised. Therefore specifications on the power factor at the terminals
can be translated into specifications at the rotor branch, which is completely described by the phasor

diagram in figure 4.10.

4.5 Equivalent Circuit Numerical Simulation

Figures 4.11,4.12]and|4.13 show the maximum torque envelope for the prototype BDFM previously

described with the nested loop rotor. The machine is excited with a constant 240V, at S0Hz on the
power (4 pole) winding, and the 8 pole winding excitation is chosen such that: |V,,| is held constant,
and Z(V,,) is chosen such that the torque is maximum or minimum respectively. The base value
chosen is such that at Orpm |V,| = 240V, and from (4.25), w, = 27 x 50. Maintaining a constant
|V,,| corresponds to maintaining constant flux on the 8 pole winding. However, as the s; decreases
the impedance of Z; increases and therefore |V, | changes, thus the 4 pole flux changes. This explains
the slight change in torque envelope. Because V is constant it is not possible to compensate for this
change directly, rather is must be achieved indirectly by modifying V,. Section discusses the
issues surrounding maintaining a constant magnetic loading for different relative amplitudes of 4 and
8 pole fields.
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Figure|4.12 shows how the envelope changes with a 10% decrease in L,,, the rotor excess induc-
tance due to spatial harmonics. The 4 pole flux (i.e. |V,,|) was kept the same in both cases. Note that
in changing the value of L,, this will have changed the 8 pole flux as |V,, | will have changed. In fact
the change is a small (3%) decrease for positive torque and a 1% decrease for negative torque, thus
an even greater change in torque envelope would have resulted if the flux level had been maintained.

Figure(4.13| is similar to figure[4.12 except it shows the effect of a voltage limit on the inverter of
240V. It has been assumed that | V5| is constant and Z(V,,) is chosen so that the torque is maximized
(from (4.75). This gives a unique value V,,, however it will not necessarily put a bound on |V,,|,

which would be required to ensure that the magnetic loading is not exceeded.

200
150 b
— Total
| Sync.
1001 | _ _ Stator 1 Async.
— - Stator 2 Async.
E
z 50
[
>3
g
° 0
-50
-100
-150

1 1
0 500 1000 1500
Rotor Speed (rpm)

Figure 4.11: The synchronous and asynchronous components of torque on the maximum torque en-

velope, for constant |V,,| and | V|

4.6 Equivalent Circuit Analysis

The preceding analysis leads to a number of general points regarding BDFM operation.

1. The presented equivalent circuit holds for all BDFM operating modes where the shaft speed
is constrained by equation (4.25). If this condition does not hold then the machine may be
modelled as the sum of two equivalent circuits at different frequencies, one supplied from
stator 1, the other from stator 2, and with the unsupplied stator short-circuited. This mode of

operation is known as double cascade induction mode:



110

Equivalent Circuit Model and its Implication for BDFM Performance

200
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Figure 4.12: Torque envelope (blue) showing the effect of a 10% decrease in L,, (red)

The preceding derivation requires (4.25) to hold. However, if this is not the case then by the
superposition theorem, the machine may be modelled as a machine with stator 1 supplied and
stator 2 short-circuited, and a machine with stator 2 supplied and stator 1 short-circuited. The
true current in each branch is the sum of the contribution from each circuit. The average torque
may be calculated using any of the per-phase torque equations derived, and the contribution
from each circuit added. However the true torque will have a significant ripple component,
which cannot be calculated using the steady-state equivalent circuit. In this case the torque
should be calculated from the full complex currents of the two frequencies concerned, rather

than just phasors.

The BDFM may operate either as a p; or p, pole pair induction machine when only stator 1 or
stator 2 is supplied and the unsupplied stator is open-circuit. This mode of operation is known

as simple induction mode:

It is immediate from figure 4.9 that if I = 0, then the machine reduces to a standard induction

motor equivalent circuit, but with the rotor ‘leakage’ inductance equal to L/ + L/ , in the

>
case of supply from stator 1. Clearly analogous results hold when supplied from stator 2.
The torque reduces to the well-know expression for a standard induction machine (4.66). It is
also noteworthy that a good BDFM design will inevitably lead to poor simple induction mode
torque. This is because the second stator magnetizing inductance appears in series with the

rotor leakage inductance, and typically in a well-designed machine the magnetizing inductance
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Figure 4.13: Torque envelope (blue) showing the effect of a 10% decrease in L,, (red) with inverter

voltage limit

will be large in comparison to the leakage inductance.

3. The BDFM, when operating according to (4.25), is comprised of synchronous torques and

induction machine-like asynchronous torques.

This can be seen most clearly from equation (4.75). The last two terms are fixed for a given op-
erating speed, and rotor voltage magnitudes, as Z, is fixed. These terms are induction machine
like torque terms, in that they are fixed for a given operating speed, regardless of the phase of
the supply voltage. In contrast, the first term is dependent on the sine of §, the angle between
the two rotor supply voltages. This term is reminiscent of the torque of a standard synchronous

machine.

4. The asynchronous torques in the BDFM will always be of opposite signs and sum to zero if

either, ¥ = 7 /2, which means the rotor is purely inductive, or p{|V,,| = p2|V,,|:

These points come directly from equation (4.75).

5. Unlike the conventional induction machine, the BDFM would produce torque if the rotor resis-

tance were zero.

From (4.75), if R, = 0 = cos(¥) = 0, therefore the only non-zero term in the torque ex-

pression is the first term. It can be shown that, as ¥ = %, the term reduces to the first term of

(4.76).
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6. All torque in the BDFM falls to zero at the synchronous speed of stator 1:

From figure(4.8, when s; and s, are both zero, then I, is zero; hence from (4.47) the torque will
be zero. From s1 is zero at stator 1 synchronous speed, and therefore, from (4.26), w
(the frequency of the rotor currents), must be zero. As stator 2 is supplied in such a way that
the frequencies of the rotor currents induced match those induced by stator 1, then s, must also
be zero. This can be seen from (4.32). A corollary to this point is that for a given BDFM with
stator 1 and stator 2 (of course of different pole numbers) a wider speed envelope for BDFM

operation is obtained if the lower pole number field is connected as stator 1.

When stator 2 is short-circuited the BDFM operates in cascade induction mode, which is a
special case of BDFM synchronous mode (that is, the stator 2 currents are at frequency ws,
given by (4.25)) similar to that observed when two induction machines are connected in cascade
[49]:

Equation (4.26) gives the frequencies of the rotor currents for the BDFM. As the rotor current
frequency in the BDFM is the same for currents induced from both stator supplies, then even
if the second stator is short-circuited, the stator 2 current frequency will be at w,. Therefore
cascade induction mode is a special case of BDFM synchronous mode, where the voltage V,, of

equation (4.76) although non-zero is not an independent variable as it is in synchronous mode.

Equation (4.67) shows that, when V, = 0 there are two terms in the torque equation, one is the
stator 1 induction mode torque characteristic, the other may be thought of as the induction mode
characteristic of the cascade combination of the (effectively) two machines. (4.67) introduces
the notion of cascade slip, s, which has a similar interpretation to standard slip, and for which

the ‘synchronous’ speed is w,, (1.2), the natural speed, corresponding to the case that w, = 0.

The cascade torque of a BDFM is inherent, and will be present on all functional real-world
BDFMs. The absence of a cascade torque implies no BDFM synchronous torque, or that R,

the second stator resistance is zero.

Point 7 illustrates the close relationship between cascade torque and synchronous torque, and
therefore that its absence implies that there is no synchronous torque. Equation (4.67) shows
that if R, is zero then there can be no cascade torque. In practice R, cannot be zero, so the

absence of cascade torque will generally imply that there will be zero synchronous torque.

. The size of the available BDFM synchronous torque envelope for a machine in practical use

is inversely proportional to the rotor impedance, |Z,| which comprises of leakage reactance,

excess harmonic reactance and resistance terms.

Figure shows the three components of torque arising from the three terms of equations
(4.75). Notice that the two asynchronous torque terms (marked as ‘Stator 2 Async.” and ‘Stator

1 Async.” on the diagram) are (and in general will always be) opposite in signs (immediate from
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10.

(4.75)), and furthermore will generally be small in comparison with the maximum synchronous
torque for relatively large values of s;. From figure|4.12 the total asynchronous torque is less
than 10% of the maximum synchronous torque for s; > % We assume that we operate the

machine with s; > %, which is likely as it is desirable to operate the machine around natural

speed, as natural speed will correspond to s = pl’jfm. Under this condition the maximum

torque available is dominated by the first term of equation (4.75) which reduces to the first term

of (4.76):

31V Vil
Thax ~ — = 4.79
e w, |Z,| ( )

Now, significantly, the voltages |V,,| and |V,,| are the voltages across the magnetizing reac-
tances for the machine (see figure 4.9). Therefore for any given values of |V,,| and |V,,| the
flux densities of p; and p, pole number fields will be fixed. It is not immediately obvious what
‘rated’ flux density should be with two different pole number fields sharing the same iron lam-
inations, however certainly there will be some upper limit, determined by what is considered a
‘reasonable’ degree of saturation. This point will be discussed further in section 4.7. Therefore

the maximum torque available from a machine is inversely proportional to | Z,|.

We may therefore conclude that the maximum rotor impedance for a given maximum output

torque is:

_ 3 VaVnl (4.80)

|Z
@, Thax

’max |
Now if we assume that, for any reasonable machine design, in normal operation V,, and V,, are
close to the supply voltages (i.e. stator drops are small), then equation (4.80) can be used as a
design guide. It should be noted, that because of the direction of power flow, the estimate will

be an overestimate in some regions, and an underestimate in others, due to the stator drops.

Figures 4.12 and |4.13|serve to illustrate the effect of the series rotor impedance, (Z, of figure
4.9).

The power factor of the stator 1 winding can be controlled by the magnitude of V,, in syn-
chronous operation, and can always be made to lead, however for a given | Z,|, the more resis-

tive the rotor, the greater the current required:

From figure/4.10) it is immediate that the phase of I/ can be controlled by varying the magnitude
of V,, for a given §. Furthermore, as 0 < ¥ < 7, for speeds less than the stator 1 synchronous
speed, it will always be possible to make ¢ negative. If ¢ is negative then for a sufficiently large
current it will be possible to make the power factor of stator 1 leading. It is clear that the closer
Y is to 0, the larger the current required for a unity or leading power factor (¢ = 0 implies the

rotor is purely resistive).
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11. If the machine is to operate at a fixed power factor on stator 1, then the smaller | Z,|, the larger

the available torque, for a well-designed machine.

From figure|4.10 a fixed stator 1 power factor will imply a fixed value of ¢, if it can be assumed
that the stator 1 series impedance is relatively small, which is likely to be the case in a well
designed machine. If ¢ is fixed then for any operating speed, the phasor diagram is fully de-
scribed, as Z, is constant. Therefore from equation (4.75), as | Z,| decreases, the synchronous
torque envelope increases, as the rate of decrease of |Z, | must always be greater than the corre-
sponding rate of increase of |V,,|. Therefore the available torque increases, as we assume that

the induction torques are small because y is close to 90°.

12. In the ‘nested-loop’ design BDFM rotor the components of rotor inductance L,, and L,, are

both significant, and therefore directly impact the torque envelope:

Recall that L,, is the additional inductance which is due to unwanted space harmonic compo-
nents in the rotor. L,, is the additional inductance due to leakage effects - that is flux that does
not cross the air gap as discussed in appendix C.1. Table/4.2 lists the calculated components of

Z, for the prototype ‘nested-loop’ design rotor.

X, X, R
(n€2)  (u2)  (uf2)

Nested-loop design rotor

307 332 74

Table 4.2: Components of Z, for the prototype ‘nested-loop’ design rotor at S0Hz

From table[4.2 when the slip, s1, is less than 0.11 then |Z,| is less than 1.41 times its value at
s1 = 1. Therefore for the majority of the available operating regime |Z,| is determined by the

inductive components. Indeed, both L,, and L,, are significant in determining |Z,|.

4.7 Magnetic Loading for the BDFM

As previously noted, to address the question of what ‘rated’ magnetic flux density is for a BDFM is
not a straightforward question because the iron circuit carries two different frequency magnetic flux
density waves. So the question that arises is what, if any, combination of amplitudes of the two flux
density waveforms constitute a constant magnetic loading? A conservative answer to this question
would be the sum of the amplitudes of the flux density waveforms, as inevitably this peak value will
be attained. However intuition suggests that this may lead to conservative results, as the peak value

occurs relatively infrequently.
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The issue of magnetic loading for the BDFM has received little attention. It is believed that the
only significant contribution in this area is due to Broadway [16], however Broadway only discussed
the issue for a specific example, rather than presenting any general conclusions.

In conventional induction machines designers use a specific magnetic loading, dependent on the
electrical steel chosen, which achieves the right balance between under use of the iron (and therefore
a reduced output torque from the machine), and causing excess magnetizing current and therefore a
poor power factor by driving the iron into saturation, see, for example, [92] for details.

In the conventional induction machine, the specific magnetic loading is traditionally defined as
the mean absolute flux per pole in the air gap of a machine. In a BDFM this definition becomes
unworkable because of the double feed. We therefore propose the following generalisation of the

definition:

_ 1 T 1 2w
B = lim —/ —/ |B(0)|dOdt 4.81)
0o 2mJo

T—ooT

where B(6) is the flux density in the air gap (assumed uniform along the axis of the machine).

It is clear that this definition is consistent with the concept of ‘mean flux per pole’, and the well-

known result of B = zﬂﬁBrmS may be verified.

From similar reasoning to [115] ignoring harmonic fields, the magnetic fields in the air gap of the

BDFM may be written as:
B(0) = By cos(wit — p16) + By cos(wat — p20 + y) (4.82)
These fields may be referred to the rotor reference frame as follows:
0=wt+¢ (4.83)
from (4.26) we may write:
B,(¢) = By cos(wst + p1¢) + By cos(wst + prdp +y) (4.84)

Therefore, from (4.81) the specific magnetic load for the BDFM is:

_ 1 T 1 2
B = lim — — / | By cos(wst + p19) + By cos(wst + prdp + y)|dodt (4.85)
T-ooT Jo 21 Jy
Wy i—rsr 1 2
= — / | Bi cos(wst + p1gp) + By cos(wst + pagp + v)|dgdt (4.86)
2 0 2 0

This integral may be evaluated either analytically or numerically. It is useful to note the standard
deviation of the time-varying spatial mean signal, as it gives an indication of the degree of ripple to
be expected in the specific magnetic loading in a BDFM. It may easily be shown that when B, = 0
then B = 2B, and when B, = B then B =2 (%)2 B, regardless of the value of pi, ps, @, .
Figure 4.14 shows how (4.86) varies with B;, for unity B;. Although a simple proof has not

been forthcoming, the same relationship (the green line) was found regardless of the pole number
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combinations or offset angle chosen. 70 pole number combinations were tried under the standard
restrictions on BDFM pole numbers, p; # p; and |p; — p»| > 1. The dashed green lines show the
one standard deviation away from the mean for the case of p; = 2, p, = 4. Note that the standard
deviation is strongly dependent on the pole number combination chosen, thus suggesting that specific
magnetic loading for the BDFM may not be the best measure to determine the magnetic loading for
all pole number combinations. Figure|4.14/also includes a plot of the magnetic loading if it is assumed
that the total magnetic loading is the sum of loading for each individual field, that is B = B; + B,
and, for comparison, an alternative definition of the combined magnetic loading as B = ,/ B? + B3.
This alternative can be thought of as the root-mean-square of the rms values of the air gap flux density

waves, scaled by Z‘sz

—— B=B+5B
1ol New generalised B |
— B=,/B}+ B}
1.1F : .
1k -
'Q
0.9r .

Figure 4.14: B, the specific magnetic loading a 4/8 BDFM for B, = 1 (hence B, = %) as B, varies
between 0 and 1 (hence B, varies from 0 to %) . Three variations in the definition are shown, the
summation of the B for each field, the new generalised and averaged B and B = ,/l_?lz + B2, as an

analytical alternative

From figure|4.14 it is clear that the generalised magnetic loading is considerably less conservative
than assuming that the magnetic loadings for each individual field should be summed. Furthermore
it is significant that the variance of the generalised magnetic loading about its mean was small for
certain pole number combinations, thus indicating that the average field is well distributed around the
circumference of the machine under normal operating conditions. This serves to increase confidence

that the generalised magnetic loading is a good measure of iron utilisation. However the alternative
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definition, B = ,/ B? + BZ is close in value to the newly proposed generalisation, but has the advan-
tage that it has a simple closed-form representation, which lends itself to analytical calculations. The
convenience of this alternative representation is that a specification on the magnetic loading can be
translated into a specification in terms of V,, and V..

It should be noted, however, that to use the new generalised magnetic loading, or indeed the
analytical alternative, as a ‘drop-in’ replacement for its counterpart in the conventional induction
machine may lead to higher iron losses and poorer power factor as the peak fields present are higher
than in a conventional machine. Nevertheless to assume that the true magnetic loading is the sum of

each contribution will inevitably lead to a conservative design.

4.8 Conclusion

In this chapter we have transformed the d-q equations of chapter [3 into a complex dynamic model
using sequence components using a similarity transformation. It was shown that the complex form
of the BDFM equations can be further reduced, without error, to a system containing 2 + N complex
states, where N is the number of set of rotor coils.

This complex form of the equivalent circuit was shown to admit an equivalent circuit represen-
tation. Various implementations of the equivalent circuit were derived for a BDFM with a single set
of rotor coils. Particular care was taken to maintain the physical meaning of the inductance terms,
especially the rotor leakage inductance.

The intermediate variables V,, and V,, were used to derive expressions for the torque, and inves-
tigate the effect that stator 2 can exert on the power factor of stator 1. Bounds on the values that |V, |
and |V,,| can take were considered via their relation to the magnetic flux density of each field, where
a generalisation of the notion of specific magnetic loading was proposed.

The derived equivalent circuit was then used to explore operating modes and expected behaviour
of BDFM machines. This led to the observation that the absence of significant cascade induction
mode torque typically implies poor BDFM synchronous torque.

Furthermore it was shown in points 8/ and 12 that the available torque envelope in BDFM syn-
chronous mode is inversely proportional to | Z,|, the rotor impedance, or similarly, that if the machine
is to operate at a particular power factor, then a larger operating torque is achieved for a smaller |Z,|.
It was shown that in an example nested loop rotor design, a significant part of | Z,| comprises of the
impedance due to L,,, the spatial harmonic inductance term. Therefore the component L,, is a cru-
cial parameter for a BDFM. This makes physical sense as the rotor must cross-couple between two
different pole number fields and therefore it is likely that there will be some harmonic penalty. We
propose, therefore, that the ratio of L,, to the total rotor self inductance (L,, + L,, + L, + L,,)isa
figure of merit for a BDFM rotor in terms of its ability to cross couple between the two pole number

fields. This has a direct impact on the available torque envelope for a particular machine.
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In the next chapter we will investigate the proposed figure of merit for a range of BDFM rotor

designs.



Chapter 5

Possible Rotor Designs and Evaluation

5.1 Introduction

In chapter 4] an equivalent circuit model was derived for the class of BDFM machines considered,
as described in chapter 2, This equivalent circuit model was used to investigate the characteristics
and performance of the BDFM, and it was proposed in section 4.6 that | Z, |, the rotor impedance is a
key parameter in determining the maximum torque envelope for the BDFM. The composition of Z,
was discussed, and three potentially significant components were identified: L, , the excess harmonic
series rotor inductance, L,,, the rotor leakage inductance, and R,, the rotor resistance. Furthermore,
it was proposed that the absence of cascade induction torque in a potential BDFM was an indicator
that the machine will not generate synchronous torque due to the absence of cross-coupling.

In this chapter these claims will be investigated by considering different possible BDFM rotor
configurations. In total, seven different rotor designs will be considered. In order to verify the efficacy
of measuring the cascade torque as an indicator of potential BDFM performance, 5 different rotors
are considered: 3 potential BDFM rotors, and 2 rotors which do not cross-couple. Then, to illustrate
the how Z, can vary with different rotor designs, 4 different rotor designs are considered and the
different components of Z, are discussed.

The chapter starts with a description of the rotor designs, and motivation for the choice of each
design. All rotors considered are tested for the same stator configuration, a D180 frame size machine,
originally a 22 kW (143 N'm at 1463 rpm) Marelli Motori induction machine configured with 4 and
8 pole stator windings for operation as a BDFM (see appendix [B). The 7 designs considered are as

follows:

1. ‘nested-loop’ design rotor: originally proposed and investigated by Broadway and Burbridge
[17]. The design of the ‘nested-loop’ rotor was considered in Wallace et al. [109], in which the
effect of the span of loops within each nest was investigated. It was found that loops within the
centre of a nest which subtended a small angle contributed little to the torque. However there

does not appear to be any other papers in the literature which address the design of the rotor in

119
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any detail. A prototype ‘nested-loop’ rotor was available for experimental testing.

A new design of BDFM rotor requiring two layers comprising of single set of p; + p, circuits,
with the coil pitch chosen in such a way as to couple effectively with both pole number fields.
The design is developed from comments made in Broadway and Burbridge [17], although there
is no evidence that either author ever designed or built such a rotor as they sought a single layer

design. A rotor of this design was manufactured and experimental tests from it are presented.

. A rotor design consisting of 18 isolated loops, each pitched over 7/36 of the circumference of

the rotor, and each loop offset from the next by an equal amount (1/18 of the circumference).
This rotor will be used to illustrate that linking both p; and p, (in this case 2 and 4) pole pair
fields is not sufficient to ensure cross-coupling. A rotor of this design was manufactured and

experimental tests from it are presented.

A rotor identical to rotor (3, but with every third coil removed. This rotor illustrates that by
enforcing a p; + p, order of rotational symmetry on the design (as opposed to 18 order in the
case of rotor [3) cross coupling is achieved. The prototype of rotor 3/ was modified to provide

an experimental rotor of this design.

. A cage rotor with only p; + p» bars. This rotor design was the conceptual start for the ‘nested-

loop’ design of rotor, however it was dismissed as it was perceived to have a “..very high

referred rotor slot-leakage” [17]. This rotor design is considered by simulation.

A wound rotor consisting of two double layer windings (therefore 4 layers in total), one of p,
pole pairs, the other of p, pole pairs. The two windings phases are connected together and
the star points are connected together. This rotor design is essentially the same as that used by
Lydall [97] (although Lydall did not hard-wire a connection between the two windings), which
was dismissed by Hunt as being wasteful of copper [48]. The rotor design is included because,

it is likely to have low harmonic content. This rotor design is considered by simulation.

. A standard squirrel cage induction machine rotor with 40 bars. This rotor is considered in order

to illustrate the lack of cross-coupling present in a standard squirrel cage machine. The rotor is

the standard rotor supplied with the induction machine which was converted into a BDFM.

For each rotor design appendix B gives details of the mutual inductance matrices, including leak-

age inductances. Section|C.1 gives the slot geometries used in each rotor and the formulae used to

estimate leakage inductance in each case
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5.2 Rotor Designs

5.2.1 Rotor1 - the ‘nested-loop’ design rotor

The prototype ‘nested-loop’ rotor is of ‘type 2° design - see figure[2.4 - that is, the rotor comprises of
nested loop terminated with a common end ring at one end only. Figure shows the non-end ring
end of the prototype rotor. As noted in [115] the difference between types 1, 2 and 3 is essentially
one of ease of fabrication.

The rotor consists of 36 slots, and as the prototype machine has p; = 2 and p, = 4, the rotor has
N = p; + p» = 6 nests. Each nest is allocated 6 slots. Therefore three loops can be housed within
each nest sub-tending 5/36, 3/36, and 1/36 of the circumference respectively. Figure [B.3|displays
this information diagrammatically.

It can be seen from figure that the bars are insulated from the laminations. It was chosen to
insulated the bars as it was established that BDFM performance is significantly degraded unless there
is significant bar-to-lamination impedance [117]. The insulation used was a high temperature paper,
such that it would not be damaged by the brazing process needed to join the bars.

Section B.3/gives full details of the design.

Figure 5.1: Prototype ‘nested-loop” design rotor, rotor|1
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5.2.2 Rotor|2/- the new double layer design rotor

The design of rotors for the BDFM, when undertaken by Broadway and Burbridge, had the objective
in mind of designing a rotor which was similar to a cage rotor - that is single layer and manufac-
turable by conventional casting methods [17]. This approach led to the ‘nested-loop’ design of rotor.
However whether or not the ‘nested-loop’ rotor is the best design possible, in some sense, has never
been established either mathematically or empirically. It is therefore worth investigating whether or
not improved performance can be obtained with a different design of rotor.

It is clear from simulations of ‘nested-loop’ design rotors, and noted in [109] and [53], that loops
within a nest, which only subtend a small fraction of the pitch between nests, will have relatively small
currents flowing in them, and therefore make little contribution to the output torque of the machine.

The reason for the relatively small currents can be seen from considering the flux linked by a
coil of pitch y, recalling that the flux linked is proportional to the induced voltage as the magnetic
flux density waveforms from the two pole number fields are moving at the same speed in the rotor
reference frame at BDFM synchronous speed.

Consider an n pole-pair winding. The peak flux linked by a single turn of pitch y in sinusoidal
magnetic flux density of amplitude B is:

Brmax X f " B cos(nf)do = LS /2)
)2 n
In the BDFM there are two fields of p; and p, pole pairs respectively, having peak flux densities of
B 1 and éz. Therefore the peak flux linked is:

A i 2 A i 2
o o 2Blsm(pn// ) +2stm(m/ )
D1 )23

which is the peak linkage from each of the two flux density waves. The peak value may be obtained

(5.1

as the phase between the flux density waves can be varied.
8¢max

dy

=0:

Equation (5.1) may be maximised by y such that

0 Pmax
dy

1 .
o' E[Bl cos(p1y/2) + By cos(pay/2)] (5.2)

hence the maximum is achieved when B cos( p1v/2) = — B, cos( P2v/2).
Thus the pitch which can give the maximum flux linkage is dependent on the relative magnitudes
of the two pole number fields. However in the case that l§1 = éz this is achieved when:
2w
r= p1+ D2
In the prototype machine the windings were wound to give nominally equal flux densities. Therefore
if the coil pitch is chosen such that (5.3) holds then, for p; = 2, p, = 4, the pitch is 60°.

It should be noted that the preceding discussion it not a complete picture, as no explicit con-

(5.3)

sideration has been made of the requirement to link both pole number fields, so in practice it is an

approximation.
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The design problem then is how to maintain a suitable coil pitch to ensure good coupling to both
pole number fields, whilst still achieving cross coupling. During the development of the ‘nested-loop’
design rotor it was noted that cross coupling occurs when the rotor contains p; 4+ p, equally spaced
‘phases’ [17]. This fact was implicitly proved in chapter 3/ by the particular choice of the class of
rotors analysed.

This design of rotor will be adopted, however it is necessary to choose both the pitch of the coils
making up each phase, and the number of progressive coils in each phase. Figure shows calcu-
lations, performed using the models techniques developed in chapters [2} 3 and 4, for the harmonic
leakage and rotor 8 pole self-inductance. The values are expressed as percentages, of the total rotor
self-inductance in the case of the harmonic leakage, and as a percentage of the 4 pole plus 8 pole har-
monic inductance components for the 8 pole self-inductance. The values are calculated for 3 different
coil pitches, and between 3 and 6 such coils connected in series each one rotor slot advanced on the

previous. The rotor has 36 slots.
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(a) Rotor 8 pole self-inductance as a percentage of 8 (b) Rotor harmonic leakage inductance as a percent-
pole + 4 pole terms age of total rotor self-inductance

Figure 5.2: Simulated rotor inductance parameter variations for different possible design for Rotor|2.
The pitch of the coils making up each ‘phase’ were varied (different colours on plots), and the number

of progressive loops in each ‘phase’ were varied (horizontal axis)

Figure shows that having 4 or 5 coils in each phase generally yields a minimum value for
the harmonic leakage inductance percentage. However figure 5.2(a), shows that as the number of coils
in each ‘phase’ increases, the 8 pole self-inductance percentage decreases. This is undesirable as it
implies that the effective turns ratio from the 8 pole stator to the rotor will be significantly higher than
that from the 4 pole stator to the rotor. Therefore the referred rotor impedance to the 8 pole side will
be high, thus limiting the current that can be induced in the rotor from the 8 pole stator. This point

was first made in Broadway and Burbridge, where it is noted that as the angle between ‘phases’ will
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always exceed half a spatial period of the higher pole number field, the effectiveness of the ‘phase’
decreases [17, sect. 4.2].

Therefore 4 coils will be used per ‘phase’ and it only remains to choose the coil pitch. There
is little to choose between the options considered in terms of the harmonic leakage, however from
figure decreasing the coil pitch improves the proportion of 8 pole self-inductance. A 60° coil
pitch was chosen as it gives a higher overall current than the 50° pitched coils, because the prototype
machine stator produces equal amplitude 4 and 8 pole fields. However, if the stator were rewound,
the 50° pitched coil would likely to be preferable as the 8 pole coupling is increased, albeit at the
expense of the 4 pole coupling.

Figure|5.3 shows a single ‘phase’ of the new rotor design, with the chosen 60° coil pitch. Figure
5.4 shows a photograph of this rotor design after manufacture. Section B.4 has further details of the

rotor including a full winding diagram.

-«—single coil pitch—

etc 5&

ﬁlo 11{12(13]|14[15(16|17|18| etc

rotor core

Slot no.

e —
rotor “phase’

Figure 5.3: Prototype new double-layer design rotor, rotor|2

5.2.3 Rotor 3 - isolated loop rotor

In the discussion of the design of rotor 2, section|5.2.2, the pitch of the coils was discussed. However
it was noted that the pitch of the coils is not the only important factor to consider in the design of a
rotor for a BDFM which is required to cross-couple.

The isolated loop rotor design consists of 18 coils pitched over 70°, and each coil offset from
the next by 20°. Thus the loop pitch is such that it will couple with both the 4 and 8 pole fields.
However, if the current distribution due to each field is considered then it can be seen, that the 4 pole

field induces a current distribution which is predominantly 4 pole, and is certainly without an 8 pole



5.2 Rotor Designs 125

Figure 5.4: Prototype new double-layer design rotor, rotor|2|

component; and similarly the 8 pole field induces a predominantly 8 pole current distribution without

any 4 pole component. Therefore cross-coupling between the fields cannot take place.

Section [B.5 details the design of the rotor, and notes that the rotor is in fact a member of the
class of rotors considered in chapter 3. Included in this section is a winding diagram for the machine,
and the mutual inductance matrices. The lack of cross-coupling is evident from the rotor-rotor di-
agonalised machine mutual inductance matrix after the d-q transformation, equation (B.27). From
equation (B.27) it is immediate that the dynamics associated with different stator supplies are entirely
decoupled. This is consistent with a lack of cross-coupling, which by definition requires coupling

between the two stator supplies.

Figure 5.5 shows a photograph of the manufactured prototype rotor.
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Figure 5.5: Prototype isolated loop design rotor, rotor 3|

5.2.4 Rotor 4 - isolated loop rotor with coils removed

As described in the introduction rotor 4/is identical to rotor |3/ but with every third loop removed,
leaving a total of 12 isolated loops, in 6 groups of 2, where each group is spaced by 40° and each coil

within each group spaced by 20° as before.

The removal of one in every three loops is to enforce an order of rotational symmetry of p;+ p, =
6. In doing so the rotor is made to cross-couple. This may be understood by considering a cage rotor
with p; + p; bars. It is well known that such a rotor will cross-couple between p; and p, pole pair

fields sect. 4.1], and although rotor 4 is not a cage rotor, a similar argument holds.

Full details of the rotor design are given in section B.6. Included in this section are the mutual
inductance matrices. The effect of the removal of one in three loops from rotor [3 becomes appar-
ent from the rotor-rotor diagonalised machine mutual inductance matrix after the d-q transformation.
Equation (B.27) shows the original rotor with all 18 loops intact. Equation (B.28) shows the mu-
tual inductance matrix for rotor(4. Equation (B.28) clearly shows cross-coupling between the stator

supplies, albeit rather weakly in comparison to the direct coupling.

The prototype rotor |4/ was made by cutting one in every three bars of rotor|3 with a hacksaw. The



5.2 Rotor Designs 127

unmodified rotor is shown in figure

5.2.5 Rotor5 - 6 bar squirrel cage rotor design

Rotor[5 is a standard 6 bar squirrel cage rotor. It well known that such a rotor will function as a
BDFM rotor, and was the conceptual starting point for Broadway and Burbridge when developing the
‘nested-loop” design of rotor [17].

The rotor uses 6 bars of cross-sectional area 4 times that of the bars used in the ‘nested-loop’
design rotor. Unconventionally, the rotor is assumed to have open slots, of trapezoidal geometry.

It is shown in section that for the purposes of mutual inductance calculation a cage rotor may
be considered to be the same as a set of independent loops spanning the bar pitches. The resistance
and leakage inductance matrices do alter and become non-diagonal, although they are still symmet-
ric circulant. Therefore the inductance parameters for rotor 5 may be calculated using the method

described in chapter |2 as the rotor is a member of the class of rotors considered.

5.2.6 Rotor 6 - wound rotor design

Rotor (6] consists of identical windings to those on the stator, but short-circuited together with the
neutral points connected. As mentioned in the introduction, this rotor is included to illustrate its low

harmonic content, but poor copper utilisation, as noted by Hunt [48].

a a
C C \%
b b
4 pole 8 pole

Figure 5.6: Connection diagram for Rotor 6]

The rotor does not form part of the class of rotors considered in this dissertation, however it is
a simple case to analyse. Figure|5.6 shows the connection of the two 3 phase windings, therefore
it is easy to verify that this connection may be represented by the combination matrix (B.35). This
combination matrix may be used with the method described in section 2.5.1. It is easily shown that
the rotor-rotor mutual inductance and resistance are given by the sum of the individual components
and the stator-rotor mutual inductance is the difference between the mutual inductance matrices of

the individual rotor windings. Hence it is immediate that rotor |6 will cross-couple both stator fields.
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Section B.8 contains full details of the rotor-rotor and stator-rotor inductance terms including the

leakage inductance calculation.

5.2.7 Rotor 7|- standard squirrel cage rotor

Rotor(7 is the standard cage rotor used in the induction machine frame used for the prototype BDFM.
The rotor is made of cast aluminium, has 40 bars with Boucherot type slots (to give a higher starting
resistance due to the skin effect). The rotor slots are closed as can be seen in figure The closed

nature of the slots complicates the estimation of the leakage inductance, as discussed in section |C.1.

This rotor will couple both stator fields, however there will be no cross-coupling for similar rea-

sons to those discussed for rotor[3.

Section has complete details of the mutual inductance matrices, and the d-q transformation
used. The geometry of the rotor does not fall into the class of rotors analysed therefore special
treatment is required. It can be shown that the d-q transformation used only removes unobserv-
able/uncontrollable rotor states. Therefore the resulting mutual inductance parameters are a complete

description of the machine.

The d-q mutual inductance matrix, (B.45), clearly shows the lack of cross-coupling, as the dy-

namics due to the stator 1 supply are not coupled to the dynamics from the stator 2 supply.

Figure 5.7: Standard squirrel cage rotor|(7|
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5.3 Experimental and Calculated Torque-Speed Curve Results

Of the 5 rotor designs that were manufactured, rotors (1} 2, 3, [4/ and [7| were tested using the experi-
mental rig described in appendix [E.

As discussed in section 4.6, it is to be expected that simple induction mode and cascade induction
mode give a good indication of possible BDFM performance. High torques in simple induction
mode suggest poor BDFM performance. The absence of cascade mode torques imply poor BDFM
performance. Therefore by determining the simple induction mode and cascade induction mode the
rotors may be qualitatively evaluated for BDFM performance, that is presence of significant BDFM
synchronous mode torque.

The experiments were done at nominally 90V, (phase). This voltage was supplied from a 25A
“Variac’ variable transformer, and was therefore at nominally 50 Hz. The supply, therefore, has some
impedance, although the current was generally low enough so that the supply dip was less than 1%.
The operating point was set in each case by driving the DC load motor on the rig to the required
speed, and then measuring the torque.

The experimental data is overlaid with the same test done in simulation calculated using the
equivalent circuit|4.3] with the parameter values calculated as described. In each case the resistance
parameters were increased by 40% from their measured DC values (and calculated values in the case
of the rotor) to allow for heating effects.

Figures|5.8/and|5.9 show 4 and 8 pole simple induction mode (second stator open circuit) torque-
speed curves respectively. Figures|5.10 and/5.11 show 4 and 8 pole cascade induction mode (second

stator short-circuited) torque-speed curves.

5.4 Calculated Rotor Parameters

Using the tools developed in chapters [2} 3| and (4] the parameters for the machines which showed
good BDFM performance were calculated. The parameter values correspond to figure 4.3 The
intermediate states in the transformations are shown in appendix Bl Table 5.1 shows the calculated
values.

Table[5.2 compares the parameter values of table in a number of ways. As discussed in sec-
tion|4.6/the parasitic rotor impedance terms, X,,, X,,, R, /s directly affect the available synchronous
torque envelope for a BDFM. We therefore define the following dimensionless measures of BDFM
performance:

1X,,| X, IR, /51
X, + X, 1 X, + X, [ X + X0l

54

It is chosen to normalise the measures by |X,, 4+ X,,| as this term represents the total non-parasitic
term of the rotor impedance. It is this term which couples, without leakage, to the stator, and the

changes in value of this term simply reflect different effective turns ratios between rotor and stator.
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Figure 5.8: Torque-Speed plot in simple induction mode with nominally 90V, phase supply voltage

to 4 pole winding, 8 pole winding open circuit, rotors as described in section|5.1. Experimental results

with calculated results superimposed.
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Figure 5.9: Torque-Speed plot in simple induction mode with nominally 90V, phase supply voltage
to 8 pole winding, 4 pole winding open circuit, rotors as described in section|5.1. Experimental results

with calculated results superimposed.
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Torque (Nm)
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Figure 5.10: Torque-Speed plot in cascade induction mode with nominally 90V, phase supply volt-
age to 4 pole winding, 8 pole winding in short circuit, rotors as described in section|5.1. Experimental

results with calculated results superimposed.
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Figure 5.11: Torque-Speed plot in cascade induction mode with nominally 90V, phase supply volt-
age to 8 pole winding, 4 pole winding in short circuit, rotors as described in section Experimental

results with calculated results superimposed.
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Ry Ly, Ly, M, Ly, L, L, R, L, |M., Ly, Ly R
(€) (mH) (mH) (@H) @H @H) @H ) @H  @@H) @mH @mH) (&)
Rotor[1} nested-loop design

27 354 307 27 241 098 1.06 0.074 13 2 314 8 44
Rotor[2} new double-layer rotor design

2.7  3.63 313 9.6 293 53 882 1.9 44 3.7 321 84 44
Rotor[5} 6 bar squirrel cage rotor design
27  3.08 339 2.8 23 3.5 0.888 0.028 57 1.4 347 62 44
Rotor[6] Wound rotor design
27 332 287 29 286 046 1.02 35 29 29 294 71 44

Table 5.1: Calculated parameter values for different BDFM rotor using coupled circuit approach
described in chapters|2,(3} and|4, corresponding to figure(4.4

The final column of table shows the total cross-section conductor area in the machine stack

(therefore end windings are not included). For example, Rotor 1/has 133mm? bar area and 36 bars in

total hence the total cross-sectional area of copper is 4774mm?

5.5 Discussion of Results

5.5.1 Experimental Torque-Speed Curves

* The simulated torque-speed curves give generally good agreement with those found by experi-

ment.

In figure 5.8/ rotors 1-4 show good agreement. In figure 5.9 rotors 1-4 show reasonable agree-
ment. The errors, although proportionally large, are less than 1 N m in all except rotor 3. This is
well within the measurement error of the torque transducer, which drifts by around 0.5 N m over
the course of an experiment, and the frictional forces on the BDFM, which are up to 0.8 Nm.
Figures|5.10/and 5.11 also show good agreement for rotors 1-4. The exceptions being rotor 2
at low speeds in 4 pole cascade mode, and 8 pole cascade mode at higher speeds; and rotor
3 at higher speeds in 8 pole cascade. The most probable cause for these errors are inaccurate

resistance values.

Rotor 7 gave consistently less good agreement, particularly in 8 pole mode. The poor agreement
at large slips (positive and negative) is due to the Boucherot slots, which are deep slots which
rely on the skin effect to increase the effective resistance at large slips where the frequencies

of the currents in the rotor are higher. It is therefore expected that the simulated results give
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X + Xl X Xl Xl Xy Xy + X IR 1] 12 Acu
m) (%) (B) (B) (%) (%) (%) (%) (mm?)

Rotor /1! nested-loop design

11.6 655 345 29 2.7 55 1.9 59 4774

Rotor[2; new double-layer rotor design

106 86.9 13.1 2.6 1.6 4.2 54 6.8 1235

Rotor[5} 6 bar squirrel cage rotor design

9.03 80.1 199 3.1 12 15 0.92 15 3182

Rotor|6; Wound rotor design

181 496 504 1.8 0.8 2.6 585 585 6514

Table 5.2: A comparison of calculated parameter values of table expressed as a percentage of

|X,, + X,,|, the rotor fundamental reactances at 50 Hz. The slip, sy, is assumed to be 0.33, which

N Rr /512X +Xp,)?
X, + X, |

corresponds to 1000rpm when stator 1 (4 pole) is grid-connected. |Z,,| =

lower (closer to zero) torques at large slips. However the 4 pole results at small slips are
still fairly inconsistent. This is due to the crude estimate of rotor leakage inductance used.
The simulated results could be made to coincide much more closely by adjusting the value of

leakage inductance used.

* Simple induction mode:

— All the rotors exhibited some simple induction mode torque, in both 4 and 8 pole modes.

— For 4 pole simple induction torque: Rotors 7 and 3 gave the largest peak values, rotor 4
a little less, rotor 2 even less and rotor 1 the least. This is to be expected, as rotors 7 and
3 fail to cross-couple but both couple 4 pole fields strongly. Rotor 4 gives somewhat less
torque than rotor 3 which is consistent with it producing weak cross-coupling due to the
removal of one set of windings. Rotors 1 and 2 exhibit strong cross coupling hence the

smaller torques.

— For 8 pole simple induction torque: Rotors 7 and 3 gave the largest peak values, rotor 4
a little less, rotor 1 even less and rotor 2 the least. For similar reasons to the 4 pole test
the results for rotors 7, 3 and 4 are as expected. The very small torque produced by rotor
2 is a reflection of its relatively poor 8 pole coupling combined with its relatively strong
cross-coupling. In contrast, the performance of rotor 1 is similar in both 4 pole and 8§ pole

simple induction mode.
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— The differing magnitudes of the 4 and 8 pole simple mode results for rotor 7 reflect the

differing stator impedances for the two supply windings.
¢ Cascade induction mode:

— Rotors 3 and 7 showed no noticeable cascade torque. The torque-speed curves are essen-
tially the same as those obtained in simple induction mode. This confirms the absence of

cross coupling in these rotor designs.

— Rotors 1 and 2 showed strong cascade torque and rotor 4 showed weak cascade torque.
Rotors 1 and 2 both exhibit significant cross-coupling, therefore it is expected that the
cascade mode torque is relatively large. Rotor 4 only produced weak cascade action

because its cross-coupling is also weak.

— Asdiscussed in section|4.6 the cascade torque-speed curve consists of an induction machine-
like torque-speed characteristic at S00rpm (cascade synchronous speed for p; = 2, p, =

4 at 50 Hz) superimposed on top of the standard machine torque-speed curve.

— The amplitude of the cascade mode torque-speed characteristic is similar in magnitude to
the standard torque-speed characteristic at the machine synchronous speed. This is to be
expected as cascade mode in effect lowers the impedance of the rotor as the second stator
resistance and leakage inductance appear in parallel with the second stator magnetizing

inductance, see figure(4.9.

5.5.2 Calculated machine parameters from tables/5.1 and 5.2

¢ In consideration of the rotor resistance term, it is desirable to minimise this term as far as
possible as it directly impacts the efficiency of the machine. It is immediately apparent that
rotor |6 suffers from its large relative rotor resistance, which is particularly bad as this rotor has
the largest amount of copper of all the rotor designs. This confirms the point made by Hunt
that having a rotor design comprising of two three phase windings is wasteful of copper [48].
Rotor 2 has a relatively large resistance, however it suffers from having a relatively low amount
of copper in the design, as compared to |1l This was simply a consequence of manufacturing a
prototype rotor with a standard slot shape, and could therefore easily be overcome. If rotor [2
had the same cross-sectional area of copper as that of rotor 1, then the resistance would drop to
1.4%. Rotor 5/has the least resistance percentage, and rotor [1 somewhat higher, but still quite

acceptable.

* The values of percentage leakage reactance on the four rotors are similar. The slightly lower

value for Rotor|6/is not significant.
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* In contrast to the leakage reactance, the values of excessive rotor harmonic reactance differs
greatly between the 4 rotor designs. Rotor|6/has the least percentage value of excess harmonic
reactance of the four rotors. This is expected as this rotor has the lowest realistic value for
any machine of this frame size, as the rotor is comprised to two double layer windings which
therefore have a low harmonic content. Rotor|5/has 12% excess harmonic reactance which is
over 4 times the next highest value of 2.7% in rotor [1. This relatively high value of excess
harmonic reactance confirms the prediction in Broadway and Burbridge that a 6 bar cage rotor
suffers from excessive harmonic inductance [17, sect. 4.1]. Rotor [2| achieves a significantly
lower value than rotor |1, demonstrating that the better choice of coil pitch has achieved the
desired effect of reducing the harmonic content. It is desirable to minimise the value of the
excess leakage reactance percentage, not only to increase the available torque but also because

it represents some of the generated harmonic magnetic flux densities in the air gap.

5.6 Conclusion

In this chapter seven rotor designs have been considered including a new potential BDFM rotor de-
sign. Five of these rotor designs were manufactured and torque-speed curves were measured for 4
different operating modes. From these tests it is clear which rotors will cross-couple and, therefore,
are potential BDFM rotors, as predicted from analysis of the equivalent circuit in section|4.6. The use
of simple and cascade mode tests to qualitatively test potential BDFM rotors is therefore confirmed.

The experiments were complemented by simulation results obtained using the equivalent circuit
model and method of parameter calculation previously derived. The agreement between measured
and predicted results was within expected experimental errors and the limitations of the model. There-
fore it is possible to have confidence in the modelling and parameter calculation methods described
in chapter[2}[3, and 4|

The four rotors which show strong cross-coupling, rotors|1,2,5/and[6 were analysed by calcula-
tion of their equivalent circuit parameters.

Rotors|1 and|2 are both plausible BDFM rotors if the cross-sectional area of copper in each slot
is increased in rotor 2, Rotor [2 should lead to a rotor with a larger torque envelope, and greater
efficiency than rotor/1/which has twice the percentage excess harmonic reactance.

Rotor'5 might possibly be considered as a BDFM rotor as it will have low copper losses, however
its excessive harmonic reactance is very high, as expected, and this will not only limit the available
torque but also introduce unwanted magnetic flux density harmonics. Rotor 6 will not make a good
BDFM rotor due to its excessive resistance.

The rotors were evaluated by three measures. Of these measures, the ones providing the most

X, |
il and LRe/sil
Xy Xy 001X X

in each rotor. In terms of their effect on [Z, | the excess harmonic reactance percentage is the more

differentiation between rotors were taking into consideration the area of copper
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significant, as in a typical good rotor design (e.g. rotor (1) |Z,,| is dominated by the reactive parts.
Therefore both the excess harmonic reactance and leakage reactance are crucial parameters in the
design of BDFM rotors. The slot shape is the main controlling factor for the leakage reactance,
so this should be designed to ensure minimum leakage. The design of the rotor geometry (which
determines the rotor harmonic content) may, therefore, be evaluated using the percentage excess
harmonic reactance. However the reduction of the excess harmonic reactance must be weighed up
against any penalty in terms of rotor resistance. Rotor |6 illustrates the lowest realistic percentage
harmonic leakage reactance, however the penalty of increased rotor resistance is too great to make
the design viable. Rotor |2 achieves a significant reduction in percentage harmonic leakage reactance
(over rotor 1)), with no such resistance penalty.

Therefore, as rotor designs other than the nested-loop design achieve an improved BDFM perfor-
mance, the issue of rotor design is worth further investigation. The measures proposed may be used
by the designer to evaluate proposed rotor designs.

There are, however, limitations to the proposed methods of rotor evaluation. The most signifi-
cant are restrictions imposed by the design of the iron circuit in the machine. Designs aimed at the
reduction of leakage reactance may not be feasible as they will lead to either excess iron loss, poor
power factor or both. Furthermore the skin effect has been entirely neglected in this analysis. The
skin effect will increase the rotor resistance. This will not only have a direct effect on the efficiency

of the machine, but will also impact the value of |Z, |.



Chapter 6

BDFM Parameter Identification

6.1 Introduction

In chapter 2 a method of calculating machine parameters was presented. In chapters 2, 3| and [4/
different models were developed for the BDFM, and the transformations between these models de-
rived, thus allowing parameter values for these models to be computed using the method described in
chapter|2| These models included different equivalent circuit representations for the BDFM. Chapter
5| showed experimental torque-speed curves for five rotor designs using calculated parameter val-
ues. Although the agreement was reasonable, and well within the limitations of the instrumentation
and the parameter calculation methods, there is a need for a method of experimentally determining
parameters for the machine which leads to models giving closer agreement with experimental data.

Only two previous works are known which consider the problem of parameter estimation for the
BDFM, [80, 79]. These works use a frequency domain method to find d-q parameters for a prototype
nested-loop design machine. The methods are presented in some detail in simulation, and some (but
not all) parameters are estimated from a prototype machine in [79].

Although the method proposed in [80, 79] appears to generalise to a wider class of BDFM ma-
chines, a significant amount of equipment is needed to implement such a scheme: 10kHz multi-
channel isolated A/D, closed-loop external speed control for the test rig, variable frequency current
source supply for the BDFM [79].

A simple method of parameter estimation is therefore proposed. The method is based on curve
fitting torque-speed curves from both simple and cascade induction mode tests. This is a natural
generalisation of the standard no-load and locked rotor tests commonly used to estimate parameters
in standard induction machines.

The standard no-load test can be used to determine the stator resistance and magnetizing reac-
tance, and if the series stator resistance is measured with DC, then the core loss resistance term can
be estimated. The standard locked-rotor can estimate the rotor impedance; it works by assuming that

the magnetizing reactance is very much larger than the referred series rotor impedance, which appears

137



138 BDFM Parameter Identification

in parallel with the magnetizing reactance (and the core loss resistance). As discussed in section [4.6)
the BDFM can operate as a normal induction machine, in simple induction mode, and the no-load test
can be applied to get information for both stator supplies. However, as discussed in section 4.6, and
confirmed in section|5.5, good BDFM designs will generally have very high referred rotor impedance
in simple induction mode, therefore the locked rotor test will not be directly applicable. Although it
would be possible to perform the locked rotor test, taking into account the magnetizing reactance, the
actual rotor leakage reactances would be prone to large errors as they appear in series with the second
stator magnetizing reactance.

Even with the normal induction machine, the standard locked-rotor and no load tests are known
to give parameters which lead to models which have significant errors away from the operating points
at which the parameters were determined [111]. This problem motivated a number of papers where
output error minimization methods were successfully used [29, 66, 78]. As the BDFM is similar to
the standard induction machine, approaches of this nature should lead to acceptable results. It should
be noted that all the methods considered are off-line methods, which require a special experiment to
be performed on the machine in order to determine the parameter values. This is somewhat distinct
from on-line methods where no explicit experiment is performed, and parameters are estimated during
normal machine operation. There have been efforts to address this (rather more difficult) problem for
the induction machine, a recent example is [23].

We begin by describing a new optimization method.

6.2 Parameter Extraction Optimization Method

6.2.1 General Optimization Problem

The optimisation problem to be solved is a non-linear least squares problem, and can be stated as:
GivenY; e R\, PeR", U e R F,: P,U — R¥,i <1

)
Find P: min Y S|¥ — F(P, Ul 6.1)

PEWB+P “—
where F; is a function which estimates the i measured output for a particular parameter vector, P.
U is a matrix of input data points where each row is an individual data point. Y; is a vector of the
measured i output data due to U. There are k input/output data pairs and m different measured inputs
(i.e. U has k rows and m columns). S; is a scalar weight applied to the i™ output error. So there are n

parameters, m inputs, k data points for each input, and [/ outputs. Furthermore, F; is defined as:
Ji(P,uy) Uz
F,(P,U) = : ; U=|": (6.2)
Ji(P,ug) Ug
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where fi : P,u; — R

WB + P, represents the set of possible parameter values chosen from a rectangular set (as B
is a hypercube), centred on Py with corners at Py £ diag(W). Clearly the value of P that gives
the minimum cost function value will, in general, not be unique. As stated this is a non-convex
optimization problem, and therefore difficult to solve [123].

In order to solve this optimisation problem we use a simple (or crude) random search (also known
as a ‘Monte Carlo’ method). For practical and theoretical details of the algorithm see, for example,
[123]. The principal advantage of a simple random search, for our purposes, is its strong resilience
to measurement noise and modelling error while guaranteeing convergence to the global minimum.
Furthermore, because it requires no gradient information, there is no need for any a priori information
about the particular cost function. It can be shown that without any such information, a simple random
search is as efficient as any other method, in reaching the global minimum [44]. The simplicity of the
algorithm means that implementation is straightforward and, because the method does not depend on
the cost function chosen, the algorithm can be applied to different cost functions without modification.

The search is performed across WB + Py to find Q = {qi,--- ,gn} where QO : Z;":l Si|Y; —
Fi(g,U)|» < y, where y > 0 is an acceptable value for the cost function to take. We generate
guesses for candidate ¢, s using the Mersenne Twister [71], a fast uniform random number generator
with a long repetition period. Having found Q we then find the, g, corresponding to the minimum
cost, Kpyin. This gy, called gy henceforth is an estimate of the global minimizer and K, an esti-
mation of the global minimum. Furthermore the standard deviation of Q gives an indication of how
much confidence one should have in taking g, as the global minimum.

Although the efficiency could be increased by using a multi-start, (see [123] for details) or prob-
abilistic branch and bound algorithm (such as [106]), the additional complexity of the algorithm, and
requirements to have some appreciation of the modelling error and noise, make these algorithms less
appealing than they might first appear. Furthermore there is a tradeoff between increased complexity

in the algorithm versus the decreased number of iterations required.

6.2.2 Application to BDFM

Notice that thus far it has not been necessary to specify what the measured outputs Y are, or either
what the estimation functions F are.

We desire to choose the inputs and output such that they are easy to measure ‘terminal’ quantities.
Therefore we are restricted to the stator voltages, currents, the torque and the rotor speed. Furthermore
due to the substantial difficulty of trying to measure the phase difference between stator 1 and stator
2 quantities we restrict ourselves to magnitude measurements of stator 2 quantities.

Having decided what quantities to measure, it is necessary to consider what parameters are sought,
and determine whether or not finding the parameters uniquely is feasible. The problem of whether or

nor the parameters may be determined uniquely from any set of experiments is known as ‘identifia-
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bility’.

Recognising that the equivalent circuit can predict the behaviour of the machine in both simple
induction and cascade modes, we propose then an approach based on the extraction of parameters
from measured torque-speed characteristics of the kind shown in figures|5.845.11. This approach has
the advantage that a single frequency supply may be used to perform the tests. This is in contrast
to the only previously published works on BDFM parameter extraction, [80, 79], where a method
requiring operation at a range of different supply frequencies is proposed.

Nevertheless, not all the inductance terms in the equivalent circuit shown in figure can be
unambiguously determined from external measurements. Figure 6.1/ shows equivalent forms of the

‘T’ and ‘I"” networks, details can be derived using, for example, [20].

X1X2 2
( . —1)){1 X, — Xm
X1 — Xm X2 — X Xm X
. ) . . XZ
m
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O O O O
|, Xm P Xm
Xl Xl

Figure 6.1: Equivalent forms of ‘T” and ‘I"” networks
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Figure 6.2: Simplified Referred Per-Phase Equivalent Circuit

Using figure 6.1, figure 4.9 may be transformed into an alternative form of the equivalent circuit
as shown in fig. 6.2 for which all component values can be determined from the estimation procedure,

as the number parameter has reduced. A similar modification was proposed by Slemon in the case
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of parameter determination for the equivalent circuit for the standard induction motor [98]. For the
circuit to be electrically equivalent to that of fig. the parameters, and turns ratios, will assume

slightly different values:

Ly, W
" Li+ Ly, Ly+ Ll
R/
R, = N—r2 Ly, =Lnu + L (6.3)
Ny N?
L;’:lZn = L;Zm Rgn = Rg N2
L + L, Ly
;:g_lﬂnm"‘ 2L
n N(% NaZ 2n

However, in a BDFM the referred series rotor inductance is likely to be larger than the series
stator inductance so differences in inductance values between the two circuits will be small. Direct
measurements of rotor bar currents, for example using techniques described in [1, 83], would enable
all parameters in fig. 4.9/to be determined.

In simple induction mode operation there are 2 inputs, 3 measured outputs, 4 parameters, and N,
data points. The subscript simple/1 is used to indicate simple induction mode referred to stator 1. Y

is chosen as follows:

T {111}
Ysimple/I] = s Ysimp]e/12 = (64)
T N{IL}
{11} o Vi
Ysimple/l3 = ’ Usimple/l = (65)
S{1x} o Vik
R,
R’
Pimplert = ' (6.6)
L +1L,
L,

Fimple/1, can be derived from the referred equivalent circuit, figure 6.2, taking I3 =

T = fsimple/ll (Psimple/] s usimple/l) (67)
R{I1} = foimpter1, (Psimples1» Usimple/1) (6.8)

S{h} = fsimple/l3(Psimple/l ) usimple/l) (6.9)
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If Ugimpies1, is chosen so that the BDFM is exercised over a range of speeds such that the slip
varies substantially, say from 1 to -0.5, it can be shown from the equivalent circuit that each fimples1,
depends strongly on each element of Pgnpie/1, Which suggests that there is a unique Pgiypie/1 Which
solves the optimization problem. However due to the presence of measurement noise and modelling
error this will not necessarily be the case. Solving this optimization problem as outlined in section
6.2.1 gives the parameters indicated in (6.6).

However we have not used | V| as one of the measurable outputs. It can be seen from figure 6.2}
with V) = Vz% (from figure 4.9):

N, )
IVzIV = |l,wi|L,, (6.10)
2

and the ratio of the turns ratios, x—; is unknown. Therefore all that can be achieved is the determination
of %Lmz- It is proposed therefore that, having determined the optimal parameter set, linear least-

squares is used to determine x—fLmZ:

. [Vai] |1 o
L =ATAHTAT| |, A=
Ny

[Var] |1 1]

and |/] ;| are calculated from figure 6.2 using the optimal parameter set.
In cascade induction mode operation there are 2 inputs, 4 measured outputs, 6 parameters, and
N, data points. The subscript cascade/1 is used to indicate simple induction mode referred to stator

1. Y is chosen as follows:

Ty R{Lhy)
Yeascadert, = | 1 | Yeascader1, = : (6.11)
T} R{l}
{11} |12
Yeascader1; = : ) Yeascaderty, = | (6.12)
St | 1o |
e
o1 Vi Rf
Ucascaden = | S Peascadenn = 5r (6.13)
ore Vir er/l
Ny
L ™ |
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Fiimples1, can be derived from the referred equivalent circuit, figure 6.2 taking V) =0:

T = fsimpler1, (Psimple/1 > Usimple/1) (6.14)
R{L1} = fimptert, (Psimples1 Usimple/1) (6.15)
S} = feimplerty (Psimple/15 Usimpler1) (6.16)

|I2] = fsimpter1, (Psimples1 Usimple/1) (6.17)

As for the simple mode Ucyscader1; 18 chosen so that the BDFM is exercised over a range of speeds
such that the slip (4.32) varies substantially. It can be shown from the equivalent circuit that each
Seascades1; depends strongly on each element of Peyscadesi- HOWevVer feascades1; also depends on L,
and it is not possible to determine this from the measured outputs. Therefore the value extracted
from the simple/2 is used, and is explicitly included in feascader1;- In these circumstances there is a
unique Pyscader1 Which solves the optimization problem, with the same caveat regarding noise and
measurement error as in the simple mode procedure. Again the optimization problem is solved as
outlined in section 6.2.1 giving the parameters indicated in (6.13).

Although the original problem contained S;, a weight, it is set to unity without exception for
the applications described. The choice of weight can improve the algorithm by compensating for
different scaling of the measured outputs, for example if | V,| had been included as a measured output
then it would have been appropriate to scale down the effect of the error on this measurement as it is

typically 2 orders of magnitude larger than the other measured outputs.

6.3 Parameter Estimation Results

The method was applied to data similar to that shown in figures|5.845.11. Each data set had between
10 and 20 data points. When solving the optimization problem, in order to minimise the execution
time of each random test point the mathematical functions governing the behaviour of the machine
were simplified as far as possible using the symbolic maths package Maple, and then hard coded in
a C function along with the random number generation code. This function was then called from
Matlab. With this implementation it was possible to achieve 4 x 103 tests per second on a 2.8GHz
Pentium 4 in cascade mode, and slightly more in simple mode.

As an indication of the time taken to solve the optimization to satisfactory accuracy, it took ap-
proximately 9 x 108 tests, taking around 40 minutes, to generate 10 candidate solutions of suitable
accuracy for rotor|1. Tables|6.1,[6.2 show data from simple induction mode and tables 6.3 and
from cascade induction mode. The tables show the results of the optimization, along with the standard
deviation taken over the best 20 results. The standard deviations are generally considerably smaller
than the estimated parameter values, which indicates that the noise level in the measurements is suffi-

ciently low to have confidence in the results, and that the parameters can be uniquely determined. As
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Rl R;n L;n + LZlZu Lml” L;;Qn x_f
(€2) (€2) (mH)  (mH) (mH)

Rotor |1} nested-loop rotor design

Opt: 4.02 1.2 120 240 137
Std. Dev.:  0.0243  0.00769 0.204 0.0507 0.00879

Rotor[2! new double-layer rotor design

Opt: 3.52 3.1 65.5 260 105
Std. Dev.:  0.0384  0.0306 0.246 4.44 0.547

Rotor |3} isolated loop rotor design

Opt: 3.28 1.36 26.1 252 5.46
Std. Dev.:  0.0548 0.00627 0.199 5.19 0.00855

Rotor/4} isolated loop rotor design with removed loops

Opt: 3.75 2.12 48.2 240 41.1
Std. Dev.:  0.112  0.0553 0.509 11.9 0.276

Rotor|7; standard cage rotor design

Opt: 3.54 0.486 22.8 253
Std. Dev.:  0.049  0.00705 0.202 17.7 0

Table 6.1: Parameter Extraction in simple induction mode with 4 pole supply

an additional measure of effectiveness, the algorithm returns the value of the minimised error which,
if suitably normalised, gives a measure of fit ‘quality’. This value could be normalised against the

experimental data if required.

6.3.1 Comparison of data obtained using estimated parameter values with experimen-
tal data

In order to verify the machine parameter values estimated by the technique described, the parameter
values tabulated in tables to were used in the BDFM equivalent circuit model given in figure
6.2 to generate torque-speed data.

The generated torque-speed data was produced at a constant 90V s (phase) stator 1 supply, with
stator 2 short and open circuit, to give simple and cascade induction modes. The data was calculated
for the 4 pole winding being stator 1 and then for the 8 pole winding as stator 1.

Figure 6.4 shows the same experimental data used in figures 5.8]to overlayed with the calcu-
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/ / / N
Rl R;n Lrn + L"/72n Lml" L’7/12)1 N_?
(€2) (€2) (mH) (mH)  (mH)

Rotor|1: nested-loop rotor design

Opt: 5.58 2.52 507 267 300
Std. Dev.: ~ 0.089 0.0273 1.92  0.692 11.4

Rotor[2: new double-layer rotor design

Opt: 6.21 30.8 1460 246 491
Std. Dev.:  0.0502 0.314 742 0.27 2.53

Rotor|3: isolated loop rotor design

Opt: 5.46 14 203 272 6.6
Std. Dev.:  0.0419 0.0624 0.464 0.625 0.082

Rotor/4: isolated loop rotor design with removed loops

Opt: 5.99 324 501 268 914
Std. Dev.:  0.0847  0.411 346  0.81 0.313

Rotor|7: standard cage rotor design

Opt: 5.08 242 78.9 266
Std. Dev.:  0.0895 0.0306 0.374  5.06 0

Table 6.2: Parameter Extraction in simple induction mode with 8 pole supply
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/ / Vi Vi Ny
Ry R, L. Ly, R, L M

map N>

(€2) (€) (mH) (mH) (€2) (mH)

Rotor(1} nested-loop rotor design

Opt:  3.63 1.26 351 277 2.46 101 0.685
Std. Dev.:  0.106  0.038 0.379  27.1 0.0628 3.83  0.0131

Rotor 2} new double-layer rotor design

Opt: 3.6 292 274 299 0.716  40.8 0.408
Std. Dev.:  0.125 0.0673 0.386  32.8 0.0197 1.55 0.00788

Rotor|4} isolated loop rotor design with loops removed

Opt:  3.61 2 398 266 0.188 7.6 0.169
Std. Dev.:  0.176  0.0699 0.986  26.1 0.0223 0.681 0.00718

Table 6.3: Parameter Extraction in cascade induction mode with 4 pole supply

Ry R, L. Ly, R, L, o

n Tn may N>

(€2) () (mH) (mH) (€2)  (mH)

Rotor|1: nested-loop rotor design

Opt:  5.79 282 729 288 7.25 391 1.41
Std. Dev.:  0.213 0.0951 0919 195 028 255 0.0447

Rotor2: new double-layer rotor design

Opt:  5.39 235 189 281 229 1640 2.51
Std. Dev.: 0391 0377 127 552 0487 394 0.0301

Rotor/4: isolated loop rotor design with loops removed

Opt:  7.61 23.1 337 264 16.7 607 1.59
Std. Dev.:  0.297 1.02 577 3.15 0.815 30.1 0.0385

Table 6.4: Parameter Extraction in cascade induction mode with 8 pole supply
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lated torque-speed data.

The figures show a generally good agreement between predicted and measured data, and show
that the use of parameter values determined by the estimation technique, yield more accurate results
than those derived by calculations in some cases. This is, of course, to be expected.

To illustrate the applicability of the parameter extraction method beyond the prediction of solely
simple and cascade induction mode torques, the parameters estimated from 4 pole cascade mode,
given in table|6.3, were used to predict the maximum and minimum torque envelope for the prototype
machine with rotor [1. The parameters were used in the equivalent circuit model, and the model
solved to find the peak torque values for given supply voltages, over a range of shaft speeds. The

stator 2 phase voltage magnitude was set as max{220 , 20.7}, that is linearly proportional to the

L
fi

supply frequency with a ‘boost’ at lower frequencies. The stator 1 supply phase voltage was fixed
at 220V, and 50 Hz. It was chosen to measure the maximum and minimum values of the torque,
thus each data point was well defined for given supply voltages and frequencies. Each data point was
measured by increasing the load torque (or generating torque) until pullout occurred and recording
the final torque value immediately prior to pullout. For some operating points the machine dynamics
were very lightly damped, or unstable, therefore it was necessary to use the feedback control scheme
proposed in section|7.7]to restore stability. The process was repeated for a range of shaft speeds. The
experimental apparatus used is described in appendix [E.

Figure [6.3/ shows the experimental results (blue crosses), with the simulation results overlaid in
red. The agreement between the experimental and simulated results is very good. The experimental
torque values are less than those predicted from calculation, however this is to be expected as the
peak torque value is practically unattainable (although one should be able to get arbitrarily close).
The structure in the plot at around natural speed (500rpm) could have been eliminated by making the
voltage boost suitably asymmetric about natural speed.

A comparison of calculated and estimated parameter values will now be made.

6.3.2 Comparison of estimated to calculated parameter values

Table [6.5] shows calculated parameter values for the prototype machine with rotors [1} 2| [3/and 7 in
the form of the equivalent circuit shown in figure 6.2 These parameter values were calculated using
the conversion formulae, (6.3), from the parameters presented in table|5.1/and, in addition, parameter
values are given for rotors|3 and |7, which were calculated in the same way.

However, as discussed in chapter|5, rotors|3/and[7|do not cross-couple, therefore parameter values
are only given for simple induction mode.

Rotors (1, [2] and [4] cascade induction mode parameters will be compared, as the cascade mode
parameters are a superset of the simple mode parameters. Simple mode parameters will be compared
for rotors 3/and |7}

We first consider the self-consistency of the estimated parameters. If the machine considered is
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Figure 6.3: Experimental verification of the parameter extraction procedure: maximum synchronous
torque envelope with varying rotor speed for rotor 1] (‘nested-loop’ design) with the 4 pole winding
supplied with nominally 220V (phase), the 8 pole is supplied with a const. V/f law with boost, i.e.:
Vs = max{220
are those of table Where the red line is dashed, it was not possible to experimentally determine

L
fi

, 20.7} (solid lines, with experimental points marked). The parameters values used

the pull-out torque due to insufficient dissipative power in the experimental test rig.

precisely modelled by the equivalent circuit form given in/6.2, then parameter values estimated for the
machine supplied from stator 1 or stator 2 should give identical results. Furthermore, these results are
related by the square of the turns ratio, N;/N?2. The results of parameter estimation when the 4 pole
winding was supplied should be equal to the results when the 8 pole winding was supplied divided by

the square of the turns ratio.

For rotor 1 the errors ranged from 0.5% to 45% across the different parameters, for rotor 2 the
errors ranged from 0.6% to 20% and for rotor 4] the errors went up to 1500%. These results are
expected as rotor 2 has only one set of 6 rotor coils and should therefore be precisely modelled. Rotor
1 has 3 sets of 6 rotor coils, the inner, middle and outer loops of each ‘nest’ and although it was
shown in chapter|3 that using the proposed model order reduction technique leads to relative small
modelling errors, errors are nonetheless present, and these are reflected in the inconsistency within
the parameter values. Rotor |4, has 2 sets of 6 rotor coils, however the coils are not arranged in a
manner which leads to good BDFM behaviour, as can be seen from the cascade mode torque-speed

curves. It is therefore unsurprising that the machine with this rotor is not well modelled by the circuit
of figure
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We now compare the cascade induction mode estimated parameters for rotors |1 and|2 with those

found by calculation.

* The magnetizing inductance, L,,,, is between 5% and 10% higher in the calculated parameter

values, this is most likely due to the effective air gap being larger than that estimated.

e The ratio N1/N; is in close agreement for both rotors|1 and 2, with the error ranging from 1%
to 8%.

* The estimated leakage inductance terms, L;n, are within 20% of their calculated values for rotor

[2, and within 8% for rotor/1.

* In both rotors |1 and|[2, the value of L/ ,, 1s subject to the greatest percentage error, suggesting

that the parameter estimation method is relatively insensitive to changes in this parameter value.

* The resistance values are universally higher for the estimated parameter values, which is ex-
pected as the calculated resistance values were calculated at room temperature. The estimated

values are consistent with an approximately 80 °C rise in temperature, which is plausible.

From the simple induction mode estimated parameter values we may note the following:

* The estimated magnetizing inductance, L,,,, is generally lower in simple mode than cascade
mode. This suggests that in simple induction mode, the cost function chosen is relatively less
sensitive to the value of L,,,, . The error is particularly noticeable for rotor|7, the standard squir-
rel cage rotor, which suggests that the effective air gap for the cage rotor may be significantly

greater than estimated. This could be the result of localised saturation in the rotor slot bridges.

* The leakage inductance, L, , and rotor resistance estimates for rotors 4 and[7|are up to 100%
in error. For rotor|7 the Boucherot slots will inevitably lead to increased error as the resistance
changes substantially (by design) with shaft speed. However, the errors for rotor [4 are likely
to be due to poor quality data, as the results from rotors|1/and 2 are somewhat better in simple

induction mode.

6.3.3 Comparison of estimated parameter values to manufacturer’s parameter values

In the case of rotor 7, the standard squirrel cage rotor, it was possible to compare estimated parameter
values against those given by the manufacturer. The details of this comparison can be found in
[87], where the conclusion was that there was a close agreement, thus corroborating the parameter

estimation method.
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(d) Cascade induction mode, 8 pole winding supplied

Figure 6.4: Torque-Speed plot in simple induction mode with nominally 90V,,,; phase supply volt-

age. Rotors as described in section 5.1. Experimental results with calculated results using estimated

parameter values superimposed.
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’ l " " Ny
R R L, Ln, Ry L il

T'n T'n

() () (mH) (@mH) () (mH)

Rotor 1} Referred to 4 pole side 2.7 0969  37.3 310 2.16 159 0.703

Rotor 1} Referred to 8 pole side 4.37 1.96 75.4 322 545 627 142

Rotor 2} Referred to 4 pole side 2.7 2.08 22 317 0.62 46.8 0.377

Rotor 2! Referred to 8 pole side 4.37  14.7 155 329 19 2230 2.65

Rotor 3} Referred to 4 pole side 2.7 1.01 225 315 - - -

Rotor 3} Referred to 8 pole side 4.37 9.2 213 328 - - -

Rotor 7t Referred to 4 pole side 2.7 0.522 354 364 - - -

Rotor 7; Referred to 8 pole side 4.37  1.54 105 377 - - -

Table 6.5: Calculated parameters for the equivalent circuit representation given in figure

6.4 Relationship of extracted parameters to the d-q axis model

Before concluding this chapter, it will be useful to relate the estimated parameters back to those used
in the d-q model. The first stage in this process is to convert the equivalent circuit of figure to the
coupled coil equivalent circuit representation of figure [4.3.

The left hand side of figure|6.2 may be transformed into a coupled coils representation, using the
“T” equivalent form, but with the left hand inductance zero. The ‘T’ equivalent form is given by figure
with N = 1 and L, = M. This transformation, and un-referring R, gives the representation
shown in figure[6.5)

I R L,” Ry, $2/s1 1,
o)
L T
L] L]
52
V . Vo —
! ]wle]n 2S1
o o)
NNy
NoN,

Figure 6.5: An equivalent form of figure|6.2

The right hand side of figure (6.5 may be transformed to coupled coils form again using figure
4.6 We temporarily define iza = —I, Vo, = —V,, convert transformer and inductor of figure 6.5/

2
into coupled coil form, using MN = L,,,,", L, = M/N = L,," (%f%‘b‘) and L; = MN. To
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reinstate V5 and I, we redefine them to be equal to V, and fza respectively. Alternatively the original

sign convention could be maintained by changing the sign of M, this can be deduced from figure 4.5

These manipulations lead to figure 6.6.

Lo, R
I R, oo, R/ L,
o= ] A I
L] L]
1% ) .
! .]wlel,l ]wl(Lml,, + Lr,,,)
o
//NZNH
may
b, Ry, 2/s51 Ny L,
o= | A
L] *
52
Vg NaN,\2
jwi L, " “ jwi Ly, "
J@1Limy, (Nle J@1Lmy,
o

Figure 6.6: A further equivalent form of figure|6.2|

Figure|6.6/may be represented as the following matrix equation:

Vi L, 0 L, R, 0 0 I
2
_1; s NN, s NoN,
Vo |=ljor| o0 ;—;Lmzn”(Nho) 1L, Mo +10 R, 0 b,
0 StLmy,  $1Ly, " 51(Lmy, + Ly 4 L, ") 0 0 R, I
(6.18)

Equation (6.18) is in the same form as equation (4.36), if the complex conjugate is taken of each side

and the voltage and current symbols redefined.

Tracing back through the derivation of section (4.3} in particular from equation (4.31), with equa-

tions (4.15), (4.16) and (4.17) we may disaggregate the mutual inductance, ‘Q’, and resistance matri-

ces. Therefore equation (6.18) may be re-written as:

Vi I
V| =(R"+ 0.0 + jo,M™) | I, (6.19)
0 I'{Il
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where:
R, O 0
R"=|0 R, O
0 0 R;n
L,
Mt=1| 0

Q+

In

Lmln

_pleln
= 0

0

2
jszmZnH (1/\\;?%2) jszmZn

0

0

Lmln

1t NaNg
N1 Np

map

(L, + L, + L,")

_jpleln

0

1t Na Ny
N1 Ny

Following back the derivation in section [4.2] which leads to the d-q axis version of the BDFM

model in section we may deduce the rotor reference frame d-q axis model:

L, 0 0 0 L, 0
0 Liny, 0 0 0 Ly,
vdqu 0 0 L 1 NaNg 2 0 L 1 NpNq 0
man (N]Nb) man NiNj, d
Vdgsn NyNg )2 NN, =
OY 0 0 0 Liy,” (N?NZ) 0 —Lmy," NNy dt
No N,
Lmln 0 LmZVL " N?NZ 0 (Lmln + L;n + LmZn /,) 0
NoN,
L 0 Lmln 0 _Lm2n ! N?NZ 0 (Lm]n + L/rn + LmZn ”)_
o0 P1Lmy, 0 0 0 pilmy, ]
—p1Lmy, 0 0 0 —p1Lmy, 0
2 ,
N, N> N, l
» 0 0 0 P2Lm2n " (NTNZ) 0 7P2Lmzn " N?NII: .dq“ +
r 0 0 oL 7 NaNa 2 oL 7 N2Na 0 ldgsp
P2Lmy, N1 Np P2Lmy, NNy id‘]r
0 0 0 0 0 0
L 0 0 0 0 0 0 a
Ry O 0 0 0
0 R 0 0 0|
Ldgs,
0O 0 R, 0 0 0"
idg, | (620)
0 0 0 R, 0 0"
ldq
0 0 0 0 R 0 ’
0o 0 0 0 0 R,

6.5 Conclusion

In this chapter a new method of estimating parameters for the BDFM, and indeed standard induction
machines has been presented. The method is capable of producing all parameters needed for the
referred equivalent circuit, and care has been taken to ensure that the precise meaning, and relationship
to other forms of the equivalent circuit, has been maintained.

The parameter estimation method has been demonstrated on five of the seven rotor designs con-
sidered in chapter [5, as the remaining two rotor designs were not manufactured. The parameter

estimation method has been shown to yield parameter values which lead to a model, the outputs of

ldgs
ldgsy
id‘]r

+
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which were verified by independent experiments at different operating conditions, and shown to be in
reasonable agreement. Furthermore, where possible, the parameter values were compared with those
provided by the manufacturer, and found to be in reasonable agreement.

The estimated parameter values were compared with those calculated using the method described
in chapters|2,/3 and 4, The parameter values were shown to be in good agreement generally, particu-
larly so when estimated from cascade induction mode tests. The parameter values were demonstrated
to give accurate predictions of the maximum and minimum torque envelope. The agreement of the
parameter values increases confidence in the accuracy of the parameter calculation method, includ-
ing the calculation of excess harmonic inductance, which it was argued is a significant parameter in
BDFM design.

The chosen solution method to the optimization problem posed by parameter estimation was
found to be acceptable. However, particularly when solving the problem of finding cascade induction
mode parameter values the crude random search algorithm was found to be relatively slow, as the
parameter space is much larger. A significant decrease in computational time was achieved by stop-
ping the random search prematurely and then using a gradient-based algorithm. The gradient-based
algorithm was started at the best 1000 points found by the crude random search. The disadvantage of

this approach was that the information gained by the standard deviation was largely lost.



Chapter 7

Modelling for Control of the BDFM

7.1 Introduction

In the chapters 2,3 and [4/dynamic and steady-state models have been developed for the BDFM. In
chapter 4/the BDFM was analysed in steady-state and then from that steady-state analysis new rotor
designs were considered in chapter|Sl We now turn our attention to dynamic analysis of the BDFM,
and use this to assist in the design of controllers.

In order to progress the BDFM towards commercial service, not only must the machine be de-
signed to give best possible performance in terms of high efficiency, high output power, and other
steady-state measures. However as a prerequisite, the machine must be fully controllable so that it
can always maintain these desired operating conditions. Typically these two demands tend to be at
odds with one another. For example, as the resistance of the machine windings decreases, the effi-
ciency will increase. However it will be shown in this chapter that as the resistance decreases the
system dynamics become more lightly damped.

For example, as a wind turbine generator, the machine must operate at a specific shaft speed to
gain the maximum power output from the turbine, while also maintaining a desirable power factor
[8]. Similar requirements apply for variable-speed drive applications, such as pump drives [10].

There is therefore a need for robust control algorithms which can regulate the desired quantities.
Unfortunately, as noted in chapter 2, the BDFM dynamic equations are non-linear and time-varying,
from equation (2.59). Although the transformation to a d-q reference frame synchronous with the
rotor in chapter|3/removed the position-varying parameters, the model remains non-linear (the torque
equations) and parameter-varying (dependence on shaft speed), as shown in equations and
(3.40).

Although there are some systematic design procedures for designing non-linear control laws,
they generally apply to a tiny subset of non-linear systems encountered, and vary significantly in their
performance. This is in contrast to linear systems theory which has a rich set of design methods.

The array of advanced linear design tools motivates the derivation of a linearized model, even

155
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if this model will have significant limitations. Although it is possible to linearize any sufficiently
smooth system, the resulting linearized system may be time varying, even if the original system were
not explicitly so [26, p. 18]. However, it will be shown that by careful choice of reference frame it
is possible to derive a linearized system where the coefficients are constant under certain conditions,
and furthermore these equilibrium conditions consist of constant valued inputs. This is in contrast to
the only other presented linearized model for the BDFM (which incidentally only applies to a subset
of the class of BDFMs analysed here) where the inputs required to keep the shaft speed in equilibrium
are sinusoidally varying quantities, thus rendering the linearized system time varying [61]. We will
show that in the special case that the machine being analysed has only a single set of rotor circuits,
then the linearized model is in a similar form to that derived for the single frame cascade induction
machine, [24, 25].

The derivation of a model where constant-valued system inputs are required to hold an operating
point was first proposed in [130]. Such a model is known as a synchronous reference frame model
as the chosen reference frame is in synchronism with the currents. However in [130] only a current-
fed model is presented, and it only applies to a subset of the class of BDFMs considered in this
dissertation. In this chapter we derive a synchronous reference frame model for the entire class
of BDFMs analysed in chapter 3. We also describe a direct, systematic method for determining
equilibrium conditions that, in contrast to [60] does not require gradient-based optimization, and
gives all possible solutions.

We then show how the linearised model can be used to design linear control laws for the BDFM.
The approach adopted assumes that the objective is speed regulation which should be robust to
changes in load torque. This objective covers a wide range of applications.

A simple linear controller was proposed for the BDFM in [127]. However no analysis was pre-
sented, and the performance of the controller is significantly worse than that obtained here. We also
demonstrate the efficacy of the linearized BDFM model, comparing it against the models of chapters

2 and |3 and against experimental results obtained for the prototype BDFM with rotor 2.

7.2 Synchronous reference frame model

We now derive a synchronous reference frame model for the class of BDFMs analysed in chapter
The approach used, although related, is somewhat different to that used in [130], specifically because
we present a general transformation for voltage source models, where in [130] it was necessary to
separate rotor current components into those induced from stator 1 and 2 respectively, in order to
derive the synchronous reference frame model.

The d-q model derived in chapter|3 was aligned to the rotor angular position, which, we showed,
removed the dependence on rotor position from the mutual inductance terms. Nevertheless, when

the machine is running in equilibrium, that is at a fixed shaft speed in the synchronous mode of
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operation, the currents are not constant values. However, during the derivation of the steady-state
equivalent circuit representation, it was shown in section [4.3 that under BDFM synchronous oper-
ation, the frequencies of currents in the two stators, and in the rotor, are the same in the d-q rotor
reference frame.

This fact suggests that if the reference frame is rotated so that it is in synchronism with these
currents, then the equilibrium value of the currents will become constant values. It was derived in
section 4.3|that when the BDFM is running in synchronous mode, that is, the shaft speed is related to
the supply frequencies by:

w1 + wy

= 7.1
p1+ p2 -1)

r

then the frequencies of the currents in both stator windings and the rotor, in the rotor reference frame

are given by:
w5 = p1w, — W] = —prw, + @ (7.2)

Hence we expect that if the reference frame is rotated by [ w,dt, then the currents will be constant
value in equilibrium. In order to rotate the reference frame we define a transformation matrix for each
d-q pair which is a rotation matrix that rotates the signals by fot wydt.

However, from (7.2), w, may be expressed in terms either of w1, the stator 1 supply frequency, or
s, the stator 2 supply frequency. It makes most conceptual sense to define the transformation matrix,
and therefore the synchronous reference frame, in terms of the stator 1 supply, which it is (initially)
assumed is of fixed frequency as it is grid connected.

The transformation matrix for the stator 1 supply may now be defined:

cos(prfy — it +y)  sin(pify —ont +y) 0
Tsync(y) = | —sin(p16, — w1t +y) cos(p16, —wit+y) O (7.3)
0 0 1

where y is some constant angular offset.

It is straight forward to show that equation (7.3) transforms stator 1 rotor reference frame voltages
to constant values. The results of the transformation are given in table[7.1|

In order to transform the stator 2 voltages and currents, the same form of the transformation
matrix is used, however the direction of rotation of the transformation matrix must be reversed. This
is because the stator 2 voltages and current rotate around the machine circumference in the opposite
sense to the stator 1 voltages and currents in the rotor reference frame. This point was discussed in
more detail in section|4.3] As is a rotation matrix, the inverse (or equivalently the transpose) of
the matrix represents a rotation in the opposite sense.

In order to transform the rotor currents, the same transformation as used on stator 1 is applied.

This is because when the rotor currents were transformed from their real values into the rotor reference
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frame d-q model, in section|3.3, the transformation matrix used, equation (3.5), was defined using the
pole-pairs corresponding to stator 1. Had equation (3.5) been defined using stator 2 pole-pairs, then
the direction of the rotation of the rotor currents in the rotor reference frame would have been re-
versed and consequently the required rotation direction to transform the current into the synchronous
reference frame would also have been reversed.

We will refer to this new reference frame where the currents and voltages assume constant values
in equilibrium, as the synchronous reference frame in the sequel.

There is one additional degree of freedom in the transformation into the synchronous reference
frame which has not yet been discussed. That is the constant angular offset, y. y can be used to align
the stator 1 and stator 2 d and g axes within the synchronous reference frame. We may exploit this
fact to simplify the synchronous reference frame model equations by rendering some (or possibly all)
the stator-rotor mutual inductance terms diagonal. For the rotor transformations we choose y = 0
exclusively.

Table 7.1 (found at the end of the chapter) summarises the stator transformation matrices and the
corresponding voltage waveforms in the synchronous reference frame. For convenience the trans-
formations from terminal quantities to the d-q rotor reference frame, equations and (3.2), are

repeated too.

7.2.1 Transformation from the rotor reference frame to the synchronous reference

frame

In section [3.3/the d-q axis model in the rotor reference frame was derived. The final form of the
model was given in equation (3.35). In order to transform the rotor reference frame d-q model into
the synchronous reference frame we need to define the complete transformation matrix, which will
comprise of N + 2 copies of (7.3) along the diagonal, where N is the number of sets of rotor circuits,
as discussed in section|3.3. As discussed in the preceding section the phase offset, y is set to zero for
the rotor circuits, and to values which diagonalize the stator-rotor mutual inductance matrices in the

case of the stator transformations. The full transformation matrix is:

_Tsync (d)l 1 ) 0 0
0 Tsync(¢21)_l 0 0
0 0 Tiync(0) 0
Tome=| | , g (7.4)
0 Tiync(0) 0
L 0 0 Toync(0) ]

where ¢, and ¢,, are the angles of the first stator-rotor mutual inductance for stator 1 and 2 respec-
tively as used in equations (3.26) and (3.27). The use of the inverse transformation for stator 1 reflects

the opposing direction of the currents
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The d-q model in the synchronous reference frame may now be derived. From (3.35):

s .S
quosl d ldqosl
s I o -1 lrad g1 lrad a1 .5
vquSZ - (szncqu ‘]sync + a)r-/sync qusznc + JS}’HCqu dt sznc) ldq()sz +
0 ;s
dq,
i
d dq0y,
lad -1 .5
sznchq sznca lquSZ (75)

Y
Lag,

where My,, Qu,, Raq are given in equation (3.35), and v} 40,1 denotes the stator 1 supply voltage
vector in the synchronous reference frame, as given in table 7.1/ Similar notation is used for the other

voltages and currents.

The torque equation in the rotor reference frame is given in equation (3.38). Transforming into

the synchronous reference frame gives:

T
Y Y
ldqo.vl O 0 qusrl ldq()xl
_ .5 lrad -1 .5
T, = 5 | tdq0,, Jsync 0 0 Quqy | Tsyne | Lago,, (7.6)
.S T T X
ldq, qusrl qusr2 0 ldq,
We therefore define:
Reyne = Toyne Rag T 7.7
sync — sznc dq ‘Isync ( . )
A lead g —1 lrad M d a—1 7 8
stnc(a)la wy) = W, Jsync Qa’q sznc + JsyncMayq Ejsync (7.8)
A —1
Msync — rfsyncjwtz'q r‘TsynC (79)
0 O qusr]
A a—1
Ssync = Jsync 0 0 quer sznc (7.10)
T T
qusrl quer O
In terms of the new variable the equations are:
N Y A
Vdq0, Laqo,, Ldqo,,
s _ .5 ] oss
quOSZ = (Rsync + stnc) ldqosz + Msync dt lquJ,z
.5 .5
0 Lag, | Lag,
T —
i i
1 dqosl dqosl
R b A
Te =31 idg0,, | Ssne | idg0,, (7.1D)
A Y
Lag, | ldg,
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Hence the full dynamic equations in state-space form become:

.5 .5 s
ldqosl lquSI quosl
-5 -1 _ _ -5 s
ldtjoxz Msync ( Rsync stnc) lquSz + quoxz
.5 .5
d Lag, Lag, 0
L T o, (7.12)
dt .
X i’
qu 1 dq() 1
1| |
@y — | i Ssyne | 5 -
27 | “da0s2 4 dq0y, J
X Xy
L i L Lag, Lag, i

where J is the moment of inertia of the machine, and 7; is the load torque.
We now consider the result of the transformation to the synchronous reference frame, particularly
we show that Rgync, Ssync and My, are constant-valued, and Qyy is linearly dependent on w; and w,

only.

7.2.2 Evaluation of component matrices in the synchronous reference frame

As Ry, is diagonal and the resistance values appear in pairs it is easy to show that:

-1

Rsync = ?:ync qu “Tsync

= qu

because each resistance pair may be represented at the identity multiplied by a scalar which therefore
commutes with the transformation matrix.

Similarly the stator-stator portions of M,;, must remain unchanged under the transformation as
they too have the same structure. From consideration of the rotor-rotor terms, as given in equation
(3.24), it can be seen that the rotor-rotor terms remain unchanged, as all the rotor transformation
matrices have been chosen to be the same. The stator-rotor portions of My, which comprise of a
scaled rotation matrix of angle ¢;, for stator 1 and ¢,, for stator 2 will be diagonalised, and the
remaining terms will be rotated by —¢;, or —¢;, respectively. Hence My, comprises of constant
terms only.

As Qg4 1s closely related to M, similar comments apply. However it is convenient to observe
that, from the definitions of Q4,, equations (3.17), (3.18), (3.28) and (3.29)), the following relationship
holds between Qg4, and Myy:

P1wy [quoxl 0 qu.m] Z[quoxl 0 qum] (7.13)

|

—_
o o =
o o o
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where My,0,,, Qaq0,, are the stator 1-stator 1 components and My, Quq,,, the stator 1-rotor of M,
and Qg respectively as given in (3.35). A similar relationship holds for the stator 2 components.

.. _ d ~— .
The remaining term, Qync(@;, @1) = @, Toyne Quyq Tsynlc + TsyneMay E’fsynlc will now be analysed.
From (7.3):

J —sin(p16, —wit +y) —cos(pity —wit+y) 0
ETs;nlc = (P1oy —w1) | cos(pib, —wit +y) —sin(pi6, —wit +y) 0
0 0 0
0 1 0
=(piort+o)| -1 0 0| Ty
0 0 0

Therefore we may write:

[0168] ]
a) -
P10y 000

] qu+

N
S ’ - S
stnc (a)r i ) J sync

(— P10y + @) My, [ ] Tone  (7.14)

[=kelw]

It is easy to verify from (7.4) that Ty, and f/‘sy_nlC commute with their neighbouring matrices in (7.14),
therefore:

[016
a) —
Prwy 00

(=Xl

[016
1@ | —
P1or] 4o

stnc(wr’ CU]) =

-1
|:0 0 0] g\;ynCqu?;ync—i_
000
000
_[ 0 10] n
-100
000
0-10
» [43¢]
(—ler + wl)(J'synchqu:ync |: 01 0:| (715)
-100
000

Therefore as My, is constant, Qgync(w,, ) is linearly dependent on w; and w,.
Furthermore it can be noted that equation (7.14) shows that the first three rows, that is the rows

corresponding to stator 1, of Qgync(w,, w;) are independent of w,. This can be seen by noting that
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. . 010
due to the structure of My, the 3 x 3 blocks of M,;, commute with matrices of the form: [8 —01 8]
therefore as there is no direct coupling between stator 1 and stator 2 it can be seen that the terms in

w, cancel out.

Similarly it is easy to show that Sy, can be written as:

Kk '

] qu+

—_

1
0
0

[=Xele]

N sync — Tsync

oo o
| S—|

<

[\)
—
OO
ool

ooo
SoO

] Togne  (7.16)

| —
Soo

which can be written as:

-[o
Plo

—_
(==l

ocoo
—
|

o

olo
co—

[=Xelw]
| I—|

lrad a—1
Ssync = ] sznCqu ‘/sync+

| —
ocoo
(=l
ooo

0-10
P21 00

-1
“Tsynchq?;y 000

ne |:

] (7.17)

ooo
[=l=le)
ooo

Hence as My, is constant, then so i8 Sgypc.

It is interesting to note that Youla and Bongiorno proved that a reference frame transformation
will exist for any electrical machine, with linear electrical dynamics, which transforms the differential
equations into an LTI system under the condition of constant rotor angular velocity [121]. It is not,

therefore, surprising that such a transformation can be found for the BDFM.

By way of an example consider a rotor with a single set of rotor circuits (or equivalently one
to which the model reduction technique of chapter [3/ has been applied), with zero sequence states

removed:
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Ry, O 0 0 0 0
s 0 Ry, 0 0 0 0 N
vdq.vl ld‘].sl
0 0 Ry, O 0 0
N — MY +
quKZ ldq_s'Z
0 0 0 0 Ry, O 0 .
i
0 0 0 0 Ry O dar
0 0 0 0 0 Ry,
(L, O O 0 M, 0 |
0 Ly, 0 0 0 M, s
0 0 Ly O My 0 |a|
E lquZ +
0 0 0 Ly, 0 —My s
M, O My 0 Lg O 9,
0 M, 0 —M;, 0 Ly,
[ 0 o1Laq, 0 0
—|Lgq, 0 0 0
0 0 0 ((p1 + p2)owr —w1)Laq,
0 0 —((p1 + p2)or — wl)quz 0
0 (w1 — prop) My, 0 (—w1 + proy) M,
| (p1or —w1)MY, 0 (proy — w1)Mp, 0
0 w1 My, ]
—w1 My, 0 iéq 1
0 —((p2 + pDwr — )My, it “ (7.18)
—((p2 + pDor —w1)Mp, 0 952
0 (w1 — p1or)Lgg, i;vqr
(p1or —w1)Lag, 0 _
The torque equation is given by:
[0 0 0 0 0 M, |
5 T 0 0 0 0 —P1 M11 0 .5
if N
1| e 0 0 0 0 0 —paMy, || Y
T, =i iy (7.19)
2] <= 0 0 0 0 —p2My, 0 1
i iq
ar 0 _lell 0 —pzle 0 0 ar
_PlMll 0 —pa2 My, 0 0 0 ]

7.3 Synchronous Reference Frame Model Equilibrium Conditions

As it is assumed that stator 1 is connected to the grid, then (from table 7.1) &, wy, ¢1, and V; are

constant, for a given machine and grid. «; has the physical interpretation of a constant phase ‘offset’

between the machine and the supply grid. As the instantaneous phase of the supply grid is, in a sense,

arbitrary, o may be set freely. Therefore without loss of generality we set o = —¢y,.
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From table 7.1 the phase of the stator 2 voltage in the synchronous reference frame is given by
(=p1 — p2)0, + [ wrdt + wit + o + ¢y, It is immediate that when (7.1) holds, this phase must be

a constant value. Therefore in equilibrium w, must be given by:
wy = (p1+ p)or — (7.20)
The equilibrium currents may be found for any supply voltage by solving the synchronous reference

i;qoxl
frame dynamic equations, (7.11), for steady-state conditions, that is < |:i;§,,os2 :| = 0.
i‘i"{r
It is assumed that it is desired to specify a value of the stator 2 voltage magnitude, and solve to

find the equilibrium currents, and stator 2 voltage phase offset in the synchronous reference frame.
Once this phase offset has been determined, the value of «;, which constitutes the stator 2 voltage
phase offset may be calculated from table[7.1!

Under steady-state conditions, from (7.11), the voltage and current equations are related as fol-

lows:
N rS
Vaq0,, Laqo,,
N j— Y
Vigo, | = (Rsync + stnc) Laq0,, (7.21)
Y
0 igq,

Using (7.21), the torque can be expressed in terms of the voltage (noting that Rgyne + Qgync Will always
be invertible as long as the resistances are non-zero). We omit the zero sequence components as they

do not produce torque:

T
1 Uzqsl T véqxl
T, = 5 Ufquz (Rsync + stnc)_1 Ssync(Rsync + stnc)_l U;qsz (7.22)
0 0

partitioning (Rgync + stnc)flTSsync(Rsync + Qgyne) ! into stator 1, stator 2 and rotor portions, and

noting that it must be symmetric as Sgync is symmetric, the torque may be written as:

T
1 vlsiqxl All A12 * v2‘1.§1
I.= 2 Uglqsz AIZT Apn * Uz%z (7.23)
0 * *  x 0

where Ay, denotes the partition of A = (Rgync + stnc)_lTSsync(Rsync + stnc)_l and « is used to
denote portions of A which do not contribute to the torque.
Multiplying out (7.23), and combining terms, gives:
1 s T s s T K 1 s T s
Te = Evdqs] Allvdqxl + vdqxl Alzvd(iﬁ + Evdq.ﬂ Azzvdq.d (724)
As Ay, will be of the form of a scalar multiplied by a rotation matrix, then the final term only depends
on the magnitude of vy, , (that is ‘/vquvajm) rather than its phase. Therefore the equilibrium

conditions may be calculated from the following procedure:
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L. ComPUte A= (Rsync + stnc)ilTSsync(Rsync + stnc)il-

: 1,s T s s T K
2. Choose a magnitude for the stator 2 voltage, hence compute 5v;, ~Axnvy,  (as vy, ~Axnvy,

is independent of the phase of vy, ).

3. Write the stator 2 voltage in terms of a magnitude, +/3 V5, and phase angle, ¢:

vy, = V3V [Cf)s(ﬂ (7.25)
' sin(¢)

4. Determine the maximum and minimum possible values for the electrical torque, given this

stator 2 voltage magnitude. From (7.24) the maximum and minimum torques are give by:

1 s s s ! s S
Temax — EUZ%ITAMUM“ + \/an“TAuAlva‘dqsl«/gVQ + EvdqszTAzzvdqsz (7.26)
. 1 . 1 . ,
Temm = EUZ%ITA“U;%I — \/Ufiq“TAlelvaéq“ﬁVQ + EvéqszTAzzvji‘Isz (727)

5. For equilibrium the desired electrical torque, 7, will be equal to the load torque, 7;. Clearly
an equilibrium will only be possible if 7™" < 7; < T/™. Note that in the equality conditions
there is only one solution for the phase of the stator 2 voltage, however at all other conditions
there are two unique solutions. From (7.24), the solutions may be found by solving for the

angle, ¢:

s T COS({) 1 1 s T s 1 s T K
A =—\T— = A - = A =K 7.28
qusl 12 |:Sin(§) «/§V2 l Zqu“ llvdqjl 2quxz zzvdqs2 ( )

Therefore the solutions are given by:

¢ = arcsin(K /+/ a* + b?) — arctan2(a, b) (7.29)
{ =7 — arcsin(K /v a? + b?) — arctan2(a, b) (7.30)

where arctan2 denotes the 4 quadrant inverse tangent function of a/b (see [107, sect. 2-115])

and:
[ ] - a !
a b|=vy A (7.31)

6. Having now determined vy, , completely, the equilibrium currents may now be found from

equation (7.21), as vj,qu is already known.

7. If desired, the terminal voltages and currents may be calculated by using the inverse of the

transformations given in table (7.1
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7.4 Linearization of the Model

The model, given in equations (7.11), may now be linearized. The model is linearized by determining
the first term of the Taylor series expansion evaluated about the chosen equilibrium conditions (see
for example [26, p. 18], or [54]).

We seek a model of the form:
d
E(Ax) = AAx + BAu (7.32)

where x € R”" represents the state vector, and u € R™ the input vector, and the original nonlinear

system can be represented as x = f(x, u, t).

Following [26, p. 18] A = V, f(x., U, t), B =V, f(x., u., t), where V, f denotes:

af ofi
8)6] 8)62
vop=|2h 0
8)6] 8)62

As the stator 1 supply is constant, as discussed, it may simply be regarded as parameter which

affects equilibrium conditions.

We seek a model of the form:

[Aise, | [ Ak, ]
. Aisu, Aisy AV,
| A, | =A| AL, | +B| A (7.33)
AB, A6, AT,
L Aw, i i Aw, i

where A and B constant matrices which depend on the particular equilibrium condition, and A is used
to denote ‘small changes’ in the variables from their equilibrium values. The other symbol retain their

meanings from the previous sections.



7.4 Linearization of the Model 167

The linearized model is then:

Aijqo |
Aij,qo 2
d Aij,qr
E =
AB,
Aw,
[~ 0 jse |
avj aQ dqosl _A .S T
_ _ q0 — syn -se !
Mighe (=Ryne = Qunel@1, ) Mgl | — 22 ML T ) e, A_f;fqol
r o leqm. r . Laqo,
lfi; qYs2
0 | i,
[0 0 o] 0 I A6,
1 Aw
cse T .5¢e T -se T L ro_
70, itteT i, ] S 0 °
1 CL
M‘—l —pe M—l Y52 0
sync V2 dq0gy sync ) o eqm. AVQ
0 0 Aa, (7.34)
0 0 0 AT,
1
0 0 -7
J
8stnc

where the superscript e indicates an equilibrium value (e.g. izq )- (w1) denotes the partial

derivative of Qg with respect to w,, as Qs Was shown to be lineaglc)(/)rdependent on w, then the
vtslqosz
dar eqm.
derivative of the stator 2 supply voltage, which is subsequently evaluated at the equilibrium condi-
1
V2
respect to the voltage magnitude, V,, and then evaluated at the equilibrium conditions.

derivative will be a constant, that is only a function of the constant w;. denotes a partial

tions; this will be discussed in the sequel. 7 v,e,  is the partial derivative of the stator 2 voltage with

The presence of partial derivatives of the stator voltages in (7.34) deserves some clarification.
From table 7.1 the stator 1 winding voltages are constant in the synchronous reference frame, that is

they are independent of the input and state variables of (7.34). However the stator 2 winding voltage is

a function of 6,, which is one of the states of (7.34) as well as the control inputs V, and ;. Therefore
ovy.0
qY52
80r eqm.
Also the ‘B’ contains similar terms which derive from the partial derivatives of the stator 2 voltages.

the linearised system must contain a term by which A6, affects the machine currents,

It is significant, however, that these terms are constant valued when evaluated at their steady-state
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operating conditions. From table

948 —\/§V2e sin(¢¢)
—M2 ] = (—pi— p2) | =3V cos(Z©) (7.35)
89" eqm.
0
avS i \/gcos(ge)
dq0y) . se
— | _ | = — 7.36
A% eqm. \/gi)m(g ) V2 Pg0. ( )
s [ —/3V¢ sin(c)
ﬂ — —\/§V2e COS({e) (7.37)
3052 eqm. 0

7.4.1 Conclusions for the Linearized Model

From the derivation of the linearized model a number of conclusions can be drawn about BDFM

behaviour in the synchronous mode of operation which corroborate well-known results:

e The BDFM has a synchronous mode of operation much a like a synchronous machine, that

is changes in load torque do not affect the steady-state shaft speed. This can be seen as a
consequence of the natural ‘integral action’, which is present in (7.34): because part of the

state vector contains A@,, then the only possible equilibrium conditions are when Aw, = 0, as

dAb,
dar

and the current, but not Aw,. This change in physical angle was observed using a strobe on the

all others much imply

# 0. Therefore any changes in load torque imply a change in A6,

prototype machine, a phenomenon also noted by other authors (e.g. [115, 125]).

Changes in both magnitude (of sufficiently small amount) and phase (by any amount) of the
stator 2 supply voltage do not affect the steady-state shaft speed. From similar reasoning to
that applied to the load torque, changes to V, cannot affect Aw,, or else the equilibrium cannot
be maintained. From table[7.1, it can be seen that any change in the phase of V,, a,, may
be matched by a change in 6, and the value of the stator 2 supply voltage in the synchronous

reference frame remain constant.

7.4.2 Simplification of Linearized Model

It is possible to simplify the linearized model derived if it is assumed that the electrical dynamics

are sufficiently fast such that they can be considered to be constant. It must be emphasised that

this assumption is not true, and may not even be a good approximation. Even if it were a good

approximation, it is entirely possible that the simplified model may not be stable when a full linearized

model (and hence the BDFM) is, and vice-versa. Nevertheless the simplicity of the model, makes the

simplification worth consideration, although its application may be very limited.
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From (7.34), if the electrical dynamics can be considered constant, then the linearized system

may be written in terms of only the mechanical states:

Ab, [ 0
d 0
— = aU; 0
dt Aw, sync 8; s
r eqm.
B 0
i 0
1
Ksync 72
where:
— cse T :se T
Ksyne = 7 [la'qoﬂ Laqo,,

which, from (7.23) can be written as:

T
Vig, | | An
= 7| Vdg | | A
0 Az

7.4.3 Linearization Example

ijifiosl Aer
0 stnc ( ) .se A +
Wy @1 ldqosz Wr

_Ksync
tdg,
0 0 ]
0 0 AV,
e © V40, L Aw | (738)
dq0y, sync 8(12 cam. 7 AT}
0 0 i
ey —1
i;er] Ssync (Rsync + stnc(a)l’ wr)) (7.39)
Ap  Aps
Axn  Anx (7.40)
Ay Az

By way of an example we consider the linearization applied to a BDFM with a single set of rotor

coils, with equations given by (7.18) and (7.19).
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Lgg, 0 0 0 M;, 0
0 Ly, 0 0 0 My, M ]
Aldqo 1
0 0 Lg O My 0 o
0 0 Aigyg ,
0 0 0 Lgg, 0 —M, d N
I 1" —
dq
M, 0 M, 0 Ly O dt ’
AB,
i 0 M, 0 —M,, 0 Lgg,
Aw,
0 L |
i 0 0 J|
Ragq, w1Lgq, 0 0 0
—w1Lgg, Rag, 0 0 —w1 My,
0 0 Raq, ((p1 + p2)w} — ®1)Lag, 0
0 0 —((p1 + p2)wf — @1)Lag, Ragq, —((p2 + pof — 01)M>,
0 (@) — proy) My, 0 (—w1 + p1of)My, Ry,
(pr1of — w My, 0 (P10} — 1) My, 0 (p1wf — w1)Lag,
0 0 0 0 0
ige 1My, —iy P My, —ige paMa, —iy paMy, —igé P1My — 3¢ paMp,
w1 My, 0 0 ]
0 0 0 A
. 3 . 5e L
—((p2+ PDOE —oDMa, (pr+ p)V3VESINGS) (P14 P2)Lagyiss, — (2 + p1)Ma, iS¢ A,‘j‘f“sl
. . 1
0 (P1+ P2)V3V5 c0s(®)  —(p1 + p2)Lagyiff, — (P2 + p1)Mayife dq0s2
. = se Ail +
(@1 = p10f)Lag, 0 —pIMyyige + p1Mayist, — piLag,igt A‘é‘i"
Raq, 0 p1My, igjl + p1 My, i;fz + p]qurigf r
0 0 1 Awr
ijifllel] - iCS]:2P2M21 0 0 _
0 0 0
0 0 0
\/gcos(ge) —«/sze sin(¢¢) O
Bsin(c) —V3Vieose) 0 | |57
— sin(¢ — 5 cos(¢
Aay (7.41)
0 0 0
AT,
0 0 0
0 0 0
i 0 0 —1 |

It is interesting to note that (7.41) is similar in form to the linearized model of the doubly-fed

cascade induction machine analysed by Cook and Smith [24]. This similarity is not unexpected as the

form of the BDFM equations in the synchronous reference frame, are similar to those derived in [24].

The simplified linearised model becomes:
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0 1
Koynes ((P1 + P2)Lag,igs, — (P2 + p1)Maig))+
Ksynes (p1 + p2)wfv/3V5 sin(6) = Ksyney (—(p1 + p2)LagyiyS, — (P2 + pOIMayigH)+ [
Ksyney (P1 + p2)wiN3V5 cos(C®)  Ksynes (—p1M1,if¢, + p1Ma, iS¢, — piLag, is$)+
Ksyne (P1M1yige + p1May iy’ + piLag,ig)

Ab,
Awrj| +

0 ‘ ‘ . (7.42)
. 1 Ao .
Ksyncp/gcos(é’e) — KsynC4«/§sin(Ce) —Ksync3«/§V2"’ sin(¢¢) — Ksyn%\/g\/f cos(¢?) -7 AT?

where Ky, denotes the n'h element of the row vector K sync, defined in (7.40).

7.5 Simulated Results

The synchronous reference frame model and linearised model was implemented using the Mat-
lab/Simulink computer modelling environment. The nested-loop design rotor, rotor number [1 was
simulated being subject to a step increase in instantaneous phase on the the stator 2 voltage supply.
That is, o of table 7.1, was subject to a step increase at # = 0. The machine was configured to run
at an equilibrium point, which was determined by the method described in section [7.3. It is expected
that if the machine is in a stable operating point the operating point will recover after the increase in
phase. This phenomenon can be understood from the stator 2 voltage in the synchronous reference
frame, given in table as oy changes 0, changes in such a way to cancel out the change. Five

different model variants were compared:

1. Full 26 state coupled-circuit model of chapter 2, 6 states for the stator currents, 18 states for

rotor currents and two mechanical states.

2. Full order d-q transformed model (with zero sequence states removed), as described in chapter
3. The prototype nested-loop rotor BDFM has 3 sets of 6 loops, therefore the model has 4 stator

states, 6 rotor states and 2 mechanical states, giving a total of 12 states.

3. Reduced order d-q transformed model, using the new method described in section, 3.4.2| The

rotor is reduced to 2 states, hence there are 8 states in total.
4. Linearized version of the full d-q model with 12 states.
5. Linearized version of the reduced order d-q model with 8 states.

As discussed in chapter |3 the reduced order d-q model appears to be a very good approximation

of the full order system. This proposition was corroborated during this series of tests, to the extent
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that at the scale of the graphs there was no visible difference between the two. For this reason the
reduced order d-q model, and linearised version have been omitted from all but figure to aide
clarity.

The responses of the shaft speed and d-axis stator 1 current in the synchronous reference frame
have been compared at different operating points. These measurements were chosen as they illustrate

the performance of the different models, the other current measurements had a similar accuracy.

Figures |7.1(a)| and|7.1(b) show the speed response to a small phase change at two different op-

erating points, one stable, the other unstable. Figures 7.1(c)/and 7.1(d) show the d-axis synchronous
reference frame current under the same conditions. In each case the response of the 26 state full

coupled circuit model, the full d-q model and the linearized d-q model were included.

Figures 7.2(a) and 7.2(b) show the the speed response at the same stable operating point used in
figure|7.1, but with a much larger phase change. Figure 7.2(a) may be compared with figure [7.1(a),
where the phase changes were 6° and 60° respectively. Figures 7.2(a) and 7.2(b) compare the full-

order linearized d-q model and reduced order linearized d-q model.

Figures|7.2(c) and 7.2(d) show the real part of the eigenvalues of the linearized full order system
at the stable and unstable operating points. The figures show the change in eigenvalues as the operat-
ing point changes, brought on by a change in load torque. No values are given outside certain bounds,
as this bound corresponds to the maximum torque available from the machine at those voltage mag-
nitudes. Two sets of eigenvalues are plotted in each case, one set in blue and the other in red. The
two sets of eigenvalues corresponding to the same load torque and voltage magnitude, but differing
voltage phase, as described in section|7.3.

Figure|7.3 shows the real parts of the eigenvalues of the full order linearised model and the reduced
order linearised model.

From figures 7.1}/7.2 and 7.3 we may draw the following conclusions:

The full-order and reduced order d-q model are accurate representations of the full coupled

circuit model in this case.

* The full-order linearized model is an excellent approximation of the full system, however as

the system is perturbed away from the operating point the accuracy decreases, as expected.

* The reduced order linearised model is also an excellent approximations of the full system, this
fact is corroborated by the eigenvalue plots, which are almost co-incident with those of the full

order model, except for the extra eigenvalues, which are stable
 The stability of an operating point was predicted by the linearized model, as expected.

* The stability of the simulated prototype BDFM with a nested loop rotor varied significantly
with both load torque, stator voltage magnitudes and shaft speed. Certain regions were naturally

unstable.
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Figure 7.1: Nested-loop design rotor response to a step change in stator 2 voltage phase. The stable
operating point was, 300 rpm, 240V, stator 1 phase voltage, 216V, stator 2 phase voltage, 5 Nm
load torque, and the phase change was 6° as indicated. The unstable operating point was 700 rpm,
240V, stator 1 phase voltage, 96V, stator 2 phase voltage, 5 N m load torque, and the phase change

was 0.5°.



174 Modelling for Control of the BDFM

T T T T T T T
4500 ) — Full 26 state || — Full 26 state ||
h — Full dgq —— Linear red. dq
! i - — Linear full dg - — Linear full dg

i i i i i i i i
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t(s)

0 0.1 02 03 04 05 06 07 08 09 1

(a) Speed response to 60° phase change at a stable op- (b) Speed response to 60° phase change at a stable op-

erating point erating point showing reduced order linearized model

100 100 — T —r 71— T
o ————__ | — Soln.1
sol - - \SolnA 2
// )
50F 6of / i
401 J ‘\ 7
I ‘\
ok = 20fleiosliiin '
@ @ I I e - -lo i
3 S | T
© g i
= = or ﬁ |
=z < ! :
& _sof & oo r
S ==t
N e S R /
_aob \. /.
/
-100 s —-60+ 4
(d
B L S S B - —80} 7
_15 ; ; ; ; ; ; ; ; _10 ; ; ; ; ; ;
—800 -150 -100  -50 0 50 100 150 200 250 —200 -350 -300 -250 -200 -150 -100 -50 0 50 100
Torque(Nm) Torque(Nm)

(c) real part of the eigenvalues of linearized model at a (d) real part of the eigenvalues of linearized model at a

stable operating point unstable operating point

Figure 7.2: The response of the prototype nested loop rotor to a 60° phase change, and the real part of
the eigenvalues of the linearized model at the two operating points (shown in blue). Additionally the
real part of the eigenvalues of the other solution to another operating point having the same voltage

magnitudes, load torque but differing voltage phase (shown in red). The operating points are described

in figure(7.1
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7.6 Open-loop Experimental Results

Rotor[2 was tested open-loop, in the prototype machine. Full details of the experimental apparatus are
given in appendix [El As with the simulated results a step change in phase was applied to the stator 2
voltage source, and the response of the shaft speed logged. The experimental data was compared with
simulated data generated using the parameter values found in section|6, and a calculated value for the
moment of inertia of the drive train. However as the dimensions of the rotor of the DC load motor
can only be estimated, this value could be significantly in error, the value was therefore adjusted to
J = 0.59kgm?, which was still within estimation error range of the calculated value, but gave a
natural frequency closer to that found in practice. The resistance values were increased to R} = 42
and R, = 5.5Q (from the estimated values of Ry = 3.6Q2 and R, = 4.3Q2) to compensate for
additional supply impedances present. This increase in impedance was necessary for the simulated
results to be stable at the second operating point.

Figure|7.4 shows the response at an unstable operating point, and figure|7.5 at a stable operating
point. It is significant to note that the two operating points differ only in their supply voltage, yet one is
stable and the other unstable (as the oscillations in figure 7.4 are divergent and whereas those in figure
17.5/are convergent). Figure|7.6/shows the maximum real part of the linearized system eigenvalues over
a range of torques at the two operating conditions. Although the same general ‘shape’ is obtained in
both conditions, the centre point moves, which made one operating point unstable at no-load. Figure

suggests that stability would be achieved if the load torque was increased, which is precisely what
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was found in practice.

S M i N “
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Figure 7.4: Speed response to a —67.5° phase change applied to the stator 2 voltage supply. V; =
90Vims, Vo = 81.5Vms, 0N'm load torque. Both sub-figures show the same event at different time

scales

Figures|7.4 and|7.6 show that the full d-q model and its linearization are in reasonable agreement
with reality. The simplified linearized d-q model (as described in section [7.4.2) is also included
for comparison, however although the natural frequency is approximately right, the damping is in

significant error in both figures.

However the damping of the full d-q model and its linearization is still at odds with that found
in experiment. It is likely that effects, such as supply impedance and frictional forces are partly the

cause, combined with the inevitable errors in the parameter values in the simulation model.

Figure [7.4/ shows that the natural frequency of the full d-q model and its linearized counterpart
are somewhat in error. However the amount of error is comparable with that found in figure |7.2(a)

between the non-linear and linearized models, allowing for the differing time scales.

In conclusion, the results found by experiment on the prototype machine are in good agreement
with those obtained from simulation. However, the machine dynamics themselves are very lightly
damped, or unstable at the operating conditions investigated. Even the stable operating condition
is hardly usable as a commercial drive, furthermore it was found that if the stator resistances were
halved in value in simulation tests, then neither operating point was stable for any load torque with
any stator 2 supply voltage. Therefore the use of feedback to stabilize the operating point will now

be considered.

40
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7.7 Closed-loop ‘stator 2 phase angle control’

In section [7.6 it was found that there are operating points within the machine operation envelope
which are very lightly damped or unstable. Such regions have been found by other groups (e.g [61]).
In [84] the author described two control strategies which can be used to stabilize the BDFM. The first
of these, ‘stator 2 phase angle control’ will now be described.

The essential idea is to feed back the speed error as the value of «,, the phase input to the stator 2
supply, as shown in figure[7.7, V; and V, represent the stator 1 and 2 voltages, which will be of the
form given in table and 7; is the load torque. Together these parameters set the operating point.

The designer must choose K to stabilise the closed loop. The idea is to choose K so it robustly
stabilizes the system, such that the load torque and stator 2 supply voltage magnitude can be set
within some range (that is the operating point can be changed slightly) without loosing stability.
However, although the linearised model is accurate in some neighbourhood of the operating point, as
soon as the operating point changes, the model will no longer be correct. Furthermore the system is
not (or may not) be accurately represented by the linearized model in transition between operating
points. Typically if the transition is sufficiently slow, then the linearized model will be accurate. This
complicates the design of K.

A full discussion on the design of K is beyond the scope of this dissertation, however some
practical methods are proposed, and then some possible extensions are discussed in section

If K is restricted to controllers without integral action, then the operating point cannot be changed
if the system is stable. This is because «, can never be a ramp in the steady-state, and therefore the
steady-state shaft speed must remain unchanged. Although this might appear restrictive, the operating
point may still be changed by modifying w,, and it is actually advantageous because it means that
there will be no steady-state error.

Furthermore if K does contain integral action, any error introduced will be constant in the steady-
state. The error will be proportional to the fixed errors in the measured and demanded value of w;,
w, and w,. However, as these errors can easily be made of the order 1 part in 2! (by the use of 16

bit precision electronics), then such steady state errors are small enough to make the use of integral
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action in the controller possible. The addition of integral action to the controller was found to improve
the ability of the controller to stabilize large deviations from an operating point.

Regardless of how K is chosen, the steady-state operating point may be set by choice of Vi, w1, V2, w,,
and then stabilized by K. The designer therefore has freedom to optimize for steady-state perfor-
mance, without concern for stability which can be ensured by the design of K.

In practice it was found that proportional or proportional-integral controllers could be tuned to
give reasonable damping in experiments on the prototype BDFM. Furthermore, these controllers were
found stabilize the system over a significant range of operating points. During these experiments the
value of w, was set open-loop by the value of w, from equation (7.1 as shown in figure 7.7l |V,| was
chosen as a function of w;: |V5| =k max{%, 0.2}, that is, |V, | was proportional to the deviation

from natural speed with a boost at low values.

7.7.1 Experimental Results

The control algorithm was implemented in simulation and on the experimental test rig described in
appendix [E. Although the analysis in this section requires the synchronous reference frame model,
the implementation of the control law simply requires the creation of 3 phase balanced voltages for
the stator 2 supply. This is achieved by the inverter, the input of which was designed to accept three
parameters, w,, V> and «,. Thus w, and V; are fixed for the operating point and o, = K, (wg — ;) +
f Ki(wg — w,)dt.

Figure[7.8 shows the same operating point as figure stabilized with a PI controller, K, = 1,
K; = 3, with all measurements in radians (and radians per second).

We now consider the robustness of the controller by changing the operating point. This is achieved

by varying the load torque and shaft speed: figures 7.9(c)| and |7.9(d) show the response to a step

change in load torque, which is now well damped.

Figure [7.9/shows 50 rpm step responses up and down for the BDFM stabilized with the same PI
controller. Note that moving operating speed changes the operating point and so the system dynamics
are no longer the same. Furthermore, as discussed, the dynamics in transit between operating points

are likely to be poorly predicted by a linear model. The stator 2 voltage magnitude, |V,| was scaled

W4 —Wn

linearly with the demanded shaft speed: |V,| = |V where w, is the demanded speed, w, is

the natural speed as given by (1.2), and |V;'| is a constantnreference voltage.

The oscillations in the rising edge of figure do not appear in the linearized model, and
furthermore the linearized model suffers from a steady-state offset when the shaft speed is changed.
This is to be expected from the form of the linearized model, equation (7.34).

The results show that even simple PI control can achieve stability which is robust to modest
changes in operating conditions, furthermore the linear model is shown to accurately predict the
closed loop system even under changes in load torque, which constitute a change in operating point.

However it was found that if a step change in equilibrium speed greater than about 60 rpm was de-
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Vi = 68Vims, Vo = 70V, 0N m load torque, the same operating condition as figure[7.5/

manded then the system lost stability.

7.8 Control when [ w,dt = (p1 + p2)6, — [ widt

The concept of ‘stator 2 phase angle’ control was to stabilize a open-loop operating point of the
machine, however no attempt was made to stabilize transitions from one operating shaft speed to
another.

It can be seen from (7.34) that if [w,dt = (p1 + p2)0, — [ widt, then %’% = 0as v},
is no longer a function of 6,. This has the effect of removing A8, as a state from the linearized
model. Therefore the linearized model can now have many different equilibrium speeds. This implies
a loss of the natural integral action maintaining the synchronous speed, and the machine now behaves
more like an asynchronous machine where its steady-state operating point is not robust to torque
perturbations.

However the integral action can be restored though the design of a suitable controller, K. The
configuration of the feedback loop is the same as that for stator 2 phase angle control, as shown in
figure(7.7| It was found that reasonable performance could be achieved with K, = 0.3 and K; = 0.6.

Figure[7.10/shows experimental and simulated results from this control strategy. The first thing

to note is that figures 7.10(c) and 7.10(d)| show that the system was stable for 100 rpm demanded
step changes in w,. Furthermore it was found that the same controller gains permitted 100 rpm step

changes within the speed range from 0 to 600 rpm. Beyond that range the robustness was found to
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deteriorate, and different gains were required for adequate performance

However figures|7.10(a)|and|7.10(b) show a degraded torque disturbance rejection over that shown
in figure Furthermore there is a steady-state error introduced, as was also the case in the speed
step responses.

The steady-state error was due to the implementation of f wrdt = (p1+ p2)6, — f w1dt. Instead
of using 6, measurement directly, [ w,dr was used which therefore led to errors being introduced. It
was found by simulation that a 0.1% error in the value of w, was sufficient to produce the steady-state
error observed in the experiment. This order of the error is consistent with the limitations of the speed
transducer (see appendix [E). A steady-state error persisted despite integral action in the controller as
the errors in w, led to constant errors in angular speed error, which is therefore a ramp error in phase;
hence single integral action cannot drive the steady-state error to zero.

The steady-state error can, however, be reduced by as much as is desired by reducing the error
in implementing [ w,dt = (p1 + p2)6, — [ wdt. Practically speaking this was achieved by using
the measured position, 6, (rather than integrating w,), and by generating [ ;d using a phase-locked
loop locked onto the stator 1 voltage. The input to the inverter was then the instantaneous phase of the
desired stator 2 voltage, rather than the angular frequency. This alternative design was implemented
in software using the experimental test rig, and was found to substantially remove the speed offset.
However this was achieved at the expense of requiring the measurement of the instantaneous stator 1

voltage at a high sample rate.

7.9 Future work on linear model based control

Two linear control strategies have been presented in this chapter. Both strategies are scalar strategies
and therefore assume that the magnitude of the stator 2 will be set open loop (or in a very slow
closed loop). This is a reasonable assumption for general motor drive and generator applications
where the bandwidth requirements of speed tracking are considerably more stringent than any other
consideration.

The speed step response rise-time of both strategies compared favourably to previously published
results. For a 50 rpm step the rise time for stator 2 phase angle control was 750 ms and the fall time
350 ms. For the second strategy the rise time was approximately 1500 ms and the fall time 2000 ms.
Previously published rise times are 15000 ms for so-called scalar control [127, 126], and between
300 ms and 1200 ms for various field-orientated control schemes [126,124].

It must be emphasised that the design of controllers for these strategies has not been thoroughly
considered, so the presented results are likely to be worse than those that could be expected in the
future. We will now briefly consider methods of improving controller performance.

Although there are fundamental limitations in linear design methods when applied to non-linear

plants, a significant improvement in performance is typically obtained by designing a series of lin-
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ear controllers for different operating points and then scheduling between these controllers for the
implementation. This technique, known as gain scheduling, seeks to find a controller which is param-
eterised in some way on operating points. Traditionally such methods were ad-hoc methods where
a plant was linearized at a number of operating points, and controllers designed for each. There are
two problems with these methods, firstly that while each controller will stabilize its own operating
point, and possibly neighbouring operating points, it may not stabilise the transition between the two.
Secondly switching between two (or more) controllers which stabilize an operating point can actually

introduce instability.

Recent advances on the formulation of gain scheduling problems as LMIs has led to solutions
to both these difficulties in some circumstances. Rugh and Shamma give an thorough summary of
research to date, with a good list of references, [89], and Apkarian and Adams is recommended for

controller synthesis [3].

Rugh and Shamma describe two different methods of achieving gain scheduling. The more recent
of these methods, ‘quasi-LPV’ control, uses LMIs to find parameter dependent controllers which
guarantee stability and some performance measures [89, sect. 5]. Unfortunately the method requires
that the scheduling variable (possibly a vector) is measurable in real time. This presents a significant
problem for application of these methods to the BDFM. The BDFM operating points depend on the
load torque, shaft speed, voltages and currents, and the rotor current is very unlikely to be available

for measurement in real time.

Rugh and Shamma also give a summary of developments in the traditional gain-scheduling ap-
proach where a set of linear controllers are designed for a set of equilibria and then interpolated in
some way to produce parameter dependent controllers [89, sect. 4]. In the BDFM the steady-state
operating points of the BDFM depend only the supply voltages, shaft speed, and load torque (as the
current can be computed in the steady-state). It is likely that the load torque dependence can be re-
placed by a dependence on the stator currents. Therefore the linear controllers would only depend on
these measurable parameters. Under certain conditions, which include bounding the rate of variation
of the parameters, stability can be guaranteed.

Whether or not it is possible to obtain a stability guarantee gain scheduled controllers are likely to
be applicable. One appealing aspect of the approach is that one might choose to specify the only one
scheduling parameter, say the shaft speed, if all the other parameters can be expressed as a function of
the shaft speed. In an application where the BDFM is connected to a device for which the load torque
is a known function of speed (for example if the BDFM was operating as a pump), and the voltages
were specified open loop, then a gain scheduled controller would only need to be parameterised on
the shaft speed. In [84] the author presented results from a gain-scheduled version of stator 2 phase
angle control, where the BDFM was stabilized over a wide speed range, which illustrates that such an

approach is possible.

There is also scope for including uncertainty explicitly in the model, and designing control laws
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which achieve guaranteed stability, and possibly guaranteed performance in the face of this uncer-
tainty. Apkarian and Adams (and others) have shown that it can be achieved for unstructured time-
varying uncertainty in the case of quasi-LPV methods [3]. However at the time of writing no results
have appeared for the inclusion of structured uncertainty, which is likely to limit the application to
the BDFM. The linearization gain scheduling methods can incorporate uncertainty in the design of
linear controllers for each operating point. However this does not imply any guarantees for the global
properties of the closed loop system. However if a controller has been designed using the lineariza-
tion gain scheduling methods (or indeed by the quasi-LPV methods) its stability can be investigated
using LPV analysis techniques [120]. The practical implementation of the necessary LMIs is similar

to that described in [3] for the LPV synthesis problem.

7.10 Conclusions

In this chapter we have presented a synchronous reference frame model for the full class of BDFM
machines considered in chapter 2. The synchronous reference frame was shown to be simply an
invertible state transformation of the rotor reference frame dq model of chapter |3

The synchronous reference was used to determine all equilibrium points, and it was noted that in
general there are either 2, 1 or 0 possible equilibrium points for a given stator 1 voltage, load torque
and stator 2 voltage magnitude.

The synchronous reference frame model was then linearized about its equilibrium points. Simu-
lation results were presented for the ‘nested-loop’ design rotor, comparing the full range of models,
from the coupled circuit model of chapter 2, through the full d-q and then reduced order d-q models
of chapter|3, to the linearized versions of these models.

Excellent agreement was found for all operating conditions investigated. The linearized models
predicted the stability and damping accurately. The exception to this was the simplified linearized
model, which did not correctly predict the damping.

Experimental results were presented for the double-layer rotor design, rotor 2 in open-loop con-
ditions, and the linearized model, using parameters estimated in chapter |6, gave good predictions of
stability and dynamic performance.

Two linear control strategies were presented, stator 2 phase angle control and control when
f wrdt = (p1 + p2)6, — f wdt. It was shown that both strategies could stabilize previously un-
stable operating points, and the performance of these controllers compared favourably to previously
published results.

It was concluded that the use of gain-scheduled controllers for these control strategies would be

likely to further improve performance.
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Terminal Phase Voltage Rotor ref. frame d-q quantity Sync. ref. frame. d-q quantity
Stator 1
V2Vi cos(wif + ) V3Vicos(pi6, — wit —ay) V3Vi cos(a + ¢1,)
Voltage: V2V cos(wif + a) — 27” N3V sin(pi6, — w1t — o) —/3V; sin(a; + é1,)
ﬂVl cos(wit + o _’_2?71) 0 0
cos(p16,) cos(pi(O, — 3%)) cos(p1(6r — %)) cos(p10, — wit + ¢1;)  sin(p16, —wit +¢1,) O
Transformation: \/g sin(p16,) sin(p1(6, — 32%)) sin(p(6, — 3‘%)) —sin(p16, — w1t + ¢1,) cos(pi6, —wit +¢1,) 0
1 1 1
N 7 7 0 0 1
Stator 2
V2Vicos([ wndt + az) V3Vacos(paf, — [ wrdt — ) V3Vacos((—p1 = p2)b; + ([ @rdt + w1) + a2 + ¢2,)
Voltage: | +/2V5 cos([ wadt + ar — ) V3Vasin(pab, — [ wrdt — ) —V3Vasin((—p1 — p2)b, + ([ wadt + o11) + oz + ¢2))
V2Vy cos(f wadt + ar + 27”) 0 0
cos(p26;)  cos(pa(8; — 52))  cos(p2(6; — 52)) cos(pi16, — it + ) —sin(pi6, —wit +¢2,) 0
Transformation: \/2 sin(pa6,) - sin(p2(6, — $5)) - sin(p2(6, — 5)) sin(p16, — o1t +¢2,)  cos(piby — wit +¢2,) 0
L L L 0 0 1
V2 V2 V2

Table 7.1: Comparison of stator voltages in different reference frames



Chapter 8

Feedback Linearization for the BDFM

In chapter|7 a synchronous reference frame model for the considered class of BDFM machines was

derived, the model linearized, and two control strategies proposed based on the linearized model.

The shortcoming of this approach is that linear controller designs for large deviations from an
equilibrium point cannot be systematically approached. This is because the linearized model is only
accurate for small deviations from the equilibrium point and, although the non-linear model can be
used to predict the performance further away from the equilibrium point, it does not aid the design of

controllers.

There is, therefore, a need for a systematic method of controller design for large deviations from
an equilibrium point. As discussed in section|1.1} a ‘direct torque control’ method was proposed for
the BDFM, although never implemented [13, 14,/128], and a number of variations of a field orientated
control scheme were proposed and some of these were implemented [125,129, 130,126, 124]. The

field-orientated control schemes all require a current source inverter.

We therefore develop non linear control schemes for the BDFM which may be implemented using

voltage source inverters.

Feedback linearization (FBL) was first applied to the BDFM by the author in [82, 84]. FBL was
applied to the coupled circuit model for a ‘nested-loop’ design rotor BDFM. However this led to a
high order model for which the majority of the states (the rotor currents) could not easily be measured.
An equivalent approach is used in this chapter in the d-q synchronous reference frame. It has the

advantage of reduced state dimension, and constant current and voltage values in the steady-state.

We give two applications of FBL to the BDFM, one regulating speed only and one regulating
both speed and flux. We discuss the choice of observer to estimate unmeasurable states, and inves-
tigate the entire controller implementation in simulation. We conclude the chapter with some initial

experimental results from an implementation of the FBL control schemes on the prototype machine.
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8.1 Feedback Linearization

We start with some definitions and then give a concise introduction to FBL. The results presented here

are taken from Isidori and Slotine and Li [50, 101], to which the reader is referred for full details.

8.1.1 Preliminaries

Definition 8.1. [101, Def. 6.1]Lie Derivative: Given a scalar function 2(x), 7 € R and a vector
function f(x) € R", where x € R", then the Lie derivative of & with respect of f is written as L sh

and is given by,
Lyh(x) = V(h) f(x)

L yh(x) is scalar since VA is a row vector, and f (x) a column vector. The following notation is also

used:

LgLyh(x) = V(L h(x))g(x)
Lyh(x) = LyLgh(x) = V(L h(x)) f (x)
LY = LyLY ' h(x) = Vo (LA h(x) £ ()
LSh(x) = h(x)

where g € R” is also a vector function.

Definition 8.2. [50, p. 137] Relative degree: Given a SISO nonlinear system, within input u € R,
output y € R, and state x € R":

x = f)+gu

y = h(x)
where f, g, and h are sufficiently smooth functions, the system is said to have relative degree r at
point x? if,

1. LgL’}h(x) = 0, for all x in a neighbourhood of x? and all k < r — 1,

2. LL7'h(x%) #0

Furthermore the system has relative degree r in the region D, C D if the above conditions hold for

allx € D,.

It may therefore be shown that for a SISO system the relative degree is exactly equal to the number
of times that one has to differentiate the output, y until the input u explicitly appears in the expression

[101, p. 247]. It is possible for a system not to have an well defined relative degree, this can occur
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if, for example, the function multiplying the input is not generally zero, but happens to be zero at
precisely x? [50, p. 137].

The idea of FBL is to construct a nonlinear state transformation which renders the system linear,
or at least the states which are observable at the output must be linear. In order for such a state
transformation to exist, the Jacobian of the transformation must be invertible [101, p. 250].

A state transformation satisfying this requirement is the so-called normal form [50, Prop. 4.1.3].

If a system has a (well-defined) relative degree, r at x°, (hence r < n), then:

¢1(x) = h(x)
¢$2(x) = Lyh(x)

¢r(x) = L' h(h)

If r is strictly less than #, it is always possible to find n — r more functions ¢,11(x), - - - , ¢, (x) such
that the mapping
¢1(x)
d(x) =
Gn(x)

has a Jacobian matrix that is nonsingular at x° and therefore qualifies as a local state transformation in
a neighbourhood of x°. Furthermore it is possible to choose the value of these additional functions at
x? arbitrarily, and it can be shown that they may be chosen in such a way that they are not a function
of the input u.

The benefit of applying this transformation is shown when the original system is written in the
new coordinates z; = ¢;(x), 1 < i < n, hence 7; = V,¢;x;. Therefore the system in transformed

coordinates can be shown to be ([50, p. 143]):

21 = 2

Zz = 3
Zr—l = Zr

o= b@+a@u=L,L7 h(®'(@)u+ L h(®7'(2))
Zr4t = qr1(@) + pry1(@u

in = Qn(Z) + Pn(Z)M

y = h(x)=2z

where z € R” is the new state variable, and z; is the k" element of z. g € R and p; € R are some
functions of z (see [50, Remark 4.1.3]).
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1
a(z)

which renders the system from 7 to y linear. When r = n the entire system becomes linear, and

It is immediate that if « is chosen so that u = (—b(z) — 1), then the r™ state becomes z, = n,
in this case the system is exactly linearised which is also described as ‘input-state’ linearization. If
r < n, then the input-output system is linear and the transformation is known as an ‘input-output’
linearization.

When the system is MIMO similar results apply. The system considered has m outputs, n states

and / inputs and is of the form:

o= )+ Y gi0u;
yio= hX)

Ym = hm(x)

where f € R", g;R", h; € R, n is the state dimension. For each output, y; the relative degree, r; is
taken as the smallest integer such that for at least one g; L gjL;’l_lhi (x?) # 0. Therefore r; is exactly
the number of times one has to differentiate the i™" output y; in order to have at least one component

of the input vector u explicitly appearing [50, p.220]. Differentiating the system r; times gives:

i L'thy(x) igli};:izlix) ngszhl(x) Lg,LZ:ihl(x) .
. 5 | Bl Lol ) Lo L hy(x) a1
I R Lo L' 'hy(x) Lo Lt 'hy(x) -+ Lo L't hy(x) “
up
=Bx)+ Ax) | : (8.2)
uj

For the relative degree to be well-defined, in addition to the condition for SISO systems, is it also
necessary that A(x) in (8.2) be at least rank m at x°, where m is the dimension of the output [50, Rem.
5.1.3, Prop. 5.1.2]. In this case it can be shown that the system is exactly (input-state) linearizable
iff Y r; = n,orif Y /', r; < n then the system is input-output linearizable ([50, Lemma 5.2.1&

Sect. 5.3]. In order to linearize the system input, u is chosen so that:

uj m
Bx)+AXx) | : | — : =0 (8.3)

uj Nim

where v € R™ is the new input to the linearized system. Note that if / > m then there will not be a

unique solution for u#, however as long as (8.3) is satisfied the linearization will still hold. In this case
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the linearized system transfer function can be shown to be:

1
s
Y 1 m
0 &5 - ‘
=| . _ ] : (8.4)
Ym o o ... - m

As (8.4) comprises of m independent linear systems, m SISO controllers can be designed to stabilize
the system. The robustness of the linearized system is dependent on robust design of these ‘outer-

loop’ controllers.

As FBL can be viewed as a state transformation, it is clear that unless the sum of the relative
degrees of all the outputs are exactly equal to the number of states in the system, then the linearized
system is not a complete description of the original system. Specifically there are n — > | r; states
which are unobservable at the output and uncontrollable from the new system input, . These states

give rise to the zero dynamics of the linearized system [50, sect. 4.3].

Hence although it is straightforward to design linear controllers to stabilize the observable states,
for which the transfer functions are simply of the form 1/s", such a controller will not affect the zero
dynamics of the system. Therefore if the zero dynamics happen to be unstable, then the system does

not have internal stability, and therefore the controller cannot work satisfactorily in practice.

8.2 Application to the BDFM

8.2.1 BDFM model in terms of flux linkages

The models derived for the BDFM in previous chapters may be represented wholly, or in part, in
terms of circuit flux linkages, rather than circuit currents. From definition 2.7, the flux linkage of a
circuitis A = Mi where M is the mutual inductance and i the current, thus flux and current are related

by a linear transformation, which, from Lemma 2.3, must be invertible.

In the case that the BDFM has only one d-q pair representing the rotor states, then (ignoring zero
sequence states) the machine has only 6 states. In this case the machine can be fully described by
stator 1 and 2 currents, and either the stator 1, stator 2 or rotor fluxes. The most useful choice is the
stator 2 flux, as the stator 2 flux is strongly dependent on the stator 2 voltage, which is the control
input. The rotor flux could be used, however it is considerably more difficult to measure the rotor flux

than the stator flux.
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Therefore in the synchronous reference frame the currents are transformed:

Y Y
ldqsl I 0 ldqsl
i, | =10 I 0 i) (8.5)
S S
S Y
)‘dqsz 0 MSynCn MSynCrr Lag,
Y
ldqsl
— 7 Y
o | iy, (8.6)
Y
Lag,

where Mgy, and Mgy, are the stator 2-rotor and rotor-rotor portions of My, = (the stator 1-stator
2 portion is always zero by design). Note that as My, , is rank 2 then the transformation is always

invertible.

It may be shown that the 2-norm of stator flux linkages is approximately proportional to the rms
flux density in the air gap of the corresponding pole number field. This can be shown by considering
the flux linkage in the coupled circuit model in chapter 2, from where the air gap flux density can be
related to the mutual inductance terms. It is significant that the stator flux linkage is related to the
rms air gap flux density because the allowable air gap flux density for a machine is limited by the iron

laminations, as discussed in section 4.7]

Therefore, from (7.12), the full dynamic model in terms of stator 2 flux becomes:

Xy Xy K
ldqsl ldqsl qusl
. It -1 -1 g =1 _ & g —1 .5 It s
ldqsz AMsyncJ ( JARsync I I stnc‘])L ) ldqsz + Y qusz
K K
d )\'dqxz Ad%z O
Ll | = o, (8.7)
di .
-5 X
1 ld‘]sl ldqsl T
® — 15 | TS s, | -
r 27 | fdagn | TATsYneTa dgs J
K s
- - - dqu )\‘quZ -

We now consider the speed regulation problem for the BDFM using FBL. We assume that the torque
is an unmeasured disturbance, and propose two methods, one where only the speed is regulated, and

a second where both the speed and the flux are regulated.
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8.2.2 Control strategy 1: Speed Only Regulation

We have two control inputs, the d and q axis components of vy, Lo We have one output, w,. From

section 8.1.1 we differentiate the output, w, until the input appears:

1= w, (8.8)
T
i;q ij,q
dyg _do, |0 T <o
dr o dr 2 | e | IrOse i iag | T ®9)
N S
)\‘quZ )\‘dQsZ
- T
. Iy i3q
Ay _doy 1| T3 Seyne Ty ' — | i = (8.10)
di2 — dr g | fdae | RO gp | g J dt '
AS AS
L dqu_ dqu
_'S 17 Y S
i i v
do, 1 .iqﬂ . -1 1 1 .iqﬂ fq“ 1dT,
- dt - 7 ld‘l.vz J}\,SSyl’lCMsync (_RSyI’lCJ)L o stncj)‘ ) ldq.VZ + vdqsz N 7?
_)\‘fiqs2_ )\‘quZ O
(8.11)

Therefore the relative degree is 2 as long as the state vector is non-zero, and the system may be

input-output linearized by choosing vy, . such that:

i I 0
qs1 dT] n
Pl (Rsyncrf)\_l + stncﬂ_l) i;’qxz + E + 7 = P1 0 v‘;qsl + P1 I U;vqxz (812)
)\'Z%Z O O
where:
.5 T
ld‘]sl
Pr=i, T3 Ssyne Migpe (8.13)
fiqu

where 7 is the new dummy input to the system, and therefore the system transfer function becomes:

n
w,(s) = =l

However it is clear that (8.12) is an under determined set of equations, that is for any chosen 7

there are an infinite number of valid solutions. We therefore propose choosing the solution giving the

minimum value of ||vy, L2, and which may be computed by:

ié%l dT[ n I
Vg, = (ATATTAT PURyne T 4 QoneTi D) iy, |+ o5 = P[0 vy, | B14)
y 0

dqu
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where:

0
1
0

A =P

As the linear dynamics comprise of a double integrator, they may be stabilized through the use of

a phase lead compensator,
2 3
_ wiJas + o)

Ki= 2+
! S+a)x«/&

(8.15)

where w, is the desired loop cross-over point (in radians per second), and « is the desired ‘spread’ of
the pole and zero, which controls the amount of phase lead (and hence the damping and robustness).
In this dissertation w, = 100 and o« = 200, which gives a phase margin of 82°.

We now consider the case of speed and flux regulation.

8.2.3 Control Strategy 2: Speed and Flux Regulation

The system now has two outputs, w, and Ay, 2. The relative degree for the w, output is known to

be 2 from section 8.2.2| To determine the relative degree for the ||} . |l output we differentiate it

repeatedly:
[Ny T T [N
ldqsl laqxl
s T . o
y2 = Mhag,ll2 =\ Aa, Yag, = || idg, i3 (8.16)
N 0 S
dqs _ dqy
s 1[0 0 o P
§ § Tss laqsl laqsl
@ — d”)\'dquHZ — )\'dq.ﬂ )\’dqu — 1 l.S O O O i l.S (8 17)
dt dt \/)\‘s T}\’s \/}\‘s T)\'s dqy dt dqg .
dqs2 dqu dqu dqu )\';l]_yz_ 0 0 I )\';qﬂ
.5 T .S s
1 ldqs] O 0 0 ld(/.vl vdqs]
. -1 -1 P N
- AS T)"s lfiqﬂ 000 )‘Msync (_Rsyncj)‘ - stncj)‘ ) 12%2 + Ufi%z
dq, dqg s s
qs2 qs2 )quxz 0O 0 [ )‘dqﬂ 0
(8.18)
Therefore the relative degree for the ||A), 4., l2 output is 1, as long as A}, 40 = 0.
Therefore v} 0 should be chosen such that:
B 7] [ iS vS }
1 1 —1 .i‘hl })1 dqa'l 1 d]vl
m 7P1 (_RsyncJA - stncj)L ) ld‘I.vz + 7 vdqﬂ - 75
y 0
= 2 - (8.19)
ldqxl vdq_s'l
2 PZ(_Rsyncg}_l - stnc{]&_l) iquz + P quﬂ
A‘quz 0
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where P is given in (8.13) and:

T
| I3g., 000
P, = —— iy 000 qM;y;C (8.20)
)\‘dqu )Ld%z )\'ZCI«Z 0 0 I
Rearranging (8.19) gives:
_ _ ; ; -
1 1 1 .dq“ Py s 1dT,
m 7P1(_Rsync~/)L — OsyneT;, ) 12%2 + T 0 Vig, — T dr
A 0
= ‘m.s + Pavy,, (8.21)
ldqs] I
m Py(=RyyncT; "' = Quyne T, | i3, |+ P2 | 0] vl
S - )\’fquZ 0 -
where:
_P o1
1
— |7
J
0
P = (8.22)
0
P T
0

It may be verified that P; is full rank if i;qsl # 0 and i ;qﬂ # 0 and )\;%2 # 0. Therefore equation

(8.21) may be uniquely solved to give v}, - and the linearization is valid in all practical situations.
The FBL system may be stabilized by two linear controllers: K (as given in (8.15)) for the speed

term, and K, = w, for the flux term, where w, is the desired loop bandwidth. K, need only be a

constant gain as the flux output has relative degree 1. In this dissertation we choose:
K, =100 (8.23)

It is noteworthy that equation (8.21) is similar to equation (15) of [14], as indeed were the methods
used to reach it. However the authors do not appear to have realised that this constitutes FBL, and

furthermore their derivation is not in the synchronous reference frame.

8.3 Towards A Practical Implementation

We now discuss issues related to the practical implementation the FBL control laws described. The
first point which is immediate is that the solution of (8.21) or (8.12) requires the derivative of the

load torque to be known. This is very unlikely to be available as a measurement, however normally
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the load torque will be constant, and therefore the derivative is zero. During torque transients, if
the derivative term is assumed to be zero, then any change in torque appears as a disturbance at the
input, which will be attenuated by the linear outer loop controller. Therefore we will assume that
the torque derivative is zero for controller implementation. The second point which is immediate is
that the full state must be measured in order to implement the controller. The stator currents can be
measured, but it will not be desirable to measure the stator 2 flux. This is because it would require
the addition of instrumentation to the inside of the machine, which would necessitate the controller
manufacturer (who will probably not manufacture the machine) modifying the machine. Therefore it

will be assumed that it is necessary to estimate at least the stator 2 flux.

8.3.1 Zero Dynamics and Idealized FBL Stability

As discussed in section|8.1.1, when the total relative degree of a system is less than the state dimen-
sion, then there are unobservable states, known as zero dynamics. These states must be stable if the
system is to be internally stable, as they are not controllable. If the system is not internally stable
then the controller is likely to be unusable. The analytical analysis of the zero dynamics is beyond
the scope of this dissertation, however the local stability of equilibria can be investigated numerically

by performing a standard linearization and then eigenvalue analysis.

Calculation of Equilibrium Points

The equilibrium points for both FBL methods were determined numerically by using a constrained
optimization technique. For both methods the equilibria may be found by setting the derivative term
zero in (8.7) and solving the resulting equation, omitting the w, state. As the input, v} . only appears
in the uppermost equations, the lower equation may be considered a non-linear constraint on the state
vector. The equilibria are found by substituting (8.14) or (8.21) for v}, 4’ and then minimizing the
2-norm of the derivative vector subject to the aforementioned constraint. This was achieved using
the Matlab function fmincon. However to reduce the chance of missing possible solutions the
optimization was started from 100 randomly generated starting points, and all results with 2-norms
suitably close to zero retained. In both cases multiple equilibria were found for a given load torque,

shaft speed and stator 1 supply voltage.

Local Stability Analysis of Idealized FBL

Figure[8.1 illustrates the effect of stable and unstable zero dynamics for the first FBL scheme. Figure
8.1(b) shows the maximum real part of all the eigenvalues of the system when linearized an a range
of of operating points. It is clear that there are a substantial range of speeds where the zero dynamics
are unstable for the load torques considered. We now show the transient response at two equilibria at

200 rpm, the first with 7; = 0 N m with stable zero dynamics, and the second with 7; = 5 N m with
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unstable zero dynamics.

Figure shows the resulting speed transient at startup. The ‘noise’ on the signal for the
unstable equilibrium is due to imperfections in implementation of FBL. As these imperfections are
tiny (due only to errors in the ODE solver), it serves to illustrate why internal stability is necessary -

in practice there will be much larger imperfections in the implementation of FBL and consequently

greater output errors. Figures 8.1(c) and 8.1(d) show the current and flux at the stable and unstable

equilibriums.
Therefore we conclude that, even in the case of (nominally) perfect implementation of FBL, if
the zero dynamics are not stable, then the controller will not be practically usable, as expected. The

same conclusion can be drawn from a similar analysis of the second FBL scheme.

8.3.2 Practical Implementation

As previously discussed, the implementation of FBL requires an observer to estimate the stator 2
flux, or rotor currents. As the BDFM electrical equations are linear parameter varying, parameterised
on the speed, standard observer design techniques are not applicable. Four observer designs were
considered. The first three use the measurable stator currents along with the stator voltages, however

the fourth only uses the stator voltages.

1. Time varying Kalman filter: as the Kalman filter equations have been solved for linear time
varying systems the filter may be applied. However the computational burden is significant as

the state covariance estimate must be computed in real time [105, sect. 4.5].

2. LPV observer design using LMIs, adapted from an observer for a conventional induction ma-

chine in [77], designed to give minimum induced 2-norm error.

3. Novel time varying observer design where stability can always be guaranteed using appropriate

gain choices: presented by the author in [85].

4. Open-loop ‘observer’ comprising of the electrical system equations. Such an ‘observer’ is

stable for any variation in shaft speed from Theorem

Of the four designs it was found, through simulation studies, that the robustness of FBL using an
observer was actually worse with the three observers which use current feedback. This is because the
use of feedback tends to worsen the estimate of the phase of a signal, but generally gives an improved
estimate of the magnitude. However, AC electrical machines are generally much more sensitive to
changes in phase than changes in magnitude [67]. Therefore the open-loop observer, which simply
consists of the first row of (8.7), was used.

In the implementation of the FBL controller it is necessary to convert the measured signals into
the synchronous reference frame, and the demanded output voltage from the synchronous reference

frame and back into terminal quantities. From a series of simulation tests it became apparent that
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Figure 8.1: Local stability analysis, of FBL method 1 with V| = 67.6V,,, showing maximum real

part of the linearized system eigenvalues, and the speed and current transients at an equilibrium point.

At 5 N m the operating point is unstable, and at 0 N m it is stable, as can be seen from the the maximum

real part of the eigenvalues.
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the FBL controllers were very sensitive to any angular errors during this conversion. Such errors,
although generally constant, were found in the experimental apparatus. Therefore a simple adaption

law was derived to null out any offset prior to engaging the FBL controller. The adaption controller

i, [958
Kadap = / N K (8.24)
0\ lligg, ll2lligy, II2

K aqap 18 the integral of the sine of the angular difference between the measured stator 2 current, i) 4’

was:

and that estimated by the observer ;j 4., Therefore the adaption law drives any angular error between
i - and i} q,, t0 ZEro by adjusting the angular offset of the d-q transformation. Once the angular error
has been nulled the adaption law was disengaged. The reference frame transformation is given in
table|7.1, however a software phase-locked loop was used to force ¢, + «; = 0 and then ¢»,, which
is unknown, was set to ¢, = 07 where 07 is the angular offset found using the adaption law. The
value of [ wdt was determined from the phase-locked loop.

Figure [8.2] shows the block diagram of the implementation of the FBL controllers. Figure [8.3|
shows simulated responses of the two FBL controllers, using this implementation, where a deliber-
ate mis-match has been introduced between the parameters used in the simulated machine and those
used in the simulated observer and controller. The machine model used is the full coupled circuit
model developed in chapter 2, using calculated parameter values. The controller and observer used
the estimated parameter values given in table|6.3. The model moment of inertia was also deliberately
mis-matched by a factor of 2. The figures show that despite this modelling mis-match the controller
performance was good, and the system stabilized, and furthermore that there is some decoupling be-
tween flux and speed in the second FBL scheme even with flux estimation. However the linearized
system transfer functions are clearly not 1/s> and 1/s for speed and flux respectively because the
transient response is around an order of magnitude slower than predicted. This suggests that the
model mis-match has introduced some attenuation into the loop. Figure 8.4/shows that when V/ is in-
creased the linearized system transfer function more closely approximates the ideal double integrator,
as the damping factor is approximately correct, and the rise time was around 50 ms whereas under
perfect linearization it would have been 30 ms. This is in contrast to figure 8.3/ where the rise time is
approximately 500 ms, and the damping factor is significantly different.

Figure 8.5/ shows results from experimental implementation of the speed only regulation FBL
controller. The steady-state offset is due to errors in the linearization. It was found that improved
performance was achieved with a controller with a very high proportional gain, therefore K| = 2000.
Nevertheless, the step down transient response is very good, and at 190 ms is faster than any previ-
ously published controller results for the BDFM. Figure 8.6 shows speed and flux step changes for
the second FBL scheme implemented on the prototype machine. The cross coupling between speed
and flux and the steady-state errors are due to shortcoming of the linearization. Again it was found

that (relatively) large proportional gains gave better performance than the designed speed controller,
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Figure 8.2: Block diagram of FBL controller implementation
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Figure 8.3: Transient response of simulated FBL speed and flux controller, using open-loop observer
and adaptive angle offset tuning with V; = 67.6V;,,. Deliberate model mis-match introduced be-
tween machine model and controller model. Step change in load torque at t = 15s from O Nm to

10 N m, and step changes in speed and flux as shown. The actual, rather than estimated flux is shown.
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Figure 8.4: Transient response of simulated FBL controllers, using open-loop observer and adaptive
angle offset tuning with V; = 240V,q,s. With a higher value of V; the linearization error appears to
decrease. Step change in load torque at ¢t = 15s from 5 Nm to 105 N m, and step changes in speed

and flux as shown. The actual, rather than estimated flux is shown.

equation (8.15). It was found that K, could not be increased beyond K, = 10 without loosing regu-
lation. The need for high gains to minimize the steady-state error is an indication that that feedback
linearization has not been effective at low frequencies, and therefore the ideal of infinite gain has not
been attained. The implementation bandwidth was 3.33 kHz for both controllers, in each period the

cpu time was busy for 240 us in each case.

8.4 Conclusion

In this chapter controllers using feedback linearization have been developed for the BDFM, one con-
trolling speed only, and the other controlling flux and speed.

The controllers were presented using a transformed version of the synchronous reference frame
model where the stator 2 flux replaced the rotor current state. If the rotor has more than 2 states then
the derivation is similar, however some of the rotor currents will still appear in the state vector.

The control strategies were shown to give promising performance in simulation, even with intro-
duced model mis-match.

Initial attempts were made to implement the FBL strategies on the prototype machine, and met
with some success. The FBL controller held an equilibrium, and could be made to control the ma-

chine. However there was a significant departure from the ideal feedback linearized system transfer
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Figure 8.5: Experimental step up and step down speed transients for the speed only FBL implemen-
tation. The error in the linearization is apparent though the steady-state offset. V| = 67.6V,y;, the

load torque was nominally zero. The speed controller was K| = 2000.
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Figure 8.6: Experimental results for the speed and flux regulation FBL controller at nominally no
load. The cross coupling between speed and flux is due to errors in the linearization. Note that as the
flux has not been measured, the red line shows flux estimated by the observer. V; = 67.6Vy,, the

load torque was nominally zero. The controllers for speed and flux were K; = 1000, K, = 10.
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function in each case, most notably the absence of high gains at lower frequencies. Therefore further
investigation into the cause of this error is required. However, despite the difficulties the application

of FBL to the BDFM deserves further attention.
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Chapter 9

Conclusions and Future Work

9.1 Conclusions

The objectives of this dissertation have been: to derive generalised models for a broad class of

BDFMs, and to use these models to analyse the steady-state and dynamic performance; to propose

a new rotor design and new methods of speed control for the machine. The specific contributions of

this dissertation will now be summarised.

1. A generalised framework was developed for the coherent derivation of models for a wide class

of BDFMs, of which a machine with any ‘nested-loop’ design rotor is a subset. The coherence

between the different models allowed parameters calculated for the generalised coupled circuit

to be transformed to provide parameter values for the other models:

(a)

(b)

©

A method of computing mutual inductance parameters where the user specifies the geom-
etry and connection of the individual coils for each circuit was developed. Two calculation
methods were proposed, one giving the total inductance, and the other decomposing the
inductance into Fourier series terms. The method assumed finite width, but zero depth
conductors. The estimation of leakage inductance was included in the method using stan-
dard techniques. The methods allowed parameter calculation for any electrical machine
(Chapter2).

A generalised coupled circuit model was derived and implemented in software using cal-

culated parameter values which can model any electrical machine (Chapter|(2).

The generalised coupled-circuit model was transformed into a d-q axis model in the rotor
reference frame for a wide class of BDFMs by means of invertible matrix transformations,
unlike all previously published models. The only additional assumption required was the
lack of harmonic terms other than the fundamental in the stator-rotor mutual inductance
matrices, this assumption was shown to be reasonable for all the examples considered.

The invertibility of the transformation matrices showed that the transformed model was
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(d)

(e

®

(2

(h)

o)

precisely equivalent. It was shown that the position dependence of the model was re-
moved. The proof made use of the circulant nature of the mutual inductance matrices for

the class of machine considered (Chapter|(3).

The rotor reference frame d-q axis model was shown to reduce to a model with 6 4+ 2N
states (including stator zero sequence states), where N is the number of sets of rotor
circuits for the entire class of BDFMs considered and without any observable error. It
was shown that the remaining states are stable, and uncontrollable/unobservable, the proof

again made use of the circulant properties of the inductance matrices (Chapter [3).

The dynamic rotor reference frame d-q axis model was transformed into complex se-
quence components for the entire class of BDFMs considered. It was shown that the
dynamic sequence component model for the entire class of BDFMs considered could

comprise of 2 + N complex states (excluding stator zero sequence states) (Chapter 4).

The dynamic rotor reference frame d-q axis model was transformed into a synchronous
reference frame d-q axis model for the entire class of BDFMs considered. The transforma-
tion was achieved by invertible matrix transformation, therefore the full dynamic nature
of the model was preserved, however the steady-state values became constant quantities
(Chapter|7).

The complex sequence model was solved for steady-state conditions, and used to synthe-
size an equivalent circuit model for the full class of BDFMs considered. The coherence of
the derivation allowed the physical meaning of the component parameters to be retained
(Chapter 4).

The synchronous reference frame d-q model was linearized for the full class of BDFMs

considered, and a method of calculation of all equilibrium points was given (Chapter (7).

A model reduction technique for the rotor reference frame d-q model was proposed for
‘nested-loop’ rotor designs. The technique was shown to be a very good approximation
of the full order model for all the examples considered. Furthermore the technique was
shown to yield a model which is itself a member of the class of BDFMs considered, thus

allowing the model to be transformed into the other forms derived (Chapter 3).

2. The equivalent circuit model was used to investigate the effect of rotor impedance parameters

(a)

on the performance of the machine:

The rotor impedance was shown to limit the maximum torque available from the machine,
or equivalently the torque available for a particular stator power factor. In particular the
rotor impedance was shown to significantly depend on excess harmonic inductance, L,
(Chapter 4).
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(b) Seven rotor designs were investigated for the BDFM, five rotors were manufactured and

two studied in simulation using calculated parameter values (Chapter |5).

(c) The use of cascade induction mode torque-speed measurements were shown to give a
qualitative assessment of rotors’ ability to cross-couple, and hence their performance as

BDFM rotors. Experimental measurements were taken for the five rotors (Chapters 4 and
3).

(d) Dimensionless measures were proposed to evaluate potential BDFM rotors. Each measure

quantified different components of rotor impedance in the equivalent circuit (Chapter 5).

(e) The rotors which exhibited cross-coupling were quantitatively assessed by these mea-
sures, and both the ‘nested-loop’ design, rotor[1/and the new double layer design, rotor 2|

were found to have good performance (Chapter 5).

(f) The issue of magnetic loading for the BDFM was investigated, and was shown to translate

to constraints on equivalent circuit voltages (Chapter 4).

3. A new method of parameter estimation for the BDFM, by experimental means, was proposed
for a class of machines having one set of rotor circuits. This class includes machines with a
‘nested-loop’ rotor when the new model reduction method is applied. The method was ap-
plied to the five experimental rotor designs, and the parameter values verified by independent
dynamic and steady-state experiments; by comparison against parameters calculated by the
coupled circuit method, and, where possible, compared with manufacturers’ parameter data.
The parameter values were found to be in good agreement, thus verifying both the model and

parameter estimation method (Chapter|6 and (7).
4. The stability of the BDFM was investigated:

(a) Theorem|3.5 proved that the electrical states of any BDFM in the class of machines con-
sidered are quadratically stable. That is for any finite 2-norm supply voltage and any finite
shaft speed (possibly with an unbounded rated of change), the 2-norm of currents remains
bounded (Chapter 3).

(b) The linearized version of the synchronous reference frame d-q axis model was used to
analyse the local open-loop stability of equilibria in the synchronous mode of operation.

The analysis was found to be in close agreement to that found by experiment (Chapter (7).

5. Control strategies were proposed to stabilize and improve the damping of speed regulation for
the BDFM:

(a) A linear control scheme, ‘stator 2 phase angle control’ was proposed to stabilize and

improve the damping of these equilibria. The scheme was verified by experiment, and
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was found to give dynamic performance similar to alternative non-linear control schemes

when operating close to the operating set point (Chapter 7).

(b) A control scheme where the stator 2 instantaneous voltage is phase-locked to the rotor
position was proposed and its stability analysed using the linearized model. Experimental
results were presented showing an improvement in robustness to changes in operating
point (Chapter|7).

(c) Two methods of applying feedback linearization to the BDFM were presented, shown
to work in simulation, and an initial attempt made to implement them on the prototype
machine (Chapter 8).

6. Possible pole number combinations for BDFMs were characterised for most practical situa-

tions:
(a) Theorem|2.15 gave necessary and sufficient conditions for avoiding unbalanced magnetic
pull, under the assumption that the air gap flux density contained no harmonic fields.

(b) Theorem|2.12 gave necessary and sufficient conditions for non-coupling of isolated single

layer stator winding pole combinations, which are sufficient for double layer windings.

9.2 Future Work

The work of this dissertation suggests a number of possible directions for research:

9.2.1 Analysis of the BDFM

1. The d-q axis model could be extended to include harmonic terms. In the first instance it is likely

to be most straight forward to proceed in the rotor reference frame, the results could be checked
by experiment and against the coupled-circuit model. This would complement the steady-state

harmonic analysis of Williamson et. al. [115].

The general analysis framework presented assumed that leakage inductance terms only con-
tributed to the self inductance of each coil. It is likely the analysis will generalise directly to

allow mutual leakage inductance parameters.

. The model reduction method proposed for ‘nested-loop’ rotor designs, although shown to be

accurate, comes with no performance guarantees. Further investigation may yield such guaran-
tees, or at least give more specific guidance as to circumstances when the reduction method is

likely to be accurate.

It was shown that the d-q model in the rotor reference frame could be reduced to a model with

6 + 2N states. It is believed that this is a minimal realisation for the system, i.e. that it is not
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possible to reduce the system order further without observing an error. However a proof of this
is difficult as the system is parameterised by the shaft speed. There are, however, some results
in the literature on necessary and sufficient conditions for the minimality of parameter varying

systems which may apply to the BDFM [5].

5. The class of rotors considered was neither necessary nor sufficient as functional BDFM rotor
designs. Rotor[6is a functional BDFM rotor, but is not within the class, and rotor 3 is within the
class and is not a functional rotor. A simple necessary condition was given in chapter 2, and it
may be possible to tighten this condition so that it becomes necessary and sufficient. One way
to proceed would be to attempt to characterise the class of rotors encompassed by the necessary

condition, although this is likely to be a challenging problem.

6. The new model order reduction method was used to reduce the order of ‘nested-loop’ design
rotors to a rotor which had a single effective set of loops. The reduction technique diagonalized
the rotor-rotor self-inductance matrix, and then truncated the system. However the model could
be left un-truncated (and therefore free from error) and then transformed into an equivalent
circuit representation. This will, in general, lead to off-diagonal resistance terms, but these can
be synthesised by a cage structure, as is the case with the squirrel cage rotor. This would lead

to a full equivalent circuit representation for nested-loop rotor designs.

7. The analysis in this dissertation has exclusively been for BDFM machines where the syn-

chronous speed is ‘;iiﬁ; However it was first noted by Hunt that reversing the phase sequence
of the second stator would lead to a machine with a natural speed given by w, = pl“j‘m. For

Hunt’s purposes this mode of operation was not “...of much commercial value.” [49, p. 407].
This fact was first noted by Field in comments on Hunt’s original paper [48, p. 669]. It is
believed that the next mention of this ‘differential’ mode of operation did not appear until 1997
in Williamson et. al. [115]. Williamson et. al. comment that the subtractive mode would
require a rotor with an “unfeasibly small numbers of rotor bars”. This comment stems from
the assumption that the rotor will be of ‘nested loop’ design, and in differential mode the rotor
must have a number of ‘nests’ equal to p; — p», rather than p; + p,. The problem with this is
that it will lead to a relatively high value of rotor leakage inductance due to excess harmonic in-
ductance: L,, in the notation of chapter|4. However, as has been illustrated in this dissertation
it is possible to reduce L,, by judicious rotor design, therefore the differential BDFM mode
should be considered. It is anticipated that analysis in the differential mode will be similar to
the additive mode, and it is likely that many of the results will carry over, including the analysis
using circulant matrices. The differential mode offers a higher natural speed, and therefore the
possibility to run the machine at a higher speed, which will deliver more power from the same

frame size machine.
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8. Although the modelling techniques presented have been shown to yield good agreement with

experimental results, all the tests, with the exception of that shown in figure 6.3 were performed
at relatively low flux densities. As the modelling techniques assume infinite iron permeability
the accuracy will deteriorate as the flux density increases. Initial attempts to derive saturation
factors to compensate led to the conclusion that such factors would, in general, be time and load
varying [34]. Therefore further work is required to investigate how allowances can be made for

saturation.

9.2.2 BDFM Machine Design

1. Although the magnetic loading for the BDFM was addressed, the treatment requires experimen-

tal verification, and the approach may not turn out to be the right compromise. The verification
may take the form of loss measurements under different loading conditions, possibly through

the use of calorimetric measurement, or through the use of finite elements analysis.

This dissertation presented a quantitative method of evaluating BDFM rotors by the evaluation
of easily calculable machine parameter values. This suggests the possibility of searching for an
optimum rotor design. The search will require the parameterisation of a class of rotor designs

over which to search, and the search may be performed numerically or possibly analytically.

The experimental procedure to estimate machine parameter values was used without the mea-
surement of rotor bar currents. As described in chapter |6, if these measurements are taken,
possibly using Bluetooth technology [83], then the stator-rotor turns ratio can be determined

and it is likely that all parameter values will be determined with greater accuracy.

This dissertation has principally been concerned with the analysis of the BDFM, albeit with
emphasis on its implication for machine design. However nowhere in the current literature
are there any design guidelines for the BDFM. Such guidelines could be developed from the
equivalent circuit, which retains accuracy whilst being elegant in its simplicity. Issues to con-
sider include how the machine parameter values affect the rating of the machine, its efficiency
and power factor, and whether the stator 1-rotor-stator 2 turns ratios affect the performance.
The proposed performance measures contribute in this direction, however they do not provide

a complete picture.

9.2.3 Stability analysis and control, including parameter estimation

1. As discussed in chapter |7, the use of gain scheduling on the two control strategies proposed

is likely to lead to a controller with improved performance over a wider range. Unfortunately
recent developments in gain scheduling, offering guaranteed stability and performance are not

immediately applicable as they require measurement of all the machine currents, including the
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rotor currents. Nevertheless it is likely that gain scheduling will lead to satisfactory perfor-

mance.

2. Prempain et. al. recently presented a LPV based control algorithm for the standard induction
machine [77]. A similar scheme will apply to the BDFM, and offers a systematic method of
non-linear controller design for the BDFM, however the stability of the overall system, and in

particular the zero dynamics will need careful consideration.

3. Hopfensperger et. al. presented two control schemes for the cascaded doubly-fed machine
[46, 45]. These schemes should be investigated, in particular their claimed validity to the
BDFM.

4. Although a number of practical control schemes have been presented for the BDFM [125, 129,
130,126, 124], the stability and performance of these schemes has not been investigated. Using
the generalised transformation to the synchronous reference frame presented in this dissertation,
the stability of such schemes may be analysed, possibly leading to directions to guarantee

stability or even performance.

5. Recent developments in model predictive control have lead to the possibility of considering
the problem of controlling an electrical machine as a search for an optimal inverter switching
pattern. For the induction machine it has been shown, albeit only in simulation at present, that
such a strategy can lead to reduced losses without any performance degradation [76]. A similar

approach could be investigated for the BDFM.

6. A off-line parameter estimation method was proposed in this dissertation for the BDFM. How-
ever, as discussed above, model-based control algorithms often require accurate machine pa-
rameters, some of which change significantly during machine operation (such that the resis-
tance parameters). Therefore on-line parameter estimation techniques could be investigated.
One possibility is to design an adaptive observer, such as the extended Kalman filter (although
this has no convergence guarantees), alternatively approaches such as that proposed by Castaldi

et. al. for the induction machine may be applicable to the BDFM [23].

7. The initial attempts to implement feedback linearization met with limited success. Future work
should investigate the stability of the proposed feedback linearization controllers, and seek to
address the reasons for the partial experimental success. It is also possible to use feedback
linearization to control different outputs other than the speed and flux, for example the speed
and stator 1 power factor could be controlled. This can be achieved by appropriate choice of

output function.



212 Conclusions and Future Work




Appendix A

Mathematics

A.1 Trigonometric Results

Lemma A.1. Given w = exp(%) then ZZ;(I) w*? exp(j¢) = 0 where p € 7. # tn where t € Z,
and ¢ € R. Hence Y 1_} cos(Z2X2 4 ) + j sin(% + ¢) = 0 and therefore 31—} cos(ZX2 + ¢) =

n n

(oS + ) =0

n

Proof.
n—1 n—1
D ' exp(j¢) = exp(jg) Yy w*rH
k=0 k=0

m2pj

)+ -+ exp(

27 pj 2 2r(n — 1
= exp(j¢) (eXP(O) + eXp(%) + exp( y))

Noting that exp(@) # 1 due to the restrictions on p, and that exp(¢j) # 0:

n—1

2npj 2 pj
= exp(jgp) Y ' (1 - exp(%)) = exp(jb) (exp(0> +exp(—L) + exp(
k=0

+ exp(w)) (1 _ exp(@v

= exp(j)(1 — expQrpj)) =0

272pj
pJ)+
n

A.2 Linear Algebra

Theorem A.2. [38, p. 270, vol. 1] A matrix A € R™", such that A = A" (A is symmetric) has a
orthonormal basis of eigenvectors for R".

Theorem A.3. A symmetric matrix, A = AT € R™" can be written as:

A=TATT
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where A is a diagonal matrix of the eigenvalues of A, and T is a matrix of corresponding eigenvectors
of A.

Proof. From Theorem |A.2|the eigenvectors of A form a basis for R". Let xy, x,, - - - , x,, represent
the eigenvectors of A, and Ay, A,, - - - , A, the corresponding eigenvalues. Furthermore let:
T = I:x] X3 cee xn]

as the eigenvectors for a basis for R” then T is rank n (full rank) and thus 7! exists. Furthermore as

the basis is orthonormal hence 7 is orthogonal, thatis TTT = I hence T~! = TT. Therefore:
AT = A [x1 Xy - x,,] = [Axl Ax, - Ax,,] = [)»1)61 MXy - k,,x,,] =TA
= A=TAT"

Lemma A.4. A real symmetric matrix has real eigenvalues.

Proof. Let x € R" be an eigenvector of A = AT € R"*", and A the corresponding eigenvalue. Note

that we know x to be real from Theorem From the definition of eigenvectors:
Ax = Ax
and as both A and x are real Ax is real, hence A is real. O

Lemma A.5. [I31, sect. 2.3] Let A be a square matrix partitioned as follows:

s AAp
A A

where Ay and Ay, are also square matrices.

If A and Ay, are non-singular then:

-1
AnAn | AL+ AT ApAT An AT —A ApAT!
Ar1 A —A_lAz]Al_ll A1

where A = Ay — A21Af11A12 and furthermore it can be shown that A is non-singular if and only if
A is non-singular.

If A and A,y are non-singular then:

—1 N A
ApAp A~ —AT ApAY,
Ay Ay — AN ANATY AL+ A AL ATTARAS
where A 2 Al — A12A£21 Ay and furthermore it can be shown that A is non-singular if and only if

A is non-singular.
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Lemma A.6. The eigenvalues of a square upper or lower (block) triangular matrix, T € C"*", are

the union of the eigenvalues of the (block) matrices on the diagonal.

Proof. Without loss of generality we assume 7 to be upper block triangular:

A B
T =
0 D
where A € C™*",D € C*"™"~" 'and B is compatibly partitioned. Let x; € C"~" be an eigenvector

of D, with corresponding eigenvalue A, € C. Therefore it is immediate that:

HRIRECH

hence we conclude that A, also an eigenvalue of T, and indeed by induction that all eigenvalue of D
are eigenvalues of 7.

Similarly, let x, € C™ be an eigenvector of A, with corresponding eigenvalue A, € C. Again it is

o o)f)=[i]

and hence we conclude that the eigenvalues of A are also eigenvalues of 7. The proof for a lower

immediate that:

triangular 7' follows the same lines. U

Lemma A.7. Given: A = Ag+p1Ai+---+p,A, e Rk CeR>*and Q = QT > 0, Q e R¥*k
with p""p, < p"™ € R then:
ATO+0A4+C"'C <0
o ATQ+ QA +CTC <0 VA

th

where A’ denotes the i'™ extreme point of A. The extreme points are the points corresponding to the

‘corners’ of the parameter box containing A. There are 2" such corners.

Proof. We will prove the result for a single parameter, the result for n parameters follows by induc-

min

tion. Hence without loss of generality let A = Ay + p1A; and p™" < p1 < p™*.
Note that A can be written as A = Ag + (oM (1 — @) + p"™a)A;, 0 < @ < 1. By definition We

have:

min T min
(Ag+ A1p™) QO+ Q(Ag+ A1p™) +CTC <0
(Ao + A1p™) 0 + Q(Ag+ A1 p"™) + CTC < 0

hence from definition 2.10, asa > 0and 1 — o > O:

(Ao + A1 @pI™ + (1 — )p™™)" 0 + Q(Ag + A1 (ap™ + (1 —a)p™) + CTC < 0

and this is exactly equivalent to ATQ + QA + CTC < 0, as all possible values of p; are covered. [
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Lemma A.8. [36, Lemma 3.2] & [93, Prop. 1.34] (Shur Complement):
Given P =P*c C"™" R=R*cC"™ "™ and S € C" then:

P S R <0 P <0
<0<« s
S* R P—SR'S* <0 R—5S*P7'S <0

Lemma A.9. The following LMIs are equivalent:

[ATX + XA XB »'CT]
BTX -1 y7'DT| <0
y~ic y'D -1

[ATXy +yXA yXB (T

BTXy —Iy D' | <0
C D Iy
ATX +XA XB (T
BTX -1 D' [ <O
C D —Iy?

wherey € R > 0and X € RV = XT,

Proof. Applying Lemmal|A.38 to the first LMI yields the following equivalent condition:

|:ATX + XA XBi| |:]/_1CT

—_Nn-1],,-1 -1 _
B'X  —I yIDT]( D [V Cv D]<0’ I'<0

which, as y > 0, is equivalent to:

ATX+ XA XB ct . 5
Ty , - T (—=1y”) [C D]<O, —Iy“ <0

applying the Shur complement again, in reverse, yields the third LMI. The second LMI is obtained
by multiplying through by y. O

Lemma A.10. The rows of Q are orthonormal to one another, that is: 00" =1, and furthermore,

if Q is square then QT Q = I, where:

cos(e) COS(MTP + @) Cos(% +¢) - COS(Zﬂ(nn—l)p + )
2 . . 2 . 272 . 2(n—1)
Q = ; Sln(¢) Sln(Tp + ¢) SIH(TP —+ ¢) e Sln( - P + ¢)
1 1 1 |

wherep e R, ne N,n>3, peZ #tn,t € Z.
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Proof.
) . [ cos(@) sin(¢)
cos(¢) cos(ZL 4 ¢) --- cos(TE=L 4 ¢) cos(Z2 4+ ) sin(Z2 4+ ¢)
QQ" =~ |sin(@) sin(ZL+¢) - sin(FEHE + ) ; "
1 1 1 : :
V2 V2 V2 cos(Z=DP 4 gy gin(Ze=Dp | gy

From LemmalA.1, it can be seen that terms due to the product of non-trigonometric terms and trigono-

metric terms will be zero. Hence:

) cos(¢)? + COS(z”Tf’ + )+ + Cos(zmnn—l)p + ¢)?
= = | sin(@®) cos(@®) + sin(2 + ¢) cos(5L + ) + - -+ +sin(FELL + p) cos (L + )

0
cos(¢) sin(¢p) + cos(z’;—” + ¢) sin(ZHTp +d)+---+ Cos(—zn(”n_l)p + @) sin(—h(”n_l)” +¢) 0
sin(¢)? + sin(Z2 + ¢)? + -+ + sin(FEDL 4 ¢)? 0
0 2
Using the trigonometric identities cos(A)? = %—i—% cos(2A), sin(A)* = %—% cos(2A), sin(A) cos(A) =
sin(2A) with LemmalA.1 gives:
2.0 0
2|2
0 0 3
O
Definition A.1. A matrix, C € C"*" is circulant if there exists cg, - -, c,—1 such that C;; =

C(i—j+n) mod n Where the rows and columns of C are numbered between O and n — 1. k mod n

means the k£ modulo # i.e. the remainder after dividing k by n.

For n = 6 a circulant matrix is:

cp C1 Cp C3 C4 Cs
Cs Co (g Cy C3 C4
Cy4 C5 Cy €C1 Cr C3
C3 C4 C5 Cp C1 (O

Cr C3 C4 C5 Cop C

Ci Cp C3 C4 C5 Cp

S Sl-

Q'|,_




218 Mathematics

Definition A.2. A matrix ' € C"™" is a Fourier matrix if F,, = w(q_l)(’_l)/ﬁ, where w =

exp(ﬂT”). A Fourier matrix is of the form:
11 | 1]
1 w u)2 . w(”_l)
1 1 w2 w4 . wZ(nfl)
F=—
Jn
1 w®=2 20-2 . ,ye=2e-D
1 w@=D  2e=D . ,e=Da-D

Lemma A.11. Any Fourier matrix, F € C"*", as detailed in definition|A.2 is unitary, i.e F~!' = F*,

and hence full rank.

Proof. From the definition F* may be written:

1 1 1 1
1 w! w2 w~ "D
1 1 w—2 w—4 w—2(n—1)
F*=—
Jn
1 w2 p=20=2) . y—=2-1)
1 w-=D =20=1 . y—a-D@a-1
hence:
1 1 1 1 1M1 1 1 1
1 w_l w_2 P w_(n_l) 1 w w2 “ e w(n_l)
111 w2 — w201 1 w? w w2m=D
F*F = —
n . . . .
1 w2 =202 .. y=e=e-1 | || 02 20-2) . ,e-2e-1)
(1 w0 20D gD [ 0D g2mmD gD |

by considering the unit circle it is easy to see that Zg_l w*" =0, k € Z # 0. Hence:
F'F=1
O

Lemma A.12. [131, p.19] Let D € R (n > k) be such that D*D = I, thus the columns of D are

orthonormal. Then there exists a matrix, D+ € R such that [ D Di] IS a unitary matrix.
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Theorem A.13. For any circulant matrix C € C"*" the columns of the Fourier matrix, F of compati-
ble dimension are the eigenvectors of C, and that the corresponding eigenvalue is A = Z';;(l) cjwll -b,
where 1 < i < n denotes the column number of F. Furthermore, if x € C" is an eigenvector of C
then x is also an eigenvector, and if C € R"*" and the corresponding eigenvalue for x is A then the
eigenvalue of X is A. Finally, from Lemma'A.11, C is diagonalisable, that is the eigenvectors of C are

distinct.

Proof. We shall show that for each column of F, 3A; : CF; = A; F;, where F; denotes the i™ column

of F. CF may be written:

Co C1 (&) Cc3 s Cn—1 1 1 1 s 1
Ch,—1 Co (1 1) N 1 w w? cee w=b
1 | ¢ Cho1 Cco Ci trr Cp-3 1 w? w? T w2
CF=—
Jn
o €3 o+ Chol €O Cl 1 w2 20=2 L =20
| €1 ) C3 o Cp—1 Co _1 w2 w(nil)(nil)_
hence:
- T F~—n—1 7]
co ¢ ¢ 3 o cpr || Dico Ci
n—1
Chio1 o €1 C s o |1 Do Ci
n—1
1 e oot o crt o Cp-3 1 1| Xisoci
CFl — = — = )\.1F1
NGO NG
n—1
) €3+ Cpo1 C C 1 D im0 Ci
n—1
c1 ¢ €3 0 Che1 Cp 1 > ico Ci |

noting that w” = 1 (from definition|A.2):

Co (4] C (%] s Cn—1 1
Cn—1 €o 1 2 o Cp2
CF 1 |Ci—2 Ch—1 Co  Ci Tt Cp—3 2
T
o c3  r+ Chn_1  Co c1 w2
| < 2 €3 -+ Chol Co | _w(”’l)_

co+wey +wrer 4+ w" Ve,
wlco + weyp + w?er + -+ w® Ve, ]

w?[co + wey + wer + -+ w Ve, ]
=M

Sl-

w"D[co +wey + wlep + -+ w Ve, ]

| w D eg 4+ wey + wiey 4+ -+ w Ve, ] |
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by induction we conclude C F; = A; F;. By inspection the i eigenvalue, A; = Z'};(l) cj w/ =D,

If x denotes any column of F, then there will always exist a column of F which is equal to X, as

= 1Vk € Zand w = w™', so multiplication of each element of X by an appropriate representation
of 1 gives a column of F.

Therefore if x if an eigenvector of C, then x is also an eigenvector, the and if X is the eigenvalue
corresponding to x then, as A; = ) i_ o c;jw/@=D it is clear that the eigenvalue of ¥ is A if C is
real. U

Lemma A.14. Given a circulant (not necessarily symmetric) matrix, C € R"" n € N > 3, then:

) cos(ZX)  sin(ZX)
ocot = —sin(Zx)  cos(ZA)
0 20

where ). € C, Lo € R are eigenvalues of C,and the third column of Q" is the corresponding eigen-
vector to hg. Furthermore, if C is symmetric then the first and second columns of QT are eigenvectors

of C corresponding to eigenvalue A, and of course, from Theorem A.4 ) must be real. Where:

cos(¢) cos(zn—p + ¢) cos(znnzp +¢) - COS(Zn(nn—l)p + @)
0= \/7 sln(¢) Sm(Zﬂp +¢) Sin(@ +¢) - Sin(w + )
1 1 1
n—1
A= Z C,‘wi
i=0

where p € N, p # nt,t € N. ¢; is the element on the i™ column of row 1 of C, and w = exp(%).

Proof. Firstly, we know that the third column is an eigenvector from Theorem |A.13| We now assume,
without loss of generality, that p < n, as for all p > nidp; > 0: p = p; + nk,k, py € N and

exp(z”n—”k) =1.

exp(j o) exp(0) cos(0) + j sin(0)
exp(ZZL + ) exp(Z2L) cos(22) + j sin(22)
C| expZ24jg) | =exp(ip)C | exp(Z2) | =exp(jp)C |  cos(ZZ2L) + jsin(Z2L)

exp(ZU=D2 4 gy exp(ZUDrly cos(ZU=D) - jgin (2D
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and from Theorem|[A.13] for some A € C:

cos(0) + j sin(0) cos(¢p + ZX) + jsin(¢p + ZA)
cos(z”Tp) +j sin(znTp) cos(Z”Tp +d+ 20+ sin(z”Tp + ¢+ ZA)
=exp(jo)r cos(@) +j sin(%) = |A| cos(@ +o+ 20+ j sin(% + ¢+ LX)
cos(zn("f_l)p) +J sin(zn("f_l)p) cos(@ +d+ LN+ ) sin(zn("f_l)p + ¢+ 2ZN)

recalling that C is real, taking real and imaginary parts gives:

[ sing | [ sing+on) ]
sin(zﬂTp + ¢) sin(zjf—lp + ¢+ ZA)
Cl sin(ZZ1+¢) | =a| sinZE2L ¢+ L0
sin(ZU=L2 4 g) sin(Z=U2 4 g 4 /))
i cos(¢p) ] i cos(¢p + ZA)) ]
cos(Z”T’7 + @) cos(Z”T” + ¢+ ZN))
C cos(@ + @) = COS(@ + ¢ + Z1))
| cos (=L 4 ¢) | | cos(U= ¢ 4 /1)) |

hence if C is symmetric then ZA = 0, and we can conclude that the rows of Q are all eigenvectors of
C:

A0 0
coT=0"{0 » 0
0 0 X

The eigenvalue results come directly from Theorem A.13.

If C is not necessarily symmetric the we proceed as follows. Defining:

exp(j¢o)
exp(Z2 + j)
x=| exp(ZLL 4+ jg)

exp(RE + )

then with the previous discussion and from Lemma A.13}

el =L A ]
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now notice:
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i :| is proportional to the first two columns of QT, hence recalling

I
—
=
=1
—
1

T oI~

Now notice that [x )E] |:

N—= =

2
that the third column of Q7 is an eigenvector of C then we may write:

cos(ZX)  sin(ZA)
com=om |-
= —sin(ZA) cos(ZX)
0 Ao

O

Lemma A.15. Given a symmetric circulant matrix, C € R™" n € N > 3, that is, a circulant matrix
such that C = C7, then:

0
d . dp
QCE(Q)_dt —A

0

where A =Y - c;w' and:

cos(¢) cos(z’”’—i—(b) cos(2”2”+¢) cos(Z”("n_l)p+¢)
o~

s1n(¢) 81n(2”7p + ¢) sm(@ +¢) - Sin(@ + )
! 1
V2 7

where p € N, p # nt,t € N. ¢; is the element on the i"™ column of row 1 of C, and w = exp(ﬂT”).

Si-

Proof. From Lemma|A.14/we may write:

OC=10 » 0(Q

0 X
post multiplying by %(QT):
A0 O
QC—¢(QT) =[0 2 O Q—¢(Q )
0 0 Ao
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Differentiating Q gives:

J —sin(¢) — sin(Z”Tp +¢) — sin(zﬂnﬁ +¢) oo — sin(Zn(nn—l)p + )
% =V cos(¢) cos(Z"T” +¢) cos(% +¢) - 003(72”(";1)” +¢)
0 0 .. 0

Using a similar argument to that found Lemma A.10:

0
ocC —(Q )= | —A
de
0
Applying the chain rule then gives the result. O

Lemma A.16. Given a circulant matrix (not necessarily symmetric), C € R"*" n € N > 3, then:

(. 0 0 0]
T
ol el _|ox oo
o] | ot 00 2 O
00 0 §

{ cos(L1) sin(LA):|
|| 0 0
—sin(ZA) cos(ZX)

A P I i T

0 0 S
where A, Ay € R! and § € RO=Hx0=3) g -
cos(@) cos(BL +¢) cos(TL 4 ¢) - cos(FUDL 1 ¢)
0= \/7 Sln(¢) sm(zjl:—p + @) sm(z”nﬁ +¢) .- Sin(Zn(nn—np + o)
1 1 1
ﬁ ﬁ “e e ﬁ

where p € N, p # nt,t € N, and Q* an orthogonal matrix whose rows span the orthogonal
complement of the subspace spanned by the rows of Q. Furthermore . = Y :_ 0] ciw' and g =

Zf 01 c;, where c; is the element on the i™ column of row I of C, and w = exp(%).

Proof. The proof follows the same steps whether or not C is symmetric, therefore without loss of

generality we assume C is symmetric. Lemma/A.14 proves that each column of Q7 is an eigenvector
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with corresponding eigenvalues A, A, Ag. Therefore we may write:

0
co"=0"|0 1
0 Ao
A
= 0C0"=00"|0
0 0 XA
from LemmalA.10t
A 0 0
=0C0"=|0 » 0
0 0 XA

We now consider the entire transformation. Firstly note that an orthogonal Q1 exists as QQT = I

(Lemmal|A.12). Therefore we may write:

T
0 ol Jo | eco™ ocot!
[QJ C{QJ N {QJ [cor ce]= [QLCQT otcot”
Noting that CQT = QT [f\)g 8 ], and because CT is also circulant from Lemma|A.14 that QC =

M0 0
[0 M ] 0, and that by definition Q+ QT =

0 0 Ay
A
T
o|.fe] _[ece o 1 [lo
ot| let] | o otcot'| ||o

O

Lemma A.17. Given M as defined below, and Q, Q* as defined in Lemma|A.16|(withn = p, p =
p1, ¢ =0)then M is rank 2 and:

My JPER2 cos(Bipr) —ML/EEE2 sin(Bipr) O

% /p1+pz sin(B1 p1) /VZI /p1+pzcos(,31p1) 0 0

T
[Qm O}M{Q} e 0 0 0
0 0,] [0 3| | M fodr cos(Bypy) M2 [P sin(Bypy) O
B B sin(Bapy)  —12 PP cos(Bapr) O O

0 0 0
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where:
[ M cos((6 — B)p1)
M cos((0 — 2= — B)p1)
1 — | Micos(@ = 35— Bp)

M; cos((60 — B2)p2)

M; cos((0 — 22 — B2 p)

| My cos((60 — 22 — o) pa)

M, cos((0 — Z — B)p1)

p
M, cos((6 — 27" - 3% - Bopy)
M cos((6 — 22 — % — B1)p1)

M cos((6 — % — Bo) p2)
M;cos((0 — Z — 2 — Bo)p))

14 3p2
M cos((0 — 2 — = — B5) po)

M, cos((® — (p — 1)27” = B p1)
M cos((0 — (p — 1)27” - % - Bop1)
M cos((0 — (p — 1)27” - ;% - Bp1)

M; cos((0 — (p — 1)27” — B2)p2)

Mscos((0 — (p — 1) — 3Z — Bo)p)

p 3p2
M, cos((0 — (p — 1)27” - 3% — B2)p2) |

andp:pl +p25 MlvMZ € RI’ ne Nv P1, P2 € N’ ﬂh ﬂZ,O S Rl) and:

r 27 4 ]
cos(pif) cos(pi(0 — =—)) cos(pi(0 — z—))
3pi 3pi
2 . . 21 . T
Qp =4/ | sin(p10) sin(p1(0 — —)) sin(p1(@ — =—))
3 3p 3p1
1 1 1
L V2 V2 V2 _
B 27 27 7
cos(p2f) cos(p2(0 — =—)) cos(p2(0 — =—))
3p> 3p>
21 . . 2 . 47
0p, =4/ 3 | sin(p20)  sin(p2(0 — =—)) sin(p2(0 — =—))
3 | 3p2 3p>
L V2 V2 V2 ]

Proof.

Recalling that cos(A) cos(A — ¢) = %cos(¢>) + %cos(2A — ¢), sin(A)cos(A — ¢) = %sin(¢>) +

% sin(2A — ¢), and using Lemma|A.1:

Fm 0]M=3g 0

0

M cos(B1p1)
ML sin(Bi p1)

3| % cos(B2p2)

22 sin(B2p2)

Bt cos(Bipi + 2”%) o Mcos(Bipr + %)

S sin(Bipr + 2”%) <o Bisin(Bipr + 72”1’1;1"1))
0 . 0

B2 cos(Baps + Z2) - B2 cos(Bypy + FU=D)

22 sin(Bap + 2”%) o 2sin(Bypr + 72””21(11’—1))
0 . 0

(A.1)
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Now from Lemma A.19 (A.1) is rank 2, with the first two rows spanning the entire row space. Fur-

thermore it is clear that the first two rows of Q are in the row space of the first two rows, hence O+

is in the null space. As cos(¢) = cos(¢ + 27), and similarly for sin(¢), the RHS of the previous

expression may be written as:

ML cos(B1p1)
M sin(Bip1)
0
3| £ cos(Bopa)
2 sin(B2p2)
0

ML cos(Bip1)
ML sin(B1 p1)
0
2 cos(—Ba2p2)
2L sin(—B2p2)

M; 2
72 COS(,szz + % -7
M : 2
TZ Sln(lepz + % — »

0

Bt cos(B1p1 + Z2)
Brsin(Bipr + )

0
2p)

ey
0
M cos(Bipr + 2”%)
B sin(Bipr + )
0
B2 cos(=Bapr + Z)

My : 2
2L Sin(—pops + 221

0

0
M 2 —1 2 —1
P cos(Bopy + FRP — ZHEED)
My 2 -1 2 -1
B2 sin(Bopy + FL2=1 22D
0

M 2 —1
Bt cos(Bip1 + LU=
M 2 —1
Misin(p py + ZLL=L)

M cos(fipy + Z22=0) ]
B sin(B) py + ZLL=D)
0
B2 cos(—Bapa + ZLI=L)
B2 sin(=po py + ZLL=D)

0

multiplying this by QT, and then snnphfylng using cos(A + ¢)cos(A) = 5 cos(¢) + >

cos(2A +

@), sin(A 4+ ¢)cos(A) =
¢), cos(A+¢)sin(A) =

5 s1n(¢>) + 3 sm(2A + ¢), cos(A + ¢)sin(A) =
-5 sm(¢) +1 5 SIn(ZA+¢), sin(A+¢)sin(A) =

with Lemma/A.1/gives:
_"’2’1 PIER2 cos(B1py)  —ULEER2 sin(By py) 0]
/V211 P1+P2 Sln(ﬂlpl) A;l P1+P2 COS(,BIPI) 0
3\/5 2 0 0 0
3V prtpa | BREER cos(Baps) MRS sin(Bapy) O
IV212 p1+Pz sin(Ba p2) /V212 P1+P2 cos(Brps) 0
i 0 0 0]
hence:
M JPER2 cos(Bipr) —ML/EE2sin(Bipr) O
i % /P1+P2 sin(B1 p1) 11/21 p1+p2 cos(Bip1) O 0
o, o, [e]l _5/2(L 0 0 ‘]
0 Q0n]| |OF 3| | 2% /e cos(Bopy) M2 JPE2 sin(Byps) O
% /171+172 s1n(,32p2) _%\/mcos(ﬂzpz) 0 0
0 0 0

—3 s1n(¢>) + 5 sm(2A +
> COS(¢) -5 cos(2A +¢)
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Lemma A.18. Given M as defined in LemmalA.17, and Q, Q+ are defined as in LemmalA.16 (with
n=p, p=pi, ¢ =0)then M is rank 2 and:

i M JPER pisin(Bipr) B /P22 p cos(Bipr) O

—% %pl cos(Bip1) % @pl sin(Bip1) 0

|:Qpl Oi|i(M)|:Qi|T=3 2 0 0 0
0 Qp,]d0 |0* 3| 2 ok sin(Bypy)  — M2, /222, cos(Bapy) O
—ML [P by cos(Baps)  —22 /I pysin(Brpy) O

0 0 0

where: p=py + p2, My, M, € RY neN, pi,p2 €N, B1, 62,0 € RY and Oy, O, are defined
in LemmalA.17

Proof. Differentiating M by 6 changes the cosine terms to negative sine terms, which is equivalent
to augmenting the angular offset in each term by /2, and multiplying the resultant by p;, or p;

respectively. Following this change through the proof in Lemma/A.17 gives the desired result. O

Lemma A.19. The matrix Q € R*>P1+P2) s rank 2, and furthermore the first two rows span the

whole of the row space of Q, where Q is defined as:

Acos(@r) Acos(py+7B) - Acos(y + FRLLERSD)
0 Asin(¢)  Asin(dr + 2Ly - Asin(gy + T,
Bcos(¢z) Bcos(¢y+ 72) --- Bcos(¢y + T2l
Bsin(¢,) B sin(¢, + %) ... Bsin(¢s + 2npz;zl71++l£zfl))

where ¢1, 2, A, B € Rand py, p» € N.
Proof.

Firstly note that from Lemma|A.10, that the first two rows are linearly independent. To proceed with

the proof we define X € C!*(P1+P2) a5 follows, noting that X is a linear combination of rows 1 and 2

of Q:

X = [Aepison Moo~ i) - Ao - jeienen)]

rearranging X gives:

A / . [ j / 7 . . —
=% exp(—jg2 — jo1) | Bexp(jda)  Bexp(jda —J pzl?’;z ... Bexp(jdr — JW)]
A . . [ . ) .
== exp(—jd2 — jé) _B exp(j¢2) exp(0) Bexp(j¢r — ple;lz) exp(j2m iiiﬁz)
Bexp(j¢r — JWD exp(j2m %)]

A [ 2
— — iy — ; i 27y : 2 py (p1+p2—1)
= Zoxp(—jda = jé0) | Bexp(j¢) Bexp(igs+ JZ2) o Bexp(jg + j2ertnoh) |
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similarly we may define Y, also a linear combination of the first two rows of Q:

_ A . . . . . 21 po . L 2npr(pr+p2—1)
Y = 3 exp(jdz + jo1) [B exp(—jd2) Bexp(—j¢o — j5=7-) - Bexp(—jdy — j ==, 42— )]

Now taking % exp(jo1+ jod) X + % exp(—jo1 — j¢)Y gives the 3™ row of Q and —% exp(jo1 +
Jo) X + % exp(—jo — jéo)Y gives the 4™ row of Q. O



Appendix B

Prototype Machine Stator and Rotor

Design Details

In this chapter the details of the prototype machine stator and rotor designs, as described in chapter

are given. Table summarises the configuration of the prototype machine stator.

Parameter Value
Frame size D180
Stator core length 190mm

Stator slots

Stator winding 1

Poles

coils per phase

turns per coil

Configuration

wire diameter

rated current

Measured air gap flux density
at 50Hz, at phase voltage given

4

16 (series connected)

10

star

1.2mm

6.78 Arms (with 6A/mm?)
0.31Trms at 238Vrms
0.12Trms at 95Vrms

Stator winding 2

Poles

coils per phase

turns per coil

Configuration

wire diameter

rated current

Measured air gap flux density
at 50Hz, at phase voltage given

8

16 (series connected)

20

star

1.2mm

6.78 Arms (with 6A/mm?)
0.30Trms at 238Vrms
0.12Trms at 95Vrms

Table B.1: Prototype machine stator summary specification. ¥ measured at the winding synchronous

speed with a single pole pitch search coil.
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B.1 Prototype machine frame details

The prototype machine frame was a standard induction machine frame, manufactured by Marelli
Motori SpA. The details are given in table B.2|

Parameter Value

Frame size 180mm

Marelli Part No. A4C180L4
Rated output power 22kW
Rated Speed 1465rpm

Rated Torque 143Nm

Peak torque 358Nm

Rated efficiency 90.3%
Moment of Inertia ~ 0.11kgm?
Weight 122kg

Table B.2: Original Marelli Motori SpA. 4 pole induction machine specification used for the Proto-
type BDFM frame

B.2 Prototype Machine Stator Windings

We now detail the stator windings design and analysis on the prototype machine. We begin by re-

viewing the standard winding factors used in 3-phase machine.

B.2.1 Machine Winding Factors

Winding factors are commonly used in the design of AC electrical machine windings.
The per-phase magnetizing inductance and air gap magnetic flux density of a balanced three phase

winding when excited with a balanced three phase source is given by [43, egs. (78), (81), p. 40]:

Swdp,oszh K, \?
L=—} —F > <7) (B.1)
8 neQ
3ol N, K,
B(O.1) = % 3 (7> cos(nf + wr) (B.2)
neQ

where w is the machine stack length, g is the effective air gap width (as defined in section [C.2), d
is the machine diameter, N is the number of turns per phase, n is the pole number (number of pole
pairs) of the field being considered, K, is the combined winding factor for the n pole number field

and the current in the winding in one phase is I cos(wr).
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For a balanced three phase winding only odd harmonics of the fundamental p pole number field

appear, with the exception of third harmonics. It can be shown that for a balanced three phase winding:

Q = pléc + 1| (B.3)

where ¢ = {0, 1, +2, &3, - - - }. For proof see [43, eq. (36b)].

The winding factor for the n'™ harmonic, K,, comprises of the following terms:

Y= sin(n.Mpas/Z) (B.4)
M, sin(na,/2)
K,, = cos(nMa,/2) (B.5)
K, = Snew./2) (B.6)
nws/2
K" = Kdn Kpn Sn (B7)

where M, is the number of slots per phase per pole, «y, w;, are the slot pitch and slot mouth width
in radians as in figure M is the number of slots that the winding is short-pitched by . Equations
(B.4) and (B.5) can be found in [99] as equations (10.130) and (10.131). Equation (B.6) is found in
[112], although it is effectively proved by noting that (2.24) contains Kj, as a factor.

B.2.2 Stator Winding details

Table shows the details of the stator windings. Figures B.1 and show colour coded winding

diagrams for the 8 and 4 pole windings respectively.

Further machine parameters relating to dimensions and the like can be found in tables |C.2 and
C.1.

Throughout this dissertation unless otherwise stated, the stator state order will be 4 pole states
then 8 pole states. The numerical values for the stator mutual inductance given are for the nested-loop
design rotor, Rotor 1| The values differ slightly for the different rotors because the effective air gap
changes. Mutual inductance (excluding leakage) is inversely proportional to effective air gap width,
therefore the stator mutual inductance terms for other rotors can be closely approximated by scaling

the terms given as appropriate.

The subscripts are in the order of: coil group number,connection number within a coil. So for
example a;; means coil number 2, connection number 1, and current in the ‘out’ direction. A bar (a)

means return path current direction.
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No. slots No. slots
short pitch. /phase/pole

M, M,

No. Turns No. coils No. turns  Wire Wire Fund. Fund. Fund. Fund.
layers per coil per phase per phase dia. area dist. fac. pitch fac. slotw. fac. winding fac.
Nph Ky K, K, K

(mm)  (mm?)

Stator 4 pole winding

2 4 2 10 16 160 1.2 1.13  0.9577 0.9659 0.9998 0.9248
Stator 8 pole winding
1 2 2 20 16 320 1.2 1.13  0.9659 0.9659 0.9991 0.9322

Table B.3: Stator winding details and fundamental winding factors
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Slot: 1 2 3 4 5 6 7 8 9 10 11 12
8pole: a;, an ¢ &€ by b ay amw cn ¢ b b
asy c c b b a;; dpp ¢ c b b ary
4pole: Ay, A, A3 Ay C C C C By, B B B
A A4y C C C C B B B B A, Ap
Slot: 13 14 15 16 17 18 19 20 21 22 23 24
8pole: az am c c b b asy agp c c b b
anr c c b b ax ax»p c c b b as

0
a
a
a
oo
o1
o1
w

dpole: Ay Axpn Ax Ay
A Ay C C c cC

oo
o1
oo
(oo
b
N
b
1

Slot: 25 26 27 28 29 30 31 32 33 34 35 36
8Pole: a5y, a, ¢ & b b ds do ¢ ¢ b b
asn c c b b asy as c c b b asy
4pole: Ay Ay, Ay Ay C C C C B B B B
Az Ay C C C C B B B B Ay Ay
Slot: 37 38 39 40 41 42 43 44 45 46 47 48
8pole: a;, an ¢ € b b ag ap ¢ ¢ b b
agn c c b b an apn c c b b asy

>
>~
>~
>

4pole: Ay Ap Ay Ay C C C C
Ay Ay C C C C B B B B Ay Asp

Thus for phase a of the power (8 pole) winding the connections are as follows:

(arr, an), (arz, an), (@, an), (axn, axn), (as1, as1), (a2, as), (a1, da1), (Asz, da),

(as1, as1), (as2, as2), (ae1, ae1), (ae2, ae2), (a71, an), (an, an), (asi, ds1), (asz, asz)

Thus phase a starts in slot 1, top and ends in slot 44 top. Phase B starts at slot 5 top, and ends at
slot 48 top, phase C starts at slot 9 top, and ends at slot 4, top.

Phase A for the control (4 pole) winding goes as follows:

(A1, A, (Arz, A, (A, Az), (Awg, Avg), (Ao, A1), (Ax, A), (Ass, Azs), (Ang, Ang),

(A1, A31), (Azz, A32), (Ass, Asz), (Asa, Asg), (Agr, Agr), (Aaz, Ag), (Agz, Asz), (Aag, Ass)

Thus phase A starts in slot 1, top and ends in slot 40 top. Phase B starts at slot 9, top and finishes
in slot 48, top, phase C starts at slot 17, top, and ends at slot 8, top.

Stator combination matrices

With reference to figures B.2 and B.1, the coil group order for the mutual inductance matrices is as

follows:
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slot 44 top
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Figure B.1: 8 pole winding diagram
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4 Pole winding (to be wound furthest from the airgap)
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Figure B.2: 4 pole winding diagram
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Element Description

1---16 4 pole winding red phase
17---32 4 pole winding yellow phase
33...-48 4 pole winding blue phase
49...64 8 pole winding red phase
65---80 8 pole winding yellow phase
81-.-96 8 pole winding blue phase

The combination matrix to combine individual coil inductances into winding inductances is given by:

o, 0 0 O o0 O
0O 9, 0 0 0 o
T — 0 0 QO 0 o0 B8
0O 0 0 Qg 0 o0
O 0 O 0 Q9 O
_O 0O 0 0 0 Qg
where:
Q4 = [Qa _Qa Qa _Qa]’ Qa = [1 1 1 1]
0s=[0s —0» @ -0 0 -0 0 -0s].  Q=[1 1]

The resulting mutual inductance matrix, leakage inductance matrix as calculated by the methods

described in appendix |C.1, and excess harmonic inductance is given by:

- 210 -963-963 0 0 0 350 0 0 0 0
\ 2963 210 963 0 0 0 X 0350 0 0 0
10— 963 -963 210 0 0 0 10~ 0 0350 0 0
Mg, =107 x 0 0 0 217 —97.4 —974 M, =107 x| ¢ 0 %6800 0 (B.9)
0 0 0 -97.4 217 —97.4 00 0 0800
L 0 0 0 —974-974 217 000 0 080
r665656 0 0 0
Wi | e b
Mg =107 x| °7° % 100 61 61 (B.10)
0 0 0 61 100 6.1
) 0 61 6.1 10.0

Transforming these using the d-q transformation matrices, (3.1) and (3.2) (the leakage inductance

matrix is unchanged as it is diagonal):

3070 0 0 0 0 1040 0 0 0 0
e[ TGS | DS 8

Maqo, =107 X | ¢ o 6°314 0 0 My, =107 % | ¢ 0 6°388 0 0 (B.11)
0 0 0 0 314 0 0 0 0 0 38 0
0 0 0 0 0 222 0 0 0 0 0 222

Stator winding arrangement for parallel coil groups

With reference to the coil pitch table in section |B.2.2
Thus for phase a of the 8 pole winding the connections are as follows:

A: (air, an), (an, an), (az, az), (axn, ax)
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B: (@31, as1), (as, as), (a1, aa1), (as, ds)

C: (as1, as1), (asz, asz), (a1, as1), (de2, de2)

D: (a7, an), (arn, an), (asi, as), (as2, asz)

where A,B,C,D are the 4 sets of coil groups to be connected in parallel.
Phase A for the control 4 pole winding goes as follows:

A: (A1, An), (A, A, (Ars, Arz), (A, Arg)

B: (A1, A21), (A, An), (An3, Az3), (Ans, Ang),

C: (As1, A31), (Asz, An), (As3, A33), (Ass, Azg)

D:(A41, Aa), (As2, As), (Agz, Ag3), (Ass, Ass)

where A,B,C,D are the 4 sets of coil groups to be connected in parallel.

B.3 Rotor 1: Nested-loop Rotor Design Details

The state order used for rotor/[1/is: 6 inner rotor loops, 6 middle rotor loops, 6 outer rotor loops. This

order is preserved when transformed to dq axes.

B.3.1 Rotor-rotor inductance terms

Figure B.3 shows the arrangement of the rotor bars in the prototype nested-loop rotor. This arrange-
ment leads to a rotor-rotor mutual inductance matrix given by (B.12), calculated using the method
described in section |2.7.1:

M, =108x

465 —14 —14 —14 —14 —14 468 —43 —43 —43 —43 —43 439 -71 -71 =71 =71 =71
—14 465 —14 —14 —14 —14 —43 468 —43 —43 —43 —43 -71 439 -71 -71 =71 =71
—14 —14 465 —14 —14 —14 —-43 —-43 468 —43 —-43 —-43 -71 71 439 71 =71 =71
—14 —14 —14 465 —14 —14 —-43 —-43 —43 468 —-43 —-43 -71 -71 71 439 71 71
—14 —14 —14 —14 465 —14 —43 —43 —43 —43 468 —43 -71 -71 -71 =71 439 71
—14 —14 —14 —14 —14 465 —-43 —43 —43 —43 —43 468 -71 -71 -71 =71 =71 439
468 —43 —43 —43 —43 —43 1372 —128 —128 —128 —128 —128 1318 —213 —213 —-213 —213 -213
—43 468 —43 —43 —43 —43 —128 1372 —128 —128 —128 —128 —213 1318 —213 —-213 —-213 -213
—43 —43 468 —43 —43 —43 —128 —128 1372 —128 —128 —128 —213 —-213 1318 —-213 —-213 =213
—43 —43 —43 468 —43 —43 —128 —128 —128 1372 —128 —128 —213 -—-213 —-213 1318 —213 -213
—43 —43 —43 —43 468 —43 —128 —128 —128 —128 1372 —128 —213 —-213 —-213 —-213 1318 -213
—43 —43 —43 —43 —43 468 —128 —128 —128 —128 —128 1372 —213 -213 —-213 —-213 -213 1318
439 -71 =71 =71 =71 =71 1318 —213 —-213 —-213 —-213 —213 2165 —354 —-354 —-354 —-354 -—-354
—71 439 —-71 -71 =71 —-71 =213 1318 —-213 —-213 —213 —-213 —-354 2165 —354 —354 —-354 —-354
=71 =71 439 —-71 -71 —-71 =213 —-213 1318 —-213 —213 —-213 —354 —-354 2165 —354 —-354 —-354
-71 =71 =71 439 -71 —-71 =213 -213 —-213 1318 —213 —-213 —354 —-354 -—-354 2165 —-354 —-354
=71 =71 =71 =71 439 —-71 =213 =213 —-213 —-213 1318 —-213 —-354 -—-354 —-354 —-354 2165 —-354
=71 =71 =71 =71 =71 439 -—-213 -213 —-213 —-213 —213 1318 —354 —354 —-354 —-354 -354 2165

(B.12)

The leakage inductances as calculated using the methods described in appendix [C.1lare 9.7753 x
1077, 1.0278 x 107, and 1.0781 x 1076 for the inner, middle and outer loops respectively. As
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explained in appendix [C.1 it has been assumed that the leakage inductances only affect the self-
inductance terms, hence the full M,, matrix has, additionally, the appropriate leakage terms added on
the diagonal.

When converted to d-q axes and the observable/uncontrollable parts removed, as discussed in

section 3.3, the rotor-rotor mutual inductance matrix becomes:

479 0 0 500 0 0 50 0 0 % 0 0 0 0 0 0 0 0
049 0 0 500 0 0 50 0 09 0 0 0 0 0 o0

034 0 025 0 0 8 009 0 0 0 0 0 0

50 0 0 149 0 0 1531 0 0 000 013 0 0 0 0 0

M”dq =108x]| o500 0o 0w o o0 o0 Mfrd =108%x| 0o 00 0w 0o 0o 0o o
0 025 0 0 7% 0 0 25 7 000 0 0 013 0 0 0

S0 0 0 131 0 0 2520 0 0 0000 0 0 018 0 0

050 0 01531 0 0 250 0 0000 0 0 0 0108 0

| 0 0 8 0 0255 0 0 394] Lo oo o o o o o 108]

(B.13)

T84 00 242 00 371 0 07 T8 00 26 00 235 0 07

0 8 0 0 2420 0 3700 0 82 0 0260 0 235 0

0 00 0 00 0 00 0 00 0 00 0 00

242 00 68 00 1060 00 206 00 523 00 594 00

Mrhr2 =108x| o220 0 e 0 0 100 0 Mrhr4 =10"3x| 0260 0 0 05040
% 0 00 0 00 0 00 % 000 0 00 0 00

370 0 0 1060 00 1638 00 235 00 54 00 676 00

0370 0 0 106 0 0 1638 0 02350 0594 0 0 676 0

| 0o o0 o o0 o 0 ol | 0 o0 o 00 0 o o

(B.14)

where M,,,, is the full d-q rotor-rotor mutual inductance matrix excluding leakage effects, M L 1 18

the leakage inductance matrix, M”? and M"* are the 4 pole and 8 pole harmonic components (the
dq dg
first two non-zero components) of the rotor-rotor mutual inductance matrix.
This d-q model may be reduced in order, after removal of the zero-sequence terms, as described

in section 3.4.2. The matrix used to reduce the order of the rotor states for this machine is:

0 0.2108 0 0.5768 0 0.7892

T = (B.15)
—0.2108 0 —0.5768 0 —0.7892 0
Applying (B.15) to (B.13), the resulting rotor-rotor mutual inductance terms become:
o [3777 0 ] , o [106 0]
M, = 107" x M, —=107" x (B.16)
| 0 3777 ! 0 106 ]
(2411 0 ] 1268 0 |
M)} =107% x Ml =107% x (B.17)
! | 0 2411 ! 0 1268 |

where, M,,, : is the reduced order d-q rotor-rotor mutual inductance matrix, M fr ” is the reduced order
leakage inductance matrix, M”? and M"* are the 4 pole and 8 pole harmonic components (the first
dgq I'rdgq
two non-zero components) of the rotor-rotor mutual inductance matrix.
Subtracting equations (B.17) from M,,,, gives the harmonic leakage (or differential leakage) in-
ductance in the rotor, that is the additional series inductance that appears due to the production of

unwanted space harmonics by the rotor:

M* =1078 x %8 0 (B.18)
277 .
a 0 98
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B.3.2 Rotor-Stator inductance details

Figure B.4| shows the rotor-stator mutual inductance for a inner, middle, and outer loop between
both 4 and 8 pole stator phases. The data is overlaid with the fundamental component in each case,

calculated from the FFT.

Equation (B.19) shows the mutual inductance between stator and rotor for the reduced order dq

model.

[ 2408 1253 |
| —1253 2408
Mgy, = 1076 x (B.19)
345 1954
1954  —345

B.4 Rotor 2: New Double Layer Rotor Design Details

B.4.1 Rotor-rotor inductance terms

Figure[B.5 shows the arrangement of the rotor bars in the prototype double-layer winding rotor. This
arrangement leads to a rotor-rotor mutual inductance matrix given by (B.20), calculated using the
method described in section 2.7.1:

312 —31 -83 -83 —83 -3I
31 312 -31 -83 —83 -—83
» 83 —31 312 -31 -83 -83
M,, =107 x (B.20)

~-83 -8 -—31 312 -31 -83
—83 83 —83 -31 312 -3I
31 -8 —83 -8 -—31 312

The leakage inductance for each rotor ‘phase’ as calculated using the methods described in appendix
C.1 are 8.8 x 107°. As explained in appendix [C.1 it has been assumed that the leakage inductances
only affect the self-inductance terms, hence the full M,, matrix has, additionally, the appropriate

leakage terms added on the diagonal.

When converted to d-q axes, as described in section 3.3, rotor-rotor mutual inductance matrix
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Figure B.3: Rotor/1} Prototype nested-loop design rotor
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Figure B.4: Stator-Rotor mutual inductance for Rotor 1} the prototype nested loop rotor for the indi-

vidual loops of a particular nest. The dotted lines show the fundamental component of the fields.

becomes:
(342 0 0 | 0 0|
M, =107° x 0 342 0 M, =107 x 9 0 (B.21)
0 0 0 0 9
[ 293 0 0 | 4 0 0 |
M2 =10"°x| 0 293 0 MEE =10"x| 0 44 0 (B.22)
0 0 0 0 0 0

where M,,,, is the full d-q rotor-rotor mutual inductance matrix excluding leakage effects, M L 1y 18
the leakage inductance matrix, M> and M} are the 4 pole and 8 pole harmonic components (the
q dgq
first two non-zero components) of the rotor-rotor mutual inductance matrix.
Subtracting equations (B.22) from M,,,, gives the harmonic leakage (or differential leakage) in-
ductance in the rotor, that is the additional series inductance that appears due to the production of

unwanted space harmonics by the rotor:

500
M} =10"°x]| 0 5 0 (B.23)
0 0 0

B.4.2 Rotor-Stator inductance details

Figure B.6/shows the rotor-stator mutual inductance between a rotor phase and a 4 and 8 pole stator

phase. The data is overlaid with the fundamental component in each case, calculated from the FFT.
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Equation (B.24) shows the mutual inductance between stator and rotor for the dq model.

5x 10
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(b) Stator 2 - Rotor Mutual Inductance

Figure B.6: Stator-Rotor mutual inductance for Rotor 2, the prototype double-layer rotor. The dotted

lines show the fundamental component of the fields.

—9119
2875

3690
651

B.5 Rotor 3: Isolated loop rotor design

—2875
-9119

651
—3690

oS O ©O O o O

(B.24)

The state order used for rotor 3/is: 6 loops spaced by 60°, then another 6 loops again spaced by 60°

and offset from the previous set by 20°, then a third set of 6 loops again evenly spaced by 60° and

offset from the previous set by 20°. The 3 sets are colour-coded on the winding diagram, figure B.7.

B.5.1 Rotor inductance terms

FigureB.7 shows the arrangement of the rotor bars in the prototype isolated loop rotor. This arrange-

ment leads to a rotor-rotor mutual inductance matrix given by (B.25), calculated using the method
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described in section 2.7.1

-7 =7
19 =7

8 19
=7 8
-7 =7
-7 =7
-2 =7
29 =2
-2 29
-7 =2
=7 =7
-7 =7

8 -7
19 8
=7 19
-7 =7
-7 =7
=7 =7

-7 =7
-7 =7
=7 =7
19 =7

8 19
=7 8
=7 =7
-7 =7
-2 =7
29 =2
-2 29
-7 =2
-7 =7
=7 =7

8 -7
19 8
=7 19
=7 =7

8 -7
19 8
=7 19
-7 =7
-7 =7
-7 =7
19 =7

8 19
=7 8
-7 =7
-7 =7
-7 =7
29 -2
-2 29
-7 =2
-7 =7
-7 =7
-2 =7

-7 =7
-7 =7
=7 =7

8 -7
19 8
=7 19
=7 =7
-7 =7
-7 =7
19 =7

8 19
=7 8
-7 =7
=7 =7
-2 -7
29 =2
-2 29
=7 =2

29 |
(B.25)

The rotor loop leakage inductance as calculated using the methods described in appendix [C.1]is

3.3055 x 107°H. As explained in appendix C.1]it has been assumed that the leakage inductances only

affect the self-inductance terms, hence the full M,, matrix has, additionally, the appropriate leakage

terms added on the diagonal.

Transformation to d-q axes is achieved by the method described in section This rotor design

can be considered as three sets of 6 evenly spaced coils, and thus the method of section 3.3] The

resulting mutual inductance matrix (with zero-sequence state removed for brevity) is:

315 x 103
0

0

0

—2784
122
—2211
—1696
—603
—2720

0
315 x 103
0

0

—122
—2784
1696
—2211
2720
—603

0
0

328 x 103
0

617

736

832

—480
—328
—902

0
0

0

328 x 103
736

—617
—480
—832
—902

328

—2784
—122
617
736

34

18
13

22

122
—2784
736
—617

34
~13

—-22

—2211
1696
832
—480
18
—13
34

18
13

—1696
—2211
—480
—832
13

18

34
—13
18

where the leakage inductance is included, and is unaffected by the dq transformation.

—603  —2720
2720 —603
—328 —902
—902 328
3 22
-22 3
18 13
—13 18
34 0
0 34
(B.26)

The rotor-rotor portion of the mutual inductance matrix may be diagonalised by an appropriate

state transformation, the eigenvectors of the rotor-rotor mutual matrix. Applying this transformation
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to the whole mutual inductance matrix (using the identity matrix for the stator potion) gives:
[ 315 % 103 0 0 0 211 482 0 0 0 0|
0 315x 10 0 0 —4822 211 0 0 0 0
0 0 328x 10 0 0 0 —1212 —1140 0 O
0 0 0 328x10° 0 0 —1140 1212 0 O
_ 211 —4822 0 0 79 0 0 0 0 0
My, =107 x
4822 211 0 0 0 79 0 0 0 0
0 0 —1212 —1140 0 0 14 0 0 0
0 0 —1140 1212 0 0 0 14 0 0
0 0 0 0 0 0 0 0 9 0
0 0 0 0 0 0 0 0 0 9
(B.27)

As can be seem from (B.27) this rotor decouples the different stator supplies. There is no longer

any cross-coupling achieved by the rotor, as is expected.

B.6 Rotor 4: Isolated loop design rotor with one set of loops removed

This rotor is identical rotor 3/but with one set of 6 loops removed. Figure B.7/shows rotor |3l Rotor 4/

is the same, but with the loops marked in blue removed.

B.6.1 Rotor inductance terms

As rotor is a subset of rotor|3 so are the mutual inductance terms. The rotor-rotor inductance is given

by the upper-left 12 x 12 partition of equation (B.25). The leakage inductance per coil is the same, at
3.3055 x 10~°H.

The d-q transformed machine mutual inductance is the upper-left 8 x 8 partition of (B.26). How-

ever when diagonalizing the d-q transformed model the results differ significantly from those obtained

for rotor

My, =107 x

[ 315 x 103
0

0

0

3939

55

—117

2

0

315 x 10°
0

0

55

—3939
-2

—117

0

0

328 x 10°
0

—706
—-103
—1143
167

0

328 x 10°
103

—706

167

1143

3939
55
—706
103
57

55
—3939
—103
—706

57

117 2

—2 117

—1143 167

167 1143

0 0

0 0

12 0

0 12
(B.28)

Thus equation (B.28) demonstrates that unlike rotor 3|where the 4 and 8 pole stator currents were

decoupled from each other, there is cross-coupling in the case of rotor 4,
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Figure B.7: Prototype rotor|3: Isolated loop rotor design
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B.7 Rotor 5: 6 bar cage rotor design

B.7.1 Rotor-rotor inductance terms

A cage rotor may be analysed by mesh loop analysis. As such the for an n bar cage there will be n
such loops to fully describe the cage (assuming that no flux is linked though the end ring). Figure
B.8 shows an example cage, with two loops illustrated, with currents I; and I, flowing respectively.
Having defined the rotor circuits as such the bar current may be expressed in terms of the loop currents
as illustrated in figure

For the purposes of mutual inductance calculation an n bar cage is therefore identical to n isolated
loops replacing the virtual loops forms from the analysis. Therefore the mutual inductance calculation
is the same as for the other rotor designs. However the resistance and leakage inductance matrices

will be of the following form:

2R‘balr + 2Rend _Rbar 0 0 _Rbar
_Rbar 2Rbax + 2Rend _Rbar 0 0
0
R =
0
0 0 _Rbar 2Rbar + 2Rend _Rbar
L _Rbar 0 0 _Rbar 2Rbar + 2Rend_

where Ry, and Ryq are the resistance (or inductance) due to the bar and end ring respectively.

I 143

@ 3
VI, -1, Y- YL

I L

Figure B.8: Mesh loop analysis of cage rotors

The rotor-rotor mutual inductance may therefore be calculated by the method described in section
2.7.1

[ 271 51 —56 —-56 —56 —51 |
51 271 —51 —56 —56 —56
. 56 —51 271 —51 —56 —56
M, =107 x (B.29)
56 —56 —51 271 —51 —56
~56 —56 —56 —51 271 —51
| 51 56 —56 —56 —51 271 |
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The leakage inductance for each bar and end winding was calculated using the methods described in
appendix/C.1. The bar leakage was found to be 2.40 x 10~7 H and the end ring leakage 1.02 x 10~ "H.

Therefore the leakage inductance matrix is:

7 -2 0 0 0 -2
2 7 =2 0

, . 0 -2 7 -2 0 0

M, =107 x (B.30)

0 -2 7 -2 0

0o 0 0 —2 7 =2

2 0 0 0 -2 7

When transformed to d-q axes using the method described in section 3.3, the rotor-rotor mutual in-

ductance matrix becomes:

9 0 0 322 0 0

M, =107x| 0 9 0 M., 1077 x 0 322 0 (B.31)
0 0 3 0 0 0 |
230 0 0 57 0 0]

M2 1077 x 0 230 0 M 107 x| 0 57 0 (B.32)
0 00 0 0 0 |

where M,,,, is the full d-q rotor-rotor mutual inductance matrix excluding leakage effects, M I s

Trdq

the leakage inductance matrix, M rhéq and M,hr‘th are the 4 pole and 8 pole harmonic components (the

first two non-zero components) of the rotor-rotor mutual inductance matrix.

Subtracting equations (B.32) from M,,,, gives the harmonic leakage (or differential leakage) in-
ductance in the rotor, that is the additional series inductance that appears due to the production of

unwanted space harmonics by the rotor:

35 0 0
M =107 x| 0 35 0 (B.33)
0 0 0

B.7.2 Rotor-Stator inductance details

Figure B.9 shows the rotor-stator mutual inductance between a rotor phase and a 4 and 8 pole stator
phase. The data is overlaid with the fundamental component in each case, calculated from the FFT.

Equation (B.24) shows the mutual inductance between stator and rotor for the dq model.
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Figure B.9: Stator-Rotor mutual inductance for Rotor |5, the prototype double-layer rotor. The dotted

lines show the fundamental component of the fields.

My, =107° x 107° x

—839
—2660

—1378
—243

B.8 Rotor 6: Wound Rotor Design Details

B.8.1 Rotor-rotor inductance terms

2660
—839

—243
1378

S © ©O o o O

(B.34)

Figures/B.1 and/B.2 show the winding diagram for the stator winding of the prototype machine. Rotor

6/ has the same windings as the stator winding connected together in a star short-circuit including a

neutral connection.

The connection is achieved using the following combination matrix:

1 00
I.=10 1 0
0 01

o o
|
—_

(B.35)

Therefore the rotor-rotor mutual inductance matrix given by (B.36), calculated using the method
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described in section 2.7.1

400 —181 —181
M, =1107" x | —181 400 —181 (B.36)
—181 —181 400

The leakage inductance is calculated in exactly the same was as for the stator using the methods

described in appendix |C.1. The leakage inductance matrix is given by:

100 0 0
ML =10"x| 0 10 0 (B.37)
0 0 10

When converted to d-q axes, as described in section rotor-rotor mutual inductance matrix

becomes:
10 0 o0 81 0 0|
My, =107 x| 0 10 0 M, =107 x 0 581 0 (B.38)
0 0 10 0 0 37
286 0 0 29 0 0|
M2 =107"x | 0 286 0 M =10""x| 0 290 0 (B.39)
0 0 0 0 0 0

where M,,,, is the full d-q rotor-rotor mutual inductance matrix excluding leakage effects, M L 1 18
the leakage inductance matrix, M> and M} “are the 4 pole and 8 pole harmonic components (the
q dgq
first two non-zero components) of the rotor-rotor mutual inductance matrix.
Subtracting equations (B.39) from M,,,, gives the harmonic leakage (or differential leakage) in-
ductance in the rotor, that is the additional series inductance that appears due to the production of

unwanted space harmonics by the rotor:

5 0 O
M =107x| 0 5 0 (B.40)
rdg
0 0 37

B.8.2 Rotor-Stator inductance details

Figure|B.10 shows the rotor-stator mutual inductance between a rotor phase and a 4 and 8 pole stator
phase. The data is overlaid with the fundamental component in each case, calculated from the FFT.

Equation (B.41) shows the mutual inductance between stator and rotor for the dq model.
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Figure B.10: Stator-Rotor mutual inductance for Rotor[6, the prototype double-layer rotor. The dotted

lines show the fundamental component of the fields.

2341 —1639 0
1639 —2341 0
e 0 0 0

My, =107 x (B.41)
‘ —1866 2224 0
—2224 —1866 0
0 0 0

B.9 Rotor 7: Standard Squirrel Cage Rotor Details

B.9.1 Rotor-rotor inductance terms

The rotor is a standard 40 bar squirrel cage rotor with Boucherot slots to give a higher rotor resistance

at high slips though the skin effect.

The calculation procedure is identical to that for Rotor |5 described in section Using this
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method the rotor-rotor mutual inductance matrix is:

(471 14 —13 —13 ... —13 14 |
14 471 14  —13 ... —13 —I3
13 14 471 14-13 -~ —13
M,=108x| =~ = - R (B.42)
13 ... —13 14 471 14 —13
13 —13 ... —13 14 471 14
14 —13 ...  —13 —13 14 471

The rotor bar and end ring leakage inductance is calculated using the methods described in appendix
(C.1| The bar leakage is 1.25 x 107°H and the end ring leakage is 1.34 x 10~°H. These inductance
parameters are added to the rotor-rotor mutual inductance as described in section
Transformation to d-q axes is achieved by the method described in section [3.3. However as
the cage rotor has 40 bars it cannot directly be considered to be part of the class of rotor designs.

Therefore a different d-q transformation was used:

C 0
Cog=| “m (B.43)
0 Cu,
where:
cos(0) cos(zj";on) cos(%) cos(%) cos(e—gn)
qup:,/E sin(0)  sin(22F)  sin(*2%)  sin(%2F) --- sin(ZET) (B.44)
1 1 1 1 1
V2 V2 V2 V2 V2

and p; = 2, p, = 4 for the prototype stator winding.
It can be shown that this non-square transformation matrix truncates only unobservable/uncontrollable
states.

The resulting mutual inductance matrix (with zero-sequence state removed for brevity) is:

[ 363645 0 0 0 —574 1260 0 0 |
0 363645 0 0 —1260 —574 0 0
0 0 377345 0 0 0 —1374  —96
May = 10° x 0 0 0 377345 0 0 96 —1374
—574  —1260 0 0 6 0 0 0
1260 —574 0 0 0 6 0 0
0 0 —1374 96 0 0 6 0
i 0 0 —96 —1374 0 0 0 6
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where the leakage inductance is included. The other rotor-rotor inductance parameters in d-q axes are

given by:
[s4 0 o0 o] 40 0 o]
B 0 54 0 0 l |04 0 o
M,,, =107 x M, =107 x (B.46)
0 530 4 00 11 0
0 53 00 0 I
[s3 0 0 0| 000 0 o]
53 0 0 00 0 0
M} =1077 x Ml =1077 x (B.47)
‘ 0 0 ‘ 00 5 0
0 0 00 0 52

where M,,,, is the full d-q rotor-rotor mutual inductance matrix excluding leakage effects, M L i 18
; . h2 hé .
the leakage inductance matrix, M,": ” and M, ", are the 4 pole and 8 pole harmonic components (the
first two non-zero components) of the rotor-rotor mutual inductance matrix.
Subtracting equations (B.47) from M,,,, gives the harmonic leakage (or differential leakage) in-
ductance in the rotor, that is the additional series inductance that appears due to the production of

unwanted space harmonics by the rotor:

M =1078% x

Frdq

(B.48)

S O O N
S o o O
o o O O

S O NN O

B.10 Machine slot utilisation

Table B.4]shows the slot utilisation of the machine for different rotors.
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Conductor Conductor Slot Fill
area metal area factor
(mmz) (mmz)
Stator
67.86 Cu 13547 0.500

Rotor(1} ‘Nested-loop’ design

133 Cu 147.23 0.903

Rotor 2t New double layer design*

51.46 Cu 70 0.74
Rotors[3 and |47
51.46 Cu 70 0.74

Rotor|5} 6 bar squirrel cage design (simulation only)

205.84 Cu 280 0.74

Rotor|6; wound rotor (simulation only)

135.72 Cu 13547 1.00

Rotor 7! standard squirrel cage rotor

116.60 Al 116.60 1.00

Table B.4: Slot utilisation of the stator and rotors for the prototype machine. (* values for slots which

contain conductors only)
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M530-65A
0.65mm thick
5.3W/kg loss at 1.5T
B (T) H (A/m)
0.1 44
0.2 59.5
0.3 69.6
0.4 78.2
0.5 86.6
0.6 95
0.7 104
0.8 113
0.9 125
1.0 138
1.1 159
1.2 196
1.3 270
1.4 454
1.5 1040
1.6 2630
1.7 5620
1.8 10100

Table B.5: Magnetisation data for stator laminations for prototype BDFM
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Appendix C

Leakage Inductance and Effective Air

Gap

In this chapter the procedure used to estimate the leakage inductance are described, and the notion of
effective air gap reviewed and the chosen method of estimation described.

The symbols used in this chapter are similar to those used in figures|2.2 and (2.1, however in this
chapter all dimension are in metres unless otherwise specified, whereas in figure[2.2 all measurements
other than the air gap width were in radians. In this chapter A is used to denote permeance, y; is used
to denote slot pitch in metres (hence y, ~ as%, and w, ~ ws% where d is the diameter, and o, and
wy as depicted in figure(2.2).

C.1 Leakage Inductance

The calculation of leakage inductance is greatly simplified by the calculation of specific permeance.
Permeance is the reciprocal of reluctance.

Specific permeance is defined as the self-inductance per unit length of coil per turns squared.
Thus to calculate the self inductance of a coil due to leakage the permeances around the length of the
coil should be summed and the the result multiplied by the number of turns squared.

The sources of permeance will now be considered. For full details, and derivation of results see
[31], and [18] for trapezoidal slot geometry (and simplifications adopted here).

An estimation of the slot bridge permeance for the cage rotor considered is taken from [9].

C.1.1 Slot and Tooth-top Permeance

Figure |C.1 shows a trapezoidal slot. The dotted boxes within the slot represent different conductor
positions that will be considered. A square slot, can of course, be considered as a special case of a

trapezoidal slot. It will be assumed that slot leakage can be adequately modelled by trapezoidal slot
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Figure C.1: Slot shape used for permeance calculations

geometry even if the slot it not exactly trapezoidal (such as having a semi-circular end).

For the conductors in the bottom position in figure|C.1/the slot permeance is:

+—+ = (C.1)

3(wy + wy) (ws + wo) (ws +w,)  w, s

|: 2h, 2(hy + hs + hy) 2hs he g j|
As; = o

The first term of |C.1 accounts for the permeance inside the conductor being considered, with the
average slot width being taken. The second to fourth terms account for the permeance in the region
above the conductor and the final term is the ‘tooth-top” permeance.

For other conductors the first and second terms are adjusted accordingly:

[ 2h 2(hs +h 2h h
hsy = Mo 2y 2Uth)  Zhs ey 5] (C2)
| 3(wa +w3)  (ws +w3)  (ws+w,)  w, Vs
[ 2h3 2h4 2h5 h() 8 i|
Ay = + + + —+ = C3
s o | 3(ws +wy)  (ws +wa)  (ws+w,)  w, Yy ©3)
[ 2h4 2h5 h6 g
Aoy = + + =+ = C4
! Ho _3(w4 + wS) (wS + wo) Wy Vs ( )

C.1.2 Overhang Permeance

Overhang permeance accounts for coupling arising from the end windings which overhang the lami-
nation stack. Figure C.2/shows a diagram of an end winding.
Under the assumption that the overhang forms two sides of a square at each end coil (see figure

C.2) [31] gives an empirical formula:

2
Do = I [0.366 log, <7“> + 0.11] (C.5)



C.1 Leakage Inductance 259

Rotor Laminations =~ Overhang

Figure C.2: Assumed end winding configuration for overhang permeance calculations

which for typical values of a and b gives:

It is assumed that there is zero mutual coupling between adjacent coils (if this is not the case [31]

gives suitable modifications to (C.6).

C.1.3 Zig-zag Permeance

‘Zig-zag’ permeance accounts for coupling where the flux density path zig-zags between teeth on
opposing sides of the air gap. It is only applicable when both rotor and stator have open slots.
Assuming that the slot pitch can be assumed to be average of the rotor and stator pitch, and that

that half the zig-zag flux links the stator and half the rotor, [31] gives the permeance as:

Vsa Wy + W, g
Ay =po— (1 ——— (C71
12g ySa

where figure C.3 explains the symbols.

C.1.4 Leakage flux per coil

The leakage flux per coil can then be calculated from the specific permeances previous stated. The

permeances described in sections |C.1.1 and /C.1.3| both act over the lamination stack length, wy,
whereas the overhang permeance acts over the overhang length, L,.

A description of the calculation is given for each rotor in described in chapter
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LTI
T

< ySa >

Figure C.3: Assumed slot configuration for calculation of ‘zig-zag’ permeance

Stator and rotor 6]

The machine being considered has two two layer windings on the stator for the power and control
winding supplies. Therefore the stator leakage for the winding closest to the air gap (in our case the

8 pole winding) is as follows:

Leoity = 1§ (s (hyy + Ay +242) +2Loko) (C.8)
For the 4 pole winding:

Leoity, = 13wy (g, + Ay + 212) + 2LoA,) (C.9)

Rotor |6, which is considered in simulation only, is assumed to have the same slot shape and

winding arrangement as the stator.

Rotor [1: ‘nested-loop’ design, and rotor 5 squirrel cage rotor with 6 bars

On both rotors1 and|5 the rotor bars take up the entire slot therefore the slot permeance is:

2(hy, +ho, +h3, +h 2h h
M=0Fu 2 st he) | 2hs, +%+i} (C.10)
3(wy, +ws,) ws, +Wo,  Wo, Vs,
However the zig-zag permeance and overhang permeance expressions are the same.
Therefore the leakage inductance is:
Lyested = 2Ws ()\s,, +A)+ Lo,l)ho (C.11)

ignoring any leakage due to the end ring at one end, and noting that L, is dependent on the location

of the particular loop within a nest.
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Figure C.4: Rotors 2} 3 and/4 slot detail

Rotor 2: new double layer design

The rotor has a dual layer winding and the slot shape is unusual (and non-ideal), due to economic

reasons which would not affect a commercial machine, a diagram of the slot is shown in figure [C.4.
Rotor|2 only uses the top slot shown in figure C.4} and each ‘phase’ consists of 4 loops. Each of

the loops comprises of a conductor taking half the area of the top slot; the out and return paths of the

loop are in the top and bottom portion of the slot respectively. Therefore:

hi/2  h/2
Lphase - 4(ws (MO 22—+ 2_ + 2 + 2)‘1) + 2Lo)\0) (Clz)
3wl wi W,y Vs

Rotor3: A rotor design consisting of 18 isolated loops

Rotor(3/has 18 separate loops comprised of copper strip which takes the up the whole slot area of the
top then bottom slot of figure|C.4/respectively. Rotor4 is identical in construction to rotor|3} but with
fewer loops, hence the inductance per loop is unchanged.

The leakage inductance of a single loop is therefore:

hy hy ho hy
Lloop = w, (Ko 2— + - + — 42—+ 2 +2Xx;) + 2L A, (C.13)
3w W, W, Vs

Rotor 7: Standard squirrel cage design

Rotor 7 has closed slots, and therefore a different approach is required to calculate the permeance.

Birch and Butler give a computational method for estimating the slot permeance as a function of the
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rotor m.m.f. (magneto-motive force) [9]. However the slot geometries of the cage rotor considered
are close enough to the example given in the paper to take the results straight from figure 3 of [9].
The prototype rotor slot bridge depth on the slot line is 0.85mm, the slot top radius is 2.5mm and the

air gap is 0.55mm.

A m.m.f. (A-turns)

7.5 100
35 200
2.8 300
25 400

Thus assuming around 300 A-turns then the specific permeance is 2.8. This permeance must be added

to the slot permeance to determine the leakage inductance for a single bar:

hy /2
/2 5] A
3w, Vs

Lyar = 2-8M0ws + wy (MO |:
The leakage due to the end ring is approximated using the same method as for an end winding:
Lena = Lok,

Therefore the total leakage inductance matrix will be a symmetric circulant matrix with 2Ly, +2Leng
on the diagonal, and — Ly, offset by £1 column from the diagonal.
The dimensions for the slot leakage calculations have been assumed to be the same as those for

the progressive loop rotor.

Parameter Values for Leakage calculation

Table shows the slot and overhang dimensions for leakage flux calculation on the stator rotor
designs considered. Table |C.2 contains physical geometries of the considered rotors and stator, and

the effective air gap as calculated using Carter’s factor.

C.2 Effective air gap

In 1900 Carter [21] first derived a correction factor for the air gap to allow for the effect of having
an open slot. The initial result was expanded and given in a more complete form in [22], equation
(8). Broadly the assumption made is that slots are parallel and infinitely deep, slot pitch length is
infinite. Furthermore it is assumed that the teeth themselves are made of material of infinite magnetic
permeability.

Carter’s factor is given by:

Vs
Vs —VE&

K = (C.14)



w, w wy w3 Wy ws g hy hy hs hy hs he Vs w L, t
(mm) (mm) (mm) (mm) (mm) (mm) (mm) (@mm) (mm) (mm) (mm) (mm) (mm) (mm)  (mm) (mm)

Stator (and rotor 6/with # = 0.1 and w = 189.9) 4 pole (furthest from the air gap)

32 8111 7.731 7.335 6471 5.473 - 2.845 2992 6.532 7.556 0.656 1.13 11457 1955 160 10
Stator (and rotor|6/with = 0.2 and w = 189.9) 8 pole (closest to the air gap)

32 8111 7.731 7.335 6471 5.473 - 2845 2992 6.532 7556 0.656 1.13 11457 1955 75 20
Rotor|1} ‘Nested-loop’ design

2.8 5.68 - - - 9433 0547 1948 0 0 0 1207 065 15.182 189.9 100,60,20 1
Rotor 2t New double layer design

21 374 - - - - 0555 1871 227 - - - - 15.180 190.2 110 1
Rotors|3|and 4} isolated loop designs

2.1 374 - - - - 0555 1871 227 - - - - 15,180 189.9 140 1
Rotor[5! 6 bar squirrel cage design

84 2272 - - - 3772 0547 1948 0 0 0 1207 0.65 91.091F 189.9 110 1

Table C.1: Slot and overhang dimensions for calculation of leakage flux for the different rotors, see figures |C.4}|C.1 and|C.2 for details. T the value

used in calculation of zig-zag permeance was 15.182mm, to coincide with rotor 1!

deS are 3AndYA T

€9¢
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diameter Stack length rotor-stator  No. slots  Carter Factor Carter Factor Carter Factor air gap air gap slot mouth air gap
stack overlap (Approx.) (Ossana Approx.) (tol.) width (eff.)
d w K 4 Wo 8eff
(mm) (mm) (mm) (mm) F(mm) (mm)  (mm)
Stator (3 values are given for three different air gaps)
175.065 195.5 - 48 1.179 1.193 1.253  0.547 - 32 -
175.065 195.5 - 48 1.178 1.192 1.252  0.555 - 32 -
175.065 195.5 - 48 1.186 1.198 1.259  0.510 - 32 -
Rotor[T} ‘Nested-loop’ design
173.971 189.9 189.9 36 1.104 1.114 1.167  0.547 0.03 2.8 0.712
Rotor2: New double layer design
173.955 190.2 189.4 36 1.064 1.138 1.120  0.555 0.03 2.1 0.696
Rotors[3/and[4} isolated loop designs
173.955 189.9 188.3 36 1.064 1.138 1.120  0.555 0.03 2.1 0.696
Rotor[3} 6 bar squirrel cage design (simulation only)
173.971 189.9 189.9 6 K =1 by assumption 0.547 0.03 84  0.645
Rotor[6; wound rotor (simulation only)
173.971 189.9 189.9 48 1.181 1.194 1.255  0.547 0.03 32 0762
Rotor[7; standard squirrel cage rotor
174.046 190.3 189.3 40 closed slots 0.510 0.02 - 0.605

Table C.2: Physical data for the experimental (and simulation) BDFM stator and rotor designs
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where
2120 aretan (22) —og, |14 (2 (C.15)
=—|—arctan| — ) —lo — .
Y =3 2g 2g Be 2g
and where w, is the slot mouth width, y; is the slot pitch (in distance units) and g is the air gap width
as per figure(C.1.

When both rotor and stator have open slots it is assumed that the resultant Carter factor is the
product of the Carter factors for the stator and rotor respectively (see [43, sect. 6.1] and references

therein for details and experimental justification).

Kot = K, K (C16)

where K, and K are the rotor and stator Carter factors respectively.

As noted in [43] the assumption of infinite slot pitch length is not always reasonable. In [22] and
[39; ch. 17], Carter’s original calculation is generalised for the case of a regular slotting pattern. [39]
claims that Carter’s initial assumption i.e. equations (C.14) is quite sufficient for practical application,
which is at odds with [43, p. 56]. In practice as long as the ratio % is sufficiently large (or equivalently
the ratio )ﬁ—;}n sufficiently small, however in normal machines this is rarely the case) then (C.14) is a
good approximation. Sometimes these assumptions are not reasonable, and [43, sect. 6.1] gives the
following two alternative approximations which have empirical justification:

When % < 12:

K~ — 2 (C.17)

ys+8— 32w,
Or an alternative approximate formula is given as

L+ 8
Ka_ 21058 (C.18)
ys — Wy + 8g
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Previous BDFMs
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Location Frame name Frame Airgap Airgap  Stack Poles No. Rotor No. Stator Original Claimed Ref. Year
size dia. Length Slots Slots  Torque power
(mm) (mm) (mm) (mm) (Nm) kW
Broadway/Burbridge
Bristol, UK - 6/2 48 (40 used) [17] 1970
Bristol, UK - 177.8  69.85 18/12 60 54 [17] 1970
Spée/Wallace
Oregon NEMA 254T 158.75 0.6 210 75 6/2 44 36 40 [110,1104,/127,111] 1989-1995
Brune/Spée/Wallace
Oregon NEMA 182T 114.30 6/2 12 [19] 1994
Williamson
Cambridge D160 160 273 8/4 36 48 70 [114] 1997
McMahon/Ali Lotia
Cambridge D100 100 0.42 91.7 96 6/2 32 36 15 2 [68] 2000
McMahon/FKI
Cambridge D180 180 0.55 175 190 8/4 36 48 140 2001
Shoudao et. al.
China 6/2 30 [96] 2000
Runcos/WEG
Brazil 12/8 100+ [90] 2004

Table D.1: Prototype nested-loop rotor BDFEMs. 1 This value is hard to believe from the evidence presented.
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Experimental Apparatus

The test rig for the prototype BDFM is shown in figure E.3| Details on the prototype machine can be
found in appendix[B. The test rig was designed and assembled for the purposes of this research. The
purpose of the design was to produce a test rig which would allow steady-state and dynamic tests to
be performed on the prototype BDFM machine over its full potential operating range. The operating
range was considered to be 0-150 Nm and 0-2000 rpm. In practice the extremes of this operating
envelope were not attainable, due to limitations that will be discussed in the sequel.

The apparatus will now be described.

E.1 Apparatus Description

The apparatus is depicted in figures E.2 and [E.3. The apparatus consists broadly of three parts: the
prototype BDFM machine and power supplies; the DC load motor and power supplies and control
and instrumentation hardware. In addition a Yokogawa 3 phase power meter, part number WT130
was available for confirmatory measurements.

The DC machine armature was supplied from two unregulated 220V, 30A DC supplies which
could be connected in series or parallel giving a maximum power of 13.2 kW, this was the maximum
power the rig could supply. The DC machine field winding was supplied from a regulated 600V, 4A
DC supply.

The BDFM stator 1 winding was supplied from the 3 phase, 50 Hz grid, connected through a
25A per phase Variac, variable from 0 to 245V,,s (phase). The stator 2 winding was connected to an
inverter through a L-C line filter. The PWM switching frequency was variable, but normally set to
10kHz.

The control and instrumentation was based around a dedicated slave PC, with an AMD ‘Athlon’
1.4 GHz processor. This slave PC ran a real-time operating system, specifically designed to be pro-
grammed by, and interface to Simulink/Matlab, called ‘xPC Target’. This slave PC will be referred

to as the target PC. The target PC contained a number of peripheral boards to perform data acquisi-
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tion and output data. The target PC performed data logging, this data was accessible over a TCP/IP
network connection for subsequent downloading. The target PC was programmed, and monitored
from a host PC running Matlab/Simulink under MS Windows. The host PC simply functioned as an
interface to the target PC. Figure [E.1/shows a typical screen shot of the the target PC when running.
The screen shot shows the basic signal monitoring features of the target computer. The screen shot

shows current and voltage wave forms, along with some numerical data.

-} Real-Time xPC Target Spy i

closed_loop 3 I execution started (sample time!

SESMEB tem: execution stopped at 139.5156868

RT, single TET: @.880872 at time 132.3561758

ou e TET: 8.8008877 at time 99.625808

999 a4 : execution started (sample time: B.0801583

! execution stopped at 999 . GEEOEE

4. aeaL ini TET: ©.800872 at time 61.48875@
7.395e-083 i TET: B8.8B0077 at time 575.311500

13 : _execution started (sample time: @.0081583)

22 33 34

30. 000000
211 . 908000

2.877724
2.898838

Figure E.1: Typical screen shot of the target PC, showing current and voltage wave forms and numer-

ical data

Due to the extremely high levels of E-M interference generated by the inverter the elimination of
noise from measurements was particularly problematic. Where possible signals were isolated using
opto-isolators and low impedance earthing was provided throughout. These measures combined with

some filtering gave acceptable performance.

E.1.1 xPC Target PC and peripheral boards

Table E.1! gives details of the peripheral boards in the target PC. The FPGA based inverter output
board was specified by the author and designed by George Makrides[70].

E.1.2 Torque Transducer

The transducer was manufactured by Hottinger Baldwin Messtecknik (HBN), Germany part number
T30FN with display unit and amplifier part numbers DA3417 and MD555. The transducer was rated
0-1000 Nm at up to SkHz and up to 3000 rpm. In practice, the power supply to the transducer was
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Manufacturer/Part No.  Description Specification Purpose

Measurement Comput- 96 bit digital /O  Organised in 8-bit groups, Receiving parallel data

ing / PCI-DIO96H 5V levels, read latency ap- from voltage A/D, total
prox. 750ns, write latency read time approx. 9us for
approx 250 ns. 6 x 16 bit inputs.

Measurement Comput- 96 bit digital /O  Organised in 8-bit groups, Receiving parallel data

ing / PCI-DIO96H

5V levels, read latency ap-
prox. 750ns, write latency

approx 250 ns.

from speed and position

calculations, total read

time approx. 4 us.

Measurement Comput-
ing / PCI-DAS1602/16

16 single-ended
(or 8 differential)
input 16-bit A/D,
2 16-bit D/A, 24
bit digital /O

A/D 200kSamples/s (one
input), hence read latency

approx. 5 us per input.

Measurement of analogue
current signals from Hall
effect sensors, torque read-
ing from transducer, flux
reading from integrating
amplifier. Total read time,

approx 40 us.

PLX-9030 and Xilinx
Spartan 2e FPGA

Custom designed implementation of space-vector modulation, to generate

switching patterns for the inverter. Variable dead-time (0-4 ps), switching

frequency (1-50 kHz), modulation frequency (-200 to 200 Hz), av. latency %

switching period, hence 50 s at 10 kHz

Table E.1: xPC Target PC peripheral boards
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poorly decoupled resulting in large amounts of noise being picked up from the inverter. Therefore the

useful bandwidth was only a few Hz.

E.1.3 DC load motor

The DC load motor specifications are given in table|E.2| For further details see [69]. As previously
mentioned the maximum power the DC machine could deliver was 13.2kW, which was the supply

limit. The maximum power the machine can dissipate is 13.9kW which was limited by the load

resistors.
Parameter Value
Manufacturer GEC, UK
Frame size SD160XLB
Nature separately excited
Rated power 24 kW
Rated speed 1750 rpm
Armature voltage 460V
Armature current 61A
Field winding voltage 360V
Field winding current 1.83A
Armature resistance 0.428 Q2
Armature inductance 7.5 mH
Field winding resistance 196.7 Q2
Field winding inductance 74H

Table E.2: DC load motor specification

E.1.4 Inverter Output Filter

The inverter output filter was a 3 phase L-C filter. The filter was manufactured by Schaffner, part
number FN 5010-18-99 and was a star connected L-C filter with L=3.5 mH and C=1.5 yF giving the
resonant pole at approximately 2.2 kHz. The filter is rated at 18Ays per phase, and 400V, line at
40 °C. The manufacturer states that the filter can be used with switching frequencies from 4 kHz to
16 kHz.

E.1.5 Inverter

The inverter comprised of 3 half-bridge IGBT modules. The modules were Semikron ‘SKiiP 432 GB

120 - 207 CTV’ modules, which contain two N-channel IGBT devices in series and accompanying
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gate drive circuitry, including measures to protect the devices from overheating due to desaturation,
undervoltage and short circuit protection. The latter ensures that a suitable ‘dead-time’ between firing

high and low side devices is employed.

The devices were rated at 1200V and 400A. The devices were supplied from a 600V DC link

derived from a uncontrolled 3 phase rectifier connected directly to the mains.

The devices were mounted in an earthed protective enclosure on a heat sink with forced air cool-
ing. The overall inverter rating was calculated as 200A s per phase with a 600V DC link at 8 kHz
switching frequency, or 100A s per phase at a 600V DC link at 25 kHz switching frequency.

The inverter also included a ‘brake-chopper’, Semikron part number SKAI 100 E, which provided
‘bang-bang’ regulation of the DC link voltage by switching in the inverter protection resistors when
the DC link voltage exceeded around 680V. This facility was necessary when testing the BDFM, as
when the machine is in operation as a generator, above natural speed, or as a motor below natural
speed, the inverter connected winding regenerates power, which would otherwise cause the DC link

voltage to increase.

E.1.6 Position and Speed Measurements

The position and speed measurements were derived from an optical encoder (or ‘resolver’), which
produced 2500 pulses per revolution. A state-machine was implemented on a fast 8-bit micro con-
troller, a Scenix SX28 running at SOMIPS, to determine the rotor angular position to an accuracy of
0.036°. The data was sent as 15 bit parallel data, with one bit representing the direction of rotation for
the last transition. The data was fed into the input of one of the digital I/O cards. Handshaking was
achieved by an assertion from the digital I/O card that a read was imminent; during this time the SX28
refrained from modifying its output pins. The latency between position updates was approximately

2 s.

The speed measurement was achieved with another SX28 micro controller, which used a SOMHz
clock to time pulse widths. This data was output as a floating point number with a 5 bit exponent,
12 bit mantissa, and a saturation bit, to one of the digital I/O cards. The speed was computed by the
target PC by performing the requisite division. As the optical encoder gave 2500 pulses per revolution
the minimum speed measurable before saturation occurred was approximately 0.07 rpm. At 1000 rpm
the speed measurement was accurate to better than 1 rpm, at 2000 rpm the accuracy was better than
about 4rpm. As with the position measurement, handshaking was achieved by means of an assertion
from the 1/O board.

The outputs from the optical encoder were isolated using opto-isolators to ensure that no ground

loops were present and to protect the equipment.
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E.1.7 Analogue to Digital Converters

The stator 1 and stator 2 phase currents were measured using Hall effect current sensors, LEM part
number LTA-100P, wound for a maximum current of 25A . The Hall effect sensors provide galvanic
isolation, however it was necessary to place the sensors in the return current path, rather than the out
current path, to reduce the capacitive coupling between the sensor circuitry and the noisy supply
voltage to stator 2 from the inverter. The sensors were read by the DAS1602/16 16 bit A/D card. The
sensor bandwidth was approximately 100 kHz, hence the bandwidth was limited by the sample rate.
The voltage measurement was achieved with a custom designed A/D board designed by the author
and implemented by Davor Dukic and Iskandar Samad. The board consists of 6 parallel 16 bit A/D
converters, AD677, driven by a differential input with a 2 kHz 4 pole Butterworth anti-aliasing filter.
The converters were isolated via opto-isolators, and the data conversion controlled by 7 PIC micro
controllers. The data was acquired by one of the digital I/O boards, in parallel format. The maximum

input voltage was 21000V peak, and the input impedance was 1 M.

E.1.8 DC Machine load resistors and Inverter dump resistors

The inverter dump resistors were six 24€2, 10A resistors connected as three in series and the two such
sets in parallel, giving a total resistance of 362 at 20A, or 10 kW at 600V. Therefore the inverter could
withstand 10 kW of regeneration.

The DC machine load resistors comprises of three resistors each configured at 10.5 2 and rated at
21A. Generally either two or three resistors were connected in parallel giving a minimum resistance
of 3.5 2 at a current of 63A, and total power dissipation of 13.9 kW, which was the maximum power

which could be dissipated by the test rig.
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