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ABSTRACT 

This r e p o r t i s concerned w i t h the d e t e r m i n a t i o n o f the 
s t r a y load losses due t o the h i g h e r harmonics i n i n d u c t i o n 
machines. The performance of the machine i s a l s o s t u d i e d 
through a m o d i f i e d c i r c l e diagram. The I.E.E.E. "Test Code 
Procedure f o r Polyphase I n d u c t i o n Motors and Generators" 
has been used t o determine the machine parameters and t o 
c a l c u l a t e the performance of the machine. I t has been 
found t h a t the I.E.E.E. "Test Code Procedure f o r Polyphase 
I n d u c t i o n Motors and Generators" y i e l d s i n a c c u r a t e r e s u l t s 
f o r the torque as w e l l as the s t r a y load losses. An a l t e r 
n a t i v e procedure, which gives b e t t e r r e s u l t s has been p r e 
sented. Several t e s t s have been conducted t o determine the 
s t r a y load losses. The p a r t of these losses due t o the 
higher harmonics has been determined through the d i s c r e t e 
F o u r i e r s e r i e s o f the a i r - g a p f l u x . I t i s shown t h a t the 
higher harmonic losses represent a remarkable percentage 
of the t o t a l s t r a y l o a d losses, e s p e c i a l l y w i t h i n the 
working range o f the machine. Two methods o f drawing the 
c i r c l e diagrams have been s t u d i e d . The machine performance 
obtained from these methods shows c l o s e agreement between 
the computed and measured r e s u l t s . 
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CHAPTER 1 
INTRODUCTION 

1.1 H i s t o r i c a l Review 
With the help o f tr a n s f o r m e r t h e o r y , CP. Steinmetz 

[1] d e r i v e d an e q u i v a l e n t c i r c u i t t o represent the i n d u c t i o n 
motor by a s s i g n i n g values f o r primary admittance on open 
secondary (associated w i t h f l u x of mutual i n d u c t i o n ) , p r i 
mary impedance (associated w i t h f l u x o f s e l f i n d u c t i o n ) 
and secondary impedance r e f e r r e d t o the primary and he was 
able t o c a l c u l a t e the performance of the machine us i n g a 
c h a r a c t e r i s t i c constant. This constant allowed f o r treatment 
of magnetizing q u a n t i t i e s and t h e i r e f f e c t . Some o f the 
v/orks p u b l i s h e d f o r d e t e r m i n a t i o n o f i n d u c t i o n machine 
performance, were based on c i r c l e diagram and some were based 
on e q u i v a l e n t c i r c u i t . The i n t e r e s t i n sep a r a t i n g v a r i o u s 
losses i n the i n d u c t i o n machines arose w i t h a view t o 
determine the e f f i c i e n c y and the ou t p u t of the machines. 
The term s t r a y losses was discussed i n the e a r l y works 
[2, 3, 4, 5, 6] w i t h an attempt t o c o r r e l a t e these losses 
w i t h the di s c r e p a n c i e s between a c u t a l and c a l c u l a t e d e f f i 
c i e n c i e s «. 

T. Sponner p u b l i s h e d i n 1929 a paper [7] on i n d u c t i o n 
motor core losses a t no-load. He attempted t o separate 
these losses i n t o fundamental frequency losses i n the 

1 



2 

s t a t o r core and t e e t h , and h i g h e r frequency losses due 
t o s u r f a c e p u l s a t i o n losses and eddy c u r r e n t copper 
lo s s e s . Based on Sponner's work C.J. Koch presented i n 
19 32 [8] a new method t o measure s t r a y l o a d losses. This 
method c o n s i s t e d i n a p p l y i n g d i r e c t c u r r e n t t o e i t h e r 
primary or secondary w i t h t h e other c i r c u i t s h o r t e d , 
d r i v i n g the machine a t synchronous speed and measuring 
the d r i v i n g power. S u b t r a c t i o n of f r i c t i o n , windage and 
copper losses o f the u n e x c i t e d c i r c u i t y i e l d s the s t r a y 
l o s s e s . This method i s s t i l l accepted by t h e I.E.E.E. 
t e s t code f o r measuring the s t r a y losses i n wound r o t o r 
machines. 

Subsequent works {9] and [10] r e s u l t e d i n a new 
method [11] of d e t e r m i n a t i o n o f the s t r a y l o a d l o s s e s : 
the reverse r o t a t i o n t e s t , a l s o accepted by the I.E.E.E. 
t e s t code. By t h i s method, a reduced polyphase v o l t a g e 
i s a p p l i e d t o the machine d r i v e n a t synchronous speed i n 
the reverse d i r e c t i o n by a coupled d.c. machine. Both a,c, 
and d.c. powers are measured and c o r r e c t e d f o r s t a t o r 
o 

I R losses. The d i f f e r e n c e y i e l d s t h e s t r a y load 
l o s s e s . 

A paper by R a w c l i f f e and Menon [12] e x p l a i n s a new 
t e s t f o r measuring the harmonic-frequency losses as a 
separate q u a n t i t y i n s l i p - r i n g or s q u i r r e l - c a g e motors. 
This t e s t determines the h i g h e r harmonic l o s s e s a t no-load. 
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Two papers by Barton and Ahmad [13] and [14] i n c l u d e 
i n t e n s i v e study about the nature of s t r a y losses and 
t h e i r measurements. They suggest t h r e e sources of s t r a y 
losses, eddy-current and i r o n losses a t the supply 
frequency, t o o t h r i p p l e i n the main f l u x and t o o t h 
r i p p l e i n the zigzag leakage f l u x . I n these papers the 
r e s u l t s o f the reverse r o t a t i o n t e s t has been e x t r a p o l a t e d 
from c u r r e n t and speed i n order t o c a l c u l a t e the s t r a y 
losses over the wide speed range. 

E a r l y works on de t e r m i n i n g the machine performance 
by using the c i r c l e diagram theory were i n v o l v e d w i t h 
e l a b o r a t e g e o m e t r i c a l c o n s t r u c t i o n s . P.K. S a t t l e r [ 1 5 ] , 
K.P. Kovacs [16] and A. Langsdorf [17] i n t r o d u c e d g r a p h i 
c a l methods which s i m p l i f i e d the c a l c u l a t i o n and construc
t i o n of the exact c i r c l e diagram. 

1. 2 Proposed Work 
This r e p o r t proposes t o assess the e x i s t i n g methods 

f o r d e t e r m i n a t i o n of t h e s t r a y losses and t o i n v e s t i g a t e 
those losses due t o the harmonic c o n t e n t i n the a i r - g a p 
f l u x . A F o u r i e r a n a l y s i s of the a i r - g a p f l u x w i l l d e t e r 
mine the harmonic e.m.f.'s i n the s t a t o r winding which 
allow the c a l c u l a t i o n o f the higher harmonic losses as a 
p a r t of the t o t a l s t r a y losses. I n a d d i t i o n a study of 
the c i r c l e diagram t h e o r y w i l l be conducted and a m o d i f i e d 



method proposed l e a d i n g t o more accuracy and more s i m p l i c i t y . 
The machine performance w i l l then be compared t o a model ob
t a i n e d from t e s t code procedure. F i n a l l y an attempt w i l l be 
made t o look i n t o t he n o n - l i n e a r i t y of t h e i n d u c t i v e p a r t r e 
l a t e d t o Blondel's c o e f f i c i e n t o f leakage. 



CHAPTER 2 

METHOD OF PARAMETER DETERMINATION 

2 .1 Test Code Procedure 
2.1.1 Steinmetz E q u i v a l e n t C i r c u i t 

The o r i g i n a l Steinmetz e q u i v a l e n t c i r c u i t [1] i s the 
basic e q u i v a l e n t c i r c u i t employed i n the procedure 
approved by the I.E.E.E. t e s t code. S t a r t i n g w i t h basic 
theory the m.m.f. r e l a t i o n s h i p i n a transformer i s as 
f o l l o w s : 

N l + N l X l +
 N 2 X2 = *X (2-l) 

where 
N^ = number o f t u r n s i n primary c o i l 
N 2 = number of t u r n s i n secondary c o i l 
±NL = magnetizing or no-load c u r r e n t 
1^ = primary c u r r e n t 
I ^ = secondary c u r r e n t 
<j> = core f l u x 
X = r e l u c t a n c e of core 

When the steady s t a t e i s reached, I N L = <J> A and 

J l N l = 12 N 2 ° r T l = nl2' 
Then the f o l l o w i n g r e l a t i o n s are obtained: 

V x = 1 ^ + j X l ) + - I 2 ) X m + ( I 1 - I 2 ) R m (2.2) 

5 
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E l " V R 2
 + jV +

 ( I 1 ' V \ (2-3> 
These equations do not represent any e f f e c t s o f h y s t e r e s i s 

and eddy c u r r e n t losses i n the core. Since the r e a l component 
of the magnetizing impedance i s very much le s s than the ima
g i n a r y one, i t i s n e g l e c t e d . These r e l a t i o n s y i e l d t o the 
e q u i v a l e n t c i r c u i t o f the t r a n s f o r m e r shown i n F i g . 2.1. 
From equation ( 2 . 1 ) , i t i s seen t h a t Nn I p r o v i d e s o n l y 
approximately the magnetizing magnetomotive f o r c e t o p r o 
duce a f l u x tj>m i n the core, and remains constant r e g a r d l e s s 
o f load. Since the core i s s u b j e c t t o a c o n s t a n t magnetizing 
m.m.f. t h e magnetizing conductance may be i n c l u d e d as a 
p a r a l l e l branch. 

The i n d u c t i o n motor could be l o g i c a l l y considered t o 
be a t r a n s f o r m e r w i t h a s p l i t c o r e , the a i r - g a p r e p r e s e n t i n g 
the space between the two p a r t s . 

Considering the analogy and examining equations ( 2 . 2 ) , 
and ( 2 . 3 ) , the phasor diagram f o r each phase o f th e i n d u c t i o n 
motor w i t h symmetrical phase windings and a balanced polyphase 
power supply may be drawn as shown i n Figure 2.2. I n F i g u r e 
2.2, V 1 i s the impressed v o l t a g e , and I the p r i m a r y c u r r e n t 
phasor, l a g g i n g the v o l t a g e by an angle T h e secondary 
v o l t a g e , due t o the a i r - g a p f i e l d , E? =~E

1i i s found by 
v e c t o r i a l s u b t r a c t i o n o f the p r i m a r y r e s i s t a n c e drop, X̂ R.̂  
and the primary leakage reactance drop, j l ^ X^, f o r the 
impressed v o l t a g e . 
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A A A A ~ r m 
In 

X, 2 "2 
r v " v \ _ A A A A . 

RT 

Figure 2.1 Equ i v a l e n t C i r c u i t of a 
Transformer 

Figure 2.2 Phasor Diagram of I n d u c t i o n 
Motor 
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Since the r o t o r conductors are a c t u a l l y s l i p p i n g 
w i t h respect t o the s t a t o r conductors a t s l i p frequency, 
the a c t u a l v o l t a g e induced i n the secondary i s E^ = S E

2 

and i s e n t i r e l y consumed i n the secondary impedance 
I2 R 2 

drop, composed o f — and I 0 X„. I n other words, 
s 2 2 

c o n s i d e r i n g the motor at s t a n d s t i l l when s = 1 

*2 - n^W2 

When the motor i s running at s l i p s 

E 2 

^ + i*2 

From the above equation i t i s e v i d e n t t h a t the appar
ent secondary r e s i s t a n c e which seems t o vary i n v e r s e l y 
w i t h the s l i p c o u l d be considered as the sum o f the a c t u a l 
r e s i s t a n c e , R2, and the load r e s i s t a n c e R 2 ( l - s ) / s . The 
phasor diagram f u r t h e r c l a r i f i e s t h i s because t h e stand
s t i l l v o l t a g e developed across the apparent secondary 
r e s i s t a n c e i s a c t u a l l y p a r t i a l l y used on l o a d i n g t o 
develop the v o l t a g e I 2 R 2 ( l - s ) / s , across the l o a d r e s i s 
tance. This i s a c t u a l l y the p a r t of the secondary v o l t a g e 
drop which i s used t o produce t o r q u e . Hence t h e t r a n s 
former e q u i v a l e n t c i r c u i t i s a p p l i c a b l e i f the load 
r e s i s t a n c e , RT, i s replaced by the load r e s i s t a n c e 
R 2 ( l - s ) / s . This y i e l d s the e q u i v a l e n t c i r c u i t shown i n 
Figure 2.3(a), which i s the e q u i v a l e n t c i r c u i t used i n 
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the I.E.E.E. t e s t code. 
To produce the air-gap v o l t a g e , E-j, a magnetic f l u x , 

(J), i s r e q u i r e d which lags E 1 by 90°. A magnetizing 
c u r r e n t , 1^, i s r e q u i r e d t o produce t h i s f l u x , which t o 
gether w i t h the small h y s t e r e s i s and eddy c u r r e n t , l e + h f 
r e q u i r e d t o supply the core losses, must be s u b t r a c t e d 
from the primary c u r r e n t , 1^, t o o b t a i n the primary load 
c u r r e n t , 1^. This i n t u r n i s equal and opposite t o the 
secondary c u r r e n t I^. I n the exact e q u i v a l e n t c i r c u i t 
the core loss i s represented by a copper loss i n a 
f i c t i t i o u s r e s i s t a n c e , R m # This r e s i s t a n c e , i n p a r a l l e l 
w i t h the magnetizing reactance, makes the core l o s s vary 
w i t h the f l u x which crosses the a i r - g a p and consequently 
f a l l s o f f as the load increases, but a t the same time the 
core loss increases i n the r o t o r . 

2.1.2 T h e o r e t i c a l Background f o r Test Procedure 
As recommended i n the I.E.E.E. t e s t code, the no-

load t e s t i s done by running the machine a t r a t e d v o l t a g e 
and frequency w i t h o u t connected load. The i n p u t power, 
voltage and c u r r e n t are read. Having obtained the s t a t o r 
r e s i s t a n c e from a d.c. r e s i s t a n c e measurement, the s t a t o r 
copper l o s s a t the temperature of the no-load t e s t may 
be obtained. S u b t r a c t i n g t h i s from the i n p u t gives the 
sum of the f r i c t i o n and windage and core l o s s . The 
locked r o t o r t e s t c o n s i s t s of a s e r i e s of readings o f 
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(a) The Conventional E q u i v a l e n t C i r c u i t f o r the I n d u c t i o n 
Motor 

R i 
- v w v -

x. 

R 
m 

R 2/S 
VW\y 

I 

x m 

(b) Another form of the E q u i v a l e n t C i r c u i t f o r the 
I n d u c t i o n Machine 

Figure 2.3 E q u i v a l e n t C i r c u i t f o r an I n d u c t i o n Motor 
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v o l t a g e , c u r r e n t and power taken a t d i f f e r e n t values of 
c u r r e n t , w i t h the r o t o r blocked and s h o r t c i r c u i t e d , the 
frequency of the a p p l i e d v o l t a g e being constant. For a 
wound r o t o r machine, i t i s necessary t o block a t a p o s i 
t i o n corresponding t o the average of i t s maximum and 
minimum i n p u t impedance p o s i t i o n s . 

R e f e r r i n g t o the nomenclature used i n t h i s r e p o r t , 
the parameters of the machine under t e s t may be obtained 
from the f o l l o w i n g r e l a t i o n s : 

+ x 2 ) f v s c + x 2 ) 
3 I 2 

SC 

R2 " 
w s c 

3 I s c 

(2.6) 

(2.7) 

+ P n m WNL " 3 INL R i (2.8) 

X = _ m I 
'NL 
NL 

(2.9) 

2.2 Determination of Parameters and Performance According 
t o the I.E.E.E. Test Code 

2.2.1 D e s c r i p t i o n of Tests 
The no-load t e s t i s made by running the machine a t 

ra t e d v o l t a g e and frequency w i t h o u t connected load. To 
insure t h a t the c o r r e c t value of f r i c t i o n and windage i s 
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ob t a i n e d , the machine should be operated u n t i l the i n p u t 
becomes constant. The temperature v a r i a t i o n d u r i n g these 
t e s t s was measured through the use of embedded thermo
couples i n the winding s l o t s of the machine. Ambient 
temperature was recorded as the average o f the readings 
from two glass b u l b mercury thermometers placed a t v a r i o u s 
l o c a t i o n s around the t e s t s e t . Both s t a t o r and r o t o r 
r e s i s t a n c e were measured by ammeter and v o l t m e t e r method. 
This method i s used f o r the measurement of low r e s i s t a n c e 
when an accuracy o f the order o f 1 percent i s s u f f i c i e n t . 

The reading of i n p u t w a t t s i s the t o t a l of the 

losses i n the motor a t no-load. S u b t r a c t i n g the s t a t o r 
2 

I R-loss (at temperature of t h i s t e s t ) from the i n p u t 
gives the sum of the f r i c t i o n ( i n c l u d i n g brush f r i c t i o n 
l oss on wound-rotor motors) and windage and core l o s s . 

The s e p a r a t i o n may be made by reading v o l t s , amperes, 
and w a t t s i n p u t a t r a t e d frequency and a t v o l t a g e s rang
i n g from 125 percent of r a t e d v o l t a g e down t o the p o i n t 
where f u r t h e r r e d u c t i o n increases the c u r r e n t . A curve 
of w a t t s i n p u t versus v o l t a g e i s p l o t t e d and the curve 
so obtained i s extended t o zero v o l t a g e . The i n t e r c e p t 
w i t h zero v o l t a g e a x i s i s the f r i c t i o n and windage l o s s . 
The i n t e r c e p t may be determined more a c c u r a t e l y i f the 
i n p u t i s p l o t t e d a g a i n s t the v o l t a g e squared f o r values 
i n the lower v o l t a g e range. 

The locked r o t o r t e s t was done at r a t e d frequency. 
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The maximum and minimum impedance p o s i t i o n s of the r o t o r 
were determined by apply i n g reduced v o l t a g e t o the s t a t o r 
and sl o w l y t u r n i n g the r o t o r p o s i t i o n as close as p r a c t i c a l 
t o the average of the minimum and maximum c u r r e n t p o s i t i o n . 
Having locked the r o t o r i n the desired p o s i t i o n , the r e q u i r e d 
readings were taken as q u i c k l y as p o s s i b l e t o avoid over
heating. The summary of the t e s t r e s u l t s f o r the machine 
i s given i n t a b u l a r form i n Table 2.1. Using t h i s data 
along w i t h the r e l a t i o n s s t a t e d i n Section 2.1.2 and 
w i t h those i n "Test Code Procedure", the parameters of the 
machine were c a l c u l a t e d . A summary of the parameters according 
t o t h i s method i s given i n Table 2.2. These parameters are 
shown f o r a winding temperature of 45°C. 

2.3 Comparison c f Measured and Calculated Performance 
Using the parameters t a b u l a t e d i n Table 2.2 the torque-

s l i p , i n p u t p o w e r - s l i p , power f a c t o r - s l i p , and s t a t o r 
c u r r e n t - s l i p were computed by the method F explained 
i n the "Test Code Procedure". The performance curves 
f o r the same temperature were measured. The measured and 
c a l c u l a t e d t o r q u e - s l i p , i n p u t p o w e r - s l i p , s t a t o r c u r r e n t -
s l i p and power f a c t o r - s l i p are p l o t t e d a t the end of 
Chapter 4. 

The consequence of the s t r a y loss c o r r e c t i o n i s 
shown on a t o r q u - s l i p curve, by p l o t t i n g the curve both 
w i t h and w i t h o u t s t r a y l o s s included. 
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The t o r q u e - s l i p curve was computed using t h e m o d i f i e d 
expression f o r s t r a y l o s s . This expression i s e x p l a i n e d 
i n Section 3.1. 

No-Load Test Data 
Line Current Line Voltage Power Winding 

INL VNL NL Temperature 
(Ampere) (Vol t s ) (Watts) (°C) 

5.75 208 392 29 .15 

Locked Rotor Test Data 

Line Current Line Voltage Power Winding 

v s c W 
SC 

Temperature 
(Ampere) (Vol t s ) (Watts) C°c) 

10.80 42.3 379 40 

Table 2.1 T a b u l a t i o n of Test Data 

R l 0.404 Ohms x i 1.0 8 Ohms 

R2 0.626 Ohms X 2 1.0 8 Ohms 

R m 1.30 Ohms X 
m 

19.80 Ohms 

Pm 216 Watts H 35.46 Watts 
I 
r 

8.7 Ampere a 0.103 

Table 2.2 Parameters from Test Code Procedure 



CHAPTER 3 

CONSIDERATION OF STRAY LOAD LOSSES 

3.1 D e f i n i t i o n of Stray Load Losses 
According t o the I.E.E.E. t e s t code, s t r a y losses 

are the p a r t o f the t o t a l losses i n a machine which are 
not accounted f o r by the sum of f r i c t i o n and windage 
s t a t o r , r o t o r copper and no-load core losses. Consider
i n g the no-load core l o s s of an i n d u c t i o n motor, a paper 
[5] by Spooner and Kinnard d i v i d e d the core losses i n t o 
the f o l l o w i n g components: 

1. Fundamental frequency losses 
(a) S t a t o r core 
(b) S t a t o r t o o t h 

2. P u l s a t i o n losses 
(a) Surface ( s t a t o r and r o t o r ) 
(b) Tooth p u l s a t i o n ( s t a t o r and r o t o r ) 
(c) Copper eddy ( s t a t o r and r o t o r ) . 

The fundamental frequency losses are those due t o 
the h y s t e r e s i s and eddy c u r r e n t losses i n the core 
m a t e r i a l corresponding t o the app l i e d frequency. The 
p u l s a t i o n losses c o n s i s t f i r s t , of the surface losses 
which are h y s t e r e s i s and eddy c u r r e n t losses o c c u r r i n g 
below the surface of the t o o t h tops due t o the passage 
of the s l o t s of the o t h e r member and are p r a c t i c a l l y the 

15 
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same as the w e l l known pole-face losses. 
The t o o t h p u l s a t i o n losses are caused by the h i g h 

frequency p u l s a t i o n s of f l u x extending t h e whole l e n g t h 
of the t e e t h and i n t o the core cue t o the r e l u c t a n c e 
changes i n the air-gap as the s l o t s of one member pass 
the t e e t h of the other. 

The eddy-current losses are not r e a l l y core losses 
but appear as such by the o r d i n a r y methods of t e s t . 
They are due t o the high frequency s l o t - l e a k a g e f l u x e s 
as the r e s u l t o f the momentary changes i n the s a t u r a t i o n 
of the t e e t h . 

A pu b l i s h e d paper by Koch [8] noted t h a t t h e s t r a y 
loss i s the t o o t h frequency core loss which changes 
w i t h load and t h a t i s increase w i t h load c o n s t i t u t e s a 
r e a l reason f o r the observed s t r a y load l o s s . He ex
pl a i n e d t h i s by c o n s i d e r i n g the losses i n the r o t o r 
surface and t e e t h of a s l i p - r i n g i n d u c t i o n motor. These 
are induced by the s t a t o r t o o t h harmonic f l u x . This f l u x 
may be considered as c o n s i s t i n g o f two component f l u x e s . 
The f i r s t of these i s independent of load and i s the 
harmonic f l u x produced by the a c t i o n of the fundamental 
m.m.f. on the s t a t o r s l o t openings. The second v a r i e s 
w i t h l o a d and i s due t o the t e e t h harmonic m.m.f. pro
duced by the c o n c e n t r a t i o n of t h e s t a t o r c u r r e n t i n s l o t s . 
I t i s the increase of t h i s t o o t h harmonic m.m.f. w i t h l o a d 
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which accounts f o r the change of the t o o t h frequency core 
loss w i t h load. 

Barton and Ahmad suggested i n [13] three sources of 
s t r a y load losses i n i n d u c t i o n motors, eddy-current and 
i r o n losses a t the supply frequency, t o o t h r i p p l e s i n 
the main and t o o t h r i p p l e s i n the zigzag leakage f l u x . 
Figure 3.1 i l l u s t r a t e s the mechanism of losses due t o the 
t o o t h r i p p l e s . 

(a) 

(b) 

y d 

l v 2 

~A ' 

t \ 
I I 

Figure 3.1 (a) E f f e c t on the Main Flux 
(b) E f f e c t on the Zigzag Leakage Flux 

I t shows the s t a t o r and r o t o r t e e t h i n various r e l a 
t i v e p o s i t i o n s . Figure 3.1(a) shows the d i s p o s i t i o n of 
the main f l u x w i t h the f l u x passing down the t o o t h A being 
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a maximum w h i l s t t h a t down B i s a minimum. I t i s t h i s 
v a r i a t i o n of t o o t h f l u x a t s l o t r i p p l e frequency which 
i s r e s p o n s i b l e f o r the voltage-dependent component of 
the s t r a y l o s s . Figure 3.1(b) shows the zigzag leakage 
f l u x . Unless the s t a t o r and r o t o r p i t c h e s are equal, 
the v a r i a t i o n s of cj)^ and ^ are not i n phase and t h e r e 
i s a r e s u l t a n t v a r i a t i o n of t o o t h f l u x a t the t o o t h 
r i p p l e frequency which i s r e s p o n s i b l e f o r the c u r r e n t -
dependent component of s t r a y l o s s . 

Both authors m a i n t a i n t h a t the s t r a y l o s s a s s o c i a t e d 
w i t h the t o o t h r i p p l e i n the main f l u x i s small compared 
w i t h t h a t associated w i t h the t o o t h r i p p l e i n the zigzag 
leakage f l u x , except a t very sm a l l s l i p s . The l o s s due 
t o the t o o t h r i p p l e i n the main f l u x has t h r e e components: 

(1) The loss due t o f l u x - d e n s i t y v a r i a t i o n i n the 
air-gap surfaces of the l a m i n a t i o n . 

(2) The loss due t o p u l s a t i o n s i n the t o o t h f l u x e s . 
(3) The l o s s due t o h i g h frequency c i r c u l a t i n g 

c u r r e n t s i n a s q u i r r e l - c a g e winding. The l a t t e r component 
has the e f f e c t of damping the f l u x p u l s a t i o n s i n the 
r o t o r t e e t h and correspondingly i n c r e a s i n g the p u l s a t i o n s 
i n the s t a t o r t e e t h . 

There i s an i m p o r t a n t d i f f e r e n c e between th e losses 
due t o t o o t h harmonics and those due t o t o o t h p u l s a t i o n s . 
Tooth p u l s a t i o n losses are due t o change of a i r - g a p 
r e l u c t a n c e , and are approximately p r o p o r t i o n a l t o the 
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square of the fundamental mutual f l u x . Since the funda
mental mutual f l u x does not change appreciably w i t h load, 
the t o o t h p u l s a t i o n losses remain p r a c t i c a l l y constant 
throughout the loa d i n g . The t o o t h harmonic losses are 
due t o the zigzag nature of the s t a t o r and r o t o r m.m.f., 
as demonstrated i n Figure 3.1(b). While the fundamental 
component of the s t a t o r and r o t o r m.m.f. are e s s e n t i a l l y 
opposite t o each other, w i t h only enough l e f t f o r mag
n e t i z a t i o n , the t o o t h harmonics of both are unopposed. 
Thus the harmonic f l u x so induced i s approximately p r o 
p o r t i o n a l t o the s t a t o r c u r r e n t , w i t h the associated 
losses p r o p o r t i o n a l t o the square of s t a t o r c u r r e n t . 

The experimental r e s u l t s of the i n v e s t i g a t i o n by 
Barton and Admad [14] describe t h a t the zigzag f l u x com-

1 9 1 ponent of the loss v a r i e s w i t h ( c u r r e n t ) * and (speed) 
Therefore the expression f o r the s t r a y loss becomes 

n 1.6 I n 1.9 
s r 

where H and I are the s t r a y loss power and c u r r e n t from 
reverse r o t a t i o n t e s t a t ra t e d load. 

3.2 Summary of Main Components of Stray Losses 
Table 3.1 shows the main i n d i v i d u a l components o f 

stra y losses segregated according t o t h e i r dependence on 
main f l u x v a r i a t i o n s or leakage f l u x as discussed i n 
previous s e c t i o n s . 



Class Component O r i g i n Type and Location 

A Main f l u x v a r i a t i o n s t r a y losses 

1 a and b Surface losses Permeance v a r i a t i o n 
(harmonic f l u x ) 

S tator and 
losses 

r o t o r core 

2 a and b Tooth-pulsation losses Permeance v a r i a t i o n 
due t o r e l a t i v e 
t o o t h p o s i t i o n 

Stator and 
losses 

r o t o r core 

B Leakage f l u x s t r a y losses 
3 a and b Surface losses Zigzag leakage 

(harmonic f l u x ) 
Stator and 

losses 
r o t o r core 

4 a and b Tooth-pulsation losses Zigzag leakage 
(harmonic f l u x ) 

Stator and 
losses 

r o t o r core 

5 a and b S t a t o r - s l o t eddy-
c u r r e n t losses 

S l o t leakage f l u x Stator I 2 R loss 

6 a and b R o t o r - s l o t eddy-
cu r r e n t losses 

S l o t leakage f l u x 2 
Rotor I R loss at high 

s l i p only 
7 a and b Stator-overhang eddy-

cu r r e n t losses 
Overhang leakage f l u x Stator core loss 

8 a and b Rotor-overhang eddy-
cu r r e n t losses 

Overhang leakage f l u x Rotor core 
high s l i p 

loss at 

Table 3.1 Summary of Stray Loss Components 
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3.2.1 Surface Losses 
These are a d d i t i o n a l core losses o c c u r r i n g on the 

s t a t o r and r o t o r surfaces owing t o r o t a t i o n , and the 
fl u x e s causing them are: 

(a) The air-gap harmonics, due t o t o o t h r i p p l e 
v a r i a t i o n s of the main f l u x 

(b) The air-gap zigzag leakage harmonic f l u x e s . 
The losses are dependent i n a complex manner on the 
s l o t t i n g , a i r-gap c o n f i g u r a t i o n and s l o t numbers. As 
the losses are caused mainly by high frequency eddy 
c u r r e n t s , those due t o the main f l u x w i l l vary as the 
square of the applied v o l t a g e and those due t o the z i g 
zag leakage f l u x w i l l vary as the square of c u r r e n t . 

3.2.2 Tooth-Pulsation Losses 
These losses of the main and zigzag leakage f l u x 

harmonics are caused by the r e l a t i v e movement of the 
s t a t o r and r o t o r t e e t h , given r i s e t o a d d i t i o n a l core 
losses i n the s t a t o r and r o t o r t e e t h which are con d i 
t i o n e d by the s l o t c o n f i g u r a t i o n air-gap and s l o t numbers. 
The magnitude of these f l u x e s i s l a r g e l y dependent on 
the s a t u r a t i o n i n the t e e t h , so t h a t , although the losses 
are again s u b s t a n t i a l l y eddy-current losses, the v a r i a t i o n 
i s no longer p r o p o r t i o n a l t o the square of the v o l t a g e 
or c u r r e n t f o r the main f l u x v a r i a t i o n and leakage f l u x 
s t r a y losses. 
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3.2.3 Slot-Leakage Flux ( S t a t o r Winding) Losses 
The s l o t leakage f l u x , i . e . the f l u x due t o the 

s e l f inductance i n the embedded p a r t of the w i n d i n g , 
causes a d d i t i o n a l main frequency eddy-current losses 
i n the winding, which are dependent on the square o f the 
e x c i t i n g c u r r e n t . 

3.2.4 Slot-Leakage Flux (Rotor Winding) Losses 
The e f f e c t s mentioned i n Section 3.2,3 occur i n any 

s q u i r r e l - c a g e r o t o r a t h i g h s l i p , e.g. a t s t a r t , b u t not 
d u r i n g normal o p e r a t i o n where, owing t o the low frequency, 
no a d d i t i o n a l losses are i n c u r r e d although the f l u x i s 
present. These losses depend on the square of the 
c u r r e n t and vary i n a complex manner w i t h frequency and 
the shape and s i z e of the conductors. 

3.2.5 Overhang-Leakage Flux (S t a t o r Winding) Losses 
The s t a t o r winding overhang leakage f l u x may be 

p a r t l y l i n k e d w i t h s t r u c t u r a l p a r t s , r e s u l t i n g i n main 
frequency eddy-current losses i n these s t r u c t u r e s . 
These losses vary b a s i c a l l y as the square of the c u r r e n t . 

3.2.6 Overhang-Leakage Flux (Rotor Winding) Losses 
The r o t o r winding behaves i n e x a c t l y the same way 

as the s t a t o r w inding, and s t r a y load losses occur a t 
high s l i p , i . e . h i g h frequency. 
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3.3 Methods of Determining Stray Load Losses 
The e a r l y method f o r measurement of s t r a y losses con

s i s t e d i n measuring i n p u t and output powers and s u b t r a c t 
ing copper, f r i c t i o n and windage and core losses from 
the d i f f e r e n c e i n order t o o b t a i n the s t r a y losses. 

An i n v e s t i g a t i o n of s t r a y loss by Koch [8] r e s u l t e d 
i n the f o r m u l a t i o n of a t e s t t o d i r e c t l y measure s t r a y 
losses. This t e s t i s s t i l l acknowledged by I.E.E.E. 
as an acceptable one f o r wound r o t o r motors. I t con
s i s t s of e x c i t i n g the r o t o r w i t h d i r e c t c u r r e n t w h i l e 
the s t a t o r t e r m i n a l s are short c i r c u i t e d . The r o t o r i s 
dr i v e n by e x t e r n a l means a t synchronous speed. The 
r o t a t i o n a l power minus f r i c t i o n and windage and copper 
losses y i e l d t o the s t r a y load l o s s . A paper [9] by 
Morgan and Narbutoskish o f f e r e d an a l t e r n a t i v e method f o r 
measuring s t r a y load l o s s . By t h i s method, which i s s t i l l 
accepted by I.E.E.E. f o r both wound r o t o r and s q u i r r e l -
cage machines, two s i m i l a r machines were connected by 
means of an ord i n a r y b e l t d r i v e i n such a manner t h a t 
one a c t i n g as a motor drove the other as a generator. 
When connected to a common power l i n e the t o t a l losses 
of the combination were measured as power i n p u t t o the 
system. The losses u s u a l l y considered i n c a l c u l a t i n g 
conventional e f f i c i e n c y and b e l t losses were subtracted 
from the t o t a l losses g i v i n g a value which i s the sum of 
the s t r a y losses i n both machines. Losses are apportioned 
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between motor and generator according t o the r a t i o o f 
t h e i r copper losses. This method s u f f e r s from i t s com
p l e x i t y and the necessity f o r d u p l i c a t e machines. 

There are two a l t e r n a t i v e s f o r measuring the funda
mental-frequency s t r a y losses. 

(a) The s t a n d s t i l l t e s t [12] 
(b) War's t e s t [ 1 8 ] , i n which the power i n p u t t o 

the s t a t o r , w i t h polyphase e x c i t a t i o n a t the normal 
frequency, i s measured w i t h r o t o r removed. The reverse 
r o t a t i o n t e s t [11] allows t he measurement o f s t r a y losses 
associated w i t h the t o o t h r i p p l e i n the zigzag f l u x . 
Hence t h i s t e s t reproduces a l l losses l i s t e d i n Table 3.1, 
classes 3-8. For determining the higher frequency losses 
at no-load t h e r e are also two a l t e r n a t i v e s . 

(a) The R a w c l i f f e and Menon t e s t [12] which measures 
a l l losses dependent on the t o o t h r i p p l e i n the main f l u x . 

(b) No-load and s t a n d s t i l l t e s t s . The no-load t e s t 
measures (fundamental i r o n l o s s and t o t a l harmonic losses) 
and the s t a n d s t i l l t e s t y i e l d s the fundamental i r o n l o s s . 
Hence higher harmonic losses could be c a l c u l a t e d very 
e a s i l y . The harmonic a n a l y s i s allows the d e t e r m i n a t i o n 
of a p a r t of higher harmonic losses i n cl a s s 1 of Table 
3.1 i f search c o i l s are mounted i n the machine under 
t e s t f o r measuring the main f l u x d i r e c t l y . 
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3 • 4 D e s c r i p t i o n of Tests 
3.4.1 The R a w c l i f f e and Menon Test 

This t e s t c o n s i s t s i n running the machine on no-load 
and measuring the t o t a l i n p u t power, s l i p and v o l t a g e 
over a wide voltage range c o n s i s t e n t w i t h the s l i p being 
extremely small. The power t r a n s f e r r e d t o the r o t o r of 
an i n d u c t i o n motor by a c t i o n of primary f i e l d on the 
secondary windings i s given by 

2 
msV1 R~ 

P = — ^ - y watts (3.2) 
(sR, + R 2 r + sZXZ 

where m. i s the number of phases, s the f r a c t i o n a l s l i p , 
R the primary r e s i s t a n c e per phase, R the secondary 
r e f e r r e d r e s i s t a n c e per phase, and X the t o t a l inductance 
r e f e r r e d t o the s t a t o r . No-load f r a c t i o n a l s l i p r a r e l y 
exceeds 0.005, even on considerably reduced v o l t a g e . 
Hence, t o a very high degree of accuracy, the denominator 

2 
of the above expression i s equal t o R?' and the r e s u l t a n t 
expression i s ~ 

msvf P r * — — watts (3.3) t r a n R2 

This supplies the f r i c t i o n and windage losses which can 
be assumed constant, and the no-load s t r a y loss which 
can be taken as the loss due t o h i g h frequency t o o t h 
r i p p l e i n the main f l u x , and i n the zigzag leakage f l u x 
produced by the magnetizing c u r r e n t . Although R9 i s not 
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known a c c u r a t e l y , e s p e c i a l l y i n the s q u i r r e l - c a g e machines, 
2 

a scale i s f i x e d f o r the q u a n t i t y msV^ i n terms of power 
2 

by p l o t t i n g both the product sV-ĵ  and the i n p u t power 
against v o l t a g e , and e x t r a p o l a t i n g t o zero voltage when 
the two q u a n t i t i e s must be equal. I n t h i s t e s t performed, 

2 
i t was always found t h a t sy^ increased w i t h i n c r e a s i n g 
V^. I g n o r i n g f o r a moment the h y s t e r e s i s torque, i t 
f o l l o w s t h a t 

2 
change i n sv^ from zero t o f u l l voltage harmonic losses 

™2 = ' values of sv^ at zero voltage f r i c t i o n and windage 
losses 

2 
The l e f t - h a n d r a t i o i s determined from the curve of sV^, 

and the f r i c t i o n and windage losses are determined from the 
usual no-load power versus voltage curve, e x t r a p o l a t e d t o 
zero. The l a t t e r curve, i n f a c t , i s used t o put a scale 

2 
on the SV^ versus voltage curve. Thus harmonic losses are 
obtained. There i s also an a d d i t i o n a l transference of 
power t o the r o t o r by the h y s t e r e t i c a c t i o n of the primary 
f i e l d on the secondary. The power t r a n s f e r r e d synchronously 
i n t h i s manner i s equal t o the h y s t e r e s i s loss which would 
have occurred i n the same secondary i r o n , a t the same f l u x 
d e n s i t y , a t fundamental frequency. I n order to apply the 

2 
small c o r r e c t i o n f o r I R losses i n the primary copper i t 
i s necessary t o measure the c u r r e n t s throughout. The 
t e s t r o u t i n e , t h e r e f o r e , i s t o measure simultaneous values 
of power, c u r r e n t and s l i p f o r a series of voltages. Thus 
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the values needed f o r the sV versus v o l t a g e curve, the 
2 

power versus voltage curve, and t h e I R c o r r e c t i o n , are 
obtained. The power versus v o l t a g e curve a l s o g i v e s the 
sum of the t o t a l fundamental primary i r o n - l o s s and har
monic los s e s , and, since the l a t t e r are determined i n 
t h i s t e s t , the former f o l l o w s by d i f f e r e n c e . F i g u r e 

2 
3.2 demonstrates a t y p i c a l sy^ versus v o l t a g e curve. 
3.4.2 The Reverse R o t a t i o n Test 

The reverse r o t a t i o n t e s t was proposed by Morgan, 
Brown and Schumer [11] and remains the p r e f e r r e d method 
f o r measuring high frequency p u l s a t i o n losses according 
t o the I.E.E.E. t e s t code. The s t r a y loss due t o t h e 
leakage f l u x of magnetizing c u r r e n t can be obt a i n e d from 
t h i s t e s t . I t gives the t o t a l l o s s due t o the correspond
ing c u r r e n t s i n both primary and secondary w i n d i n g . 
Barton and Ahmad [14] suggest t h a t , because of the exper
imental evidence the zigzag leakage f l u x component o f the 

1 6 
loss i s approximately p r o p o r t i o n a l t o (speed) ' and 

1 9 
(current) * , the r e s u l t s o f reverse r o t a t i o n t e s t 
e x t r a p o l a t e d according t o t h i s law are s u f f i c i e n t , t o 
gether w i t h no-load s t r a y l o s s obtained from R a w c l i f f e 
and Menon t e s t t o p r e d i c t the t o t a l s t r a y losses over 
the whole p r a c t i c a b l e speed range. 

The reverse r o t a t i o n t e s t i s c a r r i e d out by a p p l y i n g 
reduced balanced polyphase voltage t o the s t a t o r t e r m i n a l s 
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Voltage 

Figure 3.2 T y p i c a l sV 1/Voltage Curves 

(a) p r o p o r t i o n a l t o h y s t e r e s i s loss 
2 

(b) t o t a l change i n sV^ 
2 2 

(c) sV^ at zero voltage (This value of sV^ i s e q u i v a l e n t 
( i n watts) t o the f r i c t i o n loss 
as derived from power/voltage 
curve.) 

(d) p r o p o r t i o n a l t o t o t a l s t r a y loss a t no-load 
(e) p r o p o r t i o n a l t o f r i c t i o n and windage losses 

2 
— — ~ S V l c u r v e 

2 
c o r r e c t e d ( h y s t e r e s i s loss included) sV, curve. 
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of the machine being i n v e s t i g a t e d w h i l e d r i v i n g t h e r o t o r 
at synchronous speed i n the d i r e c t i o n opposite t o t h a t 
of the r e v o l v i n g s t a t o r f i e l d . The s t a t o r c u r r e n t may 
be set a t any desired value by adjustment of the a p p l i e d 
voltage. Two power measurements are necessary: the 
power r e q u i r e d t o d r i v e the r o t o r and the power i n p u t 
to the s t a t o r c i r c u i t . The former may be designated ? r 

and the l a t t e r Wg. The f r i c t i o n and windage losses a t 
synchronous speed of the motor under t e s t are also r e 
quired and may be designated by P^. The d i f f e r e n c e be
tween these two q u a n t i t i e s gives the component o f t h e net 
i n p u t to t h e r o t o r which i s su p p l i e d through the d r i v i n g 
mechanical power. I f t h i s net power r e s u l t i n g from 
r o t a t i o n be represented by P, then: 

P = P r - P m (3.4) 

The n e t s t a t o r power, W, may be obtained by s u b t r a c t i n g 
the s t a t o r copper loss from the s t a t o r i n p u t : 

W = Ws - I 2 R s t a t o r l o s s (3.5) 

The v a l u e of s t r a y load loss i s then obtained as 
the d i f f e r e n c e between net s t a t o r i n p u t and net s t a t o r 
power, or 

Stray load loss = P - W (3.6) 
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The reverse r o t a t i o n t e s t gives a measurement of 
a l l t o o t h frequency components. The t e s t procedure 
assumes t h a t the d i r e c t i o n of r o t a t i o n of the r o t o r w i t h 
respect t o the d i r e c t i o n of the fundamental f l u x does not 
a l t e r the magnitude of the t o o t h frequency losses, since 
i n both cases the t o o t h frequency f l u x e s are superimposed 
upon fundamental frequency f l u x e s . 

When the r o t o r of the machine i s turned a t syn
chronous speed i n the d i r e c t i o n opposite t o the f i e l d 
f l u x a l l power supp l i e d i s consumed i n losses. The t o t a l 
power i n p u t c o n s i s t s of e l e c t r i c power through the s t a t o r 
and mechanical power supplied through r o t a t i o n . A f t e r 
s u b t r a c t i n g s t a t o r copper losses and f r i c t i o n and windage 
losses from the t o t a l power i n p u t the remaining losses 
may be c l a s s i f i e d i n three frequency c a t e g o r i e s : 

(1) fundamental frequency losses due t o the leakage 
f l u x of the s t a t o r 

(2) double frequency losses i n the r o t o r r e s u l t i n g 
from reverse r o t a t i o n , and 

(3) t o o t h frequency components of the s t r a y loss 
o c c u r r i n g i n both r o t o r and s t a t o r . 

This t e s t n eglects the fundamental frequency loss 
and includes i t o n l y through compensating e f f e c t s . I t 
i s assumed t h a t double frequency r o t o r losses are supplied 
i n equal amounts from P and W. The t o o t h frequency losses 
r e s u l t d i r e c t l y from r o t a t i o n , and consequently are 
sup p l i e d only by mechanical power. Thus the net power 
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i n p u t through r o t a t i o n P c o n s i s t s of one-half the double 
frequency r o t o r losses and the t o t a l t o o t h frequency 
losses. By s u b t r a c t i n g from t h i s q u a n t i t y P the a i r - g a p 
power su p p l i e d from the s t a t o r W, the t o o t h frequency 
losses are separated out and given as the remainder. 

The qu e s t i o n may be r a i s e d r e g a r d i n g the amount of 
the e r r o r i n t r o d u c e d by n e g l e c t i n g the component o f the 
s t r a y loss which might be assumed t o e x i s t because o f 
the fundamental frequency leakage f l u x . As a matter of 
f a c t , the proposed treatment not on l y neglects t h i s 
component of the loss but includes i t i n the s t a t o r 
value W which i s su b t r a c t e d from the net r o t a t i o n a l power 
in p u t component P, thus doubling t h i s e r r o r . 

3.4.3 The Ware 1 s Test 
A paper [18] by Ware e s t a b l i s h e d a t e s t t o measure 

the fundamental frequency component of s t r a y l o s s . This 
t e s t c o n s i s t s i n applying reduced polyphase v o l t a g e t o 
the s t a t o r w i t h the r o t o r removed. Measurements o f i n p u t 
power W and s t a t o r copper loss under these c o n d i t i o n s 

s 
y i e l d s t o 

LL = W - Sta t o r I 2 R - l o s s (3.7) s s 

where 
LL = fundamental frequency s t r a y load loss. 

This r e s u l t s i n the e x i s t i n g t e s t code procedure which 
i s : 
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P . = LL + LL (3.8) 
s t s r 

where 
LL r = high frequency s t r a y load loss 

The higher frequency losses have the fundamental frequency 
component deducted d u r i n g c a l c u l a t i o n . Thus: 

LL r = (P r - P m) - (Wr - L L s - Stat o r I 2 R - l o s s ) (3.9) 

3.5 P r a c t i c a l A p p l i c a t i o n of Test Procedures 
There are three t e s t s t o be performed, the no-load, 

the s t a n d s t i l l , and the reverse r o t a t i o n t e s t s . 

3.5.1 Reverse Rotat i o n Test 
The t e s t code recommendations of currents t o be 

used d u r i n g t h i s t e s t were c l o s e l y f o l l o w e d . They r e q u i r e 
the t e s t c u r r e n t t o be 

(3.10) 

where 
I r = value of s t a t o r c u r r e n t during reverse r o t a t i o n 

t e s t 
1^ = s t a t o r c u r r e n t , and 

I , T T = no-load c u r r e n t NL 

For each value of t e s t - c u r r e n t used during the r e 
verse r o t a t i o n t e s t , readings of i n p u t v o l t a g e , c u r r e n t , 
and power were measured from c a r e f u l l y zeroed meters. 
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Output torque was c a r e f u l l y read from the torque t r a n s 
ducer output. Values taken both w i t h and w i t h o u t s t a t o r 
a p p l i e d v o l t a g e y i e l d e d r o t a t i o n a l power, P r, and 
f r i c t i o n and windage power, p . Winding temperature 
readings were taken from embedded thermocouples and the 
s t a t o r r e s i s t a n c e was c o r r e c t e d t o correspond t o t h e 
temperature a t the t e s t . The equation (3.6) gives the 
s t r a y load losses from the data of the t e s t r e s u l t s . 

I t i s evident from equation (3.10) t h a t the no-load 
s t r a y losses cannot be determined from the reverse r o t a 
t i o n t e s t . 

The no-load s t r a y losses are the sum of the s t r a y 
l o s s a t fundamental frequency and the l o s s due t o the 
high-order f l u x harmonics. The above losses can be 
determined e i t h e r from s t a n d s t i l l and no-load t e s t s or 
from R a w c l i f f e and Menon t e s t . The R a w c l i f f e and Menon 
t e s t as described i n Section 3.4.1 i s e s s e n t i a l l y a 
g r a p h i c a l method derived from the no-load t e s t , which 
was not considered, as, f i r s t l y an independent p r a c t i c a l 
t e s t , and secondly as accurate as the no-load t e s t , 
because of the g r a p h i c a l e x t r a p o l a t i o n . 

A t h i r d a l t e r n a t i v e i s the t e s t by Ware [18] which 
proposed the measurement o f the fundamental frequency 
component of the s t r a y losses by applying reduced p o l y 
phase voltage t o the s t a t o r . Since t h i s t e s t r e q u i r e s 
the removal of the r o t o r , i t was considered as an 
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i m p r a c t i c a l procedure. Therefore the s t a n d s t i l l , and 
no-load t e s t s were performed t o determine s t r a y losses 
associated w i t h the fundamental and higher frequencies. 

3.5.2 No-Load and S t a n d s t i l l Tests 
The no-load t e s t was performed according t o Section 

2.2.4. The no-load power curves were obtained f o r a 
f u l l range of a p p l i e d voltages. Values of f r i c t i o n and 
windage losses were obtained. By s u b t r a c t i n g t h i s 
from the t o t a l no-load loss at r a t e d v o l t a g e , the value 
of the fundamental primary i r o n l oss plus the t o t a l har-

2 
monic losses was determined. The c o r r e c t i o n f o r I R-loss 
i n the primary copper was made. F i n a l l y , the s t a n d s t i l l 
power i n p u t w i t h open c i r c u i t e d secondary at r a t e d v o l t 
age was measured. Thus the f o l l o w i n g were known: 

(1) (Stator fundamental i r o n - l o s s ) + ( t o t a l harmonic 
loss) 

(2) (Stator fundamental i r o n - l o s s ) . 
Hence the two q u a n t i t i e s were deduced from the expressions. 

Table 3.2 gives the summary of the t e s t r e s u l t s . 
3.6 Determination of Stray Losses Due t o the Harmonics 

Since the most common p a r t of the i n d u c t i o n machine 
st r a y load losses i s t h a t produced by the air-gap harmonic 
flu x e s which cross the air-gap and induce c u r r e n t s i n the 
i r o n and/or i n the copper on the oth e r side, i t was 
attempted t o determine the stray load losses due t o the 
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harmonics i n the air-gap f l u x by c a l c u l a t i n g the harmonic 
e.m.f.'s of the s t a t o r winding and then the higher harmonic 
losses due t o them. 

Three cases of running c o n d i t i o n s are described i n 
the f o l l o w i n g , which were considered also f o r determina
t i o n of harmonic losses i n the machine. 

3.6.1 No-Load Condi t i o n 
At no-load the s l i p i s g e n e r a l l y l e s s than 0.01, 

and the r o t o r c u r r e n t s , then, have a very small frequency. 
The induced e.m.f. i s very s m a l l . Therefore the m a j o r i t y 
of the f l u x produced i s mutual. Figure 3.3 demonstrates 
the no-load c o n d i t i o n . 

-E 1 

I m 
E X = - I X 

I 
m 

1 m 1 

E 1 

Figure 3.3 No-Load C o n d i t i o n 
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Some f l u x , however, denoted by <J>̂ , does not l i n k 
the r o t o r . This i s a small p o r t i o n , perhaps 2-3 percent 
of the t o t a l . The t o t a l s t a t o r f l u x i s <J> + <J>, , added 

Tm T l ' 
a r i t h m e t i c a l l y because there i s no appreciable r o t o r 
c u r r e n t , but only the s t a t o r m.m.f. a c t i n g on the magnetic 
c i r c u i t . The s t a t o r c u r r e n t i s the same as the magnetiz
i n g c u r r e n t 1^. The air-gap f l u x e s are responsible f o r 
the i n d u c t i o n of En and = - I X,, t o the sum of 

1 X^ m 1' 
which the a p p l i e d voltage i s equal and i n phase 
o p p o s i t i o n . This neglects the s t a t o r resistance drop, 
which i s p e r m i s s i b l e . 
3.6.2 Half-Load and Full-Load Conditions 

Under any and every c o n d i t i o n of load, the s t a t o r 
f l u x components <j>m and <j>̂  must sum v e c t o r i a l l y t o a 
t o t a l which w i l l induce i n each s t a t o r phase an e.m.f. 
equal t o the a p p l i e d voltage ( n e g l e c t i n g resistance) [19 ] . 
Thus a t f u l l load, Figure 3.4, the mutual f l u x <j>m has 
induced an e.m.f. i n the r o t o r , which causes a c u r r e n t 
to c i r c u l a t e . The ampere-turns of the r o t o r tend t o 
demagnetize the machine, so t h a t the s t a t o r takes an 
equal and opposite ampere-turn component, which i n 
t u r n produces a greater s t a t o r leakage f l u x <j>̂ . Thus 
$ must be reduced. rm 

The r e d u c t i o n i s not equal t o the increase of cj)-^, 
because (j>̂  i s produced by the s t a t o r c u r r e n t alone, 
w h i l e <b r e s u l t s from the combination of both s t a t o r and 

T TYl 
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r o t o r ampere-turns, and i s due t o t h e i r r e s u l t a n t . <f> 
does, nevertheless, f a l l a p p r e c i a b l y , and i t i s considered 
t o be constant w i t h i n the load range t o be i n v e s t i g a t e d . 

Figure 3.4 Half-Load and Full-Load Conditions 

3.7 P r a c t i c a l A p p l i c a t i o n of the Test Procedure 
The r o t o r of the i n d u c t i o n machine under t e s t was 

sh o r t c i r c u i t e d and the s t a t o r e x c i t e d w i t h t h e r a t e d 
v o l t a g e . The air-gap f l u x was recorded on a magnetic 
tape f o r no-load, h a l f - l o a d and f u l l - l o a d cases. These 
experimental data were sampled using the IBM 1827 A/D 
converter i n c o n j u n c t i o n w i t h the IBM 370 d i g i t a l com
pute r . I n s e l e c t i n g the sampling i n t e r v a l , t h e main 
c o n s i d e r a t i o n was t o s a t i s f y t h e sampling theorem. The 
sampling r a t e was adjusted t o 8 0 samples per p e r i o d . 
A t o t a l record l e n g t h of 5.1 sec was d i g i t i z e d i n each 
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case. 
I n order t o determine the harmonic contents of the 

air-gap f l u x , the d i s c r e t e F o u r i e r s e r i e s w i t h piece-
wise approximation as described i n Appendix I I was 
used. The advantage of t h i s method as compared t o the 
Fast Fourier transform i s i t s independency of the equal 
time increment. I n order t o v e r i f y t h i s the f o l l o w i n g 
two steps were c a r r i e d out: 

(a) The Fast F o u r i e r transform was used f o r d e t e r 
mination of the harmonics by t a k i n g s u f f i c i e n t samples 
per p e r i o d . The r e s u l t of the harmonic an a l y s i s obtained 
agree w i t h those of the d i s c r e t e Fourier s e r i e s . 

(b) I t was attempted t o reproduce the a c t u a l wave 
form of the air-gap f l u x using the piecewise approxima
t i o n . The frequency spectra, the a c t u a l air-gap f l u x 
a t no-load and f u l l - l o a d and i t s F o u r i e r approximation 
are p l o t t e d a t the end of t h i s chapter. 

I n Figures 3.8(a) and 3.9 (b) the p o i n t s denote the 
curve of the a c t u a l air-gap f l u x and the l i n e d curve 
demonstrates i t s Fourier approximation. The discrepancies 
a t some minima and maxima are due t o the higher p u l s a t i o n s 
at these p o i n t s , which were not entered i n the F o u r i e r 
generating f u n c t i o n . 

3.7.1 The Analy s i s of Harmonic Losses a t No-Load 
The s t a t o r search c o i l which i s mounted between the 
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s l o t s 1 and 7 of the s t a t o r winding i n the machine under t e s t 
allows the measurement of induced v o l t a g e i n t h i s c o i l . 
This induced voltage i s p r o p o r t i o n a l t o the main f l u x <j> 
i n the air-gap. Hence the harmonic contents i n the a i r -
gap f l u x can be determined as described i n Section 3.7. 
The harmonic r.m.s. phase e.m.f.'s i n the s t a t o r winding, 
are c a l c u l a t e d according t o [19] as f o l l o w s : 

Kd .Ke B 
E = E " n . n } n 1 Kd-^Ke^ 

where 
= r.m.s. phase e.m.f, a t fundamental frequency 

Kd1 = d i s t r i b u t i o n f a c t o r a t fundamental frequency 

s i n i - a 
g 1 s i n (a/g 1 ) 

a = 60° = the phase spread 
g' = 3 s l o t s per pole per phase 

Kd = d i s t r i b u t i o n f a c t o r o f harmonics n 
s i n no 

(3.12) 

(3.13) 
g 1 s i n ~ (ncr/g ' ) 

n = order of harmonics 
Ke^ = coil-span f a c t o r at fundamental frequency 

= | e (3.14) 
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2 £ = g- n = the angle by which the span departs from 
i t s f u l l p i t c h value tt 

Ke n = cos ^ ne (3.15) 

B 
^— = r a t i o of harmonics f l u x d ensity 
B l 

C a l c u l a t i n g E^ from equivalent c i r c u i t 2.3(a) under 
each load c o n d i t i o n the harmonic r.m.s. phase e.m.f.'s 
can be determined from equation (3.11). I n order t o be 
able t o use the r e l a t i o n (3.11) two assumptions are t o 
be made: 

(a) The r.m.s. phase e.m.f. of s t a t o r winding w i l l 
be 

E = (E 2 + E 2 + ... + E 2) (3.16) 

Because of small values o f harmonic e.m.f.'s as 
compared w i t h the fundamental e.m.f. E^, t h i s , E, i s 
i n d i s t i n g u i s h a b l e from E^. 

(b) The fundamental f l u x component (j)^ d i f f e r s 
s l i g h t l y from the t o t a l f l u x (j)^ per pole, so t h a t the 
equation (3.11) w i t h B 1 ^ (j)^ instead of B^ ^ <{> causes 
very l i t t l e inaccuracy. 

Now the energy of the magnetic f i e l d stored i n the 
air-gap due t o the harmonics i s given as 
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n 
W = I q . I • E • cos a (3.17) 

2 m n n 

where 
q = number of phases, i n t h i s case q = 3, 

I = the magnetizing c u r r e n t which a t no-load i s 
equal t o the s t a t o r c u r r e n t , n e g l e c t i n g a 
very small p o r t i o n of trie r o t o r c u r r e n t , since 
the s l i p a t no-load i n t h e machine under t e s t 
equals 0.005. 

E^ = the harmonic e.m.f.'s, and a = the angle between each harmonic e.m.f. E and ^ n 
the magnetizing c u r r e n t . 

I t was assumed t h a t the fundamental e.m.f. and t h e harmonic 
e.m.f.'s are i n the same d i r e c t i o n and they have t h e same 
phase angle against the magnetizing c u r r e n t . 

An a n a l y s i s f o r the d e t e r m i n a t i o n of the d i f f e r e n t 
phase angle a's showed t h a t at no-load i n the case of 
the fundamental e.m.f., E^, a = 87°and i n the case of most 
s i g n i f i c a n t harmonic e.m.f., E^, a = 86°. S i m i l a r 
r e s u l t s were obtained f o r h a l f - l o a d and f u l l - l o a d . 
Therefore a l l e.m.f.'s were considered t o l i e i n t h e 
same d i r e c t i o n . The r e s u l t s of the d i f f e r e n t t e s t s f o r 
d e t e r m i n a t i o n of the s t r a y load losses are given i n 
Table 3.2. 
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Watts 

R a w c l i f f e and Menon t e s t 30 
No-load and S t a n d s t i l l t e s t 32 
Harmonic Analysis 14.6 

n I -
16 

Table 3.2 Test Data a t No-load from 
Various Methods 

The reverse r o t a t i o n t e s t measures a l l losses assoc
i a t e d w i t h the zigzag leakage f l u x , but t h i s t e s t cannot 
be performed a t no-load, because of the equation (3.10). 

Since the s t r a y loss due t o the leakage f l u x i s 
1 9 

p r o p o r t i o n a l t o the (current) " , a t small s l i p s , i n c l u d 
i n g the no-load s l i p , i t can be c a l c u l a t e d a c c u r a t e l y 
by the means of e x t r a p o l a t i o n , i . e . using the equation 
(3.1). I n Table 3.2 the combination of the r e s u l t s 
obtained from reverse r o t a t i o n t e s t and the equation 
(3.1) comprise the t o t a l s t r a y load losses. 
3.7.2 Stray Losses a t Half-Load and Full-Load 

From reverse r o t a t i o n t e s t the st r a y losses a t h a l f -
load and f u l l - l o a d were determined, using the f o l l o w i n g 
formula 
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1.9 
(3.18) 

Where H, n and I are given i n Table 3.2 

and Appendix I , as the r e s u l t of a t e s t i n v e s t i g a t e d by 
Barton and Ahmad 114] , the r e s u l t s of the reverse r o t a 
t i o n t e s t were e x t r a p o l a t e d according t o t h i s law. 

3.7.3 The Anal y s i s of Harmonic Losses a t Half-Load and  
Full-Load 

The procedure i s the same as i n the case of no-load. 
The magnetizing c u r r e n t I m , as the d i f f e r e n c e of s t a t o r 
and r o t o r c u r r e n t , i s the n e t c u r r e n t a v a i l a b l e f o r pro
ducing the ai r - g a p f i e l d (j)^. The summaries of d i f f e r e n t 
t e s t s f o r t h e determination of s t r a y losses a t h a l f - l o a d 
and f u l l - l o a d are given i n Tables 3.3 and 3.4. 

Watts 

Reverse r o t a t i o n t e s t 31 
1.9 

32.4 

Harmonic Analysis 16.23 

Table 3.3 Test Data a t Half-Load from 
Various Methods 
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Using equation (3.18) the c a l c u l a t e d t o r q u e - s l i p 
curves were p l o t t e d w i t h and w i t h o u t the e f f e c t of the 
s t r a y losses. Figure 3.6 demonstrates these curves. 

Watts 
Reverse r o t a t i o n t e s t 35.46 

n 1.6 I 1.9 
s r 

45.56 

Harmonic Analysis 18.30 

Table 3.4 Test Data at Full-Load from 
Various Methods 

At no-load the s t r a y losses can be considered as the 
sum of the losses due t o the high frequency t o o t h r i p p l e 
i n the main flux.and zigzag leakage f l u x produced by the 
magnetizing c u r r e n t . The harmonic losses obtained from 
the air-gap f l u x i n the machine under t e s t are associated 
w i t h the t o o t h r i p l e i n the main f l u x , since only the 
main f l u x of the magnetizing c u r r e n t could be measured 
through the s t a t o r search c o i l . These losses compose 
of 45 percent of the t o t a l s t r a y load losses. 

The reverse r o t a t i o n t e s t measures at h a l f - l o a d 
and f u l l - l o a d the s t r a y losses associated w i t h the zigzag 
leakage f l u x of the magnetizing c u r r e n t . On the other 
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hand the harmonic losses c a l c u l a t e d throucrh the a i r - g a p 
f l u x , i n both cases, are due t o the main f l u x . Therefore 
adding t o the r e s u l t s of the reverse r o t a t i o n t e s t , i n 
both cases, the amount of the l o s s associated w i t h the 
main f l u x produced by the magnetizing c u r r e n t , then t h e 
obtained r e s u l t s from the a i r - g a p harmonics w i l l compose 
n e a r l y 30 percent of the t o t a l s t r a y load losses. F i g u r e 
3.5 shows the t o r q u e - s l i p curve w i t h and w i t h o u t the 
s t r a y load losses and Table 3.5 demonstrates the d i f f e r e n t 
components and the suggested methods f o r measuring or 
c a l c u l a t i n g these. Since harmonic losses as a p a r t o f 
the t o t a l s t r a y load losses under each load c o n d i t i o n 
depend upon the harmonics content i n the a i r - g a p f l u x , 
i t i s evident t h a t the design aspects of the s t a t o r and 
r o t o r c i r c u i t s determine these harmonics and the c o r r e s 
ponding losses. Hence i t was attempted t o i n v e s t i g a t e 
the s t a t o r and r o t o r c i r c u i t s and the e f f e c t of the 
f i e l d harmonics of the i n d u c t i o n machine under t e s t i n 
the f o l l o w i n g . 

3.8 Some Aspects of Harmonic A n a l y s i s 
The air-gap f l u x of the machine under t e s t was 

measured through a search c o i l which was mounted between 
the s l o t s 1 and 7 of s t a t o r winding. The c u r r e n t i n the 
r o t o r c i r c u i t was measured and a reverse t e s t was per
formed i n which the r o t o r was e x c i t e d and the s t a t o r 



Stray Load Losses 

No-load s t r a y losses 

Stray losses due t o higher harmonics 

Losses due t o the 
t o o t h r i p p l e i n 
the main f l u x 
(harmonic analysis) 

Losses at fundamental 
frequency ( s t a n d s t i l l 
and no-load t e s t ) 

Losses due t o the 
to o t h r i p p l e i n 
the leakage f l u x 

n 1 - 6 T 1 ' 9 

H ( ^ ) ( j i ) 
s r 

Losses due t o the t o o t h r i p p l e i n 
the main and zigzag leakage f l u x , 
from r a t e d s t a t o r c u r r e n t up t o the 
short c i r c u i t c u r r e n t or 

s f u l l - l o a d < s - s 

"""rated < I r ™ ISC 

= 1 

n H(-2) n s 

1.6 1.9 

Losses due t o the t o o t h r i p p l e 
i n main and zigzag leakage f l u x , 
from three-quarter t o the rate d 
s t a t o r c u r r e n t or 

Sno-load < S - S f u l l - l o a d 

Losses due t o the 
harmonics of main 
f l u x (harmonic analysis) 

I , T T < I < I ^ . NL r — rate d Losses due to the 
harmonics of zigzag 
leakage f l u x 
(reverse r o t a t i o n t e s t ) 

Table 3.5 Components of Stray Losses and Suggested Measurements 
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c u r r e n t measured. These t e s t s were performed f o r three 
running c o n d i t i o n s , no-load, h a l f - l o a d and f u l l - l o a d . 
The r o t o r was fed w i t h a voltage which gave, as n e a r l y 
as p o s s i b l e , the same f l u x c o n d i t i o n i n the machine as 
does t h e r a t e d v o l t a g e a p p l i e d t o the s t a t o r . I t i s not 
po s s i b l e t o meet t h i s c o n d i t i o n e x a c t l y , f o r w i t h the 
s t a t o r as primary, t he s t a t o r f l u x w i l l exceed the r o t o r 
f l u x , and v i c e versa w i t h the r o t o r as primary. I t can, 
however, be arranged t h a t the main f l u x c o n d i t i o n i n the 
machine i s the same i n the two cases. 

Therefore the value of the r o t o r v o l t a g e was obtained 
from t h e t e s t f o r the de t e r m i n a t i o n of the Blondel c o e f f i c 
i e n t a i n Section 4.4.1. The a n a l y s i s of the harmonics 
content i n the air-gap f l u x , r o t o r and s t a t o r c u r r e n t f o r 
the t h r e e running c o n d i t i o n s shows the f o l l o w i n g char
a c t e r i s t i c s : 

The t r i p l e n harmonics appeared i n a l l t h r e e cases, 
though t h e machine i s s t a r connected, and hence a l l 
t r i p l e n harmonics should be suppressed. The 5 t h , 7 t h , 
11th and 15th harmonics were s i g n i f i c a n t and they were 
produced i n the s t a t o r c i r c u i t . 

The d i s t r i b u t i o n f a c t o r s f o r harmonics are given as 

n = 6Ag' + x , 

where n i s the order o f the harmonic, A any i n t e g e r 0,1,2, 
and x any odd number. Thus f o r g' = 3 s t a t o r s l o t s 
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per pole per phase, A = 1, and x = 1, the 17th and 19th 
harmonics were produced i n the s t a t o r c i r c u i t s t r o n g l y . 
On the r o t o r w i t h g 1 = 2 r o t o r s l o t s per pole per phase, 
the 13th, 23rd, and 25th harmonics are e s t a b l i s h e d 
s i g n i f i c a n t l y . 

Following the r e s u l t s obtained from harmonic a n a l y s i s , 
the amount of s t r a y loss due t o the harmonics could be 
reduced l a r g e l y by making the s t a t o r and r o t o r s l o t 
p i t c h e s near equal, but a t t e n t i o n should be payed t o 
the r o t o r l o c k i n g and c r a w l i n g e f f e c t s . However t h i s 
amount can be minimized by having the two p i t c h e s as 
n e a r l y equal as p o s s i b l e by using the l e a s t p o ssible 
number of s l o t s per pole per phase. The c o n t r i b u t i o n of 
17th harmonic t o the t o t a l higher harmonic losses at no-
load i s about 18.8 percent, which could be e l i m i n a t e d by 
having g', as the number of s l o t s per pole per phase, 
equal 2 instead of 3 i n the machine under t e s t . On the 
other hand the e q u a l i t y of s t a t o r and r o t o r s l o t s may 
tend t o the e f f e c t of cogging, by which the machine may 
refuse t o s t a r t a t a l l . But i n the case of a higher 
s t a r t i n g torque i n the s l i p - r i n g machines the l a t t e r 
phenomenon i s l e s s prominent. 



49 

U o 
E-i 

•P •H C 13 
U 
Q) 

S l i p 

F i g u r e 3.5 Per U n i t Torque versus S l i p 

_o measured 

"f V- I.E.E.E. Test Code w i t h o u t S t r a y Losses 
n • • I.E.E.E. Test Code w i t h Stray Losses 
Base Torque = 15 f t - l b . 



50 

Figu r e 3.6 Air-Gap Flux a t No-Load 
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Scale: 2V/div 0.2 sec/div 

Scale: 2V/cm paper speed 4 0 mm/sec 

Figure 3.7 Air-Gap Flux a t Full-Load 
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Air-gap Flux and D i s c r e t e Line Spectrum a t No-Load 
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Figure 3.9 Discrete Line Spectrum and Air-Gep Flux 
at Full-Load. 



CHAPTER 4 

THE"EXACT "CIRCLE DIAGRAM OF THE INDUCTION MOTORS 

4.1 I n t r o d u c t i o n 
The c i r c l e diagram of the i n d u c t i o n machine appears 

to be an e f f e c t i v e instrument t o determine the machine 
performance. I n t h i s chapter two methods f o r drawing 
the c i r c l e diagram and determining the machine performance 
are discussed. By the f i r s t method [20] a general a n a l y t 
i c a l p roof of the "exact" c i r c l e diagram of the i n d u c t i o n 
machine under t e s t i s int r o d u c e d , using a complex nota
t i o n and p o l a r coordinates. The second method i s l i k e 
wise a g r a p h i c a l c o n s t r u c t i o n using the p r o p e r t i e s of 
i n v e r s i o n . 

4.2 The F i r s t Method of C o n s t r u c t i n g the"Exact" C i r c l e  
Diagram 

4.2.1 Theory 
The e q u i v a l e n t c i r c u i t of t h e i n d u c t i o n motor i s 

shown i n Figure 4.1. I t i s assumed t h a t the a i r - g a p 
m.m.f. i s p r o p o r t i o n a l t o the magnetizing c u r r e n t I , 
i . e . the e f f e c t of s a t u r a t i o n i s neglected. 

54 
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Figure 4.1 Equivalent C i r c u i t of the I n d u c t i o n Motor 

At no-load, the s l i p s can be taken as zero. Then the 
secondary impedance becomes i n f i n i t e , and the no-load 
c u r r e n t i s 

V l (4.1) "NL R-. + jX, + R + jX Zn + Z 1 J 1 m J m 1 m 

The air-gap e.m.f. a t no-load i s 

ENL = V l " J N L
( R 1 + 3X!> 

= V 1 " r r r i <4-2> 

1 m 

1 m 
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I n order t o o b t a i n an expression f o r the secondary 
equivalent c u r r e n t , Thevenin's Theorem i s used, by 
which the c i r c u i t of Figure 4.1 i s replaced by an e.m.f. 
source of E N L w i t h an i n t e r n a l impedance of Z g a p p l i e d 
t o the secondary c i r c u i t of (R 2/s) + j X 2 as shown i n 
Figure 4.2 i n which Z = (Z, Z ) / (Z, + Z ) . * e l m ' 1 m 

Then 

E. NL 
0 

Z2 = 

Figure 4.2 

ENL  
R2 

z e + ( / ) + jx: 

V (Z / (Z n + Z ) ) v m' 1 nr 
(Z 1 Z m ) / ( Z 1 + Z J + (R,/s) + jX, m 

(4.4) 

Now one can set ( z
m / ( z i + z

m ) ) = K/ where K i s a complex 
constant; hence 

K V 1 
I2 = KZ 1 + (R 2/s) + j X 2 

(4.5) 

Consider now the air- g a p and e.m.f. E^ when the 
primary c u r r e n t i s 1^. 
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E l = V l " J l Z l 

The magnetizing c u r r e n t i s then 

Xm = V Z m = < V! " *1 Z l > / Z
m 

Now I-j^ = I N L + 1 2 ^ by d e f i n i t i o n . Hence one obtains 

*m = ( V 1 " ( INL + 12A)Z1)/Zm 

= r - ( ( V l Z m > / < Z l + V - J2A Z l > 
m 

I = I ATT - I o * (Zn/Z ) , (4.6) 
m NL 2A 1 m 

and since 1^=1^+ 1^, and I = 1^ - I N L f t h e r e f o r e 

z i I = I - I — X2A 2 •L2A Z m 
Zn + Z K.V, 

I (.1 Ej = 1 2A v Z 7 R 
I s J 

or 
X2A K - V l 
K R 

i . e . 2 
l 2 A = 1 ( 4.7) 

K Z 1 + s~ + ? X2 
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I t can r e a d i l y be proven 22 t h a t the l o c u s of t h i s 

c u r r e n t as s v a r i e s i s p a r t of a c i r c l e . S i n c e I , = I„TT + 
R?

 1 

and at zero s l i p the v a l u e of — i s i n f i n i t e so t h a t I _ 2A s 2A 
i s zero, i t f o l l o w s t h a t the locus of 1 ^ i s p a r t of a c i r c l e 

p a s s i n g through the p o i n t I = I . Now the complex c o n s t a n t 
1 J\ L 

K can be c a l c u l a t e d to a s u f f i c i e n t degree of a c c u r a c y as 

f o l l o w s : By d e f i n i t i o n 
Z 

K = |K| (COS a+j s i n a) = m Z..+Z 
1 m 

A l s o from (4.3) one can c a l c u l a t e 

(cos a+j s i n a) 
E I E 

= NL _ I NL 

Le t 1^ = numerical v a l u e of quadrature component of 

magnetizing c u r r e n t per phase a t no-load 

c a l c u l a t e d during desing 

W = i r o n l o s s per phase i n w a t t s . 

One o b t a i n s from F i g u r e 4.3 the v e c t o r diagram of 

the motor at no-load 

I M T = (, F
W | - j l ) ( c o s a+j s i n a) (4.8) NL | f c N L | y 
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INL R l 
XNL X l 

Figure 4.3 Vector Diagram at No-Load 

Now E NL 
I R 

V l ( I U R 1 ) 2 " I y X l a n d a " S i n " 1 ~V~' 
so t h a t a close approximation t o I N L can be obtained by 
s u b s t i t u t i o n i n equation (4.8). S u b s t i t u t i n g t h i s value of 
I , T T i n equation (4.2) gives a more accurate value of E1VTT . 
IN J j g LN Lj 

Then K = and Z = V_/I A 7 T - (R. + jX, ) . Now l e t 
v.. m ^ IN Li i . A. 

Z m ' l Z m l ( c o s e m + * s i n V 

where 6^ = tan ^ X̂ /R̂ . S u b s t i t u t i n g i n equation (4.6) 

gives 
| z x l 

Zm = XNL - X2A J T J [ C O S ( 6 1 1 m 1 m ) + j s i n (( m 

where 
- i x i 

! l = t a n V 
or s i n 0 i s normally greater than 6, one obtains m J 1 

Im INL I2A TZ m1 

[cos C0m - 6 1 ) - j s i n (( m ) ] (4.9) 
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Since I N L i s a constant v e c t o r and since the locus of 

"2A i s p a r t of a c i r c l e , i t f o l l o w s t h a t the locus of I m 
i s also p a r t of a c i r c l e passing through the p o i n t I = I NL' 

I n Figure 4.4 one can set OP equal t o the primary 
c u r r e n t I n and OA equal t o the no-load c u r r e n t I _ T T . Then 
AP represents I 2 A * N O W T I I E V E C T O R A D ^ s m a ^ e equal i n 
magnitude to ( Z ^ / Z M ) * P A and makes an angle ( 8 ^ - 6^) w i t h 
PA produced, i t f o l l o w s from (4.9) t h a t OD represents I 
i n magnitude and phase. 

Now i f AP represents I 2 A then PA represents ( - I 9 A ) 
and 

DP = (|)*AP 

2 A ' 

From equations (4.5) and (4.7) one c a l c u l a t e s 

I2A " K ' X 2 
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Hence DP represents i n magnitude and phase, and^DPA = a 
Let the l i n e DP i n t e r s e c t the arc AQP a t E. Since 

the p o i n t P has been chosen a r b i t r a r i l y , the angle EPA 
does not depend upon the p o s i t i o n of P on the locus. I t 
f o l l o w s from the geometry of the Figure 4.4 t h a t the p o i n t 
E on the locus must be a f i x e d p o i n t r e l a t i v e t o the p o i n t 
A which i s f i x e d , the l i n e AE being a chord of the c i r c l e 
o f which the locus AEQP i s p a r t . 

I t has been shown t h a t the locus of I i s a c i r c l e 
m 

passing through the p o i n t 1 ^ = I N L / i . e . , the locus of D 
as the p o s i t i o n of the p o i n t P on i t s locus changes i s a 
c i r c l e passing through the p o i n t A. Since the angle 
/ADE = (0^ - 0^) - a i s constant. The l i n e j o i n i n g the 
p o i n t s A and E i s a common chord t o both c i r c l e s which 
form the l o c i of I n and I . 

1 m 
4.2.2 Equivalent S i m p l i f i e d C i r c u i t 

Consider now equation (4.7) 
2 

K-V, 
I 2A R9 KZ.. + — + jX, I s J / 

2 i i 2 K = |K| (cos 2a + j s i n 2a) 

KZ 1 = |K| |Z1| [COS ( 0 x + a) + j s i n ( 0 1 + a ) ] , 

where |K| i s the modulus of K, and | z ^ | the modulus of Ẑ . 
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Then 

I 
2 

|K|-V^(COS 2a + j s i n 2a) 
2A R 

|K| |Z 1| [ C O S ( 6 1 + a) + j s i n ( 0 1 + a ) ] + ~ + j X 2 

w i t h 

and 
r 1 = |K| |Z 1|cos C01 + a), 

Hence one obtains 
i i 2 
|K| .V-, (cos 2a + j s i n 2a) 

J 2 A = 1 (.4.10) 
( r x + j * x ) + — + j X 2 

and 
i i 2 
|K| .V-, (cos 2a + j s i n 2a) 

1 = 1 + — — 
±1 NL T R 

( r l + 5X1> + s- + ^ X2 
One can see t h a t the primary c u r r e n t 1^ i s e q u i v a l e n t 

to a t o t a l c u r r e n t taken by the e q u i v a l e n t s i m p l i f i e d 
c i r c u i t shown i n Figure 4.5 i n which the normal primary 
impedance of R̂  + jX-^ i s replaced by r-^ + j x ^ and i n 
which the applied v o l t a g e i s equal t o | K | - i n magnitude 
and i s r o t a t e d i n phase by angle o f 2a i n an a n t i - c l o c k w i s e 
d i r e c t i o n r e l a t i v e t o . 



2 
K V, 

Figure 4.5 Equivalent S i m p l i f i e d C i r c u i t 

The value of the magnetizing impedance Z q can be 
determined as f o l l o w s 

2 
K-V-, 

Zo = ~1 NL 

and s u b s t i t u t i n g the I N L from equation ( 4 . 1 ) gives 

Z = K (Z, + Z ) = KZ o 1 m m ( 4 . 1 1 ) 

4.2.3 Construction of Exact C i r c l e Diagram from Design  
Data 

Figure 4.6 shows the c i r c l e diagram t o be constructed, 
OA represents I L i n magnitude and phase. We set s = 0 0 

and make equal t o zero so t h a t the equation ( 4 . 1 0 ) 

gives 
i i 2 
K • Vn 

" 2 A i j ( X l + x 2 ) ( c o s 2 a + j s i n 2 a ) ( 4 . 1 2 ) 
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This equation demonstrates the i d e a l s h o r t c i r c u i t 
value of I 2 and i s represented by AC i n Figure 4.6. I t s 
magnitude i s (K 1 + X 2) and makes an angle 2a w i t h 
the h o r i z o n t a l as shown. The locus of the primary c u r r e n t 
I 1 i s then t h e s e m i c i r c l e AEPKC'C drawn on AC as diameter. 

Z l 
I f the magnitude of the vector AB i s equal t o (7^) *CA 

m 
and making an angle (0^ - 0 1) clockwise r e l a t i v e t o the 
d i r e c t i o n o f CA, then AB i s a diameter of the c i r c u l a r 
locus I . The l i n e BC passes through the p o i n t E o f the 
l o c i 1^ and 1^, and represents the i d e a l s h o r t c i r c u i t 
value of I 2 . By s e t t i n g s = 0 0 and g i v i n g r 1 i t s t r u e 
value r 1 = |K|•|Z^|•cos(6^ + a) we o b t a i n from the equation 
(4.10) 

|K| 2. V l 

I = (cos 2a + j s i n 2a) (4.13) 
A - r 1 + j ( x 1 + X 2) 

This l i n e i s represented by AC i n Figure 4.6. The 
p o i n t C can be located e a s i l y by 

CC ^ - * AC (4.14) 

i=i+ ( x i + x 2 ) 2 

B'C' and OB' represent then the v e c t o r s I 2 and I r e s p e c t 
i v e l y corresponding t o i n f i n i t e s l i p . 

S i m i l a r l y by s e t t i n g s = 1 i n equation (4.10) we 
o b t a i n 



I D m 

Figure 4.6 The Exact C i r c l e Diagram of the Induction Motor 
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|K| •V 1 _____ 

I = - * AC (4.15) 
' ( r x + R 2 ) 2 + ( X ; L + X 2) 2 

Then HK and OH represent the s h o r t c i r c u i t values of I 2 

and I r e s p e c t i v e l y . I f P i s any p o i n t on the locus of 
1^ corresponding t o a value of s l i p s between s = 0 and 
s = 1 , then AP, DP and OD i n Figure 4.6 represent the 
vectors I 2 A , I 2

 a n& I
m corresponding t o t h i s s l i p . 

4.2.4 Performance of the Motor 
Although the c i r c u l a r locus of 1^ i n Figure 4.6 i m p l i e s 

the usefulness o f the exact c i r c l e diagram, i t i s not 
e s s e n t i a l f o r t h e determination of the performance. 
This i s i l l u s t r a t e d i n the f o l l o w i n g : I n Figure 4.7, 
APKC'C i s the s e m i c i r c u l a r locus of 1.̂  and AU the drawn 

2 
perpendicular t o AC. Then AU represents the a x i s of K V 1, 
being the a p p l i e d voltage i n the e q u i v a l e n t s i m p l f i e d 
c i r c u i t of Figure 4.5. Then AK and AC represent the 
vectors I 2 A corresponding t o s = 1 and s = °°. With P as 
any p o i n t on the locus of 1^ corresponding t o a s l i p s 
between s = 0 and s = 1, AP i s the vector I 2 corresponding 
t o t h i s s l i p . Then the secondary e q u i v a l e n t c u r r e n t 1^ 
i s ( i ) * AP. 

The l i n e PS i s drawn perpendicular t o AC and i n t e r 
s e c t i n g AK and AC a t R and T. By s i m i l a r t r i a n g l e s 
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RS CK r± + R 2 

AS AK K± + x 2 

Now 
x-, + X AS = Z ^ - s i n 6 = I 2 A _ i 2 

Thus 

R 2 2 
( r l + ~ > + ( x i + x

2
} 

2 X l + X 2 
* 1 

2 r i + R2 
Thus RS = ( I 2 A ) 2 - A 2 

' 1 

RS • Vx = l 2 ( r l + R 2 ' (4.17) 

, R 2 
r i + 5" 

P S " *2A 
R2 2 

( r i + r~] + ( x i + V 
R2 

( 2 A > K 2 . V L 

•2 . R2, PS • v_ = I _ ( r _ + (4.18) 

Su b t r a c t i n g (4.17) from (4.18) gives 

PR • V 1 = I 2 • ̂  (1 - S ) (4.19) 
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Equation (4.19) demonstrates the mechanical power. 
By s i m i l a r d e r i v a t i o n one obtains 

R 
PT • V. = I ~ • — (4.20) 

1 ^ s 
Equation (4.20) shows the developed torque i n the 

machine. 
The scale of s l i p can be constr u c t e d by drawing HA 

perpendicular t o OA and then any l i n e p a r a l l e l t o the 
torque l i n e AC. This p a r a l l e l i n t e r c e p t s OK a t J g i v i n g 
the measure HJ as u n i t y s l i p . Consequently from any 
ope r a t i n g p o i n t P on the c i r c l e the i n t e r c e p t i o n of PA 
w i t h HJ provides the corresponding s l i p a t Z. 

4.2.5 Construction o f t h e " E x a c t " c i r c l e Diagram from Test  
Data 

The exact c i r c l e diagram can be c o n s t r u c t e d from t e s t 
data as f o l l o w s : Let 

I N L = measured value of no-load c u r r e n t per phase 
I s c = primary s h o r t c i r c u i t c u r r e n t per phase f o r 

f u l l r a t e d voltage c a l c u l a t e d from t h e r e s u l t s 
of a s h o r t c i r c u i t t e s t a t reduced v o l t a g e 

cos = power f a c t o r at no-load 
cos tygQ - power f a c t o r a t sh o r t c i r c u i t measured a t 

reduced v o l t a g e 



Figure 4.7 Determination of Performance 
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R-̂  = primary r e s i s t a n c e per phase measured a t 
working temperature. 

I n F igure 4.8 OA represents I A T T i n magnitude and phase, 
One can draw the h o r i z o n t a l AY. The centre of t h e c i r c l e 
l i e s on t h e l i n e AC making an angle 2a w i t h AY. The angle 
a can be c a l c u l a t e d from 

. -1 I T N L 1 R l 
a - Sin r r 

v l 
Now j o i n i n g AK and c o n s t r u c t i n g the perpendicular b i s e c t o r 
of AK such t h a t i t i n t e r s e c t s the l i n e AC a t a p o i n t M, 
then M i s the centre of the locus of 1^ so t h a t i t can be 
drawn w i t h the radius MA. By reference t o Figure 4.3 one 
obtains 

E»TT cos 6 = Vn cos 0.__ - 1^- I * Rn  1 NL1 m 1 NL 1 NL' 1 

3 = <j> T + a m NL 

ENL c a n k e c a l c u l a t e d and from t h i s 

z = 

The v e c t o r AB i n F i g u r e 4.8 can now be drawn i n magni
tude equal t o (Z^/Z^)*CA and making an angle ( 0 M - 0^) 
clockwise r e l a t i v e to the d i r e c t i o n of CA. Then AB i s 
the diameter of the c i r c u l a r locus of I and the c i r c l e 

m 
diagram can be completed as i n Figure 4.6. 
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The r e s u l t s of the t e s t s mentioned i n the previous 
s e c t i o n f o r c o n s t r u c t i f K j the c i r c l e diagram are given i n 
Table 4.1. 

INL = 5.7 5 amperes cos *NL = 79° 

= 50.60 amperes cos * s c = ° - 4 1 ^SC = 65.40° 

R l = 0.40 ohms x i ; = 1.08 ohms 0 
m 

80° 

c c = 8.32 amperes a = 1.10° 6 1 = 69.40° 

Table 4.1 Tabulation of Test Data 

Figure 4.14 shows the constructed c i r c l e diagram from 
the t e s t r e s u l t s given i n Table 4.1. The i n t e r p r e t a t i o n 
of the r e s u l t s are given i n Section 4.8. 

4 .3 The Second Method of Determining the "Exact!1 C i r c l e  
Diagram 
The c i r c l e diagram can also be derived from the 

e q u i v a l e n t c i r c u i t i n Figure 4.1 and by the method of 
i n v e r s i o n according t o [ 2 1 ] . 

4.3.1 I n v e r s i o n 
I f the e q u i v a l e n t c i r c u i t of an e l e c t r i c a l machine 

i s expressed i n the form of a s e r i e s - p a r a l l e l network of 
impedances, then the t o t a l c i r c u i t c u r r e n t a t constant 
voltage can be obtained by f i n d i n g the locus of the com
bined admittance between t e r m i n a l s . For t h i s purpose 



CM 

v i 

Figure 4.8 Construction of the C i r c l e Diagram from Test 
Data 
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p a r a l l e l branches of the network are added as admittances, 
and s e r i e s branches as impedances. To f i n d the admittance 
of a branch from i t s impedance inv o l v e s the i n v e r s i o n of 
the l a t t e r since 

The process i s s i m p l i f i e d when simple geometrical 
l o c i have t o be i n v e r t e d , and f o r the present purpose i t 
i s s u f f i c i e n t t o note: 

(a) The inverse of a s t r a i g h t l i n e AB about a pole 0, 
Figure 4.9(a), i s a c i r c l e passing through 0 w i t h a 
diameter on the perpendicular OC from 0 t o AB. 

(b) The inverse of a c i r c l e about a pole on i t s 
circumference i s a s t r a i g h t l i n e perpendicular t o the 
diameter of the c i r c l e through 0. This i s the converse 
of ( a ) . 

D 

(a) o (b) 

Figure 4.9 I n v e r s i o n of S t r a i g h t Line and C i r c l e 
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(c) The inverse of a c i r c l e about any p o i n t not on 
i t s circumference i s another c i r c l e w i t h i t s c e n t r e on 
the l i n e j o i n i n g the centre of the i n v e r s i o n 0 t o the 
centre M of the c i r c l e and i n c l u d e d between t h e same 
tangents, Figure 4.9(b). The r o t a t i o n of the p o i n t s 
on the two c i r c l e i s i n opposite sense. These r u l e s are 
geometrical. For e l e c t r i c a l purposes, admittance i s 
obtained from impedance by r e f l e c t i o n across t h e axis o f 
r e s i s t a n c e or conductance. 

4.3.2 The Impedance Diagram 
The usual equations r e p r e s e n t i n g an i n d u c t i o n motor 

can be w r i t t e n i n the complex n o t a t i o n from t h e e q u i v a l e n t 
c i r c u i t i n Figure 4.1 as f o l l o w s : 

For a non-zero s l i p and the r o t o r s h o r t - c i r c u i t e d one 
can e a s i l y derive from(4.21) the complex impedance r e 
f e r r e d t o the s t a t o r 

V 1 = (R± + j X 1 ) I 1 + I 2 

(4.21) 
V 2 jX si-, + (R 0 + j X 0 s ) I 0 M 1 2 -1 Z 2 M 

.2 
k 

When the s l i p v a r i e s the e x t r e m i t y of i s a c i r c l e 
according t o [ 2 2 ] . I t can e a s i l y be demonstrated t h a t the 
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diameter of the c i r c l e i s given by the p o i n t s s = 0 and 
i n f i n i t y . Corresponding values f o r s t a t o r impedance are 

Z 1(0) = Rx + j X x (4.22) 

Z1(°°) = R± + jaX ] (4.23) 

where a i s the mean leakage f a c t o r also c a l l e d Blondel 
c o e f f i c i e n t and defined w i t h the mutual inductance M as 

MA = (1 - a) L]_ L 2 

Figure 4.10 shows the impedance diagram obtained 
from equations (4.22) and (4.23). 

Figure 4.10 The Impedance Diagram 
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The coordinates of the centre are 

Y c x - R i 

(4.24) 

The p o i n t corresponding t o s = 1 can be c a l c u l a t e d as 
f o l l o w s : 

x 2 

m z l ( i ) = R]_ + j x x + ^ — ^ 
2 J~2 

(Rn + j X 2 ) ( R 2 + X 2) + (1 - a) X x X 2 (R 9 - j X 9 ) 
2 2 

R 2 + X 2 

4.3.3 The Admittance Diagram 
The impedance diagram i s not as easy t o use as the 

admittance diagram. Henceforth, the impedance diagram 
has to be i n v e r t e d . For commodity the pole of i n v e r s i o n i s 
chosen t o be the o r i g i n and the power of i n v e r s i o n . This 
provides a u t o m a t i c a l l y the ampere scale f o r the admittance 
diagram s i n c e 

1 "1 I 1 R9 + j X 9 - s 
Z l V l ( R 1 + ^ X l } ( R2 + ^ X 2 S ) + s X 

(4.25) 

One can w r i t e from Figure 4.10 

AC^ = r r a d i u s of the impedance c i r c l e 
1-a 

2 ~ 1 X-, (4.26) 
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and the power of the o r i g i n t o the c i r c l e i s 

p l = ( 0 C 1 " r ) ( 0 C l + r ) = 0 C l " r 2 (4.27) 

besides by t r i a n g u l a t i o n 

OC2 = (0C|) 2 + (C|C 1) 2 = R2 + ( ^ ~ ~ X ]_) 2 (4.28) 

The combination of equations (4.26), (4.27) and (4.28) 
gives 

p 1 = R2 + a x 2 (4.29) 

From the general p r o p e r t i e s derived f o r the i n v e r s i o n 
i n Section 4.3.1 f o l l o w s t h a t the inverse of a c i r c l e (C^) 
when the pole (0) i s not on the c i r c l e i s another c i r c l e 
( C 2 ) . Furthermore the l i n e j o i n i n g the centres of the two 
c i r c l e s w i l l be passing through the pole of i n v e r s i o n as 
shown on Figure 4.11(b). 

I f a s t r a i g h t l i n e through (0) i n t e r s e c t s the c i r c l e 
a t A, B, D and C, by the d e f i n i t i o n of the t r a n s f o r m a t i o n 
the power of i n v e r s i o n w i t h pole (0) allows t o w r i t e 

p = OA • OC (4.30) 

where p i s chosen t o be 
Furthermore the power of the p o i n t (O) t o the c i r c l e (C^) 
i s by d e f i n i t i o n 

p, = OA • OB (4.31) 
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Hence the r a t i o of powers gives 

£_ = °£ ( 4 32) 
p± OB 

The c i r c l e s r e l a t e d by i n v e r s i o n are also nomothetic. 
Therefore 

OC 0C o p 
(4.33) 

OB OC^ p 1 

P r o j e c t i n g OC^ on the a x i s gives the r e l a t i o n s between X 
and Y coordinates of the centres as 

Y c x c 
E_= 2 = 2 ( 4 _ 3 4 ) 

P i C l C l 
S u b s t i t u t i n g the values of Y , Xn , p and p, i n the 

C l C l 1 

equation (4.34) gives 

YC XC V ^2 U 2 V l (4.35) 
R l " U + G ) X 1 " 4 + a x 2 

However, one can use the no-load t e s t i d e n t i t y 

V i = ( R i + X_) I 2
L ( 4 . 3 6 ) 

where I N L i s the no-load s t a t o r c u r r e n t , t o o b t a i n 

2 V l 2 2 X̂  = G~-) - RT (4.37) 
NL 
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and by combining the equations (.4.37) and (4.35) the coord
inates of the centre of the admittance diagram are found 
t o be 

V 1 R 1 
2 V l 2 

^ NL 

(4.38) 

Xr 

V-, (1 + a)l/ ( ^ ) 2 - R2  

' NL  
2 V l 2 

2[R^(1 - a) + a(=±-) ] 
NL 

(4.39) 

I n case of R̂  << oX-^ one obtains from the above equa
t i o n s 

* R l INL  
C 2 " a V l 

(4.40) 

1 + a 
2a 

NL (4.41) 

4.4 Determination of the Parameters of the C i r c l e Diagram 
The s t a t o r r e s i s t a n c e , the no-load c u r r e n t and the 

leakage c o e f f i c i e n t are the only parameters needed f o r 
the c entre. R̂  and I are very e a s i l y obtained. 

4.4.1 Measurement of Blondel's C o e f f i c i e n t 
(a) F i r s t method f o r wound r o t o r s only 
Energize the s t a t o r w i t h the nominal voltage V-, and 
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Figure 4.11 I n v e r s i o n of Impedance t o Admittance Diagram 
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measure the o p e n - c i r c u i t e d r o t o r voltage \• The 
^ 2 ( o c ) 

t r a n s f o r m a t i o n r a t i o can be w r i t t e n from equation 
(4.21) as 

Likewise energize the r o t o r w i t h a vo l t a g e V"2 and read 
the o p e n - c i r c u i t e d s t a t o r v o l t a g e V^ioc) a n d w r i t e t i l e 

t r a n s f o r m a t i o n r a t i o N 2 as 

*2 = ^--i^hr2 

I n a f i r s t approximation one can s t a t e t h a t the re
actances are always much l a r g e r than the winding r e s i s 
tances hence combining equations (4.41) and (4.42) 

x 2 

N i N 2 ~~ x^q = 1 " ° 

Therefore 
a = 1 - N XN 2 (4.44) 

The only p r e c a u t i o n should be t o f i n d a r o t o r v o l t a g e 
which w i l l as n e a r l y as p o s s i b l e give the same f l u x condi
t i o n as does the r a t e d v o l t a g e applied t o the s t a t o r . 
This obviously w i l l never occur. However, one compromise 
would be t o create an equal mean f l u x c o n d i t i o n i n the 
two cases. 
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I f one a p p l i e s a r o t o r e x c i t a t i o n v o l t a g e which w i l l 
give a s t a t o r o p e n - c i r c u i t v o l t a g e equal t o the f i r s t case 
V-̂ , then t h e mean f l u x c o n d i t i o n i s f a i r l y w e l l approached. 

(b) General Case 
U n f o r t u n a t e l y the previous method d i d not t a k e the 

motor under running c o n d i t i o n s and the f l u x d i s t r i b u t i o n 
a l t e r e d . The f o l l o w i n g method t o o b t a i n the leakage f a c t o r 
has been der i v e d from the theory o f s i n g l e phase motors [ 2 1 ] . 

I t can be shown using the symmetrical components of a 
s i n g l e phase motor t h a t a three phase i n d u c t i o n machine, 
running on two phases o n l y , w i l l r e b u i l d the t h i r d voltage 
t o a magnitude of V as 

where U i s the r a t e d v o l t a g e between the two o t h e r phases. 
Hence from t h i s simple experiment one can deduct a as 

This method has the advantage of i n c l u d i n g any k i n d of 
r o t o r s , b u t provides o n l y the no-load leakage f a c t o r . 

4,5 I n f l u e n c e of the No-Load Losses 
The no-load losses c o n s i s t o f the s t a t o r copper loss 

2 
I R, f r i c t i o n and windage loss, denoted as the mechanical 
loss P and the s t a t o r core loss P f . Figure 4.13 

U 
V 

a - U - S3 v 
u + S3 v 

(4.45) 
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demonstrates these losses. The no-load mechanical loss 
P M i s approximately constant i n the region t o be i n v e s t i 
gated. Therefore the r e a l motor torque i s obtained by 
s u b t r a c t i n g the torque corresponding to the mechanical 
loss from the t h e o r e t i c a l torque. Thus on the c i r c l e 
diagram the l i n e which represents the d e l i v e r e d mechanical 
power should be s h i f t e d up by an amount P . 

The s t a t o r core loss P̂» a t no-load represents a 
c e r t a i n amount which does not a f f e c t the c i r c l e diagram. 
I t merely s h i f t s the o r i g i n 0 by 0 0 ' r e p r e senting P_ . 

I n Figure 4.13, OPJJL denotes the a c t u a l and 0 P Q the 
i d e a l no-load c u r r e n t . 

Figure 4.12 Separation of No-Load Losses 

4.6 Construction of the Exact C i r c l e Diagram from Test Data 
The exact c i r c l e diagram can be constructed from t e s t 

data as f o l l o w s : 
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Let I = measured value o f no-load c u r r e n t per phase 
X c = X-coordinate of the centre of the c i r c l e 
Y c = Y-coordinate of the centre of the c i r c l e 

cos = power f a c t o r a t no-load. 

The parameters X c and Y c are t o be c a l c u l a t e d from 
equations (4.37) and (4.38). 

Figure 4.13 shows the c o n s t r u c t e d c i r c l e diagram from 
the above d a t a . The no-load losses are separated and the 
o r i g i n 0' i s s h i f t e d up t o the p o i n t 0 by the amount P f s -
From reduced v o l t a g e t e s t w i t h blocked r o t o r the primary 
sh o r t c i r c u i t - c u r r e n t can be obtained and c a r r i e d out i n 
Figure 4.13 as oW^q o n the c i r c l e i n magnitude and phase. 

Since i n a l l c o n v e n t i o n a l i n d u c t i o n machines t h e no-
load s l i p i s very close t o zero, the no-load p o i n t and the 
i d e a l zero s l i p p o i n t are u n d i s t i n g u i s h a b l e on the diagram. 
Therefore t h e l i n e s f o r developed and d e l i v e r e d mechanical 
power are t h e same a t these p o i n t s . For t h e o r e t i c a l zero 
s l i p the r o t o r runs synchronously w i t h the r o t a t i n g f l u x 
and the r o t o r c u r r e n t i s zero. This can be achieved only 
i f the r o t o r i s brought up t o synchronous speed by another 
machine, and t h i s machine w i l l have t o supply the mechanical 
losses of t h e r o t o r , i . e . t h e f r i c t i o n and windage losses, 
and core l o s s . The a c t i v e component of the s t a t o r c u r r e n t 
a t s = 0 i s smaller than t h a t a t no-load by the amount 
corresponding t o these losses. The p o i n t on the c i r c l e 
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which corresponds t o s = 0 w i l l be denoted by P Q, At zero 
s l i p the developed mechanical power i s also zero. The 
p o i n t corresponding t o s = 1 i s denoted by P c n, where the 
mechanical power d e l i v e r e d to the s h a f t i s zero. There
fo r e the d e l i v e r e d mechanical power l i n e i s obtained w i t h 
good approximation by P Q P g c» 

4.7 C a l c u l a t i o n of Coordinates of P o i n t P^ 

At t h e o r e t i c a l i n f i n i t e s l i p the coordinates of the 
p o i n t P^ can be c a l c u l a t e d as f o l l o w s : 
From equation (4.33) one obtains 

Looking at Figure 4.11(a) which shows the r e l a t i o n 
between the two diameters, then the equations (4.33) and 
(4.46) a l l o w to w r i t e 

o c 2 p OD 
(4.46) OC, p OA 

OD = OA OA (4.47) 

From equation (4.30) one obtains 

P OC = OA (4.48) 

The combination of (4.47) and (4.48) gives 

OC 
OD 

(4.49) 
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But one can w r i t e from Figure 4.11Ca) 

Y 
OC P 

Y 
OD YC 2 

(4.50) 

Therefore Y p can be c a l c u l a t e d from equations (4.49) and 
CO 

(4.50) as 
Y 

~~2 

C l 
Y p = p —4 (4.51) OA 

2 
Now OA can be obtained from (4.23) as 

OA2 = Z 2
C o o ) = R 2 + a 2 X 2 (4.52) 

2 
X^ has been c a l c u l a t e d from (4.36) as 

2 V l 2 2 
X NL 1 

S u b s t i t u t i o n of t h e value of X^ i n (4.52) y i e l d s 

V 2 
Z 2 = R (1 - a 2) + a 2 {—) (4.53) 

^NL 

Therefore the o r d i n a t e of p o i n t P^ i s found t o be 

P Y c 
Y = i (4.54) 

" R 2 ( l - a2) + o2^-) 
NL 



87 

S i m i l a r l y f o r the abscissa of the p o i n t one 
obtains from equation (4.33) and Figure 4.11(a) 

XPoo 0C 2 p 
(4.55) 

ax 1 OC^ OA2 

P 
x = ox1 

1 OÂ  

and f i n a l l y w i t h respect t o (4.37) one obtains 

p V 2 
X = o — j (-A-) - R; (4.56) 

P ~ OA NL X 

2 
where OA i s given i n (4.52). 

From Figure 4,13 the machine performance could be 
obtained as below: 

AK ^ P^ primary power i n p u t 
AC ^ p

r o t f power t r a n s f e r r e d by the r o t a t 
i n g f i e l d 

AC ^ T<3ev developed torque 
AB ^ P^ mechanical power d e l i v e r e d a t 

the s h a f t 
CK = (AK-AC) primary copper loss and core 

^ ( P 1 - P r o t f ) loss due t o the main f l u x and 
2 

= 3 I 1 R 1 + p f r i c t i o n and windage l o s s 
+ P 

m 
2 

CT = 3 1^ R̂  s t a t o r copper loss 
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TD ^ P f s s t a t o r core loss 
DK ^ P. f r i c t i o n and windage loss m 
CB = (AC-AB) secondary copper loss 

- p m d e l , ) 

e f f i c i e n c y of the machine 

The scale o f s l i p can be obtained by drawing HPQ 

perpendicular t o 0P Q and then any l i n e p a r a l l e l t o the 
torque l i n e OP^. 

This p a r a l l e l i n t e r c e p t s OP a t J g i v i n g the measure 
HJ as u n i t y s l i p . Consequently from any o p e r a t i n g p o i n t A 
on the c i r c l e the i n t e r c e p t i o n of PQA w i t h HJ provides 
the corresponding s l i p a t Z. 

4.8 Examples of Measurements and I n t e r p r e t a t i o n of Results 
The r e s u l t s of the t e s t mentioned i n previous sections 

are given i n Table 4.2. 
Figure 4.15 shows the constructed c i r c l e diagram from 

the t e s t r e s u l t s given i n Table 4.2. 
The r e s u l t s o f the c i r c l e diagram readings are com

pared t o standard I.E.E.E. t e s t code procedure and e x p e r i 
m e n t a l l y measured r e s u l t s . The t o r q u e - s l i p c h a r a c t e r i s t i c 
i s shown on Figure 4.16 and the c i r c l e diagram seems t o f i t 
the standard r e s u l t s very c l o s e l y . Figure 4.17 depicts 
the s t a t o r c u r r e n t versus s l i p curves and proves i n both 



90 

cases t o be accurate enough. For i n p u t power versus s l i p 
on Figure 4.18 and power f a c t o r p r e d i c t i o n s on Fi g u r e 
4.19 both methods prove themselves close enough f o r a l l 
p r a c t i c a l purposes. 

Blondel C o e f f i c i e n t 

V± = 196 (Volts) 
V 2 ( o c ) = 2 2 1 ( V o l t s ) 

V l ( o c ) = 1 9 6 ( V o l t s ) 

V 2 = 246.50 (Vo l t s ) 

AT _ V 2 (oc) _ 221 
1 V 196 

V l ( o c ) 196 
M = i i— = 
2 V 2 246.50 

a = 1 - N]_N2 = 1 221 Z,.̂ .-L . = o 103 246.50 u--1-^ 

Coordinates of the Centre 
of Admittance Diagram 

X c = 31.33 (Amperes) 
Y c = 1.07 (Amperes) 

Coordinates of Poin t 
P 
CO 

X p = 55.40 (Amperes) 
Y p = 2 3 (Amperes) 

No-Load Test 

I N L = 5.75 (Amperes) 
cos i j , N L =0.19 

P m = 216 (Watts) 
P f = 176 (Watts) 

S h o r t - C i r c u i t Test 
I c = 50.60 (Amperes) cos = 0.41 

Table 4.2 T a b u l a t i o n of Test Data 
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1 0.8 0.6 0.4 0.2 0 

s l i p 
Figure 4.16 Per U n i t Torque versus S l i p 

0 o o C i r c l e Diagram F i r s t Method 

O o o C i r c l e Diagram Second Method 

-o I.E.E.E. Test Code, Stray Losses 
Included 

Base Torque = 15 f t - l b 
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0 1 ' ' 1 ' ' ' 1 ' ' ' 
1 0.8 0.6 0. 4 0. 2 0, 

s l i p 

F igure 4.17 Per Unit S t a t o r Current versus S l i p 

o o o C i r c l e Diagram Second Method 

C i r c l e Diagram F i r s t Method 

D D • I.E.E.E. Test Code 
Base S t a t o r Current = 10A 
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1 0.8 0.6 0.4 0.2 0 
s l i p 

Figure 4.18 Per Unit I n p u t Power versus S l i p 

o o o C i r c l e Diagram Second Method 

O o O C i r c l e Diagram F i r s t Method 

• • • Measured 

^ I.E.E.E. Test Code 
Base Input Power = 2904 W 
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Q.l • 

0 I , _ . , . . . . • . 
1 0.8 0.6 0.4 0.2 0 

S l i p 

F igure 4.19 Power Factor versus S l i p 

° o o C i r c l e Diagram Second Method 

O o O C i r c l e Diagram F i r s t Method 

• • • I.E.E.E. Test Code 



CHAPTER 5 

SUMMARY AND CONCLUSION 

5.1 Summary 
This r e p o r t was undertaken t o i n v e s t i g a t e the s t r a y 

losses due t o the higher harmonics and t o study the c i r c l e 
diagram of the i n d u c t i o n motors, using more accurate methods 
f o r drawing i t . 

The performance of the machine under t e s t was de t e r 
mined according t o the I.E.E.E. "Test Code Procedure". The 
st r a y losses were measured by using the reverse r o t a t i o n , 
s t a n d s t i l l , no-load and R a w c l i f f e and Menon t e s t s and the 
e x t r a p o l a t i o n of these losses w i t h c u r r e n t and speed 
v a r i a t i o n was done according t o the I.E.E.E. t e s t procedure. 

The output torque, i n p u t power and c u r r e n t were mea
sured a t s e v e r a l s l i p p o i n t s over the speed range. The 
suggested expression f o r computing torque according t o the 
I.E.E.E. t e s t code [15] was found t o be ina c c u r a t e . There
f o r e , torque c a l c u l a t i o n s were c a r r i e d out using the method 
suggested i n [ 1 6 ] . This expression was found t o g i v e good 
agreement between measured and c a l c u l a t e d torque. 

From the r e s u l t s of measurement and c a l c u l a t i o n , 
curves of developed t o r q u e , i n p u t c u r r e n t , power f a c t o r 
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and i n p u t power were p l o t t e d . The c a l c u l a t e d t o r q u e - s l i p 
curve was p l o t t e d w i t h and w i t h o u t the e f f e c t s o f s t r a y 
l o s s . The air-gap f l u x of the machine was recorded a t 
no-load, h a l f - l o a d and f u l l - l o a d on a magnetic tape, and 
analysed by means of a d i s c r e t e F o u r i e r t r a n s f o r m w i t h 
piecewise approximation. The harmonics content i n the 
air-gap f l u x allowed t h e d e t e r m i n a t i o n of the harmonic 
losses as a p a r t of the t o t a l s t r a y load l o s s e s . 

Two methods of drawing c i r c l e diagram were explained. 
The curves of developed torque, i n p u t c u r r e n t , power 
f a c t o r and i n p u t power of both methods were p l o t t e d and 
t h e i r r e s u l t s were compared w i t h those obtained from the 
I.E.E.E. t e s t code procedure. 

5.2 Conclusion of F i r s t Part 
As a r e s u l t of t he i n v e s t i g a t i o n , the s t r a y load 

losses could be c l a s s i f i e d i n those of eddy-current and 
i r o n l osses a t the supply frequency, t o o t h r i p p l e i n the 
main and t o o t h r i p p l e i n the zigzag leakage f l u x produced 
by the magnetizing c u r r e n t . The l a t t e r i n c l u d e s the s t r a y 
losses due to the harmonics. A paper by Barton and 
Ahmad [14] maintains t h a t these losses could be separated 
by t h r e e t e s t s , s t a n d s t i l l , R a w c l i f f and Menon, and r e 
verse r o t a t i o n t e s t s . As the r e s u l t s of the experiments 
i n t h i s work show no-load, s t a n d s t i l l and re v e r s e r o t a t i o n 
t e s t s a r e s u f f i c i e n t t o g e t h e r w i t h the e x t r a p o l a t i o n of 
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the r e s u l t s of the reverse r o t a t i o n t e s t according t o the 
equation (3.1) 

1.6 _ 1.9 
n I s t Kn } v l 1 

s r 

t o p r e d i c t the t o t a l s t r a y losses over the whole p r a c t i 
cable speed range. The R a w c l i f f e and Menon t e s t was con
sidered as only a g r a p h i c a l method derived from no-load 
t e s t which showed, because of the g r a p h i c a l e x t r a p o l a t i o n , 
not t o be as accurate as the no-load t e s t . The Ware's 
t e s t which i s accepted by I.E.E.E. t e s t code f o r measuring 
the s t r a y losses a t the fundamental frequency r e q u i r e s the 
removal of the r o t o r , and hence was considered as an im
p r a c t i c a l procedure. The s t a n d s t i l l and no-load t e s t s were 
considered t o y i e l d the same r e s u l t and were performed 
because of t h e i r s i m p l i c i t y . A comparison of the r e s u l t s 
obtained from the reverse r o t a t i o n t e s t and the e x t r a p o l a 
t i o n w i t h the c u r r e n t and speed f o r the v a r i a t i o n of 1^, 
the s t a t o r winding c u r r e n t d u r i n g the s t r a y loss t e s t , 
from t h r e e - q u a r t e r t o one and one-half times r a t e d c u r r e n t , 
shows t h a t the value of the s t r a y loss up t o the r a t e d 
s t a t o r c u r r e n t remains w i t h i n the same range i n both cases, 
but increases by reverse r o t a t i o n t e s t r a p i d l y f o r higher 
values than the r a t e d s t a t o r c u r r e n t . Therefore i t i s 
r e a l i s t i c t o assume t h a t the reverse r o t a t i o n t e s t i s an 
adequate method f o r the d e t e r m i n a t i o n of the s t r a y losses 
associated w i t h the zigzag leakage f l u x from the s l i p s 
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greater than the no-load s l i p up t o the f u l l - l o a d s l i p , 
i . e . w i t h i n the a c t u a l working r e g i o n of the machine. 
On the other hand the e x t r a p o l a t i o n w i t h c u r r e n t and 
speed according t o the equation (3.1) p r e d i c t s w i t h 
s u f f i c i e n t accuracy the s t r a y losses due t o the leakage 
f l u x of the magnetizing c u r r e n t i n the remaining speed 
range. According t o a paper [12] by Barton and Ahmad, 
f o r f r a c t i o n a l s l i p s exceeding 0.05, the s t r a y l o s s 
associated w i t h the zigzag leakage f l u x predominates over 
t h a t w i t h t h e main f l u x . I t was observed i n the machine 
under t e s t t h a t the a c t u a l and p r i n c i p a l source of t h e 
s t r a y losses a t s l i p s g r e a t e r than the f u l l - l o a d s l i p was 
due t o the h i g h frequency v a r i a t i o n s i n the component of 
t o o t h f l u x produced by the zigzag leakage. From the 
reverse r o t a t i o n t e s t the s t r a y loss due t o the leakage 
f l u x was obtain e d a c c u r a t e l y , only f o r a l l s l i p s between 
the no-load and f u l l - l o a d , t h e r e f o r e the e x t r a p o l a t i o n 
w i t h c u r r e n t and speed according t o the equation (3.1) 
remains as t h e only means f o r d e t e r m i n a t i o n of the t o t a l 
s t r a y losses i n the remaining speed range. The t o r q u e -
s l i p curve o f the machine under t e s t w i t h the s t r a y l o s s 
obtained from the equation ( 3 . 1 ) , Figure 3.5, f o r t h e 
whole speed range was p l o t t e d . 

The component o f the t o t a l harmonic losses due t o 
the t o o t h r i p p l e i n the main f i e l d f l u x was found t o be 
s i g n i f i c a n t w i t h i n the working range o f the i n d u c t i o n 
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machine under t e s t . I n the case of no-load t h i s was about 
45 percent of the t o t a l harmonic losses and a t h a l f - l o a d 
and f u l l - l o a d n e a r l y 30 percent. Harmonic a n a l y s i s of 
the air-gap f l u x shows t o give s u f f i c i e n t i n f o r m a t i o n 
about the percentage of the harmonic losses i n the t o t a l 
s t r a y losses of the machine. 

Two sources of e r r o r s which may i n f l u e n c e the r e s u l t s 
were observed d u r i n g the reverse r o t a t i o n t e s t . An accur
ate value of s t a t o r r e s i s t a n c e i s e s s e n t i a l as s t a t o r 
2 

I R comprise a l a r g e percentage of the t o t a l power measured. 
The present I.E.E.E. t e s t code s p e c i f i e s t h a t the s t a t o r 
2 

I R losses s h a l l be determined a t " t e s t temperature" but 
leaves the d e t e r m i n a t i o n of the t e s t temperature t o the 
d i s c r e t i o n of the t e s t e r . Since an e r r o r i n the s t a t o r 
r e s i s t a n c e r e f l e c t s d i r e c t l y i n the s t r a y load l o s s , i t 
i s suggested t h a t the f o l l o w i n g be i n c o r p o r a t e d i n t o the 
t e s t code. 

1) I n Section 20-4.3.4.2, the word " r e s i s t a n c e " should 
replace the word "temperature" i n the sentences: "The 

2 
e l e c t r i c a l i n p u t minus the s t a t o r I R loss at t e s t r e s i s 
tance i s equal t o the fundamental frequency s t r a y - l o a d 
l o s s " . 

2) I n Section 20-4.3.4.2.3, "The s t a t o r w inding I 2 ( R ) 
loss s h a l l be taken a t each load p o i n t " , w i t h o t h e r words: 
The r e s i s t a n c e has t o be taken a t each load p o i n t . 
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The second source of e r r o r was caused by the core 
losses due t o the main f i e l d f l u x . These losses composed 
of t o o t h frequency losses due t o the r i p p l e s i n the main 
f i e l d f l u x , are present d u r i n g the reverse r o t a t i o n t e s t 
but n o t accounted f o r i n the c a l c u l a t i o n s o u t l i n e d by the 
t e s t code. These c o u l d be determined under each load 
c o n d i t i o n , p r e f e r a b l y w i t h i n the working range of the 
machine, by using t h e harmonic a n a l y s i s of t h e m a i n - f l u x 
and c a l c u l a t i n g t h e higher harmonic losses. 

The harmonic a n a l y s i s of the air-gap f l u x i s an 
e f f e c t i v e method which allows the design engineer t o 
o b t a i n i n f o r m a t i o n regarding the f i e l d c h a r a c t e r i s t i c s 
i n a l l types of i n d u c t i o n machines, and t h e r e f o r e t o 
e l i m i n a t e those harmonics which c o n t r i b u t e t o the higher 
harmonic losses. 

5.3 Conclusion of Second P a r t 
By i n t r o d u c t i o n of a complex K the exact c i r c l e diagram 

can be constructed from an e q u i v a l e n t s i m p l i f i e d c i r c u i t 
described i n Section 4.2.2. This method can also be 
a p p l i e d to i n d u c t i o n motors w i t h s q u i r r e l - c a g e r o t o r s 
having eddy-current bars or w i t h double cage r o t o r s be
cause the value of complex constant K i s a f u n c t i o n of the 
primary impedance Z.̂  and the magnetizing impedance Z^, and 
i s t h e r e f o r e independent of the form which t h e s q u i r r e l -
cage r o t o r may t a k e . The second method which i s con
s t r u c t e d from the e x a c t e q u i v a l e n t c i r c u i t uses the method 
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of i n v e r s i o n and i t s p r o p e r t i e s . The coordinates o f the 
centre o f admittance c i r c l e and the p o i n t P^, i n f i n i t e 
s l i p , are c a l c u l a t e d e x a c t l y . The performance p r e d i c t e d 
by t h i s method f i t s the standard r e s u l t s very c l o s e l y . 
This close agreement i s due t o the f o l l o w i n g reasons: 

Some authors have proposed p r a c t i c a l ways of drawing 
the c i r c l e diagram [19, 22] from the r e s u l t s of the i n 
d u s t r i a l p l a t e f o r m . U n f o r t u n a t e l y , these parameters are 
a v a i l a b l e t o the designer o n l y , and the t e s t r e s u l t s 
were le a d i n g t o la r g e g r a p h i c a l e r r o r s . The main p o i n t 
was t h a t the centre of the admittance c i r c l e was obtained 
by i n t e r s e c t o f two almost p a r a l l e l l i n e s , or b e t t e r , 
using e x t r a p o l a t i o n which o b v i o u s l y i s very i m p r a c t i c a l . 
The c a l c u l a t i o n of the centre and the p o i n t P^, i n f i n i t e 
s l i p , allows t o o b t a i n r e s u l t s accurate enough f o r a l l 
i n d u s t r i a l purposes. 

This method can be extremely u s e f u l i n p r e d i c t i n g 
performance c r i t e r i a l i k e maximum output power P m a x or 
maximum torque T m a x when s e v e r a l parameters would change 
simultaneously, and i t could be extended t o a representa
t i o n of i n d u c t i o n machines a t d i f f e r e n t frequencies. 



APPENDIX I 

SPECIFICATIONS OF MACHINE 

Manufacturer - Canadian General E l e c t r i c 
Horsepower - 3 
Speed - 1200 r.p.m. 
Wound Rotor 
Frame - 2 54 H 
Type - 17 
Service Factor - 1.15 
Stator Winding 
Voltage - 208V l i n e t o l i n e 
Ampere - 10.5A 
Number o f Poles - 6, 60 Hz 
54 S l o t s , 17 t u r n s per c o i l 
Coil-span S l o t s 1 to 8 
Rotor Winding 
Voltage - 260V l i n e t o l i n e 
Number of poles - 6 
36 S l o t s , 14 t u r n s per c o i l 
Coil-span S l o t s 1 t o 7 
100% p i t c h 
P i t c h Factor - 1.00 

77.8% p i t c h 
P i t c h F a c t o r - 0.9398 
3 Phase, 60° Phase B e l t Width 
D i s t r i b u t i o n Factor - 0.96 
Connection - 2 c i r c u i t Y 

3 Phase, 60° Phase B e l t Width 
D i s t r i b u t i o n Factor - 0.966 
Connection - 1 C i r c u i t Y 
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APPENDIX I I 

DISCRETE FOURIER SERIES 

I I . 1 Trigonometric F o u r i e r Series 
A p e r i o d i c f u n c t i o n f ( t ) can be represented i n terms 

of i t s F o u r i e r components as 

f ( t ) = a + E (a cos n w t + b s i n n oj t ) ( I I . 1 ) o , n o n o n= l 
where 

2TT 
a = 4 / f ( t ) d(wt) ( I I . 2 ) o 2 T T 0 

, 2lT 
a = - / f ( t ) cos n(urt) d(wt) ( I I . 3) 
n 7T Q 

, = 1 2TT 
n IT / f ( t ) s i n n(o)t) d(wt) ( I I . 4) 

0 

I I . 2 D i s c r e t e F o u r i e r Series 
For the s i m p l i c i t y of the subsequent development set 

o)t = X. Fur t h e r , p a r t i t i o n the i n t e r v a l 0 £ X £ T i n t o 
n p a r t s . The f u n c t i o n f (X) can now be approximated i n i t h 
p a r t i t i o n (see Figu r e I I . 1 ) as 

f ( X ± ) = AX± + B, i = 1,2,...,n ( I I . 5 ) 
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Figure I I . 1 

Then equations ( I I . 3) and ( I I . 4 ) become 

T 
a = ~ f (AX. + B) cos nX. dX. n T Q i l i ( I I . 6 ) 

T 
b = ~ f (AX. + B) s i n nX. dX. n T Q i l i ( I I . 7 ) 

The i n t e g r a l /(AX^ + B) cos nX^ dX^ can be a p p r o x i 
mated as a combined s i n - and c o s - f u n c t i o n which y i e l d s t o 

/(AX ± + B) cos nX ± dX ± = (AX ± + B)(C s i n nX. + D cos nX ±) 

or 

(AX. + B) cos nX. = A(C s i n nX. + D cos nX. ) + C n (AX. + B) l l l i i 

cos nX i - D n (AX̂ ^ + B) s i n nX ± ( I I . 8 ) 

Comparing the f a c t o r s of t r i g o n o m e t r i c f u n c t i o n s i n e q u a t i o n 
( I I . 8 ) y i e l d s t o 

/(AX. + B) cos nX. dX. = ~(AX. + B) s i n nX. + ~ cos nX. i l I n I I I 

( I I . 9 ) 
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S i m i l a r l y 

/(AX. + B) s i n nX. dX. = - - ( A X . + B) cos nX, + ~ s i n nX. 
n 

(11.10) 

where the term A i s the slope of the l i n e a r f u n c t i o n f (X^) 
= AX. + B. I 

Further t h i s term i s given by expression 

f . , , - f . 
A = r - i i i (11.11) 

x i + l " x i 
and 

B = f ± - AX ± (11.12) 

Thus w i t h 

and 

^ + 1
 =
 l ( A X i + I + B ) c o s ( n X

i + i ) + \ s i n ( n x . + 1 ) 

1± = -(AX^^ + B) cos(nX.) + s i n ( n X i ) 
n 

The area w i t h i n the i n t e r v a l [X^,X^ +^] i s 

A i + i = - x i ( I I - 1 3 ) 

The c o e f f i c i e n t a n , however, i s c a l c u l a t e d from 
equation ( I I . 6 ) , w i t h respect t o equations ( I I . 9 ) and 
(11.13) as 

a n ' I j 0
 A i + 1 ( I I ' 1 4 ) 
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where n i s the number of i n t e r v a l s of l i n e a r approximated 
f u n c t i o n f ( X ) . 

For the c o e f f i c i e n t b one s i m i l a r l y o b t a i n s the r e -
n * 

l a t i o n s h i p as above from equations ( I I . 7 ) , (11.10) and 
(11.13) . 

I t must be mentioned t h a t t h e i n t e r v a l s need not be 
equal. 

I n order t o reproduce the a c t u a l waveform t h e F o u r i e r 
c o e f f i c i e n t s a n and b n have been computed according t o 
equation ( I I I . 1 4 ) . Hence 

oo oo 
F(X) = E a f(X) + Z b f ( X ) (11.15) 

n=0 n n = l 

This approximation has been used t o r e a l i z e f ( X ) i n d i s 
c r e t e form. 
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