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Abstract. We study Kummer’s approach towards proving the Fermat’s last Theorem for regular
primes. Some basic algebraic prerequisites are also discussed in this report, and also a brief history
of the problem is mentioned. We review among other things the Class number formula, and use this
formula to conclude our study.
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1. INTRODUCTION

One of the famous problems in all of mathematics is the Fermat’s Last Theorem. A
standard restatement is,

Theorem 1.1 (Fermat’s Last Theorem). There are no solutions to the following prob-
lem with (X,Y, Z) integers

XP+YP+ 2P =0
where XY Z # 0 and p > 3 is a prime.

The approach to the proof of Fermat’s Last Theorem by Andrew Wiles can be
thought of as a particular case of the following technique.
Suppose (X,Y, Z) is a counter-example to Fermat’s Last Theorem, then

(1) To such a counter-example we attach a representation
p(X,Y,Z): Gal(Q/Q) — GL,(F,)

Moreover, we have good ramification properties for this representation. For
example,
(a) The representation is unramified outside p,
(b) The representation has ”good” ramification properties at p.
2) The next step is to use Algebraic Number Theory to prove that such ramifica-
P g y top
tions are not possible.
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The proof of Kummer for the case of regular primes can also be thought in this light.
In this report, we study the proof of Kummer of Fermat’s Last Theorem for the case of
regular primes. The approach of Kummer is to associates with every counter-example
of Fermat’s Last Theorem, a representation

p:Gal(K/K)— F,

where K is a cyclotomic field of p-th roots of unity. Then, he gives us a way to finding
out which primes p are such that we have such a representation. Kummer showed that
there are indeed such primes and his proof works only for 'regular’ primes.

For the sake of completeness we give a brief explanation of regular primes. They may
be defined in terms of the class number of cyclotomic fields or by means of Bernoulli
numbers.

The Bernoulli numbers By, By, Bs, ... are defined recursively:

By=1

and for n > 1,
n+1 n—+ 2 n+1
n + Bp g+ + By +1=0.
1 2 n

Thus, B; = _71, By, = %, B3 = 0 and so on. It is easily seen that Bory; = 0 for
all £ > 1. The prime number p is regular if p does not divide the numerators of the
Bernoulli numbers Bs, By, ..., B,_5, B,_3.

Let p be an odd prime, let

¢y = cos(2m/p) + isin(27/p)
be a primitive root p-th root of 1. Let Q((,) be the p-th cyclotomic field; it consists of
all complex numbers of the form

ro + 716y + o A ool

with r,,71,...,7,-1 € Q. The class number h, of ((,) is a certain positive integer
attached to Q((,); it is the number of classes of ideals of Q((,). Kummer showed that
the prime p is regular iff p does not divide h,. We shall view this later towards the end
of the report.The smallest irregular prime is 37. It is known that there are infinitely
many irregular primes. On the other hand, it is conjectured, but it was never proved,
that there are infinitely many regular primes.

While working on the project, we reviewed many concepts and theorems of Algebra
from [3] and [7]. A few of those are:

Quotient Field
Cyclotomic Field
Eisenstein Criterion
Galois Group

Galois Extension

Ideals

Dedekind Domains

e Class Group

e Ramification Properties

Sy
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In section 2 we gave a very brief history of Fermat’s Last Theorem till the 1847 proof
by Kummer we are studying. Following this, in section 3, we recall some standard
computations in the cyclotomic field of p-th roots of unity. In section 4, we show how
a counter-example of Fermat’s Last Theorem (if it exists) can be used to construct a
cyclic extension of order p of the cyclotomic field which is unramified every where. In
section 5, we review the Class number formula, and then finally in section 6 we use
this formula to check where such unramified extensions do indeed exist, concluding our
study.

We fix a prime p > 5 throughout the report, unless otherwise stated.

2. FERMAT’S LAST THEOREM: A BRIEF HISTORY

Sometime in the middle of the 17** century Pierre de Fermat, an amateur French
mathematician wrote in the margin of his copy of Bachet’s edition of the works of
Diophantus,

It is impossible to separate a cube into two cubes, or a biquadrate into
two biquadrates, or in general any power higher than the second into
powers of like degree; I have discovered a truly marvelous proof, which
this margin is too small to contain.

This is the celebrated Fermat’s Last Theorem, which in modern language translates
to,

Theorem 2.1. Ifn s any natural number greater than 2, the equation
Xt4+ynr=2"
has no solutions in integers, all different from 0.

Whatever marvelous proof Fermat had for his theorem nobody found out because
in all of Fermat’s letters to other mathematicians he never mentioned it. His theo-
rem gathered much publicity after his death and remained the most prized unsolved
problem of mathematics for more than three centuries. Euler, the legendary Swiss
mathematician proved the theorem for n = 3, and this was followed by Sophie Ger-
main with her proof of the theorem for relatively small primes. The case when n =5
were proved with the efforts of Dirichlet and Legendre. Dirichlet further proved the
theorem for n = 14. Sometime before Kummer, the mathematician Lamé disposed off
with the case n = 7. This was then followed by Kummer’s marvellous achievement
which we shall review in the following few sections.

3. ARITHMETIC OF PRIME CYCLOTOMIC FIELDS

Let R denote the subring of complex numbers generated by w = exp(27i/p); let K
denote the quotient field of R, which is called the cyclotomic field of p-th roots of unity.
In this section we review and state a few results that will be used in the next section
about the ring R and the field K.

The ring R is isomorphic to Z[X]/®(X), where

XP—1

O (X)=XP 1t  +X+1=
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is an irreducible polynomial. The irreducibility can be easily proved via the Eisenstein
criterion. The field K here is a Galois extension of () with Galois group F};, which is
a cyclic group of order (p — 1). We shall use v for a choice of generator, and use @ to
denote vP~1/2(a) since vP~1/2 is the restriction of complex conjugation to R.

The ring R is a Dedekind domain, whose prime ideals are

e If ¢ € Z is a prime different from p, then let f be the order of ¢ in F and let
g = p%l. Then there are g prime ideals Q1, @2, - ,Q, in R such that their

norms are ¢’ .
e The element A = 1 — w is prime in R and A~! = (unit).p.

We do not know a closed form expression of the generators of the group U of units
of R, but the numbers

uj =N/ A=14+w+- -+

are obviously in R and are units there. The subgroup U, of the group U of units of
R generated by u;, j =2,...,(p— 1) is called the group of cyclotomic units. If v is a
unit in R, then @/u is a root of unity in R. The roots of unity in R are all of the form
+w for some j =0,...,p — 1. An element of R is a p-th power only if it is congruent
to an integer modulo pR. Hence, it follows that u/u = w’ for some j.

Let L denote the subfield of K fixed by complex conjugation; let S = L N R, then
L is a Galois extension of @) with Galois group F/{#1}. We see that K is purely
imaginary as no complex embeddings of K have image within real numbers; while L is
real as all complex embeddings of L have image within real numbers.

S is a Dedekind domain and its ideals are described by:

e If ¢ € Z is a prime different from p, then let f/ be the order of ¢ in F;/{+1}

and let g/ = pz;fll. Then there are g/ prime ideals 1, @2, - - , Qg in R such that
their norms are ¢/’

e The element y =1 — (w+ w™!) is prime in R and p'T = (unit).p.

We have already seen that for any unit, v in R @/u = w” for some integer . Also
r = 2s (mod p) for some integer s, so u; = wu is in S. Thus, any unit in R is the
product of a root of unity and a unit in S.

If I is any ideal in S then IR is principal in R iff I is principal in S. So, the
homomorphism from the class group of S to that of R is injective. In particular the
order h of the class group of R is divisible by the order h, of the class group of S.

If we have a unit v in R, such that it is congruent to an integer modulo pR and if u
is itself not a p-th power, then the field extension of K obtained by adjoining a p-th
root of u is a cyclic extension of K of order p which is unramified everywhere.

Again we have an important result from Class field theory that if there is an ideal
I in R such that I? is principal and [ is not principal, then there is a cyclic extension
of K of order p which is unramified everywhere. This follows from the identification of
the class group of R with the Galois group of the maximal unramified abelian extension
of K. Then we use the fact that if an abelian group has an element of order p, then it
has non-trivial character or order p.
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4. CONSTRUCTION OF CycLIC ORDER

Our aim is to show that if we have a counter-example to Fermat’s Last Theorem, then
there is a cyclic extension of order p of K which is unramified everywhere. We assume
that the given counter-example (X,Y,7) has the property that these are mutually
co-prime integrs.

We work out the details by dividing it into two cases. We shall be using most of the
results from Section 4.

Case 1: pt XY Z

First we see that (X,Y, Z) are not all congruent modulo p. If not, we have

X =X4Y+Z=XP+YP+ 27 =0 (mod p).

Now, we assume that p > 5 and we get X = 0 (mod p) which contradicts our hypothesis
for this case.

Also, we see that (X + w’/Y’) are mutually co-prime in R for j =o,...,p— 1. If not,
then we have a prime ideal P in R containing (X + w’'Y, X + w*Y’). Then this ideal P
contains (1 —w’~*)Y. Now from the factorization

(2P =XP+YP = (X +Y)(X +wY) (X +wPY)

we see that P contains Z. Hence, by the assumption that (XY, Z) are mutually co-
prime we see that P contains (1 —w') for some 0 < 1 < p — 1. By the previous section
we see that P = AR, but then Z is a multiple of p which contradicts our hypothesis in
the present case.

From the above and unique factorization of ideals we see that we have ideals I; of R
such that I7 = (X + WY)R. We assume that I; is principal, then we have

(X +wY) =u.a?

for some o € R and for some u, a unit in R. Applying the complex conjugation we
obtain
(X +w'Y) =ua”

By the results from the previous section we have w"u = u for some r. Moreover,
aP is congruent to an integer modulo pR and hence is congruent to its own complex
conjugate. Thus we obtain

X +wY —w'X —w Y =0 (mod p).

From the results about R in the previous section we see that it is a free abelian group
with basis consisting of any (p — 1) elements of the set {1,w,...,wP"'}. From this and
the fact that X and Y are prime to p it follows easily that r =1 and X =Y (mod p).

By a similar reasoning and interchanging the roles of Y and Z we can conclude that
there is an ideal J; such that J{ = (X + wZ). Assuming J; is principal we see by
an argument like the above that X = Z (mod p). However, these two congruences
contradict the hypothesis in this case.

Hence, either I; or J; must be non-principal. But then from the result from Class

field theory mentioned in the previous section we have the required cyclic extension of
K.
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Case 2: p| XY Z
We may assume that Z = p*Z, and (p, X,Y, Z, are mutually co-prime, By writing
p = (unit).\p — 1) in the ring R, we obtain

UP + VP + (unit) \"PWP =0, m >0

where (U, V, W) are in R so that (U, V, W, \) are mutually co-prime. Let (U, V, W) be
a collection of elements in R that satisfy such an equation with m the least possible.
Then A divides one of the factors (U + w’V). But then we have

(U + V) = (U+ V) = (1 — )V = (unit). \V

and thus, A\ divides all the factors (U + w’V’). Moreover, since V is co-prime to p
and thus A as well, we see that (U + w’V)/\ have distinct residue classes modulo AR.
But then, by the pigeon-hole principle there is at least one 0 < j < (p — 1) such that
(U + w’V) is divisible by A\? in R. Replacing V by w/V we may assume that (U + V)
is divisible by A for some [ > 1. Hence we may write

U+V =XNa

and

U—i—ka:)\ak;k >0
where all the ay are elements of R that are co-prime to A\ and with each other like the
previous case. This gives us the identity [+ (p—1) = mp or equivalently [ = (m—1)p+1.
Since, [ > 2, we have m > 2.

Now by the unique factorization of ideals in R we see that there are ideals I; in R
such that IJP = a;R. We assume that Iy, /; and I, are principle, then we have the
following

U+V = Nulbf
U+wV =\vb}
and
U+w 'V =\ wb",

for some units u,v and w in R and some elements by, b; and b_; in R. Eliminating U
and V from the above we get

N bh — Xovby = whw.b’ | — Nu.bf)
which becomes
bzf + Ul.blil + )\l_l.Ug.bg = 0

where vy and vy are units which can be justified by the fact that 1 4+ w is a unit in
R. Modulo pR the last term on the left-hand side vanishes since [ > p > (p — 1).
Thus, we see that vy is congruent to a p-th power and thus an integer modulo pR. By
the previous section we have a representation of Galois as required, unless v is a p-th
power. If v; = %, then U, V, W) = (b, v3b_1,by) satisfy

UP + VP + (unat) A= DPyP =

which contradicts the minimality of m since we have seen that m > 2. Thus, either
we have constructed a cyclic extension of the required type or one of Iy, [; and I, is
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non-principal. But then again from the result of Class Field theory as mentioned in
the previous section we have a cyclic extension as required.

5. TRANSCENDENTAL COMPUTATION OF THE CLASS NUMBER

The Dedekind zeta function for a number field K and its associated Euler product

expansion is given by,
1 1

N(@Q)*

where the sum runs over all ideals I of R and the product runs over all prime ideals
@ of R. The two expressions gives us two ways of computing lim,_.1(s — 1)(x(s). The
left-hand side is expressed in terms of arithmetic invariants and the right-hand side
in terms of invariants of the Galois group. The resulting identity will give a way for
computing the Class number h of K.

The left-hand limit can be found to be,

(s — 1) EI: N(1[)S - lim #1{1 | NT(I) <r}

The set {I | N(I) < r} can be split according to ideal classes, and we compute for

each ideal class C,
€)= iy PUECLND 1)

Fixing an ideal I, € C, this latter set is a bijection to {aR C I;' | N(a) <
r.N(Iy)~'}, where N(a) denotes the modulus of the norm of a.

We then have a natural embedding K — K ®¢ R. The image of J = Iy is a lattice
in K ®g R. Let A denote the image of J — {0} in the quotient S = (K ®¢ R)*/U
where U is the image of the group of units in R under the above embedding. There
is a natural homomorphism N : S — R* which restricts the modulus of the norm on
the image of K. We then obtain a natural bijection between {aR C I;* | N(a) < r}
and {I € A | N(I) < r}. Let A, denote the image of (1/r)J — {0} in S, then we have
a natural bijection between {I € A | N(I) < r?} and {I € A, | N(I) < 1}, where d
denotes the degree of K over Q).

Let S<; denote the locus of I € S such that N(I) < 1. Let u denote the Haar measure
on K ®q R. This is invariant under the section of U and thus gives a measure also
denoted by p on S. Since J is a lattice in K ®¢ R we have,

CHUIEA NS p(Sey

1 = .
3 i u(K g BJJ)

Moreover, the denominator can be rewritten as,
u(K @q By) = N()u(K ©q R/R).

In particular we see that the limit 2(C') is independent of the class C. Let (K ®q R);
denote the kernel of the norm map. This is a group and thus we have a Haar measure
v on it. It can be shown that,

p(S<1) = v((K &g R)1/U).
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From the above calculations we can get,

: v((K ®q R)i/U)
lim(s —1).Cx(s) = h.
s = D) =0 g RIR)

This is called the ’Class number formula’ for K. It can be noted that the denominator
can be computed in a closed form in terms of the discriminant D of the field K and
the number of pairs of conjugate complex embeddings 5 of K.

1
p(K @q R/F) = /| D]

However, the numerator is in general more complicated as it involves computing
the group of units of K. It should be noted that there are other versions of the class
number formula too.

To expand the above term we restrict to abelian extensions K of ). The product
term on the right can be first grouped according to rational primes

IR | (e
Q N(Q)S q Q\q N(Q)S
Now for each rational prime ¢ which is unramified in K we have
1 1
H _ 1y H @
oo LT wa) (=4

where y runs over all characters of the Galois group and x(q) = x(F'rob,) is the value
of x on a Frobenius element associated with q.
We now define Dirichlet L-series and their Euler product formula as follows,

L(s, x) = X<n)=H !

s x(p)
maL s (1=2%)

where we set x(p) = 0 when x is ramified in p. We also define the additional factor

1
F(S) e H —(1 — L)gp
p ramified pfr
where the product runs over all ramified primes and f, denotes the residue field ex-
tension over p and g, the number of distinct primes in K lying over p. The product

expansion of (x(s) becomes
s). H L(s, x).
X

Thus, the computation of the limit can be reduced to the corresponding computation
of the Dirichlet L-series. For the case of unit character we get by comparing with the
zeta function,

lim(s — 1)F(s)L(s,1) = 1.

s—1

So the left-hand limit gives us

lim(s — 1)¢xe(s) = [ [ L),
x#1
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There is a positive integer m such that x is determined on classes modulo m and y
is 0 on all primes p dividing it, then m is called the conductor of x. We rewrite the
L-function associated with y as follows,

1
o= Y G YL
xe(Z/m2Z)* n=x (mod m)

This latter sum can be again rewritten using the identity

-1

3

W™ =0o0rm

Il
o

i
according as x is not congruent or congruent to 0 modulo m, where w is a primitive
m-th root of unity. The second sum then becomes

1 11X~ oy
P P oD B
n=z (mod m) n=1 =0

Thus we obtain,

1 m—1 o 00 w,m
L) =— 30 3w Y2
=0 ze(Z/m2Z)* n=1

The expression,
)= Y  x@Ww"
ze(Z/m2)*
is called the Gaussian sum associated with the integer ¢ and the character x. If x is
not a unit character then 7(x) = 0. Moreover, if i # 0 then we have the identity

00 .
wmn
Z n

n=1

= —log(l —w™).
Hence, we obtain the formula when y is not the unit character

L(1,y) = —% Z_ (x). Jog(1 — w).

6. DIvisiBILITY OF THE CLASS NUMBER BY p

Combining the results that we have proved or stated so far we see that any counter-
example of Fermat’s Last Theorem for a prime p > 5 leads to a non-trivial representa-
tion

p:Gal(K/K) — F,
which is unramified everywhere. Kummer called primes which admist such represen-
tations irregular. he showed that there are indeed such primes like 37 and hence this

particular attempt to proof the Fermat’s Last Theorem fails. We shall now show how
to check whether a prime is irregular.
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We shall apply the results of the previous Section in the special case where K is the
prime cyclotomic field and also to the totally real subfield L described in the previous
sections.

First we shall use the divisibility of the class number h of R by the class number h
of S to write h = h.h_ for some integer h_. Let W denote the finite cyclic group of
roots of unity in K. Then we have U = W.U,, where U, denotes the group of units in .S
and so #(U/U;) = #(W/{£1}) = p. We have the natural inclusion L&¢g R — K ®¢q R
from which we obtain the isomorphism

(K ®q R)}/(L®q R)} = (C; /Ry~

since (p — 1)/2 is the degree of L over ). From this we can deduce that
* 1 * k — *
V(K ®q R/R)1/U) = ;V(Q/Rl)(p V2.p((L ®q R)T/U).

The formula for computing the discriminant yields
WK ®q R/R) = u(l @q R/S)*p'?
since p is the norm of the relative discriminant. Thus, the class number formulas for
K and L then give a formula for h_,
h_v(C*/R¥P—1)/2
I/( 1/ 1) _ H L(laX)-
PR uegr/s) —

hence, h_ can be computed explicitly and in a closed form. in particular the divisi-
bility of h_ by p is an easily computable criterion.

The divisibility of hy by p is however more complicated. As remarked earlier the
term v((L®q R); /U ) is difficult to compute. However, we have the subgroup Uy cyq =
Us NUgye and we can compute v((L ®¢ R);/Us cya)- In fact we can show that,

V(L @q R)}/Useya) = (L ®q R/S). [] L(1,x)

X even

where the product runs over all non-trivial characters y such that x(—1) = 1. The
class number formula for h, becomes,

h-i- - [U-i- : U+,cycl] = [U : Ucycl]'

This is the first coincidence that makes Kummer’s calculations possible.

From the above identity we see that if p divides h, then we have a real unit u such
that its p-th power is a cyclotomic unit but « is not itself cyclotomic. Hence v = u? is
a cyclotomic unit which is congruent to an integer modulo pS. If we find a w € Uy
such that v = wb6p then we can show easily that u itself is a cyclotomic unit. Let @
denote the quotient group (S/pS)*(Z/pZ)*. We obtain a natural homomorphism

m: Ucycl ® (Z/pZ) - Q

which is represented by a square matrix with entries from F,,. The preceeding remarks
imply that p | hy only if det(m) = 0. The second coincidence that makes Kummer’s
calculation work is that det(m) = h_ (mod p).

Thus we see that p | hiff p | h_. Hence we can easily check which primes are regular.
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