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Recent Progress in Classical Fourier Analysis
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In what sense does [ e*€ f(€) d€ converge to a given function f on R”? How do
properties such as the size and smoothness of finfluence the behavior of its Fourier
transform f ? These simple questions lie at the heart of much of classical analysis.
Their deeper study leads naturally to certain basic auxiliary operators defined on
functions on R”; and Fourier analysts seek to understand these operators and their
generalizations, and to apply them to various branches of analysis. In this paper I
shall describe some basic results and applications of Fourier analysis and speculate
briefly on the future. I have left out many topics of great importance, and empha-
sized merely those subjects I know something about.

Let me begin by sketching the state of the art as of about 1950. At that time, the
field was well developed only in the one-dimensional case. Since it had long been
known that the Fourier series of a continuous function on[0, 27] need not converge
at every point, Lebesgue measure (and in particular L?) was clearly recognized as
a basic tool. The Plancherel theorem [§*|f(x)|2 dx = 27 1%, |a,|* with f(x) ~
2% apefti gave a complete characterization of L? functions in terms of their
Fourier coefficients and established norm convergence of Fourier series. However,
the study of L#(p # 2) was known to be much harder. As an indication of the
difficulty of the problems of L#,take a function f(x) ~ 3%, a,e'** belonging to L?
(p < 2)but not to L2, and modify its Fourier series by writing g(x) ~ 1%, + a,e’**
with each + sign picked independently by flipping a coin. Then with probability
one, g does not belong to L# (or even to L) but is merely a distribution with
nasty singularities. Consequently, the assertion f ~ Y %.a,e** € L? depends not
only on the sizes |a,,| of the Fourier coefficients, but also on subtle relationships
among the phases arg(a,).

*I could not have prepared this article without very generous help by Mrs. Yit-Sin Choo and
Dr. K. G. Choo.
© 1975, Canadian Mathematical Congress
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Despite the difficulty of the problem, a fair amount was known by 1940 about
the relationship between the size of a function and the nature of its Fourier
series, thanks to pioneering efforts by Hardy and Littlewood, M. Riesz, Paley,
Zygmund, Marcinkiewicz and others. A result typical of the deepest work is as
follows (see [95]):

THEOREM 1 (LITTLEWOOD-PALEY). Let {S}}{=o, be a sequence of + signs which
stays constant on each dyadic block. (A dyadic block is an interval of the form
[2N, 2N*Y) or (— 2N+1 — 2N]: the collection of all dyadic blocks will be denoted by A.)
Then if f(x) ~ 333 ape’®* belongs to Lt (1 < p < o), it follows that 1.%.Sa,e'**
also belongs to L?.

Thus, although the phases arg(a,) play a decisive role in determining the size of

*. aze*#, only the relationship of arg(e;) to relatively “nearby” arg(a,) really
matters.

Although the original techniques used to prove this and related theorems are
very complicated, the underlying strategy is simple. The starting point is to rewrite
Dirichlet’s formula for the Nth partial sum of a Fourier series as

Snf(x) = eiNx [ eiN =5 f(x — ) % — eiN% [ e NG (5 — y)_‘g’_
= e "NzH(e'Ny f(y)) — etiN=H(e=Ny f())

with Hf(x) = [ (f(x — y)/y) dy, the integral being interpreted in the principal-value
sense. (Hf is called the Hilbert transform of £) This is a bold step, since for
C{°(RY) (say), the integral in Dirichlet’s formula converges absolutely, while that
defining the Hilbert transform does not.

Now the Hilbert transform also arises in complex analysis, for if F = uy + iy
is a well-behaved analytic function on the upper half-plane RZ, then on the bound-
ary R, v is the Hilbert transform of u. Therefore we may hope to prove theorems
on the Hilbert transform and related operators via complex analysis (e.g., Cauchy’s
theorem, Jensen’s formula and Blaschke products, conformal mapping) and then
translate the results into information on Fourier series. To illustrate the ‘‘complex
method”, let us prove a simple case of M. Riesz’s famous theorem that the Fourier
series of an L? function on[0, 2z]converges in norm (1 < p < o0). This comes down
to proving that the Hilbert transform is bounded on L#(R!), and we give the argu-
ment for the easiest nontrivial case p = 4. Given a well-behaved analytic function
F = u + ivon R%, we have to show that [ v*dx < C [z u*dx with Cindependent
of F. However, Cauchy’s theorem for F!{ = ut + 4iudy — 6u2v2 — 4iuv3 + vt
yields [ F4 dx = 0 so that 0 = [ Re(F4) dx = [p (ut — 6u2 2 + v¥) dx. Hence
[ vt dx £ 6 [putv2dx < 6 ([ ut dx)!/2 ([ v* dx)!/2 by Cauchy-Schwarz. Dividing
both sides by (f v4dx)!/2 and squaring gives the desired inequality [p vdx <
36 [ u'dx. The general case (p # 4) is similar, though not so easy.!

1See the ingenious paper of S. Pichorides [72] for the exact norm of the Hilbert transform on L?
and other related constants.
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Now I can give a vague idea of the proof of the Littlewood-Paley theorem. The
idea is to relate an auxiliary operator S arising from complex analysis with an op-
erator G arising from Fourier series. Specifically, given f ~ X,ae** on [0, 2z]
(say ag = 0), we break up the Fourier series into dyadic blocks

f ~ % akeikx = ]é, (lp akef'kx> EIEZAfI(x)

el

and define G(f) as G(f)(x) = (Xes | f,(x)|2)1/ 2, The function S(f) is defined in
terms of the Poisson integral u(r, §) of f by the equation

SU)x) = ( {{ |VuG,0)l2rdr d@)m

(r:0) eT(x)

where J'(x) is the Stoltz domain {(r, )| |x — 0| < 1 — r < %} in the unit disc. S(f)
has a natural interpretation as the area of the image of /'(x) under the analytic
function v + iv whose real part is w. For our purposes, the basic facts concerning
S and G are:

@ SO~ [fll, @ < p < ). In other words, |S(f)],/[f]|,is bounded above
and below. This can be proved by complex methods. Note that already (a) contains
the Lt-boundedness of the Hilbert transform, since for F = u + iv analytic we
have IVul = |Vv| by the Cauchy-Riemann equations, and hence S(») = S(v).

®) | SO [|l,~[6(N|, @ < p < o). Limitations of space prevent even a vague
description of the proof, but the basic tool here is the L#-boundedness of the
Hilbert transform acting on functions which take their values in a Hilbert space.

Once we know (a) and (b), the Littlewood-Paley theorem follows at once, since
evidently f = Y ;c, f; and g = X1;c4 £ f; always have the same G-function. An
extensive discussion of the Littlewood-Paley theorem and of complex methods in
general may be found in Zygmund [95]. It must be admitted that the ingenious
complex-varjable proofs of classical Fourier analysis leave the researcher in the
unhappy position of accepting the main theorems of the subject without any real
intuitive explanation of why they are true.

Now I want to speak of the profound changes which took place in classical
Fourier analysis, starting with the fundamental paper of Calderén and Zygmund
[17]in 1952.2 We shall be concerned here with eflorts to generalize the basic oper-
ators, especially the Hilbert transform, from R! to R”. These generalizations are
anything but routine, because Blaschke products do not generalize to functions of
several complex variables, and consequently (for this and other reasons) the whole
complex method has to be abandoned and the results reproved by real-variable
techniques, Moreover, the real-variable methods and the n-variable analogues of
the Hilbert transform, S-function, etc., play an important role in partial differential
equations, several complex variables, probability and potential theory, and will
probably continue to find further applications as time goes on.

The operators. Let us begin with the Laplace equation du = fin R* (n > 2)

2In retrospect we can see many of the ideas anticipated in the work of Titchmarsh, Besicovitch,
and Marcinkiewicz. (See [95].)
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which one solves with the standard Newtonian potential

) ue) = 6 Jp LAY

|x =]
If / belongs to some function space (L?, Lip(e), C(R"), etc.) does it follow that the
second derivatives of v all belong to the same function space? Differentiating the
right-hand side of (1) (carefully) under the integral sign, we obtain for the second
derijvatives of u the formula

@ () = G5 = S ) + fe G5 T 1) o,

where (2, is homogeneous of degree zero, and smooth away from the origin. Note
that the intlegral in (2) diverges absolutely, but at least for “nice’ functions f we
may define that integral as
Qi(x — ») dv
=0t 1x—yI>e | X — Y| TO) éy,
and the limit exists by virtue of the essential cancellation (g 2;(y) dy = 0. In
general, a singular integral operator is defined on functions on R” by

6) Tr) =lim | DE=9) g5y4,

o0 15—yi>s |X — Y[ "

where (2 is reasonably smooth and homogeneous of degree zero, and [g- Q(y)dy
= 0, For example, if we set Q(y) = sgn(y) on Rl, then (3) becomes Tf(x) =
[& (f&) dy/(x — »)), i.e., T is the Hilbert transform. Thus regularity properties of
solutions to the Laplace equation come down to boundedness on varjous function
spaces of a few specific singular integral operators;that is, certain n-variable gener-
alizations of the Hilbert transform,

More generally, the theory of singular integral operators plays an essential role
in a host of problems of partial differential equations. To see why, start with a pure
mth order differential operator

e B (A ()
and write
L=( 2 aliRs - Ry)-(= 4,

where R; =(9/0x;) (— 4)1/2. Now R; is called the jth Riesz transform, and is given
as a singular integral operator by the formula

R, (%) = c[pe ]____ f(y) dy3

|n+1
(Note that in one dimension, the single Riesz transform is just the Hilbert trans-

3See Horvath [52] and Stein [85].
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form.) Therefore, L factors as L = T(— A)*2, where T is a variable-coefficient
singular integral operator, i.e., an operator of the form

@ TFG) = d(f ) + [ 2 ("|; y”y'f =D 16,
with ¢(-) e C*(R"), Qe C(R" x S7~1), and (o Q (x, w) dw = O for all x. In other
words, modulo the factor(— 4)m/2 a partial differential operator is merely a special
type of singular integral operator.

As a substitute for the Fourier transform, we associate to the operator T of (4)
its symbol o(T) defined by

® o(x,6) = ¢(x) + [r —————Q(xi wl/”lwb e'to do.

w
Clearly, o(x, &) is homogeneous of degree zero in & and smooth on R? x (R”\0).
In the special case T' = (X 41=,n @a(x)(0/0x)%)(— 4)~m/2 the symbol is just o(x, &)
= i e (¥)E)/|€|m. Moreover,

(6) Every smooth homogeneous ¢(x, £) on R?" arises as the symbol of a unique
singular integral operator, which we denote by o(x, D).

(7) The class of all symbols forms an algebra of functions. The mapping a(x, &)
— ¢(x, D) is an approximate homomorphism from functions to operators. That is,
o1(x, D) e g9(x, D) = (01-09)(x, D) + a “‘negligible” error.

(8) The adjoint of o(x, D) is given approximately by the complex-conjugate sym-
bol: (o(x, D))* = &(x, D) + a “negligible” error.

By virtue of (6)—(8) we may construct useful operators merely by making ele-
mentary manipulations with symbols. For instance, an elliptic singular integral
operator g(x, D) (i.e., an operator with nonvanishing symbol) evidently has an
approximate inverse—we simply take (1/o)(x, D)—and the standard interior
regularity results on elliptic partial differential equations follow easily from these
observations.

So far we have described the theory as it first appeared in the pioneering work of
Calder6n [12] on uniqueness of solutions to Cauchy problems. (Calderén used
singular integrals to diagonalize a matrix of differential operators. See also earlier
work of Giraud [43] and Mihlin [66].) Nowadays it is more common to work with
the closely related theory of pseudodifferential operators, invented by Kohn and
Nirenberg [60] and developed by Seeley [75], Hormander [48], [49], Calder6n and
Vaillancourt [16] and others. To arrive at the notion of pseudodifferential oper-
ators? one uses (5) and the Fourier inversion formula in (4) to obtain

©) Tf(%) = [ € ta(x, &1 @) dE.

Now we take (9) as the definition of ¢(x, D), broaden the class of symbols 1o
include all functions satisfying suitable estimates, say

(10) | (3/0x)= (3/0€)F 0| < Col€[71! for all a, B,

4Actually Kohn and Nirenberg were led to pseudodifferential operators by their work on the
9-Neumann problem of several complex variables.
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and prove refinements of (7) and (8) directly from (9). Pseudodifferential operators
have the advantage of making it relatively easy to refine (7) and (8) to “Leibniz’
rules”

«

(1) a(x, D)ob(x, D) = (a-b)(x, D) with (acb)(, §) ~ X (1/a) [0/0€]* a-[i"d/0x]*b

and

12) (a(x, D))* = a# (x, D) with a¥ ~ 3} [l. l]”[i]a
« al L7 0x ]| 0§

Later on, we shall see problems in which singular integrals have advantages over
pseudodifferential operators. However, for many purposes the two theories are
equivalent,

The applications of pseudodifferential operators to index problems in topology
and geometry are so well known that it is enough for me to pay them lip service.
But I would like to take a few paragraphs to explain two recent developments in
partial differential equations in which pseudodifferential operators and singular
integrals played a crucial role. Both developments have their roots in a basic
phenomenon of several complex variables, namely that the restriction of an an-
alytic function F to a hypersurface ¥V = Cr satisfies a system of partial differential
equations. To see this, we start with the » Cauchy-Riemann equations 0F/0z; = 0
in C». From the restriction of F to the hypersurface ¥, we know only the 2n — 1
tangential derivatives of F, and thus we must solve one of the Cauchy-Riemann
equations for the remaining (normal) derivative. Consequently, the restriction of
F to V must satisfy n — 1 first-order partial differential equations, called the
tangential Cauchy-Riemann equations on V.

Our first topic in partial differential equations arises from the case ¥ = the unit
sphere in C2, where are we dealing with one equation in one unknown. In a suitable
coordinate system on the sphere, that equation takes the form

[0/t + i(0/ox + to/oy)]F = O.

Therefore it is natural to try to “‘correct” functions which are ““‘close to to analytic’
by solving

(13) [0/0t + i(@/ox + 18)6y)lu = f,

with f'e C* (say). Such “correction” procedures are common practice in complex
variables. Thus, the discovery, by H. Lewy in 1957 [63] that equation (13) cannot be
solved, even if we require fe C* and demand only that u be a distribution defined in
some neighborhood of a point, came as a greal shock to researchers in partial
differential equations. Prior to Lewy’s discovery, it was universally assumed that
all nondegenerate linear partial differential equations (and certainly those arising
from “real life’’) could be solved. After Lewy’s paper, intensive research began on
the problem of deciding which equations admit local solutions. At the moment,
systematic results are available only for equations of principal type, i.e., roughly
equations in which all lower-order terms may be regarded as trivial perturbations of
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the highest-order terms, These include the Laplace and wave equations, but not the
heat equation or the Schrédinger equation. For equations X 1= de(*) (i1 8/0x)%u
= f of principal type, Nirenberg and Tréves [70], [71] formulated the following
condition and amassed overwhelming evidence to show that it is necessary and
sufficient for existence of local solutions:

(P) Let a(x, &) and b(x, &) be the real and imaginary parts of X, 1—.@.(*)&%.
Then for any point (xg, &) € R x (R#\0) with a(xg, &) = b(xo, &) = O, the
function b has constant sign when restricted to the ‘‘bicharacteristic curve”
(_x(t), £()) obtained by solving the ordinary differential equations X; = 9a/0¢,,
€ = — 0afox;, (x(0), £(0)) = (xo, £0)-

In fact condition (P) is now known to imply local solvability (see Beals and
Fefferman [4], [5] as well as H6rmander [50], Egorov [26], [27], and Tréves [92],
[93]). There is no space here to discuss the ideas in any detail, Let me just
mention two of the main techniques, namely the use of canonical transformations
in (x, £)-space to “straighten out” the zero sets of symbols of pseudodifferential
operators via conjugation with Fourier integral operators (discussion of which
would take us too far afield), and “microlocalization”, i.e., the use of suitable
partitions of unity 1 =3 ¢,(x, £) in (x, §)-space to define approximate projec-
tion operators ¢,(x, D) and thus split L2(R") into a big direct sum of subspaces
H;= image of ¢(x, D). By microlocalizing, we hope to split up one hard problem
into many easy ones, and then patch the easy results together. In patching together,
one has to use a calculus of pseudodifferential operators with “‘exotic’ symbols
Q satisfying merely

|(8/0x)= (8/0£)fa | < Cqp|& |1aiv2—teV2

instead of the usual estimates (10). We shall say more about exotic symbols later on.

Now let us return to the tangential Cauchy-Riemann equations on the sphere
S2n-1 < Cn, and this time suppose n > 2. A linear fractional transformation maps
the sphere to the hypersurface H = {(z/, z") e C"~! x C! |Re(z") = |2’ |2}, which
has the structure of a nilpotent Lie group under the multiplication law (z’, z%)-
W, w) = (' +w,zr+wr+2z' - w'). By analogy with the R” theory sketched above,
one expects that very sharp results on existence and regularity of solutions of the
tangential Cauchy-Riemann equations on H can be proved by using “singular
integrals” of the form If(x) = [y K(xy~1) f(») dy, where K has appropriate pro-
perties of cancellation and homogeneity with respect to the natural ‘“‘dilations™
0o(z', z7) = (0z', 0%z") on H. Moreover, once the results are known for H, one can
build a “variable-coefficieni” theory of “singular integrals” on (say) the boundary
of a strongly pseudoconvex domain in C*, by osculating the domain with biholo-
morphic images of H. Thus, a natural analogue of singular integrals provides a
powerful machine to study the tangential Cauchy-Riemann equations. (Note that
we cannol use the pseudodifferential operators viewpoint here, because the non-
abelian Fourier transform on H is [so far] too cumbersome even to deal with the
constant-coefficient case.) The ideas explained here come from Folland and Stein
[41], although singular integrals on nilpotent Lie groups have already appeared in
Knapp and Stein [59] in connection with irreducibility of the principal series. See
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also Folland and Kohn [40] for the initial work of Kohn on tangential Cauchy-
Riemann equations, as well as Folland [39] and Stein [87].5

I have attempted to show by a few examples how n-dimensional analogues of the
Hilbert transform enter naturally into various branches of analysis. Let us now
review some techniques which have been used to study such operators, and then see
what insights we can gain into the Fourier transform in R”,

The techniques. The first step in analyzing operators that generalize the Hilbert
transform is to prove L2-boundedness. Fortunately, this is often an easy conse-
quence of the Plancherel theorem, as in the case of a constant-coefficient singular
integral operator

Tf() = Ji P 210 dy
where one has (71)(&) = o(£) f (£) with ¢ € L™. The S-function falls into this category
—itis not hard to show that |S(f)|; = (const)|f| .- However, when an operator
cannot be diagonalized by the Fourier transform or its variants, there are remark-
ably few L2-techniques available to deal with it. Sometimes in a lucky case we may
be able to reduce matters back to constant-coefficient questions. For instance, let

TF(x) = [ Q(x, (Tx— J’)/IIJZC »1) f(») dy
be a variable-coefficient singular integral operator on RZ?. For each fixed x
we expand Q(x,-) in a Fourier series on the unit circle, obtaining Q(x, w) =
D2 ooCi(X) i(w) With Q,(w) = e*f for w = (r, 0), and co(x) = 0. Now our operator
T may be expanded in a series of constant-coefficient operators Tf(x) =

L owCh(X) T f(x), with

Tof() = [ Qk(" 'y,yz) 1) dy.

Since Q(x, w) e C=, it follows that ]ck(x)| < C/(k% + 1) (say); moreover, the T,
(k #0) are uniformly bounded on L2, as one sees from Plancherel. Therefore,

C
1711z = 3 i 1T/l = €l
and our L’-result is proved. In R* (n > 2) the same trick works, with Fourier
series replaced by spherical harmonics.
A promising idea which has begun to find applications recently is Cotlar’s lemma
on “‘almost orthogonal operators”.

LEMMA. Suppose that the operators Ty, Ty,-+-, Ty on a Hilbert space H satisfy the
“orthogonality conditions”

5Compare with the theory of ‘“‘parabolic” singular integrals devised by Jones [58], Fabes and
Riviere [28], Lizorkin [64], Krée [62] and others; and in connection with parabolic singular inte-
grals, see the recent striking results of Negel, Riviére and Wainger [69].
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(14) | T#T; | < €G- ),
(15) |7yT% || = CG ~ j)
where || || denotes the operator norm, and Y13 _o (C(K))V% < A, Then | DI, Ty < A.

The simplest special case says merely that a direct sum X, @ T;: 2, @ H; -
%@ H; of operators T; : H; » H; has norm sup; | T;||. The lemma was first
given by Cotlar [24] in the case of commuting operators, and then extended by
Knapp and Stein [59] to the general case. See also Calderén and Vaillancourt [16].

The proof of Cotlar’s lemma is so simple that I can give it here. We start with the

T -l - [ YT

which imply
" TfuT":Tt's ' ln -1 m I

,1/2/3

£ 7" <

Hypotheses (14) and (15) show that each summand on the right is dominated both
by

fu m=1

A= T\ TET|- - | TAT |- T4
< CYA0)C(ip — i3)C(ig — i5) +++ Cligg-z — igp—1)CV%(0)
and by
P= || I'flTl* " “ fu-y ln ” = C(ll - IZ)C(IS 14) o ,C'(iZk'—l - iZk)

and hence also by the geometric mean AY2PV2 < CV20)CV2(i; — ip) CV2(iy — i3)
. CVZ(iZk 1— igk) Consequently,
m—

< CI/Z(O) NAZ1,

so that | BX, T;|| < (CVZ(0)N)V2k42~1/2 Now just let k tend to infinity, and
Cotlar’s lemma is proved.

To see how Cotlar’s lemma applies to the operators we have been discussing,
let us reprove the L2-boundedness of the Hilbert transform without using the
Plancherel theorem. The idea is simply to write

Hf(x) = IR'f—(x——?M = ,-:gm jZ’élyKZ’" &—%}M— = jngjf(x).

CBO)CVE(ly — i)CV2(ly — i) -+ CV¥ip1 — i)

Each H is a convolution operator whose convolution kernel
Kiy) =y if2 g |y| <27,
=0 ifnot,

has L! norm dominated by a constant independent of j. Moreover, H¥H; = H;H}
is the convolution operator with kernel — K; * K;, and elementary estimates using
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o Ki»)dy = [ K{(»)dy = Oshow that ||K; x K;||; £ C-27%/\, Thus, | H} H,|
< €27 and |H;H}| £ C%, and the L>boundedness of H = L2 . H; is
immediate from Cotlar’s lemma.

Of course the L2-boundedness of the Hilbert transform is nothing new. However,
the proof sketched above applies also to the Knapp-Stein singular integrals on
nilpotent groups—in fact it is the only method known to handle those operators,
since as we pointed out earlier, the nonabelian Fourier transform does not help.
Details are in [59].

A second application of Cotlar’s lemma is the theorem of Calderén and Vail-
lancourt [16] on L2-boundedness of pseudodifferential operators with exotic
symbols. (See also Hormander [49] for earlier work on the subject, and Beals [2],
[3] for extensions and applications.) The basic special case of their result which one
uses in microlocalization arguments for equations of principal type is the following.

THEOREM 2. Assume that o(x, £) satisfies the estimates
|(0/0x)= (0/08)° a(x, §)| £ Cog(1 + |E[)'el/2-161/2

Sfor all multi-indices a, 8. Then the corresponding pseduodifferential operator o(x, D)
is bounded on L2.

The main idea in the proof of the Calder6n-Vaillancourt theorem is to
apply Cotlar’s lemma to the decomposition o(x, D) = X3 ,(¢;0)(x, D), where
219, (x,&) = 1is a smooth partition of unity in (x, £)-space, constructed so that each
¢;1s supported in a region of the form {(x,&)| |x — xo| < |&o| V2, € — &o| < 60|72}

When neither the Plancherel theorem nor Cotlar’s lemma applies, L2-bounded-
ness of singular operators presents very hard problems, each of which must (so
far) be dealt with on its own terms. I shall mention two outstanding L?-results of
the last decade, and say a few words about their proofs and implications.

Commutator integrals. Let D = C! be a domain bounded by a C! curve /. Just
as in the case of the unit disc, there is a “Hilbert transform” T defined on functions
on [" which sends the real part u| r of an analytic function F = u + iv to its imagin-
ary part v| » and it is natural to ask whether T'is bounded on L2(J") with respect to
the arclength measure on I". This question is closely connected to the problem of
understanding harmonic measure on [, i.e., the probability distribution of the place
where a particle undergoing Brownian motion starting at a fixed point Py e D first
hits I,

In effect, T'is an integral operator on functions on R!, given by the formula

Tfx) = =, S) dy
(x — ) + i(A(x) — A7)
with 4 e C1(RY). Expanding the denominator of the integrand in a geometric series,
we obtain T as an infinite sum of operators

1) = [, YA

() dy.
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T, is called the kth commutator integral corresponding to A(x).

Commutator integrals also arise naturally when one tries to construct a calculus
of singular integral operators to handle differential equations with nonsmooth coef-
ficients, Ty is just the Hilbert transform, but already the following two results are
deep.

THEOREM 3. Let A be a C! function on the line. Then
(A) (Calderon [14], 1965) T is bounded on L2,
(B) (Coifinan and Y. Meyer 1974, still unpublished) Ty is bounded on L2,

See also Calixto Calderon [18]. To prove (A), Calderén used special contour
integration arguments which unforunately do not apply to higher 7’s. Coifman
and Meyer modified and built on Calderon’s ideas to produce a far more flexible
proof, which can probably be pushed further in the near future to cover all the
T,’s and possibly T'itself, We shall return to commutators in a moment,

Pointwise convergence of Fourier series. No discussion of Fourier analysis can be
complete without mentioning the fundamental theorem of Carleson [19] to the
effect that the Fourier series of an L2 function on [0, 2] converges almost every-
where. Carleson’s theorem provides the sharpest and most satisfactory answer to
the historic problem of representation of an “arbitrary” function as the sum of a
Fourier series. The result came as a surprise for several reasons. First of all, most
specialists thought that pointwjse convergence would turn out to be false even for
continuous functions, the supporting evidence being an old example of Kolmo-
goroff (see [95]) of an L! function with everywhere divergent Fourier series, and the
fact that for thirty years no one had succeeded in improving the classical result of
Kolmogoroff-Seliverstoff-Plessner which said that the nth partial sum of an L?
Fourier series is o ((log n)V/2) almost everywhere. Moreover, it was widely assumed
that some radical new techniques would be needed to crack the pointwise conver-
gence problem, while Carleson succeeded by pushing the known techniques very
far and very hard.

Unfortunately, Carleson’s proof is so technical that it is impossible in so little
space to give even the vaguest idea of its inner workings. I will only point out that
the problem reduces immediately to showing that

1= M) = sup, |Jn <SP
is bounded on L2 so that pointwise convergence is really a problem about the
Hilbert transform. R. Hunt extended Carleson’s result to L? (p > 1) in [54], and
his paper also gives the best presentiation of Carleson’s proof. P. Sj6lin [76]
proved the sharpest known result near L! (the Fourier series of f converges a.e.
if f log* | f| log* log*|f| e L), and Sjslin [77], Tevzadze [90], and Fefferman [30],
[31] discovered some extensions to functions of » variables. See also the aliernate
proof of Carleson’s theorem [33] (based partly on Cotlar’s lemma) whose relation-
ship with Carleson’s proof is not well understood.
Both Carleson’s convergence theorem and the Calderén-Coifman-Meyer results
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are stated purely in terms of L2, but, at least as far as we know today, purely L?
methods are not strong enough for the proofs. In fact, the known proofs of the
pointwise convergence and commutator theorems in one form or another involve
the full force of the “Calder6n-Zygmund” machinery described below, whose usual
purpose is 1o pass from L2 to L?. I am not the only analyst who suspects a strong
hidden connection between commutators and pointwise convergence. In any event,
our understanding of L2 boundedness of variable-coefficient operators is still
rudimentary.

The “Calder6n-Zygmund” techniques used to prove L? boundedness of singular
integrals contain the deepest ideas of the theory. In the next two sections, I hope to
convey more than a superficial notion of how the proofs go, even though this
necessitates a more technical discussion than is customary in a survey article.5
We begin with a seeming digression on a topic in real variables.

The maximal function. As preparation for the Lt-theory of singular integrals, we
shall discuss the following basic result of Hardy and Littlewood [44] and Wiener
[94].

THEOREM 4 (THE MAXIMAL THEOREM). Define the maximal function Mf of a locally
integrable function f on R"* by the equation

Mf(x) = sup [Q[" fo |7 )| dy.

(Here Q denotes a cube in R* with sides parallel to the coordinate axes.) Then we
have the inequalities

(A) | M7, < G710 <p < o),
(B) | {Mf> a}| < C|7]i/e

The technical-looking result (B) is the heart of the matter—it is the natural
conjecture that comes to mind upon staring at the simple example ' = 671 y;_; 5 on
the line. (In that case, Mf(x) ~ (§ + x)71.)

The maximal theorem is really a sharp form of Lebesgue’s theorem on differenti-
ability of the integral. For, one knows trivially that |Q|fq /() dy — f(x) as Q
shrinks to x, whenever f belongs to the dense subspace Cg° = L. To pass from the
dense subspace to all of L! one needs an a priori inequality, and part (B) of the
maximal theorem exactly does the job.

One set of applications of the maximal theorem concerns stronger theorems than
Lebesgue’s on differentiation of multiple integrals. In the plane RZ, for example, let
Ry, R, R, be respectively the family of all squares, the family of all rectangles with
sides parallel to the coordinate axes, and the family of all rectangles with arbitrary
direction. The standard Lebesgue theorem in R? says that | R|™! [z f(31, y2) dy1 dys
— f(x1, xp) a. e. for fe LI(R?), when R € R, shrinks 1o (x;, xz). What happens if
we allow R to belong to the larger familes R; and R,? The answer is contained in
the following list of results:

6Much has been deleted from an original version of this article.
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(16) | R [ /(y1,y2) dy1 dys — f(xy, Xp)a.e. as Re Ry shrinks to (x;, x,), provided
S € L¥(R?) withp > 1,

(17) The result (16) may be sharpened—instead of f'e L? (p > 1), it is enough to
assume that f log*|f| is integrable on R2,

(18) However, there exist L! functions f for which |R|’1 [= f(21, p2) dyy dy, does
not tend to a finite limit as R € R, shrinks to any point (x;, x,) € R2.

(19) The family R, is even worse. Even for bounded functions /it may happen
that |R|'1 {2 f1> ¥2) dyy dy, tends to f(x;, x,) almost nowhere, as R € R, shrinks
to (xl’ xZ)'

The positive results (16) and (17) cannot be established by the usual textbook
proof of Lebesgue’s theorem, because the Vitali covering lemma is false if we use R,
in place of Ry However, with the aid of the maximal theorem (16) is a triviality.
Since | R|™2 [ f(31, ¥p) dyy dys — f(x1, %) for f in the dense subspace Cf° < L?
(1 < p < o0), it is enough to prove the maximal inequality

(AY) | Mfll, = €7, (1 < p < c0) with
M +f (xls xz) = SUPRs(su :)iR=R: |R|“l j‘ R I f(yl, yZ)I dyl d)’z,

just as in the familiar case of Lebesgue’s theorem, Now set

Myf(%1, x5) = SUPgagieem |2 |71 fo | 1 x2)| A1
and

M f (%1, X5) = SUPgogeger | 2|71 fo |F(x1 y2)| dye.

The ordinary one-dimensional maximal theorem shows that M; and M, are
bounded operators on L#. On the other hand, it is trivial to show that M*f <
Miy(M,f) pointwise, so that | M*£ ||, < |My(Maf) |, < Cy| Maf |, < C2|\f] and
(A") is proved. Thus, the maximal theorem implies statement (16), the “strong
differentiability” of the integral. The refined positive result (17) again follows from
M*f < My(M,f), using a more detailed version of the maximal theorem. Limita-
tions of space prevent adequate discussion of the negative results (18) and (19),
but I want {o point out that they are intimately connected with the failure of the
conjectures

®B) |{M*f> a}| £ C|f|1/a, and

(AY) ||supgogu sy ke | B[ [& [/ y2) | dvr dia |5 S Cy|| S5
In particular (19) and (A**) are strongly related to the Kakeya needle problem.
(See Busemann and Feller [10].)

Let us now try to understand why the maximal theorem is true. To simplify the
discussion, I shall weaken the result slightly by restricting atiention from all cubes
to the special family of dyadic cubes. We start with the unit cube Qy = R, “bisect”
Q, into 2# subcubes of side %, “bisect” each of these cubes into 2” subcubes with
side %, “bisect” each of these cubes, etc., etc., and continve forever. The family
2 of all cubes so obtained is called the family of dyadic cubes. From now on, we
shall look only at dyadic cubes—in particular we change the definition of the maxi-
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mal function so that the “sup” is taken only over dyadic cubes. This restriction is
not severe, for given any cube Q = Qy we can find a dyadic cube @ of about the
same size, at about the same place; so dyadic cubes are almost as “general” as
arbitrary cubes. However, for dyadic cubes we have the very convenient observa-
tion

(20) Two dyadic cubes are always disjoint, unless one is contained in the other.

The easiest way to become convinced of the dyadic inequality (B) is to vent one’s
probabilistic intuition on the following game of chance, constructed from the set-up
for the maximal theorem. Let f = 0 be a fixed L! function on the unit cube Q.
Our fortune at time t = O is |Q0|‘1 f0.f(») dy, and we can either rest content or take
a chance. If we decide to gamble, the dealer picks a cube Q; at random from
among the 2# dyadic subcubes of Q, of side } (all possible Q,’s have equal probabil-
ity), and our fortune at time t = 1 is ]Q1|‘1 fo.f(») dy. Again we may rest content or
take a chance. If we again decide to gamble, the dealer picks a cube Q, at random
from among the 2# dyadic subcubes of @, of side % (all possible Qy’s have equal
probability), and our fortune at time ¢ = 2is | Q3| fq, /() dy. The game continues
in this way, either forever or until we decide to quit.

The most important feature of our game of chance is that it is absolutely fair
(i.e., it is a “martingale’’). More precisely, suppose we find ourselves at time ¢ = &
at the cube @, so that our fortune is | Q[ [q, /() dy. If we gamble once more, we
may win or lose money, but our average fortune at time ¢ = k& + 1 will be

S UUN N S GRS U
i 2 Tt eSOV = g1 Ja SOV &

i.e., exactly the same as our present fortune. Thus, the game is fair.

Now consider the strategy “quit while you’re ahead’. We pick in advance a large
number « > fo, () dy, and we stop playing the first time our fortune exceeds
a—if our fortune never exceeds «, we keep playing forever. In the lucky case (one
of our fortunes exceeds «), we shall have fortune at least « at the end of the game;
and even in the unlucky case we shall have at least zero, since f = 0. Therefore our
average (or expected) fortune at the end of the game is at least ¢ x Probability of
the lucky case = a x Probability{sup, |Q,,|"1 jQ‘ f(») dy > a},and a few moments’
thought shows that this is the same as a:-|{Mf > a}|. On the other hand, since the
game is fair, our average fortune at the end of the game is merely our initial fortune
fo.f() dy, no matter which clever strategy we use. Therefore, a-|{Mf > a}l =
fo.f(») dy, which is exactly the estimate (B). Part (A) of the maximal theorem
follows from part (B) by a useful “interpolation” theorem which we state only in
a basic special case. (For more general results, see Zygmund [95] and Hunt [53].)

THEOREM 5 (MARCINKIEWICZ INTERPOLATION THEOREM). Let T be a linear or
sublinear operator defined on functions on some measure space, and suppose that
Do <p < py £ . If Tisbounded on L?, and if the ‘“‘weak-type (po, po) inequality”
|{| Tf | > oz}| =C || f M/ai’“ holds, then it follows that T is bounded on L?.

To deduce the maximal theorem, we take py = 1, p; = oo.
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Lt-estimates for singular integrals. The techniques we have just discussed for the
maximal function apply also to a wide class of singular integral operators. For
simplicity, we will start with a constant-coefficient operator 7" : f — K » f on R",
where K is a distribution locally integrable away from the origin, Thus, K might be
x71 on the line, or @(x)/|x|" in Rn,

Our assumptions on K are

(21) T'is bounded on L%(R%), and

(22) [iusiy | K(x) — K(x — y)| dx £ C < oo for all ye R,

Condition (22) is always satisfied if |grad K(x)| £ C/|x|"*1, so (a) and (b) hold for
all the usual singular integral operators.

THEOREM 6 (CALDERON-ZYGMUND INEQUALITY). Let T be a convolution operator
satisfying hypotheses (21) and (22). Then
(A) T is boundedon L* (1 < p < ),

® {|7f| > o}| £ C||f]|1/e.

The proof of Theorem 6 is based on further careful study of the game of chance
used to prove the maximal theorem. See Stein [85].

Although for simplicity we stated the Calder6n-Zygmund inequality only for
convolution operators, its proof applies to virtually all the variable-coefficient
singular integral operators mentioned above. In particular, the following operators
are bounded on L# (1 < p < o0):

(A) A singular integral

T76) = ) + fe 2ECZDE=ID 150

with ¢ and @ as described above. (Actually, one can weaken considerably the as-
sumptions on £.)
(B) A “classical” pseudodifferential operator

Tf(%) = [w € fo(x, &)f (§) d¢,

where [(9/0x)2(9/0)Po(x, £)| S Cip|&|"#! for all multi-indices a, B.
(C) The commutator integrals

/@) = [p D =40 15) dy, T1() = [ AC) = 4O 4
(x — )2 (x — »)p?
on R!, with 4' € L™,

(D) The Knapp-Stein singular iniegrals on nilpotent Lie groups. (See Koranyi
and Vagi [61].)

Moreover, the Calderon-Zygmund inequality turns out to be exactly the right
tool to prove the classical results of Fourier analysis on the S-function and the
G-function, which we discussed briefly at the beginning of this paper in connection
with complex methods. (See Stein [81], [83], J. Schwartz [74], Hérmander [47],
Benedek, Calderén and Panzone [6].) Typical results are
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® [ SNy ~ 7], < p < o0).

(F) Let ¢4(&) = o(27%#¢) on R, with ¢ a fixed smooth function supported
in {§ <|€| £ 2}, chosen so that 12 .| ¢ ()2 = 1. Define #(f)(x) =
(Z2w |4 SO, where (Af@) = 4i®F ©. Then |G|, ~ |71,
(l<p< o)

G 6N, ~ |/, (@ <p < o). Recall that (in effect) G(f)(x)=
(Zi"é—wwkf (x) |2)1/2, where (B, /()= xesiei<z(©)- /().

The main idea in proving (E), (F), (G) is to regard S, ¢ and G as convolution
operators mapping ordinary scalar-valued functions to functions with values in a
Hilbert space, and then apply the Calder6n-Zygmund inequality.

Actually, the connections between the maximal function, the Hilbert transform,
and the S-function are now known to be far closer even than had been suggested
by the Calderén-Zygmund inequality and its applications (A)—(G). The main ideas
here were developed by Burkholder, Gundy and Silverstein [8], [9] and Fefferman
and Stein [38] in the context of the H? spaces. The key to the new results is the game
of chance introduced above in connection with the maximal function. We consider
a fair game of chance (e.g., matching pennies) in which the gambler is allowed to
vary the size of his bets depending on past history. (For example: Bet $1.00 the
first time. If you win, bet 27# dollars at time k (k = 2); if you lose, bet 2# dollars
at time k (k 2 2).) Then the following three events are equivalent, except on a set
with probability zero. (See Burkholder and Gundy [8].)

(a) The gambler’s fortune remainds bounded as time tends to co.

(b) The gambler’s fortune approaches a finite limit as time tends to co.

(c) The sum of the squares of the bets is finite.

The simplest special case is the old “three series” theorem, which says that a series
X, * ¢, with random + signs converges with probability one if 32, | ¢, |2 < oo and
diverges with probability one if 33, | ¢, |? = co.

By analogy, one hopes that for an arbitrary harmonic function #on the upper half-
plane (not necessarily a Poisson integral), the following conditions on a boundary
point x are equivalent outside a set of measure zero:

(a’) u is nontangentially bounded at x, i.e., sup,c ¢, |u(z)| < co.

(b") u has a nontangential limit at x, i.e., lim,._.,, ,c p(,yu(z) exists.

() Sw)(x) = (jjp(x)|Vu(z)|Z dz dz)'2 < 0.

See Privalov [73], Marcinkiewicz and Zygmund [65], and Spencer [79] for the case
of the upper half-plane, and Calder6n [11] and Stein [82] for extensions to harmonic
functions of several variables. Note that since S(#)=S(v) for conjugate harmonic
functions, the equivalence of (b’) and (c") shows that » and v have nontangential
limits at essentially the same set of boundary points. Thus, we obtain a “local”
analogue of M. Riesz’s theorem on the Hilbert transform.

So far, the analogy with gambling had done nothing but clarify the known re-
sults (a’) <> (b') <> (¢) and the maximal theorem. However, further work of Burk-
holder, Gundy and Silverstein [9] and Fefferman and Stein [38] uses probabilistic
methods in recasting the theory of H?-spaces into a “Calder6n-Zygmund” real-
variable framework. Unfortunately, I have not the space here to say anything
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about H?, and I must simply refer the interested reader to a relevant survey paper
[1].

Up to now we have seen how singular integrals act on L? (1 < p < o0) and on
L, I want to close this section with a brief discussion of L, Surprisingly, one can
write down explicitly the essential characterizing property of the Hilbert transform
of a bounded function. The basic example to keep in mind is H(sgn(x)) =
(2/) log | x|1.

THEOREM 7 (SPANNE [78], STEIN [84]). Let g € L™ and let K be a convolution kernel
satisfying the hypotheses of the Calderén-Zygmund inequality. Then K % g is a func-
tion of bounded mean oscillation.

A function f'e L] (R?) is said to be of bounded mean oscillation (BMO) if it
satisfies the condition

(23)  supg |Q| fo|[f() — fo| dx < o, with fo = |Q| [o.f () dy.

Thus on R!, L* < BMO, |x|~? ¢ BMO, log |x|~!eBMO, but sgn(x) log |x|~! ¢ BMO.
Functions of bounded mean oscillation were introduced by John and Nirenberg
[57], who proved the following result in connection with partial differential equa-
tions.

THEOREM 8. The condition (23) is equivalent to the seemingly far stronger statement

4 supg | @[ exp(A|f(x) — fo|) dx < o for some A > 0.

In particular, functions of bounded mean oscillation are (locally) exponentially
integrable,

The claim that (23) and (24) are the basic properties of K * g with g e L™ is sup-
ported by the following converse result in the case of Riesz transforms:

THEOREM 9. Every function f of bounded mean oscillation may be written in the
Jormf = go + Xy Rig;withgo, &1, , 8, € L™.

This is equivalent to the duality of H! and BMO [38]. In the one-dimensional case
of the Hilbert transform H, we can say even more,

THEOREM 10. A function f € L}, (RY) may be written in the form f = g, + Hgy
with gy € L and || g1 | < 1if and only if (24) holds with X = /2.

The proof of Theorem 10 is {ruly remarkable. One starts with the following
question, which seemingly has nothing to do with bounded mean oscillation:
Given a positive measure dy = w(x)dx on R}, is the Hilbert transform H a bounded
operator on L¥(dy)? Clearly, various partial results could be proved without much
trouble, but a complete solution seems too much to expect. However, at least for
L2, one has not merely one necessary and sufficient condition, but two.

THEOREM 11 (HELSON AND SzEGO [45)). H is bounded on LX(dy) if and only if
log w(x) may be written in the form gy + Hgy, withgo€ L* and || g1]|o < /2.
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THEOREM 12 (HUNT, MUCKENHOUPT AND WHEEDEN [55]). H is bounded on L¥(dyu)
if and only if

Ay supg (| O™ fo w(x) dx) (| @] fo w7V dx)p~1 < o0
holds.

The Helson-Szeg6 theorem is proved by a simple but ingenious application of
the Hahn-Banach theorem, while the proof of the Hunt-Muckenhoupt-Wheeden
theorem uses Calder6n-Zygmund methods, and builds on Muckenhoupt’s solution
of the corresponding problem for the maximal function [68]. (See also Coifman and
Fefferman [22].) Since the Helson-Szeg6 condition and (A,) are necessary and suf-
ficient conditions for the same thing, they must be equivalent. That is the proof of
Theorem 10.

Various applications of BMO are presented in John [56], Moser [67], Fefferman
and Stein [38], and [34).

Multiple Fourier transforms. After all the progress of Fourier analysis in the last
twenty years, we still know almost nothing about the Fourier transform in R*. We
can use the techniques of singular integrals to prove theorems like the following
(see [85)).

THEOREM 13 (LITTLEWOOD-PALEY THEOREM IN R*). Let f ~ X3 ,c. aie’ ' * be the
multiple Fourier series of a function fe L#([0, 2z]") (1 < p < ), and let {S}} 4z
be a sequence of + signs. Suppose that {S,} is constant on each parallelopiped of the
Jorm Iy x Iy x +-+ x I,, where each I; is a dyadic block (see Theorem 1). Then
If ~ X, Swase’® % also belongs to L, and | Tf |, < C, || ]|

But in many respects, R* is fundamentally different from R!, so that merely
proving R* analogues of Rl-theorems misses a great deal. For example, given fe
L#(R") with 1 < p < 2, what can we say about the size of the Fourier transform f?
The familiar Hausdorfi-Young theorem | |, < | f||, (1/p’ + 1/p = 1) is virtually
all we can say in RL.7 (There are further results, but they are in the nature of
refinements.) Already in R?%, however, we can go much further. Here is an ele-
mentary “‘restriction theorem’ to drive home the point.

THEOREM 14 [29]. For fe L¥(R?) | LYR?) (1 < p < 4/3) we have a priori
inequality

(25) 17 s> = CollF o
where S! denotes the unit circle.

It follows that | is well defined for fe L? (p < 4/3) even though in principle
the Fourier transform is defined only up to sets of measure zero.8 The correspond-

"However, recent work of Babenko and Beckner shows that the norm of the Fourier transform
as an operator from L? to L is strictly less than one and can be computed. See Stein’s lecture in
.

8Actually, the sharp estimate is || fllLvxsy S Cp||f|lan for p < 4/3. The example f* = §5 with B=
unit disc (f € L? for p > 4/3) shows that we cannot expect to define f|s: for f € L?(p > 4/3).
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ing statement for a straight line (replacing S?) is utter nonsense, The first theorem of
this kind is due to Stein (see [29]).

The proof of the restriction theorem takes only a paragraph. We have to show
that the operator T': f — f | o is bounded from L#(R?2) to L1(S1); to do so, we prove
that the adjoint T* maps L>(S") to L' (R?) for p’ > 4. This comes down to showing
that

“(f dgy’ uzv'(m) eC, uf “L"(S')»
where df denotes uniform measure on the circle, Now we write

1003y = [[((FAON2]| o
= [[((7d6) % (A ey < [|(f6)  (fO) | ey

with 1/r + 1/(p'/2) = 1 (the last step follows from Hausdorff-Young, since 1 < r
< 2for p' > 4), and the obvious pointwise inequality I(fd@) * (fdO)| = “ f “%o
(d6 x db) yields | fd0|3uqey S || f]|3~on - || (0 % d6) | ey Thus, our restriction
theorem comes down to checking that df % df € Lr(R?) for r < 2. We omit the
details, but we note that it is here that the difference between circles and straight
lines shows up in the proof. A closely related idea appears in Zygmund [97].

In some ways, the Fourier transform is more intractable in R” than in R, For
instance, for many problems on partial sums of multiple Fourier series, the natural
analogue of the Hilbert transform is an operator Ty defined on L2(R”) by (Tof)YNE)
= y5(6)f (€), where y5 is the characteristic function of the unit ball, T behaves far
worse than the usual singular integrals, for its convolution kernel looks like
e/l#l[xn+1 /2 gt infinity, compared to which Q(x)/| x| is very tame, As a “Hilbert
transform”, Ty is intimately connected to a certain maximal function, but it is not
the usual maximal function. Rather (in RZ2, say) the right maximal function is
M3f(x) = supgs, |R|™ [z|/ ()| dy, where R is a rectangle of arbitrary size, shape,
and direction. We have already noted that M, is not bounded on L? (p < o), by
virtue of the Besicovitch-Perron constructions for the Kakeya needle problem, and
consequently T, is unbounded on L? (p # 2). (See [32], [46].) Thus, a basic an-
alogue of the Hilbert transform is a “bad” operator, and so, in dealing with
multiple Fourier series, we expect trouble.

This is not to imply that nothing positive can be said about 7j,. We define the
Bochner-Riesz operators T (0 > 0) on L? by

(TofYNE) = (1 = [E[DP xS ©);

Ty is related to T just as Cesar6é summation of Fourier series on [0, 27] is related
to ordinary convergence (see Bochner [7]). By analogy between the Bochner-Riesz
operators and restriction theorems on Fourier transforms, Carleson and Sj6lin
[21] proved the following result in the two-dimensional case. (See also [35] and
Hormander [51].)

THEOREM 15. T'; (0 > 0) is bounded on L¥(R?) for 4/3 < p < 4.
The result is essentially sharp (Herz [46]).




114 CHARLES FEFFERMAN

A. Cordoba [23] has recently shown that the Carleson-Sjolin theorem can be
related to a positive result for a maximal function closely connected to M,. In fact,
setting MV f(x) = supgs, |R|™ [& | /()| dy where R is a rectangle of arbitrary
direction with (Longer side of R)/(Shorter side of R) < N, we have:

THEOREM 16 (CORDOBA MAXIMAL THEOREM). | MNf |, £ C(log NY3||f 2.

The three basic Theorems 14, 15 and 16 suggest a program to force us to come to
grips with some genuinely n-dimensional Fourier analysis. First of all, the known
results should be extended from the two-dimensional case (where they are really
too easy) to R*. The natural conjectures are

@26) || /|| sy £ Co|lf|any if 1 S p < 2nf(n + 1),

(27) T; is bounded on LA(R") if |1/p — 1/2| < (6 + §)/n and § > 0.

(28) Let MNf(x) = supgs, | R|™! [z |f(»)| dy where R is any rectangular paral-
lelopiped of arbitrary direction, and sides d; x 8; X -+ x 0; x 0z with 1 < 0,/0;
< N. Then

| M8 |1y < Cllog NYA| f | ey
So far, the best partial result known is a clever theorem of P. Tomas [91]:

THEOREM 17. The following inequalities hold.

(29) ”f ”L‘(S"") é C”f ” LLarn/win]- (Re)s
and
e |73 s S €1 e

Jor | 1/p — 1/2] <@+ Ymn andd > n—1)/2n + 2) + e (¢f. [29] and [35)).

See Carleson and Sjolin [21] for the three-dimensional case.®

It seems that we are still far from complete solutions. Even after our conjectures
have been settled, we shall only have barely started to grasp the real situation. It
is as if we had just proved Cesaré6 summability of Fourier series on [0, 2z] but
still knew nothing about the Hilbert transform. One natural problem is to relate
the geometry of the maximal function M, to the behavior of the “Hilbert trans-
form” Ty in R».10 The only result known in this direction is Cordoba’s Theorem 16.
We still know so little that we cannot answer intelligently the question “How big
is the Fourier transform of a function in L#(R2)?” Perhaps {|f| > a} for large «
can be covered efficiently by rectangles (of no fixed direction). If true, this would
explain why f can be restricted to circles but not to straight lines, for a circle is
harder to cover by thin rectangles than a straight line. Coverings by rectangles play
a major role in the study of Ty, where the “Kakeya” set of Besicovitch exerts an
influence all out of proportion to its small area. A recent counterexample of
Carleson [20] to various conjectures on the polydisc related to Theorems 9 and 10
has a similar flavor. Perhaps in dealing with the Fourier transform in R”, we must
abandon our fixation on Lebesgue measure, and search for new quantities (defined

9E. M. Stein has modified Tomas’ argument to handle ¢ = 0 in (29) and (30).
10There is also an analogue of the S-function for T',, which we have not mentioned.
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possibly in terms of coverings by thin rectangles) to express the size or importance
of a set of points. This is easier said than done, but we have seen evidence sug-
gestling that it is forced on us by the phenomena we seek to understand. I do not
know where—if anywhere—these ideas lead.
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