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JI. C. nOHTPflTHH 

OHTHMAJILHBIE nPODjECCBI PErYJIHPOBAHHH 

B 8T0M ^OKJia^e H H3Jiaraio pe3yjiBTaTH, nojiyHemnie MOHMH y^eira-
KaMH B. T. BOJITHHCKHM H P . B. TaMKpeJIH^Se H MHOK)[1'2'33. 

1 . IIocTâHOBKa samara 

IlycTB O—HeKOTopoe TonojiornnecKoe npocTpaHCTBO. By^eM TOBO-
pHTL, ITO 3a#aH ynpaejiaeMbiü npoucecc, ecjra HMeeTCH CHCTeMa OôMKHO-

BeHHHx fliH(|)$epeHn;Hajii>HHx ypaBHemiH 

dx^ 
-^=p(x\...,x*;u)=f(x;u) (i=l,...,n), (1) 

HJiH B BeKTopHOË $opMe: ,_ 

dt=f&u)> (2) 

r#e x1, ...,xn — fteECTBHTejiBHtie $yHKu;HH BpeMeHH t, x = (x1, ...,xn) 
— BeKTop w-MepHoro BeKTopHoro npocTpaHCTBa B, u e Q, a 

f&u) (i = l,...,n) 

— $yHKD;HH, 3ap;aHHHe H HenpepHBHue RSLH Bcex 3Ha^eHHH napH 
(x, u) e i? x Q. IIpe^nojiaraeTCH TaioKe, HTO sacrane npoH3BO,n(HHe 

TaKîKe onpe^ejieHH H HenpeptiBHH Ha BceM npocTpaHCTBe i? x O. 
J^JIH Toro, HTOöH HaftTH penieHHe ypaBHeHHH (2), onpe;o;ejieHHoe Ha 

0Tpe3Ke t0 < t < tl9 ßocTaTOHHO yKa3aTB $yHKi%mo u(t) ynpaejienusi Ha 
OTpe3Ke t0 < t < tt H HanajiBHoe 3HaneHHe x0 penieHHH npn t = tQ. B COOT-
BeTCTBHH c 8THM MH 6y,n;eM roBopHTB, HTO 3a;o;aHO ynpaejienue 

U = (u^tvt^Xv) (3) 

ypaBHeHHH (2), ecjin 3a,o;aHa ^yHKipra u(t), 0Tpe30K tQ < t < tx ee onpe-
;o;ejieHHH H HanajiBHoe SHanemie x0 pemeHHH x(t). B ^ajiBHeönieM 
öyjjyT paccMaTpHBaTBCH KycoHHo HenpepHBHHe <|>yHKn;HH ynpaBJieHHH 
u(t), gonycKaionpie paspuBH nepBoro po^a, H Henpepuemie penieHHH 
ypaBHeHHH (2). Ilpn BTOM ynpaBJieHHH u(t) ôy^yT npejjnoJiaraTBCH 
HenpepHBHHMH B HanajiBHOË Tonne t0 H no«JiyHenpepBiBHHMH cjieBa, 
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T.e. y#OB«neTBopHioirj;HMH ycjiOBHio u(t — 0) = u(t), t > t0. M H 6y ;̂eM 
roBopHTB, HTO ynpaBJieHHe (3) nepeeodum Towy x0 B TOHKy xl9 eejin 
cooTBeTCTByiomiee peraeHHe x(t) ypaBHeHHH (2), yftOBJieTBopHiomee 
HanaJiBHOMy ycjiOBHio x(t0) = x0, yftOBJieTBopneT em;e KOHê HOMy 
ycjiOBHio: x(t±) = xv 

IlycTB Teueiphf°(x1, ...,xn;u) =f°(x,u) — $yHKD;HH, onpe^ejieHHaH H 
HenpepHBHan BMecTe co CBOHMH nacTHHMH npoH3Bo,o;HBiMH 

3/o/au* (j=l,...,n), 

Ha BceM npocTpaHCTBe B x O. KaîK^OMy ynpaBJieHHK) (3) cooTBeTCTByeT 
Tor^a HHCJIO /.̂  

L(U)= f\x(t),u(t))dt. 
J to 

TaKHM o6pa30M, L ecTB $yHKrpioHaji ynpaB«neHHH (3). VnpaBJieHHe U 
Sy^eM Ha3HBaTB onmuMajibnuMy eejin, KanoBO 6 H HH 6HJIO ynpaBJieHHe 

U* = (u*{t),t$,t},xQ)9 

nepeBOjnHm;ee TOHKy x0 B To^Ky xl9 HMeeT MecTO HepaBeHCTBO 

L(U) ^ L(U*). 

3aMeuauue 1. ECJIH (3) —onTHMajiBHoe ynpaBJiemie ypaBHeHHH (2), 
x(t) — cooTBeTCTByiomiee eMy pemeHne ypaBHeHHH (2), a t2 < t3 — jsße 
TOHKH 0Tpe3Ka t0 ^ t < tl9 TO U' = (u(t),t2,tS9x(t2)) eCTB TaioKe onTH-
MajiBHoe ynpaBJieHHe. 

3aMenanue 2. ECJIH (3) — onraMajiBHoe ynpaBJieHHe ypaBHeHHH (2), 
nepeBOflHirjiee TOHKy x0 B Towy xl9 a r—npoH3BOJiBHoe HHCJIO, TO 

TJ" = ( ^ - T ^ o + T ^ + T ,^) 

—TaKHîe onTHMajiBHoe ynpaBJieHHe, nepeBOßHiijee TO^Ky x0 B XX. 
BaMHHM nacTHBiM cjiynaeM HBjraeTCH TOT, Korp-a $yHKrj;HH f°(x;u) 

onpe^ejineTCH paBeHCTBOM .n/_ , 
r(x,u) = l. (4) 

B 9T0M cjiynae HMeeM L(U) = t-^ — tQ, 

H onTHMajiBHOCTB ynpaBJieHHH U 03HanaeT MUHUMajibuocmb epeMenu 
nepexoda H3 nojiomemiH xQ B nojiomeHne xx. 

B npHMeHeHHHx BameH cjiynan, Korßa fi HBJIHCTCH 3aMKHyT0H 
o6jiacTBH) HeKOToporo r-MepHoro aBKjnmoBa npocTpaHCTBa E; Torjja 
u = (ux,...,ur), H oflHH ynpaBJiHiomiHö napaMeTp u npeBpanjaeTCH B 
cncTeMy HHCJIOBLIX napaMeTpoB u1, ...,ur. B cjiynae, Kor^a Q. npe^cTa-
BJineT CO6OH OTKpHToe MHOîKecTBO npocTpaHCTBa E, c^opMyjinpoBaHHan 
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sjjecB BapnaipiomiaH sa^a^a HBJIHCTCH nacTHHM cjiy^aeM 3a;n;a*ra 
Jlarpamna ([4], cTp. 225), H OCHOBHOH pe3yjiBTaT, npHBO^HMHH umme 
(npHHipin MaKCHMyMa), eoBna#aeT c H3BecTHHM KpnTepneM Benep-
niTpacca. ^ J I H npHJioîKeHHH BaHîeH, ojpiaKO, cjiynan, Kor,o;a ynpaB-
jiffionpie napaMeTpBi y^oBjieTBopnioT HepaBeHCTBaM, BKJnonaiomHM 
paBeHCTBa, HanpHMep , ., ^ _ ,. _ x 
r r r |tt*| < 1 (t = l , . . . , r ) . 

B BTOM cjiy^ae KpHTepnfi BefiepniTpacca, OHCBH^HO, HeBepeH, H npnBo-
flHMHH HHÎKe pe3yJIBTaT HBJIHeTCH HOBHM. 

2 . Heoôxo^HMLie ycJioBHH onTHMaaBHoe™ (npiiimiin MaKCHMyMa) 

JJjIH $OpMyJIHpOBKH HeOÖXOßHMOrO yCJIOBHH OHTHMaJIBHOCTH BBeffeM 
B paccMOTpeHHe BeKTop s = (^0 ^ ^ n ) 

(n + l)-MepHoro 3BKJiH,n;oBa npocTpaHCTBa S H paccMOTpnM ynpaBJineMHË: 
npoD;ecc 

-^=f(x\...,x^u)=fi(x,u)=f(x,u) (» = 0,l, . . . ,n), (5) 

HJIH B BeKTOpHOH $OpMe ,„ 

§=M«), (6) 
r,o;e f°(x9u) ecTB (^yrnupra, KOTopan onpejjejraeT ^ymupiOHaji L. JSjin 
Toro, HTO6H, 8Han ynpaBJieHHe (3) ypaBHeHHH (2), noJiy^HTB ynpaBJieHHe 

ypaBHeHHH (6), ßOCTaTOHHO, HCXOßH H3 HaïajiBHoro 3HaieHHH 

XQ = (XQ, ...,XQ), 

3aji;aTB HanajiBHoe 3HaHeHHe x0 ypaBHeHHH (6). M H onpe^ejiHM BeKTop 
X0, nOJIOHÎHB ~ _ /n 1 n\ 

XQ — Û, XQ, ...,XQ). 

9THM cnocoôoM ynpaBJieHHe (3) ypaBHeHHH (2) oftHOSHarao onpe^ejineT 
ynpaBJieHHe ypaBHeHHH (6), H MH npocTO 6yji;eM ciHTaTB, HTO (3) ecTB 
ynpaBJieHHe ypaBHeHHH (6). ECJIH TenepB ynpaBJieHHe (3) nepeBOßHT 
HanajiBHoe 3Ha^eHHe x0 ypaBHeHHH (6) B KOHe^Hoe 3HaneHHe 

^x ~~ \x0i **a> • • • ? ^ i /> 

TO MH HMeeM L(U) = x\, 

H 9THM onpe^eJineTCH CBH3B ypaBHeHHH (6) c ^opMyjinpoBaHHOä paHee 
Bapnan;HOHHOii sa^a^en. 



OPTIMAL PROCESSES OF REGULATION 185 

Hapn#y c KOHTpaBapnaHTHHM BeKTopoM x npocTpaHCTBa S pac-
CMOTpHM BCnOMOraTeJIBHHH KOBapHaHTHHË BeKTop 

ft=(fto,~;fn) 

9Toro npocTpaHCTBa H cocTaBHM $yHKii;Hio 

K(ft9x9u) = (ft,f(x,u)) 

(cnpaBa CTOHT CKajrapHoe npoH3Be;p;eHHe BeKTopoB ijr H / ) . 
IlpH $HKCHpOBaHHHX 3HaHeHHHX $ H X Ĉ yHKIJHH K CTaHOBHTCH 

$yHKu;HeË napaMeTpa u; BepxHioio rpaHB 3HaHeHHô 9TOë $yHKii;HH 
oôosHa^HM nepe3 N(ijr9x). CocTaBHM, #ajiee, raMHJiBTOHOBy cncTeMy 
ypaBHeHHÖ dR 

W = Wi {i = °'-'n)> (7) 

HenocpencTBeHHO BH^HO, HTO cncTeMa (7) coBnanaeT c CHCTCMOö (5), 
CHCTeMa Hte (8) ecTb 

« - 0 , d t - è o M w - 1 » • • • » » ) • w 

TeopeMa 1. Ilycmb (3) —onmuMajibnoe ynpaejieuue ypamenust (2) w 
#(£)— coomeemcmeyjoufee eMy petueuue ypaenemin (2). JJOHOJIHUM 

eenmop x(t) do eenmopa x(t)9 nojiootcue 

*°(*)= [lpm)Mt))dt 
Ju 

Cyu^ecmeyem moeda manasi nenyjieeash nenpepuenaa eeKmop-fiyumcusi 

fi(t),Hmo Z ( ^ ( g , ä S ( g , « ( g ) = , o W g « ; 0 ) , (10) 
a cßyuKijiiu ^(£), #(£), %(£) 

cocmaejiHJom pewemie zaMUJibmonoeoü cucmeMu (7), (8), npuueM 

K{fi(t),x(t)Mt)) = #(#(*),«(*)); ( n ) 

/y?» amo^ OKasbieaemcsi, nmo (ßyHKi^ust K(ijr(t)9x(t)9u(t)) nocmostuna, 

man nmo K($(t)9 x(t)9 u(t)) = 0. (12) 

JJJIH $opMyjinpoBKH HeoSxo^HMoro ycJiOBHH B cjiynae, Kor^a pe^B 
H^eT O MHHHMaJIH3ai];HH BpeMeHH (CM. (4)), COCTaBHM raMHJiBTOHOBy 

tTBKmno H($,x,u) = (fj{x,u)). 
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ïïpH $HKCHpOBaHHHX 3HaneHHHX ijf H X ŷHKDjHH H(i/r, X, u) CTaHOBHTCH 
$yHKu;HeH napaMeTpa u. BepxHioio rpaHB 3HaHeHHH 9TOö $yHKii;HH 
o6o3HaHHM nepe3 M(ijr,x). CocTaBHM, ßajiee, raMHJiBTOHOBy cncTeMy 

v-W, w-1 »>• " 3 > 

£ - - » «-' •>• <"> 
OHCBH^HO, HTO CHCTeMa (13) coBna^aeT c CHCTCMOH (1), a CHCTeMa (14) 

f = - l ^ tf-> »>• 
TeopeMa 2. Ilycmb (3) —onmuMasbuoe djia (ßyHK-quoHOJia (4) 

ynpaejienue ypaenenust (2) w #(£) — coomeemcmeyjoi^ee dmoMy ynpaesenuio 
pewenue ypaenenua (2). Cyu^ecmeyem moeda manast mnyjieeasi nenpe-
puenasi eenmop^ynnv^u^ ijr(t) = (^(t), ...,ijrn(t)), nmo 

H{f(t0)9x{t0)9u{tQ))>09 

a (pyHKlfUU ^(£), x(t)9 u(t) 

ydoejiemeopawm eaMvuibmomeoü cucmeMe ypaeuenuu (13), (14), npuneM 

H(f(t)9 x(t), u(t)) = M(f(t)9 x(t)). (16) 

Onadbieaemcsi, npoMe moeo, nmo $yHKi%usi H(ijr(t)9x(t)9u(t)) nocmomma, 
man nmo fl(^ _ ( ^ ^ ) } > Q ( 1 ? ) 

TeopeMa 2 HenocpefleTBemio BHTenaeT H3 TeopeMH 1. 
TjiaBHHM coAepHîaHHeM TeopeM 1 H 2 HBJIHH)TCH paBeHCTBa (11) H (16). 

Ilo9TOMy TeopeMa 2, nepBOHa^ajiBHO onyôJiHKOBamiaH B KanecTBe 
rnnoTe3H B 3aMeTKe[1], Ha3BaHa npum^unoM MancuMyMa. B 9TOM me 
CMHCJie H TeopeMe 1 ecTecTBeHHO npncBOHTB HaHMeHOBaHne npuni^una 
MancuMyMa. 

3 . floKa3aTeJiBCTBO npHHipaia MaKCHMyMa (meopeMu 1 u 2) 

floKaîKeM TeopeMy 1. B HOKa3aTejiBCTBe ncnojiB30BaHH HeKOTopne 
KOHCTpyKD;HH MaKineHHa[5]. IlycTB (3) — HeKOTopoe ynpaBJieHHe ypa
BHeHHH (6) H x(t)—cooTBeTCTByiomee eMy penieHne ypaBHeHHH (6). 
CncTeMa ypaBHeHHH B Bapnaiprax ;O;JïH CHCTCMH (5) B6JIH3H penieHHH 
X(t) 3aHHCHBaeTCH, KaK H3BeCTH0, B BH^e 

dyi »df*(&(t)9u(t))^ 
^ = , ? o M V (i = 0,l,...,n). (18) 
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3anHCHBan peineHne CHCTCMH (18) B BeKTopHOH $opMe, nojiynaeM 

B e K T 0 P 9(t) = W), -..M)). 
B jjajiBHeEineM 6y^yT paccMaTpnBaTBCH TOJIBKO HenpepHBHHe penieHHH 
y(t). CncTeMy ypa^Hemio B Bapnaiprax, Kan H3BCCTHO, MOîKHO HCTOJI-

KOBaTB CJiê yiOm ÎM 06pa30M. IlyCTB y0 npOH3BOJIBHHË BeKTop 
npocTpaHCTBa S. pa^a^HMCH HanajiBHHM 3Ha*ieHHeMf 

x0 + ey0 + eO(e) 

#JIH penieHHH ypaJBHemiH (6). Torjua caMO pemeHne ypaBHeHHH (6) e 
9THM Ha^ajiBHHM dHa^eHneM 3anncHBaeTCH B $opMe: 

x(t) + ey(t) + eO(e), 

r#e y(t) ecTB pemeirae CHCTCMH (18), B3HToe c HanajiBHHM 3Ha^eHneM y0. 
M H SyjjeM roBopHTB, HTO penieHne y(t) CHCTCMH (18) HBJIHCTCH 

nepenecenueM BeKijopa y0, 3a,o;aHHoro B HanajiBHon TOHKC XQ TpaeKTopnn 
x(t), B^OJIB Been TJpaeKTopHH. B TOM ate CMHCJie MOJKHO cna3aTB, HTO 

penieHne y(t) HBJiflfeTCH nepeHeceHHeM BeKTopa y(r), 3a,o;aHHoro B TOHKC 
X(T) TpaeKTOpHH 3$[t), BflOJIB BceË TpaeKTopHH. 

Hapn#y c KOHTpaBapnaHTHHM BeKTopoM y(t)9 HBJimonpiMeH penie-
HHeM CHCTeMH (1^), paCCMOTpHM KOBapHaHTHHH BeKTOp ljf(t)9 HBJIHK)-
H^HHCH penieHneM CHCTeMH (8). Henocpe^CTBeHHO npoBepneTCH, HTO 

|(#), m) = o, 
TaK HTO (ft{t), y{l)) = const. (19) 

ECJIH HCTOJiKOBHBaTB KOBapnaHTHHÔ BeKTop ijr(t) Kan HJIOCKOCTB, 
npoBe^eHHyio *iepe3 TOiKy x(t), TO MOJKHO CKa3aTB, HTO HJIOCKOCTB ^r(t) 
HBJineTCH nepenecenueM njiocKOCTH ^(r ) , 3ap;aHHOö B TO^Ke X(T) Tpaen-
TOpHH X(t)9 BflOJIB BCeË TpaeKTOpHH. 

Bapuaifueü yn^aBjiemiH (3) 6y ;̂eM Ha3HBaTB ynpaBJieHHe 

[7* = C7*(e,a) = (^*(0,£0^i + ae>^o)> 

3aBHCHHi;ee OT na#aMeTpa e H p;eËCTBHTejiBHoro HHCJia a, onpe^ejieHHoe 

ßJiH Bcex ^ocTaTotHO MajiHx nojioJKHTejiBHHX 3HaneHHH napaMeTpa e H 

y,o;oBJieTBopHH)nT;ee cjiepyiomeMy ycjiOBHio: PenieHne x*(t) ypaBHeHHH 

(6), eooTBeTCTByiolmee ynpaßjieHHio J7*, B TOHKC t = tx + ea MOJKCT 6HTB 

sanncano B BH«e j x(tl) + e~ô(U*) + eO(e), 

Tj\e 8(U*) He 3aBEtcHT OT e. 

f B ^ajiBHeËnieM CHMBOJi 0(e) HcnojiB3yeTCH KaK THiranecKoe o6o3Ha^eHHe 

#JIH BejiHHHH, CTpeMHiipixeH K HyJIK) BMecTe c e. 
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CeMeËCTBO A BapnauiHH o^Horo H Toro me ynpaBJieHHH (3) 6y,o;eM 
Ha3HBaTB donycrnuMWM, ecjin Hapn^y c nam^HMH ftByMH BapnaiiiHHMH 
Uîfa&i) H U$(e9oc2) B HeM HaË^eTCH npn JIIOôHX HeoTpnijaTejiBHHX yl9 

y2 TpeTBH BapnaniHH U*(e9y1a1 + y2oc2)9 yßOBJieTBopHiomaH ycjiOBHio 

*(V*) = 7ihUÎ) +yJ(U$). (20) 

CKOHCTpynpyeM TenepB cneipiaJiBHyio Bapnaipiio 

TJ*(e9a) = V(e9 oc9 r, <r, u*)9 

3aBHcnm;yio OT TOHKH T nojiynHTepBajia t0 < t < tx (npnqeM npn a < 0 
ftOJDKHO 6HTB r < ti), HeoTpni];aTejiBHoro nncjia <x H TOHKH U* npo-

CTpaHCTBa O. Bapnaipno V(e,a,T,cr,u*) onpe^eJiHM, 3a;a;aB $yHKii;Hio 
U*(t) COOTHOHieHHHMH 

ru(t) npn t0 ^t ^T — ecr, 

u* npn T — eo"<t^T, 
• 

u(t) npn T < t < tl9 

<u(t^) npn tx < t < t1 + ea (ecjin oc > 0). 

u*(t) = (21) 

tHerKO nocTpoHTB ftonycTHMoe eeMeËCTBO A, co;a;epîKain;ee Bce BapnaijHH 
Tnna (21). 9TO ceMencTBO A H 6y,o;eT nojiOHîeHO B ocHOBy ßajiBHeEnrax 
HOCTpOeHHH. 

K a n t o n BapnaDiHH £7* ji;onyeTHMoro ceMencTBa A cooTBeTCTByeT 
BeKTOp #(?7*), BHXOßHIipiE H3 TOHKH Xx. COBOKynHOCTB BCeX 9THX 

BeKTopoB 3anojiHneT BHnyKJiHË KOHyc (CM. (20)) II c BepniHHOH B 

TOTOe^. nycTB v = (-l,0,...,0) 

— BeKTop, BHXo^HmHË H3 TOTOH x± H H#ym;HË B HanpaBJieHHH OTpnn;a-
TejiBHOË OCH x° B npocTpaHCTBe S. ECJIH KOHyc II co^epîKHT KOHen; 
BeKTopa v B KanecTBe BHyTpemieË TOHKH, TO ynpaBJieHHe U ne HBJIHCTCH 

onTHMaJiBHHM. IlycTB, B caMOM ßejie, U* e A — Ta BapnaipiH ynpaBJie
HHH U, «JIH KOTOpOË g,jj^ = „ 

06o3HanaH *iepe3 xf TOHKy, B KOTopyio nepexojjHT TO*ma x0 npn ynpa-
BUUHE U*, nooiynaen ^ = ^ + e 0 + e O ( e ) > 

Pacn^enjiHH 9TO paBeHCTBO Ha CKajinpHoe JJJIH HyjieBOË KOop^imaTH H 
BeKTopHoe ßJiH ocTajiBHHx KOopjpraaT, nojiynaeM 

L(U*) = a}* = x\-e + eO(e) = L(U)-e + eO(e)9 

%* = x-L + eOfe). 



OPTIMAL PROCESSES OF REGULATION 189 

TaKHM o6pa30M, <f)yHKD;HOHaji yMeHBnieH Ha Bejnraray nopn^Ka e, a 
KOHeu; TpaeKTopHH OTJinnaeTCH OT HîejiaTejiBHoro Ha Bejnraray eO(e). 
YTOHHeHHe 9Toro nocTpoeHHH npHBOjpiT Hac K TaKOË BapnaipiH C7#€ A, 
ftjiH KOTopoË KOHeu; x\ TpaeKTopnn #* y^OBJieTBopneT TOiHOMy paBeH-
CTBy xf = x± — ev9 a 9TO npoTHBopennT npe^nojiomeHHio 06 OHTH-

MajiBHOCTH ynpaBJieHHH U. 
ÜTaK, npe^nojiaran, HTO ynpaBJieHHe U onTHMajiBHO, MH 6y#eM 

CHHTaTB B ftaJIBHeËHieM, HTO BeKTOp V He HBJIHeTCH BHyTpeHHHM ftJIH 
KOHyca II. Tan KaK KOHyc II BHnyKJiHË, TO ,O;JIH Hero cymecTByeT 
TaKan onopHan HJIOCKOCTB V, HTO caM KOHyc JICHîHT B O^HOM nojiy-
npocTpaHCTBe (3aMKHyT0M), onpe^ejineMOM 9TOë njiocKOCTBio, aBeKTop 
v—B ßpyroM. 06o3HanaH nepe3 }frx KOBapnaHTHHË BeKTop, COOTB6TCT-

ByiOmHË nJIOCKOCTH T, BHÔpaHHHË C HaßJieJKailJHM 3HaKOM, MH 

nonynaeM tfltâ(U*))*0 (P* £A), (22) 

(fi^)^O. (23) 

Ü3 HepaBeHCTBa (23) cpaay cneayeT HepaBeHCTBo 

^oi < 0. (24) 

06o3HaHHM nepe3 ^r(t) KOBapnaHTHHË BeKTop, nojiy^aionpiECH 
nepeHeceHneM BeKTopa ijrl9 3a,n;aHHoro B TOHKe%, B,O;OJIB BceËTpaeKTopHH 
x(t). ÏIoKanîeM, HTO BeKTop-$yHKn;HH ijr(t) H ecTB Ta, cymeeTBOBamie 
KOTopoË yTBep5K,o;aeTCH B TeopeMe 1. 

IlycTB V(e9 0, r, cr, u*) — npoH3BOJiBHaH eneipiajiBHaH BapnaipiH 
(CM. (21)) ceMeËCTBa A H x*(t) — eooTBeTCTByiom;ee eË penieHne ypaB
HeHHH (6). IIpOCTHe BHIHCJieHHH flaiOT 

2*(r) = Ä(T) + e[/(Ä(T),w*)-/(Ä(r),w(T))] + eO(e). 

OöosHa^HM *iepe3 y(t) BeKTop, nojiynaion^HËCH H3 BeKTopa 

y(r) = f(x(r)9 u*) -f(x(r), u(r))9 

3a,n;aHHoro B TO^me #(r), nyTeM nepeHOca B^OJIB TpaeKTopnn x(t). 

TorAa MH HMeeM „ * ( g = £ i + e ^ i ) + e 0 ( e ) . 

TaK KaK BeKTop y fa) npHHa^Jien^HT KOHycy II, TO B CHJiy HepaBeHCTBa 

(22) n o ^ a e M ( f r ,**«) < 0. 

B CHJiy (19) OTCiofla nojiynaeM 

(^(T),/(Ä(T),«*)-/(2(T),«(T))) < 0. 
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IlepenHCHBaH nocjie^Hee HepaBeHCTBo B o6o3HaneHHHx <$yHKu;HH K, 
nojiy^aeM HepaBeHCTBo 

K$(T)9 x(r), u(r)) > K($(T), X(T)9 U*)9 

9KBHBajieHTHoe paBeHCTBy (11). 
IlycTB TenepB U* = V(e,a,r,0,u*). PenieHne ypaBHeHHH (6), 

eooTBeTCTByiomee 9T0My ynpaBJieHHio Z7*, o6o3HaHHM nepe3 x*(t). 
M H HMeeM oneBHßHo 

x*fa + ae) = x1 + eô(U:il) + eO(e), 

rÄe 8(U*) = *f(xl9ufa)). 

TaK KaK BeKTop S(U*) npnHa,n;jieîKHT KOHycy II, TO, B CHJiy HepaBeHCTBa 

(22), no,yHaeM a^vf(xlMh))) < 0. 

BBHfliy Toro, HTO a ecTB npoH3BOJiBHoe ^eËCTBHTejiBHoe HHCJio, nocjiep;-
Hee HepaBeHCTBo BO3MO?KHO JIHIHB npn ycjiOBHH 

(ft1J(£1,u(t1))) = 09 

T.e. npn K(ffa)9xfa)9ufa)) = 0. (25) 

^OKaîKeM, HaKOHen;, HTO <f>yHKii;HH K(t) = K(ijr(t)9x(t)9u(t)) nepe-
MeHHoro t nocTOHHHa. IlycTB t0 < t2 < t3 < tl9 npnneM Ha nojiyHH-
TepBajie t2<t^tz $yHKn;HH u(t) HenpepHBHa. ÜOKameM, HTO Ha 9TOM 
nojiyHHTepBajie $yHKu;HH K(t) nocTOHHHa. BOSBMCM jspe npoH3BOJiBHHe 
TO^EKH T0 H TX nojiyHHTepBajia t2 < t < tz. B cnjiy (11) HMeeM 

K(^T(TQ), X(T0), U(TQ)) - K(ft(T0), X(TQ), U(T±)) ^ 0, 

-Ktfir^ X(TX)9 u ^ + Ktfr^ x(rx)9 u(rQ)) < 0. 

üpHÖaBJIHH K OÔeHM HaCTHM 9THX HepaBCHCTB pa3HOCTB K(TX) — K(TQ) , 
nojiyraM HepaBeHCTBa 

-K^ir^x^M^+K^iT^xir^Mro)) < ^ K ) - ^ ( T » ) 

< K(ft(Tl), x(7l), ü{Tl))-K{$(T0), x(r0), u{rx)). (26) 

$ajiee, TaK KaK $yHKn;HH K(ijjr(t)9x(t)9u(r)) nepeMemioro t Ha 
OTpe3Ke t2 < t < tz HenpepHBHa H HMeeT npoH3Bo;o;Hyio, paBHyio Hyjno B 
CHjiy (7), (8), TO KpaËHne HJICHH HepaBeHCTB (26) Hcne3aioT. TaKHM 
o6pa30M, K(TX) — K(TQ) = 0, T.e. K(t) = const Ha nojiyHHTepBajie 
t2 < t ^ t%. 

IlycTB TenepB r0 — Tourna pa3pHBa <|>yHKn;HH u(t) H T± > r0 — 
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6jiH3Kan K r 0 TOHKa. ECJIH K(T0) > K(rx), TO n p n ßOCTaTOHHO MaJiOM 

TX — T0 M H HMeeM 

HTO npoTHBope^HT paBeHCTBy (11). ECJIH me K(T0) < K(TX), TO n p n 

ftOCTaTOHHO MaJIOM TX — TQ M H HMeeM 

-£(îfao)>X(TQ),U(TX)) > K($(TQ),X(TQ),U(TQ))9 

HTO TaKÎKe npOTHBOpeHHT paBeHCTBy (11). TaKHM o6pa30M, 

K(r0) = K(r0 + 0). 

H3 ji;oKa3aHHoro BHTeKaeT (CM. (25)) enpaBe,n;jiHBOCTB paBeHCTBa (12) 

Ha BceM OTpe3Ke t0 < t < tXl neM, B nacTHocTH, p;oKa3aHO nepßoe H3 

cooTHonieHHË (10). B ï o p o e H3 cooTHonieHHË (10) ejiepyeT H3 Hepa

BeHCTBa (24) B CHJiy nepBoro ypaBHeHHH (9). 

ÜTaK, TeopeMa 1 nojiHocTBio ßOKasaHa. 

3aMeuauue K meopeMe 1. TeopeMa 1 ocTaeTCH cnpaBe^jiHBOË H B 

cjiynae, ecjin B KanecTBe ^onycTHMHx ynpaBJimoiipix ^yHKijHË u(t) 

paccMaTpHBaTB u3MepuMue orpararaeHHHe (^yHKipiH; n p n 9TOM paBeH-

CTBO (11) #jiH onTHMajiBHoro ynpaBjieHHH BHnoJiHneTCH no^TH Beiopy. 

4 . OnTHMaJiBHBie B cMBicjie ßBicTpo^eficTBHH jiHHeHHBie ynpaBJieHHH 

BamHHM JJJIH npnjiomeHHË H xoponio HJijnocTpnpyioiipiM oôiipie 

pe3yjiBTaTH npnMepoM HBJIHCTCH jiHHeËHan ynpaBjraeMan CHCTeMa 

dx^ n r 

_ _ = S afâ+ S b%uk (i = 1, ...,n), 

iTje ü = (u1, ...,ur) ecTB TOHKa BHnyKJioro 3aMKHyToro o rpamraemioro 

MHororpaHHHKa O, paenoJiOHteHHoro B JIHHCëHOM npocTpaHCTBe E c 

KOOpftHHaTaMH u1, ...,Ur. B BeKTOpHOM BHfte 9Ta CHCTeMa MOHîeT 6 H T B 

3anncaHa Tan: ?-
^ = Ax + m, (27) 

TReA — jiHHeËHHË onepaTop B npocTpaHCTBe B nepeMeHHHX x1, ...9x
n, 

a B—jiHHeËHHË onepaTop H3 npocTpaHCTBa E B npocTpaHCTBO B. 

M H 6yo;eM paccMaTpHBaTB 3,o;ecB TOJIBKO s a ^ a n y o MHHHMaJiH3aipiH 
rh 

c^yHKipioHajia at, T.e. 3a#any MHHHMajiH3an;HH BpeMeHH nepexo^a . 

J\SIR nojiy^eHHH HeKOTopnx pe3yjiBTaTOB xapaKTepa e^HHCTBeHHOCTH 

M H 6y,n;eM HajiaraTB Ha ynpaBJineMoe ypaBHemie (27) HHJKecJießyioHpie 

yCJIOBHH (A), (B), pOJIB KOTOpHX BHHCHHTCH B ,n;ajiBHeEnieM : 



a CHCTeMa (15) 

HJIH, 

3anHCHBaeTCH B BHße 

~dT~~ 

B BeKTOpHOË $OpMe, df _ 
dt ~ 

U = 

A*ijr. 
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(A) IlycTB w—HeKOTopnË BeKTop, HMeion̂ HË HanpaBJieHHe KaKoro-
JIH6O H3 peôep MHororpaHHHKa O; Tor^a BeKTop Bw He npHHajjJieîKHT 
HHKaKOMy HCTHHHOMy no,n;npocTpaHCTBy npocTpaHCTBa B9 HHBapnaHT-
HOMy OTHOCHTejiBHO onepaTopa J.; TaKHM o6pa30M, BeKTopn 

Bw9 ABw, ..., An~xBw (28) 

jiHHeËHO He3aBHCHMH B npocTpaHCTBe B BCHKHë pa3, Kor^a W eCTB 
BeKTop, HMeionpiË HanpaBJieHne o^Horo H3 peôep MHororpaHHHKa Q. 

(B) Ha^aJio KOopflHHaT npocTpaHCTBa E HBJIHCTCH BHyTpeHHeË 
TOHKOë MHororpaHHHKa O. 

OyHKijHH H(ïp9 x9 u) B HaineM cjiynae HMeeT BHJI; 

H = (f9Ax) + (f9Bu)9 (29) 

1, ...9n), 

(30) 

OneBHAHO, HTO $yHKn;HH H, paccMaTpHBaeMan KaK ^ymupra nepe-
MeHHoro û e Q, ßocTnraeT MaKCHMyMa oßHOBpeMemio c (^ymapieË 

(f,Bü). 

B COOTBeTCTBHH C 9THM o6o3Ha^HM *iepe3 P ( ^ ) MaKCHMyM $yHKipiH 
(\jf9Bu)9 paccMaTpHBaeMöE KaK $yHKn;HH nepeMemioro üeQ.. Ü3 
TeopeMH 2 cjie^yeT, TaKHM o6pa30M, HTO ecjin 

Ü = (ü(t)9t09tl9x0) 

ecTB onTHMajiBHoe ynpaBJieHHe ypaBHeHHH (27), TO cynjecTByeT Tanoe 
penieHne ifr(t) ypaBHeHHH (30), HTO 

(ï?(t)9Bû(t)) = P(f(t)). (31) 

TaK KaK ypaBHeHne (30) He co^epjKHT HeH3BecTHHX $yHKn;HË x(t) H 
ü(t)9 TO Bee penieHHH ypaBHeHHH (30) Jiemo MoryT 6HTB HaE^emi, H 
TeM caMHM no ycjiOBHio (31) jierKO MoryT 6HTB HaË#eHH H Bee OHTH-

MajiBHne ynpaBJieHHH u(t) ypaBHeHHH (27). Bonpoc o TOM, HacKOJiBKO 
o^H03HaHHO ycjiOBHe (31) onpe^ejineT ynpaBJieHHe u(t) nepe3 $yHKijHio 
^r(t)9 peniaeTCH HHJKecjiefl;yion];eË TeopeMOË: 

TeopeMa 3. ECJIU eunojmeuo ycdoeue (A), mo npu sadannoM mrnpu-
euajibHOM pemenuu i/r(t) ypaenenua (30) coontHomenue (31) oduoduanno 
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onpedejinem ynpaeMioiqyio ^ynnv^mo u(t); npu dmoM onadbieaemcn,, nmo 
cßyHKvifUH ü(t) nycoHHO nocmosmna u ee 3HaneuusiMU aejimomca Jiuwb 
eepwumi MHoeoapauHUKa O. 

/foKa3ameAbcmeo. TaK KaK $yHKu;HH 

m),Bü), (32) 

paccMaTpHBaeMan KaK $yHKu;HH BeKTopa ü, jiHHeËHa, TO OHa JIHöO 
nocTOHHHa, JIHöO AOCTHraeT CBoero MaKCHMyMa Ha rpamnje MHoro
rpaHHHKa Q. 9TO me cooSpaaîeHHe npHMeHHMo H K KajßßoE rpaHH 
MHororpaHHHKa Q. TaKHM o6pa30M, JIH6O $yHKu;Hfl (32) ßoeTHraeT 
CBoero MaKCHMyMa JinniB B O^HOë BepniHHe MHororpaHHHKa Q>9 JIHöO 

2Ke ̂ ocTHraeT ero Ha n;ejioË rpaHH MHororpaHHHKa O. IIoKaîKeM, HTO B 
CHJiy ycjiOBHH (A) nocjie^Hee BO3MOH?HO JIHHIB JJJIH KOHe^Horo HHCJia 
3HaneHHË t. J^onycTHM, ^TO $yHKu;HH (32) ji;ocTHraeT CBoero MaKCHMyMa 
(H, cjie,o;oBaTejiBHo, nocTOHHHa) Ha HeKOTopoË rpaHH F MHororpaHHHKa 
Q. IlycTB w — BeKTop, HMeiomHË HanpaBJieHHe HeKOToporo pe6pa 
rpaHH T. B CHJiy nocTOHHCTBa $yHKu;HH (32) Ha rpaHH T HMeeM 

(f(t),Bw) = 0. 

ECJIH 6 H 9TO cooTHonieHne HMCJIO MecTO RJIH SecKOHenHoro MHomecTBa 
SHaneHHË nepeMeHHoro t9 TO OHO BHHOJIHHJIOCB 6 H TOJKßecTBemio no t H, 

PiH$(|>epeHn;HpyH ero nocJie^OBaTejiBHO no t, MH nojiynnjin 6 H 

(f(t),Bw) = 0, 

(A*f(t), Bw) = (ft(t), ABw) = 0, 

(A*hjr(t),Bw) = (tf(t),A2Bw) = 0, • (33) 

(A^-^t^Bw) = (ilr(t),An-1Bw) = 0,t 

a TaK KaK B CHJiy ycjiOBHH (A) BeKTopn (28) o6pa3yioT 6a3nc npocTpaH
CTBa B, TO H3 cooTHonieHHË (33) cjießOBaJio 6 H i/r(t) = 0, HTO npoTHBO-
peiHT npe,o;nojioîKeHHio o HeTpHBnaJiBHOCTH penieHHH i/r(t). 

5. TeopeMBi ê HHCTBeHHOCTH pjifl JiHHeËHBix ynpaBJieHHË 

PeniHM ypaBHeHHe (27) KaK Heo#Hopo#Hoe MCTO^OM BapnaijHH 
nOCTOHHHHX. ^JIH 9Toro o6o3HaiHM nepe3 

^yHffaMeHTajiBHyio CHCTeMy penieHHË o^Hopo^Horo ypaBHeHHH 

dx 
dt ^ Ax> 

13 
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yaoBJieTBopmonjyio HanajiBHHM ycjiOBHHM $j(t0) = dj, a nepe3 

J\t)9 ..., fn(t) 
— (̂ yHßaMeHTaJiBHyio CHCTeMy penieHHË oßHopoßHoro ypaBHeHHH (30), 
yßOBJieTBopniomyio Ha^ajiBHHM ir{(tQ) = 8{. Ey#eM HCKaTB oönjee 
penieHne ypaBHeHHH (27) B BH^e 

rio^CTaBJiHH 9TO penieHne B ypaBHeHne (27), nojiy^HM 

îut)^ï=mt). 
yMHOHîan nocjie^Hee cooTHOineHne cKajinpHO Ha fé is. y r a r aßan , HTO 

ffi(*)M)) = 8h nojiynaeM 

dc*(t) 
dt 

= (^(t)9Bû(t)). (35) 

TaKHM o6pa30M, penieHne ypaBHeHHH (27) npn HPOHSBOJIBHOM ynpaB-
jieHHH U = (û(t)9tQ9tl9xQ) 3anncHBaeTCH B BHjje 

m = £ ut) (xi + P mt)9 Bum dt). (36) 

TeopeMa 4. flonycmuM, nmo ypaenenue (27) ydoejiemeopaem ycjioeuio 
( ), u nycmb ^ = ^ ^ ^ ^ _ ^ ^ = ^ ^ ^ ^ _^ 

— 9<?a onmuMcuibHux ynpaejienua ypaenenua (27), nepeeodmjque monny 
XQ e oduy u my wee monny xx; moeda dmu ynpaejienun coenadawm 

h = h> %W = ü2(t). 

floKa3amejibcmeo. TaK KaK o6a ynpaBJieHHH Z7X H U2 onTHMajiBHH, TO 
tx = t29 H6O ecjiH 6 H 6HJIO, HanpHMep, tx < t29 TO ynpaBJieHHe U2 ne 
ÔHJIO OH OnTHMaJIBHHM. M H HMeeM, TaKHM o6pa30M, paBeHCTBO 

% = S ft(*i) (*o +' T $*(*), Bü±(t)) dt) 

TaK KaK BeKTopn fòfa), ...9$
nfa) jiHHeËHO He3aBHCHMH, TO H3 nocjieß-

Hero paßeHCTBa cjie#yeT 

^(^(tlBüMdt = [h(^(t),Bü2(t))dt (i = 1, ...,n). (37) 



OPTIMAL PROCESSES OF REGULATION 195 

OnTHMajiBHOMy ynpaBJiemno Ux B CHJiy TeopeMH 3 cooTBeTCTByeT 
BeKTop-$yHKD;HH i/r(t)9 HBJimomaHCH pemeHHeM ypaBHeHHH (30). 
HanajiBHoe 3HaneHHe 9TOë $yHKn;HH npn t = t0 o6o3Ha^HM iepe3 

Tor^a penieHne i/r(t) MOHîHO sanncaTB B BH#e 

n 

W) = 2fM$*(t). (38) 

yMHOJKaH cooTHoraeHHe (37) Ha fri0 H cyMMapya no i, nojiyiaeM 

P (f(t), BUM dt = P ff(t), BUS)) dt- (39) 
J to Jt0 

B CHJiy TeopeMH 3 ^yHKî HH ux(t) y^OBJieTBopneT ycjiOBHio 

m)9BuM=-pm)) 
H onpe^ejineTCH 9THM ycjiOBneM oßHOSHarao. ECJIH 6 H $yHKii;HH ü2(t) 
He coBna,p;ajia c (JyHKipieË üx(t)9 TO OHa He y^oBJieTBopnjia 6 H ycjiOBHio 

(ï?(t)9Bû2(t))^P(f(t))9 

H noTOMy ŷHKDjHH (i/r(t),Bü2(t))9 mivpß He npeBoexo^n $yHKii;HH 
(i/r(t)9Büx(t))9 na. HeKOTopoM HHTepBajie ÔHJia 6 H MeHBine ee. TaKHM 
o6pa30M, ecjiH Ha 0Tpe3Ke t0 ^ £ < tx He HMeeT MecTa TOJK^CCTBO 

Üx(t) = U2(t)9 TO paBeHCTBO (39) HeB03MO?KHO. 
HïaK, TeopeMa 4 ,n;oKa3aHa. 
By^eM Ha3HBaTB ynpaBJieHHe 

U = (Ü(t)9 t0, tv XQ) 

dKcmpeMajibHUM, ecjin OHO y^OBJieTBopneT ycjiOBHio (31), rjje ifr(t) — 
HeKOTopoe HeTpHBHaJiBHoe penieHne ypaBHeHHH (30). 

^ J I H HaxoHî̂ eHHH Bcex onTHMajiBHHx ynpaBJieHHË, nepeBOftHnpix 
TOHKy xQ B TOHKy xx, MOîKHO HaËTH cnepsa Bee 9KCTpeMaJiBHHe ynpa-
BJieHHH, nepeBOßHiipie Toray X0 B TO^KJ xl9 a 3aTeM BHÖpaTB H3 HX 

HHCJia TO e^HHCTBeHHoe, KOTopoe ocymecTBjiHeT 9TOT nepexojj B 
KpaTHaËinee BpeMH. Bo3HHKaeT Bonpoc, MOHîCT JIH cymecTBOBaTB 
HecKOJiBKo 9KCTpeMajiBHHx ynpaBJieHHË, nepeBOftHiipix TO^Ky x0 B 
TOHKy xxi Boo6nje roBopn, HX MOJKCT cynjecTBOBaTB HCCKOJIBKO. 

Hnmecjie^yiomaH TeopeMa yKa3HBaeT BasKHHË cjiynaË ê HHCTBeHHOCTH. 
TeopeMa 5. flonycmuM, nmo ypaeuenue (21)ydoejiemeopHem ycjioeuHM 

(A) u (B), u nycmb 

JJX = (ÜX(t), t0, tX, XQ), U2 = (Ü2(t), tQ9 t29 XQ) 

I3-2 
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— dea dKcmpeMcuibHUx ynpaejieuua, nepeeodaiqux monny xQ e naucuio 

Koopdunam xx = 0 npocmpancmea B; moeda ynpaejienun Ux u U2 

coenadaiom . _ ,.x _ ./JA • 
h = h> U\V) = US)-

ffoKa3amejibcmeo. Ilo npeanojiomeHHio, MH HMeeM paBeHCTBa 

S Uh) (4 + T $<(*), Bûx(t)) dt) = 0,' 
>-

î$i(h) (4+ f(^*(*),-BS,(0)*) = 0. 

(40) 

TaK KaK BeKTopn (34) JIHHCëHO He3aBHCHMH n p n JIIO6OM t9 TO H 3 

paBeHCTB (40) cjie,p;yeT paBeHCTBO 

- 4 = f* (TO> ̂ i(O) * = f' (TO, 5^(0) *• (41) 
Jto Jto 

^onycTHM ßjra onpe^ejieHHOCTH, HTO tx > t29 H nycTB ijr(t) — TO penieHne 
ypaBHeHHH (30), ^JIH KOToporo HMeeT MecTO TOJK êcTBo 

(f(t)9Büx(t)) = P(f(t))9 

onpeßejiHiomee $yHKipiio ûx(t). KaK H npn A0Ka3aTejiBCTBe TeopeMH 4, 
$yHKipiio i/r(t) 3anHineM B BH,o;e (38). yMHOîKHM cooTHOineHne (41) Ha 
tfri0 H npocyMMHpyeM no i. M H nojiy^HM 

f1 (f(t)9 Bûx(t)) dt = P" (f(t)9 Bû2(t)) dt. 
J tu J to 

3aMeTHM TenepB, HTO H3 ycjiOBHH (B) cjie^yeT 

P(fi(t))>0. (42) 

B caMOM ßejie, TaK KaK HO JIB HBJIHCTCH BHyTpeHHeË TOHKOë BHnyKJioro 

Tejia O, TO $yHKn;HH (i/r(t)9Bü)9 KaK ^ y m o p m nepeMeHHoro u9 JIH6O 

TOHÎfleCTBeHHO paBHa HyJIIO, J IH60 MOHîeT npHHHMaTB KaK OTpHDiaTeJIB-

HHe, TaK H nOJIOJKHTeJIBHHe SHa^eHHH. 

B CHJiy (42) M H HMeeM HepaBeHCTBo 

Ç\(ï?(t)9Bûx(t))dt^ [h(f(t)9Bü2(t))dt. 
J to J to 

ÜTCiofta TaK me, KaK H npn ji;oKa3aTejiBCTBe TeopeMH 4, nojiy^aeM 

ûx(t) = ïï2(t) npn t0 < t < t2. 
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,Hajiee, TaK KaK paBeHCTBO P(ijr(t)) = 0 MOJKCT HMCTB MCCTO TOJIBKO JJJIH 

OT^eJIBHHX 3Ha^eHHË t, TO flOJIHÎHO 6 H T B tx = t2. 

HïaK, TeopeMa 5 #0Ka3aHa. 

6 . CynjecTBOBaHHe onTHMajiBHBix ynpaBaeHHË ftjra JiimeiiiiBix CHCTCM 

TeopeMa 6. ECJIU cyw^ecmeyem xomsi 6u odno ynpaejienue ypaenenux 

(27), nepeeodauçee monny xQ e monny xx, mo cyiqecmeyem u onmuMOJibnoe 

ynpaejienue ypaenenua (27), nepeeodauçee monny xQ e monny xx. 

JJona3amejibcmeo. CoBOKynHOCTB Bcex ynpaBJieHHË Bn;n;a 

U=(u(t),0,t,x0), (43) 

nepeBOfljHiqHx TO*my x0 B TOHKy xx, o6o3HanHM nepe3 A^o ^ . KamftOMy 

ynpaBJieHHH) (43) cooTBeTCTByeT BpeMH nepexo,o;a t. HHJKHIOIO rpaHB 

Bcex TaKHX BpeMeH n p n U e A^o ^ o6o3HanHM nepe3 t* H #OKa?KeM, HTO 

cyiinecTByeT ynpaBJieHHe Ï7* = (i£*(£),0,£*,ir0), nepeBO^Hiuiee TOHKy xQ 

B TOHKy xx. 

BnöepeM H3 MHOJKecTBa A^o ^ oecKOHerayio nocjie^OBaTejiBHOCTB 

ynpaBJieHHft Uk = mW^0) (4-1,2,. . .) . 
#JIH KOTOpOË HMeeT MeCTO paBeHCTBO 

l i m ^ = £*. 

OneBH^HO, HMeeT MCCTO paBeHCTBO 

lim £ fa(t*) U + r (f*(t)9 Bük(t)) dt) = xx. (44) 

PaCCMOTpHM THJIBÖepTOBO npOCTpaHCTBO L2WCeX H3MepHMHX $yHKI^HË 

c HHTerpnpyeMHM KBajjpaTOM, 3a;a;aHHHx Ha OTpe3Ke 0 < t < t*. 

YnpaBJieHHe ük(t) ecTB BeKTop-<J>yHKipïH; i-io KOop,n;HHaTy 9 T O ë $yHKn;HH 

o6o3HanHM nepe3 u\,(t). <DyHKo;HH u%(t), paccMaTpHBaeMan Ha OTpe3Ke 

0 < t < t*, npHHafljieHîHT npocTpaHCTBy L2. CoBOKynHOCTB Bcex 

$yHKDiHË u%(t), h = 1 ,2, . . . , OHeBH^HO npHHa,o;jie2KHT HeKOTopoMy inapy 

npocTpaHCTBa L2, H noTOMy H3 Hee MOHîHO BHÖpaTB cjia6o cxo,a;HinyiocH 

no,o;nocjieji;oBaTejiBHocTB. M H 6y^eM npocTO c^HTaTB, HTO caMa 

nocjieffOBaTejiBHOCTB 
u\(t), u&t), ..., u\(t), . . . (45) 

CJia6o CXOßHTCH K HeKOTOpOË $yHKIi;HH ul(t), i = 1, ...,r. 

^OKaHîeM, HTO BeKTOp-$yHKIi;HH 

ü*(t) = (ui(t),...,ur(t)) 
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noHTH ftJiH Bcex 3Ha^eHHË t yp;oBJieTBopHeT ycjiOBHio 

ü*(t)e£l. 

IlycTB r 
b(ü) = S &,«* = 6 

î = l 

— ypaBHeHne rnnepnjiocKocTH, HeeymeË o^Hy HS (r— l)-MepHHX 

rpaHeË MHoropamnma O, npnneM MHororpaHHHK O pacnojioîKeH B 

nojiynpocTpaHCTBe b(û)^b. 

IlycTB m—MHomecTBO Bcex SHaneHHË t OTpe3Ka [0,£*], JçJIH KOTopnx 
b(û*(t)) > b, H v(t) — xapaKTepHCTHHecKan $yHKn;HH MHomecTBa m: 
M H HMeeM Tor^a 

lim f vfa[b(ü*(t))-b(ük(t))]dt = 0, 
k-><x> J 0 

B CHJiy cjia6oË CXO^HMOCTH nocjiejjOBaTejiBHOCTeE (45), H TaK KaK 
b(u*(t)) — b(uk(t)) > 0 Ha MHOHîecTBe m, TO mes(m) = 0. 

TaKHM 06pa30M, H3MeHHH BeKTOp-$yHKO;HH) ÏÏ*(t) Ha MHOîKeCTBe 
MepH HyJIB, MH nOJiyHHM HOByK) $yHKUiHIO, KOTOpyH) CHOBa 0603HaHHM 
nepe3 û*(t)9 yftOBJieTBopmomyio ycjiOBHH) ïï*(t) € 0 , 0 < t < t*. 

Ü3 cooTHonieHHH (44) B CHJiy cjia6oË CXO^HMOCTH nocJie^oBaTejiB-
HOCTeË (45) cjiefliyeT 

J ^ * ) (x\ + ̂ y(\t)9Bü^(t))dt) = xx. 

TaKHM 06pa30M, Î7* = (Û*(t), 0, t*9 X0) HBJIHeTCfl H3MepHMHM OnTH-
MajiBHHM ynpaBJieHHeM, nepeBOftHnpiM TO*my x0 B TOHKy xx. 

B CHJiy 3aMenaHHH K TeopeMe 1, HSMCHHH ynpaBJieHHe u*(t) Ha 
MHOHîecTBe Mepn HyjiB, MH MOHîeM npeBpaTHTB ero B ynpaBJieHHe, 
y,o;oBJieTBopHK)iD;ee npHHijHny MaKCHMyMa, T.e. B HanieM cjiynae — 

y « * (?(t),Bü*(t)) = P(f(t)). 

Et3 9Toro ycjiOBHH, o^eBHßHO, BHTeKaeT KycoHHan HenpepHBHOCTB 
$yHKÎ HH ÏÏ*(t). 

HïaK, TeopeMa 6 #OKa3aHa. 
TeopeMa 7. ECJIU ypaenenue (27) ydoejiemeopnem ycjioeuHM (A) u (B) 

u onepamop A ycmounue, m.e. ece ezo coócmeennue 3nanenusi UMeiom 
ompui^amejibHue deücmeumejibnue nacmu, mo djin nawcdou monnu x0e B 
cyiqecmeyem onmuMcuibnoe ynpaejienue, nepeeodauçee dmy monny e 
nanajio noopdunam 0 € B. 
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JIìona3amejibcmeo. ^OKaîKeM npeHme Beerò, HTO cynjecTByeT OKpecT-
HOCTB V TOHKH 0 B J?, Ka?K#aH TOTOa XQ KOTOpOË MOHîeT 6HTB npH 
noMonp: HeKOToporo ynpaBJieHHH nepeBe^eHa B 0. 

BnôepeM B O TSIKOE BeKTop v, HTOöH BeKTop — v npHHa^Jiemaji £2 H 

HTO6H BeKTop h — Ti

ne npHHa;o;jie?Kaji HH K KaKOMy HCTHHHOMy nojjnpocTpaHCTBy npo
cTpaHCTBa B9 HHBapnaHTHOMy OTHOCHTCJIBHO onepaTopa A. B CHJiy 
ycjiOBHË (A) H (B) TaKOË BeKTop v cymecTByeT. Ilpn ßocTaTOHHo 
MajiOM nojioîKHTejiBHOM e onepaTopn A H e~eA HMCIOT coBna^aiomHe 
HHBapnaHTHHe no^npocTpaHCTBa, H noTOMy BeKTopn 

e~eAb, e~2eAb9 ..., e~neAb 

JIHHeËHO He3aBHCHMH. 
IlycTB x(t)—npoH3BOjiBHan fteËeTBHTeJiBHan ̂ ymopra, onpejüejieH-

Han Ha HeKOTopoM 0Tpe3Ke O ^ K ^ H H e npeBocxoftHmaH no MOUJIK) 
e f l HH^M;Tor f la u = mWl,xo) 

ecTB ynpaBJieHHe ypaBHeHHH (27) H ynpaBJieHHe 9TO nepeBOjpiT TOHKy 
XQ B TOHKy (CM. (36)) , ch v 

xx = ehAIXQ+\ e~tAbx{t)dt\. (46) 

BnöepeM TenepB $yHKijHio %(£) 3aBHcnm;eË OT napaMeTpoB £1
9...,l;

n 

TaKHM o6pa30M, HTO6H TOHKa (46) — o6o3HaHHM ee *iepe3 xx(xQ; g1,..., £n) 
—y,o;oBJieTBopHJia cjie^yiomHM ycjiOBHHM: 

^ ( 0 ; 0 , . . . , 0 ) = 0, 

a $yHKD;HOHaJiBHHË onpe,o;ejiHTejiB 

d(x\,...,xl)\ 
Sfé1, . . . ,ên) U=o,^=o,%..,i»=o 

OTJIH îeH OT HyJIH. IIoCTpOHB TaKyiO $yHKÎ HIO X(t)> M H AOKaîKeM, HTO 
ypaBHeHHe xx(xQ; g1,..., gw) = 0 pa3peniHM0 OTHOCHTCJIBHO g1,..., £W 

JJJIH Bcex 3Ha^eHHË XQ, npHHaßJiemamHX HeKOTopoË OKpecTHOCTH V 
Haïajia 0. 

Onpe^ejiHM npemße Beerò $yHKii;Hio cr(£,T,i;) nepeMeHHoro t, 
0^t^tx, T%e 0<T<tx, a g—napaMeTp. OyHKijnn <r(£,r,£), KaK 
$yHKDiHH nepeMeHHoro t, paBHa Hyjno Bcio#y BHe HHTepBajia [r,7 + £], 
a Ha 9TOM HHTepBajie OHa paBHa sign g. IïOJIOJKHM TenepB 

X(t) = îcr(t9Jc69ÇK). 
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ÏIpoeTHe BHHHCJieHHH noKa3HBaiOT, HTO TOHKa XX(XQ'9 g1, ...,£,n) n p n 

9T0M BHÔOpe $yHKU;HH X(t) y^OBJieTBOpHeT BHCKa3aHHHM yCJIOBHHM. 

IlycTB TenepB x0—npoH3BOJiBHan Tourna npocTpaHCTBa B. IlycTB 

OHa cnepBa ^BnraeTCH n p n ynpaBJieHHH û(t) = 0. TaK KaK Bce CO6CT-

BeHHHe 3HaneHHH onepaTopa A HMCIOT OTpnn;aTejiBHHe ;a;eËCTBHTejiBHHe 

nacTH, TO no HCTeneHHH HeKOToporo BpeMeHH TOHKa npn,n;eT B OKpecT-

HOCTB V, nocjie nero ee, no p;oKa3aHHOMy, MOîKHO nepeBecTH B Haïajio 

KOop^HHaT. OTCioßa, B CHJiy TeopeMH 6, BHTeKaeT cynjecTBOBaHHe 

onmuMOJibno3o ynpaBJieHHH, nepeBOßnmero TOHKy x0 B Hanajio. 

ÜTaK, TeopeMa 7 ßOKasaHa. 

7 . C H H T 6 3 JiHHeËHoro oHTHMaaBHoro ynpaßaeHHH 

3a^aHa cunme3upoeanua onTHMajiBHoro ynpaBJieHHH HMeeT CMHCJI 

Rsrn npoH3BOJiBHOË ynpaBJiHeMOË CHCTeMH (1), o^HaKO 3,o;eeB H 6y^y 

TpaKTOBaTB ee TOJIBKO JJJIH J IHHCëHOë ynpaBJiHeMOË CHCTCMH (27), 

yflOBJieTBopmomeË ycjiOBHHM (A) H (B), c ycTOËHHBHM onepaTopoM A. 

^JIH TaKOË CHCTeMH HMdOT MeCTO TeopeMH CymeCTBOBaHHH H eftHHCT-

BeHHOCTH (TeopeMH 7 H 5), 6jiaro;a;apH neMy s a t a n a CHHTe3a HBJIHCTCH B 

npHHipine peineHHOË. IIpHBOAHMHe 3ji;ecB cooopaHtemra ;a;aiOT KOH-

CTpyKTHBHHË MeTOff pemeHHH sdij^dmrn. OcynjecTBJieHHe 9Toro MeTOjja B 

KaîKflOM KOHKpeTHOM ejiynae Tpe6yeT, o,o;HaKO, p n ^ a nocTpoeHHË. 

CnHTe3HpoBaHHe onTHMajiBHoro ynpaBJieHHH J IHHCëHOë CHCTCMH (27) 

coBepineHHO BpyrHM MCTOROM 6HJIO ocynjecTBjieHO 30 CHX nop JIHUIB 

#JIH cjiynan o#Horo ynpaBJimonjero napaMeTpa (T.e. n p n r = 1) 

<DejiB;o;6ayMOM[63 n p n ReËCTBHTeJiBHHx Kopmix onepaTopa A H Bynioy [ 7 ] 

fljiH cj iyqan, Kor#a n = 2, a co6cTBeHHHe 3HaneHHfl onepaTopa A 

KOMnJieKCHH. 

By^eM CHHTaTB, HTO ypaBHeHne (27) y^OBJieTBopneT ycjiOBHHM (A) H 

(B) H HMeeT ycTOËHHBHË onepaTop A. Tor,o;a ;O;JIH Kam^oË TOHKH XQ e B 

cymecTByeT (H npnTOM TOJIBKO ojmo) onTHMajiBHoe ynpaBJieHHe 

Uï0 = (ua0(t)9tQ9tl9x0)9 (47) 

nepeBOßHiijee TO^Ky x0 B Hanajio KOopjpmaT 0 eB. E^HHCTBCHHOCTB 

HMeeT MecTO KOHCHHO C TOHHOCTBIO AO CABnra BpeMeHH (CM. 3aMenaHHe 2 

K HOCTaHOBKe 3aaaHH). BeJIHHHHa Ü^Q(tQ) 3aBHCHT, TaKHM o6pa30M, 

TOJIBKO OT TOHKH xQ9 a He OT cjiynaËHO BHÔpaHHoro Hanajia OTcneTa 

BpeMeHH tQ9 H noTOMy MOîKHO HOJIOîKHTB 

V(XQ) = %(*o)-

IlycTB x(t) — penieHne ypaBHeHHH (27), cooTBeTCTByionjee ynpaBJieHHH) 
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(47); Tor,o;a C^(T) = (u^o(t), r, tl9 x(r)) (CM. 3aMenaHHe 1 K nocTaHOBKe 
aaaaHH), H noTOMy ^ = _ ( _ ( T ) ) > 

TaKHM o6pa30M, * 

H MH BHflHM, HTO peiHCHHe ypaBHeHHH 

-£ = Ax + Bv(x) (48) 

C HpOH3BOJIBHHM HaHaJIBHHM yCJIOBHCM x(tQ) = XQ JS&eT 3aKOH OnTH-
MaJIBHOrO B̂HJKeHHH TOHKH XQ B HaTOJIO KOOpftHHaT. B 9T0M CMHCJie 
ŷHKDjHH v(x) cunme3upyem OHTHMajiBHoe ynpaBJieHHe, nepeBO^Hiniee 

jnoöyio TOHKy x0 B Hanajio. 
^ajpiM TenepB MeTOß nocTpoeHHH <J>yHKii;HH v(x). IlycTB ijr(t) — TO 

penieHne ypaBHeHHH (30), KOTopoe B cnjiy TeopeMH 2 cooTBeTCTByeT 
ynpaBJieHHio (47), TaK HTO _ 

a $yHKijHH ü^(t) onpeflejiHeTCH H3 ypaBHeHHH 

(f(t),m-Jt)) = P(f(t)). (50) 

IlycTB, ^ajiee, x(t)—penieHne ypaBHeHHH (27), y^oBjieTBopmomee 
nawBHOMy yc^OBHH, m = _o ( 5 1 ) 

H KOHeHHOMy yCJIOBHH) xfa) = 0, (52) 

TaK HTO ^ = Ax(t) + Bu^(t). (53) 

Tor#a $yHKî HH v(x) y^OBJieTBopneT ycjiOBHio 

(f(t0),Bv(x(t0))) = P(f(t0)). (54) 

H3 TeopeM cynjecTBOBaHHH H C^HHCTBCHHOCTH cjiepyeT, HTO cymecTByeT, 
H npHTOM TOJIBKO o,o;Ha (c TOHHOCTBK) RO cpjBHra BpeMeHH), napa 
^yHKî HË u^o(t),x(t), 3aaaHHHx Ha 0Tpe3Ke 10 < t < tx H yßOBJieTBO-
pnioiipix ycjiOBHHM (49)-(53). BßH^y BO3MOHîHOCTH c^Bnra BpeMeHH, 
HHCJia tQ H tx 9THMH yCJIOBHHMH He OHpe#eJieHH OflHOBHaHHO, a HHCJIO 
tx — tQ onpe^ejieHO. 

CoBepnieHHO He HCHO, KaK HCKaTB $yHKipiH u^o(t),x(t), yjjOBJie-
TBopmonpie BceM ycjiOBHHM (49)-(53), HO JierKO HaËTH Bee <f>yHKu;HH 
ü^9(t),x(t), y.q.OBJieTBopHroiipie JIHIUB ycjiOBHHM (49), (50), (52), (53). 



202 L. S. PONTRYAGIN 

fljiH 9Toro nocTynHM cjie^yromHM o6pa30M: BBHpy BO3MOîKHOCTH 

npoH3BOJiBHoro cpiBHra BpeMeHH, 3a$HKcnpyeM HHCJIO tx, nojiOHîHB 
tx = 0. IlyCTB TenepB X — npOH3BOJIBHHË KOBapnaHTHHË BeKTOp, 
OTJIHHHHë OT HyjiH, H ijr(t9 x)—peniemie ypaBHeHHH (49), ySOBJieTBO-
pHionjee HanaJiBHOMy ycjiOBHio 

¥(Q>x) = x 

H onpeftejiemioe npn t ^ 0. OnpeßejiHM, p;ajiee, $yHKn;HK) ü(t,x) H3 

ycnoBHH {f{t,x)>Bü{t,x)) = Pm,X)) (*<0), 

H (JyHKipiH) x(t9 x) H3 ypaBHeHHH 

^Mï = Ax(t,x)+Bû(t,x). 

CorjiacHO CKa3aHHOMy BHine, «lyHKipra v(x) onpe^ejiHTCH cooTHoineHneM 

(f{t, X), Bv(x(t, x))) = P(f(t, X))- (55) 

Ü3 TeopeMH cymecTBOBaHHH (TeopeMa 7) cjie^yeT, ÊTO TOHKa x(t,x) 
onncHBaeT Bce npocTpaHCTBO B9 Korjja t npoöeraeT OTpnijaTejiBHHe 
3HaHeHHH, a BeKTOp X MeHHeTCH npOH3BOJIBHO. TaKHM o6pa30M, 
cooTHonieHHe (55) onpe^ejineT 3HaneHHe $yHKn;HH v(x) RJIH. npon3BOJiB-
HOë TOHKH x npocTpaHCTBa B. 
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