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Non-Standard Characteristics in
Asymptotical Problems

Introduction: Examples of non-standard characteristics. General problems

1. An example of the Klein~-Gordon equation. If we asked a physicist

what Hamilton—-Jacobi equation naturally corresponds to the Klein—
Gordon equation

o*u o*u
2 Y Yl 2ty = 0.1
pr ham2+mou 0 (0.1)
(m, o, h are physical constants), he would write of course the Hamilton-
Jacobi equation
o8 \? o8 \*
— ) — =) —m2e* = 0.2
( 6t) (am) me 0 (02)

describing the free motion of a relativistic particle. But the mathematician
specializing in hyperbolic equations would write another Hamilton—Ja-

cobi equation,
oD\* [0\ '
— ) — =) =o0. 0.3
(&) (%) 0

This equation is a characteristic equation in a standard mathematical
sense. Who is right?

The answer is: both the physicist and the mathematician are wrong
or, to say it more politely, both of them are right. The nature of the dis-
agreement is easy to see. The physicist is looking for the semi-classical
asymptotics of the solution of the Klein—Gordon equation with respect
to the parameter /. He sets this parameter to be small.

The mathematician is looking for the asymptotics with respect to
“smoothness”. Namely, he looks for example for the solution of a problem
with singular initial data modulo differentiable functions.

[139]
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To obtain the characteristic equation (0.3) the mathematician substi-
tutes in the Klein—Gordon equation a solution of the form

0(B)po+BO(B)gy+ ..., (0.3.1)

where 0 is the Heaviside function, @ € 0, ¢; € (°. Then he puts the
coefficient by the main singularity equal to zero.

The physicist obtains the Hamilton-Jacobi equation corresponding
to the free motion of a relativistic particle by substituting in the Klein—
QGordon equation the function gexp(iS/h) (8 € 0®, ¢ €Cy’). Then he
puts the coefficient by the main term in the resulting polynomial in &
equal to zero.

The problem. of constructing the semi-classical asymptotics can easily
be reduced to the problem of constructing the asymptotics with respect
‘to smoothness. Namely, consider the solution of the Klein—Gordon equa-
tion as a funetion of one more variable. This variable is our small par-
ameter h. Further, it is convenient to introduce 4 = 1/h. Evidently, the
asymptotical expansion of the solution #(x, ¢, 1) of the Klein—Gordon equa-
tion is equivalent to the expansion with respect to smoothness of the func-
tion v (@, ¢, &), which is the Fourier transform with respect to 1 of the func-
tion wu(»,t,1). And we see, the function #(z,?, &) satisfies the hyper-
bolic equation

0% %0 g 4 020

=0. (0.4)

ot? O? &2

Indeed, by setting
v(@, 1, &) = (2n)7* [eHu(w, 1, 1)dA

and passing to the Fourier transform in (0.1), we obtain equation (0.4).
Note that ¢ in (0.1) and (0.4) may be a smooth function in .

We search for the parametrix (0.4), i.e., the asymptotic expansion
with respect to the smoothness of the solution of equation (0.4) with
initial data

oz

Vjmo =0, o
t=0

= 0(z—y)0(&—n),
in the form .
feﬂpw(m’e’"’m’t)(‘l’o(w; &y, 0, 1) +1p| " pa(wy &, 9, 0, )+ ...)d_p,

where p = (p,, p,) are dual to the variables =, & |p| = Vp?-+p2,v = py/Ipl,
© = Pof|pl, P, Pos @1y ... € C™.
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But the Fourier transform property |p| is considered as a large par-
ameter.

Analogically to the previous procedure, as [p|->oo for @(z, &, v, w, 1)
we obtain the equation

od\* [oD\* , ,[0D\}

) =) — —) =o0. 0.

(%) ~(5a) (%) =0 (©0)
By using the expansion of dJ-function

1 ,
8(@—y)8(6—n) =5 [ expilp|((@—y)+w(E—n)))ap
we obtain the condition on @:

\ Blyy =v(2—Yy) +w(é—n).
Set
D(my E,v, 0,1) = 8(w, &, 9,1) +w(E—n),

where 8 is independent of &,  (such substitution is possible since equation
(0.5) is independent of &). Then the equation for § has the form

2 2 N
(55 (2] s . oo

It is easy to see that for w? = 1, i.e., when the asymptotics is constructed
with respect to the variable & only, this equation coincides with (0.2).

Despite such evident correspondence belween the semi-classical agymp-
totics and the asymptotics with respect to smoothness, they were studied
independently for a long time. In the middle of the sixties the method
of characteristics describing the asymptolics of solutions both with respect
to smoothness and to the parameter was expanded upon a wide class
of pseudodiffercniial and h-pseudodifferential operators (i.e., operators
with a small paramcter & by the derivatives).

Thus there exist two types of characteristics for equations with a small
parameter: for the so-called h-differential equations and for more general
h-pseudodifferential equations.

The characteristics of the first type describe asymptotical expansions
in terms of powers of this parameter. The characteristics of the second
type describe asymptotical expansions in terms of smoothness. It is natural
to pose for h-pseudodifferential equations the problem of constructing
of such compound asymptotical expansions as would include asympto-
tical expansions both in terms of the parameter and in terms of smooth-
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ness. Namely, the problem is to find solutions modnlo functions simulta-
neously smooth and small. For the Klein-Gordon equation the character-
igtics corresponding to our problem are defined by a one-parametr fam-
ily of the Hamilton—Jacobi equations (0.6) depending on the parameter
w? € [0, 1] (such an interval of variation of the parameter «? is the con-
sequence of the equality »®+w? = 1). For o = 0 these characteristics
coincide with the characteristics of the problem of construction asympto-
tics with respect to smoothness, and for w = 1 with that of the problem
of rapidly oscillating asymptotics.

The compound asymptotics and the family of characteristics corre-
sponding to them play an essential role. For example, the compound asymp-
totics describe mathematically effects of the Cherenkov type, namely,
the phenomenon in with there is a domain of rapid oscillations (light
beaming) in the tail of a particle. The particle is described by the d-function.
This domain can be described exactly by a corresponding family of char-
acteristies.

2. Systems of equations of crystal lattice oscillations and difference schemes.
Analogous compound asymptotics and corresponding characteristics can
be constructed for difference schemes and for systems of a large number
of ordinary differential equations.

Consider a simple example of such a system, namely, the atom oscilla-
tions in a one-dimensional crystal lattice with the step % on the circle of
length 27nr, = Nh (N is the number of atoms):

d*u, c?

dtﬂ = ﬁ(un_l_l —-2%”-[‘-%”_1), n = 1’ ceey N. (0.7)

Here u,, denotes the deviation of the n-th atom from the equilibrium state,
Uo = Uy Uy = U1+

Assume that the circle radius ry remains finite where N ~1/h is
a large number, and let us search for the asymptotical solution under
these assumptions.

Consider a smooth (2nry)-periodic function u(z, t) taking the values
u; at the lattice points. Equation (0.7) can be rewritten as follows:

\ % uwth, 9 —2 Byt
T 'h_a[“(w’l' s 8) —2u(z, 1) +u(x—h,1)].
The solution of -this equation at the lattice points coincides with the
solution of (0.7) and is independent of the initial data outside the lattice
points. '
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Using the identity
0
exp [i(—ih%)] u(w, t) = u(®w+h,t),

‘which can be verified by means of the Taylor expansion or by means of
the Fourier transform, we rewrite the latter equation in the form

o0*u . . 0

P +4c¢%sin?(—ihiD)u =0, D = e (0.8)
Even in this simplest case the family of characteristic equations appears
not to be standard (Maslov, 1965, [103]). It has the form

o8\? ¢ . [w 08

where the parameter w varies in the interval [0, 2x]. This fact concerns
equation (0.7) but not equation (0.8), and it follows from the fact that
the characters of the discrete group, corresponding to the lattice 2=k /N,
vary just in this interval.

In the three-dimensional case for the lattice corresponding to an Abe-
lian discrete group the parameters in the characteristic equation vary
in the Brillouin zone (well known in the erystal theory [3], p. 100). If the
lattice corresponds to a non-Abelian group, then the parameters in the
characteristic equation may vary in some extraordinary domains.

Consider the simplest example of a finite-difference equation, namely,
the difference scheme

W72 (gt =20 +ul ™) = 0BT (g —2up g y), (0.10)

h?

which approximates the wave equation. The family of characteristic
equations for (0.10) has the form:

_GE 42w~ taresin [csin (—cg f—‘g—)-l =0
ot 2 /| '
where the parameter w varies from 0 to 2n. These characteristics define
the spread zone of the oscillations for the so-called unity error, i.e., of the
oscillation of the solution, which at the initial moment is equal to unity
at a point of the net and is equal to zero at other points. First such char-
acteristics for difference schemes were introduced in [1067].

For the equations with constant coefficients the spread zone can be
calculated directly from the exact solution [146], [39].

Ay
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3. General setting of the problem of asymptotics compound with respect
to smoothness and to the parameter. The problem of constructing
asymptotics with respect to smoothness or to the parameter can be re-
garded as follows: for a given pseudodifferential operator L: H,—~H,_,, in

the scale of the Sobolev spaces H, an almost inverse operator R, such
that

LRy = 1+Qy (0.11)

should be constructed. Here Qy: H,—~H,, 5 is a smoothing operator in
the problem of asymptotics with respect to smoothness, or a ‘‘small’”
operator, namely [Qylg .p, = o(k¥), in the problems on asymptotics
with respect to the parameter k. For the compound asymptotics the oper-
ator @, is simultaneously a “small’” and a smoothing one:

IIQN"HS—>H8+N = 0 (hN) .

When the asymptotics is constructed, the initial equation is reduced to
an integral equation of the second kind with a kernel which is not only
smooth but also small with respect to the parameter. This fact enables us to
prove the existence theorem and to construct estimates of the solution
uniform. with respect to the parameter. The compound asymptotics can
naturally be interpreted as the construction of an almost inverse operator
in the scale generated by a pair of commuting operators 4, = 1/h (the
multiplication by the inverse of the parameter) and 4, = —id/0x = —iD.
The Fourier transform with respect to 4 = 1/h transfers this seale into
the usual Sobolev scale.

4. Compound asymptotics with respect to smoothness and the decrease
at infinity. More complicated situation arises when we construct asymp-
totics with respect to an n-tuple of non-commuting operators. For example,
for differential equations with growing coefficients, i.e., equations con-
taining both the powers of the differentiation operator 4, = D and the
powers of the operator A, = » it is natural to pose the following problem :
an almost inverse operator E, should be constructed such that the remain-
der @, in (0.11) not only is & smoothing operator but also transforms any
function from I, into a function rapidly decreasing as # tends to infinity.
In this problem the characteristics are defined by an n-tuple of non-
commuting operators 4; and A4,.
Consider the example
0w o*u

dt2 ox?

—a*(1+b(x))u, beCP(R),
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The characteristics are defined by means of the following family of
non-standard Hamilton-Jacobi equations (Maslov, 1973, [109]):

a8\? o8\?
(3 & e

where o is a parameter varying from zero to one.

For general equations with growing coefficients amalogous character-
igtics are constructed and the global asymptotic of the solution with
respect to smootheness and to the growth at infinity is obtained, i.e., an
almost inverse operator in the scale induced by the pair A4,, 4, is con-
structed (Maslov, 1973, [109]; Maslov and Nazaikinskij, 1979, [117]).

5. The case of degenerale characteristics. In the same way, for equationg
with singularities or with singular standard characteristics it is sometimes
possible to find appropriate self-adjoint operators 4, ..., 4, with respect:
to which the non-standard characteristics of the equation are non-singular,
Then it is possible to construct an almost inverse operator with respect
to the scale generated by A4,;. The scale is given by the sequence of norms

”’u’”s = ”(l +A% "I‘ cos -—l—-A?")Slzu” .

The operator R, almost inverse to the operator L, satisfies equation
(0.1), in which the remainder @, is a smoothing operator with respect
to the scale:

12w lls-ss+5v < 00-

The operator R,y can be explicitly calculated in terms of functions of
non-commuting model operators 4,, ..., 4, in the case where they define
a representation of a Lie algebra or a nilpotent algebra with nonlinear
commutation relations ([112], [64], [66]).

Even in the case of geometrically simplest characteristics, namely, for
some degenerating elliptic equations, this idea enables us to construct
almost inverse operators in the scale generated by the n-tuple of vector
fields 4,, ..., 4, which induce a nilpotent Lie algebra (Stein and Folland,
1974, [41]; and others [141], [140], [142], [43], [64]).

6. Example of an asymptotics in the case of characleristics with singular~
ilies. We show by means of the simplest example how the ideas discussed
above enable us to solve the problem. of oscillating solutions for a hypers
bolic equation with a singularity in the characteristics.
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Consider the problem for the following wave equation:
o0*u
ot?

Ueo =05  Uglo = 0,

—c(w) du = f,
' (0.12)

£ = oxp (- 8u(@)) 2o@),  Sulo) = o,

where c¢(z) € O°(R"), ¢(x) =36 >0, go(®) e O(R"), ¢o(0) % 0. By the

Duhamel principle the solution of this problem is expressed in terms of
the solution of the Cauchy problem

’ 0%p

ot?

—c(z)dv = 0,

Vo = J, "’;lt-o = 0.

The standard scheme of constructing the asymptotic solution of the
above problem is the following: the solution is presented in the form
exp(i8 [h)p. Evidently the wave operator acts on the exponent as follows:

2
o—iSIm [_ (_q,h 9 ) +¢2(—ihD) ]e"‘g/”

[~ ()]

. 8 dy , 08 dp 08
+ ”‘)[—ZW—JF W w P

2
+h2[ Ztr —02 A¢] .

Hence 08,/0x = 0 for # = 0, and the solution of the characteristics equa-

tion
o8 oS
( ) +0? ) —0: S]t=o =So,

is a non-smooth function at this point. Thus the standard scheme of
constructing the asymptotics with respect to the parameter cannot be
applied to this case. )

It is evident that the characteristics of the wave equation correspond-
ing to the asymptotics with respect to smoothness (parametrix) (0.11)

+c“<pA;S’] +
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have no singularities. Indeed, the equation is homogeneous in operators
iD; hence the bicharacteristics start from the sphere |p| =1 and the
singular point p = 0 drops out in this case. The asymptiotics with respect
to smoothness enables us to represent the solution (0.12) in the form
w = (Ry-+ry)f where By: H,—H,,, is an explicitly calculated operator,
and ry: H,—~H,, »is a smoothing operator. The operator 7, in this example
transfers the right side to a function whose norm in the space H,, y is
of order 1™", since this function is a convolution of the exponent exp (8 /h)
with the (smooth) kernel of the operator . The other terms of the
asymptotics of function 7, f with respect to & are obtained by means of
the solution of the wave equation with zero Cauchy data and smooth
right sides. Thig problem. differs from the initial one in that the wave
operator should be inverted on a function uniformly smooth (non-oscil-
lating) with respect to the small parameter. Such a solution can easily be
obtained by means of computer.

The accuracy of the approximation of the solution by the leading
term of the asymptotics depends on the type of the initial conditions.
For example, if Sy(z) = |#|* then the leading term R,f approximates
the solution modulo O(h™*). Thus the estimate of the leading asymp-
totical term is connected with the individual initial condition. The leading
term R,f can asymptotically be represented in the form of an integral
whose integrand oscillates in the parameter A and has a singularity.
For example in case ¢ = 1, n = 3 we have

1
Byf =4 [ lo—exp(ilelmyga(£)dé.
le=&|<t

The leading term of the asymptotics in the case of variable coefficients
and an arbitrary dimension has the same properties.

This scheme is applicable to the case of a general operator equation
with characteristics non-singular with respect to an n-tuple of operators
and singular with respect to another n-tuple of operators.

Apparently, this scheme covers the results of Guillemin, Sternberg,
Uhlmann and others [37], [43], [44], [49], [60], [127], [b].

7. General setting of the problem of characteristics. We have considered
2 number of simple examples which show that it is necessary to give
- a general definition of characteristics. The main part of this general no-
tion of characteristics is the possibility of conmecting different areas in
physics and mathematics. Then the methods of one area can be applied

14 — Proceedings...
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in another. For example, it turns out that the following problems, appar-
ently unconnected, are of the same mathematical nature: the behaviour
of the solutions of the equations of the dynamics of a viscous liquid far
ahead of the shock wave and large deviations in the theory of probabilities;

the Cherenkov effect and the diffusion of unity error in a difference scheme;
effects of dissociation of molecules and conical refraction in acoustics

and so on. These effects often involve difficulties, which arise in proving
the existence theorems for pseudodifferential equations.

First of all, in order to define characteristics, we need an n-tuple of
operators, namely, model operators with respect to which the asymptotics
is constructed. Further, the original equation should be expressed in terms
of those model operators. This procedure itself demands preliminary
investigation, namely, the construction of the calculus of non-commuting
operators.

In this paper I have no opportunity to give a general definition, since
it demands preliminary considerations. I prefer to show, by means of
simple but specific examples, the basie ideas which enable us to construct
the characteristics in a more general situation.

Part I. The non-standard characteristics of linear equations and equation
with nen-local nonlinearity

1. Pseudodifferential operators with symbols and characteristics on arhit-
rary symplectic manifolds. Quantization conditions for coordinate-mo-
menta. Consider the first generalization of the notion of characteristics.
‘We shall describe below the difficulty which arises in asymptotical prob-
lems for asymptotics in terms of the parameter. It also arises for com-
pound asymptotics in terms of an n-tuple of operators. The phase space
for these problems is not necessarily a cotangent bundle of mani-
folds.

Even in the simplest example of the equations of oscillations of atoms
which we mentioned above the phase space is not a cotangent bundle.
In fact, the configuration space in this problem is a two-parameter family
of circles. This family depends on the continuous parameter » tending
to 0 and on the discrete parameter N, which tends to infinity. Note that
the length of the circle is equal to Nh. The character arguments of the dis-
crete group of shifts of the lattice vary from 0 to 2=, and the space of
momenta is the unit radius circle. Thus, in this case the phase space is
a family of two-dimensional tori. The surface of the torus is obviously
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equal to 2nNh; hence the following equality holds:
1
- d « = ».
= f p A dwN (1.1)

Consider now a one-parameter family of tori. If the left-side expression
in the equality (1.1) is an integer, then it is possible to construct a calculus
of pseudodifferential operators; namely, with any symbol f which is a
smooth function on the torus one can associate an operator f which is de-
fined on functions on the circle 8' = 0 < 2 < 2nry, so that the following
formulas hold: the commutation formula

. -\
[f,§1 = —ih{f, g} +0(h?) (1.2)

and the formula of the operator action on the exponent

e~ SIf (eSihg) = f(m, S (2))p(®)+

o] of op @ O[O
+(_@h){'5§(”’ds)%+_2'Ero'(79}7(m’ds))_
@, O0f .
— 5t P (@, dS)} +0 (h2). (1.3)

Here curly brackets denote the Poisson brackets, ¢ is an arbitrary smooth
function on the circle, S is a real function on the circle which defines
a smooth curve p = d8(x) on the torus, and the estimate O(h?) in (1.3)
is in the norm L,.

As in the case of the Huclidean space the operators f will be called
h-pseudodifferential operators (with symbols on the torus). We shall use
the notation

f =f(w,—’§D).

Now to a symbol on the torus f = ¢®sin®(p/2) there corresponds an
h-pseudodifferential operator of the form

f = o?sin? (—7@1 D).
Consider an equation with this operator

0*u

B2
o2

b
-+4c2gin® (_i_ D) =0, Ulpspry = Ulg=o- (1.4)
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Denote by u, the value of the function « at the point # = kh. Then we
can write
Uppyr — 20 0,y = ("% —2 4-6770%) |,
ih 0
= —48in?| — ——
(- 2.2).

L
x| |z=kn

Thus equation (0.7), describing the oscillations of the atom lattice on
a circle, is equivalent to the h-pseudodifferential equation (1.4), whose
phase space is a torus satisfying condition (1.1).

Now consider the general case: the family of symplectic manifolds
depending on a parameter u, varying in a compact. It is convenient to
consider that the manifold is fixed, and that the symplectic structure
on it depends on the parameter u (i.e., it is a closed non-degenerate 2-form
Q@ or the Poisson bracket {...,...}*). We assume that for u = u(h)
the following condition holds: over any two-dimensional cycle the inte-
gral of the symplectic form Q™) divided by 2=k coincides (modulo
integer numbers) with half of the value of the second Stiefel-Whitney
class, i.e.,

—1—h [QE®)] = W,(mod2Z). ,(1.5)
K7

Then with each smooth function f on the phase manifold one can associate
an operator f, so that the commutation formula (1.2) (with the Poisson
bracket {...,...}J ™)) holds and formula (1.3) holds locally (Karasev
and Maslov, 1981, [66], details in [67], [68], reproduced in [120], [124]).

Call equation (1.5) the quantization condition for coordinate-momenta.
The value { W, in (1.2) will be called the vacuum correction. It is remark-
able that condition (1.5) (with the zero vacuum correction W, = 0)
arose already in the construction of a rather narrow class of pseudodiffer-
“ential operators with locally linear in ¢ symbols, namely, the differential
operators of the first order (Kostant, 1970, [77]; Souriau, 1966-1970,
[149-151]). For the half-integer vacuum correction (there are important
examples, see e.g. [42]) within the framework of the first order operators,
condition (1.5Y was obtained for the Kaehler manifolds (Czyz, 1979, [23])
and in the case of general real manifolds (Hess, 1981, [55]).

By constructing the calculus of pseudodifferential operators on the
orbits of a compact Lie group condition (1.5) numerates the irreducible
representations of the group. Thus, the quantization of eoordinate-mo-
menta on the orbits coincides with the Weyl rule of integer major weights
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of irreducible representations (Borel and Hirzebruch, 1959, [16]; Kirillov,
1968, [74]). The vacuum correction is then equal to zero.

It should be noted that in general phase manifolds the quantization
condition for coordinate-momenta is a sufficient condition for the existence
of the canonical operator on Lagrangian submanifolds [68]. This fact
enables us to apply to general phage manifolds the theory of global asymp-
totical solutions of h-pseudodifferential equations, which is constructed
in detail in R®*® [103]. The bicharacteristics of such A-pseudodifferential
operators belong to those phase manifolds on which the operator symbols
are given. The global calculus of k-pseudodifferential operators can also
be defined on symplectic V-manifolds [67].

Note that in construeting the calculus of ordinary pseudodifferential
operators on an important class of homogeneous symplectic manifolds
(Boutet de Monvel and Guillemin, 1981, [18]) the quantization conditions
do not arise, see [68].

2. Electron terms. Now we congider the second generalization of the notion
of characteristics. Recall that the characteristics equations for a hyper-
bolic system of equations of the first order are obtained from the character-
istic matrix by equating its determinant to zero. In the same way we obtain
the characteristics for the systems of h-pseudodifferential equations

9 7
@7»7? +IL (m, %D) =0, wecR" (1.5.1)

Here % = (4, ..., %,) and the symbol L(x, p) denotes a smooth matrix-
valued function, diagonalized by a smooth transformation. The equations
of characteristics for system (1.5.1) are defined by the eigenvalues 4;(z, p),
j=1,...,1 (1< m) of the matrix L(z, p) and have the form

o8 o8

W_M’ (m,—ég) =0, j=1,..,1 (1.5.2)
It is natural to pass from the finite-dimensional space, where the symbol
L(z, p) acts to an infinite-dimensional space, which results in equations
with the operator-valued symbol f}(w, p). If the spectrum of the operator
I:(m, p) is discrete and its eigenvalues have constant multiplicity, the
asymptotical solution is constructed as in the finite-dimensional case
(Maslov, 1965, [103], [104]). In this case the equations of characteristics
are defined in the same way as the equations of characteristics for systems.
They have the form of equations (1.5.2), but the functions 4;(x, p) are
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now the eigenvalues of the operator ﬁ(w, ). If the spectrum of the operator

L(w, p) is continuous, then the equations of characteristics are defined by
the poles of the analytical continuation of ils resolwent which are closest to
the real awxis. This fact,is used in the collision theory and in the theory
of the decay of nuclei (the Gamov theory). Since the poles are complex,
the characteristics are also complex in this case.

The eigenvalues 4;(z,p) of the symbol of the h-pseudodifferential
operator are called terms or effective Hamiltonians in physical literature.

As an example consider the problem of interaction of heavy and light
particles (the nuclei and the electrons). This problem is studied in the
quantum theory of molecules and in the theory of collisions. In this case
the small parameter appears in the Schrodinger equation only at the
derivative corresponding to heavy particles. In the simplest one-dimen-
sional model the equation is

. Oy oy Oy

h— = —h? —— —

r ar oy
The operator-valued symbol has the form

+V(z,9)p.

62

P +V(z,y).
Its eigenvalues (the electron terms) define the characteristics which
describe the motion of heavy particles along the classical paths in the field
generated by the light quantum particles.

The concept of equations with operator-valued symbols has a general
character and can be used, in particular, to obtain the characteristics
and the corresponding asymptotical expansions in terms of “smoothness’.
Examples of such characteristics are given by Grushin, 1972, [46], [47],
and, in fact, by Boutet de Monvel and Guillemin, 1981, [18], and by
Guillemin and Sternberg, 1979, [49].

It should be noted, that this general concept allows us to connect
problems which seem, on the surface, absolutely different. For example,
physicists’ papers on the problem of predissociation of molecules with the
intersection of electron terms helped Kucherenko, 1974, [84] in con-
structing the parametrix for non-strietly hyperbolic equations.

L(w, p) = p*—

3. Pseudodifferential operators with complex characteristics. Global asymp-
totics. Now congider the third generalization of the notion of character-
jstics. Difference schemes and Markovian chains ean now be represented
a8 h-pseudodifferential equations. Then it is possible to obtain their
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characteristics. Note that the equations of characteristics are complex
for Markovian chains, non-symmetric difference schemes, equations of
the principal type, and also for the problems of the decay of nuclei men-
tioned above. For example, the simplest difference scheme w7 —ul

= ’;T; (ufy1—ug) on the circle (v is the step in ¢, and 4 is the step on the

circle), represented in the form of an k-pseudodifferential operator
[(e00 —1) (P —1)]u =0, a ==,

leads directly to the complex characteristics equation

where o € [0, 2=] is the parameter (see equation (0.9)), and
1 .
H(w,p) = mln(l +a[exp (ip) —1])

is a complex-valued Hamilton function with the non-positive imaginary
part. The equations deseribing processes with absorption lead to complex
characteristic equations with analogical properties.

Complex solutions of real analytical equations of characteristics were
considered in the famous paper by Leray, Gérding and Kotake, 1964,
{96], in connection with the study of the singularities of non-analytical
solutions of partial differential equations. In physical literature complex
solutions of real analytical Hamilton—-Jacobi equations and of the Hamil-
ton system were used long ago (Keller, 1956, in the problem of reflection
{70]; Maslov, 1963, in the problem of scattering [102]; Kravzov, 1967,
in the analogous problem of refraction [81], and others). This approach
encountered essential difficulties which arise in obtaining analytical
solutions of the Hamilton—Jacobi equation and choosing the right branch
of the multi-valued solution. These difficulties were avoided when the
problem was solved modulo O(%Y) (or modulo # times differentiable
functions) with the help of constructions based on the following simple

idea. Let the asymptotical solution have the form exp (7::—8 (m)) o(2),

where Im§ > 0 (which is necessary for the boundedness of the solution
a8 h—-+0). It is clear that the values of the functions 8 and ¢ in the do-
main Im8 > 6 > 0 are not essential, since the solution in this domain
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vanishes with the accuracy considered. Then the imaginary part of the
function 8§ acts as an additional small parameter which follows from the
estimate:

(Im8)exp (h~18) = O(H).

Thus one can construct asymptotical analogues of the analytic Hamil-
tonian formalism, in which analyticity is reduced by almost amalyticity,
namely, it is required that the Cauchy—Riemann conditions should be sai-
isfied mod ((Im 8)~).

This idea was used in [108] heuristically in the theory of the complex
germ. Almost analytical formalism is also based directly on this idea.
It was also used by Treves in [154] to construct the parametrix of the
eqﬁa,tion of the principal type.

Since 1966, [103], the n-diménsional submanifolds of the phase space
R? X Ry, which annihilate the symplectic form, have been the basic geo-
metrical construction in the theory of characteristics. The author called
them Lagrangian manifolds.

The geometrical basis of almost analytical formalism is the mnotion
of the analytical Lagrangian manifold. It is locally a 2n-dimensional
real submanifold in the complex phase space C** = R*". This approach
is close to the analytical theory and has theoretical harmony.

The main geometrical construction in another approach is the “La-
grangian manifold with the complex germ”. The structure of the complex
germ is given on an n-dimensional real manifold 4 which is “almost La-
grangian” by means of imbedding into the complex phase space (g x O2.
This means that on 4 a non-negative function D (ealled the dissipation)
and the function W satisfying the condition dW = PdQ+-0(D) are given.

The dissipation condition is assumed to be satisfied. This means that
the planes tangent to A are (-Lagrangian on the zero set of dissipation;
namely, they are real-similar, they annihilate the form dPAd@ and sa,tisfy
the positivity condition Im(P,g, Q,g) > 0, Vg € C", where a = (ay, ..., a,)
are the coordinates on the plane.

The advantage of the theory of the complex germ over the almost
analytical theory is the following. Asymptotical formulas obtained by
means of the complex germ are more constructive and simpler. For
example, for the construction of the global asymptoties of an h-pseudo-
differential equation of the first order it is sufficient to solve only the
Hamilton system and the system in variations,

Namely, let H(x, p) be a smooth complex-valued Hamilton function
corresponding to the asymptotical problem, # = ReH, H = ImH < 0.
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To construct the asymptotics in the theory of the complex germ the
(real) Hamilton system and the system of equations in variations should
be solved:

q = _'p? Z.’ = _‘#q’
b = Hy o+ wt+ill,,

W = — Wt — Hpw—iH,.

pp

Almost analytical formalism and the theory of the complex germ enable
us to construct global asymptotical solutions of the problems mentioned
above and to obtain simpler formulas by using additionally only the
solution of system in variations. The last fact is essential for constructing
the asymptotics of solutions of stationary problems (Maslov, 1977, [113]).
Thus the asymptotics of some concrete quantum-mechanical spectrum
were obtained [113], [32].

Analogous spectral series were obtained by the method of model
problems for the Laplace equation on a Riemann manifold (see Babich
and Buldirev, 1972, [6]; Lazutkin, 1969, [92]).

The theory of the complex germ permitted the construction of a com-
plete system of semi-classical coherent states for the Schrodinger operator,
the Klein—Gordon operator, and the Dirac operator (Bagrov, Belov,
and Ternov, 1982, [8], [7]).

I call asymptotic formulae obtained by means of the theory of the
complex germ additive asymptotical formulae. They have the form g
= p,+0(k"), where p is the exact solution and vy, is the asymptotical
one. Such asymptotical formulae in the diffraction theory describe only
the domain of partial shadow. In the theory of probabilities they describe
only normal deviations.

Distinet from additive asymptotical formulae, multiplicative formulae
have the form y = y,(1+0 (k")) and describe in the diffraction theory
the whole domain of shadow. In the theory of probabilities they describe
large deviations.

The difference between these two situations can be shown by means
of the following trivial example: the multiplicative asymptotical formula
of the function exp{(—a*—a*)/k} is the function itself but the additive
asymptotical formula for this function has the form exp{—a?/h} -0 (h)
as the following condition holds:

Ma.x (@ exp{ —a?[h}) = (2h/e)?, and so on.
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t

4. Problems of the logarithmic asymptotics of the solution. The class of
equations of the tunnel type. Instanton as the logarithmic limit.

4.1. Hquations of the tunnel type. Now we consider the fourth gener-
alization of the notion of characteristics. Equations whose solutions
do not oscillate at all, but only damp, are of great importance. We call
such equations tunnel equations. The asymptotical formulas for the
solutions of such equations are also constructed with the help of character-
igtics, but the latter are obtained in another way, which is the result
of the general definition of characteristics.

Compare the characteristics of equations with rapidly oscillating
solutions and those of equations with rapidly damping solutions. For
this purpose we consider the Schridinger equation and a parabolic equa-
tion. They are very similar. On the left we write the Schriodinger equation
with a small parameter A and its solution, on the right we write the para-
bolic equation, which also has a small parameter h.

Schrodinger equation Parabolic equation
o 0y 621/) ow . a“"u

The Green function for V(x) =0 The Green funection for V(x) =0
has the form has the form

L[] L ot
" Vamin L@ | 7=l T ]

As h—0, the function y, rapidly oscillates and the function u, rapidly
damps without oscillations. For V(») € C;° and for small ¢ the asymptotics
of the Green function for the Schrodinger equation has the form:

=;/21m1/

where the function S(z, &, 1) satisfies the h-characteristic equation

28 (w, &, 1) '

up — 38, ¢ 0] +om),

o8 (68

(] v
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The asymptotics of the Green function for the parabolic equation as

h—0 has the form
. 1 azsl(m’ E;t) Sl(wi E’ t)
" Vamh ]/ wok | O [ )

where the function 8,(w, &, t) satisfies the Hamilton—Jacobi equation
o8, (681

w

] (L+0(R)),

ot t 0w
It is natural to consider the last equation as the equation of characteristics
for the asymptotical problems corresponding to the parabolic equation.

Note the following. The Hamilton-Jacobi equation corresponding
to the Schrodinger equation has a physical sense. Moreover, for the problem
which is described by the Schriédinger equation with a small parameter A
this equation was considered earlier, since it describes the classical motion
of a particle. The physical sense of the Hamilton—-Jacobi equation is not
clear, but the solution u of the parabolic equation has a remarkable prop-
erty: there exists a limit

limhlnu = —8,(», &,1).
0
The global asymptotics of the parabolic equation in the multidimensional
case was constructed by Maslov in 1965, [103]. For an important class
of equations which are connected with the probability problems the
logarithmic limits of the solutions were first obtained in the outstanding
papers of Varadhan, 1966, [157]; 1967, [158]; and Borovkov, 1967, [17].

The global asymptotics for the heat conduction equation with varying
coefficients in degenerated case was constructed by Molchanov, 1975,
[130], Kifer, 1976, [73], Maslov and Chebotarev [20].

General systems of equations with this property were published by
the present author as late as 1981, [121], though the term ‘‘unnel equa-
tions” had been introduced in 1965 in “The perturbations theory and
asymptotical methods’. In the preface to that book the author promised
to devote his next work to these equations. However, he has not done
so. He has abandoned this theme, considering the class of tunnel equa-
tions to be too narrow. It is difficult to invent examples of systems of
equations which would belong to this class, besides the parabolic equa-
tions, which are the only equations in the class of differential equations
containing the derivative of the first order with respect to time. Then it
turned out that the narrowness is not a defect of this class but on the
contrary, its advantage, since it absorbs, from among all the possible

)2—V(w) =0.
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Hamiltonians, the right physical models. Probably, the only h-pseudo-
differential (not differential) equation of the first order with respect to
time which belongs to this class is the general integro-differential Kol-
mogorov equation in the theory of probabilities.

‘We give the tunnel conditions in the case of systems of h-pseudo-
differential equations of the form

ou ]

h—a—t' ——-A(—h%,%,t)%. (1.6)
Here A(p,=,t) is a (2n-+1)-parametric m Xm matrix-valued function
whose elements are entire functions of the argument p and smooth func-
tions in # and ¢ Denote by H,(p,,t), a<<m the eigenvalues (Hamil-
tonians) of the matrix A(p, », ?).

DurFINITION. A system is called a system of the tunnel type if all its
Hamiltonians H, have constant multiplicity as p e R*™\{0}, ¢ [0, T3}
and satisfy the following conditions:

n
(1) for t e [0, T], @ € B2, p € C"\{(\ Rep; = 0} the function H(p, #, t)
Li=1

depends regularly on its argument p,
(2) maxReH (p-+in,a,1) = H(p,x,1), p| #0,

(8) the Lagrangian L is equal to {p, H,(p, »,?)>—H(p,x,%) >0,
(4) det |, (p, @, DIl # 0 for [p| < oo.
These conditions are valid for the linearized Navier—Stokes system with
small viseosity, for systems of equations arising in the theory of plasma,
in magnetic hydrodynamics (e.g., see [87]), in the theory of elasticity,
for the Boltzmann equation, for systems of the Semenov equations (e.g.,
see [145]), of the chain reaction, for the equation of drop coagulation
(e.g., see [71]).
As an example we consider the equation which describes the Foycht
model in the theory of elasticity:
0%y 0*u 3wy
=F h
ot o T e’
where B = H(x) > 0 is a smooth function, and % > 0 is a small parameter.
To this system correspond the following Hamiltonians:
p? p? 12
H,, ==— =— JH| .
12 =75 :I:P( 1 + )
The verification of the tunnel conditions for these Hamiltonians requires
hard calculations.
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4.2. Qonsiruction of the asymptotics of the solution at focal poinis. The
congtruction of the asymptotics of the Green function near the focal
points for the equation of the tunnel type (1.6) is analogous to the cor-
responding construction for the oscillating solutions of h-pseudodiffer-
ential equations.

Consider this analogy in the case of the scalar equation ¢hd/dt
= H(—ihd|ow,®,t)yp. For simplicity, let trH,, = 0. In this case the
asymptotical Green function is constructed with the help of the canonical
operator! on the Lagrangian graph of the canonical transformation g,
which corresponds to the shift along the trajectories of the Hamiltonian
H through time ¢. The canonical operator defines the projective representa-
tion K of the group of canonical transformations of the phase space R*
in the space of functions asymptotical mod O (k?) on L,(R"). This repre-
sentation is characterized by the following properties:

(1) If g(&, po)—(w, p) has no focal points, i.e., its Lagrangian graph
is diffeomorphically projected on the plane (&, #), then K (g) is an integral
operator with the kernel

1%\ —n/2 o8 .
(—2mih) P

where S(z, &) is the producing function,
(2) K(9:@9:) = K(9:)QK (go),

h
® fu(s, 5 D) K0t (0, 3-2) = 0, it g(suppfin(supes) = 0

¢~ iS@Am,

2
Denote H;(p) =2%‘—, Ic{l,...,n}. If g is such a canonical trans-
iel

formation that for some >0 and I = {1, ..., n} the mapping g5;g has
no focal points for 7 < ¢, then properties (1), (2) imply that K (g) has the
kernel

A (w, &) = 77 M ( —2mih) (02 f l

12

028(&,9)
o0& oy

xexp{——(8<s,y>+ > @—npban, @)

T dbed
jel

1 In the same way the canonical operator is introduced in the general problem
of asymplotics with respect to smoothness (Maslov, 1965, [103]) and for the par-
amelrix (Maslov, 1967, [105]; Duistermaat and Hormander, 1972, [38]; Hormander,
1971, [56]). In the last case the canonical operator is often called the iniegral Fourier
operator. Moreover, the canonical operator is defined on a Lagrangian manifold
[103], which enables us to solve stationary problems.
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where y; = 7, for j e I, and y; = @; for j ¢ I, and -8(&, y) is the producing
function of the mapping ggz;g. Property (3) implies, that K(g) can be
represented as a zero-dimensional operator cocycle on the Lagrangian
graph A, of the mapping g: to any open set £ = 4, corresponds a local
kernel A'g(%, &), A 4y = A7(@, §). This fact and the statement given
below enable us to give the local version of formula (1.7).

LeMMA. Any point o € A, is non-singwlar with respect to the projection
on a coordinate plane {p, =0;x; =0,iel;p, =0,4 ¢ I}. If the point
aed, is non- sifngular with respect to m;, then for sufficiently small v > ¢
the po'mt al €l =% 18 mon-singular with respect to the projection : on

g

the plame {p, = 0, p = 0}.

Let the point a €4, be non-singular with respect to z;. Then for
a sufficiently small neighbourhood 2 of the point a the formula is valid,
which is analogous to (1.7):
12

a*8(¢,9)

Ho(®, &) = 7742 (—2nih) =" HRI2 ot f 550

RrE

2 1
xexp ¢ (06, 9)+ e @—n¥)lowin  (15)

for (@, &) close to m(a). Here y; = ; for jeI and y; = a; for j¢ I; ¢ is
a ‘“cutting” funetion equal to unity near n(gH’(a)), 8(&,y) is a local
producing function of the mapping gz;g; © > 0 is sufficiently small and
the real number y is defined by the Maslov index on the manifold 4,.

In the construction of the canonical operator one can use, instead
of g5, other canonical transformations. In the original definition (Maslov,
1965, [103]) the rotation through an angle of n/2 with respect to some

of the coordinates were wused, i.e., ggz, where H,(z, p) = %2 (@3 +p7)-

More general canonical transformations were used in [56].
Formula (1.8) presents the method of calculating the asymptotical
Green function
G(w, &,1) ~ Jr"f‘.t(w’ £)

for equation (1.6). In the neighbourhood of the point a we have
@@, &,0) ~ D How@, &), (1.9)
aen—Yzg.4,)

where () is a small neighbourhood of the point a on 4, .
9H
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The asymptotics of the Green function for the tunnel equation (1.6)
is given by the same formula as (1.9), where in the expression (1.8) for
o o the parameter h should be changed into 4 and the phase factor ¢
should be omitted, the parameter = should be chosen so small as to keep
the function 8(&, y) positive. Then the sum (1.9) is taken only at the
points a = {&, L, [y(0), y(0), 01, @0, L,[y (1), (), t1} ERe,p wpy Where
L ig the Lagra,ngla,n corresponding to the Hamiltonian H, and y(*) runs
over the set of solutions of the variational problem

1
[L(y,§,7)dr—int, y(0) =&, y(t) =a.
0

The construction described here gives the asymptotics of the Green func-
tion uniform in ¢ in the domain 0 < 8 < ¢ < 7. The asymptotical solution
which is uniform in ¢ on [0, I'] has an essentially more complicated form.
The proposed method permits minimizing the number of integrals at
the focal point.

In the problem of the asymptotics of the Green function the focal
points arise only in the case of equations with varying coefficients. As
an example consider the Markovian chain

u‘t:h -P -h i-—h'l‘P x+h z+h, h>05
{k,5) eZ, xZ, t =Kkh, @ = jh},
where u!, is the probability of the chain being at time ¢ in the state w,

cos?x rsm2

’ "()——+

PE =% 9T (a) =71 +

The following h-pseudodifferential equation corresponds to this Mar-
kovian chain:

eloty, {e—holaa: + (w) + ehl?/ﬂ:c }%,
its Hamiltonian having the form
H(w, p) = In{p* ()" +¢~ (@)6™"}.
This Hamiltonian is of the tunnel type. The focal point for g% arises at time

t = V3.

4.3. Asymplotics of solutions of stationary problems. An altered con-
gtruction can be used to obtain the asymptotics of the solution of station-
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ary problems, e.g., of the stationary Schriédinger equation

hB
(—' ) A4 +V(w)) Ve = Vs (1.10)

where y, = y;(a) € Ly(R") is the eigenfunction, 1, is the eigenvalue cor-
responding to y,, and V (x) is a positive smooth function such that |V (w)|
—>co for |o|->o0. This function is called potential.

In such problems characteristics of a different type may arise. For
example, consider the Schriodinger equation for the quantum oscillator

h? a2 x?
(—-5— o +w2—2—)1/)k = Ay, o =const, o >0,

where & is the number of eigenfunction. To such numbers k—oo that
kh—&|o = const as h—0 correspond the classical characteristics A
{p*+w2x? = 24}, i.e., the closed curves in the phase space. The values
of 4, close to & are determined by the quantum condition (2nh)~"§p dg
= J/(wh) = k-+1/2 and the eigenfunctions y, are asymptotically equal
to the canonical operator constructed on the curve 4, and applied to the
function equal to 1.

On the other hand, to the vacuum state (the state for & = 0 and 4,
= oh[2) corresponds the eigenfunction y, = exp(—wxz?/2k), whose log-
arithmic limit is equal to S(#) = —%Figlhln% = wx?/2. The function S(x)

is the characteristic corresponding to the Hamiltonian H = p?/2 —w?2?[2
with the potential V() = —«2%?/2, which is the “inverted” with respect
to the classical potential V(x) = w?2%/2. Thus the function y, can be

written in the form
1 @
Po =exp(—zfpdm),
0

where (p, &) is the solution of the characteristics equation p2—w222 =0
T

distinguished by the condition fp dw > 0.
]

In the general case the exponential asymptotics of the eigenfunctions
corresponding to lower energetic states of the Schrodinger equation (1.10)
is defined by the characteristic equation with the Hamiltonian H (w, p)
= p?[2 —TV (2). This Hamiltonian differs from the known quantum Ha-
miltonian (1.10) in “turning over” the potential. If the potential V()
has some points &, &, ..., & of the global minimum, then the logarithmic
limit of the eigenfunction corresponding to the vacuum state is defined
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by the solution of the following variational problem:

[ (4*/2 — ¥ (g) dr—mininint,
E & 1

! ={g =q(v), ve[0,7]] ¢(0) =&, q(t) =w}.

Let the potential V(#) have two points &, & of the global minimum and
be a funetion symmetrical with respect to, for example, the plane {#; = 0,
%y =0,...,2,_; = 0}. Then the two lower (vacuum) eigenvalues 4, and
A, differ by a value exponentially small with respect to the parameter h
(whereas the digtance between the eigenvalues is a value of the order h).
Note that for A4 = A, —A2, there exists a logarithmic limit

—limAIn A4 = min [ p dg, (1.11)
g

0

where I = {p =p(?), ¢ = q(t)} is the solution of the Hamilton system

gatisfying the conditions

Qe = &0y Qtmo = &1+

The trajectories ! minimizing the integral in (1.11) correspond to the
so-called instantons. The role played by instantons in the splitting of
energetic levels of vacuum states is intensively studied in physical liter-
ature at present ([171], [164], [11]).

Note in conclusion that the tunnel canonical operator can be applied
as well in nonlinear problems to the Boltzmann equation in the case of
weak collisions, to large deviations, to the system of equations of gas
dynamics with small viscosity, to the asymptotics of the shock wave
running far ahead, and to some other problems. However, the formation
of this asymptotics involves great mathematical difficulties.

5. Characteristics and global asymptotics as h—0 for equations with non-
local nonlinearity. Equations of the Vlasov type for ihe propagation of
wave fronts of oscillations. Bicharacteristics defining canonical iransform=
ations. Now we congider the fifth generalization of the notion of charac-
teristics. We consider the characteristics of nonlinear h-pseudodifferential
equations. Unfortunately, the equations which describe them are usually
more complicated than the Hamilton—Jacobi equations. On the other
hand, they usually correspond to well-known physical problems, though

15 — Proceedings...



164 Plenary Addresses: V. P. Masloy

physically these problems are sometimes not connected with the original
equations at all.

‘We firgt consider an important class of nonlinear equations of the
following form. Assume that the symbol of a linear h-pseudodifferential
operator depends on the solution of the given equation in some special
way. Namely, it depends only on the square of its module, to which some
linear smoothing operator has already been applied.

In this case the original symbol for a wide class of solutions has a limit
as h tends to zero.

Owing to this fact it is possible to solve the preliminary problem of
the propagation of the wave front of oscillations. This problem in the
linear situation is similar to the problem of the Hormander wave front
for the singular solution. Then the global asymptotical solution can be
constructed with rather general initial data. As an example we consider
an analogue of the bicharacteristics system for the nonlinear Schridinger
equation with non-local interaction:

d h?
it = — = Ay—y [ E@—8)p(&, e, (1.12)

where @ = (®1y -y ®,)y & = (&1 ...y &), h—>0. Here the bicharacteristics
are defined by the systems of partial integro-differential equations

Q(z, p, 1)

T =E(@,p,t), @Q=,p,0)=ux,

35 7
_(_9_0_10_5) ffK(Q (2,2, 8)—Q(&, n, 8))fo( &, m) dédn,

E@,p,0) =0, D=(D1yeeesPs)s Q@ =(Q1y--.;@)

, oK 0K
E = (8yy s By K"”’"‘(a?""’aT)’
1 n

(1.13)

where f, is equal to the weak limit, as A—0, of the expression

i.e., of the density of oscillation of the function y|,_,.
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It turns out that the solution of problem (1.13) defines the canonical
tramsformation g(t): (@, p)—>(@, &). In this case the function fo(g(t)‘l(m, ?))
is a solution of the classical Vlasov equation for a self-consistent field
([111]). The solution asymptotics for the initial equation (1.12) can be
calculated by the formula

v = K(g(1)plimo,

where K is the canonical operator defined on the Lagrangian graph of
the canonical transformation ¢(¢) (Maslov, 1976, [111], [115]). The asymp-
totics of the solutions of spectral problems for equations with integral
nonlinearities are also calculated by means of the canonical operator,
in particular the asymptotics of soliton-like golutions for the Ukawa and
Chogqward equations (Karasev and Maslov, 1979, [64], [656]; Chernykh,
1982, [21]). In the case of the Ukawa equation the calculation of the
characterigtics is reduced to the classical Blodchett—-Langmur equation
for the spherical diode ([89]). In the case of the one-dimensional Choquard
equation the characteristics are defined by the well-known Dowson ([25])
solution of the equation for the self-consistent field.

Such equations with non-local nonlinearity show in the most compli-
cated physical situation the advantages of the general operator approach
to the characteristics. The second part of the book *“Algebras with general
commutation relations and their applications” by Karasev, Maslov, and
Nauzailinskii, published in 1979, is entirely devoted to the operator approach
to equations of this type.

‘We have followed all the basic paths of generalization of the notion
of characteristics. The general definition contains complex characteristics,
which in the case of pure oscillations or in the case of pure damping turn
to be real. In general case one can consider an operator-valued n-dimen-
sional symbol and the n-tuple of non-commuting operators, which shounld
be substituted into this symbol. Besides, the symbol may depend, gen-
erally speaking, on the solution itself, which results in a nonlinear
cquation.

Note that the characteristics contain more information than the
asymptotical behaviour of the solution of this problem. Just as the classi-
cal characteristics, they help to classify the problems and to specify the
problem itself, which is absolutely necessary when we consider a new
area in mathematical physics. For example, they help a great deal in
problems of microelectronics, optical electronics and other problems arising
in the electronic computer construction.
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Part II. Characteristics of nonlinear equations

1. Linear equations with rapidly oscillating coefficients. Nonlinear wave
equations whese characteristics are equations of the dynamics of gases.
Characteristics equations for nonlinear wave superposition are equations
of the dynamics of a gas mixture. It is well known that the consideration
of linear problems with unsmooth coefficients may sometimes give a start
to proving the existence theorems for nonlinear equations. For example,
penetrating investigations made by Bony, 1981, [15] into problems of
the parametrix construction for pseudodifferential equations with an
unsmooth symbol led him to the existence theorems for nonlinear equa-
tions. The parametrix for the problem with unsmooth coefficients is
clogely connected with the problem of asymptotics for pseudodifferential
equations with rapidly oscillating symbols. The solution of the last prob-
lem is evidently an important phase in the investigation of oscillating
solutions of the semi-linear equations. There is no doubt that delicate
methods used by Bakhvalov, 1974, [9], De Giorgi and Spagnolo, 1973,
[26], Lions, 1980, [98], Oleinik and others ([15], [84], [104], [79]) in
problems of equations with rapidly oscillating coefficients will be used
in problems of semi-linear equations with a parameéter. Here we consider
in the most general way the analogy between these two groups of prob-
lems.

First we deal with the solution asymptotics of the equations with
rapidly oscillating coefficients. For example, consider the Schrdodinger
equation with the rapidly oscillating potential

dp maoy o @, (w) Gy(@)
a2 R M L

(2.1)

where @; 0%, V(zyy...,7;,®) €0 and V is 2n-periodic with respect
to the variables 7 = (74, ..., 7;). The solution of (2.1) can be represented
in the form

D, (x) D, (w) @, %, h), 2.2)

"P=W( R

where W (t;y ..., 7, ®,%, h) i3 a 2n-periodical function with respect to
its first arguments Whlch generaly spea,kmg, depends irregularly on A
and satisfies the  equation:

o [b 00;(z) 2 '
@h__=(_i_p$_@2 Lz arj)W—l—V(rl,..,-r,,w)W (2.3)

=1
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It is an h-differential equation with the operator-valued symbol, since
the small parameter appears by the derivatives with respect to part
of the arguments (such equations were considered in Part I1.2). The symbol
of this equation is the operator

1
. 00;(w) 8 \*
L(z, p) =(1"—@ —Bj‘_’T) +V (T eey 7y @),
< » 7
which is defined on the torus 7" for fixed @, p.
For example, let H (2, p) be the one-tuple eigenvalue of this operator
and let y(@, p, 71, ..., 7;) be the eigenfunction corresponding to it. Then

the expression

H
7= ¢j(m)lh

h
[K(gtH)OX(‘”’ 7D’ T1yeeey 71)'/’0(“7)]

where y, € 07 is the solution asymptotics for the initial equation (2.1).
The problem, of eigenvalues and eigenfunctions of the operator L(z, p)
was essentially simplified by Novikov, 1974, [133], and others ([59],
[86]) in the case where the gradients of the phase @,, D,,..., D, are
0D, 0D, 09, ) .
, ) is

yeeen

ow |’ om o
the finite gap potential of the operator —d2/dn%+w for every x. Then
the eigenfunctions and the eigenvalues of the operator L(x,p) can be
expressed in terms of the Riemann 6-function, and the solution asympto-
tics for the initial equation (2.1) has a beautiful geometrical interpretation.

Nonlinear equations with small dispersion also have rapidly osecil-
lating solutions analogous to (2.2) (Whitham, 1965, [165], [166]). Such
equations include, in particular, the nonlinear wave equation h2(8%u/di*—
— Au)+g(u, ®) = 0, the Korteweg—-de Vries equation and others. The
difference from the linear case is that the functions ®; (phases) in (2.2)
are not given in advance, as can be shown on the example of the follow-

ing equation:

colinear and the function w =7V (17

2
" ( th: —Au) +a(w)shu =0, xeR3, acO”. (2.4)

The funection

w= f( S(:’ D a1, h) (2.5)
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(8 e C®, f(z,, t,h) € C® is a 2n-periodic function with respect to the
argument z) is the solution of (2.4) if

o8 o R o8 0 0
{[ﬁ..é; —l—h—a;] [3”;+ ——]}f+a(m)shf=o. (2.6)

Differing from the linear case, the asymptotical solution f of equation
(2.8) is regular with respect to the parameter # and hence, the leading
term f(z, @, ?, 0) satisfies equation (2.6) (ordinary with respect to the
argunment z) for A = 0. The function S(z,?) and two “constants” of
integration (which are funections in variables x, ), on which the function
f(z, %,t,0) depends, can be obtained from the 2x-periodicity conditions

with respect to the argument v for the funetions f(z, #, ¢, 0) and —g;(r, @,

t, 0). These conditions lead to the “clutched” system of equations, which
is equivalent to a system of relativistic hydromechanics equations without
whirls [107]. The asymptotical rapidly oscillating solutions and the cor-
responding equations of characteristics were studied and applied in Luke,
1966, [99], Zabusky, 1967, [168], Berezin and Karpman, 1966, [14], Miura
and Kruskal, 1974, [129], Povsner, 1974, [138], Scott 1970, [144], Ostrov-
skii, 1966, [135], Pelinovskii, 1982, [136], Gurevich and Pitaevskii, 1973,
[62] and others.

In the wave equations connected with the interference and interaction
of waves which arise, in particular, by reflection from the boundary there
exist multi-phase solutions which are nonlinear superpositions of solutions
(2.5). They have the form

8, (w,t 8;(z, 1)
U LR

u=ﬁ(

where & (7, %, %, h) is a smooth function with respect to the arguments
T = (T4 ..., T}), ®, {, being 2n-periodic with respect to each z; and, gen-
erally speaking, irregularly depending on k. In this case the leading term
F (v, ®, 1, 0) satisfies the equation with partial derivatives with respect
to the variables =, ..., 7; [1]. An effective solution of this equation became
possible after the papers by Novikov, 1974, [133] and other authors
[133], [69], [36], [78], [82], [90], [102], [125], [1565], [131], which were
devoted to the finite gap almost periodic solutions. The connection be-
tween the finite gap almost periodic solutions and the function & (v, #, ¢, 0)
was investigated by means of the problem of the reflection from the
boundary for the mnonlinear equation (2.4) (Dobrokhotov and Maslov,



Non-Standard Characteristics in Asymptotical Problems 169

1979, [30], [31]). It turned out that in this problem the function # (v, », t,0)
is expressed in terms of the almost periodic finite gap solution of the
sine-Gordon equation 02v/on?—0%*v/0E2+-sinw = 0.

Thus the finite gap solutions define the “‘superpositions’® of the agymp-
totical solutions of the multidimensional equations (2.4) with variable
coefficients and a small parameter. The same correspondence befiween
the finite gap almost periodic solutions and multi-phase asymptotics
was used for constructing the solutions of the Korteweg-de Vries equation
(Dobrokhotov and Maslov, 1980, [32], [34], Flaschka, Forest and Mec-
Laughlin, 1980, [40]).

Flaschka, Forest and McLaughlin have reduced the corresponding
system of characteristics to an elegant geometrically invariant form,
and Novikov and Dubrovin have recently shown that it is equivalent to
the equation of the dynamics of a gas mixture, and have constructed
for this system a beautiful Hamiltonian formalism.

The corrections of the leading term of the asymptotical solution of
the corresponding nonlinear equation (the higher terms of the asymptot-
ical expansion) are defined from the linear equation (with different right
sides). Its coefficients are functions in the leading term of the asymptot-
ical solution and oscillate rapidly. By applying the procedure given at
the beginning of this section, this equation is reduced to an equation
with an operator-valued symbol. Its eigenvalues for 1> 2, ag a rule,
change multiplicity, and for the construction of {he solutions [34] the
methods developed by Kucherenko, 1974, [84], in problems of non-strictly
hyperbolic systems of equations are applied.

2. Nonlinear equations with complex charadteristics. Wave superposi-
tion law and its analegy with the soliton addition law. In the case where
the characteristics of nonlinear equations are complex, the nonlinear
WKB method (the Whitham method) together with the theorem on
complex germ leads to essentially simpler answers compared with the
case of real characteristics. The complex characteristics arise, in particular,
in the problem with the impedance boundary condition for the class of
elliptic nonlinear equations

n
2N 0,0 n
h % % a, o0, u=gu,s), xclcR", (2.7)

where a;(x) € 0%, ||la;| > 0, g(u, #) is a smooth function in the arguments
# and entire in the argument u, ¢(0,2) =0, dg/ou(0,2) >0 (such
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equations are known, in particular, in the theory of semiconductors [72],
[3]). In this case the characteristics coincide with the characteristics of
the corresponding linear equation. For example, in problem (2.7) the
characteristics are the same for all the functions having the same part
¢,(0, ®)u linear in w. Highly interesting and general is the “law of non-
linear superposition” of the solution asymptotics, which can be formu-
lated by using the results [93], [94] of the Dirichlet series theory. For
example, for equation (2.5) this law does not depend on the number of
variables # or on the nonlinear component with respect to the argument u
of the function g(u, #) (Dobrokhotov and Maslov, 1980, [33]). The appli-
cation of this law enables us, by using the “one-phase” always complex
solutions f(S(x)/h,x), Im8 >0, defined by one-dimensional Dirichlet
series for the function f(v, #), to reconstruct the “multiphase’” already
both complex and real-valued solutions F(8,(w)/h, Sy(2)/h, ..., 8;(») /h).
They are defined by means of the multidimensional Dirichlet series for
the funection # (7, ..., 7, #). In the case of g = shu the Dirichlet series
are summed up, the function #(z,,..., 7;, #) can be expressed in terms
of the multi-soliton solutions of the sine- Grordon equation, and the “super-
position” formulas for the Dirichlet series turn out to be equivalent to
the “superposition’” formulas for solitons (Dobrokhotov and Maslov,
1977, [113], [29]).

Though the complex characteristics of equation (2.5) coincide with
the characteristics of the corresponding linear equations, the nonlinear
effects in the solution asymptotics of these equations are essential. For
the equation of a semiconductor, for example, this results in a consider-
able increase of conductivity in the neighbourhood of some curve on
its surface [28].

In conclusion, we give the solution asymptotics for a bundary problem
with the impedance condition for the equation of an electrically
neutral semiconductor A2Au = shu in a half-infinite straight elliptic
cylinder

They have the form [28]

gk
1+¢ e llh+¢)9ze lh+i‘¢1¢g(/‘l-2—1)l—2 "(sk sz)/h

%, = 2In T
1,6 1" 1 gy i 10102 (—1)i7%e -’
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where the characteristics have the form

par;

2((1+p (2, +1)
91 =Py =V1i+B(@+a), B =(—a-t+iVb2—a?)/b?

1 h? 2a?
A = -h-'l/l—l—m (wk +%arccos (1— ;: ))

is the impedance.
If in the formula for u, we set

N 1
sh = —5f =V22-1 (mﬁ—a-}— )) +id sy, & ~ kez,,

and

& = —i(V1+TV2E+Vy), b= —i(VI+V2E—Ty),
iv

@1 = Pa =W’ 2y =1V, V = const,

then the function #, modulo the factor ¢ coincides with the soliton—anti-
goliton solution of the sine-Gordon equation.

3. Singularity propagation in nonlinear equations. Conditions of the Hugo-
niot type are the analogue of characteristics equations for this problem.
Singularities of branching type. Solutions with finite outliers at single points.

3.1. Singularities in nonlinear equations. In linear hyperbolic equations
the characteristics define the dynamics of the discontinuous part of the
golution. In modern educational literature this fact is deseribed by means
of the theory of distributions and the so-called ray expansions. The solu-
tion substituted in the equation is of the form:

o+0(8)p,+86(8) @t ...,

where 0(v) is the Heaviside function, s = s(#,1) 0% V_8|;, #0,
@; € 05, the surface of zeros of the function defines the discontinuity
surface. The equations for the functions s and for the coefficients ¢; = ¢;(®,7)
of this series are obtained by equating successively to zero the coefficients
at the distributions d(z), 0(z), ©0(z), ete. This procedure is transferred
to the semi-linear hyperbolic equations, written in the so-called diver-
gence form. The possibility of such generalization is based on the fact
that such a series forms a commutative algebra with respect to usual
multiplication. Oonsequently, the powers of this series are again a series
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of the same type, and the derivative of this series will again be a series
of the same type (with the addition of d-function only).

In the nonlinear case, however, the equations for the functions s
and ¢, do not split, but are pairwise recurrently clutched (with the same
“clutching coefficient” [1167]). The first two of these equations are called
conditions of the Hugoniot type and are the generalization of the notion
of characteristics equation for the semi-linear hyperbolic equation.

However, such a generalization for the nonlinear case does not suib
arbitrary types of solution singularities, since the following two condi-
tions should be satisfied for the corresponding series. Firstly, these series
should form a commutative algebra with respect to multiplication, sec-
ondly, the smoothness of the subsequent terms should increase by unity
(if the initial equation is a differential one).

It turns out that only two algebras satisfy these conditions in the
situation of “general position”. If we admit the Ivanov concept, [60],
{61], about the multiplication of distributions, then only three algebras
are possible [122].

The first algebra corresponds to the solution describing shock waves,
the second corresponds to detonation waves, and the third descmbes
infinitely narrow solitons (which will be discussed below).

Nevertheless, when the nonlinearity in the equation has the character
of a power, then for special coefficients and solutions vanishing on one
side of the disecontinuity surface (p, = 0) algebras of the type 0(s)s* > s¥g,,
where a depends on the nonlinearity degree, are possible. k>0

The propagation of singularities of this type is possible not only for
hyperbolic equations. In this case the leading terms of the series
after the substitution in the equation are defined not only by the deriva-
tives but also by the powers of the unknown funection. Then the equation
of the characteristics is of the Hugoniot type, and in this case it is non-
standard. Such propagation of singularities for nonlinear parabolic
equations has a physical sense and was considered in [169], [10].

Note in conclusion that the same semi-linear differential equation
can be reduced to different divergence forms by multiplication by differ-
ent powers of the dependent variable, which leads to different conditions
of the Hugoniot type for the same semi-linear equation. However, it
seems that there is a contradiction. Singular solutions arise as limits for
more exact solutions with a small parameter ¢ by the linear differential
operator [57], [22], [68], [114]. Therefore to whatever distribution the
golution of this more exact equation converges as s—0, the summands
containing ¢ tend in the equation to zero as distributions (in the weak
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sense). This property does not allow us to multiply the equation by the
powers of the dependent variable and to pass to another divergence
form.

Thus, from the point of view of singular solutions it is necessary to
write the semi-linear equation in the right divergence form. Then the
solution of the limit equation does not depend on the initial equation.
This fact is also valid for infinitely narrow solitons.

Nevertheless, the generalization of the characteristics responsible
for the propagation of the solution singularities of semilinear equations
depends in general on the type of the equations with a small parameter
from which these semi-linear equations were obtained by passing to the
limit. Sueh limits were intensively studied in [57], [22], [68], [114]. They
are closely connected with the conditions of the Hugoniot type.

3.2. Infinitely narrow solitons. Infinitely narrow solitons are rather
unusual discontinuity solutions. They arise as limits of some solutions,
for example of the Korteweg-de Vries equation with a small dispersion A

o*u
o3 =90

ou tu ou i
ot 0w
where h—0. This equation has soliton solutions of the form

(2.8)

% = B-+4Acosh™? (M),

h

where 4, B, 0, V are constants. As —0 such a solution tends to the
function which is equal everywhere to B, but at one point # = Vi this
function is equal to B-4-A. We denote this function by Ad,(x—Vi)+B
and call it the infinitely narrow soliton. Such solutions were not con-
sidered in the linear theory. We consider for the Korteweg-de Vries equation
the Cauchy problem with a one-parameter {family of initial data (2.8),
where ¢t = v and B = @,(z) € C;°. The solution of this problem has the
form O (w,t) +A(w,1)d,(s(w, 1) —7) a8 h—0. Here &(w,t) satisfies the
limit equation, and s(z,?) and A(x,?) are connected by

as ds
3 ) +(41-39) ) =0, sl=a/V,
s (2.9)
BIE(A(m, ) +20(w, 1)) = 0.
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These conditions are analogous to those of the Hugoniot type. It
is natural to consider them as the equations of characteristics for the limit
equation, corresponding to the propagation of an “infinitely narrow
soliton” &, on a +variable smooth background. The background
P (x, t) in the rapidly oscillating case was calculated by Lax, 1979, [91].
Note that these conditions are applicable to the more general multi-
soliton case [119], [118], [123]. Like conditions of the Hugoniot type,
they give a good qualitative and quantitative description of the initial
equation also for not very small h. Numerical experiments confirm this
fact [119]. The second expression in (2.9) essentially depends on the form
of the initial equation with a small parameter. Thus the second condition
should be obtained from the asymptotics. On the other hand, the con-
sideration of solution asymptotics from this point of view enables us to
simplify essentially, and hence to substantiate ([119], [118], [123], [179]) the
asymptotical formulas obtained, for example, in physical papers [63],
[75], [4b], [136], [88], [69], [169], [132], [126]. In particular, even con-
dition (2.9) has been unknown in physical literature.

This approach can be applied also to h-pseudodifferential gsemi-linear
equations (in particular, to the Toda lattice equation, to difference equa-
tions, ete.). Considerations from the general point of view enable us to
transfer the results obtained for some equations to others. For example,
the important results obtained by Rusanov and Bezmenov, 1980 [119],
for difference schemes have been used in the problem on asymptotics
for nonlinear oscillations of a lattice (Maslov and Mosolov, 1983).

We have discussed the propagation of the singularities of solutions
of quasi-linear equations, singularities whose support is of codimension 1.
For the propagation of the singularities with the support at a point one
can also write conditions of the Hugoniot type, namely, the characteristics
equations. They well describe qualitatively, for example, some physical
phenomena which arise near the centre of the typhoon (the so-called eye
of the typhoon) if we consider the typhoon as the propagation of the
singularities for some complicated system of quasi-linear equations.

References

[1] Ablovitz M. A. and Benny D. J., The Evolution of Multiphase Models for Non-
linear Dispersive Waves, Stud. Appl. Math. 49 (3) (1970), pp. 225-238.

[2] Analyse Lagrangienne et mecanique quantique, Seminaire du Qollege de France,
1976-1977 of R.0.P. 25, I.R.M.A., Strasbourg, 1978.



Non-Standard Characteristics in Asymptotical Problems 176

[3] Anselm A. N., Introduction to the Theory of semiconductors, Nauka, Moscow,
1978 (in Russian).

[4] Arnold V. I., Integrals of Rapidly Oscillating Functions and Singularities of
Lagrangian Manifold Projections, Funlkis. Anal. 6 (3) (1972) (in Russian),

[6] Babich M. V., Asymptotics with Respect to a Large Parameter for the Fock-
Klein—-Gordon Equation with a Discontinuous Initial Condition, Zap. nauch.
sem. LOMI 115 (1982), pp. 16-22 (in Russian).

[6]1 Babich V. M., and Buldyrev V. 8., Asymptotic Methods in the Problems of
Short-Wave Diffraction, Nauka, Moscow, 1972 (in Russian).

{7] Bagrov V. V. and Belov V. V., Semi-Classial Trajectory-Coherent States of
a Relativistic Spliness Particle in an Arbitrary Electromagnetic Field, Zev. V UZovw,
Physics 46 (1982) (in Russian).

{8] Bagrov V. G., Belov V. V., and Ternov I. M., Semi-Classical Trajectory-Coherent
States of a Non-Relativistic Electron in an Arbitrary Electromagnetic Field,
TMH 50 (3) (1982) (in Russian).

[9] Bakhvalov N. 8., Averaged Characteristics of Bodies with a Periodic Structure,
DAN SSSRE 218 (5) (1974), pp. 1046-1048 (in Russian).

{10] Barenblatt G. I. and Monin A. 8., On the Possible Mechanics of the Appearance
of Discoid Formings in Atmosphere, DAN SSSE 246 (4) (1979), p. 834 (in
Rusgsian)

{11] Belavin A. A., Polyakov A. M., Schwartz A. S., and Tyupkin Yu. 8., Pseudo
Particle Solutions of Yang-Mills-Equations, Phys. Lett. Ser. B 59 (1975), p. 85.

{12] Bensoussan A., Lions J.-L., and Papa Nicolaou G., Asymplotic Analysis for
Periodic Structures, North-Holl. Publ. Comp., 1978.

[13] Berezin T'. A., Quantization in Complex Symplectic Spaces, Iev. AN SSSRE,
ser. matem. 39 (2) (1975), pp. 363-402 (in Russian).

{14] Berezin Yu. A. and Karpman V. I., On Nonlinear Evolution of Perturbations
in Plasma and Other Dispersing Media, Zhurnal exper. ¢ teor. fys. 51 (3) (1966),
pp. 1687-1568 (in Russian).

{16] Bony J.-M., Caleul symbolique et propagation des singularités pour les equations
partielles non lineaires, Ann. Sci. He. Norm. Super. 14 (2) (1981), pp. 209-246.

[16] Borel A. and Hirzebruch F., Characteristic Classes and Homogeneous Spaces,
IT, Amer. J. Math. 81 (2) (1959), pp. 315-382.

{17] Borovkov A. A., Boundary Conditions for the Problem for Random Wandering
and Large Deviations in Functional Spaces, Teorya veroyain. ¢ primen. 12 (4)
(1967), pp. 635-664 (in Russian).

{18] Boutet de Monvel L., and Guillemin V., The Spectral Theory of Toeplitz Oper-
ators, Ann. Math. Stud. 99 (1981), 161 pp.

{19] Buslayev V. 8., A Generating Integral and Maslov’s Canonical Operator in
the WKB Method, Funk. Analiz ¢ Prilozh. 3 (3) (1969), pp. 17-31 (in Russian).

{20] Chebotiarev A. M. and Maslov V. P., 1982, On the Second Term of the Logarithm
Asymptotics of the Path Integrals, Itogi Nauki i Telhniki. Teoria veroyain.,
matem. statist., teor. kybernetiki 19, VINITI, Moscow, pp. 127-154.

[21] Cernykh 8. I., The Semi-Classical Particle in a One-Dimensional Self-Coherent
Field, TMF 52 (3) (1982), pp. 491-494 (in Russian).

[22] Courant R., Partial Differential Hquations, N. Y.-London, 1962.

[28] CzyzJ., On Geometric Quantization and Its Connections with the Maslov Theory,
Reports Math. Phys. 15 (1) (1979), pp. 67-97.



176 Plenary Addresses: V. P. Maslov

[24] Danilov V. G. and Maslov V. P., Quasi-Invertibility of Functions in Ordered
Operators in the Theory of Pseudodifferential Equations, Sovremen. Probl.
Mat. (Itogi nauki i tekhniki) 6, VINITI, Moscow, 1975, pp. 5~130 (in Russian).

[25] Dawson J. M., Nonlinear Electron Oscillations in a Cold Plasma, Phys. Rev.
113 (2) (1959), pp. 383-386.

[26] De Giorgi E. and Spagnolo 8., Sulla convergenzi degli integrali dell’ energia
per operatori eliddici del 2 ordime, Boll. Un. Math. Ital. 4 (8) (1973), pp. 391-411.

[27] Dobrokhotov S. Yu. and Maslov V. P.; Some Applications .of the Complex
Germ Theory to Equations with a Small Parameter, Sovremen. Probl. Mat.
(Itogi nauki 4 tekhniki) 5 VINITI, Moscow, 1975, pp. 141-211 (in Russian).

[28] Dobrokhotov 8. Yu. and Maslov V. P., Multidimensional Effects in the Steklov
Type Boundary Problem For a Nonlinear Equation of a Semiconductor, Uspekhs
Mat. Nauk 33 (5) (1978), p. 142 (in Russian).

[29] Dobrokhotov 8. Yu. and Maslov V. P., Spectral Boundary Problem Asympto-
tics for a Nonlinear Equation of a Semiconductor, DAN SSSE 243 (4) (1978),
pp. 987-900 (in Russian).

[30] Dobrokhotov 8. Yu. and Maslov V. P., Solution Asymptotics of a Mixed Problem
for the Nonlinear Equation h2[Ju+ a sh 4 = 0, Uspekhi Mal. Nauk 34 (3) (1979),
pp. 2256-226 (in Russian).

[81] Dobrokhotov 8. Yu. and Masloy V. P., Boundary Reflection Problem for the
Equation »2[Ju+ash 4 = 0 and finite Zone Almost Periodic Solutions, Funk.
Amnaliz ¢ Prilosh. 13 (3) (1979), pp. 79-80 (in Russian).

[32] Dobrokhotov S. Yu. and Maslov V. P., Finite Zone Almost Periodic Solutions
in 'WKB-Approximations, Sovremen. Probl. Mat. (Ilogi nawlki ¢ tekhniki) 15,
VINITI, Moscow, 1980, pp. 3-94.

[33] Dobrokhotov 8. Yu. and Maslov V. P., Multidimensional Nonlinear Spectral
Boundary Problems and Supersposition of Their Asymptotical Solutions Ac-
cording to the Soliton Summing Law. In: Partial Differential Equations, Nauka,
Novosibirsk, 1980, pp. 1656-1674 (in Russian).

[384] Dobrokhotov 8., Yu. and Maslov V. P., Multiphase Asymptotics of Nonlinear
Partial Differential Equations with a Small Parameter, Math. Physics Reviews
8, Sov. Sci. Reviews, Over. Publ. Ass. Amsterdam, 1982, pp. 221-311.

[356] Dobrokhotov 8. Yu., The Maslov Methods in the Linearized Theory of Gravi-
tation Waves on the Liquid Surface, DAN SSSE 269 (1) (1983), pp. 76-80 (in
Russian).

[36] Dubrovin B. A., Matveev V. B., and Novikov 8. P., Nonlinear Equations of
KdV-Type, Finite Zone Linear Operators and Abelian Manifolds, Uspekhs
Mat. Nauk 31 (1) (1976), pp. 55-136 (in Russian).

[37] Duistermaat J. J., Oscillatory Integrals, Lagrange Immersions and Unfolding
of Singularities, Oomm. Pure Math. 27 (2) (1974), pp. 207-281.

[88] Duistermaat J. J., and Hormander L., Fourier Integral Operators, II, dcia
Math. (1972), p. 128.

[39] Fedoriuk M. V., On the Stability in 0 of the Cauchy Problem for Difference
Equationg and Partial Differential Equations,. ZRV M ¢ MF 7 (3) (1967), pp.
510-540 (in Russian).

[40] Flaschka H., Forest M. G., and McLaughlin P. W., Multiphase Averaging and
the Inverse Spectral Solution of the Korteweg-de Vries Equation, Oomm. on
Pure and Appl. Mat. 33 (6) (1980), pp. 739-784.

s



Non-Standard Characteristics in Asymptotical Problems 177

[41] Folland G. B. and Stein E. M., Estimates for the §z Complex and Analytic
in the Heisenberg Group, Oomm. Pure Appl. Math. 27 (4) (1974), p. 429.

[42] Gamkrelidze R. V., Chern Cycles of Complex Algebraic Manifolds, Izv. AN
SSSR, ser. Mat. 20 (1956), pp. 685-706 (in Russian).

[43] Gaveau B., Systems dynamiques associes a ceriains operateurs hypoelliptiques,
Bull. Sei. Math. 102 (3) (1978), pp. 203-229.

[44] Grigis A., Propagalion des singularités le long de courbes microbicaracteristique
pour des operateurs pseudodifferentiels a caractéristiques doubles, I, Ann.
Sci. Be. Norm. Super. 15 (1) (1982), p. 147-1569.

[45] Grimshaw, Slowly Varying Solitary Waves, Proc. Roy. Soc. London A-368 (1979),,
pp. 359-388.

[46] Grushin V. V., Hypoelliptic Differential Eguations and Pseudodifferential
Operators with Operator-Valued Symbols, Mai. shornil; 88 (4) (1972), pp. 504—521
(in Russian).

[47] Grushin V. V., Parametrix Construction for Degenerative Elliptic Operators.
by the Method of Two-Scale Asymptotic Expansions, Funk. Analie ¢ Prilozh.
116 (2) (1977), pp. 7T6-77 (in Russian).

[48] Guillemin V. and Schéiffer D., Maslov Theory and Singularities, Cambridge, 1972,

[49] Guillemin V. and Sternberg 8., Some Problems in Integral Geometry and Some
Related Problems in Microlocal Analysis, Amer. J. Malth. 101 (1979),.
pp. 915-955.

[50] Guillemin V. and Uhlmann G., Oscillatory Intiegrals with Singular Symbols,
Dulke Math. J. 48 (1) (1981), pp. 251-267.

[61] Guillemin V. and Sternberg V., Homogencous Quantization and Multiplicities.
of Group Representations, J. Funct. Anal. 47 (3) (1982), pp. 344-380.

[62] Gurevich A. V. and Pitaevskij L. P., Decay of Initial Discontinuity in the KdV-
Equation, Letters in ZRETF 17 (5) (1973), pp. 268-271 (in Russian).

[63] Hagedern G. A., Semi-Clagsical Quantum Mechanics, ITTI, The Large Order
Agymptolics and More General States, Ann. Phys. 135 (1) (1981), pp. 58-70.

[64] Helfer B. and Nourrigat J., Hypoellipticite pour des operators sur des groups.
de Lie nilpotents, 0. R. Acad. Sci. AB 287 (6) (1978), pp. A.395-A398.

[66] Hess H., On a Geometric Quantization Scheme Generalizing Those of Kostant—
Souriau and Czyz, Lect. Notes Phys. 139 (1981), pp. 1-35.

[66] Hormander L., Fourier Integral Operators, I, Acia Math. 127 (1971), pp. 79-183.

[67] Hopf E., On the Right 'Weak Solution of the Cauchy Problem for a Quasilinear
Equation of First Order, J. Mat. Mech. 19 (6) (1969), pp. 483-487.

[68] I''in A, M., The Structure of Shock Wave Small Viscosity. In: Nonlinear Waves,.
Nauka, Moscow, 1982, pp. 234-237 (in Russian).

[69] Its A. R. and Matveev V. B., Hill Operators with a Finite Number of Lacunae.
and Multi-Solution Solutions of KdV-Equations, T'eor. ¢ Mat. Phys. 23 (1) (1975),
pp. 51-67 (in Russian).

[60] Ivanov V. K., Associative Algebra of Simplest Distributions, Sib. Mat. J. 20 (4).
(1979), pp. 731-740 (in Russian).

[61] Ivanov V. K., On the Multiplication of Homogeneous Distributions in Several
Variables, DAN SSSRE 257 (1) (1981), pp. 29-33 (in Russian).

[62]1 Ivrii V. Ya., On Semi-Clagsical Spectral Asymptotics for the Schrédinger Oper-
ator on Manilolds with a Boundary and for A-Pseudodifferentiial Equations,
Fumlk. Analiz ¢ Priloch. 14 (2) (1980), pp. 26-34 (in Russian).



178 Plenary Addresses: V. P. Maslov

[63] Johnson R. 8., On the Development on a Solitary Wave Moving over an
Uneven Bottom, Proe. Camb. Phil. Soc. 78 (1973), pp. 183-203.

[64] Karasev M. V. and Maslov V. P., Algebras with General Commutation Relations
and Their Applications, II, Operator Unitary-Nonlinear Equations, Sovremen.
Probl. Matem. (Itogi nauki ¢ tekhniki) 13, VINITI, Moscow, 1979, pp. 145-267
(in Russian).

[65] Karagev M. V. and Maslov V. P., Semi-Classical Soliton Solutions of the Hartri
Equation. Newtonian Interaction with Screening, T M F 40 (2) (1979), pp. 235-244
(in Russian).

[66] Karasev M. V. and Maslov V. P., Global Asymptotm Operators of Regular
Representation, DAN SSSRB 257 (1) (1981), pp. 33-38 (in Russian).

{67] Karasev M. V. and Maglov V. P., Quantization of Symplectic Manifolds with
Conic Points, TMH 2 (1982), pp. 263-269 (in Russian).

[68] Karasev M. V. and Maslov V. P., Pseudodifferential Operators in General
Symplectic Manifolds, Iev. AN SSSR 47 (5) (1983), (in Russian).

{69] Xarpman V. I. and Maslov E. M., A Perturbation Theory for the Korteweg-de
Vries Equation, Physics Lett. 60A. (4) (1977), pp. 307-308.

[70] Keller J. B., Diffraction by a Convex Cylinder, Trans. IRE Ant. and Prop.
4 (3) (1956).

[71] Khrgian A. H., Physics of the Atmosphere, Gidrometeoizdat, Leningrad, 1969
(in Russian).

{721 Kireev P. 8., Physics of Semiconductors, Vys. Shkola, Moscov, 1975 (in
Russian).

[73] Kifer Yu. I., On Asymptotics of Transitional Densities for Processes with Small
Diffusion, Teoriya Veroyatn.iPrimenen. 21 (3) (1976), pp. 572-536 (in Russian).

[74] Kirillov A. A., The Characters of Unitary Representations of Lie Groups, Funk.
Analiz ¢ Prilosh. 2 (2) (1968), pp. 40-65 (in Russian)

{767 Ko K. and Kuehl H. H., Korteweg-de Vries Solitons in a Slowly Varying Medium,
Phys. Pev. Leit. 40 (1978), pp. 233-236.

[76] Kogan V. R., Asymptotics of the Laplace—~Beltrami Operator on the unit sphere
8%, Izv. Vuzov, Radiophysics 12 (11) (1969), (in Russian).

[77] Kostant B., Quantification and Unitary Representations, Leci. Noles Math.
170 (1970), pp. 87-208.

{78] Kozel V. A. and Kotlyarov V. P., Almost Periodie Solutions of the Equation
Ugy— Uy = 8inu, DAN USSR, ser. A 10 (1976), pp. 878-881 (in Russian).

[79] Kozlov 8. M., Averaging of Random Operators, Matl. shornik 109 (2) (1979),
pp. 188-202 (in Russian).

[80] Krakhnov A. D., Asymptotics of Eigenvalues for Psendodifferential Operators
and Invariant Tori, Uspekhi Mat. Nauk 31 (3) (1976), pp. 217218 (in Russian).

[81] Kravtsov Yu. A., Complex Rays and Complex Caustics, Izv. Vuzov, Radio-
physies 10 (1967), p. 1287 (in Russian).

{82] Krichever I. M., Methods of Algebraic Geometry in the Theory of Nonlinear
Equations, Uspekhi Mat. Nauk 32 (6) (1977), pp. 183-208 (in Russian).

{83] Kucerenko V. V., Maslov Canonical Operatior on the Germ of Complex Almost
Analytical Manifold, DAN SSSE 213 (6) (1973), pp. 1251-1254 (in Russian).

[84] Kucerenko V. V., Asymptotic Solution of the System for k—O0 in the Case of
Characteristics with Variable Multiplicity, Izv. An SSSR, ser. mat. 38 (3) (1974),
pp. 626-662 (in Russian).



Non-Standard Characteristics in Asymptotical Problems 179

[86] Kucerenko V. V., Semi-Classical Asgymptotics of the Point Source Function
for the Stationary Schrédinger Equation, T'MF 1 (3) (1969), pp. 384—406
(in Russian).

[86] Kucerenko V. V., Asymptotics of the Cauchy Problem Solution for Equations
with Complex Characteristics, Sovremen. Probl. Mat. (Ilogi nauks i ielhwili)
8, VINITI, Moscow, 1976, pp. 41-135 (in Russian).

[87] Kulikovskii A. G. and Lyubimov G. V., Magneltic Hydrodynamics, Nauka,
Moscow, 1962.

[88] Kulikovskii A. G. and Reutov V. A., The Motion of Single and Periodic Waves
with the Amplitude Close to the Limit in the Layer of a Liquid of Slowly Vary-
ing Depth, Iev. AN S88SE, MZhG 6 (1976) (in Russian).

[89] Langmuir I. and Blodgett K., Currents Limited by Space Charge between
Concentric Spheres, Phys. Rev. 24 (1) (1924), pp. 49-59.

[90] Lax P., Periodic Solulions of the Korleweg-de Vries Equation, Oomm. Pure
Appl. Math. 28 (1975), pp. 141-188.

[91] Lax P. D. and Levermore C. D., The Zero Dispersion Limit for the KdV Equation
Proc. Nat. Acad. Sci. USA 76 (8) (1979), pp. 3602-3606.

[92] Lazutkin V. F., Spectral Degeneration and “Small Denominators” in the Asym-
ptotlics of an Eigenfunction of the “Jumping Ball” Type, Vesinik LGT 7 (1969),
(in Russian).

[98] Leont’ev A. T., Series of Ewmponents, Nauka, Moscow, 1976 (in Russian).

[94] Leont’ev A. F., On the Representation of Analytic Functions by Series of Expo-
nents in the Semi-Cylinder Domain, Matem. sbornik 100 (3) (1976), pp. 364-383
(in Russian).

[95] Lieb E. H. and Simon B., The Hartree—Fock Theory for Culomb Systems,
Comm. Math. Phys. 53 (3) (1977), pp. 185-194.

[96] Leray J., Garding L., and Kotake T., Probléme de Cauchy, Bull. Soc. Math.
France 92 (1964), pp. 263-361.

[97] Leray J., Analyse Lagrangienne et mécanique quantique; une structure mathéma-
lique apparentée auw developpements asymplotiques et & I’indice de Maslov, Siras-
bourg, 1978. )

[98] Lions P. L., The Chogward Equation and Relaled Questions, Nonlinear Anal.
4 (6) (1980), pp. 1063-1072.

[99] Like J. C., A Perturbation Method for Nonlinear Dispersive Wave Problems,
Proc. Roy. Soc. A292 (1430) (1966), pp. 403-412.

[100] Magneron B., Une généralisation de la notion d’indices de Maslov, 0. B. Acad.
Sci. AB289 (14) (1979), pp. A683-A686.

[101] Marchenko V. A. and Ostrovskii I. V., Korteweg-de Vries Periodical Problem,
Matem. sbornil 95 (3) (1974), pp. 331-356 (in Russian).

[102] Maslov V. P., Scattering Problem in Semi-Classical Approximation, DAN SSSE
151 (2) (1963), pp. 306-309 (in Russian).

[103] Maslov V. P., Perturbations Theory and Asymptotical Methods, MGU, Moscow,
19656 (in Russian). -

[104] Maslov V. P., The WKB Method in the Mulli-Dimensional case. Appendix
in the Russian edition of: Heading J., An iniroduction to Phase-Iniegral Methods,
Mir, Moscow, 19656 (in Russian).

[1056] Maslov V. P., On the Regularization of the Cauchy Problem for Pseudo-
differential Equations, DAN SSSE 177 (6) (1967), pp. 1277-1280 (in Russian).

16 — Proceedings...



180 ' Plenary Addresses: V. P. Maslov

[106] Maslov V. P., The Theory of Bicharacteristics for Difference Schemes, Uspekhi
Mat. Nauk 22 (4) (1968), (in Russian).

[107] Maslov V. P., Turning the Heisenberg Equation into the Dynamics Equation
for an Ideal Gas and the Quantization of Relativistic Hydrodynamics, TMF
3 (1969), pp. 378-383 (in Russian).

[108] Maslov V. P., The Canonical Operator on a Lagrangian Manifold with a Complex
Germ and Regularization for Pseudodifferential Operators and Difference
Schemes, DAN SSSE 195 (3) (1970) (in Russian).

[109] Maslov V. P., Operational Methods, Nauka, Moscow, 1973 (in Russian).

[110] Maslov V. P. and Fedoriuk M. B., Semi-Olassical Approzimation in Quantum
Mechanics, Nauka, Moscow, 1976 (in Russian).

[111] Maslov V. P., Oomplexs Markovian Ohains and Feynman’s Oontinual Integral,
Nauka, Moscow, 1976 (in Russian).

[112] Maslov V. P., Application of the Ordered Operators Method for Obtaining Exact
Solutions, TMF 33 (2) (1977), pp. 185-209 (in Russian).

[113] Maslov V. P., Oomplex Method WE M in Nonlinear Hquations, Nauka, Moscow,
1977 (in Russian).

[114] Maslov V. P. and Tsupin V. A., Propagation of a Shock Wave in a Proentropic
Gas with Small Viscosity, Sovremen. Probl. Matem. (Itogi nauki i tekhniki) 8,
VINITI, Moscow, 1977, pp. 273-308 (in Russian).

[115] Maslov V. P., The Equations of a Self-Coherent Field, Sovremen. Probl. Matem.
(Itogi nauki i tekhniki) 11, VINITI, Moscow, 1977 (in Russian).

[116] Maslov V. P., On the Propagation of Shock 'Waves in an Isoentropic Unviscous
Gas, Sovremen. Probl. Matem. (Itogi nauki i tekhnilki) 8, VINITI, Moscow, 1977,
pp. 199-272 (in Russian).

[117] Maslov V. P. and Nazaikinskij V. E., Algebras With General Commutation
Relations and Their Applications, I, Pseudodifferential Equations with Growing
Coefficients, Sovremen. Probl. Matem. (Itogi nauks i tekhniki) 13, VINITI, Moscov,
1979, pp. 5-144 (in Russian).

[118] Maslov V. P. and Tsupin V. A., -Formed Solutions, Generalized by Sobolev,
of Quasilinear Equations, Uspekhi Mat. Nouk 34 (1) (1979), pp. 2356-236 (in
Russian).

[119] Maslov V. P. and Tsupin V. A., Linear Dependence of Soliton Velocities on
Their Bage Heights for a KdV-Equation with Small Dispersion, Uspekhi Mai.
Nauk 35 (5) (1980), p. 218 (in Russian).

[120] Maslov V. P. and Nazaikingkij V. E., Asymptotics for Equations with Singular-
ities in the Characteristics, I, Tsv. AN SSSE 45 (5) (1981), pp. 1045-1087 (in
Russian).

[121] Maslov V. P., Global Exponential Asymptotics for Solutions of Tunnel Type
Equations, DAN SSSE 261 (5) (1981), pp. 1059-1062 (in Russian).

[122] Maslov V. P., Three Algebras, Corresponding to Non-Smooth Solutions of Sys-
tems of Quasilinear Hyperbolic Equations. In: Distributions and Their Applica-
tions in Mathematical Physics, Prooc. Inter. Oonf., Moscow, 1981, pp. 332-333
(in Russian).

[123] Maslov V. P. and Omel’yanov G. A., Asymptotic Solitonlike Solutions of Equa-
tions with Small Digpersion, Uspekhi Mat. Nauk 36 (3) (1981), pp. 63—126 (in
Russian).

[124] Maslov V. P., Metodes operacianales, MIR ed., Masgct, 1982. |



Non-8iandard Characteristics in Asymptotical Problems 181

[125] McKean H. P. and van Moerbeke P., The Spectrum of Hill’s Operator, Invent.
Maih. 30 (1975), pp. 217-274.

[126] McLaughlin D. W. and Scott A. C., Muliisolitons Perturbation Theory. Solitons
in Action, Academic Press, New York, 1978.

[127] Melrose R, and Uhlman G., Lagrangian Interseclion and the Cauchy Problem,
Comm. Pure Appl. Mat. 32 (1979), pp. 483-513.

[128] Mighehenko A. 8., Siernin B. Yu., and Shatalov V. E., The Method of Oanonical
Operator in Applied Mathematics, MIEM, Moscow, 1974 (in Russian).

[129] Miura R. M. and Kruskal M. D., Application of Nonlinear WKB-Method to
Korteweg-de Vries Equation, STAM Appl. Math. 26 (1974), pp. 376-395.

[180] Molchanov 8. A., Diffusion Processes and Riemannian Geometry, Uspekis
Mat. Nauk 30 (1) (1975), pp. 3—-59 (in Russian).

[131] Mumford C. and van Moerbeke P., The Specirum of Difference Operators and
Algebraic Curves, Acla Math. (1979).

[132] Newell A. C., Synchronized Solutions, J. Math. Phys. 18 (5) (1977), pp.
922-926

[133] Novikov 8. P., Periodic Problem for the Korieweg-de Vries Equation, Funk.
Analiz © Prilozh. 8 (3) (1974), pp. 54—66 (in Russian)

[134] Oleinik O. A., Discontinuous Solutions of Nonlinear Equatlions, Uspekhi Mat.
Nauk 12 (3) (1957), pp. 3-73 (in Russian).

[135] Ostrovskii L. A., Propagation of Wave Packets and Spatial Focussing in & Non-
linear Medium, ZRETFE 51 (4) (1966), pp. 1189-1194 (in Russian).

[186] Pelinovskii E. N., Nonlinear Dynamics.of Tsunami Waves, IPI' AN SSSR,
Gorkij, 1982 (in Russian).

[187] Popov M. M., A New Mecthod of Computation of Wave Fields Using Gaussian
Beams, Wave Motion 4 (1) (1982), pp. 85-97.

[138] Povsner A. J., Linear Method in Problems of Nonlinear Differential Equations
with a Small Parameter, Int. J. Nonlinear Mechanics 9 (1974).

[139] Protas Yu. I., Semi-Classical Asymplotics of the Amplilude of Plane Wave
Scatllering on Non-Homogencous Mediums, Maitem. Sbornik 117 (4) (1982),
pp. 496-5156 (in Russian).

[140] Rockland C., Hypoellipticily on the Heigenberg Group-Representation-Theoretic
Criteria, Trans. Amer. Math. Soc. 240 (1978), pp. 1-52.

[141] Rotschild L. P. and Stein E. M., Hypoelliptic Differential Operators and Nil-
potent Groups, Acta Math. 137 (1976), pp. 247-320.

[142] Roischild L. P., A Criterion for Hypoellipticily of Operators Contructed [rom
Vector Tield, Oomm. Part. Differ. Equat. 4 (1979), pp. 645-699.

[143] Rusanov V. V. and Bezmonov I. V., On the Limit Profile of Nonlinear Disconti-
nuity in Difference Schemes for the One-Dimengional Quasilinear Equation,
Prepr. IPM, N69, Moscow, 1980 (in Russian).

[144] Scotl A., Aclive and Nonlinear Wave Propagaiion in Hlecironics, Wiley-Inter-
science, New York, 1970.

[145] Semenov N. N., On Some Problems of Ohemical Kinelics and Reaction Ability,
Moscow, 1970 (in Russian).

[146] Serdyukova 8. I., On Stabilily in the Uniform Metric of Systems of Difference
Lquations, ZRV M ¢ MF 7 (3) (1967), pp. 497-509 (in Russian).

[147] Shubin M. A. Pseudodiffereniial Operators and Spectral Theory, Nauka, Moscow,
1978 (in Russian).



182 Plenary Addresses V. P. Maslovy

[148] Sjostrand J. and Melin A., Fourier Integral Operators with Complex-Valued
Phase Functions, Proc. Int. Oonf. in Nice on Fourier Ini. Oper. 1974.

[149] Souriau J.-M., Quantification Geometrique, Comm. Math. Phys. 1 (1966), pp.
374-398.

[150] Souriau J.-M., Structure des systems dynamiques, Dunod, Paris, 1970.

[151] Souriau J.-M., Geoméiric sympletique et physique mathematique, Paris, 1975,

[152] Souriau J.-M., Construction explicite de l'indice de Maslov. Applications,

\ Lect. Notes. Phys. 50 (1976), pp. 117-148.

[1563] Toda M., Vibration of Chain with Nonlinear Interaction, J. Phys. Soe. Japan
22 (1967), pp. 431-437.

[154] Treves F., Hypoelliptic Partial Differential Equations of Principal Type. Suf-

ficient Conditions and Necedsary Conditions, Comm. Pure Appl. Math. 24 (5)
(1971), pp. 631-670.

[155] Trubowitz E., The Inverse Problem for Periodic Potentials, Comm. Pure Appl.
Math. 30 (1977), pp. 321-337.

[166] Uhlmann G. A., Light Intensity Distribution in Conical Refraction, Oomm.
Pure Appl. Math. 35 (1) (1982), pp. 69-80.

[167] Varadhan S. R. 8., Asymptotic Probabilities and Differential Equations, Comm.
Pure Appl. Math. 19 (3) (1966), pp. 261-286.

[158] Varadhan S. R. 8., On the Behaviour of the Fundamental Solution of the Heat
Equation with Variable Coefficients, Oomm. Pure Appl. Math. 20 (2) (1967),
DD. 431-455. .

[159] Vakulenko S. A. and Molotkov I. A., Waves in & Nonlinear Non-Homogeneous
Medium, Concentrated in the Vicinity of the Given Curve, DAN SSSE 262 (3)
(1982), pp. 587-591 (in Russian).

[160] Varchenko A. N., Newtonian Polyhedra and the Estimates of Oscillating In-
tegrals, Funk. Analiz 10 (3) (1976), pp. 13—-38 (in Russian).

[161] Vorob’ev Yu. M. and Dobrokhotov 8. Yu., Semi-Classical Quantization of the
Periodic Toda Chain from the Point of View of Lie Algebras, T M F 54 (3) (1983),
pp. 477-479 (in Russian).

[162] Weinberg B. R., Asymplotical Method in Problems of Mathematical Physics,
MGU, Moscow, 1982 (in Russian).

[163] Weinstein A., On Maslov’s Quantization Condition, Lect. Notes Math. 459 (1975),
pp. 341-372.

[164] Weinstein A. I., Zhararov V. I., Novikov E. A., and Shifman M. A., Instanton
Alphabet, TFN 134 (4) (1982) (in Russian).

[165] Whitham G. B., Nonlinear Dispersive Waves, Proc. Roy. Soc. A283 (1393) (1965),
pp. 283-291.

[166] Whitham G. B., A General Approach to Linear and Nonlinear Dispersive Waves
Using a Lagrangian, J. Fluid. Mech. 22 (2) (1965), pp. 273-283.

[167] Whitham G. B., Linear and Nonlinear Waves, Wiley-Interscience, New York,
1974. '

[168] Zabusky N. J., A Synergetic Approach to the Problem of Nonlinear Dispersive
Wave Propagation and Interaction. In: W. F. Ames (ed.), Proc. Sym. on Non-
linear Partial Differential Bquations, Univ. of Delaware, Newark, 1965, Academic
Press, 1967, p. 223. )

[169] Zeldovich Ya. B., Barenblatt G. I., Librovich V. V., and Makhviladze G. M.,
Mathematical Theory of Burning and Explosion, Nauka, Moscow, 1980 (in Russian).



Non-Standard Characteristics in Asymptotical Problems 183

[170] Zhikov V. V., Kozlov 8. M., Oleinik O. A., and Kha T’en Ngoan, Averaging
and @-Convergence of Dilferential Operators, Uspekhi Mat, Nauk 34 (5) (1979)
(in Russian).

[171] Zinn-Justin J., Expansion around Ingtantons in Quantum Mechanics, J. Math.
Phys. 22 (3) (1981), pp. 511-520.

Additional references

[172] Oleynik O. A., Panagsenko G. P., and Iosifyan G. A., Asymptotlical Expansion
of Solutlions of a System of Elasticity Theory with Rapidly Oscillating Coef-
ficionts, DAN 266 (1) (1982), pp. 18-22.

[173] Oleynik O. A., Panagenko G. P., and Tosifyan G. A., Asymptolical Expansion
of Solutions of a System of Elasticity Theory in Perforated Domaing, Matem.
sb. 120 (1) (1983), pp. 22-41.

[174] LionsJ. L., Generalized Solutions of Hamilton—J acobi Bquations, Pitman Advanced
Publighing Program, Boston-London-Melbourne, 1982.

[175] Imanaliev M. I., Asymplolical Methods in the Theory of Singularly Periurbailed
Integro-Differenital Systems, Ilim, Frunse, 1972.

[176] Danilov V. G. and Le Vu An, On Integral Fourier Operators, Matem. sb. 110 (152)
(3) (1979), pp. 323-368.

[177] Melin A. and Sjostrand J., Fourier Integral Operators with Complex-Valued
Funclions, Lecture Notes Math. 459 (1975), pp. 121-223.

[178] Mishchenko A. 8., Sternin B. Yu., and Shatalov V. E., Lagrangian Manifolds
and the Method of Canonical Operalor, Nauka, Moscow, 1978.

{179] Maslov V.P. and Omel’yanov G. A., On Hugoniot Conditions for Infinitely
Narrow Soluiions of Simple Waves Equations, Sib. Math. Journ. 24 (2) (1983),
pp. 172-182 (in Russian).






