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CjiynaftHbie npoijeccw B 
6ecKOHeHHOMepHwx npocTpaHCTBax 

A. B. CKOPOXOA 

B nocjieflHue roAbi B TeopHH onynattHbix npou,eccoB Bee 6ojibine BHH-
MaHHH yAejiaeTCH H3yHeHHK) cjiynattHbix npoqeccoB B ÖecKOHenHOMepHbix 
npocTpaHCTBax. HHTepec K TaKHM npou,eccaM Bbi3BaH He TOJibKo »ce-
jiaHHeM pacnpocTpaHHTb H3BecTHbie MCTOAH HccjieAOBaHHe KOHeHHOMepHbix 
npoi^eccoB, HO H TeM, HTO 6ecKOHeHHOMepHbie npoi^eccw B03HHKaiOT H 
npH peuieHHH PHA& 3aAan, ecTecTBeHHbix RJIR KOHeHHOMepHbix npou,eccoB. 
Te ocoÔeHHOcTH H TpyAHOCTH, KOTopbie B03HHKaiOT npn paCCMOTpeHHH 
6ecKOHeHHOMepHbix npoi;eccoB, CBH3aHbi B nepByio onepeAL c reoMeTpw-
necKOft CTpyKTypott npocTpaHCTBa. TTosTOMy TaKHe TpyAHOCTH Hcne3aK)T, 
ecjiH yAaeTCH HattTH noAxoA^mee OToöpaiaceHHe HCxoAHoro npocTpaHCTBa 
B HeKOTopoe APyroe. 3aMeTHM, HTO ynoMHHyTbie TpyAHOCTH noHBjiaiOTCfl 
npH paccMOTpeHHH BonpocoB KOHCTpyKTHBHoro njiaHa (H3yneHHe CBOäCTB 
BbiÖopoHHbix <J)yHKu,Hfi, HccjieAOBaHHe CXOAHMOCTH cjiynaftHbix npou,eccoB, 
nocTpoeHHe CToxacTHnecKHX KHTerpajiOB, onpeAejieHHe H HccjieAOBaHHe 
peuieHHfl CToxacTHHecKHx AH(J)4)epeHu,HajibHbix ypaBHeHHtt). 06in,He BO-
npocbi TeopHH Mepbi 6e3pa3JiHHHbi K Tonojiornn. 

B paöoTe Mbi OTBjieKaeMCH OT TonojiorHH 4)a30Boro npocTpaHCTBa H 
HccjieAyeM cjiynattHbitt npoi^ecc B H3MepHMOM npocTpaHCTBe co CHCTHO-
nopoMCAeHHOtt or-ajire6pofl. TaKHe npocTpaHCTBa cocTaBJiaiOT AOCTaTOHHo 
oÖuiHpHbift KJiacc, TOJibKo TaKHe npocTpaHCTBa MoryT Hcnojib30BaTbCH B 
npnjio^ceHHHX. BbiHCHaeTCH CTpyKTypa H3MepHMoro npou,ecca. Onpe-
AejiHiOTCK HeKOTopwe HHBapnaHTbi npou,ecca, KOTopbie npn BecbMa HIH-
poKHx orpaHHHeHHHX onpeAeJiHiOT npoi;ecc c TOHHOCTbio AO Heynpe^c-
AaioiHjHX oÖpaTHMbix npeo6pa30BaHHft. CpeAH STHX HHBapnaHTOB ecTb 
paHr npoi;ecca, KOTopbift Mo^ceT 6biTb paBeH HJIH +OO, HJIH HaTypajibHOMy 
HHCjiy. PaHr H ecTb cymecTBeHHaa pa3MepH0CTb npoijecca. CjiynaftHott 
3aMeHOft BpeMeHH H HeynpeacAaiomHM npeo6pa30BaHHeM npoijecc MOMCHO 
CBecTH K npou,eccy B R°°, yAOBjieTBopaiomeMy jiHHettHOMy CTOxacTHHecKOMy 
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AH<{)<}>epeHijHajibHOMy ypaBHeHHK) THna HTO. PaHr npou,ecca — STO HHCJIO 

BXOAäIAHX B ypaBHeHHe He3aBHCHMbix BHHepoBCKHX npoiJieccoB. 

B paöoTe 6e3 cneu,HajibHbix CCMJIOK ncnojib3yiOTCH pe3yjibTaTbi Meftepa, 

KyHHTa, BaTaHaôe, /JejiauiepH no Teopnn MapTHHrajioB H o6m;eH TeopHH 

cjiynanHbix npoijeccoB. 3 T H pe3yjibTaTbi uinpoKo H3BecTHbi H HMCIOTCä B 

KHHrax 3THX aBTopoB H BO MHorHx Apyrnx KHHrax no TeopHH cjiynaftHbix 

npoijeccoB. 

1. TeopeMa KojiMoroposa. CjiynaHHbitt npoijecc onpeAeJiJieTCH TaKHMH 

TpeMH 06l>eKTaMH: (1) BepOHTHOCTHbIM npOCTpaHCTBOM (Q,7,P), (2) 

4>a30BbiM npOCTpaHCTBOM (X, B), KOTopoe HBJiaeTCH H3MepHMbiM npo-

CTpaHCTBOM, (3) OTo6pa5KeHHeM x(t,oj): R+ x fi —• X, oöJiaAaiomHM TeM 

CBOflCTBOM, HTO RJ1SL BCeX t G Ì2+ OTOÔpaaECeHHe X(t, •) : Ä + —* X H3MepHMO 

OTHOCHTejibHO tf-ajireöp J H S. OyHKuna x(t,UJ) H ecTb cjiynaoHbiH 

npon,ecc B <J)a30BOM npocTpaHCTBe X, onpeAejieHHbiflr Ha HeoTpnijaTejibHOA 

nojiynpHMOft Ì2+. BepoflTHOCTHoe npocTpaHCTBo nrpaeT cymecTBeHHyio pojib 

jiHnib B TOM cjiynae, KorAa npoijecc onpeAeJifleTca c noMoin;bio HeKOTopott 

KOHCTpyKqHH. n p n o6in;eM paccMOTpeHHH cjiynanHbix npou,eccoB OCHOBHOH 

xapaKTepncTHKOH npoijecca HBJIHIOTCH KOHeHHOMepHbie pacnpeAejieHHH. 3 T O 

ceMeftCTBo 4>yHKi;HH 

A**i,.-,tn(Bi,. . . ,Bn) = P{x(ti,Lj) eBi,...,x(tn,u) E Bn), 

n = l,2,..., t f c Gfi+ , BkeB. (1) 

3 T H <J)yHKij;HH yAOBjieTBopaiOT cjieAyiomHM ycjiOBHHM corjiacoBaHna: 

( i ) 

Mt*! ,...,t*„ (Bil > • • • > Bin) = Ptu...,tn ( S l ' • • • ' Bn), 

{ t i , . . . , f n } = { l , 2 , . . . , n } , n = l , 2 , . . . , tkeR+, Bk€ß, 

(2) 

(3) 

Mti.-Mtn-i.tnC^i» • • • » -Bn-lj-X") - ^ l j . . . , t n _ 1 (B±,. . .,Bn-l), 

/*ti t j f l j f l a , . . . , ^ ) ecTb Mepa no B, pt(X) = 1. 

TeopeMa KojiMoropoBa yTBepaKAaeT, HTO AJI« BcaKoro Ha6opa corjiaco-

BaHHbix KOHeHHOMepHbix pacnpeAejieHHÄ cymecTByeT cjiynaHHbift npo-

u,ecc x(t,u), onpeAejieHHbiH Ha HeKOTopoM BCPOHTHOCTHOM npocTpaHCTBe 

{fi, 7, P}, RJIX KOToporo BbinojiHeHO (1). 

B KanecTBe fi MOHCHO B3HTb npocTpaHCTBo XR+ — npocTpaHCTBo Bcex 

X-3HaHHbix (J)yHKi;HH, onpeAejieHHbix Ha Ä+; npn STOM 7 6yAeT U;HJIHH-

APHnecKoH <r-ajire6pott B XR+, a Mepa P OAH03HanHO onpeAejifleTca KOHCH-

HOMepHbiMH pacnpeAeJieHHHMH paBeHCTBOM 

P({x(-):x(t1)eB1,...,x(tn)eBn})=fitu_tn(B1,...,Bn). 

CaM npou,ecc x(t,u) 3aAaH COOTHOIHCHHCM 

x(t,u(-))=Lj(t), u(')eXR+. 
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2. Ü3MepHMOCTb. riycTb x(t,cj) H x(t,u) ABa cjiynaflHbix npon,ecca, 3aAaH-
HblX Ha OAHOM H TOM MCe BepOHTHOCTHOM npOCTpaHCTBC OHH Ha3bIBaK)TCH 
CTOXaCTHHeCKH 3KBHBaJieHTHbIMH, eCJIH RJIR Bcex t G i2+ 

P{x(t,u)) = x(t,w)} = l. 

TorAa em;e x(t,uS) H x(t,uj) Ha3biBaiOTCH MOAH^HKaijHJiMH APyr APyra. 
rip» 3aAaHHH nponecca KOHeHHOMepHbiMH pacnpeAejieHHHMH ecTecTBeHHo 
He pa3JiHHaTb MOAH^HKau.HH. /JajibHettmee H3yneHHe cjiynanHoro npou,ecca 
TaKMCe He 3aBHCHT UT BblÖOpa MOAHt̂ HKaî HH. 

ByAeM Ha3biBaTb npoi^ecc H3MepHMbiM, ecjiH OH HMeeT H3MepHMyio MOAH-
<})HKaU,HK), T.e. TaKyK) MOAH(})HKan,HK) x(t,L)), KOTOpaH ÄBJIHeTCH H3MepHMbIM 
OTo6pa»ceHHeM npocTpaHCTBa (R+ x f i , BR+<&7) B (X, B), BR+ — 6opejieBCKaa 
(7-ajire6pa Ha Ì2+. 

Run AaJibHettuiero HaM noTpeÖyiOTCJi HeKOTopbie npocTpaHCTBa cjiynaft-
HblX BeJIHHHH. 06o3HaHHM Hepe3 R((i) npOCTpaHCTBO BCeX HHCJIOBblX 

BejiHHHH Ha BepoHTHOCTHOM npocTpaHCTBe {fi, 7,P}. ECJIH £, rj G i?(fi), TO 

^ , r ? ) = M ( l - e - l « - " l ) 

ecTb MeTpHKa B Jî(fi), OTHOCHTejibHO KOTopoft R(ü) — nojiHoe npocTpaHCTBo. 

IlyCTb Ht 3aMbIKaHHe B 3T0H MeTpHKe MHO ĈeCTBa BeJIHHHH BHAa 
g(x(s1,uj),...,x(sn,uj)), rßß n = 1 , 2 , . . . , sk G R+, sk < t\ g(xt,...,xn) 

eCTb Sn-H3MepHMaH (J)yHKÎ HH Xn B R. 

Ht — BejiHHHHbi, onpeAeJiHeMbie TeneHHeM npou.ecca AO MOMeHTa t 

BKJIIOHHTeJIbHO. 
Hepe3 H o6o3HanHM 3aMbiKaHHe \JtHt. 

TEOPEMA 1. IJycTb a-anre6pa B eterno nopo>xReHa. Upou^ecc x(t,u) 

H3MepHM Tor^a M TOJIòKO TorRà, KorRa: (1) H cenapaôejibHO, (2) fi3ìt(Bi,B2) 

— ÔopejieBCKan (fryHKixuR s npn mo6hix t G R+, Bi,B2 G B. 

B cjiynae CHCTHO nopoacAeHHoro (X, B) STO npocTpaHCTBo MOECHO H3Me-
PHMO B3aHMHO 0AH03HaHH0 oTo6pa3HTb B OTpe30K [0,1]. 3 T O TeM He MeHee 
He AaeT ocHOBaHHH yTBep^CAaTb, HTO no cymecTBy Bce npou,eccbi c TaKHMH 
4>a30BbiMH npocTpaHCTBaMH OAHOMepHbi. B AaJibHenineM 6yAeM npeAno-
jiaraTb, HTO <7-ajire6pa S CHCTHO nopoacAeHa, a npon,ecc x(t,oj) HBJiaeTCH 

H3MepHMbIM. 
3. OnpeAejiiiiomHtt noTOK cr-ajire6p. SBOJIIOAHH npou.ecca BO BpeMeHH 

onpeAejiHeT H3MeHeHHe npocTpaHCTB Ht. 3aMeTHM, HTO 9TH npocTpaHCTBa He 
MeHHiOTCH npn B3aHMHO OAH03HaHHbix Heynpe:>KAaK)iH,Hx npeo6pa30BaHHax 
cjiynaftHoro npon,ecca, B nacTHocTH B3aHMH0 0AH03HanHbix OTo6pa:aceHHHx 
(j)a30Bbix npocTpaHCTB. BMecTo ceMeficTBa npocTpaHCTB Ht MOHCHO pac-
CMOTpeTb noTOK a-ajire6p (7t)} rp$ 7t — a-ajireôpa coöbiTHft, nopoDKAeHHaa 
cjiynaftHbiMH BejiHHHHaMH H3 Ht. TaK KaK 7t H Ht onpeAejiHiOT APyr Apyra, 
TO 6yAeM H3ynaTb CTpoeHHe noTOKa (7t). 06o3HaHHM nepe3 M2 npocTpaHCTBo 
KBaApaTHnecKH HHTerpnpyeMbix (^)-corjiacoBaHHbix MapTHHrajioB. 
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TEOPEMA 2. (1) M2 onpeRejixeT noTOK (7t), (2) cymecTByeT cneTHoe 

MHoncecTBO MapTHHrajiOB {qn(t), n = 1 ,2 , . . . } B M2 raicoe, HTO RJISL KayKRoro 

t G 12+ 3Ha*ieHHx MapTHHrajiOB IUIOTHM B Ht. 

J\nsi AaJibHettuiero HaM noTpeöyiOTca cjieAyiomne ycjiOBHa Ha noTOK (7t): 

(1) 7 nojiHo OTHOCHTejibHO P, Ft coAep^KHT Bee MHoaEcecTBa Mepw 0, 

{2)7t = Ç\7t+=r\a>tTa. 
ripn BbinojiHeHHH 3THX ycjiOBHH MapTHHrajibi H3 X2 HMeiOT HenpepbiBHbie 

cnpaBa MOAH^HKaunn 6e3 pa3pbiBOB BToporo poAa. MOECHO cHHTaTb, HTO 

M.2 cocTOHT TOJibKo H3 TaKHx MapTHHrajiOB. ByAeM o6o3HanaTb nepe3 W H 

P t7-ajire6pbi Bnojme H3MepHMbix H npeACKa3yeMbix MHOECCCTB B R+ x fi. 

riepBaa nopoDKAaeTca HenpepbiBHbiMH cnpaBa, a BTopaa — HenpepbiBHbiMH 

corjiacoBaHHbiMH npon,eccaMH. 

JXJISL 771 (£) H rj2(t) H3 M2 o6o3HaHHM Hepe3 (ffi,7)2)t MX B3aHMHyK) 

xapaKTepHCTHKy — TaKOH P-H3MepHMbiH npouecc, HTO r)i(t)r)2(t) — {wi,W2)t 

ecTb napTHHraji. BejiHHHHa (rf,rj)t = (rj)t — xapaKTepncTHKa MapTHHrajia 

rj(t). Jlpa MapTHHrajia r\i(t) H 772W H3 X2 opToroHajibHbi (771 _L 772), ecjin 

(Wi,W2)t = 0 AJiH Bcex t G JR+. 

TEOPEMA 3. M2 = M2 © Ml © M2 (opToroHajibHax cyMMa B CMbicjie 

BBep&HHOrO nOHHTHB OpTOrOHaJIbHOCTH), 

M 2 — npocTpaHCTBo HenpepbiBHbix MaprmirajiOB, 

M 2 — npOCTpaHCTBO HHCTO pa3pbIBHMX KOMneHCHpOBaHHblX MapTHHrajiOB 

c HenpepbiBHbiMH xapaKTepncTHKaMH, 

M 2 — npocTpaHCTBo HHCTO pa3pbIBHbIX MapTHHrajiOB C HHCTO pa3pbIBHbI-

MH xapaKTepncTHKaMH. 

3 T O pa3JioxceHHe HMeeT aHajiornio B H3BCCTHOM pa3JioxceHHH JleBH 
npoijecca c He3aBHCHMbiMH npnpameHHÄMH Ha HHCTO pa3pbiBHyio (Ml)» 
cToxacTHHecKH HenpepbiBHyio cKaHKOo6pa3Hyio (Ml) H HenpepbiBHyio co-
CTaBjiHK)in,He. KaK Mbi yBHAHM AaJibuie 3Ta aHajiorna MoaceT 6biTb 
npoAOJiMceHa Sojiee rjiyöoKo. 

4. CymecTBeHHoe BpeMji. PaHr. PaccMOTpHM npocTpaHCTBo M2 © Ml 

Bcex MapTHHrajiOB H3 M2 c HenpepbiBHbiMH xapaKTepncTHKaMH. Bbionpan 
HeKOTopyio njiOTHyio nocjieAOBaTejibHocTb MapTHHrajiOB H3 >(§ © Ml H 
paccMaTpHBaa HX xapaKTepncTHKH MOHCHO nocTpoHTb TaKOH MapTHHraji 
fj(t) G M2 © Ml, HTO RJISL BCHKoro Apyroro MapTHHrajia rj(t) e M® (B M2 

B03pacTaioiAaH 4>yHKu,HH {rf)t 6yAeT aôcojiiOTHO HenpepwBHa OTHOCHTejibHO 
B03pacTaioii];eH <{>yHKu,HH (fj)t = 6t. BcflKyio TaKyio 4>yHKn,HK) 6t (oHa 
npeACTaBHMa KaK xapaKTepncTHKa HeKOToporo MapTHHrajia H OTHOCHTCJILHO 
Hee aôcojiiOTHO HenpepbiBHbi xapaKTepncTHKH Bcex Apyrwx MapTHHrajiOB H3 
M2 © Ml) öyrjßM Ha3biBaTb cymecTBeHHbiM BpeMeHeM RJISL noTOKa (Tt) (HJIH 
HcxoAHoro npou;ecca). ECJIH Ha HeKOTopoM HHTepBajie 6t ne pacTeT, TO Ha 
3TOM HHTepBajie HCXOAHbiH npou,ecc SBOjnouHOHnpyeT AeTepMHHHpoBaHHo, 
xoTH 3BOJiK)iH4fl 3aBHCHT OT Toro, HTO npoHCXOAHJio AO 3Toro HHTepBajia 
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BpeMeHH. OneBHAHO, HTO cymecTBeHHoe BpeMH onpeAeJiaeTCH c TOHHOCTBIO 
AO SKBHBajieHTHOCTH: ecjiH St — cymecTBeHHoe BpeMH H St HenpepbiBHbifl 
B03pacTaioiAHH corjiacoBaHHbiH npon,ecc, RJISL KOToporo 

P{0 < dSt/dSt < 00} = 1, 

TO 8t — TaKMce cymecTBeHHoe BpeMH. 
PaccMOTpHM Tenepb npocTpaHCTBo M%- nycTb {r/n(t)} üJIOTHO B X§ . 

OpToroHajiH3yeM {r}n(t)} cjieAyK)m,HM o6pa30M: 

ra-1 çt 

6 ( 0 = m(t), £r(0 = finit) -J2 <*nk(s)d$k(s), n > 1, 
k=lJ° 

IIocTpoeHHaH nocjieAOBaTejibHocTb {£k(t)} oSjiaAaeT cjieAyK)in,HM CBOHCTBOM: 
AJIä BCHKoro MapTHHrajia rj(t) G M2 cnpaßeAJiHBo npeACTaBJieHHe 

BcHKyio nocjieAOBaTejibHocTb, oÖJiaAaiomyio STHM CBOHCTBOM, 6yAeM Ha3bi-
BaTb 6a3HCOM B M § . 

TEOPEMA 4. TlycTb ô(t) — cymecTBeHHoe BpeMR, {£k(t)} H {£k(t)} —RBa 

6a3Hca B M®- Toiyja ecjin 

"(0 = ]C J{*<€*>i/<«(0>o}> 5(0 = X^7{d<£fc>*/sM>o}> 
fc fc 

P{ J lM3)*P{a)}d6(8) = 0} = 1. 

TaKHM o6pa30M cymecTByeT He 3aBHC5imaH OT Bbiöopa 6a3Hca TaKaa 
P-H3MepHMaH 4)yHKU,HH v(t), HTO 

P{v{t) = r(t)} = 1, 

r(t) Ha3biBaeTca paHroM noTOKa (7t) B MOMCHT t. A BejiHHHHa 

r = inf {fc: P U I{v{s)>k}d6(s) = 0J = 1J 

(cHHTaeM inf 0 = +00) Ha3biBaeTca paHroM noTOKa (7t). PaHr noTOKa — STO 
pa3MepHOCTb MHHHMajibHoro 6a3Hca B M®, STO BbiTeKaeT H3 cjieAyiomero 
yTBepMCAGHHH. 

TEOPEMA 5. TlycTb 8(t) cymecTBeHHoe BpeMR, r — panr (7t). CyiRe-

CTByeT nocjieROBaTejibHOCTb P-H3MepHMbix MHoxcecTB Ai D A2 D • • • D Ar 

(aTa nocjieROBaTejibHOCTb ÖecKOHenHa npn r = +00) H 6a3nc { 6 ( 0 ; fc < r + 1 } 
raicjîe, HTO 

TO 

(ti)t= I IAi{s)d6{8). 
Jo 
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5. IlpHMepbi. MapTHHrajibi H3 Ml © M | HMCIOT AOBOJIBHO npocTyio 
CTpyKTypy, XOTä AJIH At I MM yKa^ceM AaJiee HeKOTopwtt onpeAejiaiomHH 
HHBapnaHT. Ceftnac Hania u,ejib noKa3aTb, HTO paHr npou,ecca MoaceT 6biTb 
pa3JiHHHbiM, npnneM npou,ecc npn 3TOM MoaceT 6biTb AOBOJIBHO peryjiapHbiM 
npoueccoM B R. 

nPHMEP 1. riycTb x(t,tj) — npoijecc B Rm, ero KOMnoHeHTbi x\(t,u)), 

...,xm(t,(jj) — He3aBHCHMbie BHHepoBCKHe npoijeccbi. üoKa^ceM, HTO ero 
paHr r = m. TaK KaK RJIR BcaKoro MapTHHrajia, corjiacoBaHHoro c noTOKOM 
(7t), nopo^KACHHbiM x(t,u), cnpaBeAJiHBO npeACTaBjieHHe 

m rt ' " rt 
ri(t) = J2 <Pk(s)dxk(s,u)), 

k=iJo 

T o r ^ m . ECJIH 6bi cymecTBOBaji 6a3HC H3 r < m MapTHHrajiOB 771 ( 0 , . . . , V r ( 0 
H 

k rt 

Xk(t>u) = Y] aki(s)drii(s), 

TO 

Sikt = ] C / 0iki(s)akjd(r)i)3, 6lk = ^aHaki(t)-±^, 
2 = 1 J o i=i a t 

l,k <m, HTO HeB03MOECHO (paHr MaTpHijbi \\aki(d(r}i) /ds^^W He npeBocxoAHT 

r < m). 
TTPPIMEP 2. riycTb {wk(t)} nocjieAOBaTejibHocTb He3aBHCHMbix BHHepoB-

CKHx npoueccoB. IIOJIOECHM 

^ n , n + i ( 0 = / ( a r c t g w n + i ( s ) + 7 r / 2 ) d w n ( s ) , 
Jo 

Vn,m(t)= / (arctgr7n+i>m(s)+7r/2)d«;n(s), 
Jo 

m > n + 1. 

rioTOK (7™i7n), nopoacAaeMbift MapTHHrajiOM rfnim(t), coBnaAaeT c noTOKOM, 
nopo^CAaeMbiM BHHCPOBCKHMH npoueccaMH wn(t), wn+±(t),... ,wm(t), H ero 
paHr paBeH m - n + 1. JlerKO yöeAHTbcn, HTO cymecTByeT npeAeji B cpeAHe-
KBaApaTHHecKOft CXOAHMOCTH iirxim-^oo rfntm(t) = 77n(0 H noTOK 7", nopoMC-
AeHHWM npeACJiBHbiM npoueccoM, coBnaAaeT c noTOKOM, nopoacAeHHbiM 
BHHepoBCKHMH npoijeccaMH wn(t), wn+i(t), OH HMeeT paHr +00. B 

TO ace BpeMÄ npoijeccbi r7n,m(0 H Wn(t) — OAHOMepHbie HenpepbiBHbie 
MapTHHrajibi c AHcjMjiepeHijHpyeMbiMH xapaKTepncTHKaMH. 

6. KBa3HHenpepbiBHbift noTOK (7t). CjiyHafiHan 3aMeHa speMeHH. IïOTOK 
Ha3biBaeTCH KBa3HHenpepbiBHbiM, ecjin M | coAep^KHT TOJibKo 0. B STOM 
cjiynae xapaKTepncTHKH Bcex MapTHHrajiOB H3 M2 HenpepbiBHbi. FLycTb 
6(t) cymecTBeHHoe BpeMÄ H 6(t) Î +00 npn t j +00. IIOJIOECHM Tt = <$-1(0> 
x(t,Lj) = a;(rt,cj), (ft) = (7Tt), M2, .M2, Ml, At| OTBenaiOT noTOKy (7t). 



CJiyHAftHblE nPOlJECCbl B BECKOHEHHOMEPHblX nPOCTPAHCTBAX 169 

TEOPEMA 6. M2 = Mn), V £ M2}, M\ = {r\(rt)^ G Mj}, i = 0,1,2. 
3aMeTHM, HTO npoRecc x(t,u) He o6si3aTejibHo nopoTKRaeT (ft), OH BooÖiRe 
MoxceT cTaTb HecjiynanHbiM. 

rioTOK Ha3biBaeTCH aÖcojnoTHo HenpepbiBHbiM, ecjin OH HenpepbiBeH H 
cyin,ecTBeHHoe BpeMH aÖcojnoTHO HenpepbiBHO (AH^epeHii.HpyeMO no t). 
TlpHBeAeHHaH Bbiuie 3aMeHa BpeMeHH npHBOA»T K TOMy, HTO noTOK (ft) 
aÖcojnoTHO HenpepbiBeH. 

TEOPEMA 7. fljix aÔcojiWTHO HenpepbiBHoro noTOKa (7t) 
(1) cyuiecTByeT nocjieROBaTejibHOCTb BHHepoBCKHX npou^eccoB {wk(t)} H 

nyaccoHOBCKax Mepa n(dx X di) Ha R\, RJISI Koropoit Eir(ds x dx) = dxdt, 
TaKHe, HTO BCRKHH MapTHHraji r)(t) G M 2 npeRCTaBHM B BHRe 

oo çt nt r 

rj(t) = 2 J / Oik(s)dwk(s) + / / 7(s,x)[ir(ds X da;) — dsdx], 
fc=l •'O ^° ^R+ 

(2) 

rjj,e ctk(s) H 7(5,2:) — HeKOTopbie $yHKU,HH, H3MepnMbie OTHOCHTejibHO P H 
P ® BR+ cooTBeTCTBeHHO, RJISI KOTopbix npn Bcex t>0 

P\JZ al(s)ds+ / / 72(s,x)dsdx < 
I Jo Jo JR+ 

(2) cymecTByiOT TaKHe P-H3MepHMbie ^HKRHH r(t) nX(t), npnHHMaioiRHe 
3HaHeHHx: nepBan — 0 ,1 ,2 , . . . , +00, BTopan — H3 R+ HJIH +00 TaKHe, HTO 
7t coBnajxaeT c noTOKOM, nopoxcjxeHHbiM npoußccaMH 

\ l hr(s)>k}dwk(s), fc = l , 2 , . . . ; / / I{x<x{t)} x + x2ir(ds X dx)\ ; 

r(t) — paHr noTOKa. <PyHKin*si X(t) HMeeT cjieRyioiRHit CMMCJI. TïycTb v(t) — 
u(s) npn s <t — HHCJio CKaHKOB Bcex MapTHHrajiOB H3 Ml Ha oTpe3Ke [s,t], 
TorRa fg \(u)du ecTb KOMneHcaTop v(t) - v(s)\ \(t) Ha3biBaeTca UIHPHHOH 

nyaccoHOBCKoro cneKTpa (7t). STO Toxce Bejinnnna, HHBapnaHTHaa npn npe-
o6pa30BaHHHX npoi^ecca, coxpaHxioiRHx noTOK. 

7. HeynpexcA&iomjfe npeo6pa30BaHHji H CToxacTHnecKHe ypaBHeHHH. 
riycTb {?7n(0} — TaKan nocjieAOBaTejibHocTb MapTHHrajiOB H3 M2, HTO 
AJifl Bcex t JiHHeÄHaH oÖojiOHKa BCJIHHHH {rfn(t),n > 1} njiOTHa B Hf. 
ByAeM npeAnoJiaraTb, HTO noTOK aöcojiiOTHo HenpepbiBeH. TorAa RJISI 

Kâ CAoro MapTHHrajia 77n(0 MODKHO 3anncaTb (J)opMyjiy (2) c 4>yHKU,HHMH 
ank(s) H 7n(s,a;). npn (J)HKCHpoBaHHOM x — STO 7s-H3MepHMbie cjiynaftHbie 
BejiHHHHbi, BXOAfliAHe B H8. 3HaHHT OHH MoryT 6biTb Bbipa^ceHbi KaK 
HeKOTopan jiHHeiiHaa <J>yHKu,HH OT {rjn(s), n = 1,2, . . .} . BoJiee Toro, 
nocKOJibKy OHH npeACKa3yeMbi, a npeACKa3yeMaa npoeKu,HH r)n(s) ecTb 
rjn(s—), TO HX MOMCHO paccMaTpHBaTb KaK jiHHeftHbie 4>yHKU,HH OT rjn(s—). 
ByAeM (})opMaJibHO 3anncbiBaTb STH jiHHeflHbie 4)yHKn,HH B BHAe 6ecKOHeHHbix 
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jiHHeflHbix KOMÖHHaAHö. (Ha caMOM Rene STO npeAejiw KOHenHbix jiHHeftHbix 

KOMOHHaUHÜ.) ECJIH 

«nfcOO =J2akmis)Vm(s-)ì 

ln(s) = Yj9m{six)r)rn(s-) 

(4>yHKi;HH a%m(s) H g^s, x) yace HecjiynattHbi), TO RJISI nocjieAOBaTejibHocTH 

{Vn(t)} nojiynaeM cjieAyromyio CHCTeMy jiHHeftHbix cToxacTHHecKHx AH4>-

4)epeHUHajibHbix ypaBHeHHtt 

oo / oo 

?«(*)= E E a * 
fc=l \ m = l 

dVn{t) = 2^ I E akm(s)Vm{s-) I dWfc(s) 
1 (3) 

+ / ^ ^m(5,a:)r7m(s-)[7r(ds x da;) - dsdx]. 
JR+ m = l 

YpaBHeHHe (3) MOECHO paccMaTpHBaTb KaK jiHHeftHoe ypaBHeHHe B R00 C 

HeorpaHHHeHHbiMH onepaTopHbiMH K03(J)(})HUiHeHTaMH. yroHHeHHe cMbicjia 

ypaBHeHHH (3), a TaKace HccjieAOBaHHe HX peuieHHÄ (B nacTHOCTH, ycjioBHfl 

eAHHCTBeHHOCTH) — 3aAana TeopHH jiHHettHbix CToxacTHHecKHx AH<H>epeH-

njiajibHbix ypaBHeHHft. 

IlocKOJibKy npouecc r j n (0 7i-H3MepHM, a 7t nopoacAGHO 3HaneHHHMH 

npou,ecca X(S,OJ) npn s < t, TO cymecTByeT TaKaa BR+ ® Bß+-H3MepHMafl 

(})yHKUHH fn(t, X(-)) H3 Ä+ X XR+ B R, HTO 

n p n 3TOM (})yHKi;HÄ fn HeynpeacAaiomafl: ecjin yi (s) + 2/2 (s) npn s < t, 

yi(-) E XR+, TO /n(*,yi(-)) = fn(t,yi('))- OTo6paaceHHe npoijecca a( t ,w) - • 

{/n(f,x( ' ,(«;)),n = 1 ,2 , . . .} B i2°° coxpaHaeT noTOK (7t) H nosTOMy OHO 

o6paTHMO B o6o6meHHOM CMbicjie. 3 T O H ecTb TO oöpaTHMoe Heynpe^c-

Aaiomee npeo6pa30BâHHe B R00, KOTopoe nocjie cjiynaftHOH 3aMeHbi BpeMeHH 

npHBOAHT KBa3HHenpepbiBHbifl npoAecc K npoijeccy, yAOBJieTBopaiomeMy 

CHCTeMe jiHHeftHbix CToxacTHHecKHx AH^epeHAHajibHbix ypaBHeHHîî. 

8. HeKOTopbie B U B O A U H 3aAann. 1. BnojiHe noHaTHO CTpoeHHe KBa3HHe-

npepbiBHoro noTOKa. O H onpeAejmeTca TaKHMH TpeMa xapaKTepncTHKaMH: 

(a) cyn^ecTBeHHMM BpeMeHeM ô(t), KOTopoe onpeAejineTCH c TOHHOCTBIO 

AO SKBHBaJieHTHOCTH RJISI Mep, nopOHCAaeMblX B03paCTaK)IH,HMH Henpe­

pbiBHbiMH 4>yHKUH5iMH; (6) paHroM npoijecca r(t), onpeAeJieHHbiM OAH03HaHHO 

noHTH BCiOAy OTHOCHTejibHO cymecTBeHHoro BpeMeHH; (B) HIHPHHOìì nyac-

coHOBCKoro cneKTpa À(0, KOTopaa onpeAejiaeTCH 0AH03HaHH0 noHTH BCiOAy 

OTHOCHTejibHO CymeCTBeHHOrO BpeMeHH, eCJIH STO BpeMH <})HKCHpOBaHO. 

3aMeTHM, HTO 4>yHKAHH r(t) H A(0, onpeAejiHiomHe noTOK npn 6(t) = 

t, AOJiECHbi ÔbiTb npeACKa3yeMbi OTHOCHTejibHO onpeAeJiaeMoro noTOKa. 

3 T O HaKJiaAWBaeT Ha HHX onpeAejieHHbie orpaHHneHHH, KOTopbie cjieAyeT 

H3yHHTb. 
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2. BbiacHfleTCfl oco6an pojib JiHHeHHbix CToxacTHHecKHx RH^epeHim-

ajibHbix ypaBHeHHft c HeorpaHHHeHHbiMH onepaTopHbiMH K03(})(})HU,HeHTaMH. 
M3yneHHe TaKHx ypaBHeHHtt npoBOAHJiocb B paMKax TeopHH jiHHeßHbix 
CHCTeM npn BecbMa ^cecTKHx orpaHHHeHHHX, OKa3biBaeTca HMeeT CMbicji 
paccMaTpHBaTb TaKHe CHCTCMW 6e3 BCAKHX orpaHHneHHH. 

3. PaccMOTpeHbi TOJibKo HeKOTopbie npeo6pa30BaHHa npoii,eccoB H no-
TOKOB <T-ajire6p. BecbMa HHTepeceH Bonpoc o Heo6paTHMbix npeo6pa-
30BaHHHX npou,eccoB (HanpHMep, c noMonjbio npeo6pa30BaHHft (})a30Boro 
npocTpaHCTBa), npn KOTopbix coxpaHfliOTca noTOKH <r-ajire6p. 

4. BbiJio 6bi nojie3Ho HMeTb cnocoÖ AOKa3aTejibCTBa KBa3HHenpepbiBH0CTH 
noTOKa, nopo>KAeHHoro cjiynaftHbiM npou,eccoM 6e3 paccMOTpeHHH npo-
CTpaHCTBa MapTHHrajiOB, a Hcnojib3ya Jinnib ero KOHenHOMepHbie pacnpeAe-
jieHHH. (3TO BO3MO:HCHO, HanpHMep, RJISI MapKOBCKHx npou,eccoB.) 

5. MHTepec npeACTaBJineT H3yneHHe O6IU,HX noTOKOB (c npeACKa3yeMbiMH 
pa3pbiBaMH). 3Aecb MOHCHO 6bijio 6bi HcnoJib30BaTb onepauHio npeAejibHoro 
nepexoAa RJISI noTOKOB c KOHCHHBIM HHCJIOM npeACKa3yeMbix pa3pbiBOB. 

JIMTEPATYPA 

1. A. B. CicopoxoA, 0 jiOKajibHOM cTpoeHHH HenpephiBHbix MSPKOBCKHX npoi^eccoB, 
TeopHH BepoHTHOCTeft H ee npHMeHeHHH 1 JVfo 13 (1966), 381-423. 

2. , OnepaTopHbie CTOxacriwecKHe jj,H<i)4)epeHii,KajibHhie ypaBHeHHx M cTOxacru-
necKMe nojiyrpynnu, ybnexH MaT. HayK 37 N> 6 (1982), 157-183. 

3. M. M. THXMaH H A. B. CicopoxoA, CroxacTiwecKiie nii^epeHi^MajihHbie ypaBHeHHx n 
MX npHJioxceHHx, HayK. ayMica, KneB, 1982. 

4. A. B. CKOPOXOAI CToxacTKHecKue ypaBHemix p,jix CJIOXCHLIX CHCTCM, Hayica, MocKBa, 
1983. 

MHCTHTyT MaTeMaTHKH, AicaAeMHH HayK yKpanHCKofl CCP, KHeB-4, CCCP 


