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In this paper we discuss the use of dynamical and ergodic-theoretic ideas and
methods to solve some long-standing problems originating from Lie groups and
number theory. These problems arise from looking at actions of Lie groups on
their homogeneous spaces. Such actions, viewed as dynamical systems, have long
been interesting and rich objects of ergodic theory and geometry. Since the 1930s
ergodic-theoretic methods have been applied to the study of geodesic and horocycle
flows on unit tangent bundles of compact surfaces of negative curvature. From the
algebraic point of view the latter flows are examples of semisimple and unipotent
actions on finite-volume homogeneous spaces of real Lie groups. It was established
in the 1960s through the fundamental work of D. Ornstein that typical semisimple
actions are all statistically the same due to their extremal randomness caused by
exponential instability of orbits. Their algebraic nature has little to do with the
isomorphism problem for such actions: they are measure-theoretically isomorphic
as long as their entropies coincide.

In striking contrast, unipotent actions (all having zero entropy), though ran-
dom and chaotic from a dynamical point of view, were found to be rigidly linked to
the algebraic structure of the underlying homogeneous space. In 1981 it was shown
by the author that measure theoretic isomorphisms of horocycle flows must be al-
gebraic and imply the isometry of the underlying surfaces. Subsequently, further
“rigidities” of an algebraic nature have been found.

While the study of this “rigidity” phcnomenon was underway, a powcrful
impetus came from number theory. Around 1980 Raghunathan made a remark-
able observation that the long-standing Oppenheim conjecture on the density of
values of irrational quadratic forms at integral points would follow if it were true
that closures of orbits of certain unipotent subgroups U C SL(3,R) acting on
SL(3,Z)\SL(3,R) were merely orbits of larger groups containing U. The latter
result was proved by Margulis in 1986.

Raghunathan’s observation led him to propose a general conjecture on orbit
closures of unipotent actions. In 1990 it was shown by the author that ergodic-
theoretic methods (some of which we developed previously for horocycle flows) can
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be applied to solve this and other related conjectures. This made it possible to an-
swer further number theoretic questions and stimulated subsequent developments
in ergodic theory and dynamics of subgroup actions on homogeneous spaces.

This paper consists of six sections. In Sections 1 and 2 we introduce the
necessary defintions and state conjectures and results prior to 1990. In Section
3 we state and discuss new results for real Lie groups and in Section 4 we give
p-adic and S-arithmetic generalizations of these results. In Section 5 we discuss
applications to number theory and in Section 6 applications to ergodic theory and
the “rigidity” phenomenon of unipotent actions.

It should be noted that this paper discusses only some of the many important
topics that fall under its title.

I thank A. Borel, G. Prasad and D. Witte for their valuable comments on
the preliminary version of this paper.

1 Definitions

Let G be a locally compact second countable topological group, I' a discrete sub-
group of G, and I'\G = {T'h : h € G}. We shall denote by 7 : G — I'\G the
covering projection w(h) =Th, h € G. The group G acts on I'\G by right transla-
tions: z — zg, z € I'\G, g € G. We study the dynamics of this action.

Let {x,} be a sequence in G and let e denote the identity element of G.
We say that z, = w(x,) cuspidally diverges in I'\G if there are e # 7, € T,
n=1,2,... such that x;1y,x, — e as n — oco. (This means that a left invariant
distance between x, and 4,x, tends to zero as n — oo or that the sequence {z,}
escapes to the cusps of I'\G.) For g € G the set

D(g) = {z e T'\G : zg" cuspidally diverges as n — oo}

is called the divergent set of g. It is clear that if D(g) # 0 for some g € G then
I'\G is not compact.

The group T is called a lattice in G if there is a finite G-invariant measure
vg on I'\G. (In this case we shall assume that vg is a probability measure, i.e.
ve(I'\G) = 1.) Then a sequence {z,} in I'\G cuspidally diverges if and only if it
eventually leaves every compact subset of I'\G (see [R]).

Now let U be a subgroup of G and z € T'\G. The set zU = {zu : u € U} is
called the U-orbit of z. A typical orbit zU in I'\G is random and chaotic.

‘We pose the following questions:

(1) What are the closures of orbits zU in T'\G?

(2) What are the ergodic U-invariant Borel probability measures on I'\G? (A
U-invariant probability measure u on I'\G is ergodic if every U-invariant measur-
able subset of I'\G has p-measure zero or one.)

Let us give a few natural examples. Suppose G is a real Lie group, U = {u(t) :
t € R} a one-parameter subgroup of G, and zU a periodic orbit. Then zU = zU
and the normalized length measure on zU is U-invariant and ergodic.

For a more general example suppose that the closure zU coincides with the
orbit of a larger group H containing U, i.e. zU = zH. In addition, it might happen
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that zH is the support of an H-invariant Borel probability measure vy (this hap-
pens if and only if xHx 1 NT is a lattice in xHx "1, x € 7~ 1{z}) that is ergodic
for the action of U.

These examples motivate the following definitions.

DEFINITION 1. A subset A C IT'\G is called homogeneous if there exists a closed
subgroup H C G and a point z € I'\G such that A = zH and zH is the support
of an H-invariant Borel probability measure vyg.

We emphasize that this definition of zH being homogeneous is different from
the commonly used one where the existence of a finite H-invariant measure on zH
is not required.

DEFINITION 2. A Borel probability measure p on I'\G is algebraic if there exist

-z €T\G and a closed subgroup H C G such that zH is homogencous and x = vg.

Equivalently, 4 is algebraic if there is z € I'\ G such that p(zA(u)) = 1, where

A{p) = {g € G : the action of g on I'\G preserves u}.

It is rather exceptional for a subgroup U to have homogeneous orbit closures
or algebraic ergodic measures. However, there are some U for which this happens.
To characterize these U we need the following definitions.

Let G be a Lie group over a field & (where « is either the real field or a p-adic
field) with the Lie algebra &. For g € G let Adg : & — & denote the differential
at the identity of the map h — g~ 'hg, h € G. Then Ad, (called the adjoint map
of g) is a linear automorphism of &.

It is a fact that there is a neighborhood O of zero in & such that the expo-
nential map exp : 9 — G is well defined on O and maps O diffeomorphically onto
a neighborhood of e in G. (When « = R the map exp is defined on all of &.) If
x,y € G and y = xexpv for some v € © with Adgr(v) € O forallr =1,...,n
and some 0 < n € Z then yg" = xg" exp(Adgr(v)) for all r = 1,...,n. Thus Adgr
characterizes the divergence of yg" from xg" when 7 runs from 1 to n.

An element u € G is called Ad-unipotent if Ad, is a unipotent element of
GL(n,k), n = dim®, ie. every eigenvalue of Ad, equals one. Then Ady =
Yo o(r*TEY/K! for all r € Z and some integer m > 0, where T, is a nilpotent
endomorphism of . This polynomial (in 7) form of Ady~ plays a crucial role in all
of the results stated below. It shows that Ad-unipotent orbits diverge polynomially.

A subgroup U C G is Ad-unipotent if each u € U is Ad-unipotent. A subgroup
U C GL(n, k) is unipotent if each u € U is unipotent. A unipotent U C GL(n, k)
is Ad-unipotent.

Now let u be an ad-nilpotent element of & (this means that the map ad,, :
& — &, ad,(v) = [v,u] is a nilpotent linear transformation of ®). An element
a € & is called “diagonal” for u if there exists an ad-nilpotent element u* € &
(called an “opposite” for u) such that

ady~ (u) = a, adg(u) = —2u, ad,(u*) = 2u*.
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This terminology is motivated by the fact that u, u* generate a Lie subalgebra
sla(u, a) of & isomorphic to si(2, k).

Now let t — u(t) be a continuous (hence analytic) homomorphism from x
(as an additive group) to G with u = du(t)/dt|;—0 # 0. The latter condition
implies that if x is a p-adic field then the map ¢ — u(t) is one-to-one. We call
U = {u(¢) : t € k} a one-parameter subgroup of G with tangent u € &. Then U is
Ad-unipotent if and only if u is ad-nilpotent.

2 Conjectures and Results Prior to 1990

CONJECTURE 1. (Raghunathan’s Topological Conjecture) Let G be a real con-
nected Lie group and U an Ad-unipotent subgroup of G. Then given any lattice I'
of G and any z € I'\G the closure of the orbit zU in T'\G is homogeneous.

CONJECTURE 2. (Raghunathan’s Measure Conjecture) Let G and U be as in Con-
jecture 1. Then given any lattice I in G every ergodic U-invariant Borel probability
measure on I'\G is algebraic.

Actually Raghunathan proposed a weaker version of Conjecture 1 and showed
its connection with the long-standing Oppenheim conjecture on the density of val-
ues of irrational quadratic forms at integral points (see Section 5 below). The latter
version as well as Conjecture 2 were stated by Dani [D1] in 1981 for reductive G
and one-parameter U and by Margulis [M1, Conjectures 2 and 3] in 1986 for gen-
eral G and U. (Raghunathan did not propose Conjecture 2. We gave the latter his
name because it represents a natural measure-theoretic analogue of his topological
conjecture.)

CONJECTURE 3. (Margulis [M1, Conjecture 1], [M2, Conjecture 2]) Let G be a real
connected Lie group and U a subgroup of G generated by Ad-unipotent elements
of G. Then given any lattice I in G and any z € I'\G the closure of zU in I'\G is
homogeneous.

In fact, Margulis proposed a weaker version of this conjecture. Conjecture 3
generalizes Conjecture 1 to a class of subgroups U much larger than Ad-unipotent
subgroups. For example, every connected semisimple U without compact factors
is generated by Ad-unipotent elements of G.

It was shown earlier by Furstenberg [Ful] and Parry [P1] (see also [AGH])
that Conjectures 1 and 2 hold for one-parameter and one-generator subgroups
of nilpotent G. Also Starkov [St2] proved Conjecture 1 for one-parameter Ad-
unipotent subgroups of solvable G with I' being an arbitrary closed subgroup of
G such that I'\G has finite G-invariant measure. Conjecture 2 for the latter case
follows from [St2] and [P1] (in fact, without the assumption of I'\G being of finite
G-invariant measure).

As for semisimple G, Hedlund [H] showed that if G = SL(2,R) and I'\G
is compact (in this case I' is called a uniform lattice in G) then the action of a
unipotent one-parameter subgroup U of G on I'\G is minimal (i.e. every orbit of
U is dense). Subsequently, Furstenberg [Fu2]| proved that in this case the action of
U is uniquely ergodic.
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It is a fact that one-parameter unipotent subgroups of G = SL(2,R) are
horospherical. A subgroup U of a Lie group G is called horospherical if there
exists g € G such that

U={ueG:g7"ug"” > easn— oo}

where e denotes the identity element of G.

Generalizing Furstenberg’s Theorem, Bowen [Bw], Veech [V] and Ellis and
Perrizo [EPe] showed that if I' is a uniform lattice in a connected semisimple
Lie group G without compact factors then ergodic actions of horospherical sub-
groups on (I'\G, »g) are uniquely ergodic. Adapting the method of Furstenberg
and Veech, Dani [D1] proved Conjecture 2 when G is reductive and U is a maximal
horospherical subgroup of G. - - -

As for Conjecture 1, Dani [D3] proved it for horospherical subgloups of re-
ductive G. Also Dani and Margulis [DM2, 3] showed that Conjecture 1 holds for
one-parameter unipotent subgroups of SL(3,R).

Dani and Margulis [DM1] proved Conjecture 3 for G = SL(3,R), I’ =
SL(3,Z), and U = SO(2,1)°.

It should be noted that in 1986 Dani showed [D2, Theorem 3.5] that if G is
a connected semisimple Lie group and T’ a lattice in G then given £ > 0 there is
a compact K(e) C I'\G such that for any 2z € I'\G and any one-parameter Ad-
unipotent subgroup U = {u(t) : t € R} of G either A{t € [0,7] : zu(t) € K(e)} >
(1 —€)T for all large T or zL is homogeneous for some proper closed connected
subgroup L of G containing U. (Here A denotes the Lebesgue measure on R.) This
important result is used in the proofs of Theorems 6 and 8-10 below.

3 New Results (1990 and After)

All Lie groups in this section are assumed to be real, and, unless otherwise stated,
the results below are due to the author.

THEOREM 1 (Classification of ergodic invariant measures for Ad-unipotent ac-
tions). Let G be a connected Lie group and U an Ad-unipotent subgroup of G.
Then given any discrete subgroup I' (not necessarily a lattice) of G every ergodic
U-invariant Borel probability measure on I'\G is algebraic.

THEOREM 2. Let G be a connected Lie group and U a Lie subgroup of G of the
form U = U ;w;U°, where u; are Ad-unipotent in G, i = 1,2,..., U/U° is finitely
generated, and the identity component U° is generated by Ad-unipotent elements
of G contained in U°. Then Theorem 1 holds for U.

Theorem 1 is stronger than Conjecture 2 and Theorem 2 extends it to groups
generated by Ad-unipotent elements.

THEOREM 3 (Orbit closures for Ad-unipotent actions). Let G and U be as in
Theorem 1. Then given any lattice I' in G and any z € I'\G the closure of the
orbit zU in T'\G is homogeneous.
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THEOREM 4. Let G and U be as in Theorem 2. Then Theorem 3 holds for U.
Moreover, if U is connected, then for any lattice I' in G and any £ € I'\G there
exists a closed connected subgroup H of G containing U and a one-parameter
subgroup V of U Ad-unipotent in G such that zV = zU = zH is homogeneous and
V acts ergodically on (zH, vg), where vg denotes the H-invariant Borel probability
measure on I'\G supported on zH.

Conjecture 1 is implied by Theorem 3 and Theorem 4 extends it to groups
generated by Ad-unipotent elements.

THEOREM 5. Let G be a connected Lie group, I' a discrete subgroup of G, and
z € I'\G. Let A; denote the set of all closed connected H C G such that zH is
homogeneous and there is a one-parameter subgroup U C H Ad-unipotent in G
acting ergodically on (zH,vg). Then A, is countable.

We show that in order to prove Theorem 3 for general Ad-unipotent U it
suffices to prove it for one-parameter Ad-unipotent U. But for such U we have the
far stronger Theorem 6 below. To state it we need to introduce a definition.

DEFINITION 3. Let U = {u(t) : t € R} be an arbitrary one-parameter subgroup

of G. A point z € T'\G is called generic for U if there exists a closed subgroup

H C G such that zU = zH is homogeneous and 1 f; f(zu(s))ds P Jove fdva
—00

for every bounded continuous function f on I'\G.

A similar definition can be given for a one-generator U = {u* : k € Z}
replacing the integral by the sum Y 7_o f(zu*)/n.

THEOREM 6 (Uniform distribution of Ad-unipotent flows). Let G be a connected
Lie group and U a one-parameter or one-generator Ad-unipotent subgroup of G.
Then given any lattice I' of G every point z € T'\G is generic for U and U acts
ergodically on (zU = zH, vg).

This theorem was proved one month before it was conjectured by Margulis
at the ICM 1990 in Kyoto, Japan [M2, Conjectures 3 and 4].

Theorem 6 for nilpotent G follows from [P1] (see also [L]) and for G =
SL(2,R) it was proved earlier by Dani and Smillie [DSm]. Also Shah [S1] proved
it for semisimple G of real rank 1. Their methods are totally different from the
author’s.

To derive the results stated above we first prove Theorem 1 for one-parameter
Ad-unipotent U. Theorem 7 below plays a crucial role in this proof. To state it
we introduce the following definition. Let U = {u(t) = exptu : t € R} be a one-
parameter Ad-unipotent subgroup of G and assume there is a “diagonal” element
a € & for u (see Section 1). Then we call A = {a(t) = expta : t € R} “diagonal”
for U and denote by SLy(U, A) the connected subgroup of G with the Lie algebra
sla(u,a) (see Section 1). It is clear that A is “diagonal” for U if and only if cAc™?
is so for every ¢ € C(U) — the centralizer of U in G.

THEOREM 7. Let G be a Lie group, I a discrete subgroup of G, and U = {u(t) : t €
R} a one-parameter Ad-unipotent subgroup of G. Suppose there is a “diagonal”
A ={a(t) : t € R} for U in G and let p be an ergodic U-invariant Borel probability



Interactions Between Ergodic Theory, Lie Groups, and Number Theory 163

measure on I'\G. Then either (1) p(D(a(t))) =1 for all t > 0 or (2) p is algebraic
and is preserved by ¢SLy(U,A)e? for some ¢ € C(U).

Recall that D(g), g € G, denotes the divergent set of g (see Section 1).

The central role in the proof of Theorem 7 in [Rad] is played by a dynamical
property of Ad-unipotent actions which we introduced in [Ra8, Theorem 3.1] and
called the R-property. It is a consequence of the polynomial divergence of Ad-
unipotent orbits. Also it is a generalization of the H-property for horocycle flows
introduced in [Ra4] (see Section 6 below).

The R-property states, roughly speaking, that given 0 < £ < 1 there exists
0 < n(e) < 1 such that if F is an appropriate sufficiently large open rectangular
subset of a closed connected simply connected Ad-unipotent subgroup U of G with
_e € F and sup{dg(u,xU) : u € F} = 6 for some small § > 0 and some x ¢ U,
dg(e,x) < 6, then there exists A C F such that (1 — £)f < dg(u,xU) < 6 for all
u € A and A(A) > 5(e)A(F), where A denotes a Haar measure on U and dg denotes
a left invariant metric on G. Moreover, if u € F and dg(u,xU) = dg(u,ur(u))
for some r(u) € G with ur(u) € xU and dg(e,r(u)) < @ then r(u) is close to the
normalizer of U in G and this closeness tends to zero as the sides of the rectangular
set F tend to infinity. (When U = {u(t) : ¢t € R} is a one-parameter subgroup of
G we can take F = {u(t) : 0 < ¢ < T} for large T' > 0.)

The rectangular sets F in the description of the R-property are Felner subsets
of U (see [Ra8]) and the Birkhoff Ergodic Theorem for measure preserving actions
of U holds for averages performed over F.

It should be noted that the R-property and the Birkhoff Ergodic Theorem
are the only basic facts used in the proof of Theorem 7.

Using Theorem 1 (proved in [Ra8-10]) and Theorem 5 (whose proof is simple
[Ral0, Theorem 1.1]) we deduce Theorem 6 [Rall]. These two proofs (of Theorem 1
and of Theorem 6 from Theorems 1 and 5) are central. Note that Theorem G implies
Theorem 3 for one-parameter Ad-unipotent U. In [Ral4, Section 8] we outlined
(using Theorem 5) how the validity of Theorems 1 and 3 for one-parameter Ad-
unipotent U implies their validity for higher-dimensional connected U generated
by Ad-unipotent elements of G (see [Ral0] and [Rall]).

Let us outline the main idea used in [Rall, Proof of Theorem 2.1] to deduce
Theorem 6 from Theorems 1 and 5.

Let U = {u(t) : ¢ € R} be a one-parameter Ad-unipotent subgroup of G.
For z € T'\G = X and a sequence t, — oo we denote by u, the normalized
length measure on the orbit interval L, = {zu(t) : 0 < ¢ < t,}, assuming that
n is a measure on X supported on Ly,. Thus ¢! fot" f(zu(s))ds = [y fdu, for
every bounded continuous function f on X. Also the sequence yu,, contains a weak*
convergent subsequence (as the closed unit ball in the space of Borel measures on
X is weak* compact).

Suppose p, converges weak* to p for some t,, — oco. Then p is U-invariant,
Supp(p) C zUand p(X) =1 (by [D2, Theorem 3.5]). Let {(C(y), ko)) : ¥y € X}
be the ergodic decomposition of the action of U on (X,u). Here each pc(y) is
an ergodic U-invariant measure supported on C(y) and g is the direct integral
of the measures pc(y), ¥ € X. By Theorem 1 each pc(y) is algebraic and C(y)
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is homogeneous. It follows from Theorem 5 that there exist yp € X and a small
6 > 0 such that the set Q = U{C(y) : C(y) = C(vo)z,dc(z,e) < 6} has positive
p-measure. It follows from the definition of p that the proportion of time spent
by L, in every small neighborhood of € is close to () for all sufficiently large
n. Using the polynomial form of Ady) (via a version of the R-property for U) we
show that this may happen only if z € C(y) C Q for some y and p(C(y)) = 1.
Then zU = C(y) is homogeneous and i = pg(y) is algebraic. Thus there exists
H C G such that zU = zH is homogeneous and x = vg. Because this is true for
all sequences t,, — oo with u, weak*® convergent, z is generic for U.

Recently, Dani and Margulis [DM4] offered a linearized version of this argu-
ment using the action of the adjoint representation of G on the mth exterior power
of & with m = dim C(yo). Using this version they offered an alternative proof of
Theorem 6 (and Theorem 8 below) and showed that the convergence in Theorem 6
(and Theorem 8) is uniform on compact subsets of I'\G. Also this linearization
method is basic for the proofs of Theorems 9, 10, and C2 below.

Now let U, = {u,(t) : t € R}, n = 1,2,... and U = {u(t) : t € R} be
one-parameter Ad-unipotent subgroups of G. We say that U,, — U if u,(¢) — u()
for all t € R.

The argument given above can be applied to derive the following more general
version of Theorem 6. (This was pointed out to the author by Marc Burger in
December 1990.)

THEOREM 8. Let U, — U and z, — z € I'\G with I' being a lattice in G.
Suppose that there exists no proper closed connected subgroup L of G such that
U C L and zL is homogeneous. Then

tn

tim = [ fonun(s)ds = [ fdue
0 r\Gc

n—oo ,

for every bounded continuous function f onT'\G and every sequence t,, — oo when
n — oo, where vg denotes the G-invariant Borel probability measure on I'\G.

Theorem 6 follows from Theorem 8 if we set U,, = U, z,, = z for all n and
use induction on the dimension of G. The main part of the proof of Theorem 8 is
given in [Ral4, Section 7].

Now let I" be a discrete subgroup of G, X =T'\G, and let P(X) denote the
set of all Borel probability measures on X. Recall that a sequence {u,} in P(X)
weak* converges to a measure p on X if [ fdu, — [ fdu for every bounded
continuous function f on X. Define

Q(X) = {p € P(X) : there exists a one-parameter Ad-unipotent subgroup
of G that preserves p and acts ergodically on (X, u)}.

By Theorem 1 every member of Q(X) is algebraic.
Recently Mozes and Shah proved the following theorem.
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THEOREM 9 (Mozes, Shah [MoS]). Let {u,} be a sequence of measures in Q(X)
weak* converging to pu € P(X). Then p € O(X). Moreover, there exist z €
Supp(p) and g, € G, g, — e such that zg, € Supp(un) C Supp(u)g, for all
large n.

The proof of this theorem uses Theorems 1 and 5 and the method of [DM4].

Theorem 9 implies the following extension of Theorem 6 to the case when T is
not a lattice: if U is a one-parameter Ad-unipotent subgroup of G and zU is com-
pact in I'\G, then z is generic for U. This was conjectured in [Ral2, Conjecture D]
and proved there for G = SL(2,R).

It is clear that if {u(t) : ¢ € R} is a one-parameter unipotent subgroup of
GL(n,R) then each entry of the matrix u(t) is a polynomial in .

Recently, Shah extended Theorem 6 to more general polynomial actions. A

~ “map §:RF - SL(M,R), n € Zt, is called polynomial if every entry of the matrix

O(t1,...,t;) € SL(n,R) is a polynomial in (t1,...,t;) € R* and @ maps the origin
to the identity element of SL(n,R).

THEOREM 10 (Shah [S2]). Let 6 : R* — SL(n,R) be polynomial and let G be
a closed subgroup of SL(n,R) containing 8(R*). Then given any lattice T' in G

and any z € T'\G there is a closed subgroup H C G such that z6(R¥) = zH is
homogeneous and

B 3B) Sy, TEIIDO = [ T

for every bounded continuous function f on I'\G, where Br denotes the ball of
radius R in R* centered at the origin and ) denotes the Lebesgue measure on R.

The proof of Theorem 10 uses Theorems 1 and 5 and the method of [DM4].
Shah also showed that if 8(¢1,...,tx) = 61(t1) ... 0k(tx) for some polynomial maps
0, : R — SL(n,R), s = 1,...,k, then the conclusion of Theorem 10 holds also
for B,, being of the form [O,T,(Ll)] X ooe X [0,:/’,5")] with TT(Li) — 00,1 =1,...,k.
This implies, in particular, that Theorem 6 holds for higher-dimensional connected
simply connected Ad-unipotent U with averages performed over large rectangular
subsets of U and, in particular, over Fe¢lner subsets of U (see [Rall]). This gives
an affirmative answer to a question raised in [Ral4, Problem 2].

Next we address the following question: Are there subgroups of G not gener-
ated by Ad-unipotent elements of G for which Theorems 1 and 3 hold? Theorems
11-13 below give an affirmative answer to this question.

Indeed, let T be a discrete subgroup of G and p a Borel probability measure
on I'\G. Also let U be a one-parameter Ad-unipotent subgroup of G and A be
“diagonal” for U. Using Theorem 7 we showed in [Ral0, Proposition 2.1] that if
@ is preserved by both U and A then p is preserved by SLy(U,A). Note that
SLy(U, A) is generated by Ad-unipotent elements of G. This and Theorems 2 and
4 imply the following

THEOREM 11. Let G be a connected Lie group and U a connected subgroup of G
generated by Ad-unipotent elements of G. Let Ay,...,A, be “diagonal” for some
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one-parameter Ad-unipotent subgroups Uy,...,U, of U. Then Theorems 1 and 3 .
hold for the subgroup H of G generated by U and A4, ..., A,.

Indeed, if u is an ergodic H-invariant Borel probability measure on I'\G then
 is invariant under the action of the group H’ generated by U and SLs(U;, A;),
i=1,...,n. Because H C H', y is ergodic for H'. Because H' is generated by
Ad-unipotent elements of G, u is algebraic by Theorem 2. This gives Theorem 1
for H. (This argument was brought to the author’s attention by Mozes.) To derive
Theorem 3 for H we show that when T is a lattice in G, then zH = zH’ for all
z € I'\G. Hence zH is homogeneous by Theorem 4.

This implies the following

THEOREM 12. Let G be a connected Lie group and Gy a connected semisimple
subgroup of G without compact factors. Let H be a parabolic subgroup of G.
Then Theorems 1 and 3 hold for H.

Theorem 12 implies, in particular, that Theorems 1 and 3 hold for the sub-
group H of G = SL(n,R) consisting of all upper triangular matrices in G.

We say that a subgroup L of G is epimorphic with respect to G if for every
finite-dimensional representation of G every vector v fixed by L is also fixed by G.
It is a fact that the group H described in Theorem 11 is epimorphic with respect to
H’ generated by U and SLs(U;,A;), i = 1,...,n. Recently, Mozes has generalized
Theorems 11 and 12 in the following form.

THEOREM 13 (Mozes [Mo2]). Let G be a connected Lie group and L a subgroup
of G epimorphic with respect to a connected semisimple subgroup G, of G without
compact factors. Then Theorem 1 holds for L.

Mozes’ proof uses Theorem 2 and a recent result of Bien and Borel [BBo.
PROBLEM. Let G and L be as in Theorem 13. Does Theorem 3 hold for L?

In [Ral4] we incorrectly stated that Raghunathan had a counterexample to
this problem.

It is a fact that, in general, Theorem 3 does not hold for non-Ad-unipotent
one-parameter U. However, using Theorem 3, Starkov proved the following

THEOREM 14 (Starkov [St3]). Let I' be a lattice in G and U a one-parameter
subgroup of G. Then the following statements are equivalent: (1) for every z € T\G
the closure zU is a smooth submanifold of T\G; (2) || = 1 for every eigenvalue A
of Ad, and everyu € U.

Finally we mention that the validity of Theorems 1 and 2 for discrete sub-
groups I' implies their validity for arbitrary closed I' C G. This was shown by
Witte in [W3] (see also [St1] for a related result). Witte also showed (in a recent
correspondence with the author) that the validity of Theorems 2 and 4 with the
assumption of U/U being finitely generated implies their validity without this
assumption (because the assumption holds for the closure of U).

In [Ral0] Theorem 2 is also proved for disconnected G with the additional
assumption (which was omitted in [Ral0], though used in the proofs) that U/U°
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is nilpotent. This assumption automatically holds when G is connected. (See [W4]
for more on the disconnected G case.)
In closing, we note that the following question remains unanswered.

QUESTION. Do Theorems 2 and 4 hold for arbitrary disconnected non-Ad-unipo-
tent subgroups U of G, generated by Ad-unipotent elements of G?

4 Generalizations to the p-adic and S-Arithmetic Cases

The problem of extending Raghunathan’s conjectures to cartesian products of
algebraic groups over local fields of characteristic zero (this is referred to as the
S-arithmetic setting) was raised by Borel and Prasad in [BoPr| (see also [Pr]).
They pointed out that the validity of Conjecture 3 for the S-arithmetic case (see

~ - Theorem S2 below) would solve the density problem in the Oppenheim conjecture
for this case (see Section 5 below).

It turns out that the ideas and methods developed in [Ra8-11] for real Lic
groups can be applied to prove Conjectures 1-3 for a more general (than the S-
arithmetic setting) case, namely, cartesian products of real and p-adic Lie groups.
(If k is a local field of characteristic zero then k is (isomorphic to) either R, or
C or a finite extension of a p-adic field. Then a Lie group over s can be viewed
as either a real Lie group or a p-adic Lie group.) Also our results allow us to
understand the structure of p-adic Lie groups G that carry discrete subgroups
T (in particular, lattices) admitting finite Borel measures on I'\G preserved by
one-parameter subgroups of G (see Theorem S6 below).

More specifically, let S be a finite set and for each s € S let Qg be either the
real field R or the field of ps-adic numbers for some prime ps. In the latter case we
call s ultrametric, otherwise s is called real. The set S is ultrametric if each s € S
is ultrametric.

For s € S let Gg be a Lie group over Qg with the Lie algebra &g and let
Gs = [[{Gs : s € S} denote the cartesian product of Gs, s € S.

Let 7 : Gg — Ggs denote the natural embedding of Gg in Gs and let Us =
{us(t) : t € Qs} be a one-parameter Ad-unipotent subgroup of Gs. Then U =
n(Us) = {u(t) = n(us(t)) : t € Qs} is called a one-parameter Ad-unipotent
subgroup of Gs.

It is a fact (see [Rald, Theorem 1.1]) that every one-parameter subgroup of
a p-adic Lie group G is Ad-unipotent (this was recently proved independently by
Lubotzky and Prasad). Also G is totally disconnected and small neighborhoods
of the identity of G do not generate G. Because of this, G might contain two dis-
tinct one-parameter subgroups U; and Us that have the same tangent (and hence
coincide in a neighborhood of e in G). This motivates the following definitions.

For an ultrametric s € S we call Gs Ad-regular if ker Adgg = Z(Gs), where
Adgg denotes the adjoint representation of Gs and Z(Gs) the center of Gs. An
Ad-regular Gg is called regular if the orders of all finite subgroups of Gs do not
exceed a constant depending only on Gg.

We show that if two one-parameter subgroups Uy = {ui(t) : t € Qs} and
Uy = {uy(t) : t € Qs} of a regular Gg have the same tangent then U; = Uj (i.e.
u; () = uy(t) for all t € Qs).
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It is a fact that if k is a finite extension of Qg with an ultrametric s then
GL(n, k), n € Z*, and its Zariski closed and connected subgroups (viewed as Lie
groups over Qg) are regular.

Also we showed in [Ral5] that if Gg is a Lie subgroup of a regular ps-adic
Lie group then there exists an open subgroup G2 of Gg such that GJ is regular
and contains every one-parameter subgroup of Gs. (This implies that if Theorems
S1-S6 below hold for GY in place of Gs then they hold for Gs. Thus one can reduce
these theorems to the case when Gg is regular for every ultrametric s € S.)

Henceforth we assume that Gs is a Lie subgroup of a regular pg-adic Lie
group for every ultrametric s € S.

THEOREM S1 (Ergodic measures). Let H be a closed subgroup of Gs and U a
subgroup of H generated by one-parameter Ad-unipotent subgroups of Gs. Then
given any discrete subgroup I' of H every ergodic U-invariant Borel probability
measure on I'\H is algebraic.

THEOREM S2 (Orbit closures). Let H and U be as in Theorem 1. Then given
any lattice T’ of H and any =z € T'\H the closure zU of the orbit zU in T'\H is
homogeneous.

Theorems S1 and S2 proved in [Ral5, Theorems 1 and 2] extend Theorems 2
and 4 to Gs. To extend Theorems 6 and 8 we need to introduce the following
notation.

Let H be a closed subgroup of Gg, I' a discrete subgroup of H, and U =
n(Us) = {u(?) : t € Qs}, s € S, a one-parameter Ad-unipotent subgroup of Gg
contained in H. For 7 > 0 let

Fs(r)={teQs:|t|s <7},

where | - |s denotes the normalized absolute value on Qg. When s is ultrametric,
Fs(7) is a compact open subgroup of Qs. We denote by As a Haar measure on Qs.

THEOREM S3 (Uniform Distribution [Ral5, Theorem 3]). Given any lattice I' of
H and any z € T'\H there exists a closed subgroup L of H such that zU = zL is
homogeneous, U acts ergodically on (zU = zL,vy,), and

1

Sy(z, ) = As(Fs(m) Jrgn

f(zu(t)) drs(t) — /I‘\HdeL =uy,(f) as T — o0,

for every bounded continuous function f on I'\H.

THEOREM S4 ([Ral5, Theorem 4]). Let z, — z € I'\H with I being a lattice in
H. Suppose there exists no closed nonopen subgroup L of H such that U C L and
zL is homogeneous. Then there exists an algebraic measure v on I'\H such that
A(v) is an open subgroup of H, v(zA(v)) = 1, U acts ergodically on (zA(v),v),
and

lim Sf(xm'rn) = V(f)

n—oo
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for every bounded continuous function f on I'\H and every sequence 7, — o0
when n — oo. If zU =T'\H then v is H-invariant.

Recall (see Section 1) that A(v) = {h € H: the action of h on I'\H preserves v}.

Theorem S3 follows from Theorem S4 if we set z, = z for all n and use
induction on the dimension of H.

Note that Theorem 5 has also been extended to Gs (see [Ralb, Theorem
1.3]).

Recently Margulis and Tomanov [MT1,2] published a particular case of The-
orem S1 when for each s € S the group Gg is the set of xg-rational points of
an algebraic group defined over a local field kg of characteristic zero. (They also
formulated Theorem S3 with H = Gg and a weaker version of Theorem S2 for this
algebraic case.) As does the author’s their proof uses in the most essential way the _
basic ideas and methods from [Ra8,9] (though they give no specific references to
[Ra8,9] in [MT?2] and no references to [Ra8,9] at all in [MT1]). In fact, for the most
part their proof can be viewed as a translation (with modifications and substantial
simplifications possible because Gg are algebraic) of these ideas and methods to
the algebraic group setting. The basic Lemma 7.5 in [MT?2] uses the fundamental
idea from the proofs of [Ra8, Lemma 4.2], [Ra9, Lemma 3.1] of using the poly-
nomial divergence of Ad-unipotent orbits through the normalizer and the ergodic
theorem. Also the results in [MT?2, Proposition 6.1] and [MT2, Propositions 6.7
and 8.3] are analogous to [Ra8, Theorem 3.1, Lemma 3.3] and [Ra9, Lemma 3.1].

Next we generalize the notion of a “diagonal” subgroup for a one-parameter
Ad-unipotent subgroup Us = {u(t) : t € Qg}, u = du(t)/dt|;—o. Suppose there is
an “opposite” u* and a “diagonal” a = ad,« (u) for u in &5 (see Section 1) and let
A be a one-dimensional Lie subgroup of Gg normalizing Ug whose Lie algebra is
spanned by a.

DEFINITION. The group Ag is called “diagonal” for Ug if there exists a one-para-
meter Ad-unipotent U§ = {u*(t) : t € Qs}, du*(t)/dt|;=0 = u* normalized by As
such that if we denote by S = (Us, U§) the subgroup of Gg generated by Us, Ug
then As C 8 and Adgg maps As homomorphically onto the multiplicative one-
parameter subgroup {a(7) : 7 € Q§} of Adgg(S) with da(7)/d7|,=1 = ad,. Here
Qs =Qs — {0}

We write S = SLy(Us, Ag) and As = U{Ag(7) : 7 € Qf}, where
As(m) ={a€ As: Ad, = a(7)}.

Now let U = n(Us) C Gs. Then we call A = n(Ag) “diagonal” for U in Gg
and write SLy(U,A) = n(SLy(Us, As)).

As in the real case, the central role in the proof of Theorem S1 is played by
the following Theorem S5 [Ral5, Theorem 6], which generalizes Theorem 7.

THEOREM Sb5. Let U be a one-parameter Ad-unipotent subgroup of Gs and as-
sume that Gg contains a “diagonal” subgroup A for U. Let T be a discrete sub-
group of Gg and p an ergodic U-invariant Borel probability measure on I'\Gs.
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Then either (1) u(D(a(t))) =1 for every a(t) € A(r) with || > 1 or (2) ¢SLy(U,
A)c™! c A(u) for some ¢ € C(U) and p is algebraic.

Recall that D(a(7)) denotes the divergent set of a(r) (see Section 1). It is
a fact that if S is ultrametric then there are no cuspidally divergent sequences
in I'\Gs (see [Ral3, Proposition 2]). Thus when S is ultrametric and there is
a “diagonal” A for U, then conclusion (2) holds in Theorem S5. The following
theorem shows that the presence of a “diagonal” subgroup for U is necessary for
U to preserve a finite measure on I'\Gs.

THEOREM S6. Assume S is ultrametric. Let I" be a discrete subgroup of Gs and U
a one-parameter subgroup of Gs preserving a Borel probability measure on I'\Gs.
Then there is a “diagonal” subgroup A for U in Gs.

COROLLARY S1. Assume S is ultrametric and Gs admits a lattice. Then for every
s € S and every one-parameter subgroup Us of Gs there is a “diagonal” Ag in Gg.

This corollary can be viewed as a generalization of [T, Theorem 3] stating
that if an algebraic p-adic group G admits a lattice then G is reductive.

Finally, we mention that Theorem S5 allows us to extend Theorem 11 to Gs
(see [Ralb, Corollary 3]).

5 Applications to Number Theory
The Oppenheim Conjecture

TuEOREM O1 (Margulis). Let B be a real nondegenerate indefinite quadratic
form in n variables, n > 3. Suppose that the ratio of some two coefficients of B is
irrational. Then the set of values of B at integral points is dense in R.

This is an equivalent version of the Oppenheim Conjecture proved by Mar-
gulis [M1] in 1986. (The original Oppenheim Conjecture asserts that zero is a limit
point of B(Z™).) In fact, it was Raghunathan who noticed that in order to derive
this theorem for n = 3 one only needs to prove a weaker version of Theorem 4
for G = SL(3,R), I' = SL(3,Z), and U = SO(2,1)°. This is precisely what Mar-
gulis did. (He also observed that Theorem O1 for n > 3 can be reduced to the
case n = 3.) Subsequently he and Dani [DM1,3] showed that the values of B at
the primitive elements of Z™ are dense in R. In 1990-91 Borel and Prasad [BoPr]
obtained a remarkable strengthening of this fact, implied by Theorem 4.

THEOREM O2 (Borel, Prasad [BoPr]). Let B be as in Theorem O1. Then given
c1,...,¢n—1 € R and € > 0 there are z1,...,Zn_1 € Z™ that are part of a basis
in Z™ (and hence are primitive elements of Z™) such that |B(z;) — ¢;| < € for all
i=1,...,n—1.

In fact, Borel and Prasad [BoPr| have generalized the Oppenheim Conjecture
and Theorem O2 to the following more general setting.

Let s be a number field and o the ring of integers of k. For every normalized
absolute value | - |, on s, let &, be the completion of  at v. Let S be a finite set
of places of k containing the set S, of archimedean ones, ks the direct sum of
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the fields kg, s € S, and og the ring of S-integers of « (i.e. of elements z € k with
|z], <1 for all v ¢ S).

A quadratic form F on &g is a collection (Fs), s € S, where Fy is a quadratic
form on x§. The form is nondegenerate if and only if each Fg is nondegenerate.
The form is isotropic if each Fs is so, i.e. if there exists for each s € S an element
zs € k§ —{0} such that Fs(zg) = 0. If s is a real place, this condition is equivalent
to Fs being indefinite. The form F' is said to be rational if there exists a unit
A = (Xs) € k¢ and a form Fy on k™ such that Fg = AgFp for all s € S, and
irrational otherwise.

THEOREM O3 (Borel, Prasad [BoPr, Theorem Al]). Let F' be irrational, nonde-
generate, and isotropic, and n > 3. Then given € > 0 there exists x € og such that
_0< |Fs(z)| <€ forall s €8.

THEOREM O4 (Borel, Prasad [BoPr, Corollary 7.9]). Assume S = Sy, and let F
be as in Theorem O3. Let A1,..., A1 € ks. Then for each j = 1,2,... there are
Tjly...,Tjn—1 € 0™ = of that are part of a basis of o™ over o (and hence are
primitive elements of o™) such that lim;_ o F(z;) = A; for alli =1,...,n — 1.
In particular, the set of values of F' on the primitive elements of 0™ is dense in Ks.

Theorems O3 and O4 in [BoPr] are deduced by means of Theorem 4, geom-
etry of numbers, and strong approximation in algebraic groups. In [BoPr] Barel
and Prasad pointed out that the density of F(of) (and Theorem O4) for non-
archimedean S would follow from the S-arithmetic version of Theorem 4 (see The-
orem S2 above). Indeed, the deduction of Theorem O5 below from Theorem S2 is
given in [Bo].

THEOREM O5 (Borel, Prasad). Theorem O4 holds also for non-archimedean S
with o replaced by os.

To illustrate the connection between the Oppenheim conjecture and the orbit
closures Theorem 4 let us present the deduction of Theorem O1 from Theorem 4.
This deduction is a simplified version of the argument originally given by Raghu-
nathan.

Let B be a quadratic form as specified in Theorem O1. Also let G = SL(n,R),
I' = SL(n,Z), and L = Z" be the lattice of integral points in R™. Let Lg denote
the lattice in R™ obtained by applying the linear transformation g € G to L. Then
X ={Lg: g € G} is a set of lattices endowed with the natural Hausdorff topology.
Note that if v € I" then Ly = L. This says that we can identify Lg € X with the
coset I'g € I'\G. The identification Lg — I'g is a homeomorphism from X onto
"\G.

Now let H denote the subgroup of G preserving the quadratic form B. Then
H is conjugate to SO(p,q), p+4q = n, pg # 0, and hence consists of two connected
components. Also H? is generated by unipotent elements of G (because n > 2).
For each h € H the set of values of B on Lh is the same as on L. To prove Theorem
01 it suffices to show that the orbit LH? is dense in X or, equivalently, the orbit
zH is dense in I'\G, where z = I'e and e denotes the identity element of G.
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By Theorem 4 the closure zH? = 2F is homogeneous for some closed con-
nected subgroup F C G, containing H°. But the only closed connected subgroups
of G containing H? are G and HO. Hence either F = G or F = HC.

We have to show that F = G, i.e. zH® = I'\G. Suppose to the contrary
that F = H°. Then HONT is a lattice in H® (by Definition 1) and hence HNT
is a lattice in H because H/Hg is finite. Because I' = SL(n,Z), it follows from
the Borel density theorem that H is a Q-subgroup of G. This means that H is
the set of real zeros of some ring of polynomials with rational coefficients. This
implies by an elementary argument that B is proportional to a quadratic form with
rational coefficients. This contradicts the conditions of Theorem O1 and proves the
Theorem.

This proof shows that LH is dense in X. This is used to prove Theorem
02. Indeed, given cy,...,c,—1 € R there is a unimodular basis v1,...,y, € R®
such that B(y;) = ¢; for all i = 1,...,n — 1 (because the level surface B(z) = c,
z € R™ is not contained in any hyperplane). Then the Z-span of this basis belongs

to X. Hence there are z1,...,z, € L and h € H such that z1h,...,z,h are close
to ¥1,...,Yn and |B(z;h) —¢;| < € for all ¢ = 1,...,n — 1. This implies that
Z1,...,Zn form a basis in L and |B(z;) —¢;| <eforall<=1,...,n — 1, because

B(z;) = B(z;h), i = 1,...,n. This yields Theorem O2. (This proof is given in
[BoPr, Proof of Corollary 7.9].)

Finally we mention the following problem. Let B be a quadratic form as in
Theorem O1. Given 0 < a < b and r > 0, let E.(a,b) = {z € Z" : a < |B(z)| <
b,||z|| < r}. Then card E,(a,b) — oo when r — oo. It seems plausible that
Theorems 1, 5 can be used to find the asymptotic growth rate for this number. It
is believed that card E,(a,b) ~ c(a,b)r™ 2 for some c(a,b) > 0. A lower bound of
this type has already been found by Dani and Margulis in [DM4]. Also recently
Eskin and Mozes have informed the author that using the latter lower bound they
can prove this asymptotic growth for n = 4 and B of the signature (3,1) (and
disprove it for the signature (2,2) and the case n = 3) and with a modification
suggested by Margulis the proof works for any B with n > 4.

Counting Integral Points on Homogeneous Varieties

The discussion in this section is related to the following problem recently studied
in [DuRuSa] and [EsMc].

Let W be a real finite-dimensional vector space and let W(Q)(W (Z)) denote
the set of all vectors in W with rational (integer) coordinates relative to a fixed
basis in W. Let & be a connected algebraic reductive group defined over Q and let
&(R) denote the set of real points of &, i.e. the set of real zeros of the polynomials
defining &. Similarly, one defines &(Q) and &(Z). We assume that & is homo-
morphic via a surjective morphism p defined over Q to an algebraic subgroup of
GL(20) defined over Q. (Here 20 denotes the complexification of W.) Then &(R)
acts linearly on W by w — wg = p(g)(w), w € W, g € &(R), and &(Q) preserves
W(Q).

Now let V C W be the set of real points of an affine subvariety of 20 defined
over Q. Assume that V has finitely many connected components and G = &(R)?
acts transitively on each of these components. Suppose there exists vy € V(Z) =
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W(Z)NV and let H= {g € G : vog = vo} be the stabilizer of vg in G. It is a fact
that H = $(R) N G for some reductive algebraic subgroup $) of & defined over
Q. Suppose & and $ do not admit nontrivial characters defined over Q. Then
B(Z) N G is a lattice in G and &(Z) N H a lattice in H. Let I' be a subgroup of
finite index in &(Z) N G whose action on W preserves W (Z).

We denote by || || a norm on W and for T' > 0 define By = {w € W : |Jw|| <
T}. We are interested in the asymptotics of the number of points in V(Z) N By
as T' — oco. The group I’ acts on V(Z) and it was shown in [BoHC] that V(Z)
consists of finitely many I'-orbits. Thus it suffices to know the asymptotics of the
number N (T',V,O) of points in O N By, where O = y,T'.

Theorem C1 below recently proved by Eskin, Mozes and Shah [EsMoS] gen-
eralizes an earlier result of Duke, Rudnick, and Sarnak [DuRuSa] where an asymp-

~_ totic of N(T,V,0) was first found. To state the theorem we need the following
definition.

Let {E,}, n=1,2,..., be an increasing sequence of open subsets of H\G =
U{Ep, n=1,2,...} and let E, denote the natural lifting of Ej, to H\G. Also let
A denote the G-invariant volume on H°\G, p the natural projection from G onto
HO\G, and $° the Zariski closure of HP,

DEFINITION. [EsMoS] The sequence {E,} is said to be focused in H\G as n — oo
if there is a compact C C G and a proper Q-subgroup £ of & containing $° such
that

limsup Mp((Zg(H®) NTYLC) N E,,)

= >0,
n—00 )\(En)

where L = £(R)? and Zg(H®) denotes the centralizer of H? in G.

THEOREM C1 [EsMoS]. Suppose that every Q-subgroup of & containing $° is
reductive and for every sequence T,, | oo the sequence Rr, = {Hg : vog € Br, } is
not focused in H\G. Then

volg((HNT)\H)

N(T,V,0) ~ volg (T'\G)

volg\a(Rr) (1)

as T — oo, where the volumes in (1) are induced by a left invariant Riemannian
metric on G.

COROLLARY C1 [EsMoS]. Suppose $° is a maximal proper connected Q-subgroup
of &. Then relation (1) holds for N(T,V,0) as T — oo.

For the particular case when §) is an affine symmetric subgroup of & (i.e. §
is a fixed point set of an involution of & defined over Q) Corollary C1 was proved
earlier in [DuRuSa] by other methods (subsequently a simpler proof appeared in
[EsMc)).

To give an application of Theorem C1 the authors of [EsMoS] denote by
M, (Z) the set of all n X n integer matrices and consider the set

Vo(Z) = {A € My(Z) : dei(t] — A) = p(t)}
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where p(t) denotes a monic polynomial of degree n with integer coefficients irre-
ducible over Q. Theorem C1 implies that

N(T,V,) ~ eI 012

for some ¢, > 0, where N (T, V;,) denotes the number of points in V,(Z) of Hilbert-
Schmidt norm less than T'.

Theorem C1 is deduced in [EsMoS] from the results on the limit behavior
of algebraic measures under translations. More specifically, let zH,z = I'e be a
homogeneous subset of I'\G with I being a lattice in a Lie group G and let {g;}ien
be a sequence in G. We denote by vgg; the g;” 1Hg,-invariant probability measure
supported on zHg;. One asks what are the possible weak* limits of the sequence
{vugi}ien and, in particular, when does the sequence converge to the G-invariant
probability measure vg? .

Using Theorems 1 and 5 and the linearization method of [DM4], Eskin,
Mozes, and Shah [EsMoS| showed that if G, H, and I' satisfy the conditions of
Theorem C1 and the sequence {vgog;} weak* converges to a probability measure
v then v = yi¢ for some ¢ € G, where 14, is the L-invariant probability measure sup-
ported on a homogeneous set zL with L = £(R)? for some reductive Q-subgroup
£ of & containing $°. Also they proved the following

THEOREM C2 [EsMoS]. Let G, H, and T be as in Theorem C1 and let {E,} be
an increasing sequence of open subsets of H\G = U{E,, : n = 1,2,... }. Suppose
that {E,} is not focused in H\G as n — co. Then given any € > 0 there exists an
open set A C H\G such that

liminf VOIH\G (A n En)

>1-—¢
n—0o0 VOIH\G (En)

and {vmg;} weak* converges to vg for every sequence {g;} with {Hg;} being a
sequence in A containing no subsequences convergent in H\G.

COROLLARY C2 [EsMoS]. Suppose $° is a maximal connected Q-subgroup of
& and let {g;} be a sequence in G such that {Hg;} contains no subsequences
convergent in H\G. Then {vug;} weak* converges to vg.

To deduce Theorem C1 from Theorem C2 one denotes by xr the character-
istic function of the ball By, and for g € G one defines

Fr(g) = Z{XT(’UO’Yg) :ye HNT\I'}.

Then Fr is a function on I'\G, as Fr(g) = Fr(yg) for all v € T. Also Fr(e) =
N(V,T,O). Defining

vol(T\G)

Fr(g) = vol(HNT'\H) volg g (Rr)

Fr(g)

and using Theorem C2, Eskin, Mozes, and Shah showed (following the method of

[DuRuSa)) that Fir(g) — 1 weakly and pointwise on I'\G. In particular, Fir(e) — 1.
This yields Theorem C1.
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6 Applications to Ergodic Theory and the “Rigidity” Phenomenon
of Ad-unipotent Actions

The central problem of ergodic theory is that of classifying measure preserving
(m.p.) transformations or flows up to isomorphism.

More precisely, let 7" and S be two m.p. transformations on probability spaces
(X, ux) and (Y, py ) respectively. We say that S is a factor of T if there is a m.p. ¢
from X onto Y such that ¢(T'(z)) = S(¢(z)) for px-almost every (a.e.) z € X. If
1 is invertible, then 7" and S are called isomorphic and v is called an isomorphism
between T' and S. Similarly, one defines factors and isomorphisms of m.p. flows.
One asks what m.p. transformations (or flows) are isomorphic? And what are the
possible isomorphisms between 7" and S?7

To approach this problem one looks for properties stable under isomorphisms.
There are a number of dynamical properties of this kind, characterizing the degree
of randomness of the system. There is also a numerical invariant of isomorphism
called the entropy, which plays an important role in ergodic theory.

The definition of entropy will not be discussed, but we shall only mention
that if an element g of a real Lie group G acts on (I'\G,»g), where vg is the
G-invariant Borel probability measure on I'\G, then the entropy of this action
is given by £(g) = > {log|A| : A is an eigenvalue of Ad; with |A| > 1}, where
the eigenvalues are counted with multiplicities. Thus if u is Ad-unipotent then
E(u) =0.

An element g € G is called Ad-semisimple if Adg is diagonalizable over C.
The following theorem solves the isomorphism problem for Ad-semisimple actions.

THEOREM E1 (Ornstein, Weiss, Dani). Let G;, i = 1,2, be two real connected
Lie groups. For each i let T; be a lattice in G;, g an Ad-semisimple element
of G; with Ady(;y having at least one eigenvalue |A| # 1. Suppose that g acts
ergodically on (M; = I';\Gy,vg,), i = 1,2. Then the actions of g™ and g? are
isomorphic if and only if £(gM)) = £(g®).

This theorem is proved by showing that the actions of g(*) and g(® are
isomorphic to Bernoulli shifts and then using Ornstein’s isomorphism theorem,
which states that Bernoulli shifts with the same entropy are isomorphic. Thus
the isomorphism problem for actions of Ad-semisimple elements depends only on
the entropy of these actions, hence only on the eigenvalues of Ady) and Adge).
Neither Gy, Gy, nor I'1, I'y play any significant role in the problem. Also one
can show that there are uncountably many isomorphisms between isomorphic Ad-
semisimple actions.

The following “rigidity” theorem, which can be deduced from our Theorem 1
demonstrates the profoundly different behavior of the actions of Ad-unipotent el-
ements.

THEOREM E2 (Rigidity Theorem). Let G; be as above and let I'; be a lattice
in G; containing no nontrivial normal subgroups of G;, i = 1,2. Let u® be an
Ad-unipotent element of G;, i = 1,2. Suppose that the action of u") on (M, vg,)
is ergodic and there is a m.p. v : (Mi,vg,) — (Ma,vg,) such that (zu?) =
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p(z)u® for vg,-a.e. £ € My. Then there is ¢ € Gy and a surjective homomorphism
a : G; — Gy such that o(T'y) C ¢ T'sc and 9% ('1h) = I'yca(h) for vg,-ae.
T'th € M;. Also a is a local isomorphism whenever 1 is finite to one or Gy is
simple and it is an isomorphism whenever 1 is one-to-one or Gi is simple with
trivial center.

Note that £(u(!) = £(u(?) = 0. This theorem says in particular that if the
actions of Ad-unipotent elements u() and u(® are isomorphic then G; must be
isomorphic to Gy and I'y to I's.

(1) i] :t€R}on (M =
I'\G,vg), G = SL(2,R) is called the horocycle flow on M and the action of the

€ o t] : t € R} the geodesic flow on M.

The action of the unipotent group H = {h(t) =

diagonal group A = {a(t) =

Theorem E2 for horocycle flows was proved in [Ra2] in 1981. Then using the
method of [Ra2] and [Ra4] Witte [W1] extended it to any connected G1, Gy and
Ad-unipotent u(),u® and furthermore to any mixing zero entropy affine maps
[W2]. (Theorem E2 for nilpotent G4, Gy was proved earlier by Parry [P2].)

The proof in [Ra2] of the rigidity theorem for horocycle flows uses the polyno-
mial divergence of horocycle orbits and the commutation relation with the geodesic
flow. Generalizing this method, Feldman and Ornstein [FO] extended the rigidity
theorem to horocycle flows on the unit tangent bundles of compact surfaces of
variable negative curvature. Also generalizations to higher-dimensional hyperbolic
space, to horospherical foliations and to geometrically finite groups were given by
Flaminio [Fl], by Witte [W3], and by Flaminio and Spatzier [FISp].

In fact, Theorem E2 is a consequence of a far stronger “Joinings Theorem”
implied by Theorem 1. More specifically, let 7' and S be as above and let u be
a T x S invariant probability measure on X X Y. Then p is called a joining of
T and S if u(AxY) = px(A), u(X x B) = uy(B) for all measurable subsets
A C X, B CY. The joining px X py is called the trivial joining. 7" and S are
called disjoint if they have no nontrivial joinings.

It follows from Theorem 1 that every ergodic joining u of the actions of
Ad-unipotent elements u(") on (M1, vg,) and u® on (Ms, vg,) is algebraic. Thus
pw(zA(u)) = 1 for some z € M; X M (see Definition 2). Also A(u) is a subgroup
of G1 X Gy and the groups A (1) and A(p) defined by

Ai(p) ={heG;:(he)eAlp)}
Ax(p) ={h e Gy: (e,h) € A(p)}

are closed normal subgroups of G; and Gy respectively. For ¢ € Gy write I'§ =
{yA2(u) : v € ¢ T'3c} and for z € M let

€u(2) = {y € M3 : (2,9) € zA(n)}.

The set £,(2) is called the z-fiber of . We showed in [Ra9, Theorem 2| that there
is ¢ € Gy and a continuous surjective homomorphism « : G; — Gg/Ax() with
kernel A; (), a(u®) = u® Ay (i) such that

£,(T1h) = {TacBia(h) :i=1,...,n} 2)
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for all h € Gy, where the intersection Iy = a(I'1) NT'§ is of finite index in a(T')
and in I'§, n = [To\a(T1)| and a('y) = {T'oB; : i = 1,...,n}. This implies the
following

THEOREM E3 [Ra9, Corollary 5] (The Joinings Theorem). Every ergodic joining
1 of the actions of Ad-unipotent elements u® and u® js algebraic and the fibers
of i are given by (2). If, in addition, G; is simple, 1 = 1,2, and p is nontrivial,
then every fiber of p is finite and G1 and Gy are locally isomorphic.

Thus if G; and Gy are simple and not locally isomorphic, then the actions of
u® and u® are disjoint.

The Joinings Theorem for horocycle flows was proved earlier in [Ra4, Theo-
rem 6]. We showed there that if u is a nontrivial ergodic joining of the horocycle
flows hgi) on M; =T';\SL(2,R), h§i> (z) = zh(t), z € M;, i = 1,2, then the flow-
hgl) X hgz) on (Mj x My, i) is isomorphic to the horocycle flow on I'g\SL(2,R),
where Iy is a subgroup of finite index in I'; and in ¢~ Tyc for some ¢ € SL(2,R).
This shows that the number of nonisomorphic ergodic joinings of the horocycle
flows on M; and My is at most countable and if I'; is uniform and I'y is not or if
I’; is arithmetic and I'y is not then the horocycle flows are disjoint (see [Ra8] for
more on this).

The central role in the proof of [Ra4, Theorem 6] is played by a dynamical
property of horocycle flows, which we introduced in [Ra4, Definition 1] and called
the H-property. It is a consequence of the polynomial divergence of horocycle
orbits.

The H-property states that given 0 < € < 1 and p, N > 0 there are 6(g, p, N),
a(e) € (0,1) such that if dg(x,e) < 6(g,p, N) for some x € G = SL(2,R) and
x ¢ H then there are L,T > 0 with N < L < T, L > a(e)T such that either
dge(xh(t),h(t + p)) < pe for all t € [T — L,T) or dg(xh(t),h(t — p)) < pe for all
te[T'—-L,T].

The H-property was proved in [Ra3, Lemma 2.1]. The latter proof also implies
the following more general form of the H-property.

Given small 8, € (0,1) and N > 1 there are p(6, N),n(e) € (0,1) such that
if dg(x,e) < p(6,N) and x ¢ Ng(H) then there exist T > N and differentiable
functions o(x,s),7(x,s) : [0,T] — R, o(x,0) = 7(x,0) = 0 with o(x, s) increasing
in s such that

dg(xh(o(z, 5)),h(s)a(T(z, s))) < COT! for all s € [0,T)
max{|7(x,s)| :0< s <T} = |7(x,T)| =0 *
|7(x,8) — 7(x,T)| < be for all s € [(1—n(e))T,T],

where C' > 0 is a constant. Here Ng(H) denotes the normalizer of H in G =
SL(2,R) (it is generated by A and H).

The first two relations in () show, in particular, that {for any M C G —Ng(H)
with e € M the group generated by Ng(H) N {h_,xh; : x € M, s, > 0} contains
A. (It also contains H by the H-property and hence Ng(H).) A version of this fact
for a more general case was later used by Margulis in [M1, Lemmas 5 and 8§].
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The H-property was generalized in [W1, the Ratner property] and property
(x) was generalized in [Ra8, Theorem 3.1], where it is called the R-property (see
Section 3 for a description of the R-property). The latter property plays a crucial
role in the proof of Theorem 1. (We showed in [Ral2] how to use property (*) to
prove Theorem 1 for G = SL(2,R).)

Theorem 1 allows one also to show that factors of Ad-unipotent actions on
(I"'\G, v¢) have simple algebraic form. This was recently done by Witte [W4]. We
showed earlier in [Ra3,4] that if S; is a factor of the horocycle flow on I'\SL(2, R)
then there is a lattice IV in SL(2,R) such that I' C I and S; is isomorphic to
the horocycle flow on I'V\ SL(2, R). This implies that the number of nonisomorphic
factors of the horocycle flow is finite and if I' is maximal then there are no non-
trivial factors.

It is a fact that there are uncountably many nonisomorphic ergodic joinings
and factors of Ad-semisimple actions with positive entropy (this follows from Orn-
stein’s theory of Bernoulli shifts). Also it was shown by Sinai and Bowen-Ruelle
that the geodesic flow on I'\SL(2,R) possesses infinitely many ergodic invariant
probability measures that are not algebraic. Also there are points z in I'\SL(2, R)
for which closures of geodesic orbits are not manifolds. All these facts put Ad-
semisimple actions in striking contrast with the rigid behavior of Ad-unipotent
actions discussed in this section and given in Theorems 1, 3, 6, E2, and E3.

The rigidity theorem for the horocycle flows hg"') on (M; =T;)\G;,v), G, =
SL(2,R), v; = vg,, © = 1,2, says that if hgl) is isomorphic to h,,(gz) then T’y is
conjugate to I's. We ask: Can this “rigidity” be destroyed by time changes?

More specifically, let T be a positive integrable function on M; with [, m T dvy
= 1. We say that h] is obtained from h.gl) by the time change 7 if A (z) = hf}l(i_ »@)
for all z € My, t € R, where v(z,t) is defined by f:(m’t) 7(zh(s)ds) = t. Then h]
preserves the probability measure 7dv; on Mj.

We ask: Is there a time change 7 such that A] is isomorphic to h§2)? If “yes”
hgl) is called Kakutani equivalent to hgz).

Using the Feldman-Katok-Ornstein-Weiss theory of Kakutani equivalence
(developed in the 1970s) we showed in [Ra0] that the answer to this question
is affirmative. However, we also showed [Ra6] that even very mild smoothness

conditions on 7 cause the rigidity to persist. Namely, we say that 7 is Hdolder
continuous in the direction of the rotation group

cosf sinf
R = {r(0) = [—sine cose} 10 € [-m 7]}

if |7(z) — 7(zr(0))| < C|6|* for some C,a > 0 and all z € My, 6 € [—m,n]. We

showed in [Ra6] that if A] is isomorphic to h§2) with 7 being bounded, measurable,

and Holder continuous in the direction of R, then I'y is conjugate to I'y. Also all

isomorphisms between h] and h§2) as well as factors and joinings of h] have an
algebraic form [Ra7].



Interactions Between Ergodic Theory, Lie Groups, and Number Theory 179

PRrROBLEM 1. Are Ad-unipotent ergodic flows on homogeneous spaces of a general
Lie group G Kakutani equivalent? In particular, is the flow hﬁl) X hgl) acting on

(M1 x My, x 1) Kakutani equivalent to the flow h§2) X h§2) acting on (My X
My, v X 1p)?7 (We showed in [Ral] that hy X h; acting on (M x M, v x v) is not
Kakutani equivalent to h; acting on (M,v).)

PRrROBLEM 2. Do the rigidity properties discussed in this section hold for smoothly
time-changed Ad-unipotent flows?

Theorem S1 above allows one to extend Theorems E2 and E3 and classify
factors of Ad-unipotent flows in the S-arithmetic setting discussed in Section 4. The
latter flows represent measure preserving actions of the field Qs (as an additive
group) on (I'\Gs,vg), s € S, with T’ being a lattice in Gs (see Section 4). It
would be of interest to develop the ergodic theory of measure preserving actions
of the p-adic field Q, as an additive group and, in particular, to construct a
theory of Kakutani equivalence for these actions. Applying such a theory to p-adic
horocycle flows on I'\SL(2,Q,) one can ask questions similar to those discussed
in this section for the real case.

To conclude this section we mention that recently Starkov [St4] used Theo-
rem 1 to give an affirmative answer to a question raised by Marcus in [Ma] (see
also [M2]). Namely, he showed that if I' is a lattice in a connected Lie group G
and the action of a one-parameter subgroup U C G on (I'\G, vg) is mixing, then
it is mixing of all orders. Marcus [Ma] proved this result for semisimple G (see also
[Mo1)). Starkov’s argument exploits Marcus’ result and a theorem of Witte [W2,
Proposition 2.6] (cf. Corollary 1 in [St4]).
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