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Introduction 

In this paper we discuss the use of dynamical and ergodic-theoretic ideas and 
methods to solve some long-standing problems originating from Lie groups and 
number theory. These problems arise from looking at actions of Lie groups on 
their homogeneous spaces. Such actions, viewed as dynamical systems, have long 
been interesting and rich objects of ergodic theory and geometry. Since the 1930s 
ergodic-theoretic methods have been applied to the study of geodesic and horocycle 
flows on unit tangent bundles of compact surfaces of negative curvature. Prom the 
algebraic point of view the latter flows are examples of semisimple and unipotent 
actions on finite-volume homogeneous spaces of real Lie groups. It was established 
in the 1960s through the fundamental work of D. Ornstein that typical semisimple 
actions are all statistically the same due to their extremal randomness caused by 
exponential instability of orbits. Their algebraic nature has little to do with the 
isomorphism problem for such actions: they are measure-theoretically isomorphic 
as long as their entropies coincide. 

In striking contrast, unipotent actions (all having zero entropy), though ran
dom and chaotic from a dynamical point of view, were found to be rigidly linked to 
the algebraic structure of the underlying homogeneous space. In 1981 it was shown 
by the author that measure theoretic isomorphisms of horocycle flows must be al
gebraic and imply the isometry of the underlying surfaces. Subsequently, further 
"rigidities" of an algebraic nature have been found. 

While the study of this "rigidity" phenomenon was underway, a powerful 
impetus came from number theory. Around 1980 Raghunathan made a remark
able observation that the long-standing Oppenheim conjecture on the density of 
values of irrational quadratic forms at integral points would follow if it were true 
that closures of orbits of certain unipotent subgroups U C S,L(3,M) acting on 
SL(3,Z)\SL(3,R) were merely orbits of larger groups containing U. The latter 
result was proved by Margulis in 1986. 

Raghunathan's observation led him to propose a general conjecture on orbit 
closures of unipotent actions. In 1990 it was shown by the author that ergodic-
theoretic methods (some of which we developed previously for horocycle flows) can 
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be applied to solve this and other related conjectures. This made it possible to an
swer further number theoretic questions and stimulated subsequent developments 
in ergodic theory and dynamics of subgroup actions on homogeneous spaces. 

This paper consists of six sections. In Sections 1 and 2 we introduce the 
necessary defintions and state conjectures and results prior to 1990. In Section 
3 we state and discuss new results for real Lie groups and in Section 4 we give 
p-adic and §-arithmetic generalizations of these results. In Section 5 we discuss 
applications to number theory and in Section 6 applications to ergodic theory and 
the "rigidity" phenomenon of unipotent actions. 

It should be noted that this paper discusses only some of the many important 
topics that fall under its title. 

I thank A. Borei, G. Prasad and D. Witte for their valuable comments on 
the preliminary version of this paper. 

1 Definitions 

Let G be a locally compact second countable topological group, T a discrete sub
group of G, and T\G = {Th : h G G}. We shall denote by TT : G -> T\G the 
covering projection 7r(h) = Th, h G G. The group G acts on T\G by right transla
tions: x —> xg, x ET\G, g G G. We study the dynamics of this action. 

Let {xn} be a sequence in G and let e denote the identity element of G. 
We say that xn = Tv(xn) cuspidally diverges in T\G if there are e ^ *yn G I \ 
n = 1,2,... such that x~ 17 nx n —> e as n —» oo. (This means that a left invariant 
distance between xn and 7̂ X7̂  tends to zero as n —> 00 or that the sequence {xn} 
escapes to the cusps of T\G.) For g G G the set 

2}(g) = {x G r \ G : xgn cuspidally diverges a s n ^ o o } 

is called the divergent set of g. It is clear that if T>(g) ^ 0 for some g G G then 
r \ G is not compact. 

The group T is called a lattice in G if there is a finite G-invariant measure 
VQ on r \ G . (In this case we shall assume that VQ is a probability measure, i.e. 
z/c(r\G) = 1.) Then a sequence {xn} in T\G cuspidally diverges if and only if it 
eventually leaves every compact subset of T\G (see [R]). 

Now let U be a subgroup of G and x G T\G. The set x\J = {xu : u G U} is 
called the U-orbit of a;. A typical orbit xXJ in T\G is random and chaotic. 

We pose the following questions: 
(1) What are the closures of orbits xXJ in T\G? 
(2) What are the ergodic U-invariant Borei probability measures on T\G? (A 

U-invariant probability measure p, on T\G is ergodic if every U-invariant measur
able subset of r \ G has /i-measure zero or one.) 

Let us give a few natural examples. Suppose G is a real Lie group, U = {u(t) : 
t G R} a one-parameter subgroup of G, and xlJ a periodic orbit. Then xXJ = xU 
and the normalized length measure on zU is U-invariant and ergodic. 

For a more general example suppose that the closure zU coincides with the 
orbit of a larger group H containing U, i.e. xXJ = xU. In addition, it might happen 
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that xK is the support of an H-invariant Borei probability measure J/H (this hap
pens if and only if xHx - 1 Pi V is a lattice in x H x 1 , x G n~1{x}) that is ergodic 
for the action of U. 

These examples motivate the following definitions. 

DEFINITION 1. A subset A C T\G is called homogeneous if there exists a closed 
subgroup H C G and a point x G T\G such that A = xU and xR is the support 
of an H-invariant Borei probability measure 7/H. 

We emphasize that this definition of xU being homogeneous is different from 
the commonly used one where the existence of a finite H-invariant measure on xH 
is not required. 

DEFINITION 2. A Borei probability measure p on T\G is algebraic if there exist 
x G r \ G and a closed subgroup H C G such that xïl is homogeneous and p — is&. 

Equivalently, p is algebraic if there is z G T\G such that u(xA(u)) = 1, where 

A(p) = {g G G : the action of g on T\G preserves p}. 

It is rather exceptional for a subgroup U to have homogeneous orbit closures 
or algebraic ergodic measures. However, there are some U for which this happens. 
To characterize these U we need the following definitions. 

Let G be a Lie group over a field K (where n is either the real field or a p-adic 
field) with the Lie algebra 0. For g G G let Adg : ($ —• (S denote the differential 
at the identity of the map h —> g_1hg, h G G. Then Adg (called the adjoint map 
of g) is a linear automorphism of 0 . 

It is a fact that there is a neighborhood O of zero in (5 such that the expo
nential map exp : Ù —» G is well defined on D and maps Û diffeomorphically onto 
a neighborhood of e in G. (When K = R the map exp is defined on all of Ö.) If 
x,y G G and y = xexpv for some v G D with Adgr(i>) G Û for all r = 1 , . . . ,n 
and some 0 < n G Z then ygr = xgr exp(Adgr(i;)) for all r = 1 , . . . ,n. Thus Adgr 
characterizes the divergence of ygr from xgr when r runs from 1 to n. 

An element u G G is called Ad-unipotent if Adu is a unipotent element of 
GL(T\,K), n = dimÖ, i.e. every eigenvalue of Adu equals one. Then Adur = 
S f c L o ^ ^ u ) / ^ ' f°r a ^ r ^ ^ anc^ some integer m > 0, where Tu is a nilpotent 
endomorphism of (5. This polynomial (in r) form of Adur plays a crucial role in all 
of the results stated below. It shows that Ad-unipotent orbits diverge polynomially. 

A subgroup U C G is Ad-unipotent iî each u G U is Ad-unipotent. A subgroup 
U C GL(n, K) is unipotent if each u G U is unipotent. A unipotent U C GL(n, K) 
is Ad-unipotent. 

Now let u be an ad-nilpotent element of (S (this means that the map adu : 
Ö —> Ö, adu(u) = [v,u] is a nilpotent linear transformation of &). An element 
a G 0 is called ^diagonaV for u if there exists an ad-nilpotent element u* G Ö 
(called an "opposite" for u) such that 

adu*(u) = a, ada(ii) = — 2u, ada(ii*) = 2u*. 
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This terminology is motivated by the fact that u, u* generate a Lie subalgebra 
sl2(u,a) of <S isomorphic to sl(2, K). 

Now let t —> u(£) be a continuous (hence analytic) homomorphism from K 
(as an additive group) to G with u — du(t)/dt\t=o ^ 0. The latter condition 
implies that if K is a p-adic field then the map t —> u(£) is one-to-one. We call 
U = {u(t) : t G K} a one-parameter subgroup of G with tangent u G (5. Then U is 
Ad-unipotent if and only if u is ad-nilpotent. 

2 Conjectures and Results Prior to 1990 

CONJECTURE 1. (Raghunathan's Topological Conjecture) Let G be a real con
nected Lie group and U an Ad-unipotent subgroup of G. Then given any lattice V 
of G and any x G T\G the closure of the orbit x\J in T\G is homogeneous. 

CONJECTURE 2. (Raghunathan's Measure Conjecture) Let G and U be as in Con
jecture 1. Then given any lattice T in G every ergodic U-invariant Borei probability 
measure on T\G is algebraic. 

Actually Raghunathan proposed a weaker version of Conjecture 1 and showed 
its connection with the long-standing Oppenheim conjecture on the density of val
ues of irrational quadratic forms at integral points (see Section 5 below). The latter 
version as well as Conjecture 2 were stated by Dani [Dl] in 1981 for reductive G 
and one-parameter U and by Margulis [Ml, Conjectures 2 and 3] in 1986 for gen
eral G and U. (Raghunathan did not propose Conjecture 2. We gave the latter his 
name because it represents a natural measure-theoretic analogue of his topological 
conjecture.) 

CONJECTURE 3. (Margulis [Ml, Conjecture 1], [M2, Conjecture 2]) Let G be a real 
connected Lie group and U a subgroup of G generated by Ad-unipotent elements 
of G. Then given any lattice T in G and any x G T\G the closure of x\J in T\G is 
homogeneous. 

In fact, Margulis proposed a weaker version of this conjecture. Conjecture 3 
generalizes Conjecture 1 to a class of subgroups U much larger than Ad-unipotent 
subgroups. For example, every connected semisimple U without compact factors 
is generated by Ad-unipotent elements of G. 

It was shown earlier by Furstenberg [Fui] and Parry [PI] (see also [AGH]) 
that Conjectures 1 and 2 hold for one-parameter and one-generator subgroups 
of nilpotent G. Also Starkov [St2] proved Conjecture 1 for one-parameter Ad-
unipotent subgroups of solvable G with V being an arbitrary closed subgroup of 
G such that T\G has finite G-invariant measure. Conjecture 2 for the latter case 
follows from [St2] and [PI] (in fact, without the assumption of T\G being of finite 
G-invariant measure). 

As for semisimple G, Hedlund [H] showed that if G = SL(2, R) and T\G 
is compact (in this case T is called a uniform lattice in G) then the action of a 
unipotent one-parameter subgroup U of G on T\G is minimal (i.e. every orbit of 
U is dense). Subsequently, Furstenberg [Fu2] proved that in this case the action of 
U is uniquely ergodic. 
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It is a fact that one-parameter unipotent subgroups of G = SL(2,R) are 
horospherical. A subgroup U of a Lie group G is called horospherical if there 
exists g G G such that 

U = {u G G : g~nugn —> e as n —> 00} 

where e denotes the identity element of G. 
Generalizing Furstenberg's Theorem, Bowen [Bw], Veech [V] and Ellis and 

Perrizo [EPe] showed that if V is a uniform lattice in a connected semisimple 
Lie group G without compact factors then ergodic actions of horospherical sub
groups on (r\G,7/c) are uniquely ergodic. Adapting the method of Furstenberg 
and Veech, Dani [Dl] proved Conjecture 2 when G is reductive and U is a maximal 

-horospherical subgroup of G. 
As for Conjecture 1, Dani [D3] proved it for horospherical subgroups of re

ductive G. Also Dani and Margulis [DM2, 3] showed that Conjecture 1 holds for 
one-parameter unipotent subgroups of SL(3,R). 

Dani and Margulis [DM1] proved Conjecture 3 for G = SL(3,R), F = 
SL(3,Z), andU = 50 (2 , l ) 0 . 

It should be noted that in 1986 Dani showed [D2, Theorem 3.5] that if G is 
a connected semisimple Lie group and T a lattice in G then given e > 0 there is 
a compact K(e) C T\G such that for any x G T\G and any one-parameter Ad-
unipotent subgroup U = {u(t) : t G R} of G either \{t G [0,T] : xn(t) G K(e)} > 
(1 — e)T for all large T or xL is homogeneous for some proper closed connected 
subgroup L of G containing U. (Here À denotes the Lebesgue measure on R.) This 
important result is used in the proofs of Theorems 6 and 8-10 below. 

3 New Results (1990 and After) 

All Lie groups in this section are assumed to be real, and, unless otherwise stated, 
the results below are due to the author. 

THEOREM 1 (Classification of ergodic invariant measures for Ad-unipotent ac
tions). Let G be a connected Lie group and U an Ad-unipotent subgroup of G. 
Then given any discrete subgroup T (not necessarily a lattice) of G every ergodic 
U-invariant Borei probability measure on T\G is algebraic. 

THEOREM 2. Let G be a connected Lie group and U a Lie subgroup of G of the 
form U = U^u^U 0 , where u^ are Ad-unipotent in G, i = 1,2,..., U/U° is finitely 
generated, and the identity component U° is generated by Ad-unipotent elements 
of G contained in U°. Then Theorem 1 holds for U. 

Theorem 1 is stronger than Conjecture 2 and Theorem 2 extends it to groups 
generated by Ad-unipotent elements. 

THEOREM 3 (Orbit closures for Ad-unipotent actions). Let G and U be as in 
Theorem 1. Then given any lattice T in G and any x G T\G the closure of the 
orbit x\J in T\G is homogeneous. 
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THEOREM 4. Let G and U be as in Theorem 2. Then Theorem 3 holds for U. 
Moreover, if U is connected, then for any lattice T in G and any x G T\G there 
exists a closed connected subgroup H of G containing U and a one-parameter 
subgroup V of U Ad-unipotent in G such that xY = xXJ = xU is homogeneous and 
V acts ergodically on (xU, Z/H); where VR denotes the H-invariant JBorei probabiHty 
measure on T\G supported on xU. 

Conjecture 1 is implied by Theorem 3 and Theorem 4 extends it to groups 
generated by Ad-unipotent elements. 

THEOREM 5. Let G be a connected Lie group, T a discrete subgroup ofG, and 
x G r \ G . Let Ax denote the set of all closed connected H C G such that xH is 
homogeneous and there is a one-parameter subgroup U C H Ad-unipotent in G 
acting ergodically on (zH, z/g). Then Ax is countable. 

We show that in order to prove Theorem 3 for general Ad-unipotent U it 
suffices to prove it for one-parameter Ad-unipotent U. But for such U we have the 
far stronger Theorem 6 below. To state it we need to introduce a definition. 

DEFINITION 3. Let U = {u(t) : t G R} be an arbitrary one-parameter subgroup 
of G. A point x G r \ G is called generic for U if there exists a closed subgroup 
H C G such that xXJ = xïL is homogeneous and \ JQ f(xu(s)) ds > Jr,G f dv# 

t—»oo * 

for every bounded continuous function / on T\G. 

A similar definition can be given for a one-generator U = {ufc : k G Z} 
replacing the integral by the sum Ylk=o f(xuk)/n-

THEOREM 6 (Uniform distribution of Ad-unipotent flows). Let G be a connected 
Lie group and U a one-parameter or one-generator Ad-unipotent subgroup of G. 
Then given any lattice T of G every point x G T\G is generic for U and U acts 
ergodically on (x\J = xH, VR). 

This theorem was proved one month before it was conjectured by Margulis 
at the ICM 1990 in Kyoto, Japan [M2, Conjectures 3 and 4]. 

Theorem 6 for nilpotent G follows from [PI] (see also [L]) and for G = 
SL(2, R) it was proved earlier by Dani and Smillie [DSm]. Also Shah [SI] proved 
it for semisimple G of real rank 1. Their methods are totally different from the 
author's. 

To derive the results stated above we first prove Theorem 1 for one-parameter 
Ad-unipotent U. Theorem 7 below plays a crucial role in this proof. To state it 
we introduce the following definition. Let U = {u(t) = exptii : t G R} be a one-
parameter Ad-unipotent subgroup of G and assume there is a "diagonal" element 
a G Ö for u (see Section 1). Then we call A = {a(t) = exp ta : t G R} "diagonal" 
for U and denote by SX2CU, A) the connected subgroup of G with the Lie algebra 
sl2(u, a) (see Section 1). It is clear that A is "diagonal" for U if and only if cAc - 1 

is so for every c G C(U) — the centralizer of U in G. 

THEOREM 7. Let G bea Lie group, V a discrete subgroup ofG, and U = {u(t) : t G 
R} a one-parameter Ad-unipotent subgroup of G. Suppose there is a "diagonal" 
A = {a(t) : t G M } for U in G and let p be an ergodic U-invariant Borei probability 
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measure on T\G. Then either (1) p(V(a(t))) = 1 for all t > 0 or (2) p is algebraic 
and is preserved by c5L2(U, A)c_ 1 for some c G C(U). 

Recall that V(g), g G G, denotes the divergent set of g (see Section 1). 
The central role in the proof of Theorem 7 in [Ra9] is played by a dynamical 

property of Ad-unipotent actions which we introduced in [Ra8, Theorem 3.1] and 
called the iï-property. It is a consequence of the polynomial divergence of Ad-
unipotent orbits. Also it is a generalization of the //"-property for horocycle flows 
introduced in [Ra4] (see Section 6 below). 

The Ä-property states, roughly speaking, that given 0 < E < 1 there exists 
0 < 77(e) < 1 such that if F is an appropriate sufficiently large open rectangular 
subset of a closed connected simply connected Ad-unipotent subgroup U of G with 
e G F and sup{dQ(u,xU) : u G F} = 0 for some small 9 > 0 and some x ^ U, 
dc(e,x) < 6, then there exists A C F such that (1 — e)0 < dc(u,xU) < 6 for all 
u G A and A(A) > 7y(e)A(F), where A denotes a Haar measure on U and do denotes 
a left invariant metric on G. Moreover, if u G F and dc(u,xU) = dc(u, ur(u)) 
for some r(u) G G with ur(u) G xU and dc(e,r(u)) < 0 then r(u) is close to the 
normalizer of U in G and this closeness tends to zero as the sides of the rectangular 
set F tend to infinity. (When U = {u(t) : t G R} is a one-parameter subgroup of 
G we can take F = {u(t) : 0 < t < T} for large T > 0.) 

The rectangular sets F in the description of the iti-property are Feiner subsets 
of U (see [Ra8]) and the Birkhoff Ergodic Theorem for measure preserving actions 
of U holds for averages performed over F. 

It should be noted that the /^-property and the Birkhoff Ergodic Theorem 
are the only basic facts used in the proof of Theorem 7. 

Using Theorem 1 (proved in [Ra8-10]) and Theorem 5 (whose proof is simple 
[RalO, Theorem 1.1]) we deduce Theorem 6 [Rail]. These two proofs (of Theorem 1 
and of Theorem 6 from Theorems 1 and 5) are central. Note that Theorem G implies 
Theorem 3 for one-parameter Ad-unipotent U. In [Ral4, Section 8] we outlined 
(using Theorem 5) how the validity of Theorems 1 and 3 for one-parameter Ad-
unipotent U implies their validity for higher-dimensional connected U generated 
by Ad-unipotent elements of G (see [RalO] and [Rail]). 

Let us outline the main idea used in [Rail, Proof of Theorem 2.1] to deduce 
Theorem 6 from Theorems 1 and 5. 

Let U = {u(t) : t G R} be a one-parameter Ad-unipotent subgroup of G. 
For x G r \ G = X and a sequence tn —> 00 we denote by pn the normalized 
length measure on the orbit interval Ln = {xu(t) : 0 < t < tn}, assuming that 
pn is a measure on X supported on Ln. Thus t" 1 J0

n f(xu(s)) ds = Jx f dpn for 
every bounded continuous function / on X. Also the sequence pn contains a weak* 
convergent subsequence (as the closed unit ball in the space of Borei measures on 
X is weak* compact). 

Suppose pn converges weak* to p for some tn —> 00. Then /i is U-invariant, 
Supp(/x) C öÜand p(X) = 1 (by [D2, Theorem 3.5]). Let {(C(y),p,C(y)) : y e X} 
be the ergodic decomposition of the action of U on (X,p). Here each Pc{y) is 
an ergodic U-invariant measure supported on C(y) and p is the direct integral 
of the measures Pc{y)-> V £ X- By Theorem 1 each p>c(y) is algebraic and C(y) 
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is homogeneous. It follows from Theorem 5 that there exist yo G X and a small 
6 > 0 such that the set Ü = \J{C(y) : C(y) = C(yo)z,dQ(z,e) < 0} has positive 
/i-measure. It follows from the definition of p, that the proportion of time spent 
by Ln in every small neighborhood of fì is close to p(£ï) for all sufficiently large 
n. Using the polynomial form of Adu(t) (via a version of the Ä-property for U) we 
show that this may happen only if x G C (y) C Î1 for some y and p(C(y)) = 1. 
Then zU = C(y) is homogeneous and p, — Pc(y) is algebraic. Thus there exists 
H C G such that x\J = xU is homogeneous and p = Z/H- Because this is true for 
all sequences tn —> oo with pn weak* convergent, x is generic for U. 

Recently, Dani and Margulis [DM4] offered a linearized version of this argu
ment using the action of the adjoint representation of G on the mth exterior power 
of Ö with m = dimC(yo). Using this version they offered an alternative proof of 
Theorem 6 (and Theorem 8 below) and showed that the convergence in Theorem 6 
(and Theorem 8) is uniform on compact subsets of T\G. Also this linearization 
method is basic for the proofs of Theorems 9, 10, and C2 below. 

Now let U n = {unit) : t G R}, n = 1,2,... and U = {u(t) : t G R} be 
one-parameter Ad-unipotent subgroups of G. We say that Vn —> U if "iin(t) —> u(t) 
for all t G R. 

The argument given above can be applied to derive the following more general 
version of Theorem 6. (This was pointed out to the author by Marc Burger in 
December 1990.) 

THEOREM 8. Let U n —• U and xn —> x G T\G with V being a lattice in G. 
Suppose that there exists no proper closed connected subgroup L of G such that 
U C L and xh is homogeneous. Then 

lim — / f(znun(s))ds= / fduG 
n-*oo tn Jo Jr\G r\G 

for every bounded continuous function f on T\G and every sequence tn —> oo when 
n —• oo, where VQ denotes the G-invariant Borei probabihty measure on T\G. 

Theorem 6 follows from Theorem 8 if we set Un = U, xn = x for all n and 
use induction on the dimension of G. The main part of the proof of Theorem 8 is 
given in [Ral4, Section 7]. 

Now let T be a discrete subgroup of G, X = T\G, and let V(X) denote the 
set of all Borei probabihty measures on X. Recall that a sequence {pn} in V(X) 
weak* converges to a measure p on X if f f dpn —> J f dpi for every bounded 
continuous function / on X. Define 

Q(X) = {p G V(X) : there exists a one-parameter Ad-unipotent subgroup 

of G that preserves p and acts ergodically on (X, p)}. 

By Theorem 1 every member of Q(X) is algebraic. 
Recently Mozes and Shah proved the following theorem. 
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THEOREM 9 (Mozes, Shah [MoS]). Let {un} be a sequence of measures in Q(X) 
weak* converging to p G V(X). Then p, G Q(X). Moreover, there exist x G 
Supp(/i) and gn G G, gn —> e such that xgn G Supp(/in) C Supp(/i)gn for all 
large n. 

The proof of this theorem uses Theorems 1 and 5 and the method of [DM4]. 
Theorem 9 implies the following extension of Theorem 6 to the case when V is 

not a lattice: if U is a one-parameter Ad-unipotent subgroup of G and xXJ is com
pact in T\G, then x is generic for U. This was conjectured in [Rai2, Conjecture D] 
and proved there for G = SL(2,R). 

It is clear that if {u(t) : t G K} is a one-parameter unipotent subgroup of 
GL(n,R) then each entry of the matrix u(t) is a polynomial in t. 

Recently, Shah extended Theorem 6 to more general polynomial actions. A 
map 0:Rk —> SL(n,R), n G Z+, is called polynomial if every entry of the matrix 
B(t\,..., tfc) G SL(n, R) is a polynomial in ( t i , . . . , t/.) G Rk and 0 maps the origin 
to the identity element of SL(n,R). 

THEOREM 10 (Shah [S2]). Let 0 : Rk - • SL(n,R) be polynomial and let G be 
a closed subgroup of SL(n,R) containing 0(Rk). Then given any lattice T in G 
and any x G T\G there is a closed subgroup H C G such that x0(Rk) = xU is 
homogeneous and 

i i m I7ÏTT / fWW)dX{t) = / fu* 

for every bounded continuous function f on T\G, where BR denotes the ball of 
radius R in Rk centered at the origin and A denotes the Lebesgue measure on Rk. 

The proof of Theorem 10 uses Theorems 1 and 5 and the method of [DM4]. 
Shah also showed that if 0(t\,..., t^) = 0i(t\)... Bk(th) for some polynomial maps 
0i : R —> SL(n,R), i = 1, . . . ,k, then the conclusion of Theorem 10 holds also 
for Bn being of the form [ 0 , ^ ] x • • • x [0,7^*°] with T^ -> oo, i = 1, . . . ,k. 
This implies, in particular, that Theorem 6 holds for higher-dimensional connected 
simply connected Ad-unipotent U with averages performed over large rectangular 
subsets of U and, in particular, over Feiner subsets of U (see [Rail]). This gives 
an affirmative answer to a question raised in [Ral4, Problem 2]. 

Next we address the following question: Are there subgroups of G not gener
ated by Ad-unipotent elements of G for which Theorems 1 and 3 hold? Theorems 
11-13 below give an affirmative answer to this question. 

Indeed, let Y be a discrete subgroup of G and p, a Borei probability measure 
on r \ G . Also let U be a one-parameter Ad-unipotent subgroup of G and A be 
"diagonal" for U. Using Theorem 7 we showed in [RalO, Proposition 2.1] that if 
p is preserved by both U and A then p is preserved by 5L2(U,A). Note that 
SX2(U, A) is generated by Ad-unipotent elements of G. This and Theorems 2 and 
4 imply the following 

THEOREM 11. Let G be a connected Lie group and U a connected subgroup ofG 
generated by Ad-unipotent elements ofG. Let A i , . . . , An be "diagonal" for some 
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one-parameter Ad-unipotent subgroups U i , . . . ,Un of U. Then Theorems 1 and 3 
hold for the subgroup H of G generated by U and A i , . . . , An . 

Indeed, if p, is an ergodic H-invariant Borei probability measure on T\G then 
p is invariant under the action of the group H' generated by U and 5L2(Ui, A^), 
i = 1, . . . ,n. Because H C H'7 p is ergodic for H'. Because H' is generated by 
Ad-unipotent elements of G, p is algebraic by Theorem 2. This gives Theorem 1 
for H. (This argument was brought to the author's attention by Mozes.) To derive 
Theorem 3 for H we show that when V is a lattice in G, then xU = xW for all 
x G T\G. Hence xU is homogeneous by Theorem 4. 

This implies the following 

THEOREM 12. Let G be a connected Lie group and Gì a connected semisimple 
subgroup of G without compact factors. Let H be a parabohc subgroup of Gi. 
Then Theorems 1 and 3 hold for H. 

Theorem 12 implies, in particular, that Theorems 1 and 3 hold for the sub
group H of G = SL(n,R) consisting of all upper triangular matrices in G. 

We say that a subgroup L of G is epimorphic with respect to G if for every 
finite-dimensional representation of G every vector v fixed by L is also fixed by G. 
It is a fact that the group H described in Theorem 11 is epimorphic with respect to 
H' generated by U and SL2(Uii Ai), i = 1 , . . . , n. Recently, Mozes has generalized 
Theorems 11 and 12 in the following form. 

THEOREM 13 (Mozes [Mo2]). Let G be a connected Lie group and L a subgroup 
ofG epimorphic with respect to a connected semisimple subgroup Gi of G without 
compact factors. Then Theorem 1 holds for L. 

Mozes5 proof uses Theorem 2 and a recent result of Bien and Borei [BBo]. 

PROBLEM. Let G and L be as in Theorem 13. Does Theorem 3 hold for L? 

In [Ral4] we incorrectly stated that Raghunathan had a counterexample to 
this problem. 

It is a fact that, in general, Theorem 3 does not hold for non-Ad-unipotent 
one-parameter U. However, using Theorem 3, Starkov proved the following 

THEOREM 14 (Starkov [St3]). Let T be a lattice in G and U a one-parameter 
subgroup ofG. Then the following statements are equivalent: (1) for every x G T\G 
the closure xXJ is a smooth submanifold ofT\G; (2) |A| = 1 for every eigenvalue A 
of Adu and every u G U. 

Finally we mention that the validity of Theorems 1 and 2 for discrete sub
groups T implies their validity for arbitrary closed F C G. This was shown by 
Witte in [W3] (see also [Stl] for a related result). Witte also showed (in a recent 
correspondence with the author) that the validity of Theorems 2 and 4 with the 
assumption of U/U° being finitely generated implies their validity without this 
assumption (because the assumption holds for the closure of U). 

In [RalO] Theorem 2 is also proved for disconnected G with the additional 
assumption (which was omitted in [RalO], though used in the proofs) that U/U° 
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is nilpotent. This assumption automatically holds when G is connected. (See [W4] 
for more on the disconnected G case.) 

In closing, we note that the following question remains unanswered. 

QUESTION. DO Theorems 2 and 4 hold for arbitrary disconnected non-Ad-unipo
tent subgroups U of G, generated by Ad-unipotent elements of G? 

4 Generalizations to the p-adic and §-Arithmetic Cases 

The problem of extending Raghunathan's conjectures to cartesian products of 
algebraic groups over local fields of characteristic zero (this is referred to as the 
S-arithmetic setting) was raised by Borei and Prasad in [BoPr] (see also [Pr]). 
They pointed out that the validity of Conjecture 3 for the ^-arithmetic case (see 
-Theorem S2 below) would solve the density problem in the Oppenheim conjecture 
for this case (see Section 5 below). 

It turns out that the ideas and methods developed in [Ra8-ll] for real Lie 
groups can be applied to prove Conjectures 1-3 for a more general (than the S-
arithmetic setting) case, namely, cartesian products of real and p-adic Lie groups. 
(If K is a local field of characteristic zero then n is (isomorphic to) either R, or 
C or a finite extension of a p-adic field. Then a Lie group over K can be viewed 
as either a real Lie group or a p-adic Lie group.) Also our results allow us to 
understand the structure of p-adic Lie groups G that carry discrete subgroups 
T (in particular, lattices) admitting finite Borei measures on T\G preserved by 
one-parameter subgroups of G (see Theorem S6 below). 

More specifically, let § be a finite set and for each s G § let Qs De either the 
real field R or the field of p$-adic numbers for some prime p$. In the latter case we 
call s ultrametric, otherwise s is called real. The set S is ultrametric if each s G S 
is ultrametric. 

For s G S let G s be a Lie group over Qs with the Lie algebra (&s and let 
G§ = n ( G s : s G S} denote the cartesian product of Gs, s G S. 

Let n : G s —> G§ denote the natural embedding of G s in G§ and let Us = 
{us(t) : t G Qs} be a one-parameter Ad-unipotent subgroup of Gs- Then U = 
i](\Js) = {u(t) = ?7(us(t)) : t G Qs} is called a one-parameter Ad-unipotent 
subgroup of G§. 

It is a fact (see [Rai5, Theorem 1.1]) that every one-parameter subgroup of 
a p-adic Lie group G is Ad-unipotent (this was recently proved independently by 
Lubotzky and Prasad). Also G is totally disconnected and small neighborhoods 
of the identity of G do not generate G. Because of this, G might contain two dis
tinct one-parameter subgroups Ui and U2 that have the same tangent (and hence 
coincide in a neighborhood of e in G). This motivates the following definitions. 

For an ultrametric s G S we call Gs Ad-regular if ker Adcs = Z(Gs), where 
Adc s denotes the adjoint representation of G s and Z(Gs) the center of Gs- An 
Ad-regular G s is called regular if the orders of all finite subgroups of G s do not 
exceed a constant depending only on Gs-

We show that if two one-parameter subgroups Ui = {ui(t) : t G Qs} a n d 
U2 = {u2(t) : t G Qs} of a regular Gs have the same tangent then Ui = U2 (i.e. 
u1(t)=u2(t) for a l l t G Q s ) . 



168 Marina Ratner 

It is a fact that if K is a finite extension of Qs with an ultrametric s then 
GL(n, K), n G Z + , and its Zariski closed and connected subgroups (viewed as Lie 
groups over Qs) are regular. 

Also we showed in [Rai 5] that if G s is a Lie subgroup of a regular ps-adic 
Lie group then there exists an open subgroup GS? of Gs such that G<! is regular 
and contains every one-parameter subgroup of Gs. (This implies that if Theorems 
S1-S6 below hold for G^ in place of G s then they hold for Gs- Thus one can reduce 
these theorems to the case when Gs is regular for every ultrametric s G S.) 

Henceforth we assume that Gs is a Lie subgroup of a regular ps~adic Lie 
group for every ultrametric s G S. 

THEOREM SI (Ergodic measures). Let H be a closed subgroup of G§ and U a 
subgroup of H generated by one-parameter Ad-unipotent subgroups of G§. Then 
given any discrete subgroup V of H every ergodic U-invariant Borei probabihty 
measure on T\H is algebraic. 

THEOREM S2 (Orbit closures). Let H and U be as in Theorem 1. Then given 
any lattice T of H and any x G T\H the closure xXJ of the orbit xXJ in T\H is 
homogeneous. 

Theorems SI and S2 proved in [Rai5, Theorems 1 and 2] extend Theorems 2 
and 4 to G§. To extend Theorems 6 and 8 we need to introduce the following 
notation. 

Let H be a closed subgroup of G§, T a discrete subgroup of H, and U = 
7/(Us) = {u(t) : t G Qs}, s G S, a one-parameter Ad-unipotent subgroup of G§ 
contained in H. For r > 0 let 

FS(r)={t G Q s : | t | s < r} , 

where | • |s denotes the normalized absolute value on Qs- When s is ultrametric, 
Fs (T) is a compact open subgroup of Qs. We denote by As a Haar measure on Qs. 

THEOREM S3 (Uniform Distribution [Ral5, Theorem 3]). Given any lattice V of 
H and any x G T\H there exists a closed subgroup L of H such that xXJ = xL is 
homogeneous, U acts ergodically on (xXJ = xL, Z/L), and 

Sffar) = / f(xu(t))d\s(t)^> / fdvL = vL(f) as r - ^ oo, 
AS(^S(T) ) JFS(T) Jr\B 

for every bounded continuous function f on T\H. 

THEOREM S4 ([Ral5, Theorem 4]). Let xn —> x G T\H with V being a lattice in 
H. Suppose there exists no closed nonopen subgroup L of H such that U C L and 
xL is homogeneous. Then there exists an algebraic measure v on T\H such that 
A(v) is an open subgroup of H, v(xA(v)) = 1, U acts ergodically on (xA(v),i>), 
and 

lim Sf(xn,rn) = i/(/) 
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for every bounded continuous function f on T\H and every sequence rn —> oo 
when ?! —> oo. If xXJ = T\H then v is H-invariant. 

Recall (see Section 1) that A(v) — {h G H : the action of h on T\H preserves v}. 
Theorem S3 follows from Theorem S4 if we set xn = x for all n and use 

induction on the dimension of H. 
Note that Theorem 5 has also been extended to G§ (see [Ral5, Theorem 

1.3]). 
Recently Margulis and Tomanov [MT1,2] published a particular case of The

orem SI when for each s G § the group G s is the set of K; s -rational points of 
an algebraic group defined over a local field Ks of characteristic zero. (They also 
formulated Theorem S3 with H = G§ and a weaker version of Theorem S2 for this 
algebraic case.) As does the author's their proof uses in the most essential way the 
basic ideas and methods from [Ra8,9] (though they give no specific references to 
[Ra8,9] in [MT2] and no references to [Ra8,9] at all in [MT1]). In fact, for the most 
part their proof can be viewed as a translation (with modifications and substantial 
simplifications possible because Gs are algebraic) of these ideas and methods to 
the algebraic group setting. The basic Lemma 7.5 in [MT2] uses the fundamental 
idea from the proofs of [Ra8, Lemma 4.2], [Ra9, Lemma 3.1] of using the poly
nomial divergence of Ad-unipotent orbits through the normalizer and the ergodic 
theorem. Also the results in [MT2, Proposition 6.1] and [MT2, Propositions 6.7 
and 8.3] are analogous to [Ra8, Theorem 3.1, Lemma 3.3] and [Ra9, Lemma 3.1]. 

Next we generalize the notion of a "diagonal" subgroup for a one-parameter 
Ad-unipotent subgroup Us = {u(t) : t G Qs}, u = du(t)/dt|t=o. Suppose there is 
an "opposite" u* and a "diagonal" a = adu* (u) for u in ©s (see Section 1) and let 
As be a one-dimensional Lie subgroup of G s normalizing Us whose Lie algebra is 
spanned by a. 

DEFINITION. The group As is called "diagonaV for U s if there exists a one-para
meter Ad-unipotent Ug = {u*(t) : t G Qs}, du*(t)/dt\t=Q = u* normalized by A s 

such that if we denote by S = (UsjUJ) the subgroup of G s generated by Us,Us 
then As C S and Adc s maps As homomorphically onto the multiplicative one-
parameter subgroup {a(r) : r G Qîj} of Adcs(S) with da(r)/dr\T=i = ada. Here 
Qs = Qs - {o}. 

We write S = SL2 (US,AS) and A s = U{As(r) : r G QJ}, where 

A S ( T ) = {a G A s : Ada = a(r)}. 

Now let U = ?7(US) C Gs. Then we call A = ?7(AS) "diagonal" for U in G§ 
and write SL2(U, A) = ?7(SL2(US, A s)) . 

As in the real case, the central role in the proof of Theorem SI is played by 
the following Theorem S5 [Rai5, Theorem 6], which generalizes Theorem 7. 

THEOREM S5. Let U be a one-parameter Ad-unipotent subgroup of G§ and as
sume that G§ contains a "diagonal" subgroup A for U. Let T be a discrete sub
group of G§ and p an ergodic JJ-invariant Borei probability measure on T\G§. 
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Then either (1) p(V(a(r))) = 1 for every a(r) G A(r) with \r\ > 1 or (2) c5L2(U, 
A)c_ 1 C A(p) for some c G C(U) and p is algebraic. 

Recall that V(a(r)) denotes the divergent set of a(r) (see Section 1). It is 
a fact that if S is ultrametric then there are no cuspidally divergent sequences 
in r \ G § (see [Ral3, Proposition 2]). Thus when S is ultrametric and there is 
a "diagonal" A for U, then conclusion (2) holds in Theorem S5. The following 
theorem shows that the presence of a "diagonal" subgroup for U is necessary for 
U to preserve a finite measure on T\G§. 

THEOREM S6. Assume S is ultrametric. Let T be a discrete subgroup of G§ and U 
a one-parameter subgroup of G§ preserving a Borei probability measure on r \ G § . 
Then there is a "diagonal" subgroup A for U in G§. 

COROLLARY SI . Assume S is ultrametric and G§ admits a lattice. Then for every 
s G S and every one-parameter subgroup Us of Gs there is a "diagonal" As in Gs-

This corollary can be viewed as a generalization of [T, Theorem 3] stating 
that if an algebraic p-adic group G admits a lattice then G is reductive. 

Finally, we mention that Theorem S5 allows us to extend Theorem 11 to G§ 
(see [Ral5, Corollary 3]). 

5 Applications to Number Theory 

The Oppenheim Conjecture 

THEOREM O l (Margulis). Let B be a reai nondegenerate indefinite quadratic 
form in n variables, n > 3. Suppose that the ratio of some two coefficients of B is 
irrational. Then the set of values of B at integral points is dense in R. 

This is an equivalent version of the Oppenheim Conjecture proved by Mar
gulis [Ml] in 1986. (The original Oppenheim Conjecture asserts that zero is a limit 
point of B(Zn).) In fact, it was Raghunathan who noticed that in order to derive 
this theorem for n = 3 one only needs to prove a weaker version of Theorem 4 
for G = SL(3,R), V = SL(3,Z), and U = SO(2,1)°. This is precisely what Mar
gulis did. (He also observed that Theorem 0 1 for n > 3 can be reduced to the 
case n = 3.) Subsequently he and Dani [DM1,3] showed that the values of B at 
the primitive elements of Z n are dense in R. In 1990-91 Borei and Prasad [BoPr] 
obtained a remarkable strengthening of this fact, implied by Theorem 4. 

THEOREM 0 2 (Borei, Prasad [BoPr]). Let B be as in Theorem 0 1 . Then given 
c i , . . . , Cn-i G R and £ > 0 there are x\,... , xn-i G Zn that are part of a basis 
in Z n (and hence are primitive elements of IT1) such that \B(xì) — Q | < £ for all 
i = 1 , . . . ,n — 1. 

In fact, Borei and Prasad [BoPr] have generalized the Oppenheim Conjecture 
and Theorem 02 to the following more general setting. 

Let « be a number field and o the ring of integers of K. For every normalized 
absolute value | • \v on n, let KV be the completion of n at v. Let § be a finite set 
of places of K containing the set S ^ of archimedean ones, «§ the direct sum of 
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the fields /îS, S ES, and o§ the ring of S- integers of n (i.e. of elements x G ft with 
\x\v < 1 for allv <£§). 

A quadratic form F on fi§ is a collection (Ls)5 s G S, where F$ is a quadratic 
form on ft?

s\ The form is nondegenerate if and only if each F$ is nondegenerate. 
The form is isotropic if each F$ is so, i.e. if there exists for each s G S an element 
xs G fr?s — {0} such that F$ (x$) = 0. If s is a real place, this condition is equivalent 
to Fs being indefinite. The form F is said to be rational if there exists a unit 
A = (As) G «g and a form FQ on Kn such that Fs = XSFQ for all s G S, and 
irrational otherwise. 

THEOREM 0 3 (Borei, Prasad [BoPr, Theorem A]). Let F bc irrational, nonde
generate, and isotropic, and n > 3. Then given £ > 0 there exists a;Go§ such that 
0< \Fs(x)\ <£ for alls G S. 

THEOREM 0 4 (Borei, Prasad [BoPr, Corollary 7.9]). Assume S = S^ and let F 
be as in Theorem 03 . Let Ai , . . . , An_i G ft§. Then for each j = 1,2,... there are 
Xjti,... ,ccjjn_i G on = Og that are part of a basis of on over o (and hence are 
primitive elements of on) such that lhx i j -^ F(xjti) = Â  for all i = 1 , . . . ,n — 1. 
In particular, the set of values of F on the primitive elements ofon is dense in «§. 

Theorems 0 3 and 04 in [BoPr] are deduced by means of Theorem 4, geom
etry of numbers, and strong approximation in algebraic groups. In [BoPr] Borei 
and Prasad pointed out that the density of F(o§) (and Theorem 04) for non-
archimedean S would follow from the S-arithmetic version of Theorem 4 (see The
orem S2 above). Indeed, the deduction of Theorem 05 below from Theorem S2 is 
given in [Bo]. 

THEOREM 0 5 (Borei, Prasad). Theorem 04 holds also for non-archimedean S 
with o replaced by o§. 

To illustrate the connection between the Oppenheim conjecture and the orbit 
closures Theorem 4 let us present the deduction of Theorem 01 from Theorem 4. 
This deduction is a simplified version of the argument originally given by Raghu
nathan. 

Let B be a quadratic form as specified in Theorem 01 . Also let G = SL(n, R), 
T = SL(n,Z), and L = Z n be the lattice of integral points in Rn. Let Lg denote 
the lattice in Rn obtained by applying the linear transformation g G G to L. Then 
X = {Lg : g G G} is a set of lattices endowed with the natural Hausdorff topology. 
Note that if 7 G T then L7 = L. This says that we can identify Lg G X with the 
coset Tg G r \ G . The identification Lg —> Tg is a homeomorphism from X onto 
r\G. 

Now let H denote the subgroup of G preserving the quadratic form B. Then 
H is conjugate to SO(p, q)-,p~\-q~ n, pq ^ 0, and hence consists of two connected 
components. Also H° is generated by unipotent elements of G (because n > 2). 
For each h G H the set of values of B on Lh is the same as on L. To prove Theorem 
01 it suffices to show that the orbit LH° is dense in X or, equivalently, the orbit 
zH° is dense in T\G, where z = Te and e denotes the identity element of G. 
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By Theorem 4 the closure zEP = zF is homogeneous for some closed con
nected subgroup F C G, containing H°. But the only closed connected subgroups 
of G containing H° are G and H°. Hence either F = G or F = H°. 

We have to show that F = G, i.e. zEP = T\G. Suppose to the contrary 
that F = H°. Then H° n T is a lattice in H° (by Definition 1) and hence H n T 
is a lattice in H because H/Ho is finite. Because T = SL(n,Z), it follows from 
the Borei density theorem that H is a Q-subgroup of G. This means that H is 
the set of real zeros of some ring of polynomials with rational coefficients. This 
implies by an elementary argument that B is proportional to a quadratic form with 
rational coefficients. This contradicts the conditions of Theorem 01 and proves the 
Theorem. 

This proof shows that LH is dense in X. This is used to prove Theorem 
02. Indeed, given c\,..., cn_i G R there is a unimodular basis y\,... ,yn G Rn 

such that B(yi) — Ci for alH = 1, . . . ,n — 1 (because the level surface B(x) = c, 
x G Rn is not contained in any hyperplane). Then the Z-span of this basis belongs 
to X. Hence there are x\,..., xn G L and h G H such that z i h , . . . , x n h are close 
to yi,... ,yn and \B(xih) — c*| < £ for all i = 1 , . . . ,n — 1. This implies that 
xi,...,xn form a basis in L and \B(xi) — c*| < e for alH = 1 , . . . , n — 1, because 
B(xi) = B(xih), i — 1,... ,n. This yields Theorem 02. (This proof is given in 
[BoPr, Proof of Corollary 7.9].) 

Finally we mention the following problem. Let B be a quadratic form as in 
Theorem 0 1 . Given 0 < a < & and r > 0, let Er(a,b) = {x G Z n : a < \B(x)\ < 
b,\\x\\ < r}. Then card Er(a,b) —» 00 when r —> 00. It seems plausible that 
Theorems 1, 5 can be used to find the asymptotic growth rate for this number. It 
is believed that card Er(a, b) ~ c(a, b)rn~2 for some c(a, b) > 0. A lower bound of 
this type has already been found by Dani and Margulis in [DM4]. Also recently 
Eskin and Mozes have informed the author that using the latter lower bound they 
can prove this asymptotic growth for n = 4 and B of the signature (3,1) (and 
disprove it for the signature (2,2) and the case n = 3) and with a modification 
suggested by Margulis the proof works for any B with n > 4. 

Counting Integral Points on Homogeneous Varieties 

The discussion in this section is related to the following problem recently studied 
in [DuRuSa] and [EsMc]. 

Let W be a real finite-dimensional vector space and let W(Q)(W(Z)) denote 
the set of all vectors in W with rational (integer) coordinates relative to a fixed 
basis in W. Let (Ö be a connected algebraic reductive group defined over Q and let 
(5 (R) denote the set of real points of (3, i.e. the set of real zeros of the polynomials 
defining (S. Similarly, one defines <S(Q) and <S(Z). We assume that <$ is homo-
morphic via a surjective morphism p defined over Q to an algebraic subgroup of 
GL (2U) defined over Q. (Here W denotes the complexification of W.) Then &(R) 
acts linearly on W by w —> wg = p(g)(w), w G W, g G <5(M), and <3(Q) preserves 
W(Q). 

Now let V C W be the set of real points of an affine subvariety of W defined 
over Q. Assume that V has finitely many connected components and G = <S(M)° 
acts transitively on each of these components. Suppose there exists VQ G V(Z) = 
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W(Z) n V and let H = {g G G : v^g = vQ} be the stabilizer of v0 in G. It is a fact 
that H = SS (R) H G for some reductive algebraic subgroup $ry of (S defined over 
Q. Suppose Ö and $h do not admit nontrivial characters defined over Q. Then 
G5(Z) H G is a lattice in G and <5(Z) PI H a lattice in H. Let T be a subgroup of 
finite index in (S>(Z) D G whose action on W preserves W(Z). 

We denote by || || a norm on W and for T > 0 define BT = {w E W : \\w\\ < 
T}. We are interested in the asymptotics of the number of points in V(Z) R BT 
as T —* oo. The group Y acts on V(Z) and it was shown in [BoHC] that V(Z) 
consists of finitely many T-orbits. Thus it suffices to know the asymptotics of the 
number N(T, V, O) of points in Ö R BT, where O = vQT. 

Theorem CI below recently proved by Eskin, Mozes and Shah [EsMoS] gen
eralizes an earlier result of Duke, Rudnick, and Sarnak [DuRuSa] where an asymp
totic of N(T, V, Ö) was first found. To state the theorem we need the following 
definition. 

Let {En}, n = 1,2,... , be an increasing sequence of open subsets of H\G = 
U{En, n = 1,2,... } and let En denote the natural lifting of En to H°\G. Also let 
A denote the G-invariant volume on H°\G, p the natural projection from G onto 
H°\G, and # ° the Zariski closure of H°. 

DEFINITION. [ESMOS] The sequence {En} is said to be focused in H\G as n —> oo 
if there is a compact C C G and a proper Q-subgroup £ of (S containing # 0 such 
that 

v A(p((zG(H°)nr)LC)nL;n) ^ n 
hm sup —^—^—-——z— > 0, 

n—»oo X(En) 
where L = Ü(M)0 and ZG(H°) denotes the centralizer of H° in G. 

THEOREM CI [EsMoS]. Suppose that every Q-subgroup of (5 containing fi0 is 
reductive and for every sequence Tn } oo the sequence RTU = {Hg : vog E BTn} is 
not focused in H\G. Then 

as T —> oo; where the volumes in (1) are induced by a left invariant Riemannian 
metric on G. 

COROLLARY CI [EsMoS]. Suppose ft0 is a maximal proper connected Q-subgroup 
of (S. Then relation (1) holds for N(T, V, O) as T -> oo. 

For the particular case when Si is an affine symmetric subgroup of (3 (i.e. Sj 
is a fixed point set of an involution of (S defined over Q) Corollary CI was proved 
earlier in [DuRuSa] by other methods (subsequently a simpler proof appeared in 
[EsMc]). 

To give an application of Theorem CI the authors of [EsMoS] denote by 
Mn (Z) the set of all n x n integer matrices and consider the set 

VP(Z) = {AE Mn(Z) : det(t/ - A) = p(t)} , 
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where p(t) denotes a monic polynomial of degree n with integer coefficients irre
ducible over Q. Theorem CI implies that 

AT(T,y p)-c pT n( r i- 1) / 2 

for some cp > 0, where N(T, Vp) denotes the number of points in VP(Z) of Hilbert-
Schmidt norm less than T. 

Theorem CI is deduced in [EsMoS] from the results on the limit behavior 
of algebraic measures under translations. More specifically, let xYL, x = Te be a 
homogeneous subset of T\G with Y being a lattice in a Lie group G and let {gi}ieN 
be a sequence in G. We denote by z/egi the g^Hgi-invariant probability measure 
supported on xYLgi. One asks what are the possible weak* hmits of the sequence 
{vRgi}ieN and, in particular, when does the sequence converge to the G-invariant 
probability measure v&l 

Using Theorems 1 and 5 and the linearization method of [DM4], Eskin, 
Mozes, and Shah [EsMoS] showed that if G, H, and Y satisfy the conditions of 
Theorem CI and the sequence {z^og^} weak* converges to a probability measure 
y then v = u^c for some c G G, where Z/L is the L-invariant probability measure sup
ported on a homogeneous set xL with L = £(M)° for some reductive Q-subgroup 
£ of (S containing Ü)0. Also they proved the following 

THEOREM C2 [ESMOS]. Let G} H, and T be as in Theorem CI and let {En} be 
an increasing sequence of open subsets of H\G = U{En : n = 1,2,... }. Suppose 
that {En} is not focused in H\G as n —> oo. Then given any £ > 0 there exists an 
open set A C H\G such that 

. volR\G(AnEn) 
lim ini ^ r——— > 1 — £ 
n->oo VOl H \Gl^n) 

and {i>Hgi} weak* converges to V& for every sequence {gi} with {Rgi} being a 
sequence in A containing no subsequences convergent in H\G. 

COROLLARY C2 [EsMoS]. Suppose i } 0 is a maximal connected Q-subgroup of 
(3 and let {gi} be a sequence in G such that {Hg^} contains no subsequences 
convergent in H\G. Then {vngi} weak* converges to VQ. 

To deduce Theorem CI from Theorem C2 one denotes by XT the character
istic function of the ball S T , and for g G G one defines 

*r(g) = X!{XT(wg) : 7 e H n T\r}. 

Then FT is a function on T\G, as FT(g) = -Fr(7g) for all 7 e T. Also ^ ( e ) = 
N{V,T,0). Defining 

p vol(r\G) 
T ( g ) ~ vol(H n T\H) VO1H\G(ÄT) 

and using Theorem C2, Eskin, Mozes, and Shah showed (following the method of 
[DuRuSa]) that -Fr(g) —» 1 weakly and pointwise onT\G. In particular, -FV(e) —> 1. 
This yields Theorem CI. 
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6 Applications to Ergodic Theory and the "Rigidity" Phenomenon 
of Ad-unipotent Actions 

The central problem of ergodic theory is that of classifying measure preserving 
(m.p.) transformations or flows up to isomorphism. 

More precisely, let T and S be two m.p. transformations on probability spaces 
(X, px) and (Y, py) respectively. We say that S is a factor oî T if there is a m.p. VJ 
from X onto Y such that VJ(T(X)) = S(VJ(X)) for /i^-almost every (a.e.) x E X. If 
VJ is invertible, then T and S are called isomorphic and VJ is called an isomorphism 
between T and S. Similarly, one defines factors and isomorphisms of m.p. flows. 
One asks what m.p. transformations (or flows) are isomorphic? And what are the 
possible isomorphisms between T and SI 

To approach this problem one looks for properties stable under isomorphisms. 
There are a number of dynamical properties of this kind, characterizing the degree 
of randomness of the system. There is also a numerical invariant of isomorphism 
called the entropy, which plays an important role in ergodic theory. 

The definition of entropy will not be discussed, but we shall only mention 
that if an element g of a real Lie group G acts on ( I ^ G ^ G ) , where Z/Q is the 
G-invariant Borei probability measure on T\G, then the entropy of this action 
is given by 8(g) = 5^{log |A| : À is an eigenvalue of Adg with |A| > 1}, where 
the eigenvalues are counted with multiplicities. Thus if u is Ad-unipotent then 
£(u) = 0. 

An element g G G is called Ad-semisimple if Adg is diagonalizable over C. 
The following theorem solves the isomorphism problem for Ad-semisimple actions. 

THEOREM E l (Ornstein, Weiss, Dani). Let Gì, i = 1,2, be two real connected 
Lie groups. For each i let Yi be a lattice in Gi, g^ an Ad-semisimple element 
of Gi with Adg(.i) having at least one eigenvalue \X\ ^ 1. Suppose that g^ acts 
ergodically on (Adi = I \ \ G J , Z / G J > i — 152. Then the actions of g^ and g^ are 
isomorphic if and only if 8(g^) = 8(g^). 

This theorem is proved by showing that the actions of gt1) and g(2) are 
isomorphic to Bernoulli shifts and then using Ornstein's isomorphism theorem, 
which states that Bernoulli shifts with the same entropy are isomorphic. Thus 
the isomorphism problem for actions of Ad-semisimple elements depends only on 
the entropy of these actions, hence only on the eigenvalues of Adg(i) and Adg(2). 
Neither Gi, G2, nor Yi, Y2 play any significant role in the problem. Also one 
can show that there are uncountably many isomorphisms between isomorphic Ad-
semisimple actions. 

The following "rigidity" theorem, which can be deduced from our Theorem 1 
demonstrates the profoundly different behavior of the actions of Ad-unipotent el
ements. 

THEOREM E2 (Rigidity Theorem). Let Gi be as above and let Yi be a lattice 
in Gi containing no nontrivial normal subgroups of Gi, i = 1,2. Let u.^ be an 
Ad-unipotent element ofGi, i = 1,2. Suppose that the action of uW on (Mi,z/Ga) 
is ergodic and there is a m.p. VJ : ( M I , I / G I ) —> (M2,VQ2) such that VJ(XU^) — 
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yj(x)u.(2) for z/G^a.e. x E Mi. Then there is c G G2 and a surjective homomorphism 
a : Gi —> G2 such that &(Yi) C c_1r2C and yj(Yih) = T2ca(h) for UQ1-a.e. 
Yih G Mi. Also a is a local isomorphism whenever yj is unite to one or Gi is 
simple and it is an isomorphism whenever yj is one-to-one or Gi is simple with 
trivial center. 

Note that 8(u^) = £(u(2)) = 0. This theorem says in particular that if the 
actions of Ad-unipotent elements u^1^ and u^2^ are isomorphic then Gi must be 
isomorphic to G2 and Ti to T2-

The action of the unipotent group H = {h(t) = n 1 : t G M} on (M = 

r \G,i /c) i G = SL(2,R) is called the horocycle flow on M and the action of the 

diagonal group A = {a(t) = : t e M } the geodesic flow on M. 

Theorem E2 for horocycle flows was proved in [Ra2] in 1981. Then using the 
method of [Ra2] and [Ra4] Witte [Wl] extended it to any connected Gi,G2 and 
Ad-unipotent u ^ ^ u ^ and furthermore to any mixing zero entropy affine maps 
[W2]. (Theorem E2 for nilpotent Gi ,G 2 was proved earlier by Parry [P2].) 

The proof in [Ra2] of the rigidity theorem for horocycle flows uses the polyno
mial divergence of horocycle orbits and the commutation relation with the geodesic 
flow. Generalizing this method, Feldman and Ornstein [FO] extended the rigidity 
theorem to horocycle flows on the unit tangent bundles of compact surfaces of 
variable negative curvature. Also generalizations to higher-dimensional hyperbolic 
space, to horospherical foliations and to geometrically finite groups were given by 
Flaminio [Fl], by Witte [W3], and by Flaminio and Spatzier [FISp]. 

In fact, Theorem E2 is a consequence of a far stronger "Joinings Theorem" 
implied by Theorem 1. More specifically, let T and S be as above and let p, be 
a T x S invariant probability measure on X x Y. Then p, is called a joining of 
T and S if p(A x Y) = px(A), p(X x B) = py(B) for all measurable subsets 
A C X, B C Y. The joining px x PY is called the trivial joining. T and S aie 
called disjoint if they have no nontrivial joinings. 

It follows from Theorem 1 that every ergodic joining p of the actions of 
Ad-unipotent elements u ^ on ( M i , ^ ) and u ^ on (M2,Z/G2) is algebraic. Thus 
p(xA(p)) — 1 for some x E Mi x M^ (see Definition 2). Also A(p) is a subgroup 
of Gi x G2 and the groups AI(JLA) and A2(/i) defined by 

A1(M) = { h G G 1 : ( h , e ) e A ( / i ) } 

A2(/.) = { h G G 2 : ( e , h ) G A ( M ) } 

are closed normal subgroups of Gi and G2 respectively. For c G G2 write Y% — 
{jA^(p) : 7 G c~1r2c} and for z E Mi let 

£/*(*) = iv e M2 : M e xA(p)}. 
The set ^ß(z) is called the 2-fiber of p. We showed in [Ra9, Theorem 2] that there 
is c G G2 and a continuous surjective homomorphism a : Gi —> G2/A2(/^) with 
kernel Ai(p), a(u^) = u^2^A2(/i) such that 

£M(Tih) = {r 2 q6>(h) :i = l,...,n} (2) 
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for all h G Gi, where the intersection r 0 = a(Yi) nY^ is of finite index in a(Fi) 
and in Hj, n = | r 0 \ a ' ( r i ) | and Q'(Fi) = {Y^ßi : i = 1, . . . , n}. This implies the 
following 

THEOREM E3 [Ra9, Corollary 5] (The Joinings Theorem). Every ergodic joining 
p of the actions of Ad-unipotent elements u^ and u^ is algebraic and the fìbers 
of p are given by (2). If, in addition, Gi is simple, i = 1,2, and p is nontrivial, 
then every fiber of p is finite and Gi and G2 are locally isomorphic. 

Thus if Gi and G2 are simple and not locally isomorphic, then the actions of 
u^1) and u(2) are disjoint. 

The Joinings Theorem for horocycle flows was proved earlier in [Ra4, Theo
rem 6]. We showed there that if p is a nontrivial ergodic joining of the horocycle 
flows hf] on Mi = Yi\SL(2,R), h^(x) = xh(t), x E Mu i = 1,2, then the flow 
hi1' x Iv* on (Mi x M2ip) is isomorphic to the horocycle flow on YQ\SL(2,R), 

where YQ is a subgroup of finite index in Ti and in c_1r2C for some c G SL(2, R). 
This shows that the number of nonisomorphic ergodic joinings of the horocycle 
flows on M\ and M2 is at most countable and if Ti is uniform and T2 is not or if 
Ti is arithmetic and Y2 is not then the horocycle flows are disjoint (see [Ra5] for 
more on this). 

The central role in the proof of [Ra4, Theorem 6] is played by a dynamical 
property of horocycle flows, which we introduced in [Ra4, Definition 1] and called 
the if-property. It is a consequence of the polynomial divergence of horocycle 
orbits. 

The iî-property states that given 0 < E < 1 and p, N > 0 there are 6(e,p,N), 
a(e) E (0,1) such that if dG(x,e) < 6(e,p,N) for some x G G = SL(2,R) and 
x ^ H then there are L,T > 0 with N < L < T, L > a(e)T such that either 
dG(xh(t),h(t+p)) < pe for all t E [T - L,T] or dG(xh(t),h(t - p)) < pe for all 
tE [T-L,T]. 

The iï-property was proved in [Ra3, Lemma 2.1]. The latter proof also implies 
the following more general form of the iJ-property. 

Given small 9,e E (0,1) and N > I there are p(9,N),i](e) E (0,1) such that 
if dG(x,e) < p(0,N) and x ^ N G ( H ) then there exist T > N and differentiate 
functions a(x, s),r(x, s) : [0,T] —> R, cr(x, 0) = r(x, 0) = 0 with a(x,s) increasing 
in s such that 

dQ(xh(a(x,s)),h(s)a(r(x,s))) < COT'1 for all s E [0,T] 

max{|r(x,s)| : 0 < s < T} = \r(x,T)\ = 6 (*) 

\r(x,s) - r(x,T)\ < Qe for all s E [(1 - il(e))T,T], 

where C > 0 is a constant. Here N G ( H ) denotes the normalizer of H in G = 
SL(2, R) (it is generated by A and H). 

The first two relations in (*) show, in particular, that for any M C G—NG(H) 
with e G M the group generated by N G ( H ) D {h_sxht : x G M, s,t > 0} contains 
A. (It also contains H by the iî-property and hence N G ( H ) . ) A version of this fact 
for a more general case was later used by Margulis in [Ml, Lemmas 5 and 8]. 
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The if-property was generalized in [Wl, the Ratner property] and property 
(*) was generalized in [Ra8, Theorem 3.1], where it is called the Ä-property (see 
Section 3 for a description of the ^-property). The latter property plays a crucial 
role in the proof of Theorem 1. (We showed in [Ral2] how to use property (*) to 
prove Theorem 1 for G = SL(2,R).) 

Theorem 1 allows one also to show that factors of Ad-unipotent actions on 
(r\G,z/G) have simple algebraic form. This was recently done by Witte [W4]. We 
showed earlier in [Ra3,4] that if St is a factor of the horocycle flow on Y\SL(2,R) 
then there is a lattice Y* in SL(2, R) such that T C T' and St is isomorphic to 
the horocycle flow on Y;\SL(2,R). This implies that the number of nonisomorphic 
factors of the horocycle flow is finite and if Y is maximal then there are no non-
trivial factors. 

It is a fact that there are uncountably many nonisomorphic ergodic joinings 
and factors of Ad-semisimple actions with positive entropy (this follows from Orn-
stein's theory of Bernoulli shifts). Also it was shown by Sinai and Bowen-Ruelle 
that the geodesic flow on r\SX(2,M) possesses infinitely many ergodic invariant 
probability measures that are not algebraic. Also there are points x in Y\SL(2,R) 
for which closures of geodesic orbits are not manifolds. All these facts put Ad-
semisimple actions in striking contrast with the rigid behavior of Ad-unipotent 
actions discussed in this section and given in Theorems 1, 3, 6, E2, and E3. 

The rigidity theorem for the horocycle flows h\ on (Mi = Yì\Gì,I/ì), Gì = 
SL(2,R), Vi = vGi, i = 1,2, says that if h\ is isomorphic to h\ then Yi is 
conjugate to T2. We ask: Can this "rigidity" be destroyed by time changes? 

More specifically, let r be a positive integrable function on Mi with JM r dvi 

= 1. We say that h\ is obtained from h\ ' by the time change r if h\ (x) — h/) t* (x) 

for all x E Mi, t ER, where v(x,t) is defined by JQ ' r(xh(s)ds) = t. Then h\ 
preserves the probabihty measure rdvi on Mi. 

We ask: Is there a time change r such that K[ is isomorphic to h\ ? If "yes" 
h\ is called Kakutani equivalent to h\ . 

Using the Feldman-Katok-Ornstein-Weiss theory of Kakutani equivalence 
(developed in the 1970s) we showed in [RaO] that the answer to this question 
is affirmative. However, we also showed [Ra6] that even very mild smoothness 
conditions on r cause the rigidity to persist. Namely, we say that r is Holder 
continuous in the direction of the rotation group 

R = {r(0) = cos 9 sin 9 
— sin 9 cos 9 

Q E [-TT, TT]} 

if \T(X) - T(XT(9))\ < C\9\a for some C,a > 0 and all x E Mx, 9 E [-ir,ir}. We 
showed in [Ra6] that if K[ is isomorphic to h\ with r being bounded, measurable, 
and Holder continuous in the direction of R, then Ti is conjugate to r 2 . Also all 
isomorphisms between /ij" and h\ as well as factors and joinings of K[ have an 
algebraic form [Ra7]. 
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P R O B L E M 1. Are Ad-unipotent ergodic flows on homogeneous spaces of a general 

Lie group G Kakutani equivalent? In particular, is the flow h\ x h\ acting on 

(Mi x Mi , / / i x z/i) Kakutani equivalent to the flow h\ ' x h\ acting on (M2 X 

M2,7/2X7/2)? (We showed in [Rai] that ht x ht acting on ( M x M, 7/ x 7/) is not 

Kakutani equivalent to ht acting on (M,?/).) 

P R O B L E M 2. Do the rigidity properties discussed in this section hold for smoothly 
time-changed Ad-unipotent flows? 

Theorem SI above allows one to extend Theorems E2 and E3 and classify 
factors of Ad-unipotent flows in the S-arithmetic setting discussed in Section 4. The 
latter flows represent measure preserving actions of the field Qs (as an additive 
group) on (r\G§,7/Gs), s G §, with Y being a lattice in G§ (see Section 4). It 
would be of interest to develop the ergodic theory" of measure preserving actions 
of the p-adic field Qp as an additive group and, in particular, to construct a 
theory of Kakutani equivalence for these actions. Applying such a theory to p-adic 
horocycle flows on Y\SL(2,Qp) one can ask questions similar to those discussed 
in this section for the real case. 

To conclude this section we mention tha t recently Starkov [St4] used Theo
rem 1 to give an affirmative answer to a question raised by Marcus in [Ma] (see 
also [M2]). Namely, he showed that if Y is a lattice in a connected Lie group G 
and the action of a one-parameter subgroup U C G on ( F \ G , T / G ) is mixing, then 
it is mixing of all orders. Marcus [Ma] proved this result for semisimple G (see also 
[Mol]). Starkov's argument exploits Marcus' result and a theorem of Wi t t e [W2, 
Proposition 2.6] (cf. Corollary 1 in [St4]). 
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