4 LECTURES ON JACOBI FORMS
YOUNGJU CHOIE

ABSTRACT.

1. Plan

This lecture series is intended for graduate students or motivated under-
graduate students. We introduce a concept of Jacobi forms and try to explain
a various connection with other fields, such as quasi-modular forms and Mock

modular forms if time allows. More specifically, I am planning to cover:

1 (Lecture 1 ) After introducing a concept of Jacobi forms we look at
two expansions of Jacobi forms ; its Taylor series expansions and theta
series expansions. The first lecture will focus on theta-expansion and a
map between the space of Jacobi forms and the vector valued modular
form of half integral weight.

2 (Lecture 2) We discuss the correspondence between the space of Ja-
cobi form of integral weight and index 1 and that of modular form of
half integral weight. We discuss the correspondence between Jacobi
Eisenstein series and Cohen Eisenstein series.

3 (Lecture 3)

The Taylor series expansion gives a map between the space Jacobi
forms of integral weight and the space of modular forms of integral

weight while the theta series expansion gives a map between the space
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of Jacobi forms and that of modular forms of half integral weight. In
particular we will derive the explicit isomorphism in the case of the
space of Jacobi forms of weight k, k integral, Ji1(I'(1)). Furthermore,
as an application, we discuss Cohen-Rankin operator of ellipic modular
form via Jacob form. We give examples.

4 (Lecture 4)

Quasi-modular forms generalize classical modular forms and were
introduced by Kaneko and Zagier in [?], where they identified quasi-
modular forms with generating functions counting maps of curves of
genus g > 1 to curves of genus 1. More generally hey often appear as
generating functions of counting functions in various problems such as
Hurwitz enumeration problems, which include not only number theo-
retic problems but also those in certain areas of applied mathematics
Unlike modular forms, derivatives of quasimodular forms are also quasi-
modular forms. The goal of this talk is to study various properties of
quasimodular forms by using their connections with Jacobi-like forms
and modular forms. We will briefly mention about the connection with
pseudodifferential operators. For more details see [7].

I will briefully introduce a mock modular form and mock Jacobi
forms as a holomorphic part of harmonic weak Maass forms. There are
vast of recent research results, due to K.Brigmann, K. Ono, J Bruinier,

S. Zwegers, etc.

2. LECTURE 1

2.1. Definitions and Notations. Let us set up the following notations. Let
‘H be the usual complex upper half plane and 7 € H,z € C. Let I' be any
discrete subgroup of SL(2,R).

In this lecture we take
I=T(1)=5SL2,2)=<(§1) (Y ') >
First I acts on ‘H as a linear fractional transformation:

I'xH—H
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Fix k,m € Z. Consider a holomorphic function ¢ : H x C — C such that
(1) (modular) For all vy = (2%) €T,

z

2
d —k 727rimcf_zﬁ
(et +d) "e (v, o

) = ¢(7,2)
(2) (elliptic) For all (A, u) € Z2,
eQm’m(/\27+2)\z)¢(7_’ 2N+ M) — (b(Ta Z)

(3) Since ¢(7, 24 1) = ¢(7, 2) and ¢(7, 2+1) = ¢(, 2) implies that phi has
n,reZ C(n, r)q’né"r’ q= e27ri’r, w _ 627”-2,.

e The function ¢(7,z) is called a holomorphic Jacobi form (or simply a

a Fourier expansion ¢(7,z) = >

Jacobi form) of weight £ and index m if the coefficients c¢(n,r) = 0
unless 4mn — r2 > 0.

e [t is called a Jacobi cusp form if it satisfies the stronger condition that
c(n,r) = 0 unless 4mn — r? > 0.

e Moreover, it is called a weak Jacobi form if it satisfies the weaker

condition ¢(n,r) = 0 unless n > 0.

They form vector spaces and denote those by

JomP(T) C Jem(T) C Jek (1)

k,m
We can summarize the above discussion as the following way: The Jacobi
group I' is defined as follows:
Definition 2.1. Let
=T o Z*={[M,(\,p)]|M €T, \ u € Z}.
This set '/ forms a group under a group law

[My, (A1, pa)|[Ma, (Mg, pia)] = [MiMa, (A, 1)) + (A2, p2)],
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where ( 2;) = M} ( f;}) and is called the Jacobi group. Note that the Jacobi

group I'” acts on H x €7 as, for each v =[(25), (A, p)] € 7, N\ ue 7,
at+b 2+ AT+ p

ctr+d  cr+d )
Furthermore, for v = [(2%), (A, p)] € I,k € 1Z and m € 1Z, let

(1, 2) = (

. 22
Jkm (7, (7, 2)) == (e + d>—k62m(*m+)\2w\+2)\z+u)'

Let us define the usual slash operator on a function f: H x C — C :

(f|k,m’7)(7_v Z) = jk,m(va (T’ z))f('Y(T’ 2)), v E FJ7

Then one checks the following consistency condition(see also [?], Section 1.1 ):

(fleam ey ) (7 2) = (flomy?)(7, 2), 7,7 €T,

A Jacobi form of weight k& and index m is a holomorphic function ¢ : HxC —

C such that

(@limy)(T,2) = (1, 2),Vy € T

satisfying the proper condition of the Fourier expansion.
2.2. Examples.

Example 2.2. For 7 € 'H, The Weierstrass p-function

1 1 1
@(T,Z)-:ng Z GC-wp o

WEZLATL,w#0
1 1 )
2> :
2 — > g
2 ez, (mn)£(0,0) (z—(m+n7))?  (m+n7)
Then
hd p(T + 1,2) = p('r’ Z)
e p(—1,2) = 7% + ks — o = 7(7,2)
[ ] @(7_7 Z+ AT -+ ILL) = p(T’ Z),V()\7H) c ZQ
)
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Example 2.3. Let Q : ZY — 7 be a positive definite integer valued qua-
dratic form and B be the associated bilinear form. Then for any vector
yo € ZV, the theta series
eyo(,r’ Z) — Z 627ri(Q(z)T+B(:r,y0)z)
zeZN

is a Jacobi form (on a congruence subgroup of SL(2,Z) of weight k = % and

index Q(yo)
(Hint: to check "modular” one uses Possion summation formula. To check
"elliptic” it is immediate using relation B(z,y) = Q(x +y) — Q(x) — Q(y).)

2.3. Theta expansion. This can be derived from elliptic property: take
o(r,2) = an c(n,r)q"¢" € J,é”f,f}k(F)
Then, for any (\, u) € Z?,
B(7,2) = 3 eln, )€ = O (7 x4 p)

n,r

2m m n ¢r
=M e(n,r)q"E

_ Z C(Tl r)qn+)\2m+)\r£r+2)\m
)

So,
c(n,r) = c(n + Nm + Ar,r + 2\m),
i.e. ¢(n,r) = c(n',7") whenever r = 7' (mod 2m) and 4n'm —r”? = 4mn — r?
That is to say that ¢(n,r) depends on the discriminant 4mn —r? and on the
value of r (mod 2m).
So we let
c(n,r) = c.(4mn — r?),
Then
¢ (N) = ¢ (N)for r =7" (mod 2m)
This gives us coefficients ¢, (N) for all 1 € Z/2mZ and all integers N satis-
fying N = p? (mod 4m), namely,

N +r?

cu(IN) == ¢( .

,7) forr € Z,r =p  (mod 2m).
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We further extend definition of ¢, (/) by

(V) _{ c(N;;Z,T), for N = —v? (mod 4m) }

0, otherwise

(T, 2) = Zc(n, r)q"E = Z Z Z cu(dmn — r?)q"e"

n,r #  (mod 2m) reZr=p (mod 2m) n>0

. 3 Z (V)5 e

© (mod 2m) reZ,r=p (mod 2m)

- ¥ Zcu Nygin S ging

© (mod 2m) r=p (mod 2m)

Defining, for each p (mod 2m),

r=p  (mod 2m),rez

we can write

Proposition 2.4. (theta expansion)

© (mod 2m)
Remark 2.5. Recall
N
hu(T) == Z%(NM‘“"
N

where

() = { C(N;;:z,r), for N = —p? (mod 4m) }

0, otherwise

So Ncanbe N =4mn—1>>0or N =4mn—1r2>0or N +712 > 0
according to where ¢(7, z) belongs to Jiw (T') or Jim () or J¥e*(T).



4 LECTURES ON JACOBI FORMS 7

On the other hand,

2
em”u(T + 1, Z) = eszimem#(ﬁ z)

and, using Poisson summation formula,

: )%ekimé Z O (T, 2)e T

v (mod 2m)

1 =z T

O (== =) = (

)
T T

So the transformation law of h,(7) with those of ¢(7, z) and 6,, ,(7, 2)

(2.1) ho(T +1) = e 2 4m h, (1)

(2.2) (- = —— S EEE(r)

v (mod 2m)

Theorem 2.6.

i (L) 2 {(ho(T), h1(T), .., hom—1(7))| by : H — C satisfying (2.1) and (2.2) and proper growth}

Next we wish to identify the space of Jacobi forms with that of scalar valued
modular forms, that is , usual elliptic modular forms. In the case when m =1
this can be done easily and for general m it is not easy, however when m is
prime this was done in Eichler-Zagier[8]. Note that the similar result exists
in the case of harmonic weak Maass forms[6], but proofs are totally different
since the space of Harmonic weak Maass forms is not finite dimensional. Hope

we can discuss this in the last lecture.

3. Lecture 2

3.1. In the case of J;;(I'). Let ¢(,2) € Ji1(I'), with I' = I'(1).
Then
o(r2) = D hu(m)iu(r2)

© (mod 2)

= ho(7)010(7, 2) + ha(7)011(7, 2)
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Since
N
hu(T) = Z cu(N)g+
w
(V) C(NZTQJ“) if r=p (mod 2)
C =
: 0, otherwise
define

)= Y. v+ D ad)d"
N=0 (mod 4) N=—-1 (mod 4)
So h(T) = ho(41) + hy(47)
Using the transformation formula given in (2.1) and (2.2) one checks
(1) h(r+1) = h(7)
(2) h(z5) = (47 + 1)F2h(r)
Since I'g(4) = {(¢g) € [[¢=0 (mod 4)} =< (51),(i}) >

h(r) € My_s(To(4))

Conversely, if h € ]\/[kt%(f‘o(él)) (here ]\/[;7%(1“0(4)) is Kohnen ”plus” space)
then the reversing the same calculation shows that hg an hy, where h(7) =
ho(471) + hy(47), satisfies the proper transformation formula given in (2.1) and
(2.2) to see

¢(T, Z) = hQ(T)eLo(T, Z) + hl (T)9171(7', Z) € Jk,l(F)

This gives an idea of the following result:

Theorem 3.1. Let k be an even integer. Then

M;_%(Fo(zl)) ~ Jpa(I'(1))

with 1somorphism given by
>, a(N)g" — Y aldn—r’)g"¢
N=0,3 (mod 4),N>0 n,r€Z,4n—r2>0
This isomorphism is compatible with the Petersson schlar products, with
the action of Hecke operators, and with the structures of MQ*_% and Ji1 an
modules over M, Here, M, = @, My and J.1 = @,y Jr1 denote the
graded ring of modular forms and the graded ring of Jacobi forms of index 1,

respectively.
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Proof See page 64 in [§] O

Example 3.2. (see [8] Fix an integer k£ > 3. Consider Jacobi Eisenstein series
Ek71(7', Z) S Jk,l(F(l)),

1 ; 2at+b z 022
EkHl(T? Z) = 5 Z z :(CT + d>_k€2ﬂzm()\ ct+d 22 ct+d c7—+d)
c,d€Z,ged (c,d)=1 A\EZ

It is known that this series converges absolutely and uniformly on every com-
pact subset if £ > 3 and zero if k£ odd.

Consider its Fourier expansion, for k > 2,
Ezk,1(7, Z) = Z €2k,1(n77’)qnyfr
n,r€Z,4n—r2>0
Then it turns out that
H2k71(4n — 7’2)

er,l(”? /r) = <(3 _ 4k>
with Hog—1(IN) = L_n(2 — 2k) (called Cohen’s function).
Here,
0 if D#0,1 (mod 4)
Lp(s) = ((2s —1) if D=0

Lpy(8) Xgy n(d)(5)d *01-25(§) i D=0,1 (mod 4),D #0

Where D = Dof?, f € N, Dy is the discriminant of Q(v/D), that is, Dy is
D =1or 0 (mod 4) otherwise 4D, and
p: N — {0,—1,1} is the Mdbius function defined by

0 if n is not square-free
u(n) =< —1  if nis square free and has a odd number of distinct prime factors

1 if n is square free and has an even number of distinct prime factors

Further (%) is the Kronecker symbol defined by, with unique prime factor-
ization of n = 2 Hf p;', distinct p; odd prime, e; € Z>o,

=G I
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where (%) is the Legendre symbol.
Theorem says that

My, 1 (To(4)) = Jax(I'(1))

2k

So the correspondence for Eoy (7, 2) will be

Z ;szq(N)qN — Z Hoj_1(4n — 1) q"¢"

N>0,N=0,3 (mod 4)

So we conclude that

S Hua (N € M (To(4)

N>0,N=0,3 (mod 4)

4. Lecture 3

4.1. Taylor expansion in z. For simplicity let £ = 0 (mod 2) and m be any
positive integer,
Take ¢(7,2) = >, ez amm_r250 (1, 7)q"E" € Jgm(L). Since it is holomorphic
on H x C we have
3(1,2) = > xu(7)2"
v>0

Since ¢(1, —2) = (—=1)k¢(7, 2) and k even we may assume that

O(r,2) = ) xau(7)2™

From the modular transformation law of ¢(7, z), for anyy = (25) € T,

ar +b z

2
— dk ZWi%
T )= (e 4 ()

o
we get

Xo(Y7) = (em + d)*xo(7)

x2(77) = (1 4+ d)* 2 (xo(7) 4 2mim crj— Xo(7))
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(4.1)

o (y7) = (em + d)* [, (1) + (2rm—— (27rm ) Xy—a + ]

1
)Xl/ 2+

c
ct +d 21 et +d

Note that
90(T) = xo(7) € My(T)
2mm
92(7) 1= X2(7) = ——Xo(7) € Miyo(T)
(why? First note that

Xo(m) = (e @) = (e + G () + — o)

2mim
92(77) = x2(y7) — p Xo(77)

2mim ke 2mim

2 mXO(T) - TXo(T))

, c
= (e + d)k+2(X2(T) + 2mmm)¢0(7) —

2mem

= (o7 + )" (0(r) = = x0(7)) = 62(7))

In general,
(4.2)

gon(r) = iy SO 3D BE 2o AR R g

= e, (Rrv=2)t ol —2p)!

In terms of Fourier coefficients of ¢

-\ —dirnu k+2v—2
(2mi) ™ ﬁgn = Z ZPuk mn,1%)c(n,r))q"
n>0 rez

2

where Py, ), is a homogeneous polynomial of degree v in r“ an n with coeffi-

cients depending on k and m, the first few being

Por=1
Py = kr? — 2mn
Pyj = (k+ 1)(K +2)r* — 12(k + 1)r*mn + 12m*n?

By inverting the formula in (4.2), we have
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B 2mim)"(k +2v —2pu —1)! ()
XQV(T) - Z (k’ + o — [ — 1)'#' 92(1/—;1) (T)

, that is -
O(r,2) = ) xa(7)2™
= go(7) +(g2;T) + mgz(T) )(2miz)? + (g42(;') + ;Zfif;)) 277;(50_'(_7—1)) Y(2miz)t+ ...

In fact, in the case of the weak Jacobi forms, first m-+1 coefficients go(7), g2, (7), .-, g2m(T)
in z, where g9, (7) € My0,(T'), v =0,1, .., 2m:
So

Theorem 4.1. [8] For all k =0 (mod 2) and m,
Tt (L) o M;,(T) @ Mie42(T) @ ' @Mk+2m(F)
The isomorphism is given by
O(7,2) = (90: G2, -+ Gom)

Remark 4.2. The similar result holds for odd &

One can do it better when the index m = 1 using the explicit generators
Ey1(7,2) and Eg1(T, 2);

Theorem 4.3. Let k even. Then
Jea(T) 2 Mi(T) @ Sk42(T)
The isomorphism is given by
¢(7,2) — (90(7), 92(7))

Here, Sy1o(T") is the space of cusp forms of weight k+ 2 on T.
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4.2. Application. Now, we take m = 1, a nontrivial modular form gy = g €
Mk(F) and go = 0
Then (g,0,0,0,0) gives
~(2m)(k—1)! )

Xav(T) = mg (7)

so that

G(r.z) = S (ETE L o 7)) 22

and this satisfies, for any v = (24) € T,

z

; CZQ
o d) = (cr +d)fe? oG T, 2)

(4.3) G(yr

Similarly, take f € M,(T") and consider

F(r,z) = ST 0 )

= (l+v—1)W!
so that, for any v = (24) € T,

z

) = (er + ) (r,2)

(4.4) F(yr

Define

H(r,z):=G(r,2) - F(r,iz)

Then from (4.3) and (4.4) we check that, for any v = (24) € T,

(4.5) H(yt )= (cT + d)kMH(T7 2)

Ter+d
Again by comparing the coefficient of z in H(r,2) = >_, - h,(7)2* using

the transformation formula in (4.5)

h,(y7) = (e + d)kH”” = hy,(7),¥y=(2%) el.



14 YOUNGJU CHOIE

So,
h(r) = (2r)™ Y (<1) ( k*i_l ) ( “Z‘ : >f<r>(7)g<s><7)
is in My pr0,(T)
Usually,
9, 180 () == (=1) ( S Z - ) ( o Z ! ) FO )9 ()
r4+s=v

is called the vth Rankin-Cohen’s bracket.

Example 4.4. Let Ey(7) € My (T") be an Eisenstein series.

Ey(r) =1+240) o3(n)g" =1+ 240q + ...

n>1
Es(1)1 — 504205(n)q” =1-—504q + ...

and

Alr)=qJ(1 =" = q—24¢° +252¢° + ... € Sia(T)

n=1

Then

[E4, E6]1 - —3456A

[E4, Eqls = 4800A

5. LECTURE 4

See the next separated slide
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