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Abstract We investigate self-testing programs with relative error by allowing error terms proportional
to the function to be computed. In the self-testing literature for numerical computations, only absolute
errors and sublinear (in the input size) errors were previously studied. We construct new self-testers with
relative error for real-valued multi-linear functions defined over finite rational domains. The existence of such
self-testers positively solves an open question in [KMS03].
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1 Introduction
1.1 Motivation

By the nature of floating point computation, a program P purposed to implement a real-valued function f
can only compute an approximation of it. The accumulation of inaccuracies in numerical operations could be
significant. Moreover, once P is implemented, it is difficult to verify its correctness, i.e. that P(z) is a good
approximation of f(x) for all valid inputs z. In a good approximation one would like the significant digits
to be correct. This leads to the notion of relative error. If a is a real number and 4 is its approximation,
then the quantity 6 = |a — a|/a is called the relative error of the approximation. Relative error is one of the
most important notions in numerical computation. Proving that a program is relatively close to its correct
implementation is the challenge of many numerical analysts.

In recent years, several tools, concepts and theories were developed to address the software correctness
problem such as formal methods, model checking, software testing. Here we focus on the following scenario.
Firstly, the program to be tested is viewed as a black box, ¢.e. we can only query it on any chosen inputs.
Secondly, we want a very efficient testing procedure. In particular, a test should be more efficient than any
known correct program (see [BK95] for a formal definition). For exact computation, program checking [Blu88,
BK95], self-testing programs [BLR93], and self-correcting programs [BLR93,Lip91] were developed in the
early 90’s. A program checker for f verifies whether the program P computes f on a particular input x; a
self-tester for f verifies whether the program P is correct on most inputs; and a self-correcting program for f
uses a program P, which is correct on most inputs, to compute f correctly everywhere with high probability.
More formally, self-testing for exact computation consists in the following task.

* A preliminary version of this paper appeared in Proceedings of the 17th Annual Symposium on Theoretical Aspects
of Computer Science, LNCS 1770, pages 302-313, 2000.
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Problem Given a class of functions F defined over a finite domain D, and positive constants 61,62,
we want an efficient probabilistic algorithm T with oracle such that, for any program P defined over
D:
— if for some f € F, Pryep [P(z) # f(x)] < 81, then TY (T with oracle P) accepts with high
probability;
—if for all f € F, Pryep [P(x) # f(x)] > 62, then TT rejects with high probability.

In this context, results on testing linear functions and polynomials have theoretical implications for proba-
bilistically checkable proofs [ALM*98, AS98] and in approximation theory. For a survey see [Bab93].

1.2 Previous work on linearity self-testing

Let us recall the problem of linearity testing which has been fundamental in the development of self-
testers [BLR93]. Given a program P which computes a function from a finite abelian group G into another
group, we want to verify that P computes a homomorphism on most elements in G.

The Blum-Luby-Rubinfeld linearity test is based on the linearity property f(x +vy) = f(z) + f(y), for
all z,y € G, which is only satisfied when f is a homomorphism. The test consists of verifying this linearity
equation on random instances. More precisely, it checks that P(z 4+ y) = P(x) + P(y), for random inputs
x,y € G. Note that checking the linearity equation is usually easier than computing a linear function: it uses
only two additions whereas computing a linear function requires a multiplication (when G is a cyclic group).

If the probability of failing the linearity test is small, then P computes a homomorphism except on a
small fraction of the inputs. This property of the linearity equation is usually called its robustness. This term
was defined in [RS96] and studied in [Rub99]. The analysis of the above test is due to Coppersmith [Cop89].
It consists of correcting P by querying it on a few inputs. Let g be the function which takes at x the majority
of the votes (P(x +y) — P(y)), for all y € G. When the failure probability in the linearity test is small,
majority turns to quasi-unanimity, g equals P on a large fraction of inputs, and g is linear. This idea of
property testing has been formalized and extended to testing graph properties in [GGR98, GR99].

These notions of testing were extended to approximate computation with absolute error for self-
testers/correctors [GLR191] and for checkers [ABCG93]. For a survey see [KMS00]. In [GLR191], Gem-
mel, Lipton and Rubinfeld studied functions defined over algebraically closed domains. Ergiin, Kumar,
and Rubinfeld [EKRO1] initiated and solved the problem of self-testing with absolute error for linear
functions, polynomials, and additive functions defined over rational domains. Rational domains, i.e. sets
D, s ={i/s:|i] <n,ie Z}, for some integer n > 1 and real s > 0, were first considered by Lipton [Lip91].

In the case of approximate self-testing for rational domains, when an error is allowed in the linearity test,
both the closeness of g to P and the linearity of g are approximate. This is usually called the approximate
robustness of the linearity equation. Since we want to prove that P is close to a perfectly linear function,
a second stage is needed. It comsists of proving the stability of the linearity equation. This means that
every function that approximately satisfies the linearity equation is close everywhere to a linear function.
The approximate robustness together with the stability implies the robustness of the linearity equation for
absolute error. The stability part is a well-studied problem in mathematics for several kinds of error terms
when = and y cover a semi-group like N or Z. It corresponds to the study of Hyers-Ulam stability.

The stability problem is due to Ulam and was first solved for the absolute error case in 1941 by Hy-
ers [Hye4l]. For a survey of Hyers-Ulam stability see [For95,HR92]. Since D,, s is not a semi-group, these
results cannot be applied directly. But using an argument due to Skof [Sko83], the local stability of the
linearity equation over D,, s can be derived from its stability over the whole domain Z.

Using these elegant techniques of Hyers-Ulam stability theory, Kiwi, Magniez and Santha [KMS03] ex-
tended a part of [EKRO1]’s work for non-constant error terms. They considered error terms proportional
in every input z to |z|?, for some 0 < p < 1, that is, they studied computations where inaccuracies were
sublinear in the size of the values involved in the calculations. Among other things, they showed how to
self-test whether a program approximately computes a linear function for these error terms. To this end
they proved the local stability of the linearity equation using its stability on the whole domain Z. Since the
linearity equation is unstable for the case p = 1 [HS92], their work did not lead to self-testers either for
the case p = 1, which corresponds to linear error terms, or for relative error terms (i.e. proportional to the
function to be computed) [KMS03, Section 5].
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1.8 Main result of the paper

In this paper, we investigate the study of approximate self-testing with relative error. Computing with
relative error § > 0 means that the accuracy we allow for computing f on z is 8|f(z)|, and hence depends
on the generally unknown value of f(x). In this setting, self-testing consists of the following task.

Problem Given a class of real-valued functions F defined over a finite domain D, and positive
constants 01,05,01,02, we want an efficient probabilistic algorithm T with oracle such that, for any
program P : D — R:
— if for some f € F, Proep [|P(x) — f(z)| > 01]f(2)|] < 61, then TT accepts with high probability;
—if for all f € F, Procp [|P(z) — f(x)| > O2|f(x)|] > 02, then TT rejects with high probability.

But even if f is known, the self-tester cannot compute f(z) since it has to be more efficient than any
program computing f. Thus, it is not a priori clear that one can self-test in the context of relative error.

Nevertheless, we give a positive answer to this problem for the set of real-valued d-linear functions, for
any integer d > 1. This is the first positive answer to this problem in the literature, and hence it solves some
open problems in [KMS03]. We will only deal with self-testing, but similar results can be easily derived for
self-correcting (and therefore for program checking) using standard techniques [EKRO1].

1.4 Structure of the paper

The rest of the paper is organized as follows. In Section 2, we describe self-testing concepts in the most general
notion of approximate computing [KMS00]. In this context, we review basic methods for constructing a self-
tester from a functional equation which are based on the well known notions of robustness, approximate
robustness, and stability.

A new test for linear functions is defined and studied in Section 3. It is constructed from a new functional
equation for linearity which is robust for linear error (Theorem 2). The robustness is proved in two parts :
the approximate robustness (Theorem 3) and the stability (Theorem 4). Then, an approximate self-tester
for linear functions with linear error is deduced (Corollary 1).

In the final Section 4, two approximate self-testers with relative error are constructed using the preceding
self-tester. First, a self-tester for linear functions is presented (Corollary 2). Then, it is generalized to multi-
linear functions (Corollary 3) using an argument similar to that in [FHS94]. All of our self-testers only use
simple operations, that is comparisons, additions, and multiplications by powers of 2. Moreover, the number
of queries and simple operations does not depend on the size of the domain where the program is tested.

2 Approximate self-testing

The forthcoming presentation is based on [KMS00]. In this paper we only consider real-valued functions.
Throughout this section, let D be a fixed finite set. We will always think on a program P which on any input
from D, outputs a real number, as a function from D to R. We will use the word ‘program’ to denote the
function we are testing. We are interested in determining, maybe probabilistically, how “close” a program
P : D — R is to an underlying family of functions of interest, F. In Sections 3 and 4, D will denote an
integer domain D,, = {i € Z : |i| < n} or a power of it (D,,)%, and F will be the set of linear functions or
d-linear functions.

The image elements might be hard to represent (for example, when F is a family of trigonometric func-
tions). Thus, any reasonable program P for computing f € F will necessarily have to compute an approxi-
mation. In fact, P might never equal f over D but still be, for all practical purposes, a good computational
realization of a program that computes f. Thus we first need to define what we mean by allowing an error
in the computation process. For that we define the notion of computational error term.

Definition 1 (Computational error term) A computational error term is a function e : D x R — R,
If P,f: D — R are two functions, then P e-computes f on z € D if |P(z) — f(z)| < e(z, f(x)).

This definition encompasses several models of approximate computing that depend on the restriction
placed on the computational error term . Indeed, it encompasses the
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— exact computation case, where e(z,v) = 0 (for every z € D and v € R);

— approximate computation with absolute error, where (z,v) = &g for some constant £y € R ;

— approximate computation with error relative to input size, where e(x,v) = e1(z) for some function
e1: D —Ry;

— approximate computation with relative error, where ¢(z,v) = 0|v| for some constant § € R..

Based on the definition of computational error term we can give a notion of distance (even if it is not a
distance in general), which measures the proportion of inputs where P e-computes f.

Definition 2 (e-Distance) Let P, f : D — R, and let € be a computational error term. The e-distance of
P from f on D is
e-Distp(P, f) = Plb [P does not e-compute f on x].
rEe

If F is a family of real functions over D, then the e-distance of P from F on D is
- Distp (P, = Inf e-Distp (P, f).
e-Distp(P, 7) = Inf e-Distp(P, f)

Now we define the approximate self-tester for general computational error terms which generalizes the
previous definitions of [EKR01, GLR ™91, KMS03].

Definition 3 (Approximate self-tester) Let F be a family of real functions over D, let D' C D, let €
and &' be computational error terms and let 0 < n <n' <1 be constants. A (D,e,n; D', &', n')-approximate
self-tester for F is a randomized oracle algorithm T such that for every P: D — R:

—if e-Distp (P, F) < n, then Pr [T* accepts| > 2/3;
—if &-Distp/ (P, F) > 1/, then Pr [T* rejects| > 2/3;

where the probabilities are taken over the coin tosses of T.

In this definition, note that the success probability 2/3 can be replaced by 1—+, for any confidence parameter
~v > 0, using a majority argument based on log(1/v) iterations of T'.

Usually the construction of a self-tester is based on the existence of a test, that is a randomized oracle
algorithm whose acceptance probability is directly connected to the distance of interest. Computing the
distance of a function P from a family F is usually a hard task. On the other hand, the rejection probability
of a function P by a test T" can be easily approximated by standard sampling techniques.

Therefore, if a test T is such that for every function P, the rejection probability Rej(P,T) of P by T
is closely related to its distance from the function class F of interest, then by approximating the rejection
probability one can estimate the distance. In other words, one obtains a self-tester for F. The two important
properties of a test which ensure that this approach succeeds are the soundness and the robustness. The
soundness was first defined in [KMS00] as continuity, and the robustness in [RS96, Rub99].

Definition 4 (Soundness & Robustness) Let F be a family of real functions over D, let € be a compu-
tational error term, and let 0 < 1,8 < 1 be constants. Let T be a randomized oracle algorithm. Then, T is
(n,6)-sound for F on D with respect to ¢ if for all P: D — R,

e-Distp(P,F) <n = Rej(P,T) <.
Moreover, T is (n,0)-robust for F on D with respect to € if for all P: D — R,
Rej(P,T) <6 = e-Distp(P,F) <.

Thus, proving soundness of a test implies upper bounding the rejection probability of the test in terms
of the relevant distance. On the other hand, to prove robustness one needs to upper bound the relevant
distance in terms of the rejection probability of the test.

Typically, tests that are both sound and robust give rise to self-testers. We now precisely state this claim
which is often used. For a proof see for instance [KMS00].

Theorem 1 (Approximate generic self-tester) Let F be a family of real functions over D, let D' C D,
let € and &' be computational error terms, and let 0 < 6 < ¢ <1 and 0 <n <1’ <1 be constants. Also, let
T be a randomized oracle algorithm such that
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~-T is (n,6)-sound for F on D with respect to e,
~T is (n/,8")-robust for F on D’ with respect to €',

then the following algorithm is a (D,e,n; D', &', n')-approximate self-tester for F:

Generic Self-Tester(T,5,0'; P)

1. Let N = 0(:2425) and E = 0.

2. Do N times: Run T andlet E = E+1 if T rejects.
3. Reject if % > % times.

Realizable approximate tests are often constructed through a functional equation whose set of solutions
is the function class F. Specifically, let R” denote the set of function from D to R, and let @ : RP x V' — R
be a functional over a neighborhood set N' C D’f7 where k > 1 is an integer. The functional @ and a test error
term 3 : N x F — R, induce the following test:

Functional Equation Test(®, 3; P)
1. Randomly choose (z1,...,7x) € N.
2. Reject if |P(P, 21, ..., x)| > B(x1,. ..z, P).

If @ and g are efficiently computable, then this test is realizable. When the test is sound and robust with
respect to some computational error term, Theorem 1 can be applied to derive the corresponding approximate
self-tester. The complexity of the self-tester will ultimately depend on the complexity of computing ¢ and
s.

It is worth pointing out one common aspect of all known analyses of approximate tests based on functional
equations, specifically in their proofs of robustness. There are two clearly identifiable stages in such proofs:
approximate robustness and stability. The approzimate robustness consists of proving robustness when the
family F is replaced by the set of approximate solutions of the functional equation, i.e. a function having
a small rejection probability by the approximate test, is close to a function that approximately everywhere
satisfies the functional equation. The stability consists of proving that such an approximate solution is
everywhere close to a function of F, i.e. a function satisfying the functional equation exactly and everywhere.

3 A new test for linearity

For the sake of brevity and clarity we will only consider functions defined over integer domains D, =
{i € Z : |i] < n}, for some even integer n > 2. Nonetheless, all our results remain valid for the more general
rational domains D, s, for any positive integer s, by observing that D,, ; = % X Dy,.

The linearity test of [KMSO03] is based on the linearity equation f(z +y) = f(x) + f(y) which is robust
for test error terms proportional to |z|P, where 0 < p < 1. Note that in the context of linearity testing over
integer domains, computational error terms for relative error are functions that map « to 6’|z where 6’ is
some unknown positive constant. More precisely, if f is the closest linear function to P that P is supposed
to compute with some relative error 6 (where 6 is a known parameter), then 8’ = 6|f(1)|. Even if 6’ were
known, the previous test could not be used since the linearity equation is unstable (and therefore non robust)
when p = 1, that is when the test error term is linear.

Proposition 1 ([RS92]) Let 0 > 0 and f(x) = Oz logy(|x| + 1), for all x € Z. Then [ satisfies |f(x +y) —
f@) = f(y)] <20Max{|z|, |y|}, for all z,y, and lim,_, o f(;) = 00.

It follows that, for any real A > 0, there exists an integer N such that, for every integer n > N and every
linear function I, the set {x € D,, : |f(z) — l(z)| > A0|l(x)|} is non empty, where f is the function defined
above.

Hence for proving the stability, either the equation or the test error term has to be modified. In [KMS03]
the linearity test was unchanged and test error terms proportional to |z|? were considered, for some 0 < p < 1.
Since this approach leads to a sublinear computational error term, in this paper we keep the linear error
term while we change the test.
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When z is large, say |x| > n/2, linear and absolute error terms are essentially the same. When z is
small, say 0 < |z| < n/2, we would like to amplify the linear error term to an absolute one. This can be
done by multiplying x by the smallest power of 2 such that the absolute value of the result is at least n/2.
This procedure can be efficiently implemented (for example, by means of binary shifts). Formally, each z is
multiplied by 2% where

- {0, if z =0,

Min {k € N: 2¥|z| > n/2}, otherwise.

(See Figure 1 for an example where n/8 < x < n/4.)

X2 X2
2x 4x

=

4
1

0

|31

3T

SEE S
3
I
S

Fig. 1 Amplification procedure.

The amplification procedure described above leads to the following new functional equation characteri-
zation of the class of linear functions (whose domain is Dgy, ):

Va,y € Dy, f(2%x+y) — 2% f(x) — f(y) =0.

Note how this new characterization of linear functions relies not only on their additive, but also on their
homothetic properties (namely, f(Ax) = Af(z)). In the standard way, it leads to a functional equation test.
Specifically, for 8 > 0 it yields the following;:

Linear error Linearity Test(P,6)
1. Randomly choose x,y € Dyy,.
2. Reject if |[P(2%=x 4+ y) — 2k P(x) — P(y)| > 02%=|x|.

Note that the test error §2F«|x| is actually pretty close to an absolute error. When z # 0, it is in [6n/2, 40n],
and when z = 0 it equals 0. In a first approach, the reader might thinkof it as the absolute error 6n. For
technical reasons, we want the program P to pass the test for z = 0 only if P(0) = 0 (exactly). Therefore
the test error term has to be 0 in 0.

The rest of the paper is based on the robustness of this test for linear computational error terms. We
henceforth denote by Rej(P, 6) the rejection probability of the Linear error Linearity test(P,0), and by
0)z| the computational error term e(x,v) = @|z|. Let Medgzex (f(z)) denote the median value of f: X — R
when x ranges over X:

1;/[66)((1 (f(z)) :Inf{a eR: IlZ& [f(z) >a] < 1/2}.

Then the robustness can be stated as:
Theorem 2 Let § >0, 0< 0 < 1/512, P: Dg,, — R, and let l : D,, — R be the linear function such that

") yeDzszyzo( (n +y) (v))
Then,
Rej(P,0) <6 = (1376|z|)-Distp (P,1) < 324.

The proof of this theorem proceeds in two parts: the approximate robustness (Theorem 3), and the sta-
bility (Theorem 4). Together with the soundness (Lemma 4), the robustness of the test implies by Theorem 1
that repeating Linear error Linearity test O( %) times gives a self-tester for linear functions with linear
computational error term (Corollary 1).
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3.1 Basic tools

Here we state two simple lemmas which will be repeatedly applied in the forthcoming sections. For their
proofs see [KMSO00].

The first lemma is an extension of some standard majority principles to the median function. The im-
portance of the median function in the context of approximate self-testing was recognized by Ergilin, Kumar
and Rubinfeld in [EKRO1], where the median principle was also introduced.

Lemma 1 (Median principle) Let D, D’ be two finite sets. Let € > 0 and F': D x D’ — R. Then,

Pr || Med (F >e| <2 P F > gl.
Pr | IMed(F(z,y))[>e) <2 Pr [F(@y)l>e]

The second lemma quantifies how much an event might increase when the probability space is shrunk.
The fact that the halving principle can substantially simplify the standard proof arguments one encounters
in the approximate testing scenario was observed in [KMS03].

Lemma 2 (Halving principle) Let 2 and S denote finite sets such that S C 2, and let 1 be a boolean
function defined over §2. Then,
|£2]

Pr [v(0)] < (g7 Pr (o).

3.2 Approximate robustness

Assuming that the rejection probability of the test is small, we will construct from P a function g which is
not linear, but approximately linear for large inputs, and perfectly homothetic for small inputs. In a sense g
approximately corrects the program P.

The following theorem states the existence of such a function g. The definition of g is based on the test
and it consists of computing, for some x € Ds,, the median of the votes (P(2¥>x 4 y) — P(y))/2"%= for all
y € Dy, such that xy > 0. We will explain this restriction on the sign of y during the proof.

Theorem 3 Let 0 < § < 1/512 and 6 > 0. Let P : Dg,, — R be such that

Pr [|P(2k’”$ +y)— 2ka(x) — P(y)| > 92k“\m|] < 4.

Z,Yy€Duan

Then, the function g : Da, — R defined by

1 k
9(@) = g Med (P22 +y) - P(y)),
is such that

Pr [[P(z) - g(x)] > flal) < 525
Moreover, g(z) = g(2%=x)/2k for all x € Da,, g(0) = 0, |g(n) + g(—n)| < 160n, and for all z,y €
{n/2,...,n} (respectively x,y € {—n/2,...,—n})

lg(z +y) —g(z) — g(y)| < 240n.

Proof The proof uses standard techniques developed in [BLR93,EKR01,KMS03]. First, observe that the
median function g satisfies g(0) = 0 and

Med (P _p £ el > n/o
g(x): yEDmfxyZO( (,’E—}—y) (y)>7 1 |-’L" >n/2,

g(2F= ) /2F= for every x € Day,,.
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We show now that g is close to P. To simplify the notation, let P, , = P(2¥x + y) — P(y) — 2k P(z).
By the median principle and the definition of g we get

P -P = P M P ok
Ir [lg(x) — P(x)] > 0]z]] br IyeD2n§gy20( vy) | > 6027 ||
<2 Pr [Pyl > 02kw|x|] .

€D, ;Y€ Dan:xzy>0

Observe that the rejection probability is exactly the right hand side when the random variables are both
in Dy,. To get the required closeness of g to P, one application of the halving principle, where the small
domain is {(x,y) : € Dy;y € Da,} and the big domain is (D4,)?, upper bounds the right hand side by
2 x 16 x 9.

Now we prove the approximate additivity of g in = and y, when z, y and = + y have no amplification
factors associated to them, that is, when both x and y belong to either {n/2,...,n} or {—n/2,...,—n}, or
when {z,y} = {—n,n}. This partly justifies the restriction on the set of elements of Ds,, where the median
is computed: When xy > 0 one knows that the absolute value of 2¥»2 + y is at least n/2. This fact will be
used later.

First, we prove that for all ¢ € Da,, such that |¢] > n/2, and all non empty sets I C
{t € Dy, : |c+t| > n/2}, we have

Prlg(c) — (Ple+1) - P(1)] > son] < 1622715 W

Observe that the absolute values of ¢, ¢+ y and ¢ + z are all at least n/2 when cy > 0 and z € I. Then

Prilg(c) = (P(c+1) = P(1))| > 86n]

<Pri| Med (Plety)=Py))—(Plet+t)—P))>s0n

(by definition of g)

<2 Pr [|P(cty)+Pt)~ (Plc+i)+P(y) > 86n]
cy>0""

(from the median principle)

=2 Pr  [[Peyyt — Peyeyl > 860

tel;ye Doy,
cy>0
<2 Pr [|Payul >0yl +2 Pr ([Pes,| > b+,
tel;y€EDay, tel;y€EDoy,
cy>0 cy>0

where the last inequality comes from the union bound and the fact that |c+y|, |c+¢| < 4n. Then the halving
principle gives (1).
Now, let us show that g(—n) is close to —g(n). From inequality (1), there exists an integer t €
{0,1,...,n/2}, with probability 1 — 5126 > 0, such that
lg(=n) = (P(=n +1t) — P(t))| < 80n,
lg(n) — (P(n+ (—n+1)) = P(—n+1))| < 86n.
Thus we get the upper bound on |g(n) + g(—n)|. Finally, we show the approximate additivity of g in
xz,y € {n/2,...,n} (respectively z,y € {—n/2,...,—n}). Again from inequality (1), there exists an integer
t€{0,1,...,n} (respectively t € {0,—1,...,—n}), with probability 1 — 3846 > 0, such that
lg(z +y) — (Plx+y+1t) - P(t))] < 80n,
l9(z) — (P(z +t) — P(t))| < 80n,
l9(y) — (P(y + (z + 1)) — P(z +1))] < 80n.

This concludes the proof. O
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Note that the approximate additivity of g over {n/2,...,n} and {—n/2,...,—n} established by the
previous result guarantees, due to g’s homothetic property, its approximate additivity over small elements
of the same amplification factor.

3.8 Stability

We now prove that any function g which approximately satisfies the linearity equation on large inputs and
which is perfectly homothetic on small inputs, is close to a perfectly linear one. This is the second part of
the proof of the robustness for Linear error Linearity Test.

Theorem 4 Let 01,0, > 0. Let g : Dy, — R be such that g(x) = g(2F=2)/2% for all x € Day,, g(0) = 0,
lg(n) + g(—n)| < O1n, and for all z,y € {n/2,...,n} (respectively x,y € {—n/2,...,—n}),

l9(z +y) —9(z) — g(y)| < O2n.
Then, the linear function | : D, — R defined by l(n) = g(n) satisfies, for all x € D,
g(x) —1(2)] < (61 + 502)|x].

Before proving the theorem, we state the following lemma that we will use. The result is due to [KMS03,
KMS00] which is based on some techniques developed in [Hye4l]. Note that this lemma only states the
closeness between a function and its ‘limit function’. In general, the limit function is not linear, but in our
context, it will be clear that it is linear.

Lemma 3 ([KMS00, Lemma 4]) Let E; be a semi-group and Fo a Banach space. Let e > 0 and h : By —
E5 be a mapping such that for all x € F4

[n(22) — 2h(z)] <e.

Then the function f : By — Es defined by f(x) = lim,,—o h(2™x)/2™ is a well defined mapping such that
for all x € Eq,

[n(z) - f(2)] <e.

Proof (of Theorem /) First we will show that g is close to the linear function [ (respectively I') defined by
I(n) = g(n) (respectively I'(—n) = g(—n)) on the positive (respectively negative) part of the domain. Then
the proof is completed by observing that [ and I’ are necessarily close to each other.

We borrow a technique developed in [KMSO03] that we apply to the function g. First we extend the
restriction of g to {n/2,...,n} into a function h defined over the whole semi-group {z € N: z > n/2} (see
Figure 2). The extension h is defined for all z > n/2 by

y,g(n)z
P = n/2 n 3n/2 2n
[
Fig. 2 The extension h on positive integers.
h(z) = g(x) ifn/2 <z <n,
= h(z —n/2)+g(n)/2 otherwise.

One can verify that h satisfies the following doubling property, for all z > 3,
|h(22) — 2h(x)| < 50on/2.
Therefore Lemma 3 implies that the limit function f(x) = lim,,— . h(2™x)/2™ is close to h:

Ve >n/2, |h(z)— f(x)] < 502n/2.
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Using the definitions of f and h, we obtain that f is the linear function I. Moreover, since h(z) = g(x) and
n/2 <|z| when z € {n/2,...,n}, we have

Ve e {n/2,...,n}, |g(x)—1(z)] < 5bs|z|.
Using that g is perfectly homothetic and g(0) = 0, the previous inequality is still valid when x € {0, ... ,n}.

One can similarly prove that I’ satisfies the same property over {—n,...,0}. Then the closeness of g(n)
and g(—n) concludes the proof. O

3.4 Testing linearity with linear error

Theorem 2 states the robustness of Linear error Linearity Test. In order to use the generic approximate
self-tester of Theorem 1, one has to prove also the soundness of Linear error Linearity Test. In the
following £ denotes the class of real-valued linear functions over Dyg,,.
Lemma 4 Let § > 0. Then every P : Dg, — R satisfies

Rej(P,0) < 6 x (0|z|/18)-Distp,, (P, L).

Proof Let n > 0, P : Dg, — R, and [ € £ be such that (0|x|/18)- Distp,, (P,!) = n. By the halving principle
we have

Pr [|[P(z) - I(z)| > 0]z|/18] < 2n,

€Dy,
Pr [[P(y) —l(y)| > 0ly|/18] < 27,
y€Dyn
Pr [|P(2% 2 +y) —1(2% 2 +y)| > 0]2" 2+ y|/18] < 2n.

z,y€Dan

Observing that 2+ |z| + |y| + 2%+ 2 +y| < 18 x 2F=|z|, for all 2,y € Dy, one can conclude that Rej(P,8) < 61.
O

Now, the existence of an approximate self-tester for linear functions with linear error directly follows.

Usually one would like a self-tester to be different and simpler than any correct program. For example
one can ask the self-tester to satisfy the little-oh property [BK95], i.e. having a running time asymptotically
smaller than any known correct program. This property could be too restrictive for family testing. Here we
simplify this condition. If T is a self-tester for linearity (or multi-linearity) over D,, then T is required to
use only simple operations, that is comparisons, additions, and multiplications by powers of 2. Moreover the
number of queries and simple operations of T has to be independent of the size of the domain, that is n. For
the sake of simplicity, we will suppose that both n and € are powers of 2. If they are not, one can replace
them by the closest powers of 2, and our results remain valid up to some multiplicative constants.

Corollary 1 Let 8 > 0. Then for all 0 < 6 < 1/1024, there is a (Dsp,0|x|/18,8/12; D,,, 5280|z|, 646)-
approzimate self-tester for L which performs O(1/6) calls to the oracle program and uses only O(1/0) simple
operations.

4 Testing with relative error

In this section we show how our results lead to approximate self-testers with relative error for both linear
functions and multi-linear functions.
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4.1 From linear error to relative error

We now undertake the second stage of the construction of the self-tester for the class of linear functions in
the case of relative error. Specifically, we modify the Linear error Linearity Test to handle relative test
erTors.

In order to explain this modification, consider a program P that approximately computes a linear function
I with relative error # (that is, with an error in z upper bounded by 8 x |I(z)]). Thus we would like a test error
term of order 6 x {(n) in the Linear error Linearity Test. But note that only 6 is known. Nevertheless,
we will be able to estimate [(n).

One has to take care of the fact that even if P is close to [, the value P(n) might be very far from [(n).
Thus, P(n) is not necessarily a good estimation of I(n). We get around this problem by self-correcting P in
n. This leads to the Relative error Linearity Test described below.

In the same way, we will overcome the shrunk phenomenon that appears in the robustness and the
soundness of the Linear error Linearity Test by introducing an extension operator. From P : D,, — R
and G € R, we define (over Z) the real-valued function ext(P, G) by:

P(z), if 2 € Dy,
ext(P,G)(z) = C ext(P,G)(z —n)+ G, ifz>n,
ext(P,G)(x+n)— G, ifz<—n.

We will use this extension of P by letting G be the self-corrected value of P in n. Then, the modified Linear
error Linearity Test becomes:

Relative error Linearity Test(P,6)

1. Randomly choose y € {0,...,n}.

2. Compute Gy = P(n —y) + P(y).

3. Compute 0, = 0|G,|/n.

4. Call Linear error Linearity Test(ext(P,G,),0,).

We henceforth denote by Rej” (P, ) the rejection probability of P by the Relative error Linearity Test,
and let 6-Dist}, denote (f¢)- Distp where e(z,v) = |v|. The following results establish both the soundness
(Lemma 5) and the robustness (Theorem 5) of the Relative error Linearity Test.

Lemma 5 Let 0 < 0 < 18, L be the set of linear functions over Z, and P : D,, — R. Then,
Rej"(P,0) <10 x (0/72)-Dist, (P,L).

Proof Let | : D, — R be a linear function such that (6/72)-Disty, (P,1) = n. For y € {0,...,n}, let
Gy, = P(n—y)+ P(y), 8, = 0|Gy|/n, and P, = ext(P,G,). By the halving principle, |G, —I(n)| < ]l(n)|/36
with probability greater than 1 — 47, when y is randomly chosen in {0,...,n}. If this latter inequality
is satisfied, then (0/36)- Distp, (P,,l) < 7. Since /36 < 1/2, the assumed inequality also implies that
l(n)] < 2|G,|. Therefore, it follows that (6|z|/18)- Distp,, (P,,1) < 1. Lemma 4 implies that the rejection

probability of the Linear error Linearity Test(ext(P,G,),0,) is at most 67. It immediately follows that
Rej"(P,0) < (6 +4)np=10n. O

Theorem 5 Let § >0, 0 <6 < 1/512, and P : D,, — R. Then,
Rej"(P,0) <6 = (1370)-Dist}, (P, L) < 320.

Proof Assume Rej" (P, ) < . Then, there exists y € D,, such that for G, = P(n—y)+P(y) and 8, = 0|G,|/n,
the rejection probability of Linear error Linearity Test(ext(P,G,),0,) is at most ¢. Thus, by Theorem 2,
the linear function [ : D,, — R defined by

) = Med_ (P(n+y) = P(y).
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is such that (1376, |x|)- Distp, (P,1) < 326. The equality /(n) = G, must hold, and therefore
(1376)- Dist}, (P,1) = (1376, |z|)- Distp, (P,1) < 320.
O

The existence of an approximate self-tester for linear functions with relative error now follows. Note that
we do not need anymore to test the program on a larger domain since the soundness and the robustness of
the test were stated on the same domain.

Corollary 2 Let 0 < § < 18, and let € be the computational error term such that e(x,v) = |v|. Then for
all 0 < § < 1/1024, there is a (Dy,0e/72,6/20; D,,, 1370¢,646)-approzimate self-tester for L which performs
O(1/6) calls to the oracle program and uses only O(1/9) simple operations.

4.2 Testing multi-linearity

Using our results, we construct an approximate self-tester for multi-linear functions with relative error. To
state the result we define for every z € (D,)?, and i = 1,...,d, the function P%: D,, — R which at ¢ takes
the value P(z1,...,2i—1,, 2it1,.-.,24). Let d be a positive integer, then the test for d-linearity is:

Relative error d-Linearity Test(P,0)

1. Randomly choose Z € (D, )<.

2. Randomly choose ¢ € {1,...,d}.

3. Do Relative error Linearity Test(PL,0).

The soundness and the robustness of the test are directly derived from those of Relative error Linearity
Test using some techniques from [FHS94], where a similar result for multi-variate polynomials in the context
of exact computation is proven. Fact 1 and Lemma 6 lower and upper bound the distance between a d-variate
function and d-linear functions by its successive distances from functions which are linear in only one of their
variables.

Let £ denote the set of d-linear functions defined over (D,,)?4, and L the set of functions defined over
(D,,)? which are linear in their ith variable. First let us state the easy bound that will be used for the
soundness.

Fact 1 Let 6 > 0. Then for all f : (D,)? — R,

d
1
2D 0-Dist{p, ya(f, L) < -Dist(p, ya(f, L.
i=1

The following more difficult bound will be used for the robustness.
Lemma 6 Let 0 < 0 < 1/(16d?). Then for all f : (D,,)* — R,

d

(4d6)-Dist{p, ya(f, L) <2 6-Dist(p, ya(f, L{).
i=1

Proof We proceed by induction on d. The case d = 1 is clear. Let d > 2, and suppose that the property holds
for d — 1. By a slight abuse of notation, the set (D,,)? will now be omitted in distance notations. Let L9~*
denote the set of functions defined over (D,,)? which are linear in their first (d — 1) variables. We will prove
the following inequality which implies the induction step:

(4dB)- Dist” (f, L) < (4(d — 1)0)- Dist" (f, L) + 2 x (- Dist” (£, £Y)). (2)
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Denote by 71 (respectively 7)) the first (respectively second) distance on the right hand side of (2). Let
Iy € L1 and Iy € £% be such that (4(d — 1)6)-Dist”(f,11) = n1, and 6-Dist”(f,l2) = 2. Then there exists
b € D,, such that
12(2) — f(2)] > 0]l2(2)]
P | i 3 ] < . 3
ceDmtesims or [7() — ()] > (4d — el ()] | =™+ ¥
Let I € £% denote the d-linear function which satisfies I(-,...,-,b) = l1(-,...,-,b). We will prove that f is
close to [ in the sense of (2).
First, since 0 < 6 < 1/(16d?), we have

|£(2) = 12(Z)] > 0]12(2)]
(4d0)-Dist"(f,1) < Pr L lor [12(2) — 1(2)] > (4d — 2)0|12(2)] | - (4)
FEDI o1 [Io(2)] > (14 4dO)|1(2))]
Since [ and I are linear in their dth variable, we can fix zg = b in the last two inequalities without changing
the probability. Then using the closeness of Is to f, we rewrite (4) using the union bound:

l2(2) = U(Z)] > (4d — 2)6]l(2))|

- Dist” <
(dO)-Dist"(f. ) <t JBE Lo (2] > (1+ 4d8) 1(2),

We now rewrite the first inequality inside the probability term using the argument that gave (4). Since
0<6<1/(16d?) and I(-,...,-,b) =l1(-,...,,b), we get that

(4d6)- Dist” (f,1)

7005~ (gl (o

or Z)—11(2)]| > — 102

ST o s [or [1(Z)] > (14 4d6) 11 (7)] ()
or [11(2)] > (1 + 4d6)|1a(2)] (d)

Using again that 0 < 6 < 1/(16d?), it appears that conditions (c) and (d) can not be satisfied unless
conditions (a) and (b) are also true. Thus the probability term does not depend on conditions (c¢) and (d).
Therefore inequality (3) concludes the proof:

. 12(2) = F(2)] > 0]1>()]
@do)-Dist"(f.D) me+ _ Bror [f(2) - (3)] > (4d — 4)0]0,(2)]

< 2no + 1.
O

We now state our final result which extends Corollary 2 to multi-linear functions. Quite surprisingly it
does not use any multiplication but only few simple operations.

Corollary 3 Let d > 1 be an integer, and let 0 < § < O(1/d?). Let € be the computational error term such
that e(z,v) = |v|. Then for all 0 < § < O(1), there is a ((D,)%,0¢,8;(D,)%, O(d)0e, O(d)S)-approzimate
self-tester for L% which performs O(1/8) calls to the oracle program and uses only O(1/8) simple operations.

Open questions

In this paper we have achieved the goal of approximate self-testing with relative error for multi-linear
functions. It would be interesting to extend this work to polynomials. More generally, when one does not
have a priori information on the size of the function to be computed, constructing approximate self-testers
with relative error is a challenging problem.
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