MATEMATUUYECKUUN KPYXKOK

«[ TeHTYM» XOPOLLIO, a yYM Jy4LLie

A.BAABABOB

CTATBE «YM XOPOIIIO, A IIATH — JIVUIIE» («<KBAHT»
Ne6 3a 1998 ron) 1. . Akysind pacckasal o Tpex 3ajjavax,

B MCCJIEOBAaHUN KOTOPBIX HMOMOT KOMIIBIOTED, IIPUYEM MMEHHO
KommbioTep ¢ mporeccopoM «Ilentuym» (3arpannunbiii, GbICT-
pojeiicTByonuii, camblii-campiit xopomuit). ITpu aToM on cdop-
MYJIIPOBAJI HACTOJIBKO MHTEPECHDBIE TUIIOTE3bI, YTO MOTJIO [TOKa-
3aTbCs: 1IOpa MaTeMaTuKaM OTOPOCUTD PYYKU M HA4aTh IKCIIePH-
MeHTHpOBaTh ¢ «IleHTMyMOM» B IOMCKE HOBBIX MCTHH; COTHU
Merarepl| IO3BOJISIOT JIIOOOMY TIPOIPAMMUCTY BCTAaThb BO TJIaBe
L[EJIOTO YYEHOTO COBETA, BBIYMCJUTEIbHAS MOIb KOTOPOTO KO-
JIOCCAJIBHO TIPEBBINIAET BO3MOXKHOCTH JIIOOOTO YYEHOrO coobIie-
CTBa JIOKOMITbIOTEPHOI 3pbl.

Ho ato TosbkO Ha mepBbIil B3I/, A Ha jiesle cTaThsl AKyauda
— SPKOE JI0Ka3aTeJIbCTBO /IPEBHEIl MOIIM MaTEMAaTUKU: TEOPETH-
YeCKOe PacCMOTPEHHUE IMO3BOJISET MOJYYUTh BO BCEX TPeX 3a/la-
Yyax TOUHble OTBeTbl! Y BEJMKOro aHIJMicKoro ¢usuka Jopna
Panesa (1842-1919) ne 6outo «Ilentuyma», a pemieHue mepsoi
sagaun on sHau!ll YV Jleonapaa Jiinepa (1707—1783) ne GbLio
KaJIbKYJIATOpA, a M3yYeHHasg UM TaMMa-(PyHKIMS I03BOJISET
JlaTb TOYHBII OTBET HE TOJbKO BO BTOPOII 3a/1aue, HO 1 B TOPA3/i0
6osiee obuwmx curyarmsx!!!

Ho xBarut Bocksuanuii. IlepeiijieMm K TO4HBIM (pOpPMYIMPOB-
KaM ¥ BecbMa IOYYUTEJIbHDBIM JIOKA3aTeJIbCTBAM.

IBe nocnenoBaTesibHOCTU

B nepsoii 3a7aue peyb ueT o pa30MeHK HaTyPaJbHOTO Psijia Ha
JIBE BO3PACTAIONINE HENEPECeKAoNnecs OCJIe0BaTEIbHOCTI
a < a,<ay; <..ub <b,<by< .. xoropsie Ipu JoGOM
HATYPAIbHOM 7 yIOBJIETBOPAIOT yeaoBuio b, = a, + n. J{Burasgcn
110 HATYPAJbHOMY PS/y, MOKHO IOCJIE0BATEIbHO BBIYNCJIATD
YjleHbl 00enX I0CJIe/[0BATEbHOCTEI.
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ITOT MPOIECC OYEHb XOPOIIO ONKMCaH B cTartbe AKysamda. A
MMEHHO, MOCKOJIbKY @, < b, HanMeHblllee HaTypaibHOe YICIO,
T. €. 1, I0JDKHO PaBHATBCA d, OTKY/Ia HEMe/[JIEHHO b1 =1+1=
2. Terepnb sicHO, 4TO HaUMeHblllee CBOOO/HOE YUCJTO, T. €. 3,
— 9T0 @, otkyia b, = 3 + 2 = 5. lloc/ie 5TOro0 HaNMEHbITIM
HEUCIIOJIb30BAHHBIM YHUCJIOM OKasblBaercst dy = 4, otkyga b, =
=4 + 3 =7. Tak MOXKHO JieiicTBOBaTb GECKOHEYHO, KAKObLi pd3
BLIOUPAST HAUMEHDULCE HEUCNONDI0BANHOE HAMYPAILHOE YUCLO
U UMEHHO €20 NOAzAS. PAGHbIM d,, 4 3amem Gvuucass b, =
= a, + n. (CoBeryio BbIIMCATh Yepe3 3amATyio mepsbie 50
HATYPAJIbHBIX YHUCEJA M TPUMEHUTb 3TOT AJTOPUTM — CPasy
YBUJIUTE, HACKOJIBKO BCE MPOCTO!)
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HanpacHo ymubivi oun nyunt
HQA XH3Hb JyPALKYIO MOIO,
Beflb TO, 4TO yMHbII:i TOJIbKO Y4HT,
1 MHOTO JIET NPENOAQIO.
U.Ty6epmar

He nomyuunrest s tak, 4To ouepe/HOE BbIUUCIEHHOE 3HAaUeHUe
a, unm bn OKaKeTCsA yyKe 3aHATO KaKUM-TO paHee OIlpe/le/eH-
HBIM d, WU bm, rae m < n? Her, He mosyuurcs: a,, Kak
CKa3aHoO Bblllle, €CTb HauMMeHblllee HaTypaJbHOE YHUCJIO, OTJIMY-
Hoe o @y < @y <...<a, morb <b,<.. <b _,, unoromy
@, HE MOXKET COBIIQ/IaTb HU C OJHUM U3 HUX; YHCJIO bn =a,*t
+n> a, +tn—1= bn_1 TOYKe HE MOJKET HU C YEM COBIIACTD.

Ynpaxnenne 1. Haiiure @y .

M'note3a Akynuya v siBHble (opMynbl

Hpoz:[eﬂaB IIpu moMo1m «HGHTI/IyMa» BbIUUCJCHUA [JIA TIEPBHIX
HECKOJIbKUX MUJIJIMOHOB HaTypaJbHbIX YUCEJI, AKyJII/I‘{ IIpuIIes
K KpaCHBOfI W CMeJIOW THUIloTe3e: OmuouleHue Koauuecmed
a-uyucesl K Koauvecmey b-uucen cmpemumcst K- «30/101omMYy

ceuenuro> (1+ «/E)/Q

Jra runore3a BepHa. Bogsee Toro,

a, =|(1+35)n2],
b, =a, +n=[(t+35)n2] +n (34 5)m2],

n

€))

rjie KBaJparHble CKOOKM 0003HAYAIOT LEIYIO YacTb, T. €. [x] —

3TO HambOJIblliee 11eJI0e YHCJIO0, He MPEBOCXOJIAIIee YUCaa X.
IIpeskje 4eMm [oKasbIBaTh 3TU sIBHbIe (DOPMYyJIbI, JjaBaiite

BbIBe/IeM M3 HUX runoredy Akyanda. O603HAUNM /111 KPATKOCTH

a = (1 + \/E)/Z up= (3 + \/g)/Z PaccMOTpUM IPOU3BOJILHOE

HaTypaJsbHOe 4icI0 N U BbICHUM, CKOJIbKO @-UHCEN U CKOJIbKO
b-uucen cpeau mepBbIx N HATYPATIbHBIX YHCEJ, €CJH OCJE/I0-
BaTeIbHOCTH 3a/lanbl hopMyiamMu @, = [on] u b, = [Bn].
Hepasenctso @, < N paBHOCUIIBHO, IO ONPE/IEJNEHIIO TeJION
yacTu, HepaBeHCTBYy 0On < N + 1, T. e. HepaBeHCTBy n <
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< (N +1)/a. 3uaunt, g-uncen cpeau nepsbx N HATYPATbHBIX
quceJa WUMEETCsS POBHO [(N + 1)/0(]_ Anasiornuno, b-uyuceun

[(N +1)/8].

MTaK, OTHOIIEHNE KOJIUYECTBa d-4UCeJ K KOJINYECTBY b-ancen

ecTb [(N +1)/0(]/[(N +1)/[3]. Yerpemum N K GeCKOHEYHOCTH:
OTGpachIBasi 3HAK IEJI0I YacTu, B Mpejesie MoMydaeM OTHOIIe-

HUE
B_3+J5 _1+45

a q+ys 2

Tunoresa nokaszana; Tounee, oHa BbiBegena u3 (opmya (1).
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Ynpaxuenue 2. IIpu oMoy KaabKyaaTopa yoeAnTech, 4To CIeiy-
folast TabJHIA 3aI0JHEHA [IPABUIBHO:

37

HaTypaJIbHbIX YHCeJJ T U 1 TO0JIKHbI OBITH BBIIIOJTHEHDI HEpaBEH-
CTBa

am <k <k +1 <a(m +1),

Vs 1121345678910 1112]13]|14|15]|16]| 17|18
Bn<k <k +1<P(n+1),
|:(1+‘/§)n/2:| 134689 1112014161719 21]22]24|25]27]|29
KOTOpBIe MBI ITPe0Opa3yeM K BHJLY
|:(3+\/§)n/2:| 2| 5[ 7| 10[13] 15[ 18]20|23(26(28]31(34|36[39|41|4a|47 m 1 _m+l n 1 _nti
E o k+1 k B k+1
AokasaTenbcreo CkuiajipiBast, I10JIy4aeM
Kak ske mokasath 3ameuatesbbie opmyant (1)? W Heysxenn m+n 1 m+n+2
s TIEPBBII JIOTAIAICS PACCMOTPETh BbIPASKEHUS [O(B] u [Bn]? % <1< rel

Her, B 1877 tony B <«Teopum 3Byka» Jopa Paseit mmcan:
«Ec/ X ecTb HEKOTOPOE TIOJIOKUTENBbHOE WPPAIlMOHAIBHOE
YICJI0, MEHbIIee e/[MHUIbI, TO MOKHO B3SITh J[Ba PsiJla BEJUUNH
n/xun/(1-x), tne n=1, 2,3, ...; K&KI10€ YHCI0, TPUHAILTE-
JKatee K TOMY WJIH WHOMY PSIIy, U TOJBKO OHO OIHO, Gyler
3aKJTIOUEHO MEX/Y JBYMsI MOCJIE0BATEIbHBIMU HATYPAJIbHBIMU

uucaaMu» . JIpyrumMu cJoBaMu, moc/Ie/I0BaTeNbHOCTH d, = [n/ x]

ub, = [n/ (1 —X)] 3aI0JHAI0T Ge3 IIPOIyCKOB M II€PEKPBITUIL
Bech HaTypaJbHbiil psa, ecm 0 < x < 1u x Q.
WNuTepecytomue Hac sBHble (GOPMYJIbI HOJyYaoTcs u3 ¢op-

My Pasiess ipu x = 2/ (1 +45 ) , TOCKOJIbKY TIPH 3TOM BeJIMYHHA

1 — x paBHa Kak pa3 2/(3 + \/E) (nposeppre!).

B o6mem ciaywae, o6osnauns o =1,/xu B =1,/(1 — x),
MOKHO TIepebOpMyIHpoBaTh yTBEepKIeHne Pajes ciaeayionm
o6pasom !:

Teopema 1. Eciu O u B — nOJlOQKum1€/lebll€ uppavuonaiy-

B
yuces eudda [Om] u [Bn], 2de n N, xaxdoe namypaivioe
WUCIO BCMpenaemcs poero ooun pas.

HMoxazareabctBo. [Tockoibky O > 1, B OCJIEI0BATETbHOCTH
[a], [2a], [3a], ... HUKaKoe YHCJIO HE TIOBTOpsieTcs. AHAJIO-
TUYHO, BCJIE/ICTBHE HEpaBeHCTBa [3 > 1, cTporo Bospacraer u
nocaenoBaresvHocts [ B, [2B 1, [3B1, ...

Jlasipiiie JI0Ka3aTeIbCTBO BEJIEM METOJOM <OT TIPOTHBHOTO».
ITpeAnoaoKuM CHAYaMA, YTO HEKOTOPOE HATYPAJTbHOE YUCJIO R
BOIILJIO B 00€ TI0C/Ie/oBaTeIbHOCTH, T. €. kB = [Qm] = [Bn], tae
m, n — HarypajbHble uncja. Toraa Mo/KHbI ObITh BBITOJTHEHBI
HEpaBEHCTBA

Hble YUCId, C6A3ANHble coomHouwenuem — + = 1, mo cpeau

k<am<k+1, k<Pn<k+1,
T.C.
m m n 1 n
<—<— < — < —
kR+1 a k R+1 B k

Cllo3kUM 3TU HEPaBEHCTBA, He 3a0bIB HCIIOJIb30BATbh YCJOBUE

1 1
— + - =1.1I
o B OJIyUUM
m+n m+n
k+1 kR
OTKYy/la

R<m+n<k+1.

Ho Taxoro /i HaTypaJbHbIX 4nces He ObiBaeT! 3HAUUT, YHUCTIO
k He MOTJIO BOWTH B 0Ge paccMaTpUBaeMble MOCJIEI0BATE b
HOCTH.

Ternepb TPEATONOKUM, UTO HATYPATbHOE YHUCIO R HE BOIILIO
HU B OJIHY W3 mocJjenoBatesbHocteii. Torga mast HEKOTOPBIX

1 C smozo Mmomenma, 3amemome, wucia O u B ue o6s3amenvio

cymo (1+\/§)/2 u (3+\/§)/2.

orkymam+n<kuk+1<m+n+ 2, 9TO HEBO3MOKHO [IJIsT
HATypaibHbX uuces. [Toayunsn skemantoe mporuBopeune. Te-
opeMa /I0Ka3aHa.

XoTst MHE HPABUTCS 3TO OKA3aTeNIbCTBO, €CTh H Ooee
KOpoTKmit crmoco6.? Jlepee mo6Goro HaTypaibHoro umciaa N
aexar [ N/a] arenos nepoii nocsiemoBarenproctn u [ N/B ]
wieHoB BTopoil. Ilockosbky O wmppanmonasbio, unciaa N/a u
N/B umeror Henysesble ApoGHbie yacTi. [lajiee, cymMa

—+ —=N

a B
SIBJISIETCS TI€JIBIM YKCJIOM, TaK 4TO JAPOOHBIE YACTH CJATaeMbIX
JIONOJIHAIOT JIPYT Jpyra, T.e. B CyMMe [aloT B To4YHOCTH 1.
3nauur, cymma esbix dacreit [ N/o | + [ N/B | pasza N — 1, T.c.
nesee yncaa N JaeXuT B TOYHOCTH N — 1 4IeHOB 3TUX IIOCIE0-
BaresbHOCTEl. Kak JIerko moHAThb, IPOCMaTpUBas HATYPaJIbHbII
psa ceBa HanpaBo (JIOGUTENb CTPOTOCTH CKA3a Gbl: IPUMEHSIS
UHYKIMIO), 9TO KAaK pa3 O3HA4YaeT, 4TO PacCMaTPUBAEMBbIE
10CJIC/IOBATEIBHOCTH  OJTHOKPATHO TIOKPBIBAIOT HATYPAJbHbII

pan.
Ynpaknenus

3. Jlokaskute, uTO II0CJAE0BATEILHOCTH, 3a/laHHble PopMyIaMil @, =
[n\/a] ub,
NIPOILYCKOB U IEPEKPbITUIL.

4. Haiipure siBHbIe (DOPMY.JIBI /1711 BO3PACTAIOIINX TI0CJIE/I0BATEIbHO-
creit @, u b, 3alOJHAIOIMIX HATyPaIbHbIA Psiji 6e3 IIPOIYCKOB I

a, + 2n, 3al0JHAIOT Becb HATypaJbHbl psag 6e3

n?

HEPEeKPBITHIL U yIOBIETBOPSIONINX COOTHOMIeHMIO0 b, = g, + 3n npu Beex
n=1,2 3, ..

5. Jlokaxkure yTBep:k/enue, obparnoe Teopeme 1: ecaim O, B —
[OJIOKUTE/IbHBIE YUCJa U eCJAM HOC/Ie/0BaTeJbHOCTH a, = [0n] u
b, =[ Bn] noxpoiBaior HatypaibHblil a1 6€3 IPOILYCKOB 1 HEPEKPLITHIL,

1 1
T0o — + — =1, upuuem uncaa O u [3 UppanUOHAIBHDI.
a

6. BoiseuTe U3 Tpex IpebUIyIMX YIpaKHenuii, uto uncaa 2 1
V13 upparuonasbior.?

7. Ilycrb @ — NOJIOKUTENBHOE UppaloHaibHoe uucao, b = 1/a.
JIOKasKuTe, 4TO MEXK/Ly JIOGBIMU JIBYMSI T10C/IE/[0BATEIBHBIMU HATYPaJib-
HBIMU YUCJIAMH CO/IEPKUTCSL O/[HO ¥ TOJbBKO OJHO u3 uncen 1 + q,
200+ a), 301 + @), ... u (1 +b), 2(1 +b), 301 +b), ...

3ameuanue. llocsenHee ynpakHeHue umeer HoMep 38 B KHUTe
«36pannbie 3asaun u3 xkypHaaa «American Mathematical Monthly»
(M., Mup, 1977). Caenyiouiee ynpaknenue — safaua 294 us Toii xe
KHUTH.

8. Jluist HaTypaJIbHOTO YNCJIA @ > 4 PACCMOTPUM JIBE I10CJIE/I0BATE b
nocru f(n) u g(n) warypanabubix uuces, sajanupie yciaosuamu (1) =

2 Mue xaxemcs, ez uymo CJOKHEe NOHAMb ULU NPUOYMAMD.
Bnpouem, ne 6ydem cnopumv o éKycax.

3 Toawro ne nodymaiime, noxanyiicma, wmo s xouy samenumo smun
€noco6oM npuesbLLHoe QOKA3AMENLCMBO U3 UKOILHO0Z0 Yuebnuka. Hem,
amo ecezo auwv wymxa. [llymxal!
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=1, g(n)=na — 1 — f(n) u, nakouer,
f(n + 1) — HanmenbInce HarypabHoe 11

YHUCJIO, OTJINYHOE OT KaXK/0ro u3 2n

aucen f(1), f(2), ..., f(m), g(1),

g(2), ..., g(n). Noxaxure, uro cy-
IeCTBYIOT Takue uncia O u [, uto

9. a). Ilycrp O = (1+«/§)/2.

20~

ﬂoxamme JJI 1106010 HaTypaJIbHO-

2
ro umcaa n paBeHctBo [pa | =

=[afar]] + 1.

6) IlycTb M0C/IEI0BATEIBHOCTD BCEX

0
9
=l an], g(m)=[pnl. 8
7
6
3

HaTypaJIbHbIX 4YuCeJI pa36m‘a Ha /iBe

13

HeIepecekalonnecs o/nocae/10Ba-
temproctu f(1) < f(2) <f(3)<..u 4

g(1) < g(2) < g(3) < ..., npuuem
gn) = f(f(n)) + 1 ana moGoro n. 3 7

Haiigure £(240). (Sror nyukr B 1978
rofy npearancs Ha MexayHapoa- 2

HOIl MaTeMaTU4YecKOil OoJIMMIINajie U /
pomen B «3agaunnk «Kpanra» mox 1 >

[\

HomepoMm M538.) 0
1

10. IIyctp O > 1, B >1u — +

. a 1 2 3 4 5

+ E =1. Jlokaxure, 4TO KaxKjoe

HaTypaJbHOE YHUCJIO BXOJUT B OJIHY U TOJIbKO OJIHY U3 IIOCJIe/I0BATE/Ib-
nocreit @, =[0n] u b“ = |—Bn-| — 1, tae uepes |—x-| 0003HAYEHO
HaMEHbIIIeE TIeJI0e YHCJI0, KOTOpoe GoJIbliie Ml PaBHO uncay X (nHaue

roBops, |—x-| = —[—x].

FeomeTpuyeckasi MHTeprpeTaums

Yr1o ana Hac — ronosonomka,

JyXOM TasiHb pasym 6yamt —

0YeBMAHO, AN IOTOMKQ

MPOCTO LWKOMBHBIM KypCOM bygerT.
U.Ty6epmar

Teopema 1 HACTOJILKO KpacuBa, 4TO BO3HUKAET JKeJaHue riay6xe
IIPOHUKHYTh B CyTb jesa. Ilycrb, kak m panee, 10( n B -

OJIOKUTE/IbHbIE UPPAIMOHAIBHbIE YNCIa, TPHYeM — + E =1.
Torpa B + o = of, orkyna (o —1)(B —1) =1.

Hapucyem ma kierdatoit Gymare (cM. PHCYHOK) Kak Ha
KOOP/IMHATHOM TIJIOCKOCTH TIPAMYIO [, 3a/laHHYI0 ypaBHEHHEM
y = (a—-1)x, koTopoe MOKHO 3amucarTh Takke B BUJAE X =
= (B -1)y . 3anymepyem MOAPA/ BCe KJETKH, KOTOPbIE Mepece-
Kaer [, HaYMHAs C HYJIEBON KJIETKH, KOTOPOW TPUHAIJIEKUT

Havyano Koopauuat (Ha pHUCYHKe B3dTOo O = (1+\/§) /2).
ITockoabKy umcj0 O MppalMOHAIbHO, TIpsMast [ He TIPOXOIUT
yepes yaubl cetku (Kpome, pasyMmeercst, Hayada KOOP/MHAT).

6 7 8 9 10 11 12 13 14 15 16 17 18

3uaunt, [ BXOJUT B OUepeHyIo KJIETKY Ju60 CJeBa, mepeceKast
BEPTUKANBHYIO JIMHUIO CETKH, JOO CHU3Y, TiepeceKast TOPH30H-
TAJIBHYTO JIMHHIO.

Ecau [ Bomuia B KJETKY CJ€Ba U TEPECeKJa TPU ITOM
BEPTUKAND X = 1, TO HOMEP KJIETKH, B KOTOPYIO TIPU 9TOM BOIILIA
npsiMasi, paBeH n + [(Ol - 1)72] =[an]. (910 mHe ouesmmno?
Cormacen. Ho ecit 3aHyMepoBaTh He TOJBKO KJIETKH, KOTOPbIE
nepecekaer [, a BOOOIIIe MPUCBOUTH HOMEP 7 + M KasK/I0l KJIEeTKe,
3a/1aHHOI HepaBeHcTBaMU n < x <n+ 1, m < y <m+ 1, 10
CuUTyalus BIOJHE TposcHutcs.) Ecim ke npsamasg [ cHusy
mepeceKsa TOPU3OHTANb Y = /M, TO HOMEP COOTBETCTBYIOIIEH

KJIETKU PaBeH [(B - 1)m] +m = [Bm].
Bor 1 Bce. Coryracurech, 3T0 FeOMETPUYECKOE JIOKA3ATETBCTBO
teopeMmbl 1 mocroiino Bocxutenus! 1 xoTst MOKHO GbLTO bl elie

O4Y€Hb MHOI'O€ pacCCKa3aTb (HOCJIel[OBaTeJII)HOCTI/I dn =

= [n(1+x/§)/2], b, = [n(3+«/§)/2] CBSI3aHbI U C MIPOii

IBSHBIIUIBBI, ¥ ¢ YncaaMu DUOOHAYIH, U CO MHOTHMHE JIPYTUMI
UHTEPECHBIMU 3a/la4aMi), s OTPAHUYYCh COBETOM MPOYUTATDH
crarpio .M drioma «JIBe urpst co cnmukamu» («Kpant» Noi
3a 1992 rox) u crarsio A.JO.Maryauca, A.FO.CaByrmkunaca
«@ep3st — B YroJi, <IBSHBIINIBb» 1 uyncaa DubGoHaudn»
(«KBaut» Ne7 3a 1984 rox).

(Okor4anme creqyer)





