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Abs t rac t 

F i r s t o r d e r t h e o r i e s not o n l y can be used in p r o v 
ing p r o p e r t i e s of p rograms, but have a l s o r e l e -
vance in r e p r e s e n t a t i o n t h e o r y . The d e s i r e to r e p 
resen t f i r s t o r d e r t h e o r i e s in a computer i n a 
f e a s i b l e way r e q u i r e s the f a c i l i t y t o d i scuss meta 
mathemat i ca l n o t i o n s . Us ing metamathematics w i l l -
e v e n t u a l l y a l l o w to c o n s t r u c t systems which can 
f o r m a l l y d i s c u s s how they reason . In t h i s paper 
we present two d i f f e r e n t f i r s t o rder a x i o m a t i z a -
t i o n s of the metamathematics o f the l o g i c wh ich 
POL ( F i r s t Order Log ic p roo f checker) checks and 
show seve ra l p roo f s u s i n g each one. The d i f f e r e n c e 
between the a x i o m a t i z a t i o n s i s t h a t one d e f i n e s 
the metamathematics in a many s o r t e d l o g i c and 
the o t h e r does n o t . P roo fs a re then compared and 
used to d i scuss the adequacy of some FOL f e a t u r e s . 

Sec t ion 1 I n t r o d u c t i o n 

Th i s paper r ep resen t s a f i r s t a t t emp t a t a x i -
o m a t i z i n g the metamathemat i c s o f a f i r s t o r d e r 

( F i r s t Order L o g i c ) . The l o g i c whieh FOL checks is 
d e s c r i b e d i n d e t a i l i n the user manual f o r t h i s 
program, Weyhrauch and Thomas 1974. I t is based on 
a system o f n a t u r a l d e d u c t i o n d e s c r i b e d in P r a w i t z 
1965, 1970. 

• « 
T h i s r esea rch was c a r r i e d ou t w h i l e the au tho r 
was v i s i t i n g a t the A . I . L a b . , Computer Science 
Depar tment , S t a n f o r d U n i v e r s i t y . 

is an axiom of a r i t h m e t i c . " 
b. Theorem schemas. The f o l l ow ing kind of 

"theorem" is sometimes seen in set theory 
books 

I t asserts the existence of some p a r t i c u l a r p ro je£ 
t i o n o f n+1- tup les . In i t s usual fo rmula t ion t h i s 
is not a theorem of set theory at a l l , but a meta-
theorem which s ta tes t h a t , f o r each n, the above 
sentence is a theorem. We do not know of any ma
chine implementation of f i r s t order log ic capable 
of expressing the above not ion in a s t r a i g h t f o r 
ward way. 

c. Subsidiary deduction r u l e s . Below we show 
how to prove that if there is a proof of Vx y. WFF 
then there is also a proof of Vy x. WFF, where WFF 
is any we l l formed formula. We chose t h i s task be
cause it seemed simple enough to do, and is a 
theorem which may ac tua l l y be used. The use of 
metatheorems as ru les of in ference by means of a 
r e f l e c t i o n p r i n c i p l e w i l l be discussed in a f u t u r e 
memo by Richard Weyhrauch. Eventual ly we hope to 
check some more subs tan t ia l metamathematical 
theorems. 

d. I n t e r e s t i n g mathematical theorems. We pres 
ent two examples. The f i r s t is any theorem about 
f i n i t e groups. The not ion of f i n i t e group cannot 
be def ined in the usual f i r s t order language of 
group theory . Thus many "theorems" are a c t u a l l y 
metatheorems, unless you axiomatize groups in set 
theory . The second theorem is the " d u a l i t y p r i n c i 
p l e " in p r o j e c t i v e geometry. 

F i n a l l y , from the viewpoint o f A . I . and r e 
presentat ion theory the a b i l i t y to s ta te and prove 
theorems of metamathematies can be very h e l p f u l in 
answering the questions of how we " r e f l e c t " on the 
reasoning we are doing and if a proper axiomatizat 
ion of the metamathematics of an FOL language t o 
gether w i t h some sor t of computat ional ly r e a l i z a 
ble r e f l e c t i o n p r i n c i p l e al lows us to discuss in 
an adequate way our reasonings. 

This paper is d iv ided in to two sec t ions . In 
the f i r s t one, we present the two axiom systems 
and the proof of the metatheorem: " f o r a l l v a r i a 
bles x,y and wel l formed formulas f, 
is a theorem also is a theorem". In 
the second sect ion we look at proofs appearing in 
the appendices in order to explore the features 
of FOL that need improving and t h e i r use in earry 
ing out formal p roo fs . 

is an axiom schema? We need to say: " i f f o r any 
f i r s t o r d e r sentence V w i t h one f r e e v a r i a b l e y we 
denote by P(n) the fo rmu la o b t a i n e d f rom P by sub
s t i t u t i n g n f o r y assuming n is f r e e f o r y in P, 
then the sentence 

The even tua l a b i l i t y t o c l e a r l y express the 
theorems of mathemat ies to a computer w i l l r e q u i r e 
the facility to s t a t e and prove theorems of meta-
mathemat i cs . There are s e v e r a l c l e a r examples: 

a. Axiom schemas. How e x a c t l y do we express 
t h a t 

Our m o t i v a t i o n in a x i o m a t i z i n g the metamathe
mat i c s of FOL was the d e s i r e to work on an example 
wh ich cou ld he used as a case s tudy f o r p r o j e c t e d 
f e a t u r e s of FOL and, at the same t i m e , had i n d e 
pendent i n t e r e s t w i t h respec t t o r e p r e s e n t i n g the 
p r o o f s o f s i g n i f i c a n t mathemat ica l r e s u l t s to a 
computer . 
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Sect ion 2 The Axiom System 

In t h i s HOCl ion we present two a x i o m a t i z a -
U o n s o f the mctamalhcmatics o f f i r s t o rder l o g i c . 
The IIUJi 11 d i f f e r e n c e between Lhcm is tha t one is 
done iu a many so r ted f i r s t order l o g i c and the 
o the r n o t . These ax io in i l iza l ions represent an a t 
tempt at exper iment ing w i t h p roo ts about p roper 
t i e s of formulas and deduc t i ons . No e f f o r t has 
been spent on guarantee ing tha t the axioms are i n 
dependent. I t would not on ly have been u n i n t e r e s t 
ing but a l so c o n t r a r y to our bas ic ph i l osophy . We 
wish t o f i n d axioms which n a t u r a l l y r e f l e c t the 
r e l e v a n t n o t i o n s . At the moment t h i s a x i o m a t i z a t -
i on i s f a r f rom be ing i n i t s f i n a l fo rm. Ne i the r 
the ex ten t of the n o t i o n s invo lved nor the best 
way of express ing them is cons idered s e t t l e d . 

S t r i n g s and sequences of s t r i n g s have been 
axiotnat ized and used to d e f i n e metamathematical 
n o t i o n s . For i n s t ance , w e l l formed formulas are 
represented as s t r i n g s of symbols which s a t i s f y 
the predicate ' FORM d e f i n i n g which combinat ions of 
cons tan t s , v a r i a b l e s p red i ca tes and f u n c t i o n s sym
bo ls represent a w f f . ; deduct ions are then r e p r e 
sented as sequences o f w f f ' s s a t i s f y i n g the p r e d i 
ca te PROOFTKKK. 

2.1 The Sor ts 

The s o r t s we have de f i ned correspond to the 
bas ic no t i ons o l the metamathematics i . e . te rms, 
f o rmu las , i n d i v i d u a l v a r i a b l e s , l o g i c a l symbols, 
f u n c t i o n symbols e t c . and the no t i ons of the do
mains ( s t r i n g s and sequences of s t r i n g s ) in which 
the ax io tna t i za t ion has been d e f i n e d . KOI, (see 
Weyhrauch and Thornas 1974) a l lows the d e c l a r a t i o n 
of v a r i a b l e s to be ot a c e r t a i n s o r t . In the f o r 
mulas appear ing in t h i s paper, each v a r i a b l e is 
dec la red to be of some p a r t i c u l a r s o r t . For i n 
stance f , f l , f 2 , . , . are o f s o r t w e l l formed formulas 
t , t l , t 2 . . . o f so r t terms e t c . For the complete set 
of FOL d e c l a r a t i o n s see A i e l l o and Wcyhrauch 1974. 

2.2 The Domain of Representa t ion of the meta
mathemat i c s . 

The bas ic n o t i o n s of the metamathematics of 
f i r s t o rder l o g i c have been ax iomat ized in terms 
of s t r i n g s and sequences of s t r i n g s . The p r i m i t i v e 
f u n c t i o n s on them are conca tena t ion (c f o r s t r i n g s , 
cc f o r sequences) and s e l e c t o r s ( c a r , cdr f o r 
s t r i n g s and sca r , scdr f o r sequences), c and cc 
are i n f i x o p e r a t o r s . 

2 . 2 . 1 Formulas and terms 

Formulas and terms arc represented by the 
s t r i n g of symbols appear ing in them. Terms are de
f i n e d r e c u r s i v e l y as s t r i n g s which e i t h e r represent 
an i n d i v i d u a l v a r i a b l e or can be decomposed i n t o 
n + l subs t r i ngs r e p r e s e n t i n g a f u n c t i o n symbol of 
a r i t y n, f o l l o w e d by n terms. The two p red i ca tes 
d e f i n i n g terms a r c : 

where the f u n c t i o n s u b s t r i n g ( s , n , n ) r e t u r n s the 
s u b s t r i n g o f s s t a r t i n g from i t s m - t h element and 
ending w i t h the n - t h . l e n ( s ) computes the l e n g t h 
of s and (n gP s ) ) s e l e c l s the n - t h element of s. 

Well formed fo rmulas ( w f f s ) are represented 
as s t r i n g s which e i t h e r are e lementary fo rmu las 
( de f i ned by the p r e d i c a t e KM-') or can be p a r t i t i o n ^ 
ed i n t o s u b s t r i n g s f o r fo rmulas and l o g i c a l con 
n e c t i v e s . Formulas are d e f i n e d by: 

gen is the i n f i x o p e r a t o r t h a t maps i t s arguments 
x and f i n t o the s t r i n g "(FOKALLSYM c x) c f" r e 
p r e s e n t i n g the w e l l formed fo rmu la V x . f . The oper 
a t o r e x i s used f o r the e x i s t e n t i a l q u a n t i f i e r , 
d i s , con and impl are the i n f i x o p e r a t o r s f o r the 
d i s j u n c t i o n , c o n j u n c t i o n and i m p l i c a t i o n o f two 
f o r m u l a s , F i n a l l y neg is the ope ra to r which maps 
a fo rmula i n t o i t s n e g a t i o n . 

We cou ld p o s s i b l y rep resen t w f f s as s t r u c t u r 
e d o b j e c t s ( l i s t s , t r e e s , e t c . ) which c o n t a i n a l l 
the i n f o r m a t i o n about the s t r u c t u r e of the formula 
and do not r e q u i r e any p a r s i n g . T h i s approach a-
mounts to a x i o m a t i z i n g metamathematics in terms 
o f the a b s t r a c t syn tax o f f i r s t o rde r l o g i c , i n 
s tead of s t r i n g s o f symbols. Both o f these p o s s i 
b i l i t i e s should be e x p l o r e d . We have chosen the 
f i r s t a l t e r n a t i v e because: 

1 ) I t i s the most t r a d i t i o n a l , i . e . luetanuith 
ema t i cs , as i t appears in l o g i c books, i s u s u a l l y 
s t a t e d i n terms o f s t r i n g s . 

2) Axioms in terras of a b s t r a c t syn tax are 
s imply theorems o f the theory expressed in terms 
of s t r i n g s . Thus the two r e p r e s e n t a t i o n s look sub 
s t a n t i a l l y the same w i t h respec t t o " h i g h l e v e l " 
theorems. 

3) I l l - f o r m e d fo rmulas can be ment ioned. T h i s 
is o f course imposs ib le in an a x i o m a t i z a t i o n in 
terms o f the a b s t r a c t syn tax . 

The p r o p e r t i e s o f w f f s r e l e v a n t to our theory 
have been d e f i n e d by the p r e d i c a t e s FR, FRN, GEB 
and SBT, F R ( x , f ) is t r u e i f f the v a r i a b l e x has 
a t l e a s t one f r e e occur rence i n the wf f f , w h i l e 
FRN(x ,n , f ) and CEB(x ,n , f ) are r e s p e c t i v e l y t r u e 
when the v a r i a b l e x occurs f r e e or bound at the 
p lace n in the fo rmu la f . In a d d i t i o n to these 
p r e d i c a t e s , some gene ra l i zed s e l e c t o r f u n c t i o n s 
are d e f i n e d , wh ich eva lua te the f i r s t o r the k - t h 
f r e e occurrence of a v a r i a b l e in a w f f , or the 
number of i t s f r e e occu r rences . The p r e d i c a t e SBT 
i s then d e f i n e d . I t ax io tnat izes the n o t i o n o f sub 
s t i t u t i o n of a term f o r any f r e e occur rence of a 
v a r i a b l e in a w f f . 
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The problem of f i n d i n g the best way of d e f i 
n i ng f u n c t i o n s in FOL is c r u c i a l : in the axiom 
system g i ven in t h i s paper a u n i f o r m way has not 
been f o l l o w e d . In d e f i n i n g the s u b s t i t u t i o n we are 
i n t e r e s t e d in p r o p e r t i e s o f the f u n c t i o n s sbt and 
sbv and in drawing conc lus ions f rom the f a c t t h a t 
a s u b s t i t u t i o n has been made. I t is thus u s e f u l 
to have a p r e d i c a t e which de f i nes the r e l a t i o n 
between formulas be fo re and a f t e r a s u b s t i t u t i o n 
i ns tead o f i n f e r r i n g i t f rom the d e f i n i t i o n o f the 
f u n c t i o n s ( s t a t e d f o r example as a system of equa 
t i o n s , as in Kleene 1952). One of the m o t i v a t i o n T 
o f the present exper iment was to exp lo re d i f f e r 
ent ways of d e f i n i n g f u n c t i o n s . We do not yet have 
enough examples of p roo f s to make a c l e a r s t a t e 
ment about t h i s m a t t e r . 

2 .2 .2 Ru les ot i n f e r e n c e , deduc t ions and the 
n o t i o n o f p r o v a b i l i t y 

The r u l e s o f i n f e r e n c e w i t h one p remise , are 
expressed by means of a b i n a r y p r e d i c a t e whose 
arguments are two sequences of w f f s ( s q , p f ) which 
s a t i s f y PROOFTREE. 
The p r e d i c a t e i s t r u e i f f p f i s the scdr o f sq 
and the f i r s t element of sq is a wf f ob ta ined by 
a p p l y i n g t ha t p a r t i c u l a r deduc t ion r u l e t o the 
f i r s t wf f o f p f . The r u l e s w i t h more antecedents 
are d e f i n e d in a s i m i l a r way. 

D e r i v a t i o n s are r e c u r s i v e l y d e f i n e d as se 
quences of w f f s which e i t h e r are a s i n g l e wf f or 
are o b t a i n e d from one or more d e r i v a t i o n s by ap
p l y i n g one o f the deduc t ion r u l e s . The r e c u r s i o n 
i s i m p l i c i t l y s t a t e d b y say ing t h a t the re e x i s t 
o b j e c t s of s o r t PKOOKTKKK which s a t i s f y one of the 
p r e d i c a t e s d e f i n i n g the r u l e s o f i n f e r e n c e . These 
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I n the p rev ious d e f i n i t i o n , n l i s any p o s i 
t i o n in the s t r i n g f l and n2 is the cor respond ing 
p o s i t i o n in f 2 . The a x i l i a r y p r e d i c a t e SHUT 
s t a t e s t h a t the v a r i a b l e s appear ing in the term t 
s u b s t i t u t e d f o r a t r e e occurrence o f the v a r i a b l e 
x are s t i l l f r e e . INVART de f i nes which p r o p e r t i e s 
o f f l are s t i l l t r u e f o r 12. I f the term t i s a 
v a r i a b l e , then SBT reduces to SBV: 

The proof of the equ iva lence of SBT and SBV 
when t is a v a r i a b l e is very s imp le . I t is based 
on the f a c t t h a t n2 co inc i des w i t h nl when the 
term t has l eng th 1 (see A i e l l o and Weyhrauch 
1974), The f u n c t i o n sbt (sbv) eva lua tes to the 
s i r i n g r e p r e s e n t i n g the r e s u l t o f s u b s t i t u t i n g a 
term ( v a r i a b l e ) f o r every f r e e occur rence of a 
v a r i a b l e in a gi ven w f f . sbt and sbv are d e f i n e d 
from the p r e d i c a t e s SBT and SBV as f o l l o w s : 

a p p l i e d ; t he re e x i s t two proof t r ees and one of the 
two premises r u l e s has been a p p l i e d ; f i n a l l y , 
t he re are th ree p r o o f t r e e s and the p r e d i c a t e d e 
f i n i n g the V - e l i m i n a t i o n r u l e i s t r u e . Note t h a t 
the r o o t of a p r o o f t r e e is not n e c e s s a r i l y a 
theorem in a g i ven t h e o r y . A p r e d i c a t e DEPEND has 
been d e f i n e d wh ich is t r ue i f a g iven wff is a 
dependence f o r the roo t of a p r o o f t r e e . The axioms 
about DEPEND a l l o w to dec ide a l l the dependencies 
of a p r o o f t r e e . 

Since some o f the deduc t ion r u l e s ( t h e i m p l i 
c a t i o n i n t r o d u c t i o n , f o r i ns tance) e l i m i n a t e depen_ 
d e n c i e s , not a l l t he leaves o f a p r o o f t r e e p f a re 
dependencies f o r a wf f f such t h a t f - s c a r ( p f ) . The 
p r e d i c a t e DEPEND is t r u e on ly f o r those leaves of 
the p r o o f t r e e which the formula f a c t u a l l y depends 
o n . The axioms DEPEND s t a t e which dependencies do 
not change by a p p l y i n g the deduc t ion r u l e s and are 
t r a n s f e r r e d f rom one p r o o f t r e e to the o t h e r . The 
axioms NDEPEND s t a t e which r u l e s d i cha rge dependent 
c i e s in a g i ven p r o o f t r e e . 

Using t h i s n o t i o n o f dependence, the p r o v a 
b i l i t y o f a fo rmu la in a theory is d e f i n e d as 
f o l l o w s : 

A w f f . f is a theorem in a g iven t heo ry i f 
t he re e x i s t s a p r o o f t r e e whose f i r s t element is f 
and whose o n l y dependencies are axioms in t h a t 
t h e o r y . We have l i m i t e d our a t t e n t i o n to t h e o r i e s 
in which axioms have no f r e e v a r i a b l e s . T h i s p r o 
p e r t y i s d e f i n e d by the axiom: 
F K ( x . f ) ) . 
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