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VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS!
BY

MICHAEL G. CRANDALL AND PIERRE-LOUIS LIONS

ABSTRACT. Problems involving Hamilton-Jacobi equations—which we take to be
either of the stationary form H(x, u, Du) =0 or of the evolution form u, +
H(x, t, u, Du) = 0, where Du is the spatial gradient of u—arise in many contexts.
Classical analysis of associated problems under boundary and/or initial conditions
by the method of characteristics is limited to local considerations owing to the
crossing of characteristics. Global analysis of these problems has been hindered by
the lack of an appropriate notion of solution for which one has the desired existence
and uniqueness properties. In this work a notion of solution is proposed which
allows, for example, solutions to be nowhere differentiable but for which strong
uniqueness theorems, stability theorems and general existence theorems, as discussed
herein, are all valid.

Introduction. This paper introduces a new notion of solution for first order
equations of Hamilton-Jacobi type (which we call HJ equations below). Attention
will be focused on the following two classes of problems:

(0.1) H(x,u,Du)=0 in®, wu=:z onadQ,
which will be called the Dirichlet problem for HJ equations; and

u,+ H(x,t,u, Du) =0 in2x]0,T],

0.2
(02) u=2z ond2x]J0,T], u(x,0)=uy(x) inQ,

which will be called the Cauchy problem HJ equations. Here and below £ is any open
domain in RY, z and u,, are given functions (boundary conditions) and H(x, u, p)
(respectively, H(x, t, u, p)) is a given function on € X R X RV (respectively, X
[0, T]1 X R X R") which is called the Hamiltonian. The notation Du indicates the
gradient of u with respect to the x variables: Du = (u,,...,u, ). We often take
2 = R" in which case the boundary condition z is replaced by requirements on the
behaviour of u at co.

Problems (0.1), (0.2) are global nonlinear first-order problems and it is well known
that they do not have classical solutions—that is solutions u € C'() or u €
C'(2X]0, T])—in general, even if the Hamiltonian and boundary conditions are
smooth. Thus these problems have been approached by looking for generalized
solutions—usually solutions u € W.®(Q) or u € W;*(2X]0,T])—which satisfy
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2 M. G. CRANDALL AND P.-L. LIONS

the equations almost everywhere. In this context existence results have been ob-
tained by several authors—e.g., A. Douglis [10], S. N. Kruzkov [18,19,20], W. H.
Fleming [13, 14, 15], A. Friedman [16], S. H. Benton [4], with the most general results
being given by P. L. Lions [22].

The question of uniqueness of the solutions seems to be more difficult. The
problems (0.1) and (0.2) may have many distinct generalized solutions. For example,
if @ =R, A>0, and H(x, u, Du) =|u,| +Au — 1, one checks easily that u = 1/A
is a classical solution of (0.1) while

1/A — Ae** for x < x,,
u(x) = N
1/A — Ae*®*™0)  for x = x,,

is a bounded, Lipschitz continuous and piecewise analytic function which satisfies
the equation except at x = x,, for all choices of the parameters 4 > 0 and x, € R.
Similarly, setting € =R, u, =0, H(x,t, u, Du) = (u,)* in (0.2), we have the
classical solution # = 0 and the piecewise linear function

[0 for |x|>1>0,
“T1—t4 x| fort=|x|,

which satisfies the equation classically except on the lines 1 = *x, x = 0. In
addition, if u, v are generalized solutions of (0.1) or (0.2) then so are min(u, v) and
max(u, v). In fact, if the problems are nonlinear, one expects infinitely many W.®
solutions (e.g., Conway and Hopf [6]).

The uniqueness problem is resolved in this paper by introducing a new notion of
solution. We call these solutions viscosity solutions.* This notion of solution is given
in §I where we also develop basic results needed in the sequel. Later we establish, for
each of the Cauchy and Dirichlet problems, uniqueness results for viscosity solu-
tions. The question of existence in the class of viscosity solutions is also treated.
This, however, usually reduces to checking that the standard existence mechanism
provides viscosity solutions and passages to limits.

The nature of the results is illustrated quite well by the following special case.
Take (0.1) with @ = RY and H(x, u, p) replaced by H(p) + u — n(x) where H €
C(RM), n € BUCRY),? i.e. (0.1) reads H(Du) + u = n(x). In this case we take a
viscosity solution of (0.1) to be a function u € C,(R") which satisfies
(0.3)

Vo € CP(RY), 9 = 0,Vk € Rif max ¢(u — k) > 0 (respectively,

min (u — k) <0), then there exists x, € {x: p(u — k) = max ¢(u — k)}
(respectively, {x: ¢(u — k) = ming(u — k)}) such that

H(-((u — k)De/0) (xy)) + u(xy) < n(xy) (respectively, > n(x,).

2This name refers to the “ vanishing viscosity” method used in the existence results, and was chosen for
want of a better idea.

3BUC(Q) (respectively, C,(2)) denotes the space of bounded and uniformly continuous (respectively,
bounded and continuous) functions on £.
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VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 3

Under these assumptions, the results to follow imply:

(i) If u is a classical solution of (0.1), then u satisfies (0.3) (§I).

(i1) If u is a viscosity solution of (0.1), and u is differentiable at some x,, then
H(Du(x,)) + u(x,) = n(x,); in particular, if u is locally Lipschitz then (0.1) holds
a.e. (§I).

(iii) If u, v are two viscosity solutions of (0.1), then u = v (§II).

(iv) Let {H,(p) + u — n,,} be a sequence of Hamiltonians of the above form and
u,, be a viscosity solution of the corresponding problem. If H,, - H, u,, » u, and
n,, — n locally uniformly, then u satisfies (0.3) (§I).

(v) The problem (0.1) has a viscosity solution # and |u(x +y) — u(x)|<
sup{|n(z +y) — n(z)|: z € R"}. In particular, u € BUC(R") and if n € C**(R")
thenu € C**RY),0 < a < 1 (§IV).

It is of interest here that the viscosity solution of (0.1) with H(p) + u — n(x) as
above exists and is unique in such generality. Indeed, the solution may be nowhere
differentiable as is seen by taking H = 0 and n to be nowhere differentiable. Thus
we have a notion of solution of HJ equations which admits nowhere differentiable
functions and permits a good existence and uniqueness theory. It is akin to the
standard distribution theory, but “integration by parts” is replaced by “differenta-
tion by parts” and is done “inside” the nonlinearity. It is extremely convenient (as is
the distribution theory) for passages to limits. Closely related ideas may be found in
L. C. Evans [11], and there is also a parallel with the so-called “entropy condition”
for scalar hyperbolic equations of the form u, + X f(u), = 0. See E. Hopf [17],
Vol'pert [26] and, especially, S. N. Kruzkov [20].

Finally we recall that in the case of a convex Hamiltonian other uniqueness
criteria are known (A. Douglis [10], S. N. Kruzkov [18], P. L. Lions [22]). Some of
the current results were announced in [8].

A few words about the presentation are in order. There are many interesting
theorems in this subject. We have chosen what seem to us to be the most basic to
discuss in some detail and then we make some remarks on variants. To keep the
ideas clear we give a “layered” presentation—some proofs are given in simple cases
and then more technical and general results are presented which subsume the simple
ones. However, there is little redundancy, for we use the arguments given in the
simple cases without repetition. Toward the end of the paper we give proofs in
simple cases and refer the reader to previous arguments which show how to
generalize. A first reading of this paper for the basic ideas could consist of §§I.1 and
1.2 through Corollary 1.6, §I1.1, §IV and §§V.1, V.2.

§1.5 deserves a special remark. The results of this section, which were established
rather late, provide two criteria which are each equivalent to the notion of a viscosity
solution. One utilizes local extremals of ¥ — ¢ rather than global extremals of
¢(u — k) while the second eliminates reference to “test” functions ¢ altogether (see
Proposition 1.19). L. C. Evans has observed that the criterion utilizing extremals of
u — ¢ is more convenient in various situations, and the virtues of proceeding directly
from these alternative notions is exhibited in [27].

We remark that the current results can be used in the study of numerical
approximation of HJ equations. The authors have obtained convergence theorems

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4 M. G. CRANDALL AND P.-L. LIONS

(with error estimates) showing the convergence of a class of difference approxima-
tions to the viscosity solutions [9]. The definitions of the current paper obviously
extend to second order equations, which will be considered elsewhere.

L. Viscosity solutions.
I.1. Notation and definitions. Let O be an open set in RM and F(y, s, p) be a
continuous function from O X R X RM into R. We consider the equation

(1.1) F(y,u,Du)=0 in0,

where Du = (u,,,...,u, ). We have in mind that (1.1) includes both (0.1) and (0.2)
of the introduction. In the first case € =0 and F = H while in the second
0=QX]10,T[, y=(x,t)and F(x, t,u, p) = Py, + H(x, t, pys...,PN)-

If X is a set of functions on O, then X* denotes the nonnegative functions in X
and X, denotes those functions in X which vanish off a compact subset of 0. D(0O)
denotes the C* functions on O vanishing off a compact subset of 0, i.e. D(0) =
C>(0). Convergence in C(0) means uniform convergence on compact subsets of O,
etc.

To partially motivate the definitions to follow, consider a classical (i.e., C')
solution u of (1.1). Let ¢ € C'(2) and @(y)u(y) = max gu > 0. Then D(u)(y) =

@(y)Du(y) + u(y)De(y) =0 or

Du(y) = - X2 poy).
o(y)

It follows that

F(y» u(y)w%l)Dw(y)) =0.

We could do a similar computation at a positive maximum point y of ¢(u — ¢)
where ¢ € C'(Q) as well to conclude

F(y, u(y), — 1) —4(y) Do(y) + Dtl«(y)) = 0.
?(y)
In the definitions which follow we specialize to ¢ = k € R.

We need some more notation. For ¢ € C(0), set E, (y)={y €0: Y(y) =
max y > 0} (the positive extreme set of ), and E_(¢) = {y € 0: y(y) = min ¢ < 0}
(the negative extreme set of y), with the understanding that £ () = @ if ¢ does
not assume a positive maximum value in O, etc. When necessary, the dependence on
O will be recalled by writing E_ (¢; 0), E_(¢; 0).

We now define viscosity solutions of (1.1) as well as the corresponding notions of
subsolutions and supersolutions.

DErFINITION I.1. A viscosity subsolution (respectively, supersolution) of (1.1) is a
function u € C(0O) such that for every o € D(0)* and k € R

E,(p(u—k))# @ =3y € E, (p(u — k)) such that
(1.2) u(y) —k -
F Y u(y)’_ (P()’) D(P()’) \Oa
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VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 5

(respectively,
E (p(u—k))# @ =3y € E (¢(u — k)) such that
(1.3) u(y) —k -

A viscosity solution is a u € C(0) for which both (1.2) and (1.3) hold, i.e. u is both a
viscosity subsolution and a viscosity supersolution.

It will be convenient at times to speak of viscosity solutions of F < 0 rather than
viscosity subsolutions of F = 0, etc. The reader should notice at this stage that the
equations F = 0 and —F = 0 are not equivalent in the viscosity sense. For example,
u(x) =|x| is a viscosity solution of (#,)> — 1= 0 on R, but it is not a viscosity
solution of —(u,)* + 1 = 0 on R. (The reader can verify this as an exercise or turn to
§1.4.) However, we do have:

REMARK 1.4. u is a viscosity solution of F(y, u, Du) < 0 if and only if v = —u is a
viscosity solution of —F(y, —v,-Dv) = 0.

According to our “motivation”, admittedly meager at this point, classical solu-
tions are clearly viscosity solutions. Complete consistency of the classical and
viscosity notions of solution requires that a viscosity solution # which happens to be
C! will also be a classical solution. This is indeed the case; it is a consequence of
subtler facts presented in the next paragraph.

1.2. Basic properties of viscosity solutions. In this paragraph we develop a variety of
basic results concerning viscosity solutions. A matter of concern will be showing that
the weak assumptions in Definition I.1—e.g., the small classes of functions ¢ €
D(Q)*, ¥ = k € R occurring in the definition as well as the “3” in place of “V” in
(1.2), (1.3)— can be strengthened without altering the notion defined. Before stating
results to this effect, we will prove one which illustrates the convenience of the
weakness of the definition.

In order to set the stage for this result, we first give an example showing it to be
totally false for Lipschitz continuous solutions. Consider the problem

(u,))—1=0 on]-1,1[,
u(-1) =u(1) =0.

This problem has a largest Lipschitz solution u_,(x) =1 —|x| and a smallest
Lipschitz solution u,;, = —u,,,,. It has many others; e.g., u,(-1) = 0, and u,, = (-1)/
onl-1+j/2n,-1+ (j+ 1)/2n[forj =0,...,4n — 1, defines a solution for which
0 <u, =< 1/2n for each n. Clearly 4, — 0 uniformly as n — oo, but ¥ =0 is not a
solution of (u,)*> =1 anywhere. More generally, given any g € C([-1,1]) with
Lipschitz constant 1 and g(-1) = g(1) = 0, it can be uniformly approximated by
Lipschitz continuous solutions of the above problem.
In contrast, for viscosity solutions we have

THEOREM 1.2 (STABLILITY OF VISCOSITY SOLUTIONS). Let {F,} be a sequence of
continuous functions on O X R X RM™ converging in C(OXRXRM) 10 Fe
C(O X RXRM) and let u, € C(O) be a viscosity solution of F,(y,u; Du;) <0
(respectively, F,=0). Let u;— u in C(0). Then u is a viscosity solution of F<0
(respectively, F = 0).
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6 M. G. CRANDALL AND P.-L. LIONS

PROOF OF THEOREM 1.2. Assume u, is a viscosity solution of F, < 0. Let p € D(O)*
and y € E, (p(u — k)). Then for large /, o(y ) u,(y) — k) >0 so E, (p(u, — k))
# 0 and, by assumption, there exists y, € E, (¢(u, — k)) for which

w(y) —k <
o() qu(y,)) =0

Now y, € supp ¢,* and thus there is a subsequence y, convergent to some
7 € 0. Moreover ¢(u — k) <lim max(e(u, — k)) =lim @(y, ) u,(y,) — k) <
e(7)u(y) — k)soy € E, (¢(u — k)). Letting | - oo through the subsequence /' in
(1.5) and using the assumed convergence F, - F we have

?(7)
Thus u is a viscosity subsolution. The proof for the case F;, = 0 is the same or one
may use Remark 1.4. The proof is complete.

The next result summarizes the implications of the sequence of arguments which
follow it and outlines the extent to which the definition of viscosity solution could be
strengthened without changing the class of such solutions. If ¢ € C(0) we set
d(e) = {y € O0: ¢ is differentiable at y}.

(1.5) F,(y,,u,u,),-

THEOREM 1.3. Let u be a viscosity subsolution of F = 0, ¢ € C(0)" and ¢ € C(0).
Then

(1.6) F(y, u,-%pw + D¢) <0 onE,(p(u—1v))Nd(p)Ndy).

If u is a viscosity supersolution, then

(1.7) F(y, u,—%Dq>+ D\p) =0 onE (p(u—vy))Nnd(e)Nndy),

while if u is a viscosity solution both (1.6) and (1.7) hold.

We prepare two lemmas. A key ingredient is the following formulation of a result
of L. C. Evans [11].

LEMMA 1.4. Let ¢ € C(0) be differentiable at y, € O. Then there exist functions  ,
and y_ such that .. € C}(0), ¥ (3) = @()y), DY (%) = De(y,) and ¥, > o,
Y_< @ on B(y,, r)\{ )}, for some r > 0.

PROOF OF LEMMA 1.4. Replacing ¢ by ¢(») = ¢(y, + ) — @(3,) — Do(y,) - y,°
we can assume y, = 0, ¢(0) =0, and De(0) = 0. It suffices to exhibit ¢, . By

assumption, ¢(y) =|y|p(y) where p € C(0) and p(y) » 0 as |y |- 0. Set p(r) =
sup{p(y):y €0 N B(0, r)} and

o (») =f;|ly'ﬁ(5)ds +ly [

4Supp ¢ denotes the support of ¢.
3B(yp, r) denotes the open ball of radius r and center .
Sa - b denotes the Euclidean inner-product of a, b € RM.
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VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 7

Let B(0, 1) C ©. Then ¢, € C'(B(0, h)), ¥, (0) = 0, %, (») =|y|p(Iy ) + |y [ >

|y |p(y) = @(y) for y € B(0, h)\{0} by the monotonicity of p, and Dy, (0) = 0.

This ¢, may be modified outside B(0, h/2) if necessary to achieve . € C}(0).
We next prove

LEMMA L.5. The assertions of Theorem 1.3 are valid if also y = k € R is a constant.

ProoF OF LEMMA L5. It suffices to show (1.6) holds for viscosity subsolutions
(recall Remark 1.4). Let ¢ € C(0)* be differentiable at y, € 0 and y, €
E, ((u — k)). It follows at once from Lemma 1.4 that there is a ¢_€ C}(0)* such
that ¥_(y) = @(¥0), D¥(y5) = De(yp) and y_< @ on supp ¥_\{y,}. Then
(18) (0} = E. (.(u— k).

Next choose a sequence {@,}>, C D(0)* with supports contained in a fixed
compact subset of O so that ¢, —>¢_ and D¢, > Dy_ uniformly. For large /,

@, (yo X u(yy) — k) >0so E, (p(u — k)) #+ 0 and, by assumption, there exist y, €
E, (p,(u — k)) such that

(19) |00, -2 =E b )| <0

Passing to a subsequence if necessary we may assume y, converges to a limit y.
Clearly y € E, (y_(u — k)) and then y = y, by (1.8). Sending / to oo in (1.9) and
using ¢, ~ ¥ in C',¥.(%) = 9(¥), D¥-(%) = Dg(y,) we conclude

“()’0) —k

?( %) D(p(yO)) =0

F( Yor (%), -

hence the result.
Proor oF THEOREM 1.3. It suffices to consider the subsolution case. Let ¢ €

C(9)", ¢y € C(0), 5, € E, (p(u — ¥)) N d(p) N d(¥). Set

u(y) —¥(y)
u(y) — ¥(»)

where x € D(0)* satisfies 0 < x < 1, x(),) = 1, and x vanishes off a neighborhood
of y, on which u( y) > ¢(y,). Then

¢ (y)(u(y) —¥(1)) = x(»)e(¥)(u(y) — ¥(»))

which is clearly at most @(yp)(u(¥y) — ¥(3p)). i.e. Yo € E., ($(u — ¥(3))). Since ¢
and ¢ are differentiable at y; and

¢(y)=o(y) x(»)

uly) —¥(y) _ 4 Y(x) —¥(y)
u(y) — \P(YO) “(J’o) - ‘P(}’o) +u(y) — “()’0)
10 —¥(») +olly =),

u(yp) — ¥( )

we have

D‘f’()’o) =Do(y) — Dy(yp).

1
u()’o) = ¥(%)
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8 M. G. CRANDALL AND P.-L. LIONS

The result now follows from Lemma 1.5 applied with k = {( y,) and ¢ in place of ¢.
Using the above results it is now simple to prove

COROLLARY 1.6 (CONSISTENCY). Let u be a viscosity subsolution (respectively;
supersolution, solution) of F(y,u, Du) =0. Then F(y,u, Du) <0 (respectively;
F(y,u, Du) =0, F(y, u, Du) = 0) on d(u).

ProoF oF COROLLARY L.6. It suffices to treat the supersolution case. Let y, € d(u).
Choose ¢, € CX(O) such that ¢, (y,) = u(¥), DY, (¥,) = Du(y,) and ¢, > uina
deleted ball B(y,, h)\{,}- Choose ¢ € D(O)* with supp ¢ C B(y,, h),0 <@ <1,
o(yy) = 1 (so De(y,) = 0). Then {y,} = E_(p(u — ¢, +1)). By Theorem 1.3 and
the assumption that u is a viscosity supersolution, we have

u(yo) =¥ (o) +1
)’— (p(yo) D‘P(Yo) +D\P+(y0)

= F( o, u(3), Du(y,)) =0,

F )’O»u()’o

and the proof is complete.
The next two results are concerned with changes of variables.

COROLLARY 1.7. Let u be a viscosity subsolution (respectively; supersolution, solu-
tion) of (1.1). Then:

) IfgeC0),g>0in 0,y € CY(9) and v = g(u — ), then v is a viscosity
solution (respectively; supersolution, solution) of G(y, v, Dv) = 0 where

gl -rDg(y) | _»p
G(y’r’p)_F Vs g(y) +‘P(Y)’ g(y)2 + g(y) +D\P(y) .

@) If ©: O - OisacC' diffeomorphism of the domain O onto the domain 0, then
o(®(y)) = u(y) defines a viscosity subsolution (respectively; supersolution, solution)
of G(y, v, Dv) = 0 where

G(9,r, p) = F(®7(9), r, pDO(27(»)))
and pD®( y) denotes the action of D®(y) on the cotangent vector p.
We omit the proof of Corollary 1.7 as it is an easy exercise given Theorem 1.3. To

conclude this section we obtain a partial result concerning nonlinear changes of the
unknown.

COROLLARY 1.8. Let u be a viscosity subsolution (respectively; supersolution, solu-
tion) of (1.1) and let ® € C'(R), ®’ > 0 everywhere and ®(R) = R. Then v = ®(u) is
a viscosity subsolution (respectively; supersolution, solution) of

(1.10) F(y,®'(v),(®"')(v)Dv) = 0.
PROOF OF COROLLARY 1.8. We treat the subsolution case. Let u be a viscosity

subsolution of F=0. We claim that, if x, € E, (p(v — k)) (with ¢ € D(Q)*,
k € R) then there exists § € C/(2)*, kK € R such that

_ u(xo) — K
¢ (xo)

v(xy) — k

p(x) P00

xo € E, (¢(u—K)), D¢ (xy) = -¥'(v(x,))
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VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 9

where (1) = ®'(¢). This obviously implies the corollary.
Now, to prove our claim, we argue as follows: we have for | x — x, | small,

P9 (4 xy) — k) + &

o(x)
v(x) — k

< v(xo)—'Txo)—DqD(Xo) “(x = xg) + | x — xo e x = xo])

(1.11) o(x) <

where ¢ € C(R, ,RM) and &(r) >0 as 1 > 0+ . Thus, for |x — x,| small, we
obtain, since ¥ is nondecreasing,

() ¥ o) = 25K D) - (= 20) + | =z e = 0]

<x) = u(xg) = ¥ (o(x0) | “ELZE b))

+x = xo|&(x — xo[)

for |x — x,| small enough and é € C(R, ,RM), &) >0 as 1 > 0+ . But the
right-hand member # of the above inequality is a continuous function differentiable
at x, and therefore by Lemma 1.4 we may find k and ¢ € C/(Q)* such that:
u(xg) = k> 0; x0 € E (¢(a = K));

0530 “BK o (0x) 2K pg ) g g € By, ),

where h is small enough in order to have u(x) < #(x) on B(x,, h). We are done
since we have for all x,

(1.12)
¢ (x)(u(x) = k) <@ (x)((x) = K)§ (xo)(@(x0) — K) = ¢ (x)(u(x,)k)

and thus x, € £, (¢(u — k).

REMARK 1.13. We pause here to consider the case in which O is not an open subset
of RV, Indeed, in later sections we will want to use some of the above results when ©
has the form O = @ X (]0,T']). We claim that all we have done is correct in general if
one interprets the definitions appropriately. This means: 9(0), C'(9), etc., should
denote restrictions of functions in D(R"), C'(RV), etc. to O (where, in the case of
D(O), {x € 0: u(x) # 0} lies in a compact subset of O, etc.). The other point is the
notion of “differentiable”. We will say ¢ € C(0) is differentiable at y, € O and
D¢(y,) = z if there is an extension of ¢ to § € C(RY) such that D@(y,) = z and
moreover, for any extension of ¢ to § € C(RV) differentiable at y,, DF(y,) = z. (In
the case where O has some boundary which is sufficiently smooth, e.g.0 = 2X]0,T],
all notions coincide.) The reader can think through these claims.

1.3. Piecewise smooth viscosity soloutions. In this section we consider piecewise C'
functions and determine conditions on the discontinuities of their derivatives equiva-
lent to being viscosity solutions of F = 0. Consider the situation in which 0 = 0
UO_UT is divided into two open parts O, and O_ by a surface I'. The unit normal to
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10 M. G. CRANDALL AND P.-L. LIONS

T at y, € T is denoted by n( y,) which points into O, . A function u € C(0) is given
as u, in O, UT and u_ in O_UT. We assume I is of class C' and so may be
represented by a relation of the typical form y, = f(y,,...,),,) near y, € I, where
fEC'. We assume u € C(9) and u. € C'(0. UT). When is u a viscosity solution
of F=0in 0?7 We will use the following observations.

PROPOSITION 1.9. (i) If u is a viscosity solution of F = 0 in © and O’ is an open subset
of O then u |y is a viscosity solution of F =0 in 0.

(ii) If u € C(0), O is the union of relatively open subsets O, and 0,,0 = 0, U 0, and
ulg is a viscosity solution of F = 0 in 0,,i = 1,2, then u is a viscosity solution of F = 0

in O.

That is, the property of being a viscosity solution is purely local. Part (i) of the
proposition is completely trivial and we leave part (ii) as a very simple exercise.

To continue, assume u € C(O) is a viscosity solution. Then u. is a viscosity
solutionin O . But u_ liein C'(0. ), so u_. are classical solutions by Corollary 1.6.
Letgp € D), y, € E. (9(u — k)). If y, € 0, U O_ we then have

F| yo, u(30), — (u(y0) — k)%yﬁ‘;) -

by the opening remarks of this section. It remains to consider y, € T'. Let

TyOI{TERM:ﬁ(yO)~720}

be the tangent space to I to y, and p, py = I — p be the orthogonal projections on
T, span{n(y,)}, i.e. pyy = (n(yp) - y)n(y,). Since u, , u_ agree on I, prDu ., (yp)
=prDu_(y,). When y, € E, (p(u — k)) N T we clearly have T, 3 7> ®(7) =
o(y, + T)(u(y, + 7) — k) satisfies D;®(0) = 0,

im () + ""_i)(“+ (yo + an) — k) - (P(J’o)(“()’o) _ k) <0

ll s
al0 a

lim o(y + 0"—')(“-()’0 + “’7); k) — ‘P(Yo)(“()’o) — k) >0
a0

These relations amount to

- u(:’)(éi’o—) kaD‘P()’o) =prDu, ()’0) = PrDu-()’o),
_u(‘?(—i’()_)kl)‘p(yo) 1 y) = Du, (y,) - 1(¥)s

_“((-:—fz)yo‘)—"uw(yo) i(30) < Du_(3) - i 3p)-

"u|o- means the restriction of u to 0.
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VISCOSITY SOLUTIONS OF HAMILTON-JACOBI EQUATIONS 11

Hence

_MD¢(Yo) :pTDu_(y()) + 55()’0)
?(»)

for some £ €[ Du (y,) - 7i(yy), Du_( o) - 1(¥)]-

We conclude that the condition

(1.14) {V)’O er,v¢ E[Du+ (%) - 1(y0), Du_(y,) - ﬁ(Yo)],
. F(J’Oa“()’o),PTDu:()’o)+§’7()’0))<0

implies u is a viscosity subsolution of F = 0. Similarly

(1.15) {VYO € I,V €[Du_(3) - #l(3). Dy (30) - ()],
F(J’o» “()’0)» PTD“:(yo) + §ﬁ(y0)) =0

implies u is a viscosity supersolution of F = 0. Note that if, e.g., Du_(y,) - n(y,) >
Du_ (y,) - n(y,) then (1.15) is an empty condition, etc. In fact, (1.14), (1.15) are
necessary as well as sufficient. We prove

THEOREM 1.10. Let 0,0, ,0_, T, u, u .. be as above. Then u is a viscosity solution of
F=0in0 if and only if u. are classical solutions in O , and (1.14) and (1.15) hold.

Proor. The sufficiency has been shown. We consider the necessity. First let
¢ = Du_(y,) - ii(yy) = Du_(y,) - n(y,)- In this case u is differentiable at y, and
Du(y,) = prDu. (y,) + én(y,). By Theorem 1.2 we have

F(y, u(3), Du(yy)) = F(yo, u(3o), prDu..(y,) + ¢i(y)) =0
so (1.14) and (1.15) hold. Next assume that Du_(y,) - n(y,) > & > Du, (y,) - n()p)-
We claim that then there is a ¢ € C'(0) such that Y(y,) = u(y,), ¢ > u in a deleted
neighborhood of y, and Dy(y,) = prDu. (y,) + én(y,). If this is so, choose
P ENO),0<p<1¢(y)=1andp(y) <1fory#y,sothat 1 > ¢(y —u)=0.
Then {y,} = E, (p(u — ¢ + 1)) and by Theorem 1.3

F()’o, u( ), D‘!’()’o)) = F()’o, u(y), prDu.(y,) + éﬁ()’o)) <0,

so we have (1.14). The case in which (1.14) is an empty requirement is similar. It
remains to exhibit . By Proposition 1.9 and Corollary 1.7 we may localize and
change variables. Hence assume y, = 0 and I is y, = 0. We have

wCpne ) = uy (Y- ooym) iy, =0,
Prrrem u_ (Y10,  ify, <0,

and
au_ _ au+ .
a—yi-(O, yz,...,ym)—a—yi(O, PareresPm)s i=2,...,m,

ou, ou_
—(0,0,...,0) <¢<-+—(0,0,...,0).
55 (0.0,00.,0) <€ <52(0.0,....0
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12 M. G. CRANDALL AND P.-L. LIONS

Let Yo( 35 -« V) = 4~ (0, y,,...,y,) with strict inequality if ( y,,...,y,,) # (0,...,0)
in some neighborhood of (0, .. .,0), ¥4(0,...,0) = u. (0,0,...,0), 9y,(0,...,0) /3y, =
0u.(0,...,0)/0y, fori = 2,...,m. {, exists by Lemma 1.4. Then set Y(y,,...,y,,) =
Yo( V25 - -»¥m) T £y,. Clearly § has the desired properties and the proof is complete.

To illustrate this result, consider the example solution u =0 for |x|=1t =0,
u=-t+|x|if |x|<t of u,+ (u,)* =0 in the introduction. Let T be x =0,
(0, t) = (1,0). Then F((x,t),u, (P, P3)) =Py + (p)% u, =—t+x and u_= —t
— x in the appropriate domains. We have

pTDu:(O’ t) = (O’ 1)’
{Du+ (0,2) - n(0,¢) =1> -1 =Du_(0,1¢) - n(0, t),

but F(pru.(0,t) + £n(0, 1)) = -1 + £2 <0 for -1 < £ < 1 50 (1.15) fails.
We remark that the conditions (1.14) and (1.15) were anticipated by Oleinik [24]
in a special case. Moreover, an alternative way to obtain these results is given in §1.5.
1.4. Differential inequalities in the viscosity sense. In this section we treat some
elementary inequalities in the viscosity sense. The first result concerns the one
dimensional case.

PROPOSITION 1.11. Let T > 0 and g, h € C([0, T')). Assume g is a viscosity solution

of
(1.16) g <h
in 10, T[. Then
(1.17) g(t)Sg(s)-i-/lh('r)d'r foro<s<t<T.
A

PROOF. It is enough to show (1.17) for s = 0 and for this it suffices to prove that
fore >0
(1.18) g(z)<g(0)+f0’h(s)ds+e+et, 0<:<T.

Assume (1.18) is false and let 7€]0, T[ be the least ¢ for which equality holds in
(1.18). Set (1) = g(0) + f{ h(s) ds + € and note ¥(0) > g(0), ¥(¢) < g(¢). Choose
8 > 0 such that y(¢) > g(¢) on [0, 8] and n € C'([0, T])* such thaty’ <0 on [§, T]
and 9(T) = 0. Then thereisat, € E, (9(g — ¢)) and ¢,€]6, T[. By Theorem 1.3

1'(t) ,
-——=(g(1o) — ¥(19)) + ¥'(10) < h(1y).
7(to)
Since 7'(¢y) < 0 we have y'(¢,) = h(t,) < h(t,) which is a contradiction.
ReMARk 1.19. It follows from Proposition I.11 that (1.16) holds in the viscosity
sense if and only if it holds in the sense of distributions.

COROLLARY 1.12. Let T>0, yER and g, h € C([0, T)). Let g be a viscosity
solution of

(1.20) g +vg<h onl0,T|.
Then
(1.21) evg(1) < eg(s) +f’e7’h(7) dr for0<s<:<T.
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PrROOF. By Remark 1.19, (1.20) holds in the sense of distributions and then it is
known that (1.21) holds. (Of course, one could prove (1.21) directly by adapting the
proof of the proposition or by using Corollary 1.7 to find (e*g)’ <e'h in the
viscosity sense.)

In the next result we show that u is a viscosity subsolution of

d
(1‘22) “(}’1’)’2’---,)’”.):g(yl,---,ym)
3y,

exactly when the corresponding statement holds for the functions of one variable
r— u(r, y;,...,),) obtained by fixing (y,,...,),,)-

PropOSITION 1.13. Let u, g € C(O). For z = (yy,...,y) ERM™ 7\ let O, = {r:
(r,z) €0}. Let u(r) = u(r, z), g,(r) = g(r, z) on O,. Then the following are equiva-

lent:
(1.23) For each z € RM™! u_ is a viscosity solution of
’ u,<g,in0,.
u is a viscosity subsolution of
(1.24)

3 .
a—ylu(yl,---,ym) =g(y1s--sYm) in 0.

PrOOF. We show (1.24) implies (1.23). Let z, € R"~! be such that ®Zo # @. Let
7 €D, )", kERand ry € E. (n(u,, — k): 0, ). Using Lemma 1.4 in the usual
way we may assume {r,} = E, (n(u,, — k): 0, ). Pick ¢ € D(B(z,,1))" such that
@(z5) = 1. Set o(z) = @(z/¢). For ¢ >0 and small, n(y))@»,,...,¥,,) € DO)*
and there exists (r,, z,) € E, (np(u — k): 0). By assumption,
(129 I )~ ) = 0 2.
Clearly z, — z, and r, - ry as € 0. Thus the result follows by letting €0 in (1.25).

It remains to show that (1.23) implies (1.24). However, this amounts to checking
the definitions and is left to the reader.

The next result is concerned with more general directional derivatives.

THEOREM 1.14. Let v: © — RM be continuously differentiable. Denote by Y(r, y,) the
solution of

ay _
(1.26) @ ="

Y(0, y) = Yo»

which is defined on a maximal interval of existence I, . (By assumption Y(I,,, y,) C 0.)
Let u, g € C(O) and u be a viscosity solution of

(1.27) (Du)-v<g in0.
Then fory, € 0,s,t € I, and s <t one has
t
(1.28) u(Y(t, ) = u(¥(s, %)) < ['2(¥(r, )) dr.
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14 M. G. CRANDALL AND P.-L. LIONS

PROOF. If »(y,) = 0, then Y(7, y,) =y, and there is nothing to show. If »(y,) # 0,
we may rotate coordinates so that »(y;) = (#,(%),0,...,0). Without loss of general-
ity we also assume y, = 0. Consider the change of variables ® defined near y, = 0 by

(Y15 dm) = Do d) S e dm) = Y(91,(0, $yse05))-
Then, with the notation of Corollary 1.7 and H(y, r, p) = p - v(y) — g(»), we have

G(3,r, p) = pD2(27'(7)) - »(27(5)) — g(@7'($))
=P~ g(q’—l(ﬁ))-
(Of course, this is merely the statement that /09, = » - (3/0y,,...,9/9y,,).) Thus,
by Corollary 1.7, u(®'( $)) is a viscosity solution of
354 = 2(07(9))
Propositions .13 and 1.11 then yield

u(®7'(1,0,...,0)) — u(®7(s,0,...,0)) sfs'g(cb-l(f,o,...,o)) dr.

fors <tand|s|,|¢| small. But this means
u(1(1,0)) = u(¥(s,0)) < ['g(¥(r,0)) dr.

While this inequality is only established for |s|, |¢| small, it is then trivially
extendable to ¢, s € [, s < 1.

COROLLARY L.15. Let O be convex, u € C(O) and L € R. If for every ¢ € D(O)*
andk €R

(1.29) @wmsL on E, (o(u — k))
then |u(y) —u(p)|< L|y —y|fory, y €0.

Proor. Fix y, y €0 with y #y. Put » =(|y — $|)"'(y — »). From (1.29) it
follows that u is a viscosity solution of Du - » < L in 0. By Theorem I.14

u(y0+tv)—u(y0+sv)<ftLd7=L(t—s)

whenever s < rand y,, y, + tv,y, + s¥ €0. Sety, = y,t =|y — |, s = 0 to obtain
u(y) —u(y) < L|y — y|. Since we may interchange y and y, the proof is complete.

LS. Characterization of points in some E , (p(u — y)). According to Theorem 1.3, if
u 1s a viscosity solution of F < 0, then

(u—¥) < _
F Y, u,— Q D‘P+D‘I’ \0 OnE+((p(u \I/))ﬂd((p)ﬂd(\L).

One is naturally led to ask: What are the points y belonging to some E_, (¢(u — y))
N d(p) N d(y) and what are the possible values of —((u — ¢)(D)/¢@) + Dy at
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such points? We prove
THEOREM 1.16. Let u € C(0) and y, € O, a € RM. Then the problem
Yo € E, (p(u—y)) Nd(e) Nd(y),

(1.30) u(yo) = ¥( %) _
- ?(%0) Do(y,) + Dy(y)) = a

has a solution € C(0)* , ¢ € C(O) if and only if there exists § € C'(0) such that y,
is a local maximum point for u —  and Dy(y,) = a. If E, is replaced by E_ in (1.30)
and “maximum” is replaced by “minimum” the statement is true.

ProOF. We first observe the sufficiency. Let ¢ € C'(0) and Yo be a local
maximum for u — . Assume, changing ¥ by a constant if necessary, that u(y,) =
¥(,)- Choose ¢ € C'(0)* with a strict maximum value of 1 at y, and supp ¢ C {§
> u). Theny, € E, (p(u — ¢ + 1)) and

Cu(y) — ¥ () +1
?(%)

since Do(y,) = 0. The necessity is equally simple. Since y, € E, (¢(u — ¢)) N.
d(¢) N d(¢y) implies
1
u(y) <—— (9(3)(u(35) = ¥(x))) +¥(»)
o(y)
near y, and the right-hand side is differentiable at y, with the derivative

a u(yo) = ¥(»)
?(%)
we may majorize it near y, by a § € C'(0) which agrees to first order at y, (Lemma
1.4). This completes the proof.
REMARK 1.31. By Lemma 1.4 we may equally well characterize the pairs ( y,, a) for
which (1.30) has a solution by the condition

i max{u(r) = (40p) +a-(r =%)),0) _
Y=o 1y = ¥l
COROLLARY 1.17. Let u € C(0). Then
A, = {)’0 €0:3y € C'(9),¢ (30) = u( ) and § > u "ea")’o}
is dense in O. Similarly, the set A_ defined as above with ) = u replaced by u = is
dense in 0.

Do(y,) + D‘p()’o) = D‘E(Yo)

Do(yy) + D¥( ),

PROOF. If y, € O and &€ > 0, choose ¢ € C}(0)* so that ¢(y,) > 0 and supp ¢ C
B(y, €). Then E, (¢(u — (u(y,) — 1)) is nonempty and it follows from Theorem
1.16 that it is contained in B( y,, €) N 4, , hence the result.

REMARK 1.32. One cannot expect 4, to be much more than dense (e.g., of full
measure, second category, etc.) since A, NA_= d(u) may well be empty.

We may also use these results to reformulate the notion of a viscosity solution as
follows.
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16 M. G. CRANDALL AND P.-L. LIONS

Letu € C(0) and y, € 0. Set

D* “(Yo) = {a € RY: lim (u(y) - “(}’0) —a-(y ‘“)’o))+ _ 0}

Y=Y |y — ¥l
and
D u(y,) = {a €R": lim (uly) —ulrp) —a-(r=x))" _ |
y=n |y = ¥l
where r* = max(r,0), r~= —-min(r,0). In general, D~ u(y,) may be empty, but by

Corollary 1.17 each is nonempty for a dense set of y, € 0. The next result is an
immediate consequence of the above considerations.

PROPOSITION 1.18. Let u € C(0O). Then:
(1) u is a viscosity solution of F < 0 if and only if

(1.33) F(y,u(y),a) <0 foreveryy € Oanda € D* u(y).
(ii) u is a viscosity solution F = 0 if and only if
(1.34) F(y,u(y),a)=0 foreveryy € Oanda € Du(y).

(iii) u is a viscosity solution of F = 0 if and only if (1.33) and (1.34) hold.
One can use Proposition 1.18 to give another proof of Theorem 1.10.

IL Uniqueness for the Dirichlet problem in R". In §I1.1 we treat the simple case

(2.1) u+ H(Du) = n(x) inRV,
After this the general case
(2.2) H(x,u,Du) =0 inR",

which involves technical assumptions, is discussed.
I1.1. The equation u + H(Du) = n(x). We consider two problems

(i) u+ H(Du) = n(x),
(2.3) {(ii) v+ H(Dv) = m(x),
where
(2.4) HE€C(RY), neBUCR"), me BUCRY).

The main result concerning (2.3) is

THEOREM IL.1. Let (2.4) hold. Let u, v € C,(R") be a viscosity subsolution and a
viscosity supersolution of (2.3)(i) and (ii) respectively. Then

(2.5) (= 0) "l gy < 11 = m) " 1] fr ey B

REMARK 2.6. It follows from (2.5) that n <m implies ¥ <wv. It is also an
immediate consequence of the theorem that if u, v are viscosity solutions of their

8% (r7) denotes the maximum of r (respectively, —r) and 0.
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respective problems, then [(#4 — 0)ll jwgy) < l(n — M)l j=gr). In particular,
bounded viscosity solutions of (2.1) are unique.

PROOF OF THEOREM II.1. The basic arguments are best illustrated by first running
through the proof under the stronger assumption
2.7 u(x) >0 and v(x)-0 as|x|- co.

The condition (2.7) is natural if H(0) =0 and n, m — 0 at oo. After the proof is
sketched for the case (2.7), we give the general argument.

Case 1. u,v — 0 as | x |- oo. If u(x) < v(x) everywhere there is nothing to show.
Hence assume u(X) — v(x)>0 for some X. Let o € DRY)*, 0 < <1, and
¢(0) = 1. Define

(28) M= max (9(x —y)(u(x) - o(»))).
RVXR
The maximum in (2.8) is assumed and M > 0 since p(x — X)) (u(X) — v(x)) = u(x)

— v(x) >0 while (x — y)u(x) —ov(y)) > 0as|x|+|y|-> o by (2.7) and ¢ €
D(RM). Notice also that for x € R¥

u(x) = o(x) = o(x = x)(u(x) —o(x)) <M
SO

(2.9) (= 0) " Ml fogry < M.
Let M = @(xq = yoNu(xo) — 0(¥)), ki = v()p), ky = u(x,). We then have

X0 € E.(@(-—y)(u(-) —k,)) and y, € E_(9(xo— -)(0(") — k3)).
It now follows from Theorem 1.3 and the assumptions that

u(x,) + H(‘%(D‘P)(xo _J’o)) < n(xo),
o(u) + | -2 =208) (), )| = ()
o(xo = ¥)
where we used D,(@(x — y)) = -D,(p(x — y)). Subtracting the above inequalities

yields
(2.10) u(xq) — v(yy) < n(xy) — m(y,) = n(yy) — m(yy) + n(xo) — n(y)-
Choosing ¢ to be supported in B(0, @) (so |x, — )y |< a), (2.10) and 0 <@ <]
imply
M<I(n—m)" |l pmgry + po(@)
where the modulus of continuity p, of n is given by
(2.11) p.(a) = sup{|n(x) —n(y)|:|x —y|<a}.
Since n € BUC(R"), we have p,(a) — 0 as a — 0 and the result follows.

Case 2. The general case. Let ¢ € D(RV)* be as above: 0 < ¢ < 1, ¢(0) = 1 and
supp ¢ C B(0, a). We are first going to prove, via a truncation argument, that

(2.12) M= sup o(x —y)(u(x) = o(y)) <ll(n—=m)" Il mgr, + p,()

x,yERV
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18 M. G. CRANDALL AND P.-L. LIONS

where p, is given by (2.11). The result then follows as before. (The difference
between this case and the previous one is that we cannot write “max” in place of
“sup” in (2.12).) We may assume M > 0.

REMARK (ADDED IN PROOF). We belatedly observe that the proof below can be
improved by using the maximum of @(x — y)exp(—e(| x | + |y [*))(u(x) — v(y)) in
place of M, below or by noting that ¢| x, |* = 0 (which improves (2.13)).

Lete >0,

M, = max ¢(x —y)(eu(x) — elo(y)),
x,yERY

and

Celx? v (2
M, = o(x, = y,)(e*Fu(x,) — o (y,)).
Let us first prove that M, —» M as ¢ 0. Since u and v are continuous it is clear that

lim M, > M > 0.
el0

Hence, for € small, M, = M /2. Moreover, | x, — y,|< a, and one then easily deduces
that

(2.13) BEARIIAN
for some C independent of e. Now
(214) M, = o(x, — y)(e*u(x,) — e=Po(y,))
< o(x, = y)(u(x,) — e =0y (y,))
< o(x, = y)(u(x) = v(3) + (1 = e D)o ()
<M+ |1 — el 0(y,)].
However, |e(|x,|* = |7.))|= €| (x, = yo» X, + y.) |< v€2aC by (2.13). Therefore,

by the above, lim,, M, < M and we have M, > M as £|0.
We next prove (2.12). By

x, € B, (@(- =2)e 0 (u(-) = 4i(+))), (%) = e 00 y,),
Y, € E(9(x, = )e T (0() = 4a(1))), o) = e u(x,),

and Theorem 1.3 we have

(D<P)(x Ye)
2.15) (x.) + H|- (u(x,) = k) )

k, = s =My ()

+ 2eu(x,)x, | <n(x,),
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and
-v (Do), — %) €v =>m
215y 0(0) + H| = (ky = 0(3)) = FE5E + 2e0(3) | = m(30).
k,= ee(wslz—lxelz)u(xe)_
Set
A=~ (ulx) = o(r) SHE)

(2.16) {8, =- (1 - exp(e(|xe = IZ)))v(yE)-(—D—(P-)—(jif—:—&Z + 2eu(x,)x,,

o(x, = y.)
8= (1 = explelln = 1x,)))uCx) BHEE) 4 o),

Subtracting the inequalities of (2.15) and (2.15)' yields (recall (2.14))
M, +HQ, +8,) = H(A +8,) <n(x,) —m(y,) + g(e)
<l(n—m)" Il =@yy T 0u(a) + g(e),  where g(e) —0as el0.

The proof is completed by showing that A, remains bounded as €0 while §, and
8, — 0, for then letting €10 above yields (2.12). Since M. =M/2>0 for ¢ small,
@(x, — y,) is bounded away from zero, proving A, remains bounded. Similarly, 8,, §,
tend to zero for ex,, ey, and &(| x, |* — |y, |*) tends to zero by (2.13) and the remarks
thereafter. This completes the proof.

REMARK 2.17. The proof (especially Case 1) is vaguely reminiscent of the proof of
uniqueness of entropy solutions of conservation laws in S. N. Kruzkov [21].

REMARK 2.18. The proofs given used only that » is uniformly continuous and m is
continuous. Similarly, we could have used uniform continuity of m and continuity of
n. Boundedness of n and m is irrelevant, although the result is not very interesting if
n — m is not bounded above. We do not know if the result holds without uniform
continuity of at least one of n and m. It is also possible, for example, to replace the
boundedness assumptions on u and v by |u|, |o|<C( + |x|), 0<p <1, if
either H is bounded and uniformly continuous or u and v are Lipschitz continuous.
We conjecture that one can take p = 1 if v and v are Lipschitz continuous.

I1.2 The equation H(x,u, Du) = n(x). It will be assumed throughout that
H(x, r, p) satisfies

(2.19) For each R > 0, H is uniformly continuous
’ onRY X [-R, R] X B(0, R),
and
For each R > 0 there is a continuous nondecreasing function
Yz: [0,2R] - R such that y,(0) = 0 and
(2.20) = [0,2R] =(0)

(H(x» r, P) _H(x’s» P)) >YR("_‘S‘)
forx eRY,peRY, -R<s<r<R.
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We will need to restrict the nature of the joint continuity of H. The condition
(2.21)
lim sup(| H(x, r, p) = H(y.r, p)| s |x =y | (1 +|p]) <e.|r|< R} =0
forall R > 0,
and the stronger requirement
(2.21%)
lim sup{| H(x, r, p) = H(y. 7, p) | : [x =y |[P|< Ris|x = y[< e |r|< Ry} =0
forallR,, R, >0,

will be used.
We may now state our main result.

THEOREM I1.2. Let u be a bounded viscosity subsolution of H(x, u, Du) = 0 and v be
a bounded viscosity supersolution of H(x, v, Dv) = m(x) where m € C,(RY). Let
(2.19) and (2.20) hold, Ry = max(llull ;ogry, 10Nl (o)) and y = yg, as in (2.19).

Then:
(1) If (2.21%) holds we have
(2.22) (s = 0) ") ooy < Nm* N oy

(i) If (2.21) holds and u, v € BUC(RV), then (2.22) holds.
(iil) If u, v € WH°(RV), then (2.22) holds.

REMARK 2.23. Remarks analogous to (2.6) and (2.18) apply to Theorem II.2.

REMARK 2.24. It is not possible to relax the assumptions (2.21) and (2.21*) in an
essential way. This can be seen in the linear case H(x, r, p) = r + b(x) - p, where
(2.21) is equivalent to the Lipschitz continuity of b. See §V.4 concerning this remark.

PrOOF OF THEOREM I1.2. With the notation and assumptions of step 2 in the proof
of Theorem 1.2 we have, in the same way,

(2.25)  H(x,, u(x.),A +38,)— H(ys, o(y.), A, + 8;) < Im* |l =gy,
where A, 8, §, are given by (2.16). Rewrite (2.25) as
(H(x. u(x), A +8,) = H(x,, 0(3), A, + )
+ (H(x,, v(3), A, +8,) = H(y,. v(5.), A, +,))
+(H(ye, 0(3.), A+ 8)—H(y,, 0(3,), A, + 8,)) < lm™ |l =gy,
By (2.20), (2.14) and y = v, this implies
(2.26) (M, + g(e)) < lIlm* || 1=g¥y T 4. + B,
where lim, |, g(¢) = 0 and
A, = H(x, 0(y), A, +8,) = H(y,, 0(5), A +8)],

(2.27) {Be =|H(y,,v(y), A, +8) —H(y,0(y), A, +8)]|.
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As we showed before, §,, 8, > 0 while A, remains bounded. Thus, by (2.19), B, = 0
as €0. We need to estimate 4,. To this end we reintroduce the support of ¢ explicity
by replacing @ by ¢,(x) = ¢(x/a) where ¢ € D(B(0,1)*,0<p<1, p(0) =1,
De(0) = 0. Since ¢((x, — y,)/a) remains bounded away from zero as €0 we see
from (2.16) and (2.13) that

limsup (A, +§,|) < LS
el0 «@

for some K. Since | x, — y,|< «a,
limsup A, < sup{|H(x,r,p) — H(y,r,p)|:|x —y|<a,
el0
[7[<Ro,|x —yllpI< K|}

= A(a).
Then (2.25) implies y(M) < [lm™ || =@y T A(a). If (2.21*) holds, A(a) > 0 as a |0
and this proves (i).

To establish case (ii) we will prove that ¢ can be chosen so that lim, o | x, — y, |<
ak(a) for some k(-) satisfying k(0 + ) = 0. Then for & small, | x, — y,||A, + §,|<
Kk(a) and the result follows as above. Assume v € BUC(RY) and let p, be the
modulus of continuity of v. Recalling the proof of Theorem 1.1 we have

sup(u(x) = o(x)) < sup o *—2 ) (u(x) = o(y)) < lim M,
el0

< lim g 22 ) (((x,) = 0(3)) + ol | exp(2aC1E ) — 1)
el0

< lim o Z—22)((u(x,) = o(x,)) + p,(@) + 0]l = | exp(2aCil ) = 1).
el0

Without loss of generality we assume M, = sup(u(x) — v(x)) > 0. The above
inequality then implies, with new constants c,, ¢, independent of small « and &,

x‘_y‘)> Mo =1—c pa+ca\/;
o™ My + p(a) + crale oe) + )

provided that ¢ is small enough (depending on a). If we choose ¢ to be decreasing,
radial and @(x) = 1 — | x|*in 0 < 2| x |*> < 1, the above inequality implies

azcz(pv(a) + cla\/;) =|x, — |

when ¢,(p,(a) + ¢,;a/e) < § and we are done.
For the final case (iii) we use the special case of the following lemma in which w is
Lipschitz continuous:

LEMMA I1.3. Let w be continuous on RY, ® € C'(RY) and x, € E*(w®). Set
0, (A) = max{|w(xg) — w(x)|:|xo— x|<A},
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and
ppo(A) = max{| D®(x,) — DP®(x)|:|x, — x|<A}.
Then for X > 0 with w(xy) > p,(A)
| D®(x,) | () w(xo) w(x,)
= + .
TP R N B DR TE e
In particular, if Dw € L*(B(x,, R)) for some R > 0, then

| D®(x,) |
w(xo)w < || Dwll L®(B(xq, R))"

We first complete the proof of the theorem and then prove the lemma. Recall
(2.26), (2.27) and that
D®(x,)
Ae + 85 =- (u(xe) - \Pl(xs)) (I)(XE)
where ®(x) = e~ p((x — ,)/a), ¥, = e VD, B (|x,| +]y,))<c and x, €
E . ((u — ¢,)®). It follows from Lemma II.3 that the first term on the right above is
bounded by

+ Dlpl(xe)

2__ 2
I Dul oy, + 120D

which is bounded independent of ¢, a. The term Dy,(x,) — 0 as €0 uniformly in a.
Thus (2.19) implies lim, o 4, = 0 uniformly in ¢, and the proof is complete.
PrROOF OF LEMMA I1.3. Let A > 0, p,(X) < w(x,) and set  =| D®(x,) | ' DP(x,).

Set
A2B(A) = B(xy + A%) — (P(xy) + ADD(x,)%)
=®(xy + A%) — (D(x9) + A | DD(x,) |)-
Then
w(xg + AZ)P(xy + A%) < w(xy)P(x,)
implies
w(xy + }\,%)((D(xo) + A D®(x,) | +}\82(I>(?\)) < w(xq)®(x,)
or
w(xo) | Dq)(xo)l < W(xo) (W(XO) — W(xo + )\)2)) _ W(xo) azq)()\),

®(x,) N w(x, + A%) A ®(x,)
where the manipulations are justified by w(x, + A%) = w(x,) — p,(A) > 0. The
result now follows from |w(xy) — w(xy + AX)|<p,(A), w(xy, + AR) = w(xy) —
p,(A), | 32®(X) |< ppo(A). The final assertion follows from the relations p,(A)/A <
I DWI = p(xo. rY) fOT A < R, ppe(0+) = 0, and letting A |0 in the inequality.

III. Uniqueness for the Dirichlet problem in €. In this section we turn to the
uniqueness question for

(3.1) {H(X,u, Du)=0 ingQ,

u(x) =z(x) on 3%,
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in the case where @ is an open subset of RY and 9Q # @. In this section the
restrictions (2.19)-(2.21*) on H are to be understood by replacing RY by Q. The
main result is

THEOREM I11.1. Let u, v € Cb(S_Z) and (2.19) and (2.20) hold. Let u, v be viscosity
solutions of H(x,u, Du) =0 and H(x,v, Dv) =m in @ where m € C(Q). Let
Ry = max(llull ;=g), 01l 1=(q)) and y = vg, from (2.20). Then:

(i) If (2.21%) holds and u |yg or v |3q is uniformly continuous and
llgslz (lu(x) = u(xo) | +|ov(x) = v(xo)]) =0
X—=Xq

uniformly for x, € 0L, then

(32) (= 0)" )l oy < max(lml gy, 1Y((4 = ©) " ) oagy)-

(i) If (2.19), (2.20) and (2.21) hold and u, v € BUC(RQ), then (3.2) holds.
(iii) If (2.19) and (2.20) hold and u, v € W"*(R), then (3.2) holds.

REMARK 3.3. Remarks analogous to (2.6) and (2.18) are valid here.

PrROOF OF THEOREM III.1. We give the proof only in the case when £ is bounded.
The general case follows from a combination of the arguments given below and in
the proof of Theorem II.2.

Without loss of generality we may assume [I(# — ©) " l| ;=) > I( — ©) " | =30,
Then (3.2) reduces to

1y ((u = 0) ")l gy < N ™ 1l gy
Let ¢, (x) = ¢(x/a) as in the end of the proof of Theorem I1.2 and

M, = sup g (x —y)(u(x) = v(y)).
x,yEQ
Now u, v € C,(2) = BUC(®) since  is compact. With M, = [l(u — v)™ || L=2) We
therefore clearly have
(34) MO < Ma < q)a(xa - ya)(MO + po(a))

where p, is the modulus of continuity of v and
Xar Vo EQy 0ulte = 2)(u(xe) = 0(1)) = M,

From (3.4) and the choice of ¢, we deduce | x, — y,|< ad(a) where (0+) = 0 as
in the proof of Theorem II.2(ii). Finally, as a|0 all limit points of x,, y, lie in
E. ((u — v)) C Q. Therefore, there is a compact K C @ such that x,, y, € K for «
small. It follows that @ (- —y,), ®(x, — -) € D(Q)" for small a. From the assump-
tions we conclude

(D) (xe = ya)

<0,
¢a(xa _yd) )

H(xa, u(x,),~ (u(x,) — v(y))

H(ya,o(ya),— (u(x,) — o(ya))L’W) > m(3)
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which implies (recall the proof of Theorem I1.2)

Y(Ma) S”rn-lle(Q)—*' sup |H(x’ r, p)—H(y’ r, p)l
[x—y|<ad(a)
IrI<Ro
lpl<c/a
for some c. Moreover, if Du, Dv € L*(Q) we may replace | p |< c¢/a by |p|<c. The
argument concludes in the usual way.

REMARK 3.5. The condition (2.20) can be weakened to H(x, r, p) — H(x, s, p) =
Yro(r —s) for -R<s<r<R, pER" and x € Q; = {x: distance(x, 3Q) > 8}
with the conclusion being ¥ < v if m = 0 and u < v on 3.

All the above results require that H(x, r, p) be strictly increasing in r. Moreover
uniqueness fails without some monotonicity in this sense. An extreme example is
H = 0. We treat one case without strict monotonicity in r via an adaptation of a
device of S. N. Kruzkov [18].

For simplicity consider the example

(3.6) H(Du) = n(x)

where we assume

(3.7) {H(O) =0, Hisconvex, continuous and H = 0,

n€ C(2), n>0inQ,Qis bounded.

PROPOSITION II1.2. Let (3.7) hold and u, v € C(Q) be viscosity sub- and supersolu-
tions, respectively, of (3.6). Then

I(u—v)" Il 1=agy < II(u — v)" Il 1<)

PROOF. Let ¥ € C*(R) satisfy ¥’ > 0, ¥” > 0 everywhere and ¥(R) = R. Let
® = ¥-!. By Corollary 1.8, i = ®(u), & = ®(v) are viscosity sub- and supersolu-
tions, respectively, of

1

(3.8) WH(‘I"(W)DW) \I'( )n(x) in Q.
The Hamiltonian
A(x.r.2) = Gy HOV(P) = ()
is locally Lipschitz in  and a computation yields
9~ ¥'(r) , , , ¥(r)
~H=—"—=|(DH)(Y'(r)p)¥'(r)p — H(¥Y'(r —_—
. (\P,(r))z[( )(¥'(r)p)¥'(r)p — H(¥'(r)p)] + V() n(x).
Since H is convex, DH(q) - ¢ — H(q) = -H(0) = 0 and we deduce
dH . ¥(r) n(x).
T ()

Therefore H satisfies the conditions of Theorem I11.1(i) and we obtain
I(®() = @(0))" Il =gy < (@(4) = ()" Il =(ag)-
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Since ¥ can be replaced by ¥y(r) = 8¥(r) + (1 — O)r for any €10, 1], we deduce

“(q’o(“) - q’o(”))+ ”L°°(Q) < ”(‘Do(“) - <I>,(v))+ ||L°°(asz)

where ®, = (¥,)™". To conclude, we observe that ®,(r) - r locally uniformly as
6-0*.

REMARK 3.9. It is worth noting that uniqueness of (viscosity) solutions of (3.6)
may fail if we assume only:

H(0) =0, Hisconvex, continuous and H =0,
(3.10)

n€ C(Q), n=0ing,Qisbounded.

Actually it is enough for n to vanish at one point to have nonuniqueness, as is shown
in the following example: Let @ = [-1, + 1], H(p) =|p |*, n(x) = x*. Clearly ui(x) =
1 —4|x]?is a C' solution of

|@=|x|* inQ, =0 ondQ.

On the other hand, if we let u(x) = § — 3| x|* for | x|= 1y and u(x) = § | x|* for
| x| < t,, where t, =27'/3, u is a solution of the same equation which is also C'
except at =¢, where the discontinuity of u’ is such that u is still a viscosity solution.
Therefore in this example we have two different viscosity solutions.

As remarked in the introduction, all the above uniqueness results are new. No
uniqueness criteria (even for generalized solutions in W!*(Q)) are known except in
the case of a convex Hamiltonian. In the convex case, A. Douglis [10] and S. N.
Kruzkov [18] have introduced the class of semiconcave functions, that is functions u
such that 9%u/dx* < C; in D'(Q;) for all § >0 and for all x: |x|=1 with @,
defined in (3.5) and x denoting an arbitrary direction. Uniqueness in this class is
proved by the above authors. P. L. Lions [22] (see also [23]) extends these results to
the class of functions satisfying

Au<C; inD'(Q) forall & > 0.

All these results require convex Hamiltonians and some degree of regularity of the
solutions.

To conclude this section, we observe that in the convex case any Lipschitz
subsolution is a viscosity subsolution and any Lipschitz, semiconcave supersolution
is a viscosity supersolution. (This implies, by the way, that the uniqueness results of
Douglis and Kruzkov are completely contained in ours.)

PropPoSITION II1.3. Let H(x, r, p) be a continuous Hamiltonian, convex in p.
(i) Let u € WL2(Q) satisfy: H(x, u, Du) < 0 in Q. Then u is a viscosity subsolution
of H(x, v, Dv) = 0.
(ii) Let u be a locally bounded semiconcave function satisfying
H(x,u,Du) =0 inQ.

Then u is a viscosity supersolution of H(x, v, Dv) = 0.
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PROOF OF PrOPOSITION II1.3. (i) We first remark that if u is a locally Lipschitz
subsolution of

H(x,u,Du)<0 inQ,
then an easy argument shows that we have
H(x,u*, Du®) <f(x) inQ,

where f, - 0 uniformly on compact sets of @ and u, = u * p, with p, = p(- /¢)/€",
p €D, (RY), suppp C B, ll pll ;1 = 1. (Observe that H(Du,) < H(Du) * p, if H is
convex.)

Now since u® is C*, u® is obviously a viscosity subsolution of the equation:
H(x,v, Dv) = f(x) in @, (for any 0 <e <¢y). Thus we conclude by a simple
application of Theorem 1.2.

(ii) Let u be a locally bounded semiconcave function satisfying: H(x, u, Du) =0
on . Without loss of generality (restricting, if necessary, our attention to each
and making a translation) we may assume: u € W'*(Q), u is concave on £ or more
precisely: 9%u/dx*> <0 in D(Q) Vx: |x|= 1. (This implies that u is concave on
every convex subset of Q.)

Now let @, k be such that E (p(u — k)) # &, ¢ €D, (R), kK €ER, and let
xy € E_(p(u — k)). Obviously, there exists p > 0 small enough such that on B(x,, p),
we have

_ _ D‘P(xo
=ulxo) =0

where &(x) - 0 as |x — xy|— 0. Since u is concave on B(x,, p), this inequality
implies that u is differentiable at x, and Du(x,) = -De(x,)(u(xy) — k)/@(x,). To
conclude we just have to prove that H(x,, u(x,), Du(x,)) = 0. But by assumption
Ix, € Q,x, =, 1+ Xg, u is differentiable at x, and

)(u(xo)—k)~(x—x0)+|x—x0|e(x)

H(x,,u(x,), Du(x,)) = 0.

And since u is concave, we have Du(x,) — Du(x,) (all limit points of Du(x,) are
superdifferentials of u at x, and therefore reduce to Du(x,)).

IV. Existence of viscosity solutions of the Dirichlet problem. In this section we
establish that the most common method of obtaining generalized solutions of HJ
equations actually provides viscosity solutions. This is done in §IV.1 and roughly
means that we could take all known existence theorems and generalize (using
Theorem IV.1 in the process) and restate them as results concerning viscosity
solutions. Of course we will not do this—we refer the reader instead to [22] for a
complete treatment of general results of this sort and references to the earlier
literature. However, it seems worthwhile to illustrate the situation by giving very
general new results for a simple model problem, which we do in §IV.2.
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IV.1. The method of vanishing viscosity and viscosity solutions of HJ equations. The
vanishing viscosity method for obtaining solutions of

(4.1) H(x,u,Du)=0 inQ, wu=:z ondQ

consists of approximating the problem by ones of the form

al (a) -eAu,+H(x,u,Du)=0 inQ,
(4.1 (b) u,=z, ondQ

where ¢ > 0, H,, z, are adequately smooth and converge locally uniformly to H, z
respectively. One attempts to prove (4.1), is solvable for ¢ >0, and to obtain
precompactness of the family {u.: 0 <e <1} in C(2) (or C(Q)). Typically this is
done by obtaining (perhaps local) estimates on u, and Du, in L*. See [18] and §IV.2
below in this regard. We prove

PROPOSITION IV.1. Let u, € C*() be a solution of (4.1)(a) where H, > H as €10
in C( X R X R"). Assume ¢,10 and u, —u in C(R) and n - co. Then u is a
viscosity solution of H(x,u, Du) = 0. If also u, =z, on 9Q, z, —» z in C(0Q) and
u, —uin C(RQ) then u|yg = 2.

PROOF. Let u, — u in C() as in the assumptions. Fix ¢ € D(R)*, k € RY and
assume E (@(u — k)) # @. Then for large n there exists x, € E, (p(u, — k))
and, passing to a subsequence if necessary, we may assume x, - x € E (p(u — k)).
By a simple computation we have, on supp ¢,

0= %((p(-eAue + H(x, u,, Du,)))

Ay , , Do D(e(u —k))
P ¢*

- —e%A(<p(ue — k) + e(u, — k)

u,— k

(u, — k) 1
—2e——— | Do’ + H| x, ue,gD(q)(ue—k)) - Do|.
Evaluating this identity at ¢ =¢,, x =x, and using (A(e(u, — k)))(x,) <0,

(Do(u, — k))(x,) = 0 (because x, € E, (p(u, — k))) we conclude

_pydetx) Loy PRl P
8n(uf,,(xn) k) (P(xn) 2 n( s,,( n) k) q)(x")z
_ oy Pelx) | _
+H(xn’ue,.(xn)’_(uf,,(xn) k) (P(X,,) )\O'

Since x,, - x € E_ (p(u — k)) we find, letting n — oo,

H(x, u(x), - (u(x) — k) Do(x)/p(x)) < 0.
Thus u is a viscosity subsolution. Similarly, it is a viscosity supersolution and the
result follows.
REMARK 4.2. We could replace u, € C*(Q) above by u, € W2’ (), p > N, via
Bony’s maximum principle [5].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



28 M. G. CRANDALL AND P.-L. LIONS

REMARK 4.3. If we obtain a viscosity solution of (4.1) in this way and one of our
uniqueness results applies, it follows that u, converges to this unique solution as ¢ | 0.
This is known in some particular cases via arguments using considerations of control
theory or differential games (W. H. Fleming [14, 15}, A. Friedman [16]).

REMARK 4.4. This result also shows that the optimal cost function # of the control
problem associated with (4.1) (or the value function in the case of differential games
—see S. H. Benton [4], W. H. Fleming [13, 14, 15]) is indeed a (or the) viscosity
solution. Indeed, in these contexts it is easy to show u, converges to #, and the
theorem applies.

IV.2. A model equation. We will assume

(i) HeCRY),
(4.5) (i)  B: R - Ris an increasing homeomorphism of R onto R,
(iii) n € BUC(RY)

and consider the model problem

(4.6) B(u) + H(Du) =n inRV,
It simplifies the discussion to follow to assume
(4.7) H() =0, pB(0)=0,

which amounts to changing n by a constant. We will consider solutions of approxi-
mate problems of the form

(4.8) —eAu, + B(u,) +eu, + H(Du,) = n,

under assumptions given later. Before doing so we obtain the key estimates we need.
This also motivates Proposition 1V.3 concerning (4.6).

LEMMA IV.2. Let F € C(R"), F(0) = 0, and y be an increasing homeomorphism of
R, Y(0) = 0. Assume v, & € C}R") N L=(RY), F(Dv), F(D$) € L*(R") and

(a) -eAv+ y(v) + F(Dv) = m € C,(RY),

(4.9) (b) —eAd + y(d) + F(D8) = it € C,(RY).

Then forv € {+,-)

(4.10)  Wv(0) oy < Ml poqawys 1(8) W oy < 7" vy
and

(4.11) lI(o = 8) " Il Loy

< sup{| y‘l(s +(m—m)" ”Loo(RN)) -y (s)|:|s|< ”’h”Loo(RN)}.

SKETCH OF PROOF. If x € E_ (v) then Av(x) <0 and F(Dv(x)) = F(0) =0.
Hence, from (4.9), y(v(x)) < m(x), and we would have (4.10) with » = +. If
E, (v) = & but v > 0 somewhere, one chooses x, € E . (e My ), makes the associ-
ated computation and uses A | x, |> < C to let A {0 and reach the same conclusion.
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For this we need to observe that Dv € L®(R") because v € L*(RV) and —eAv = m
— F(Dv) — y(v) € L*(R") by assumption. To understand (4.11), let x €
E_ (v — ¢). Forming the difference of (4.9)(a) and (b) and using A(v — 6)(x) < 0,
F(Dv) = F(D?) at x, one finds y(v(x)) — y(9(x)) < m(x) — m(x). Writing v(x)
=6(x) + ll(v — )" |l =g, We have
y(p+r)—y(p) <l(m- ’;1)+ I LoRY)> p=9(x), r=Il(v— ‘3)+ “L°°(R")-
But then
r<y (v(p) + 10m = i)l gy ) = ¥ (7 (1))

and we have (4.11). If E_ (v — 6) = @ but v — 6 > 0 somewhere, approximate by
x, € E, (e™N'f(v — ©)) and let A 0. This completes the discussion of Lemma IV.2.
The main result concerning (4.6) is

PROPOSITION IV.3. Let (4.5) and (4.7) hold. Then (4.6) has a unique viscosity
solution u € C,(R"). Moreover,

(4.12) IB(u) | oy < IR Nl poimvy, ¥ € {+,-).
(4.13) If m € BUC(R") and v is the viscosity solution of B(v) + H(Dv) = m, then
ll(u — °)+ I =g
<sup{| B! (s + I(n = m)" o) = B(5)] : |s]< llmll pogamy )
(4.14) If p,, p, are the moduli of continuity of u, n, respectively, then
p(r) < sup{B"(s +p,(r)) = B7'(s): |s|< IImlle(RN)}.

SKETCH OF PROOF OF PROPOSITION IV.3. The uniqueness of viscosity solutions of
(4.6) follows from Theorem II.2. The Hamiltonian H(x, r, p) = B(r) + H(p) —
n(x) clearly satisfies (2.19). For (2.20) we note that

H(x,r,p)—H(x,s,p)=B(r) —B(s) =yz(r—s), -R<s<r<R,

with yg(7) = inf{B(s + 7) — B(s): |s|< R} for 7= 0. Finally, (2.21*) reduces to
the uniform continuity of n.
For the existence, let 8., H,, n, € C* be approximations of 8, H, n such that

B.,B. € L*(R), B! >0, B(0) = 0, , » Bin C(R) as ¢ |0,
(4.15) n, € BUC(R") and n, — n uniformly as ¢ 10,
H, € L*(R"),H(0) = 0,and H, » Hin C(R") as €.0.

It is then nearly trivial that
(4.16) —eAu, + B(u,) + eu, + H(Du,) = n,

has a solution u, € C3(R¥) N L*(RY). One can simply solve the associated trun-
cated problem in-B(0, R) for u g subject to u,x = O on | x |= R. Then

|Be(ueR) + €U R |< ”ne”Lw(B(O'R))
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follows as in Lemma IV.2. Using H, € L~ and interior estimates we conclude

—eAu,p is bounded in L®(B(0, R)) as R —» o« and by compactness there is a

sequence R, > oo and u, € Cy(R"), Au, € L*(RY), such that u, — u, boundedly

in Gy (RY) while Au,p — Au, weakly in L, (RY). Then (4.15) implies u, € C*(R").
Using Lemma I'V.2 we conclude

(4.17) I(Bu,) + Eus)V||L°°(R”) < gl =gy

Since B, — B locally uniformly and B(R) = R, (4.5) implies u, is bounded in
L>(R"). Moreover, u (- +y) solves (4.16) with n_ replaced by n (- +y). By Lemma
IV.2 we therefore have

(4.18)
lu(x +y) —ulx)]
< sup{] (B. + eI)—l(s + pne( y|)) - (B + 81)_l(s)| SRS IInCIILm(RN)}

where p, is the modulus of continuity of n.. It is easy to choose n, so that p, < p,,
and we assume we have done so. Moreover, since B, + ¢/ - 8 locally uniformly,
(B, + eI)™" - B locally uniformly. It thus follows from (4.18) that {u,} is equicon-
tinuous. Then there is a sequence ¢, |0 and u € BUC(R") such that u, — u locally
uniformly. In view of Proposition IV.1, the existence assertion is proved.

We have in fact shown (4.14) in the process of constructing u. It follows equally
well from (4.13) by noting that if u is the solution u of B(u) + H(Du) = n, then
o(-) = u(- +y) is the solution of B(v) + H(Dv) = m, m(:) = n(- +y). One simi-
larly verifies (4.13) by the construction, however let us observe that it essentially
follows from Theorem I1.2. Indeed, if ¥ + H(Du) — n =0 and v + H(Dv) — n =
m — n, Theorem I1.2 implies

YR((“ - °)+) <Ii(n — m)+ I oy
R = max(llull jogry 01l =gy ),

| va() = inf(B(s + ) — B(s): |s|< R}

which is equivalent to
(u—v)"< sup{,B"(s +l(n—m)" Il fogyy) — B7Y(s):
|5 |< max(llmll o 121l pmgey) }
The estimate (4.12) follows from the construction. This ends the sketch of the proof.

V. Uniqueness for the Cauchy problem. We consider the Cauchy problem for HJ
equations. More precisely, we consider the problem
() wu,+H(x,t,u,Du)=0 in2x]0,T],
(5.1) ®)  u(x,1)=z(x,t) on 92X]0,T],
(c)  u(t, x) =uy(x) on Q.
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V.1. Viscosity solutions of the Cauchy problem. The notations

will be used below. The notions of viscosity solutions of (5.1)(a) in Q, or Q% is
contained in §II (in particular, recall Remark 1.13). Let us restate them explicitly
for the particular equation (5.1)(a).

DEFINITION 5.3. Let H € C(Q X [0, T] X R X R"). Then a viscosity subsolution
(respectively, supersolution, solution) of u, + H(x, t, u, Du) = 0 on Q% is a function
u € C(QY) such that: Vo € D(Q)*, k € R,

(E, (9(u—k),0%) * & =3(xo,1,) € E, (p(u — k), 02)

Jty) — k
such that —ML

(5.4) ) ‘P(Xo»to) ‘Pz(xm’o)

u(x()’ tO) —k

+H ’t ) ’t s
X05 Lo “(xo o) (P(xo”o)

Do(xy, 1,)| <0

(respectively,

E-((P(“ — k), Q%) # @ =3(x,, 1) € E-(‘P(“ — k), Qg)

ty) — k
such that _M__

(5.5) o(xo, 1) #i(x0. 10)

“(xo» tO) —k

+H\| xq, ty, ul xq, ty), —
0» o> #(xg 0) (P(xo,to)

Do(xy,t5)] = 0;

respectively (5.4) and (5.5)).

One defines viscosity subsolutions, etc., in Q by replacing Q2 by Q everywhere
above. A viscosity subsolution (etc.) of (5.1) is a u € C(Qy) which is a viscosity
solution of (5.1)(a) in Q such that u < z on 92 X [0, T'], u(x,0) < uy(x) in Q (etc.).

Owing to the special form of the equation (5.1)(a) with respect to the domain Q
we have

PROPOSITION V.1. Let u € C(Qy) be a viscosity subsolution (respectively, supersolu-
tion, solution) of (5.1)(a) in Q2. Then u is a viscosity subsolution (respectively,
supersolution, solution) of (5.1)(a) in Q.

PROOF. It suffices to treat the subsolution case. Let ¢ € D(Qr)*, k ER, u be a
viscosity subsolution in Q% and (x,, t,) € E, (p(u — k), Q7). If 0 <1, <T we
choose x € D((0, T)) such that 0 < x < 1 and x(#,) = 1. Then xp € D(Q?)* and
(x0» to) € E, (x9(u — k), Q%). By Theorem 1.3 and x'(¢y) = 0, the inequality of
(5.4) holds. If 1, = T we choose x, € C®([0,T]) so that 0<x,<1, x,=1 on
[0,T —2¢], x, =0 on [T — ¢ T] and x, <0. Again x,p € D(Q%)*. Moreover,
o(u — k) >0 at (x,, T) implies x o(u — k) has a positive value for ¢ small. Let
(x,,t,) € E, (x9(u— k), Q). Passing to a subsequence if necessary, we assume
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(x,,t,) = (X, 1) € E, (p(u — k), Q7). Then, by Theorem L3,

(u(x,, 1,) = k) _ (ulx 1) — k),
_——_-——(pt('xe’ te) X(ts) x:(te)

(p(xe’ te)

(u(xe’ te) — k)
(p(xs’ t e)
Now —(u(x,, t,) — k)x(t,) = 0 so we deduce the inequality of (5.4) with (X, ¢) in
place of (x,, t,) in the limit. This completes the proof.

REMARK 5.6. In the general context of §I, if © C O, N O U 30 we roughly have
that if u € C(0,) is a viscosity subsolution of F = 0in O and F(y, r, p + Av(y)) is
nondecreasing in A for y € O,\0 and »(y) the exterior normal to O at y, then u is a
viscosity subsolution in O,. However, we will not make the assumptions precise.

We will freely use the assertions of §I concerning viscosity subsolutions, etc., in Q2
and Qr. In this connection we again recall Remark 1.13 as well as the fact that if
u € C'(Q%) and u and Du extend continuously to all of Qr, then u € C'(Q;), etc.

V.2. Uniqueness of solutions of the Cauchy problem. We first formulate the various
assumptions we will use in what follows:

+H| x,,t,,u(x,,1t,),— Do(x,,t,)| <O.

(5.7) He C(Q X [0,T] X R X RN) is uniformly continuous in
' Q X [0, T] X [-R, R] X B(0, R) for each R > 0.

For R > 0 there is a y; € R such that
(58) {H(x,t,r,p)—H(x,t,s,p)=yg(r—s)forx€eQ,-R<s<r<R,
O0<:<Tandp €R".

(5.9) lim sup{| H(x, 1,5, p) = H(y,t,s,p)|:|x —y|(1+|p]) <aq,
0<:<T,|s|<R}=0
forany R > 0.
(5.9%) lirg sup{| H(x, 1,5, p) — H(y,t,s,p)|:|x —y|<a,
al
|x—y||lp|<R,0<t<T,|s|<R}=0

for any R > 0.

These conditions are obvious analogues of (2.19)-(2.21*). See §V.4 concerning their
necessity.

The main uniqueness result is

THEOREM V.2. Let (5.7) and (5.8) hold. Let u € Gy QT) be a viscosity subsolution of
u,+ H(x,t,u,Du) =0 in Qr and v € Cy(Qr) be a viscosity supersolution of v, +
H(x,t,v, Dv) = g(x, t) in Qr where g € C,(Qy). Let

Ry = max(llull =g, 101l =)
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andy = v, as in (5.8). Set Q7 = 9R X [0, T] U (& X {0}). Then:
(i) 1f (5.9%) holds and u 5 ., 0|y, € BUC(3Q;) and
lim |u(x, 1) — u(xg, t5) | +|ov(x, 1) = v(x0,2,)|=0
(x,n€0}
(X»f)"(xovfo)

uniformly for (x4, ty) € 0,Qr, then
T -
(5.10) “elyt(u_U)-‘—“Lw(gr)< ||ey'(u_v)+||Loo(30QT)+ j(; eys“g(',S) “Loo(ﬂ)ds.

(i) If (5.9) holds and u, v € BUC(Q—T), then (5.10) holds.
(iii) If Du, Dv € L*(Q7), then (5.10) holds.

REMARK 5.11. Remarks parallel to (2.6) and (2.18) are valid here.

Much of the proof of Theorem V.2 consists of straightforward adaptation of the
arguments given in earlier sections and we will not repeat these. Instead we treat a
simple model case to exhibit the only new features. To this end, assume y € R,

(5.12) H(x,t,u,p)=yu+ H(p)

and

(5.13) @=R" and u(x,1),v(x,7) >0 as|x|- oo uniformlyfor0<:<T.
We will write H in place of H above. Now choose @ (x) = p(x/a), ¢,(t) = ¥(t/a)
where ¢ € DR, @(0) =1, $(0)=1,0< ¢, ¥y < 1, suppp C B(0,1), suppy C

[-1,1]. (In the case of (x, ¢) dependence of H we would require ¢(x) =1 — | x |,
Y(t)=1—t>near x =0,¢=0.) Set

(5.14) my(t) = max (u(x, 1) — v(x,1t)).
x€ERY
Finally, letn € (0, T[)* and assume
(5.15) E . (n(my—k):10,T[) # 2.
Now define
t+s
(5.06) M= sup (52t = $)oulx ) (u(x. 1) = o(p.5) = k).
N
x,yER
0<t,s<T
Clearly M, = n(my, — k) on [0, T] and
17 M, - —k 0.
(5.17) o %’aﬁn(mo ) asal

Let x,, y, € R, 1., s, € [0, T] be such that
t, T 5,
(518) M, = (252 lte = s)0ulxe = 1) (ke 1) = 030 5) = ).

Because | x, — y,|< a and u, v - 0 at co uniformly (5.13), we may assume (using
subsequences if necessary) that x, y, = x,, Xo and ¢,, s, = t,, to as « | 0. Moreover,
by (5.17),

(5.19) 1,EE, (n(mo—k))

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



34 M. G. CRANDALL AND P.-L. LIONS

and so 7, > 0. Then

N((- +5,) /2% —5)0a(- =) and  ((1, + ) /2) ety — )@ulx — *)

are in ®)(Q;)* for a small and using the assumed properties of u, v we find

0 ((te +5.)/2) | dalta Y
_[2n((ta+sa)/2)+ (z—s>]( Yo la) = 000 52) = k)

(u(xa’ ta) - v(ym Sa) — ) (

+yu(x,,t,) + H(—

Dr)(x, =) <0,

and

_[n'((wsa)/z) Yallo = 54)
20((ta + 54)/2)  dalte = 5,)

]( (V> Sa) = #( x5 15) + k) + y0( 3y, 54)

(U(xg5 1a) = V(Y 5) — k)
+H|- e & Do )(x, —y) | = g(y, 52)-
( Pul Xy = Ya) ( )| = &l s0)
Combining these inequalities we find
n,((ta + sa)/z)

e o)) MO ta) = 00 s) = k) v(ule, 1) — (00 5)

(ya, ) = “g( sa)_||L°°(RN)'
Now let a0 to find

(5.20) %(( ta) = (01 10) — k) + Y(u(x01 16) — 0(x0. 1))

<118, 16) Il p=ry)-
We also claim that m(zy) = u(x,, t,) — v(xg, ty), which is in fact clear. Let us
review the outcome of the above that we need. If m, is given by (5.14), n € D(]0,[),

and (5.15) holds, we have produced ¢, € E, (n(my(¢) — k)) such that (5.20) holds,
which is

(%) (m
(1)
By Corollary 1.12 we conclude,
er'mo(1) < mo(0) + [e”lg(-, 5) -, .

which completes the proof.

REMARK (ADDED IN PROOF). If u and v are merely continuous and bounded, then
my(t) is not necessarily continuous and one works with its upper-semicontinuous
envelope. (Corollary 1.12—and other results herein—are valid for usc functions.)
The alternative proof introduced in [27] is probably more convenient then.

V.3. The cone of dependence. We are out to show that if u, v are two viscosity
solutions of

(5.21) u,+ H(x,t,u, Du) =0 inRVX]0,T]

olte) — k) + ymy(1) < llg(-, 1)l L>(RY)-
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with u(x,0) = v(x,0) on some ball | x|< R, then—under natural assumptions—u
= v on the cone | x |< R — Lt where L is a Lipschitz constant for H(x, ¢, r, p) in p.

We assume
(5.22) He C(RVX[0,T] X RXR")and H(x, t, r, p) is nondecreasing in r
' for (x, ¢, p) ERV X [0,T] X RV,

The main result is

THEOREM V.3. Let u, v € C(RY X [0, T]) be viscosity solutions of (5.21) on Q=
RN X [0, T]. Let (5.22) hold and

(5.23) u(x,0) <v(x,0) on|x|<R,

(5.24) € = max(l| Dull jw(g, .| Doll jg,y) . m = max(llull =gy, 0l =0, )

and
(5.25) |H(x,t,r,p) = H(x,1,r,q)|<L|p—q|
’ for|pl,|q|<C,|r|<m,|x|<R-Lt,and0<t<T.
Then
(5.26) u<v on|x|<R-Lt, 0<¢<T.

Moreover, this is correct if C = oo in (5.25), u,v € C(Q_T), and H(x,t,r, p) is
continuous in (x, t) uniformly for |r|<m, p € R".

This result is a consequence of the following proposition.

PROPOSITION V.4. Let (5.22) hold and u, v € C(Q7) be viscosity solutions of (5.21)
on Qr. Let A € C'(Q7), A =0, A = 0 for | x| large and

(5.27 -A,>L|DA| in(supp A)° (the interior of supp A).
t

Assume (5.24) and that (5.25) holds for (x,t) € (supp A)°. If u(x,0) < v(x,0) on
{(x,0): A(x,0) > 0}, then u < v on supp A. Moreover, the result is valid if C = oo in
(5.25), u,v € C(Qr) and H(x, t, r, p) is continuous in (x, t) uniformly for |r|< m,
p ERY.

We prove the theorem from the proposition and then prove the proposition.
ProOF OF THEOREM V.3. Consider

A(x,t) =g(Ro— Lt — X x|'*%)
where g € C*(R), g(r) =0if r <0, g’(r) > 0if r > 0. One has
suppA = {(x,1):0<t<R/L,|x|<(N'(R, — L1))"""")
s0 {x: A(x,0) >0} = {| x|< (X'R,)!/("*®}. We choose A, a so that
(5.28) (X'Ry)" " <R or 1<AR'“/R,,
whence (5.23) implies u(x, 0) < v(x, 0) on supp A(-,0). Now
g(Ry— Lt —A|x|"**) >0 on (suppA)’
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and
L|DA|=LN1 + a)|x|%g’(Ry — Lt — A| x|'**),
-A,=Lg'(Ry— Lt — M| x|'*?).
If
(5.29) A1+ a)RE<1

we have —-A, > L| DA | on (supp A)°. The proposition implies # < v on supp A. We
will be done once we show that we can choose A = A(a), R, = Ry(a) so that (5.28)
and (5.29) hold and A(a) - 1, Ro(a@) > R as a 0. Put (1 + 2a)R}"™* = R'*= Then
(5.28) and (5.29) become

1 _y (1 +20)V0
(1+2a)/0*9Re (1+a)R®
so we may use A(a) = 1/((1 + 2a)!/'*®R®), The proof is complete.

PROOF OF PROPOSITION V4. Let ¢,, {, be as in the proof of Theorem V.2 and
u, v, A as in the proposition. We assume
M= max A(u—0v)>0

supp A
O<:<T

and will reach a contradiction.
Set

M, = Qr;%r%(x =)t = 5)A(x, )A(y, s)(u(x, 1) — v(y,s))

= (pa(xa _ya)‘lla(ta - SG)A(xa’ ta)A(ya’ sa)(u('xa’ ta) - v(ya’ sa))'
Clearly M, > M >0 and so 7,,5, =8 >0 and (x,,,), (J, 5,) € suppA° for a

small. Thus
Yo y_ 0A (u—v) [ D% DA
% u—ov) YRR + H|x,,t,, u,(u—0) P + =] <0
Voo .y _ A (u—0) _ o[ D% _ DA
+ a(v u) 35 N + H| y,, 5., 0,— (1 — 0) P A =0

where the reader can keep track of the correct arguments in each term. Subtracting

these yields
S e )~ oy e s s
a e A (x,0 ) O A(x00 1)
Dx% D A
+H(xa,ta,u,(u u)( p + == A ))

a

Dx(pa D)’A
H(ya’sa9v»_(u v)(—(p— T <0.
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Since u(x,, t,) = v(Y,, 5,), (5.22) allows us to replace v by u in the third argument
of H above. Now, since (x,, £,), (Vo> 52) = (X0, t5) € (supp A)° and

(u(xes 12) — 0030 sa))( (Dg)(xs —2a) | PA(xo: o) )‘ <c

Pu( X4 = Ja) A(x,, 1)
) =t | RS - <

by (5.24) and Lemma I1.3 we may let a | 0 above and use (5.25) to conclude
A
_ZW(XO, to)(u — v)(xo, 29) — 2L| DA(xo, t9) | (4 — 0)(x0, 2,) <O

which contradicts ~-A, > L| DA | on (supp A)°. This passage to the limit is valid if
C < o00. If C = oo it is valid under the assumption that H(x, ¢, r, p) is uniformly
continuous in (x, t) for | r|< m,p € R".

REMARK 5.30. There are many possible variants of these results, including continu-
ous dependence of solutions of u, + H(x, t, u, Du) = g in the cone of dependence
onu(x,0)in |x|< Rand gin|x|< R — LT. But it is obvious how to obtain these.

REMARK 5.31. Results in the spirit of Theorem V.3 are given in A. Friedman [16],
S. N. Kruzkov [20] and P. L. Lions [22]. However, these all deal with generalized
(W'*) solutions obtained via the vanishing viscosity method rather than intrinsi-
cally characterized solutions.

REMARK 5.32. The assumption C < co in (5.24) is a stringent requirement—but
certainly a necessary one in general. Typical existence theorems provide W'
solutions in any case (e.g. [13, 16, 22]).

V.4. Examples of nonuniqueness. Let b € C(R). If the solutions of

(5.33) dr

are “too” nonunique, then bounded viscosity solutions of

+b ~0, +>0,xER,
(5.34) {“‘ (x)u, X

u(x,0) = ug(x),

will also not be unique.

Let us make this precise. Assume for every x, € R we may choose a solution
x = X(1, x,) of (5.33) defined for ¢ € R in such a way that: X(, x,) is continuous in
(2, x¢), xg = X(1, x,) is a homeomorphism of R for each 7 € R and X(¢, X(7, x,))
= X(t + 7, xq) for t, 7, x, ER (i.e., X is a “flow” or one parameter group). We
claim that then

(5.35) u(x, 1) = ug( X(-t, x))
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is a viscosity solution of (5.34). The initial condition is clearly satisfied. Let ¢ €
DR X (0,0))*, k ERand (X, t) € E, (p(u — k)). Then, by (5.35),

o(x, 1) u(x, 1) — k) = o(x, 1) (uo( X(~1, X)) — k)
> o(x, t)(uo( X(~t, x)) — k)
for all f and x. Put x = X(¢ — ¢, X) in this inequality to find

o(x,0)(u(%, 1) — k) = @(X(t = 1,5), 1)(u(X, 1) — k)
for all ¢. This implies that t - @( X(1 — 1, X), t) is maximized at t = ¢ and so

Go(XG =090 =a(50) +b(Re w0 =0.

Multiplying this relation by (u(x, 1) — k)/@(x, 1) we find u is a viscosity subsolu-
tion of u, + bu, = 0. Similarly, it is a supersolution and so a solution.
Nonuniqueness arises when X may be chosen in more than one way. In [3]
examples of this may be found. The simplest have the following structure: There are
classes % of continuously differentiable homeomorphisms of R such that for f, g € ¥

one has f'(f "(x)) = g'(g”'(x)). If f # g and b(x) = f'(f~'(x)), then
X\(t,x0) = f(t +F7(x0)),  X,(t,x0) = g(t + g7(x,))
are distinct flows with the desired properties. More complex examples in higher
dimensions are also given in [3].
While this example is for the pure Cauchy problem, it may be regarded as a
Dirichlet problem in a half-space. To get the Hamiltonian to be increasing in the
unknown, set v = e "'u in (5.34) so that it becomes

{v, + yo + b(x)v, =0,
0(x,0) = uy(x).

VI. Existence of viscosity solutions for the Cauchy problem. As in §IV, we will
restrict ourselves to a few remarks. Two of the basic ways to produce solutions of the
Cauchy problem are the vanishing viscosity method and numerical approximation. If
the method of vanishing viscosity converges, the result will be a viscosity solution
(Theorem VI.1). This fact may be used in a straightforward way to obtain many new
existence and uniqueness theorems. This is indicated by the very general results
stated for the simple model problem of §IV.2. The relationship to the nonlinear
semigroup theory is touched on in §VI.3. Convergence of numerical schemes to
viscosity solutions is discussed in [8].

VI.1. Vanishing viscosity and viscosity solutions. Avoiding useless repetition, we
rely on the reader to adapt the proof of Proposition IV.1 and establish

PROPOSITION VI.1. Let u, be a solution of
u,— eAu, + H(x,t,u,Du,) =0 inQy,
u,=z, ondQX[0,T], u x,0)=uy(x) inQ,

€ €

(6.1)

with u_,u,, . € C(Qr) and u € Cy(Qy). Assume H, - H in C(Q; X R X RY),

e’ Yex;x;
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z, - zin C(0Q X [0, T)) and uy, — uyin c(Q). Ife, 10 and u, — uin C(Qy), then u

is a viscosity solution of

(6.2) u,+ H(x,t,u,Du) =0 inQ;.

If the convergence u, — u is in C( QT), then u also satisfies

(6.3) u=z ondQXx[0,T], u(x,0)=uyx) inQ.
VI1.2. A model problem. Let

(6.4) H e C(RY), u, € BUC(RV)

and consider the problem

{(i) u,+ H(Du)=0  inR¥X]0, 00[=0,

6.5
(63) (ii) u(x,0) = uy(x) inRY,
Our main existence result for (6.5) is

THEOREM V1.2. Let (6.4) hold. Then there is a unique u € C(Q) N Cy(Q;) for all
T > 0 which is a viscosity solution of u, + H(Du) = 0 and Q and satisfies

(6.6) lifg lu(-, 1) = ug(-)ll =gy = 0.
t
Moreover,
(6.7) |u(x,t) —u(y,t)|< sup |up(§) —ug(é+y—x)| forx,y €ERY,1=0.
¢€RY

Finally, if S(t): BUC(RY) - BUC(RY) is defined for t =0 by S(t)u, = u(-, t), then
S is a strongly continuous nonexpansive semigroup on BUC(RY) such that

(6.8) N(S(r)ug — S(f)vo)Jr I Lo myy < (g — '-’0)+ | = mr)
for ugv, € BUC(RV).

The existence of u satisfying (6.6) and (6.7) is easily established by the vanishing
viscosity method, and we will not carry this out. (The proof of Proposition I1V.3
indicates the main points.) The uniqueness and the estimate (6.8) follow from
Theorem V.2. The uniqueness implies the semigroup property S(¢)S(7) = S(¢ + 1)
for ¢, 7 = 0 as usual. We remark that (6.7) also follows from (6.8) and the translation
invariance of this model problem as reflected in

vo(x +») = ug(x) = (S(2)ve)(x +y) = (S(1)up)(x).

Actually, Theorem VI.2 follows directly from Proposition IV.3 and nonlinear
semigroup theory, as recalled next.

V1.3. An m-accretive operator. Several authors, in particular Aizawa [1] and
Tamburro [25], recognized that nonlinear semigroup theory provides solutions to the
Cauchy problem for HJ equations. We just sketch this here in our new context for
our model problem.

Let H € C(R"). Define an operator 4 in BUC (RV) by u € BUC(R") is in D(A)
if there is a g € BUC(RY) for which H(Du) = g in the viscosity sense and then set
Au = g. It follows from Proposition IV.3 that for each m € BUC(R") and A > 0 the
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problem u + AAu = m has a unique viscosity solution u € D(A). Denote this
solution by u = Jym, J, = (I + AA4)™". It also follows from Proposition IV.3 that

{ () 1(Jam = Jyn) "l poayy < 1(m = 1) * 1l pory

6.9
(69) i) 1 — Iyl sy < 1 — 1) o

for m, n € BUC(RY). The condition (6.9)(ii) is the definition of “A is accretive” in
BUC(RY). The fact that also R(/ + A4) = BUC(RY) is by definition “A4 is m-
accretive” in BUC(RY). Clearly D(A) is dense in BUC(RY). By the Crandall-Liggett
Theorem (see, e.g., [2,7, 11]), the functions u,: [0, o] > BUC(R") defined for ¢ > 0
by

(i) u(0) = u,,
(6.10) (i) u(t+e)—u,r)

+Au(t+e)=0 fort>0

converge in BUC(RY) uniformly on compact ¢-sets as £ |0 to a limit

limu, (1) = lim (1 + ed) " uy = S(1)u,
el0 el0

where S(¢) is a strongly continuous nonexpansive semigroup on BUC(RY). We claim
S(#)u, is the viscosity solution of (6.5). Indeed, let u = S(t)uy, kK €ER, ¢ € D(Q)*
and E, (p(u — k)) = {(xq, t5)}. Set u(x,t) = u(t)(x). Since u, —» u locally uni-
formly, there will be an (x_, ¢,) in E, (p(u, — k)) for all sufficiently small ¢ > 0 for
which ¢, is not a discontinuity (a multiple of ¢) of u,. In the discussion below we let
€10 in the complement of {¢,/j:j = 1,2, ... }. Clearly (x,, t,) = (x,, t,)- We have

(6.11) o(x,, t.)(ulx,, 1) = k) = o(x, 1)(ulx,1) = k).
Since x, € E, (9(-, t, ) (u/-,t,) — k),R"), the definition of 4 and (6.10)(ii) yield

ue(xe’ te) — ue(xe’ te — 8) +H - (ue(xe’ te) _ k)
£ o(x,.1,)

(6.12) Do(x,,t,)]| <O.

Now, by (6.11)

P(xes 1) (%, 1) = ulx,. 1, ¢))
= o(xe t)(ulx.. 1) = k) = o(x,, 1, — &) (ulx,, 1, =€) = k)
= ((x,, 1) = 9(x,, t. = &))(ux,. 1, — €) = k)
=~ (o(x. 1) = 9(x. 1, = &))(ulx,, 1. — &) — k).

(6.13)

Using (6.13) in (6.12) yields

1 (e(xt) —@(x, 1. —¢)) (
o(x,,t,) €

ue(xs’ tE - e) - k)

ol () = )

Dop(x,, 1)) <O.
(p(xe’ te) ( )
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Letting € | 0 we find
yt) — k st) — k
—M%(Xo, ty) + H _(_“(LMDQ)(XO, 1,)] <0
o(xo, to) o(xo, 29)
and u is a viscosity subsolution. Similarly, it is a supersolution and the claim is
proved.

REeMARK. The notation used above assumed, for simplicity, that H(Du) = g, and
H(Du) = g, implies g, = g,. This has been established by L. C. Evans if H is
uniformly continuous and follows from results herein if | H(p)|— o as |p |~ oo.
The general case remains unsettled at the moment, so the 4 above might be
“multivalued” for some choices of H.

We make some further remarks below which help to clarify the relationship
between the notions of viscosity solutions and accretivity. (Only the reader who is
familiar with accretivity in spaces of continuous functions and its characterization
via duality will see the remarks in this light.) Assume H € C(2 X R X R¥), g € C(Q)
and u € C,(£2). By Theorem 1.3 and Proposition 1.18, u is a viscosity solution of

(6.14) H(x,u,Du) <g(x) inQ
if and only if for ¢ € C'(Q)
(6.15) H(x, u(x), Dy(x)) < g(x)

at each local maximum of # — ¢. Since we assumed that u is bounded, simple
arguments show that this condition be rewritten as

(6.16) H(x,u(x), Dy(x)) <g(x) onE,(u—y)fory € CYQ).
Similarly, u is a supersolution if and only if
(6.17) H(x,u(x), D(x)) =g(x) onE (u—4y)fory € C}(Q)

and, combining (6.16) and (6.17), u is a viscosity solution of H(x, u, Du) = g if and
only if

(6.18)  (H(x,u(x), Dy(x)) — g(x))(u(x) —¢(x)) =0
onE, (u—vy)UE_(u—y)fory € C)Q).

In the case in which H is independent of (x, u) and @ = R, this implies that 4
constructed above is the unique maximal T-accretive extension of its restriction to
smooth functions.
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