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Abstract

In the paper we prove some comparative growth properties of com-
posite entire functions on the basis of their maximum terms and maxi-
mum moduli using generalised L*-order and generalised L*-lower order.
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1 Introduction, Definitions and Notations.

Let C be the set of all finite complex numbers and f be an entire function

defined in C. The maximum term w (r, f) of f = > a,2™ on |z| = r is defined
n=0
by p(r, f) = mggc\an\ r™ and the maximum modulus M (r, f) of f on |z| =7

is defined as M (r, f) = Hax |f (2)| We use the standard notations and defini-

tions in the theory of entire functions which are available in [11]. In the sequel
we use the following notation :

log[k} x = log <log[k71] x) for k=1,2,3,.... and log[O] r =2
To start our paper we just recall the following definitions :

Definition 1 The order p; and lower order Ay of an entire function f are
defined as

log? Mf loo? M
py = lim sup—og (r. f) and Ay =lim inf—og (r, f)
00 logr r—00 logr

Extending this notion, Sato [6] defined the generalised order and gen-
eralised lower order of an entire function as follows :

]

Definition 2 [6/Let m be an integer > 2. The generalised order pE}n and

generalised lower order )\Efn] of an entire function f are defined by

loa™ Mf loa™ Nf
pEZn] = lim sup—Og (r, f) and /\EZ"] = liminf—& 2 J) (r, f)
00 log r r—00 log r
respectively.

For m = 2, Definition 2 reduces to Definition 1.
If p; < oo then f is of finite order. Also p; = 0 means that f is of order
zero. In this connection Datta and Biswas [2] gave the following definition :

Definition 3 [2/Let f be an entire function of order zero. Then the quantities
Py and \i* of f are defined by:
log M (r, f)

log M
p}* = lim supw and )\}* = liminf—=———~""2,
r—o0 log r r—co  logr
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Let L = L (r) be a positive continuous function increasing slowly i.e.,
L(ar) ~ L(r) as r — oo for every positive constant a. Singh and Barker [7]
defined it in the following way:

Definition 4 [7/A positive continuous function L (r) is called a slowly chang-
ing function if for e (> 0),

< <k® forr>r(e) and

1
ks

uniformly for k(> 1).
If further, L (r) is differentiable, the above condition is equivalent to

/
A
e L(r)

Somasundaram and Thamizharasi [8] introduced the notions of L-order
(L-lower order ) for entire functions where L = L (r) is a positive continuous
function increasing slowly i.e.,L (ar) ~ L(r) as r — oo for every positive
constant ‘a’. The more generalised concept for L-order ( L-lower order ) for
entire function are L*-order ( L*-lower order ). Their definitions are as follows:

Definition 5 [8/The L*-order p]Lc* and the L*-lower order )\JLc* of an entire
function f are defined as

. log? M (r, ) . log?” M (r, )
L I I 9 L — T . 9
Pr = hgljgp log [rel()] and Ay hﬂg}f log [rel(r)]

In the line of Sato [6] , Datta and Biswas [2] one can define the gener-

alised L*-order pgln]L* and generalised L*-lower order)\gln]L* of an entire function

f in the following manner :

Definition 6 Let m be an integer > 1. The generalised L*-order pgfn]L* and
[m]L

generalised L*-lower order A; ’ of an entire function f are defined as

(m] [m]
[m]L* . IOg M (T’ f) [m]L* 4. . 1Og M (T’ f)
o T oglret] M T ERR g et
respectively.

Datta, Biswas and Hoque [3] reformulated Definition 6 in terms of the
maximum terms of entire functions in the following way:
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Definition 7 [3] The growth indicators p[m]L* and )\E?I}L* for an entire function
f are defined as

[m] [m]
[m]L* 4. lOg I (T, f) [m]L* 4. . lOg K (T, f)
Py = h?iiljp—log el )] and Ay = h;g(l)tolf—og el

respectively where m be an integer > 1.

Lakshminarasimhan [4] introduced the idea of the functions of L-
bounded index. Later Lahiri and Bhattacharjee [5] worked on the entire func-
tions of L-bounded index and of non uniform L-bounded index. In this pa-
per we would like to investigate some growth properties of composite entire
functions on the basis of their maximum terms and maximum moduli using
generalised L*-order and generalised L*-lower order .

2 Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [9] Let f and g be any two entire functions with g(0) = 0. Then
for all sufficiently large values of r,

p(r, fog) > %u (%u (279) - \9(0)|,f) :

Lemma 2 [1] If f and g are any two entire functions then for all sufficiently
large values of r,

1

M (gM <£g) _ \g(O)|,f) < M(r,fog) < M(M(r,g),f).

3 Theorems.

In this section we present the main results of the paper.

Theorem 1 Let f and g be any two entire functions such that 0 < /\B?I}L*

[m] L

<
< oo where m > 1 and 0 < )\5* < pf]‘* < 00. Then for every constant A
and real number x,
log™
i Lo8™ p(r fo gzﬂ
r—»oo{log[m} ,U(?“A,f)}

=0 .
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Proof. If z is such that 1+2 < 0, then the theorem is obvious. So we suppose
that 1 +2 > 0.
Now in view of Lemma 1, we get for all sufficiently large values of r that

1 /1
p(r,fog) > 5#(1—6M<g,9),f)

' - m 1 T
ie., log™ pu(r,fog) > O(1)+log™ (E“ <_’9)’f)

i.e., log[m] p(r, fog)>0(1)+ <)‘£:n]L* o 8) {log {iﬂ < ,g)}

ie., log™ p(r, fog)>0 (1)
(= () o () 0

where we choose 0 < ¢ < min {)\Efn]“, )\5*} .
Also for all sufficiently large values of r, we obtain that

log™ p (r, f) < (p[L"Z% + 5) log {rAeL(’"A)}
ie., log™pu(rt f) < (p[m}L* + 5) log {rAeL(TA)}
i.e., {log[m] [ (TA, f) }Hz (p[m}L* + 5) o (A logr 4+ L (TA))HI . (2)

Therefore from (1) and (2) it follows for all sufficiently large values of r that

IN

[m]

p(r, fog)
1+x
{log[m} i (r4, f)}

log

) e L0 (1) + L (&0 (5.9))
14z : (3>
(Alogr + L (r4))"*
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Thus the theorem follows from (3). m

In the line of Theorem 1, we may establish the following theorem for the
right factor of the composite entire function :

Theorem 2 Let f and g be any two entire functions with 0 < )\EZML* <

pgfn]L* <00 and 0 < AL" < pk" < co where m > 1. Then for every constant A

and real number x,

log™ y (r, f 0 9)
1+z

lim
e {10g[2] i (r, g)}

=0 .

The proof is omitted.

Theorem 3 Let f and g be any two entire functions such that 0 < /\an}L* <

p?l]L* < 00 and 0 < )\5* < pé* < oo where m > 1. Then for any two positive

integers a and [3,

[m+1]

i 108" p(exp (exp (%)), f o g)

r=colog™ yi (exp (1), f) + L (exp (exp (r)))

= 00,

0 if r® = o {L (exp (exp (r?)))} asr — oo

where K (r, o; L) = { L (exp (exp (r®))) otherwise .

Proof. Taking x = 0 and A = 1 in Theorem 1, we obtain for K > 1 and for
all sufficiently large values of r that

log™ pi(r, fog) > Klog™ pu(r, f)
K
ie., log" N pu(r, fog) > {1og[m’”u(7zf)}

K
ie., logm pu(r fog) > {1og[m‘” pu(r, f)}
ie., logm™ N p(r, fog) > log™ u(r f) (4)

Therefore from (4) we get for all sufficiently large values of r that

[m] [m]

log"™ 1 (exp (exp (%)), f o g) > log"™ u (exp (exp (r?)) , f)

[m]

1 (exp (exp (r)), f o g)
. (AEZn]L* _ 5) Jdog {exp (exp (r%)) . exp L (exp (exp (r*)))}

i.e., log
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i.e., log™ (exp (exp (r%)), f o g)
> (AP —2) Al () + L (exp (exp ()}

[m]

i.e., log"™ u(exp (exp (r)), fog)

> (A ). {<exp ) (1 L Liewp (e @)))}

(exp (r®)

i.e., log™™ i (exp (exp (r®)), fog) > O(1)+logexp (r®)
—i—log{l o L(exp (exp (7)““)))}

(exp (r*)

i.e., log™™ i (exp (exp (1Y), fo g) > O (1) + r®

+10g{1+

L (exp (exp (r?)))
)

(exp (r*)

i.e., log™ ™y (exp (exp (r®)), f o g) > O (1) +1* + L (exp (exp (r*)))
—log [exp { L (exp (exp (r)))}]
L (exp (exp (T‘“)))]
exp (ur®)

+ log {1%—

ie., 1og!™ ! 1 (exp (exp (r®)), f o g) > O (1) +1* + L (exp (exp (r®)))
1
exp { L (exp (exp (r*)))}
L (exp (exp (r*))) }
exp { L (exp (exp (r%)))} . exp (r<)

+ log

i.e., log™ i (exp (exp (%)), fo g) > O (1) 4+ r@P 48
+ L (exp (exp (r?))) . (5)

Again we have for all sufficiently large values of r that
log"™ yi (exp (7). f) < <p£§n]L* + 5) log {exp () eL(eXP(Tﬂ))}
i.e., log™ (exp (Tﬁ) ,f) < (pgf”]L* + 6) {log exp (Tﬁ) +L (exp (rﬁ))}

i.e., logm (exp (), f) < (P?]L* + 5) {r? + L (exp (")) }
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108 exp (%) f) = (o +2) L (exp (1))
i.e., .
G

Now from (5) and (6) it follows for all sufficiently large values of r that

<r. (6)

log!"™ ! 41 (exp (exp (%)), f © 9)
(a—) N .
>0 (1) + <m> [10g[ L (exp (), f) — <p50 ] +5) L (exp (rﬁ))}
+ L (exp (exp (r”))) (7)
o™ (exp (exp () £ o) - Lexp(exp () + 01

’ log"™ p1 (exp (%) , f) — log"yi(exp (%), f)

(a—) P o) L (exp (7))
+ 1—<f[m} ) 5 ' ®

Pt e log"™  (exp (r7), f)

Again from (7) we get for all sufficiently large values of r that

log" ™! 11 (exp (exp (r)) , f 0 g)

log"™ 11 (exp (rf), f) + L (exp (exp (r®)))
O (1) —rle=8p[ (exp (Tﬁ))

= 108" (exp (), )+ L (exp (050 ()
(s ) s ex0 0%). )

log"™ s (exp (rf), f) + L (exp (exp (r®)))
L (exp (exp (r?)))
log™ i (exp (r#), f) + L (exp (exp (r®)))

O(l)fr((’_ﬁ)L(exp(rﬁ))
plexp(exp (), fog) T ilewenr)

log[erl}

i.e., 1Og[m} B (eXp (7“'6) ’ f) + I (GXp (exp (Ta))) - log[m] ;L(exp(rﬁ),f) 1
Lonenr™) T
r(a—pB)
P e 1

+

L(exp(exp(r®))) log!™ p(exp(r8),f ’
L o)) 1+ e dentr )

Case I. If % = o {L (exp (exp (r®)))} then it follows from (8) that

[m+1] o
o s (exp (exp (). S 0g)

r—oo log™ 11 (exp (r?) , f)
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Case II. If r° # o {L (exp (exp (r%)))} then two sub cases may arise:
Sub case (a). If L (exp (exp (r%))) = o {log[m] 1 (exp (r?) ,f)}, then we get
from (9) that

fe dog! D (exp (exp (1)) f 0 9)

r—00 ]og[m} p(exp (r8), f) + L (exp (exp (r®)))

=0 .

Sub case (b). If L (exp (exp (r%))) ~ log™ 1 (exp (r?), f) then

i e (exp (r))

r=cologl™ i (exp (r#), f)

and we obtain from (9) that

[m+1} «
liminf 08" plexp(exp (r?)), fog)

r—=0 logl™ i (exp (rP), f) + L (exp (exp (r®)))

Combining Case I and Case II we obtain that

loglm+1] a
i 108" plexp(exp (1), fog)

r=log™ i (exp (7), f) + L (exp (exp (°)))

0 if r* = o{L (exp (exp (r%)))} asr — o0
L (exp (exp (r*))) otherwise .
This proves the theorem. m

where K (r,a; L) = {

Theorem 4 Let f and g be any two entire functions with 0 < )\EZML* <

pE:n]L* < 00 and 0 < )\5* < pl" < 0o where m > 1. Then for any two positive

integers a and (3,
" i (exp (exp (7)), f o g)

]
m mog
r=oologt® 1 (exp (r?) , g) + L (exp (exp (r®)))

= 00,

gy 0ifr?=o{L(exp(exp (r*)))} as 1 — o0
where K (r,a; L) = { L (exp (exp (r*))) otherwise .

The proof is omitted because it can be carried out in the line of Theorem
3.

Remark 1 In view of Lemma 2, the results analogous to Theorem 1, Theorem
2, Theorem 3 and Theorem 4 can also be derived in terms of mazximum moduli
of composite entire functions.
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Theorem 5 Let f and g be any two entire functions such that 0 < ,05* <
/\B?I}L* < pEIm]L* < oo where m > 1. Then for any (3 > 1,

1 [m]
i og"™ u(r, fog) —0,

r=colog™ i (r, f) - K (r,g; L)

1if L(p(Br,g)) = o{r*e**M} asr — oo
where K (r,g; L) = and for some a < /\Ecm]L*

L(u(Br,g)) otherwise.

Proof. In view of Lemma 2 and taking R = fr in the inequality pu(r, f) <
M (r, f) < F=p (R, f) {cf. [10] }, we have for all sufficiently large values of
r that

pulr, fog) < M(r,fog) < M(M(r.g),f)
i.e., log[m} w(r, fog) < log[m} M (M (r,g), f)

ie., logl™ p(r, fog) < <p£Z”]L* + 5> [log M (r,g) eL(M(Tag))}

isc., log" u(r.fog) < ("™ +<) logM (rg) + L(M (rg))]  (10)

ie., log!™ p(r, fog) < (p[mw + e) {{reL“)}(”g**E) +L ((56 I (Br, g))}

. m m|L* r 5*"'5
b Tog i fog) < () [{re ) ) (o) )
Also we obtain for all sufficiently large values of r that

log"™ p (r, f) = (A" = &) log [re")]

ie., log™ u(r, f) > </\Bf”]L* - 5) log [T@L(T)]

L __
e, Tog™ p(r, f) > [ret@) 57
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Now from (11) and (12) we get for all sufficiently large values of r that

o pogy (" +2) [ Y L

log™ u(r, f) rebm) (A7 =2)
Since pf" < )\B?I}L*, we can choose ¢ (> 0) in such a way that
pj* +e< )\EZ”}L* —c. (14)

Case L Let L (u(f8r,g)) = o {r®e*“"} as r — oo and for some o < )\EZn]L*.

As a < /\Bln}L*, we can choose € (> 0) in such a way that
a < )\EZH]L* —€. (15)

Since L (1 (Br, g)) = o {r*e*""} as r — oo we get on using (15) that

L (p(Br,g))
roeal(r)

L(p(Br,9))

et (47 )

—0asr —

, —0asr— 00. (16)

Now in view of (13), (14) and (16) we obtain that

log!™ u(r, f 0 g)
=% log™ pu(r, )

~0. (17)

Case IL If L(u(Br,g)) # o{r*e®l} as r — oo and for some a < )\EZML*
then we get from (13) that for a sequence of values of r tending to infinity,

log[m] w(r, fog) (PEZN]L* + 6) {TeL(T)}(pg +e)
log[m} w(r, fYL(pu(Br,g)) — [TeL(r)](AE‘M]L* _e) L(1(Br,q))

(" +2)

+ — ) (18)
ret) (7 =)
Now using (14) it follows from (18) that
log!™
Og M(T7fog) :O . (19)

im
r~log™ i (r, £) L (1 (Br, 9))
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Combining (17) and (19) we obtain that

[m]

I log"™ pu(r, f o g) -

im =

7‘—>oo]0g[m} M (T, f) K (7“, g; L)
Lif L(p(Br,g)) = o{r®e*t} asr — oo

where K (r,g; L) = and for some o < )\Ezn}L*
L(u(Br,g)) otherwise.

Thus the theorem is established. m

I

The following theorem can be carried out in the line of Theorem 5 and
therefore its proof is omitted :

Theorem 6 Let f and g be any two entire functions with 0 < ,05* < ,OEZR]L* <

oo where m > 1. Then for any g > 1,
[m]

L inf_ 108 w(r, fog) _0

r=o log"™ pu(r, f) - K (r, g; L)
1if L(pu(Br,g)) = o{r*e*t™} asr — oo

where K (r,g; L) = and for some a < pE?ﬂL*

L(u(Br,g)) otherwise.

Y

Replacing maximum term by maximum modulus in Theorem 5 and Theo-
rem 6 we respectively get Theorem 7 and Theorem 8 and therefore their proofs
are omitted.

Theorem 7 Let f and g be any two entire functions such that 0 < pé* <
)\EZML* < pgfn]L* < oo where m > 1. Then
. log!™ M(r, f o g)
lim
r—oo]ogl™ N (r,f)- K (r,g; L)
Lif L(M (r,g)) =o{r*e*"} asr — oo
where K (r,g; L) = and for some a < /\BZn}L*
L (M (r,g)) otherwise.

’

Theorem 8 Suppose f and g be any two entire functions with 0 < pé* <

pgfn]L* < o0 where m > 1. Then

[m]
lim inf log™ M(r,fog) =0
r—00 log[m} M (r,f)- K (r,g; L)

1if L(M (r,g)) =o{r*e*M} asr — oo

where K (r,g; L) = and for some a < pgln}L*

L (M (r,g)) otherwise.

Y
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[m]L

Theorem 9 Let f and g be any two entire functions with p < 00, 0 <

)\5* < pg‘* < 00 where m is any positive integer. Then for any 3 > 1,
(@) If L (11 (8r,9)) = 0 {10g™ i (r, )} then

1 [m+1} L*
lim sup 128 p(r, fog) < Pi*

r—oo log? i (r, g) + L (1 (1, 9)) ~ Ag
and (b) if log® i (r, ) = o{L (11(Br, 9))} then

1 [m+1]
i 1ol fog)

r=log® 1 (r, g) + L (1 (0, 9))
Proof. Taking R = [r in the inequality

R
and also using log {1 + O(llgiéggg’g ))} ~ Ou&;géﬁi@’g)), for all sufficiently large

values of r we obtain from (10) that

[m]

pu(r, fog)
< (" ) {bgu (Br,9) +O(1) + L (

log
g
(6-1)

(B, g))}

i.co, Yog" u(r.f 0 g) < (" + <) log p (6r.g) [1 P A 9))}

log 11 (87, 9)

i.e., logm+1 u(r, fog) <log (pBZn}L* + 6) +log®? 1 (Br, g)

O(1) + L (u(Br, g))}
log 1t (81, 9)

+log{1+

ice., 1og"™ ! ju(r, f o g) <log (o™ +¢) + (o +¢) log { Bre)}

O(1) + L (u(Br, g))}
log 1t (87, 9)

+10g{1+

ie., log™™ i (r, fog) <log <p£zn}L* - 5) + (pk + &) log { Bre™ ™}

O(1) + L (1 (Br, g))
+10g{1+ log 1t (81, 9) }
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ie. log" My (r fog) O) + (pg +¢) {log Br+ L (1)} + O“io;f &gg’ ”

i, log"™ M yu(r, fog) <O(1)+ (p +e) {logr+ L(r)}

O(1) + L (p(Br,g)) (20)

v 1 :
Flog +e)losd log (67, 9)

Again from the definition of L*-lower order, we get for all sufficiently large

values of r that

—¢)log [reL(”)]

>~

log® 1 (r, 9) > ( )
ie., log® p(r,g) > ()\g —¢)log [reL(”)]
ie., log® pu(r, g) > ()\5* —¢) [logr + L (r)]
log!?
ie., logr+L(r) < %(ng) (21)

Hence from (20) and (21) it follows for all sufficiently large values of r that

log"™ ™ (7, f o g)
O(1) + L(u(Br,g))

L*
p, +¢ -
< O+ [ 22— - 1og® p(r,q) + (o +¢)log B +
< 0(1) <A§ _€> g u(r,g)+ (py +¢)log log 1 (5r.9)

log!"™ ! i (r, f 0 g)
" log® pu(r, g) + L (1 (Br, 9))
O(1)+ (pé* + 5) log 3 (,05* + 6) . IOg[Q] w(r, g)
“log® p(r,g) + L (Brig)  \ XNy —¢) log®u(r,g)+ L(u(Br,g)
O(1) + L(p(Br,g))

[log™ 11 (r, ) + L (12 (8, 9))| Yo 1 (81 9)

1.6

+

L*
- O(1)+(PL*+€) log 8 (pg *+6)
i g™ Mu(rfog) T TG A
log® i (r,g) + L (n (Br.g) ~ leEmura) 4y
1
- (22
14+ 7409 log i (51, g)

L(p(Br,g))
1+ log() u(r,9)

+
L(p(Br.g))
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Since L (u (Br,g)) = o {log[Q] w(r, g)} as r — oo and ¢ (> 0) is arbitrary, we
obtain from (22) that

1 [m41] L*
lim sup o8 pr.fog) < Ps_

. 23
r—oo log® pu(r,g) + L (n(Br,g)) ~— Ay (23)

Again if log®? i (r, g) = o {L (1 (Br, g))} then from (22) we get that

1 [m+1]

r—oolog® i (r, 9) + L (1 (Br, g))

Thus the theorem follows from (23) and (24). m

Corollary 1 Let f and g be any two entire functions with pBZn]L* < o0 and
0< ,05* < oo where m > 1. Then for any 3 > 1,

(a) if L(u(Br,9)) = 0 {1og™ (r,g) } then

log[er”

. p(r, fog)
lim inf 7
r=oo log i (1, g) + L (1 (Br, g))

and (b) if log® i (r, ) = o{L (11 (Br, )} then

1 [m+1]

o log® 1 (r, g) + L (1 (81, 9))

<1

We omit the proof of Corollary 1 because it can be carried out in the line
of Theorem 7.

Remark 2 The equality sign in Theorem 5 and Corollary 1 cannot be removed
as we see in the following example:

Example 1 Let f =g=expz, m=2, =2 and L(r) = %Dexp (%) where p
15 any positive real number.
Then

Now

log u(r, f o g) log M (r, f o g) = expr,

and 2p (21, g)

IV IA

M (r,g) =expr .



252 Sanjib Kumar Datta, Tanmay Biswas and Azizul Haque

Also
r r
log(r,fog) > logM <§,fog> +O(1) = exp <§> +0(1),
and p(r,g) < M(r,g) =expr .
So
L(M (r,g)) = L{expr) = - :

r,g)) = Xpr —pexp oor)

Hence
logh! 1

lim sup o p(r, fog) < limsup 08T =1

expr

r—oo log® 1 (r, 9) + L (1(Br, g)) r—oo Jogr + O (1) +%exp< L )

and
log!? 1 1
lim inf-—r - M(T’Lfog) 2 lim inf Ogi+0( >1 =1
og” p(r,g) + L (p(Br,g)) logr + - exp (expr>
Therefore
log!! log!¥!
lminf 087 n(nSog) oo logBplnfog)

r=oe log® pu(r,9) + L (n(Br,g))  r=oo log® u(r,9) + L (1 (6r,9))

[m]L*

Theorem 10 Let f and g be any two entire functions with p < 00 and

0< /\5* < pf]‘* < oo where m is any positive integer. Then

(a) if L(M (r,g9)) =0 {logm M(r,g} then

[m+1] L*
lim sup [Jog M{r.Jo9) < pi*
r—oo log® M (r,g) + L (M (r,g)) — A

g

and (b) if log® M (r,g) = o{L (M (r,g))} then

" log™+1 pf (r,fog)
im —
r—clog® M (r,g) + L (M (r, 9))

Corollary 2 Let f and g be any two entire functions with pBZn]L* < o0 and
0< pg* < oo where m > 1. Then for any B > 1,

(a) if L(M (r,g9)) =0 {logm M (r, g)} then

. log"™ ! M (r, f o g)
lim inf ) <
r—c0 logP®l M (r, g) + L (M (r,g))
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and (b) if log® M (r,g) = o {L (M (r,g))} then

1 [m+1] M
lim inf mog (r.fog) =0
r=oc Jog¥ M (r,g) + L (M (r,g))

We omit the proof of Theorem 10 and Corollary 2 because in view of Lemma
2 it can be carried out in the line of Theorem 9 and Corollary 1 respectively.

Remark 3 Considering f = g = expz, m = 2 and L(r) = %exp (%) where
p is any positive real number, one can easily verify that the equality sign in
Theorem 10 and Corollary 2 cannot be removed.
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