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Abstract

The following techniques for uncertainty and sensitivity analysis are briefly summarized: Monte Carlo analysis, differential analysis,

response surface methodology, Fourier amplitude sensitivity test, Sobol’ variance decomposition, and fast probability integration. Desirable

features of Monte Carlo analysis in conjunction with Latin hypercube sampling are described in discussions of the following topics: (i)

properties of random, stratified and Latin hypercube sampling, (ii) comparisons of random and Latin hypercube sampling, (iii) operations

involving Latin hypercube sampling (i.e. correlation control, reweighting of samples to incorporate changed distributions, replicated

sampling to test reproducibility of results), (iv) uncertainty analysis (i.e. cumulative distribution functions, complementary cumulative

distribution functions, box plots), (v) sensitivity analysis (i.e. scatterplots, regression analysis, correlation analysis, rank transformations,

searches for nonrandom patterns), and (vi) analyses involving stochastic (i.e. aleatory) and subjective (i.e. epistemic) uncertainty.
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1. Introduction

The assessment and presentation of the effects of

uncertainty are now widely recognized as important parts

of analyses for complex systems [1–6]. At the simplest

level, such analyses can be viewed as the study of functions

of the form

y ¼ fðxÞ; ð1:1Þ

where the function f represents the model or models under

study, x ¼ ½x1; x2;…� is a vector of model inputs, and

y ¼ ½y1; y2;…� is a vector of model predictions. The goal of

an uncertainty analysis is to determine the uncertainty in the

elements of y that results from uncertainty in the elements of

x. A typical adjunct to an uncertainty analysis is a sensitivity

analysis, which attempts to determine how the uncertainty

in individual elements of x affects the uncertainty in the

elements of y. In practice, f can be quite complex (e.g. one

or more computer programs involving complex algorithms

and many thousands of lines of programming); further, x

and y are often of high dimension.

To carry out uncertainty and sensitivity analyses, the

uncertainty in the elements of x must be characterized. For

this presentation, the uncertainty in the elements of x is

assumed to be characterized by a sequence of distributions

D1;D2;…;DnX ; ð1:2Þ

where Dj is the distribution associated with the element xj of

x and nX is the number of elements contained in x (i.e.

x ¼ ½x1; x2;…; xnX�). Various correlations and additional

relationships between the elements of x are also possible.

Initially, the distributions in Eq. (1.2) will be assumed to

characterize a degree of belief with respect to where the

appropriate values for the elements of x are located for use

in the evaluation of the function f in Eq. (1.1). When used in

this manner, these distributions are providing a quantitative

representation for what is commonly referred to as

subjective or epistemic uncertainty [7,8]. Such distributions

are often developed through an expert review process

[9–29].
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For notational convenience, the function f, and hence y,

in Eq. (1.1) will be assumed to be scalar-valued, although

such simplicity is almost never the case in real analyses.

With this assumption, the representation in Eq. (1.1)

becomes

y ¼ f ðxÞ: ð1:3Þ

Further, again for notational convenience and also for ease

in distinguishing between different uses of probability at

later points in this presentation, the distributions in Eq. (1.2)

and any additional relationships imposed on the elements of

x will be represented by a probability space (Ssu; Ssu; psu),

where the subscript ‘su’ is used as a designator for

‘subjective’. As a reminder, a probability space (S; S; p),

consists of three elements: a set S that contains everything

that could occur in the particular universe under consider-

ation; a collection S of subsets of S for which probability

will be defined; and a function p that actually defines

probability for the elements of S (Sect. IV.4, Ref. [30]). In

the terminology of probability theory, the set S is the

sample space; the elements of S (i.e. the vectors x in Eqs.

(1.1) and (1.3)) are elementary events; the elements of S are

events; and the function p is a probability measure.

When viewed in its most general form, uncertainty

analysis simply involves determination of the distribution

for y that results from the function f in Eq. (1.3) and the

distributions D1;D2;…;DnX in Eq. (1.2), which define the

probability space (Ssu; Ssu; psu). Further, the distribution

for y can be presented as a cumulative distribution function

(CDF) or as a complementary cumulative distribution

function (CCDF), which is simply one minus the CDF

(Fig. 1). The CCDF is typically used when it is desired to

display small probabilities associated with large values of y

or when it is desired to answer the question “How likely is y

to be this large or larger?” Given that it can be determined,

the CDF, or equivalently the CCDF, in Fig. 1 provides a

complete representation of the uncertainty in y: A density

function can also be used to summarize the uncertainty in y;

however, CDFs and CCDFs provide more convenient and

informative summaries in sampling-based studies.

The CCDF in Fig. 1 can be formally defined by the

integral

probðy . YÞ ¼
ð
Ssu

dY ½f ðxÞ�dsuðxÞdVsu; ð1:4Þ

where probðy . YÞ is the probability that a value larger than

Y will occur, dsu represents the density function correspond-

ing to the distributions in Eq. (1.2) and hence to the

probability space (Ssu; Ssu; psu), the differential dVsu is

selected for mnemonic purposes because integration will

typically be over a high-dimension (i.e. nX) volume, and

dY ½f ðxÞ� ¼
1 if f ðxÞ . Y

0 if f ðxÞ # Y

(
: ð1:5Þ

Similarly, the corresponding CDF is defined by

probðy # YÞ ¼ 1 2 probðy . YÞ

¼ 1 2
ð
Ssu

dY ½f ðxÞ�dsuðxÞdVsu; ð1:6Þ

where probðy # YÞ is the probability that a value less than or

equal to Y will occur. Although the integral in Eqs. (1.4) and

(1.6) formally defines the CCDF and CDF associated with y;

in practice this integral is not amenable to a closed-form

evaluation; rather, some type of approximation procedure

must be used. In particular, the focus of this presentation is

on the use of Latin hypercube sampling [31,32] in the

approximation of this integral.

As just indicated, uncertainty analysis is simple in

concept and involves evaluation of the integral in Eq. (1.4)

to obtain the CDF and CCDF in Fig. 1. Sensitivity analysis

involves the determination of the effects of the individual

elements of x on y ¼ f ðxÞ: Although sensitivity analysis is

closely tied to uncertainty analysis, it tends to be a more

complex undertaking due to both the variety of possible

measures of sensitivity and the additional computational

procedures required to evaluate these measures. This

presentation will emphasize sensitivity measures that can

be obtained when Latin hypercube sampling is used to

evaluate the integral in Eq. (1.4).

One formal way to look at sensitivity analysis is to view

it as an analysis of variance problem. Specifically, the

variance VðyÞ of y is given by

VðyÞ ¼
ð
Ssu

½EðyÞ2 f ðxÞ�2dsuðxÞdVsu; ð1:7Þ

where EðyÞ denotes the expected value of y and is given by

EðyÞ ¼
ð
Ssu

f ðxÞdsuðxÞdVsu: ð1:8ÞFig. 1. Use of CDFs and CCDFs to represent uncertainty in model

predictions.
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Sensitivity analysis can then be viewed as a decomposition

of VðyÞ into components due to the individual elements of x,

with the size of these components then providing an

indication of variable importance. However, as will be

discussed, not all sensitivity analysis procedures are

mathematically equivalent to a variance decomposition

problem. A variety of sensitivity measures based on Latin

hypercube sampling will be presented.

2. Techniques for uncertainty and sensitivity analysis

The use of Latin hypercube sampling constitutes part of

what is often called a Monte Carlo procedure for the

propagation of uncertainty. In addition, there exist a number

of other procedures that are also used for the propagation of

uncertainty, including differential analysis, response surface

methodology (RSM), the Fourier amplitude sensitivity test

(FAST) and the closely related Sobol’ variance decompo-

sition, and fast probability integration (FPI). To provide

perspective on, and a context for, the use of Latin hypercube

sampling, the preceding procedures are briefly summarized

in this section.

2.1. Monte Carlo analysis

In Monte Carlo analysis, a probabilistically based

sampling procedure is used to develop a mapping from

analysis inputs to analysis results. This mapping then

provides a basis for both the evaluation of the integral in Eq.

(1.4) (i.e. uncertainty analysis) and the evaluation of the

effects of individual elements of x on y ¼ f ðxÞ (i.e.

sensitivity analysis). Specifically, a sample

xi ¼ ½xi1; xi2;…; xi;nX�; i ¼ 1; 2;…; nS; ð2:1Þ

of size nS is generated from Ssu in consistency with the

distributions in Eq. (1.2) (i.e. in consistency with the

definition of the probability space (Ssu; Ssu; psu)). A

number of possible sampling procedures exist, including

random sampling, stratified sampling, and Latin hypercube

sampling (see Section 3). The preceding sampling pro-

cedures are probabilistically based in the sense that weights

wi; i ¼ 1; 2;…; nS; ð2:2Þ

exist such that the result obtained with sample element xi

can be used in conjunction with the weight wi to obtain

quantities such as expected values, variances and other

entities that derive from integration over Ssu: For random

sampling and also Latin hypercube sampling, wi is the

reciprocal of the sample size (i.e. wi ¼ 1=nS); for stratified

sampling, wi is determined by the probability of the stratum

(i.e. subset of Ssu) from which xi was sampled and the

number of samples taken from that stratum.

Once the sample in Eq. (2.1) is generated, evaluation of f

creates the following mapping from analysis inputs to

analysis results:

½xi; yi�; i ¼ 1; 2;…; nS; ð2:3Þ

where yi ¼ f ðxiÞ: Then, the integrals in Eqs. (1.4), (1.7) and

(1.8) can be approximated by

probðy . YÞ8 dprobprobðy . YÞ ¼
XnS

i¼1

dY ðyiÞwi ð2:4Þ

EðyÞ8 ÊðyÞ ¼
XnS

i¼1

yiwi ð2:5Þ

VðyÞ8 V̂ðyÞ ¼
XnS

i¼1

½ÊðyÞ2 yi�
2wi: ð2:6Þ

The distribution function approximated in Eq. (2.4)

provides the most complete representation of the uncer-

tainty in y that derives from the distributions in Eq. (1.2) and

hence from the probability space (Ssu; Ssu; psu). The

expected value and variance approximated in Eqs. (2.5) and

(2.6) provide a summary of this distribution but with the

inevitable loss of resolution that occurs when the infor-

mation contained in 2nS numbers (i.e. in the yi and wi) is

mapped into two numbers. For random sampling, use of

wi ¼ 1=ðnS 2 1Þ in Eq. (2.6) results in an unbiased estimate

for VðyÞ:

The mapping in Eq. (2.3) can be explored with various

techniques to determine the effects of the individual

elements of x on y: For example, scatterplots based on the

points

½xij; yi�; i ¼ 1; 2;…; nS; ð2:7Þ

for each element xj of x may completely reveal the

relationships between the xj and y (Fig. 2). Another

possibility is to use the results in Eq. (2.3) and least squares

techniques to construct a regression model of the form

y ¼ b0 þ
XnX

j¼1

bjxj ð2:8Þ

that relates y to the xj: Various aspects of this model and the

construction process that produced it can then be used to

infer the relationships between the xj and y: The preceding

and other techniques for sensitivity analysis in conjunction

with Monte Carlo procedures are discussed in more detail in

Section 6.

Monte Carlo procedures for the propagation of uncer-

tainty are very popular and many examples of their use exist

[33–47]. Further, Monte Carlo procedures find a wide

variety of applications in the sciences and a very extensive

literature exists [48–60].

2.2. Differential analysis

Differential analysis is based on the partial derivatives of

f with respect to the elements of x. In its simplest form,

differential analysis involves approximating the model by
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the Taylor series

yðxÞ8 f ðx0Þ þ
XnX

j¼1

½›f ðx0Þ=›xj�½xj 2 xj0�; ð2:9Þ

where x0 ¼ ½x10; x20;…; xnX;0� is a vector of base-case

values for the xj (e.g. the expected values for the xj defined

by the distributions in Eq. (1.2)).

Once the approximation in Eq. (2.9) is determined,

variance propagation formulas can be used to determine the

uncertainty in y that results from the distributions in Eq.

(1.2). In particular,

EðyÞ8 yðx0Þ þ
XnX

j¼1

½›f ðx0Þ=›xj�Eðxj 2 xj0Þ ¼ yðx0Þ ð2:10Þ

and

VðyÞ8
XnX

j¼1

½›f ðx0Þ=›xj�
2VðxjÞ þ 2

XnX

j¼1

XnX

k¼jþ1

½›f ðx0Þ=›xj�

� ½›f ðx0Þ=›xk�Covðxj; xkÞ; ð2:11Þ

where E; V and Cov denote expected value, variance and

covariance, respectively. If the xj are uncorrelated, then

VðyÞ8
XnX

j¼1

½›f ðx0Þ=›xj�
2VðxjÞ: ð2:12Þ

Thus, the Taylor series in Eq. (2.9) leads to approximations

of the expected value and variance for y that result from the

distributions in Eq. (1.2). Differential analysis does not

lead very naturally to an approximation for the CDF or

CCDF for y; although such approximations could be

obtained by using a Monte Carlo simulation of the Taylor

series in Eq. (2.9).

The determination of expected values, variances and

possibly CDFs or CCDFs constitutes the uncertainty

analysis component of differential analysis. Sensitivity

analysis is based on the use of the partial derivatives

associated with a Taylor series to determine the effects of

the individual elements of x on y: For example, if the Taylor

series in Eq. (2.9) is used and the elements of x are

independent, then the fractional contribution of xj to the

variance of y can be approximated by

VðylxjÞ8 ½›f ðx0Þ=›xj�
2VðxjÞ=VðyÞ; ð2:13Þ

with VðyÞ being obtained from the approximation in Eq.

(2.12). An ordering of the xj on the basis of the size of the

fractional contributions VðylxjÞ provides a ranking of

variable importance on the basis of how much of the

variance of y can be accounted for by each element of x.

Normalization of the partial derivatives in the Taylor

series in Eq. (2.9) provides a basis for another approach to

assessing the importance of individual elements of x. In

particular, the following normalizations are possible:

yðxÞ2 yðx0Þ

yðx0Þ
8

XnX

j¼1

›f ðx0Þ

›xj

xj0

yðx0Þ

" #
xj 2 xj0

xj0

" #
ð2:14Þ

and

yðxÞ2 yðx0Þ

SDðyÞ
8

XnX

j¼1

›f ðx0Þ

›xj

SDðxjÞ

SDðyÞ

" #
xj 2 xj0

SDðxjÞ

" #
; ð2:15Þ

where SD denotes standard deviation, SDðyÞ is estimated

from Eq. (2.12), and no problem with respect to division by

zero exists. The normalized coefficients

CbcðxjÞ ¼ ½›f ðx0Þ=›xj�½xj0=yðx0Þ�; j ¼ 1; 2;…; nX; ð2:16Þ

Fig. 2. Scatterplots produced in a Monte Carlo analysis with a Latin hypercube sample of size nS ¼ 100 : (a) no relationship between xj and y; and (b) well-

defined relationship between xj and y (see Section 5.1 for a discussion of rank correlation).
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from Eq. (2.14) provide a ranking of variable importance

based on equal fractional changes from base-case values xj0

and thus incorporate no distributional information about the

elements of x. The normalized coefficients

CsdðxjÞ ¼ ½›f ðx0Þ=›xj�½SDðxjÞ=SDðyÞ�; j ¼ 1; 2;…; nX;

ð2:17Þ

from Eq. (2.15) provide a ranking of variable importance

based on changes from base-case values xj0 that are equal

fractions of the standard deviation SDðxjÞ of xj: Thus, unlike

rankings of variable importance with the coefficients in Eq.

(2.16), rankings with the coefficients in Eq. (2.17) incorpor-

ate the distributional assumptions for the elements of x.

The quality of results obtained in a differential analysis is

limited by the quality of the underlying Taylor series

approximation. In particular, if y is a nonlinear function of

the elements of x, then the first-order Taylor series

approximation in Eq. (2.9) may provide a poor represen-

tation of the relationships between y and the elements of x.

Better approximations to y can be obtained by using higher-

order Taylor series. For example, a second-order approxi-

mation has the form

yðxÞ8 yðx0Þ þ
XnX

j¼1

½›f ðx0Þ=›xj�½xj 2 xj0�

þ
1

2

XnX

j¼1

XnX

k¼1

½›2f ðx0Þ=›xj›xk�½ðxj 2 xj0Þðxk 2 xk0Þ�:

ð2:18Þ

If the preceding approximation to yðxÞ is used, the elements

of x are uncorrelated, and fourth-order and higher-order

terms are ignored in the derivation of VðyÞ; then the

following estimates for the expected value and variance of y

are obtained:

EðyÞ8 yðx0Þ þ
1

2

XnX

j¼1

½›2f ðx0Þ=›x2
j �VðxjÞ ð2:19Þ

and

VðyÞ8
XnX

j¼1

½›f ðx0Þ=›xj�
2VðxjÞ

þ
XnX

j¼1

½›f ðx0Þ=›xj�½›
2f ðx0Þ=›x2

j �m3ðxjÞ; ð2:20Þ

where m3ðxjÞ denotes the third central moment of xj: As

higher-order terms and correlations between the elements of

x are included, the approximations to the expected value and

variance for y rapidly become very complicated [61–64].

Differential analysis has long played a prominent role in

the propagation and analysis of uncertainty [65–70].

Usually, the most difficult part of a differential analysis is

determining the necessary partial derivatives. As a result,

much of the research related to differential analysis has been

devoted to the development of techniques for the determi-

nation of these derivatives, including adjoint techniques

[71–74], Green’s function techniques [75–78], and various

numerical techniques [79,80]. Automatic differentiation

techniques are maturing and can now be applied to quite

complex programs, which greatly facilitates the implemen-

tation of derivative-based analyses [81–88].

2.3. Response surface methodology

Response surface methodology (RSM) is similar to

Monte Carlo analysis except that an experimental design is

used to select model input. A variety of possible designs

exist, including factorial, fractional factorial, central

composite, Plackett-Burman, and many more. Usually, the

design selected depends on many factors, including proper-

ties of the model and the type of results desired from

subsequent uncertainty and sensitivity analyses.

The experimental design results in a selection of points

xi ¼ ½xi1; xi2;…; xi;nX�; i ¼ 1; 2;…; nS; ð2:21Þ

from the Ssu: However, the distributions in Eq. (1.2), and

hence the probability space (Ssu; Ssu; psu), do not play a

direct role in the selection of the xi: Rather, these points are

typically selected on the basis of the ranges of the individual

xj contained in x (e.g. a low, central and high value for each

xj). As a result, there is not a probabilistic weight that can be

associated with each design point in Eq. (2.21) as there is

with the sample elements in Eq. (2.1).

After the design points in Eq. (2.21) are selected,

evaluation of f for these points creates a mapping between

model input and model results of the form shown in Eq.

(2.3). However, because probabilistic weights cannot be

assigned to the design points, uncertainty results of the form

indicated in Eqs. (2.4)–(2.6) cannot be obtained directly

from these evaluations. Rather, as an intermediate step, a

response surface of the form indicated in Eq. (2.8) is

constructed; more complex constructions are also possible.

Once constructed, this response surface can be used in a

Monte Carlo simulation with the distributions in Eq. (1.2) to

estimate the uncertainty in y: Or, as an alternative, expected

values and variances can be determined with propagation

procedures similar to those shown in Eqs. (2.10)–(2.12).

The response surface in Eq. (2.8) is analogous to the

Taylor series in Eq. (2.9). Specifically, each is a linear

approximation to the model y ¼ f ðxÞ indicated in Eq. (1.3).

As a result, sensitivity analysis in RSM can be carried out in

the same manner as sensitivity analysis in differential

analysis. Specifically, sensitivity measures of the type

indicated in Eqs. (2.13)–(2.17) can be calculated for a

regression model of the form indicated in Eq. (2.8) and

derived from the mapping

½xi; yðxiÞ�; i ¼ 1; 2;…; nS; ð2:22Þ

associated with the design points in Eq. (2.21). In the

context of the regression model in Eq. (2.8), the normalized
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coefficients in Eqs. (2.15) and (2.17) are known as

standardized regression coefficients (SRCs).

An extensive literature exists on experimental designs for

use in RSM [89–101], and many examples of the use of

RSM in uncertainty and sensitivity analysis exist

[102–108]. In a related but somewhat different problem,

RSM is widely used in optimization problems, with this area

of application actually being the source from which RSM

developed [109–113]. In addition, several books related to

RSM are also available [114–117].

2.4. Fourier amplitude sensitivity test and Sobol’ variance

decomposition

The variance VðyÞ associated with the model y ¼ f ðxÞ in

Eq. (1.3) is formally defined by the integral in Eq. (1.7).

Although different in computational details, analyses based

on both FAST [118 – 120] and the Sobol’ variance

decomposition [121] involve a decomposition of VðyÞ into

components due to individual variables and interactions

between individual variables. Specifically, VðyÞ can be

decomposed into the form

VðyÞ ¼
X

1#j#nX

Vj þ
X

1#j,k#nX

Vjk þ · · · þ V1;2;…;nX ð2:23Þ

under the assumption that the xj are independent, where Vj is

the part of VðyÞ due solely to xj; Vjk is the part of VðyÞ due to

the interaction of xj and xk; Vjkl is the part of VðyÞ due to the

interaction of xj; xk and xl; and so on up to V12;…;nX ; which is

the part of VðyÞ due to the interaction of x1; x2;…; xnX :

Once the decomposition in Eq. (2.23) is available,

various sensitivity measures such as

sj ¼ Vj=VðyÞ ð2:24Þ

sjk ¼ Vjk=VðyÞ ð2:25Þ

sjT ¼ Vj þ
X

l#k,l#nX
k or l¼j

Vkl þ · · · þ V12;…;nX

0BBB@
1CCCA


VðyÞ ð2:26Þ

can be defined, where sj is the fraction of VðyÞ due solely to

xj; sjk is the fraction of VðyÞ due to the interaction of xj and

xk; and sjT is the fraction of VðyÞ due to xj or the interaction

of xj with other variables.

In the FAST approach, the multidimensional integrals in

Eqs. (1.7) and (1.8) that define VðyÞ and EðyÞ are converted

to the one-dimensional integrals through the construction of

an appropriate space-filling curve

cðsÞ ¼ ½G1ðsin v1sÞ;G2ðsin v2sÞ;…;GnXðsin vnXsÞ� ð2:27Þ

in Ssu; where the Gj and vj are suitably defined functions

and integers, respectively. Then,

EðyÞ8
1

2p

ðp

2p
f ½cðsÞ�ds ð2:28Þ

and

VðyÞ8
1

2p

ðp

2p
f 2½cðsÞ�ds 2 E2ðyÞ: ð2:29Þ

In general, some type of numerical procedure (e.g. Monte

Carlo) is required to evaluate the integrals in Eqs. (2.28) and

(2.29).

The following relationship can be established by using

properties of the Fourier series representation for f :

VðyÞ8
X1
k¼1

ðA2
k þ B2

kÞ; ð2:30Þ

where

Ak ¼
1

p

ðp

2p
f ½cðsÞ�cosðksÞds

Bk ¼
1

p

ðp

2p
f ½cðsÞ�sinðksÞds:

Further, Vj can be approximated by

Vj 8
X1
k¼1

ðA2
kvj

þ B2
kvj

Þ; ð2:31Þ

where vj is the integer associated with Gj in Eq. (2.27) in the

conversions from multidimensional integrals to one-dimen-

sional integrals in Eqs. (2.28) and (2.29). Thus, the

approximation

sj ¼ Vj=VðyÞ8
X1
k¼1

ðA2
kvj

þ B2
kvj

Þ=
X1
k¼1

ðA2
k þ B2

kÞ ð2:32Þ

follows from Eqs. (2.30) and (2.31).

In analyses based on the Sobol’ variance decomposition,

EðyÞ and VðyÞ are typically approximated by Monte Carlo

techniques as indicated in Eqs. (2.5) and (2.6). Further, the

individual terms, Vj; Vjk; Vjkl;…;V12;…;nX in the decompo-

sition of VðyÞ in Eq. (2.23) are defined by multiple integrals

involving the elements xj of x. For example,

Vj¼
ð
Sj

ð
Y

l[Ið2jÞSl

f ðxÞ
Y

l[Ið2jÞ
dlðxlÞdxl

" #2

�djðxjÞdxj2E2ðyÞ ð2:33Þ

Vjk

¼
ð
Sj

ð
Sk

ð
Y

l[Ið2j;2kÞSl

f ðxÞ
Y

l[Ið2j;2kÞ
dlðxlÞdxl

" #2

dkðxkÞ

�djðxjÞdxk dxj2Vj2Vk2E2ðyÞ; ð2:34Þ

where, as indicated earlier, the xj are assumed to be

independent, (Sj; Sj; pj) is the probability space character-

izing the uncertainty in xj; dj is the density function

associated with (Sj; Sj; pj), Ið2jÞ and Ið2j;2kÞ denote the

subsets of I¼{1;2;…;nX} that result from the deletion of {j}

and {j; k}, respectively, and the use of the product symbol

J.C. Helton, F.J. Davis / Reliability Engineering and System Safety 81 (2003) 23–6928



(i.e.
Q

) in conjunction with sets implies the concatenation of

the elements of these sets. The probability space (Ssu; Ssu;

psu) associated with x is related to the probability spaces (Sj;

Sj; pj) associated with the xj by Ssu¼
Q

j[ISj; Ssu

developed from theSj; psu¼
Q

j[I pj and dsu¼
Q

j[I dj:

The integrals in Eqs. (2.33) and (2.34) are quite complex

and in practice must be evaluated with some type of

numerical procedure (e.g. Monte Carlo [121], the Winding

Stairs sampling scheme [122–124], or simplifying approxi-

mations to f [125]). Once the necessary integrals, and hence

Vj and Vjk; are evaluated, sj and sjk can be determined as

indicated in Eqs. (2.24) and (2.25).

The determination of Vjkl;Vjklm;…;V12;…;nX with either

the FAST approach or Sobol’ indices is very demanding

computationally and typically is not done. However,

relatively efficient procedures exist to evaluate the total

effect sensitivity measure with both the FAST approach

[126] and the Sobol’ variance decomposition [127].

Additional information on the FAST approach and

Sobol’ variance decomposition is available in a number of

publications [118–121,125–133]. Further, a conceptually

equivalent approach based on analysis of variance has also

been developed [134–137] and has the desirable feature of

allowing correlations between the elements of x [135–137].

2.5. Fast probability integration

Fast probability integration (FPI) is based on the use of

analytic procedures to evaluate distribution functions [138,

139]. Specifically, the following approximation procedure is

used:

probðy. YÞ ¼
ð
Ssu

dY ½f ðxÞ�dsuðxÞdVsu

¼
ð
Ssu;n

dY ½fnðuÞ�dsu;nðuÞdVsu;n

8 erfcðb=
ffiffi
2

p
Þ=2; ð2:35Þ

where (i) (Ssu;n; Ssu;n; psu;n) represents the probability

space that results when the elements xj of the vectors x

associated with (Ssu;Ssu; psu) are transformed to elements uj

of u[Ssu;n that are mutually independent, standardized to

mean zero and standard deviation one, and normally

distributed, (ii) fn denotes the reformulation of f that uses u
rather than x as its argument, and (iii) b is related to the most

probable point (MPP) for which fnðuÞ ¼ Y as described below

and erfc is the complementary error function (i.e.

erfcðxÞ¼ ð2=
ffiffi
p

p
Þ
Ð1

x expð2t2Þdt).

The equality

fnðuÞ ¼ Y ð2:36Þ

defines a surface in Ssu;n (see Fig. 1, Ref. [138]). The MPP

u0 ¼ ½u10; u20;…; unX;0� is the point on this surface that is

closest to the origin in Ssu;n: In turn, b is given by

b ¼ ku0k ¼ ½u2
10 þ u2

20 þ · · · þ u2
nX;0�

1=2 ð2:37Þ

and equals the distance from u0 to the origin. The outcome

of this approach is that probðy . YÞ is being approximated

by the probability of the part of Ssu;n that is cut off by a

hyperplane that passes through the MPP u0 and is tangent to

the surface defined by Eq. (2.36).

There are two major components to the implementation

of an analysis based on FPI. First, the distributions indicated

in Eq. (1.2) must be transformed to independent, normal

distributions with mean zero and standard deviation

one. Second, the MPP u0 associated with each probability

probðy . YÞ under consideration must be determined. This

determination is typically based on search procedures using

the partial derivatives of fn with respect to the individual

elements of u. In addition, more sophisticated approxi-

mations to the surface at the MPP u0 than a hyperplane, and

hence more sophisticated approximations to probðy . YÞ;

can be developed. Although FPI is primarily used for

uncertainty analysis, it can support some types of sensitivity

analysis (Section 2.4, Ref. [138]).

Additional information on FPI and related techniques is

available from a number of sources [138–147].

2.6. Comparison of techniques

All techniques have positive and negative features, and

no single technique is optimum for all situations. In the

following, the positive and negative features of the

individual techniques are briefly reviewed.

Monte Carlo techniques are based on the use of a

probabilistic procedure to select model input and result in a

mapping between analysis inputs and analysis outcomes

that is then used to produce uncertainty and sensitivity

analysis results. Desirable features of Monte Carlo analysis

include (i) extensive sampling from the ranges of the

uncertain variables, (ii) uncertainty results that are obtained

without the use of surrogate models (e.g. Taylor series in

differential analysis and response surfaces in RSM), (iii)

extensive modifications of, or manipulations with, the

original model are not required (i.e. as is the case for

the other techniques), (iv) the extensive sampling from the

individual variables facilitates the identification of non-

linearities, thresholds and discontinuities, (v) a variety of

sensitivity analysis procedures are available, and (vi) the

approach is conceptually simple, widely used, and easy to

explain. The major drawback is computational cost. This is

especially the case if long-running models are under

consideration or probabilities very close to zero or one

must be estimated.

Differential analysis is based on developing a Taylor

series approximation to the model under consideration.

Desirable properties of differential analysis include (i) the

effects of small perturbations away from the base-case value

at which the Taylor series is developed are revealed, (ii)

uncertainty and sensitivity analyses based on variance

propagation are straightforward once the Taylor series is

developed, (iii) techniques (e.g. adjoint, Green’s function,
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specialized compilers) exist to facilitate the calculation of

derivatives, and (iv) the approach has been widely studied

and applied. There are two primary drawbacks: (i)

differential analysis is inherently local, and (ii) a differential

analysis can be difficult to implement and can require large

amounts of human and/or computational time.

Response surface methodology (RSM) is based on using

an experimental design to select model input and then

developing a response surface replacement for the original

model that is used in subsequent uncertainty and sensitivity

analyses. Desirable properties of RSM include (i) complete

control over the structure of the model input through the

experimental design selected for use, (ii) near optimum

choice for a model whose predictions are known to be a

linear or quadratic function of the input variables, (iii)

uncertainty and sensitivity analyses are straightforward

once the necessary response surface replacement has been

developed, and (iv) experimental designs for use in RSM

have been widely studied. Drawbacks to RSM include (i)

difficulty of developing an appropriate experimental design,

(ii) use of a limited number of values for each input variable,

(iii) possible need for a large number of design points, (iv)

difficulties in detecting thresholds, discontinuities and

nonlinearities, (v) difficulty in including correlations and

restrictions between input variables, and (vi) difficulty in

constructing an appropriate response surface approximation

to the model under consideration.

The FAST approach and Sobol’ variance decompo-

sition are based on a direct decomposition of variance into

the parts contributed by individual variables. Desirable

properties of the FAST approach and Sobol’ variance

decomposition include (i) full range of each input variable

is explored, (ii) estimation of expected value and variance

is by direct calculation rather than by use of a surrogate

model, (iii) fractional contribution of each variable to total

variance is determined, (iv) effects of variable interactions

can be determined, (v) sensitivity analysis is not

predicated on a search for linear or monotonic relation-

ships, and (vi) modifications to the original model are not

required. Drawbacks include (i) the mathematics is

complicated and difficult to explain, (ii) the approaches

are not widely known and applied, (iii) evaluating the

required integrals can be both complex and computation-

ally demanding, and (iv) correlations cannot be imposed

on the input variables.

Fast probability integration (FPI) is based on the use of

analytic procedures to evaluate distribution functions. The

desirable feature of FPI is that it allows the estimation of

the tails of a distribution without the estimation of the full

distribution. This has the potential to require less

computation than the use of Monte Carlo procedures to

estimate the same tail probabilities. Less desirable features

are that (i) the underlying mathematics is complicated and

difficult to explain, (ii) the calculation of the partial

derivatives required in the approach can be computation-

ally demanding, and (iii) the approach is not appropriate

for the calculation of full distributions or the consideration

of distributions for a large number of different variables.

Further, the approach is primarily one of uncertainty

analysis and lacks associated sensitivity analysis

procedures.

This review considers the use of Monte Carlo techniques

in general and Latin hypercube sampling in particular in

analyses that involve the propagation of uncertainty through

complex systems. Although a variety of techniques exist for

the propagation of uncertainty as previously indicated,

Monte Carlo techniques provide the most effective approach

to the propagation and analysis of uncertainty in many

situations for various combinations of the following

reasons: (i) large uncertainties are often present and a

sampling-based approach provides a full coverage of the

range of each uncertain variable, (ii) modification of the

model is not required, (iii) direct estimates of distribution

functions are provided, (iv) analyses are conceptually

simple and logistically easy to implement, (v) analysis

procedures can be developed that allow the propagation of

results through systems of linked models, and (vi) a variety

of sensitivity analysis procedures are available. Latin

hypercube sampling is often the preferred sampling

procedure in Monte Carlo analyses due to the efficient

manner in which it stratifies across the range of each

sampled variable.

3. Random, stratified and Latin hypercube sampling

3.1. Description of sampling techniques

In Monte Carlo analysis, some type of sampling

procedure must be used to generate the sample in Eq.

(2.1). The simplest procedure is random sampling. With

random sampling from uncorrelated variables, each sample

element is generated independently of all other sample

elements, and the probability that this element will come

from a particular subset of Ssu (i.e. E [ Ssu) is equal to the

probability of that subset (i.e. psuðEÞ).
The nature of a random sample will be illustrated for

x ¼ ½U;V�; U assigned a uniform distribution on [0, 10], V

assigned a triangular distribution and a mode of 8 on [0, 10],

and nS ¼ 5: The sample is generated by independently

sampling five random numbers RUð1Þ;RUð2Þ;…;RUð5Þ

from a uniform distribution on [0, 1] and then using the CDF

for U to obtain five values Uð1Þ;Uð2Þ;…;Uð5Þ for U

(Fig. 3a). Similarly, random sampling is again used to obtain

an additional five independent random numbers

RVð1Þ;RVð2Þ;…;RVð5Þ from a uniform distribution on [0,

1], and the CDF for V is used to obtain five values

Vð1Þ;Vð2Þ;…;Vð5Þ for V (Fig. 3b). Then,

xi ¼ ½UðiÞ;VðiÞ�; i ¼ 1; 2;…; 5; ð3:1Þ

constitutes a random sample of size nS ¼ 5 generated in

consistency with the distributions assigned to U and V
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(Fig. 3c). The generation of a random sample

xi ¼ ½xi1; xi2;…; xi;nX�; i ¼ 1; 2;…; nS; ð3:2Þ

when x has dimension nX . 2 is carried out in an analogous

manner.

The generation of a random sample in multiple

dimensions ultimately depends on being able to generate

uniformly distributed random numbers from the interval [0,

1]. The generation of such random numbers has been widely

studied and discussed [57,148–150]. As an aside, such

numbers are often called pseudorandom numbers because

they are generated by reproducible algorithmic processes

rather than in a truly random manner. For this presentation,

the capability to generate random numbers is taken for

granted and discussed no further.

With random sampling, there is no assurance that a

sample element will be generated from any particular subset

of the sample space Ssu: In particular, important subsets of

Ssu with low probability but high consequences are likely

to be missed. Stratified sampling, or importance sampling as

it is also sometimes called, provides a way to mitigate this

problem by specifying subsets of Ssu from which sample

elements will be selected. Specifically, Ssu is exhaustively

subdivided into a collection E1;E2;…;EnI of disjoint

subsets (i.e.
SnI

k¼1 Ek ¼ Ssu and Ep > Eq ¼ B for p – q)

(Fig. 4). The Ek constitute the strata associated with the

sampling procedure. Then, the corresponding sample (i.e.

the stratified or importance sample)

xi ¼ ½xi1; xi2;…; xi;nX�; i ¼ 1; 2;…; nS ¼
XnI

k¼1

nIk; ð3:3Þ

is obtained by randomly sampling nIk sample elements from

strata Ek: The preceding sampling is carried out conditional

Fig. 3. Generation of a random sample of size nS ¼ 5 from x ¼ ½U;V� with U uniform on [0, 10] and V triangular on [0, 10] with a mode of 8.
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on the restriction of x to Ek: Further, if xi [ Ek; then the

corresponding weight wi for use in probabilistic calculations

is given by wi ¼ psuðEkÞ=nIk: In most applications, nIk ¼ 1;

and so the sample size nS is equal to the number of strata and

wi ¼ psuðEkÞ for xi [ Ek:

Stratified sampling has the advantage of forcing the

inclusion of specified subsets of Ssu while maintaining the

probabilistic character of random sampling. Indeed, it can

be argued that stratified sampling is always the best

procedure to use when enough information is available for

its appropriate implementation. A major problem associated

with stratified sampling is the necessity of defining the strata

E1;E2;…;EnI and also calculating their probabilities. Both

of these requirements are avoided when random sampling is

used. When the dimensionality of Ssu is high, the

determination of strata and strata probabilities becomes a

major undertaking. The event tree and fault procedures that

underlie many large analyses can be viewed as algorithms to

determine the strata and strata probabilities for use in a

stratified sampling procedure. These determinations are

further complicated when many analysis outcomes are

under consideration (i.e. when y in Eq. (1.1) is of high

dimension); in particular, strata definitions that are appro-

priate for one analysis outcome may be inappropriate for

other analysis outcomes. A compounding problem is that all

the analysis outcomes that will be studied in the course of an

analysis may not even be known at the beginning of the

analysis.

Latin hypercube sampling can be viewed as a compro-

mise procedure that incorporates many of the desirable

features of random sampling and stratified sampling and

also produces more stable analysis outcomes than random

sampling. Like random and stratified sampling, Latin

hypercube sampling is a probabilistic procedure in

the sense that a weight (i.e. wi ¼ 1=nS) can be associated

with each sample element that can be used in probabilistic

calculations (i.e. in the estimation of the integrals in Eqs.

(1.4)–(1.8)). Like random sampling, the implementation of

Latin hypercube sampling is easier than the implementation

of stratified sampling because it is not necessary to

determine strata and strata probabilities. However, Latin

hypercube sampling does have the property of densely

stratifying across the range of each element of x, which is a

property closer to those possessed by stratified sampling.

Thus, Latin hypercube sampling displays properties

between random sampling, which involves no stratification,

and stratified sampling, which stratifies on Ssu:

Latin hypercube sampling operates in the following

manner to generate a sample of size nS from x ¼

½x1; x2;…; xnX� in consistency with the distributions

D1;D2;…;DnX indicated in Eq. (1.2) (i.e. in consistency

with the probability space (Ssu; Ssu; psu)). The range of

each variable (i.e. the xj) is exhaustively divided into nS

disjoint intervals of equal probability and one value is

selected at random from each interval. The nS values thus

obtained for x1 are paired at random without replacement

with the nS values obtained for x2: These nS pairs are

combined in a random manner without replacement with the

nS values of x3 to form nS triples. This process is continued

until a set of nS nX-tuples is formed. These nX-tuples are of

the form

xi ¼ ½xi1; xi2;…; xi;nX�; i ¼ 1; 2; :::; nS; ð3:4Þ

and constitute the Latin hypercube sample (LHS). The

individual xj must be independent for the preceding

construction procedure to work; a method for generating

Latin hypercube and random samples from correlated

variables has been developed by Iman and Conover [151]

Fig. 4. Generation of a stratified sample of size nS ¼ 10 with one random sample per strata (i.e. nIk ¼ 1) from x ¼ ½U;V� with U uniform on [0, 10] and V

triangular on [0, 10] with a mode of 8: (a) equal strata probability (i.e. psuðEkÞ ¼ 0:1), and (b) unequal strata probability (i.e. psuðEkÞ ¼ 0:2; 0.2, 0.1, 0.1, 0.1,

0.06, 0.06, 0.06, 0.06, 0.06).
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and will be discussed in Section 5.1. Latin hypercube

sampling is an extension of quota sampling [152] and can be

viewed as an n-dimensional randomized generalization of

Latin square sampling (Ref. [153], pp. 206–209).

The generation of an LHS is illustrated for x ¼ ½U;V�

and nS ¼ 5 (Fig. 5). The ranges of U and V are subdivided

into five intervals of equal probability, with this subdivision

represented by the lines that originate at 0.2, 0.4, 0.6 and 0.8

on the ordinates of Figs. 5a and b, extend horizontally to the

CDFs, and then drop vertically to the abscissas to produce

the five indicated intervals. Random values

Uð1Þ;Uð2Þ;…;Uð5Þ and Vð1Þ;Vð2Þ;…;Vð5) are then

sampled from these intervals. The sampling of these random

values is implemented by (i) sampling RUð1Þ and RVð1Þ

from a uniform distribution on [0, 0.2], RUð2Þ and RVð2Þ

from a uniform distribution on [0.2, 0.4], and so on, and then

(ii) using the CDFs to identify (i.e. sample) the correspond-

ing U and V values, with this identification represented

by the dashed lines that originate on the ordinates of Figs. 5a

and b, extend horizontally to the CDFs, and then drop

vertically to the abscissas to produce Uð1Þ;Uð2Þ;…;Uð5Þ

and Vð1Þ;Vð2Þ;…;Vð5Þ: The generation of the LHS is then

completed by randomly pairing (without replacement) the

resulting values for U and V : As this pairing is not unique,

many possible LHSs can result, with the LHS in Fig. 5c

resulting from the pairings ½Uð1Þ;Vð4Þ�; ½Uð2Þ;Vð2Þ�;

½Uð3Þ;Vð1Þ�; ½Uð4Þ;Vð5Þ�; ½Uð5Þ;Vð3Þ� and the LHS in

Fig. 5d resulting from the pairings ½Uð1Þ;Vð5Þ�;

½Uð2Þ;Vð1Þ�; ½Uð3Þ;Vð3Þ�; ½Uð4Þ;Vð4Þ�; ½Uð5Þ;Vð2Þ�:

The generation of an LHS for nS . 2 proceeds in a

manner similar to that shown in Fig. 5 for nV ¼ 2: The

sampling of the individual variables for nS . 2 takes place

Fig. 5. Example of Latin hypercube sampling to generate a sample of size nS ¼ 5 from x ¼ ½U;V� with U uniform on [0, 10] and V triangular on [0, 10] with a

mode of 8.
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in the same manner as shown in Figs. 5a and b. However,

the nX variables define an nX-dimensional solid rather than

a two-dimensional rectangle in the plane. Thus, Figs. 5c and

d would involve a partitioning of an nX-dimensional solid

rather than a rectangle.

3.2. Properties of sampling techniques

Random sampling, stratified sampling and Latin hyper-

cube sampling are now discussed and compared. This

discussion is derived from the study by McKay et al. [31].

For notational convenience, a single element y of the vector

y in Eq. (1.1) is considered.

The following estimator is widely used in conjunction

with random sampling:

Tðy1; y2;…; ynSÞ ¼ ð1=nSÞ
XnS

i¼1

gðyiÞ; ð3:5Þ

where yi ¼ f ðxiÞ for the random sample appearing in Eq.

(3.2) and g is an arbitrary function. If gðyÞ ¼ y; then T

represents the sample mean, which is used to estimate the

expected value EðyÞ of y: If gðyÞ ¼ yr; then T represents an

estimate for the rth sample moment, which is used in

obtaining an estimate for the corresponding population

moment. If gðyÞ ¼ 1 for y # Y and gðyÞ ¼ 0 otherwise, then

T is an estimate of the quantile on the distribution function

of y associated with y: Let Y denote the expected value for

the population of Ts that results from repeated calculations

with independent random samples of size nS from x. McKay

et al. [31] show that both stratified sampling and Latin

hypercube sampling yield unbiased estimates for Y; which

is also the case for random sampling. That is, the expected

value of repeated calculations of T with either sampling

method is Y:

For notational convenience, let TR; TS and TL represent

estimates of Y (i.e. values of T calculated as shown in Eq.

(3.5)) obtained with a random sample of size nS; a stratified

sample of size nS with all strata of equal probability and one

random selection per strata, and an LHS of size nS;

respectively. Then, as shown by McKay et al. [31],

VarðTSÞ # VarðTRÞ; ð3:6Þ

where Var represents the variance of TS and TR under

repeated estimations. No direct means of comparing the

variance of TL and TR appears to be known. However, the

following result has been established by McKay et al. [31].

Theorem 3.1. If y ¼ f ðx1; x2;…; xnXÞ is monotonic in each

of the xj and gðyÞ is a monotonic function of y; then

VarðTLÞ # VarðTRÞ: ð3:7Þ

As indicated earlier, uncertainty analysis generally

involves estimating the mean, variance and distribution

function for the particular dependent variable under

consideration. Estimates for these quantities with random

sampling, stratified sampling, and Latin hypercube sampling

are now considered. For each sampling method, the form for

the estimator of the expected value of y is given by

�y ¼ ÊðyÞ ¼ ð1=nSÞ
XnS

i¼1

yi; ð3:8Þ

where yi ¼ f ðxiÞ: To obtain this representation for the

stratified sample, it is assumed that xi comes from stratum

Ei; psuðEiÞ ¼ 1=nS; and nIi ¼ 1: The symbols �yR; �yS and �yL

are used to represent the value obtained in Eq. (3.8) with

random sampling, stratified sampling, and Latin hypercube

sampling, respectively. Each of �yR; �yS and �yL is an unbiased

estimator of EðyÞ:

The goodness of an unbiased estimator can be measured

by its variance. As shown in McKay et al. [31],

Varð�yRÞ ¼ ð1=nSÞVarðyÞ; ð3:9Þ

Varð�ySÞ ¼ Varð�yRÞ2 ð1=nS2Þ
XnS

i¼1

ðmi 2 mÞ2; ð3:10Þ

and

Varð�yLÞ¼Varð�yRÞþ
nS21

nSnXþ1ðnS21ÞnX

X
R

ðmr 2mÞðms2mÞ;

ð3:11Þ

where

m¼EðyÞ; ð3:12Þ

mi ¼Eðylx[EiÞ ð3:13Þ

in Eq. (3.10) for the stratified sample,

mr ¼Eðylx[ cell rÞ ð3:14Þ

in Eq. (3.11) for the LHS, and R in Eq. (3.11) denotes the

restricted space of all pairs (mr; ms) for which the associated

cells have no coordinates in common. The cells being

referred to in conjunction with Latin hypercube sampling in

Eq. (3.11) are the nSnX possible combinations of intervals of

equal probability used in the construction of the sample.

Each cell can be labeled by a set of coordinates

mr ¼½mr1;mr2;…;mr;nX�; ð3:15Þ

where mrj is the interval number for variable xj associated

with cell r; r¼1;2;…;nSnX : The statement that cells r and s

have no coordinate in common means that mrj –msj for

j¼1;2;…;nX:

Comparison of Eqs. (3.9) and (3.10) shows that

Varð�ySÞ # Varð�yRÞ: ð3:16Þ

The relationship between Varð�yRÞ and Varð�yLÞ is not easily

ascertained by comparing Eqs. (3.9) and (3.11). However,

the previously stated theorem by McKay et al. [31]

(Theorem 3.1) implies that

Varð�yLÞ # Varð�yRÞ ð3:17Þ
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when y ¼ f ðx1; x2;…; xnXÞ is monotonic in each of the xj: In

the example presented in McKay et al. [31], the sampling

variability in �yL (i.e. Varð�yLÞ) was considerably less than

that for �yR and �yS:

For each sampling method, the form for the estimator of

the variance of y is given by

S2 ¼ ð1=nSÞ
XnS

i¼1

ðyi 2 �yÞ
2 ð3:18Þ

and its expectation is given by

EðS2Þ ¼ VarðyÞ2 Varð�yÞ; ð3:19Þ

where �y is �yR; �yS or �yL; depending on which sampling

technique is in use. For convenience, S2
R; S2

S and S2
L are used

to represent the values obtained in Eq. (3.18) for random

sampling, stratified sampling (equal probability strata), and

Latin hypercube sampling.

For the random sample, nS S2
R=ðnS 2 1Þ is an unbiased

estimator of the variance of y: The bias in the case of

stratified sampling is unknown. However, it follows from

Eqs. (3.9), (3.16) and (3.19) that

½ðnS 2 1Þ=nS�VarðyÞ # EðS2
SÞ # VarðyÞ: ð3:20Þ

The bias in S2
L is also unknown. However, in a derivation

analogous to the one used for Eq. (3.20), it follows from

Eqs. (3.9), (3.17) and (3.19) that

½ðnS 2 1Þ=nS�VarðyÞ # EðS2
LÞ # VarðyÞ ð3:21Þ

when y ¼ f ðx1; x2;…; xnXÞ is monotonic in each of the xj: In

the example given in McKay et al. [31], S2
L was found to

have little bias and considerably less sampling variability

than either random or stratified sampling.

For each sampling method, the form for the estimator of

the distribution function of y is given by

GðyÞ ¼ ð1=nSÞ
XnS

i¼1

uðy 2 yiÞ ð3:22Þ

where uðzÞ ¼ 1 if z $ 0 and uðzÞ ¼ 0 otherwise. More

specifically, GðyÞ is the estimator for the quantile on the

distribution function associated with y: The locus of points

(y; GðyÞ) is the empirical distribution function associated

with y1; y2;…; ynS: Since Eq. (3.22) is of the form shown in

Eq. (3.5), the expected value of GðyÞ is the same under all

three sampling plans. Under random sampling, GðyÞ is an

unbiased estimator for the distribution function of y; and so

stratified and Latin hypercube sampling also provide

unbiased estimates.

As shown in McKay et al. [31], the variances for the

estimators in Eq. (3.22) are given by

Var½GRðyÞ� ¼ ð1=nSÞDðyÞ½1 2 DðyÞ�; ð3:23Þ

Var½GSðyÞ� ¼ Var½GRðyÞ�2 ð1=nS2Þ
XnS

i¼1

½DiðyÞ2 DðyÞ�2;

ð3:24Þ

and

Var½GLðyÞ� ¼ Var½GRðyÞ� þ
nS 2 1

nSnXþ1ðnS 2 1ÞnX

�
X
R

½DrðyÞ2 DðyÞ�½DsðyÞ2 DðyÞ�; ð3:25Þ

where GR; GS and GL represent the estimator in Eq. (3.22)

with random, stratified and Latin hypercube sampling,

respectively, D represents the true distribution function for

y; Di and Dr represent the distribution function for y

conditional on x belonging to stratum i or cell r as

appropriate (see Eqs. (3.13) and (3.14)), and R represents

the same restricted space that it did in Eq. (3.11).

The equality in Eq. (3.24) implies that

Var½GSðyÞ� # Var½GRðyÞ�: ð3:26Þ

Thus, the variance in estimating DðyÞ with stratified

sampling is less than that with random sampling. The

relationship between Var½GLðyÞ� and Var½GRðyÞ� is not

readily seen by comparing Eqs. (3.23) and (3.25). In the

example given in McKay et al. [31], the sampling variability

in GLðyÞ (i.e. Var½GLðyÞ�) was found to be considerably less

than that in GRðyÞ and GSðyÞ:

The comparisons involving random sampling, stratified

sampling and Latin hypercube sampling discussed so far

have all been for samples of a fixed size nS: Stein [154] has

derived asymptotic comparisons of the variability of

estimates TR and TL of T obtained with random sampling

and Latin hypercube sampling, respectively, under the

assumption that the xjs are independent. In particular, Stein

found that the inequality

Var½TLðy1; y2;…; ynSÞ� , Var½TRðy1; y2;…; ynSÞ� ð3:27Þ

can be expected to hold for sufficiently large sample sizes nS

for most models.

A more explicit statement of Stein’s result requires some

additional notation. Let Ssu;j; j ¼ 1; 2;…; nX; represent the

sample space for xj; and let dsu;j represent the corresponding

density function, with both Ssu;j and dsu;j deriving from the

distribution Dj indicated in Eq. (1.2). Further, let I ¼

{1; 2;…; nX}; Ið2jÞ ¼ I 2 {j}; dsuðxÞ ¼
Q

j[I dsu;jðxjÞ; and

dsu;2jðxÞ ¼
Q

k[Ið2jÞ dsu;kðxkÞ: The representation of dsuðxÞ

and dsu;2jðxÞ as products involving dsu;jðxjÞ is possible

because the xjs are assumed to be independent.

Stein’s result is based on the following decomposition of

g½f ð~xÞ� :

g½f ð~xÞ� ¼ mþ
XnX

j¼1

ajð~xÞ þ rð~xÞ; ð3:28Þ

where

~x ¼ ½~x1; ~x2;…; ~xnX� is an arbitrary element of Ssu;

m ¼
Ð
Ssu

g½f ðxÞ�dsuðxÞdVsu;
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Ssu;2jðxÞ ¼ {xlx [ Ssu and xj ¼ x},

ajð~xÞ ¼
Ð
Ssu;2jð~xjÞ

{g½f ðxÞ�2 m}dsu;2jðxÞdVsu;2j;

dVsu;2j represents an increment of volume from Ssu;2jð~xjÞ,

and rð~xÞ is formally defined by

rð~xÞ ¼ g½f ð~xÞ�2 m2
XnX

j¼1

ajð~xÞ: ð3:29Þ

The function ajð~xÞ characterizes the ‘main effect’ of the

element ~xj of ~x; and the function rð~xÞ characterizes the

nonadditive component of g½f ð~xÞ�: As an aside, this

decomposition also underlies the procedures introduced in

Section 2.4. The following result is proved by Stein (Ref.

[154], Corollary 1, p. 145).

Theorem 3.2. If
Ð
Ssu

g2½f ðxÞ�dsuðxÞdVsu is finite, then

Var½TLðy1;y2;…;ynSÞ�¼
ð
Ssu

r2ðxÞdsuðxÞdVsu=nSþoðnS21Þ;

ð3:30Þ

where the notation FðnS21Þ ¼ oðnS21Þ indicates that

FðnS21Þ=nS21 !0 as nS!1 (Ref. [30 ], p. xv).

The corresponding variance associated with random

sampling is given by

Var½TRðy1;y2;…;ynSÞ� ¼
ð
Ssu

{g½f ðxÞ�2m}2dsuðxÞdVsu=nS

¼
ð
Ssu

r2ðxÞdsuðxÞdVsu=nS

þ
XnX

j¼1

a2
j ðxÞdsuðxÞdVsu=nS; ð3:31Þ

with the second equality following from Eq. (3.28) and the

equalities

0¼
ð
Ssu;j

ajðxÞdsu;jðxjÞdxj ð3:32Þ

for j¼ 1;2;…;nX and

0¼
ð
Ssu;2jðxjÞ

rðxÞdsu;2jðxÞdVsu;2j ð3:33Þ

for xj [Ssu;j and j¼ 1;2;…;nX: Thus, above some sample

size, Latin hypercube sampling results in estimates for T

with lower variance than random sampling unless all the

main effects ajðxÞ; j¼ 1;2;…;nX; are zero (Theorem 3.2).

For sufficiently large sample sizes, TL 2 Y has a

distribution that is approximately normal, where Y is the

expected value of TL: Specifically, the following result has

been established by Owen [155].

Theorem 3.3. If g½f ðxÞ� is bounded, then nS1=2ðTL –YÞ

converges in distribution to a normal distribution with mean

zero and varianceð
Ssu

r2ðxÞdsuðxÞdVsu

as nS increases (see Ref. [156 ], Section 1.4, for formal

definition of convergence in distribution).

In practice, most models satisfy the boundedness

condition imposed on g½f ðxÞ�: Thus, in concept, the

preceding result can be used to place confidence intervals

on results obtained with Latin hypercube sampling. In

practice, determining how large nS must be for approximate

normality to hold can be difficult (Theorem 3.3).

Additional results on variance reduction associated with

Latin hypercube sampling and further references are given

in several recent papers [157,158]. Also, a number of

references related to the theoretical development of Latin

hypercube sampling are given at the end of Section 5.1.

3.3. Historical development of Latin hypercube sampling

The introduction of Latin hypercube sampling can be

traced to concerns in the reactor safety community over the

treatment of uncertainty in analyses related to the safety of

nuclear power plants. In particular, the Reactor Safety Study

[159] was published by US Nuclear Regulatory Commis-

sion (NRC) in 1975 and widely praised for its advancement

of the state of probabilistic risk assessment (PRA) [160].

However, it was also criticized for inadequately represent-

ing the uncertainty in its results [160]. This led to an active

interest on the part of the NRC and its contractors in the

propagation of uncertainty through models for complex

systems.

In this environment, Latin hypercube sampling was

conceived of by W.J. Conover (the original, unpublished

manuscript documenting this work is reproduced in App. A

in Ref. [161]) and formally published in conjunction with

colleagues at Los Alamos Scientific Laboratory [31]. The

first applications of Latin hypercube sampling were in the

analysis of loss of coolant accidents (LOCAs) in the context

of reactor safety [162,163]. R.L. Iman, a student of

Conover’s and a staff member at Sandia National Labora-

tories, recognized the potential of Latin hypercube sampling

and became an early and active proponent of its use. Among

his contributions was to write the first widely distributed

program for Latin hypercube sampling [164,165]. A brief

description of the early development of Latin hypercube

sampling was prepared by Iman in 1980 (this unpublished

description is reproduced in App. B in Ref. [161]).

Much of the early use of Latin hypercube sampling was

in programs related to radioactive waste disposal carried out

at Sandia National Laboratories for the NRC [166–168]. In

addition, the NRC also supported work on Latin hypercube

sampling and associated sensitivity analysis techniques as

part of its MELCOR project to develop a new suite of

models for use in performing reactor safety studies

[169–171].

In the mid 1980s, the NRC decided to reassess the results

obtained in the Reactor Safety Study, with particular
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attention to be paid to the assessment and propagation of

uncertainty. This study, often referred to as NUREG-1150

after its report number, was a very large analysis and

probably the largest integrated analysis of any system

carried out in the 1980s [172,173]. As part of the NUREG-

1150 analyses, Latin hypercube sampling was used in the

propagation of uncertainty through PRAs for 5 nuclear

power plants [174–178]. In addition to the extensive

technical report literature documenting these PRAs, sum-

maries are also available in the journal literature [173,

179–183]. Subsequent to NUREG-1150, Latin hypercube

sampling was used in a very extensive PRA for the LaSalle

nuclear power station [184–187].

After the NUREG-1150 analyses, the next large project

to make use of Latin hypercube sampling involved

performance assessment (PA) for the Waste Isolation

Pilot Plant (WIPP), which was under development by the

US Department of Energy (DOE) for the geologic disposal

of transuranic radioactive waste [188,189]. Latin hyper-

cube sampling was used in several PAs for the WIPP,

including the PA that supported the DOE’s successful

compliance certification application (CCA) to the US

Environmental Protection Agency (EPA) for the WIPP

[190,191]. With its certification, the WIPP became the first

operational facility in the United States for the geologic

disposal of radioactive waste. As an aside, EPA staff

members charged with writing regulations for the geologic

disposal of radioactive waste were acquainted with, and

influenced by, uncertainty analyses performed with Latin

hypercube sampling, with the result that the final

regulations developed for the WIPP mandated an uncer-

tainty propagation of the type for which Latin hypercube

sampling is well suited [192–195].

At present, the largest project that is making use of Latin

hypercube sampling is the Yucca Mountain Project (YMP)

to develop a deep geologic disposal facility for high level

radioactive waste at Yucca Mountain, Nevada [196–198].

This project is both large and controversial. It is also a

very important project that has been much in the news

recently and is likely to get even more attention in the near

future for various reasons. Another large project that is

currently using Latin hypercube sampling is the System

Assessment Capability (SAC) program for the Hanford

Site [199,200].

The preceding background discussion has concentrated

on the large analyses that have used Latin hypercube

sampling. However, Latin hypercube sampling has also

been used in smaller analyses in a variety of fields (e.g.

Refs. [33–39,41–44,201–215]). A recent check (Sept. 9,

2001) of SciSearch shows 330 citations to the original

article on Latin hypercube sampling [31], with the number

of citations steadily increasing with time. Further, this

check does not indicate the extensive use of Latin

hypercube sampling in analyses documented in the

technical report literature. Thus, the use of Latin hypercube

sampling is extensive and growing. As an indication of

the interest in Latin hypercube sampling, the original

article was recently declared a Technometrics classic in

experimental design [216].

The growing use of Latin hypercube sampling and other

techniques for the propagation and analysis of uncertainty

derives from the recognition that it is not enough just to

report the results of an analysis. For the analysis to be useful

in a decision making context, it also necessary to assess and

report how much confidence should be placed in the results

of the analysis (e.g. see the recommendations given in

quotes reproduced in Ref. [7]).

4. Comparison of random and Latin hypercube

sampling

Because of its efficient stratification properties, Latin

hypercube sampling is primarily intended for use with long-

running models. When a model can be evaluated quickly,

there is little reason to use Latin hypercube sampling.

However, due to their computational complexity and

expense, long-running models do not constitute convenient

vehicles for comparing random and Latin hypercube

sampling. For this reason, the present section will use two

relatively simple functions (i.e. models) to compare random

and Latin hypercube sampling. No comparisons with

stratified sampling are made because the stratification used

in a real analysis will always depend on the goals of the

analysis and the properties of the model(s) used in the

analysis. In particular, the efficacy of stratified sampling

derives from an informed selection of strata of unequal

probability.

4.1. Monotonic function

The function

f1ðU;VÞ ¼U þV þUV þU2

þV2 þU min{expð3VÞ;10} ð4:1Þ

is monotonic for positive values of its arguments U; V and

thus reasonably well behaved. For the purpose of comparing

random and Latin hypercube sampling, U and V are

assumed to be uncorrelated and uniformly disturbed on

[1.0, 1.5] and [0, 1], respectively.

Both random and Latin hypercube sampling can be

used to estimate the distribution of f that derives from

the distributions assigned to U and V : To illustrate the

robustness (i.e. stability) of results obtained with the two

sampling procedures, 10 samples of size 25, 50 and 100

are generated for each procedure and the associated

CDFs for f1 constructed. The CDFs constructed for Latin

hypercube sampling show less variability from sample to

sample than the CDFs constructed for random sampling

(Fig. 6). Thus, Latin hypercube sampling is producing a
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more stable estimate for the CDF than is being produced

by random sampling, which is consistent with the result

in Theorem 3.1.

4.2. Nonmonotonic function

Unlike the function f1 in Eq. (4.1), the following function

is monotonic for positive values of one argument (i.e. U)

and nonmonotonic for positive values of the other argument

(i.e. V):

f2ðU;VÞ ¼ U þ V þ UV þ U2 þ V2 þ UgðVÞ ð4:2Þ

where

hðVÞ ¼ ðV 211=43Þ21 þðV 222=43Þ21 þðV 233=43Þ21

gðVÞ ¼ hðVÞ if lhðVÞl, 10

Fig. 6. Comparison of estimated CDFs for monotonic function f1ðU;VÞ in Eq. (4.1) obtained with 10 replicated random and Latin hypercube samples of size 25,

50 and 100.
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gðVÞ ¼ 10 if hðVÞ$ 10

gðVÞ ¼210 if hðVÞ#210:

For the purpose of comparing random and Latin

hypercube sampling, U and V are again assumed to be

uncorrelated and uniformly distributed on [1.0, 1.5]

and [0, 1], respectively. Consideration of samples of size

25, 50 and 100 illustrates that Latin hypercube sampling

produces more stable CDF estimates than produced by

random sampling (Fig. 7).

Fig. 7. Comparison of estimated CDFs for nonmonotonic function f2ðU;VÞ in Eq. (4.2) obtained with 10 replicated random and Latin hypercube samples of size

25, 50 and 100.
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5. Operations involving Latin hypercube sampling

5.1. Correlation control

As indicated in Eq. (1.2), the uncertainty in the inputs

x1; x2;…; xnX to an analysis can be represented by distri-

butions D1;D2;…;DnX : If appropriate, correlations can also

be specified between variables and form part of the

definition of the corresponding probability space (Ssu;

Ssu; psu). Given that D1;D2;…;DnX are characterizing

subjective uncertainty, correlations involving x1; x2;…; xnX

must in some sense derive from a belief that a particular

value for one variable implies something about the possible

values for one or more other variables (e.g. a low value for

x1 implies a high value for x2; or a high value for x3 implies a

high value for x5 and a low value for x6), with the actual

relationship being less strong than a strict functional

dependence.

Two widely used possibilities exist for defining

correlations between variables: the Pearson correlation

coefficient (CC) and the Spearman rank correlation

coefficient (RCC). For samples of the form in Eqs. (3.2)

and (3.4), the CC between two variables, say xj and xk; is

defined by

rxjxk
¼

XnS

i¼1
ðxij 2 �xjÞðxik 2 �xkÞXnS

i¼1
ðxij 2 �xjÞ

2
h i1=2 XnS

i¼1
ðxik 2 �xkÞ

2
h i1=2

; ð5:1Þ

where

�xj ¼
XnS

i¼1

xij=nS; �xk ¼
XnS

i¼1

xik=nS:

The CC takes on values between 21 and 1 and provides a

measure of the strength of the linear relationship between

two variables, with variables tending to move in the same

direction and in opposite directions for positive and

negative CCs, respectively, and with gradations in the

absolute value of the CC between 0 and 1 corresponding

to a trend from no linear relationship to an exact linear

relationship.

The RCC is defined similarly to the CC but with rank-

transformed data. Specifically, the smallest value of a

variable is given a rank of 1; the next largest value is given

a rank of 2; and so on up to the largest value, which is given

a rank equal to the sample size nS: In the event of ties,

average ranks are assigned. The RCC is then calculated in

the same manner as the CC except for the use of rank-

transformed data. Specifically,

Rxjxk
¼

XnS

i¼1
½RðxijÞ2 �RðxjÞ�½RðxikÞ2 �RðxkÞ�XnS

i¼1
½RðxijÞ2 �RðxjÞ�

2
n o1=2 XnS

i¼1
½RðxikÞ2 �RðxkÞ�

2
n o1=2

;

ð5:2Þ

where RðxijÞ and RðxikÞ denote the rank-transformed values

of xij and xik; respectively, and �RðxjÞ¼ �RðxkÞ¼ðnSþ1Þ=2:

Like the CC, the RCC takes on values between 21 and 1 but

provides a measure of the strength of the monotonic

relationship between two variables.

In the authors’ opinion, most individuals intuitively think

in terms of RCCs rather than CCs when correlations are

used in association with assessments of subjective uncer-

tainty. In particular, what is usually possessed is some idea

of the extent to which large and small values for one

variable should be associated with large and small values for

another variable. This is exactly the type of information that

is quantitatively captured by RCCs. Therefore, this section

will discuss the imposition of a rank correlation structure on

random and LHSs.

An effective technique for imposing rank correlations has

been proposed by Iman and Conover [151]. This technique

has several desirable properties including (i) distribution

independence in the sense that it can be applied to all types

of distributions, (ii) simplicity in that no unusual math-

ematical techniques are required in its implementation, (iii)

the stratification associated with Latin hypercube sampling

is preserved, (iv) the marginal distributions for the

individual sample variables are preserved, and (v) complex

correlation structures involving many variables can be

imposed on a sample.

The following discussion provides an overview of the

Iman/Conover procedure for inducing a desired rank

correlation structure on either a random or an LHS and is

adapted from Section 3.2 of Helton [217]. The procedure

begins with a sample of size m from the n input variables

under consideration. This sample can be represented by the

m £ n matrix

X ¼

x11 x12 · · · x1n

x21 x22 · · · x2n

..

. ..
. ..

.

xm1 xm2 · · · xmn

266666664

377777775 ð5:3Þ

where xij is the value for variable j in sample element i:

Thus, the rows of X correspond to sample elements, and the

columns of X contain the sampled values for individual

variables.

The procedure is based on rearranging the values in the

individual columns of X so that a desired rank correlation

structure results between the individual variables. For

convenience, let the desired correlation structure be

represented by the n £ n matrix

C ¼

c11 c12 · · · c1n

c21 c22 · · · c2n

..

. ..
. ..

.

cn1 cn2 · · · cnn

266666664

377777775 ð5:4Þ

where ckl is the desired rank correlation between variables

xk and xl:
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Although the procedure is based on rearranging the

values in the individual columns of X to obtain a new matrix

Xp that has a rank correlation structure close to that

described by C, it is not possible to work directly with X.

Rather, it is necessary to define a new matrix

S ¼

s11 s12 · · · s1n

s21 s22 · · · s2n

..

. ..
. ..

.

sm1 sm2 · · · smn

266666664

377777775 ð5:5Þ

that has the same dimensions as X, but is otherwise

independent of X. Each column of S contains a random

permutation of the m van der Waerden scores F21ði=m þ 1Þ;

i ¼ 1; 2;…;m; where F21 is the inverse of the standard

normal distribution (Ref. [218], p. 317). The matrix S is then

rearranged to obtain the correlation structure defined by C.

This rearrangement is based on the Cholesky factorization

of C (Ref. [219], p. 89). That is, a lower triangular matrix P

is constructed such that

C ¼ PPT
: ð5:6Þ

This construction is possible because C is a symmetric,

positive-definite matrix (Ref. [219], p. 88).

If the correlation matrix associated with S is the n £ n

identity matrix (i.e. if the correlations between the values in

different columns of S are zero), then the correlation matrix

for

Sp ¼ SPT ð5:7Þ

is C (Ref. [220], p. 25). At this point, the success of the

procedure depends on the following two conditions: (i)

that the correlation matrix associated with S be close to

the n £ n identity matrix, and (ii) that the correlation

matrix for S p be approximately equal to the rank

correlation matrix for Sp. If these two conditions hold,

then the desired matrix Xp can be obtained by simply

rearranging the values in the individual columns of X in

the same rank order as the values in the individual

columns of Sp. This is the first time that the variable

values contained in X enter into the correlation process.

When Xp is constructed in this manner, it will have the

same rank correlation matrix as Sp. Thus, the rank

correlation matrix for Xp will approximate C to the same

extent that the rank correlation matrix for Sp does.

The condition that the correlation matrix associated with

S be close to the identity matrix is now considered. For

convenience, the correlation matrix for S will be represented

by E. Unfortunately, E will not always be the identity

matrix. However, it is possible to make a correction for this.

The starting point for this correction is the Cholesky

factorization for E:

E ¼ QQT
: ð5:8Þ

This factorization exists because E is a symmetric, positive-

definite matrix. The matrix Sp defined by

Sp ¼ SðQ21ÞTPT ð5:9Þ

has C as its correlation matrix. In essence, multiplication of

S by (Q21)T transforms S into a matrix whose associated

correlation matrix is the n £ n identity matrix; then,

multiplication by PT produces a matrix whose associated

correlation matrix is C. As it is not possible to be sure that E

will be an identity matrix, the matrix Sp used in the

procedure to produce correlated input should be defined in

the corrected form shown in Eq. (5.9) rather than in the

uncorrected form shown in Eq. (5.7).

The condition that the correlation matrix for Sp be

approximately equal to the rank correlation matrix for Sp

depends on the choice of the scores used in the definition of

S. On the basis of empirical investigations, Iman and

Conover [151] found that van der Waerden scores provided

an effective means of defining S, and these scores are

incorporated into the rank correlation procedure in the

widely used LHS program [165]. Other possibilities for

defining these scores exist, but have not been extensively

investigated. The user should examine the rank correlation

matrix associated with Sp to ensure that it is close to the

target correlation matrix C. If this is not the case, the

construction procedure used to obtain Sp can be repeated

until a suitable approximation to C is obtained. Results

given in Iman and Conover [151] indicate that the use of van

der Waerden scores leads to rank correlation matrices for Sp

that are close to the target matrix C.

As a single example, the effects of imposing rank

correlations of 0.00, 0.25, 0.50, 0.75, 0.90 and 0.99 on a pair

of variables are shown in Fig. 8. The results of various rank-

correlation assumptions with a variety of marginal distri-

butions are illustrated by Iman and Davenport [221,222].

The control of orthogonality and the induction of

correlations within LHSs are areas of much research

interest, and a number of results exist in this area in

addition to the original Iman and Conover rank correlation

techniques discussed in this section [223–241].

5.2. Reweighting of samples

Once a sampling-based uncertainty study has been

performed, it is sometimes necessary to assess the effects

that arise from changed definitions for the distributions

D1;D2;…;DnX in Eq. (1.2). If the model under

consideration is expensive to evaluate, it is desirable to

perform this assessment without reevaluating (i.e. rerun-

ning) the model. When the distributions but not the ranges

of the variables change, this assessment can be carried

out with a reweighting technique developed by Iman and

Conover [242].

Latin hypercube sampling as described in Section 3.1 is

based on dividing the range of each variable into nS
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Fig. 8. Examples of rank correlations of 0.00, 0.25, 0.50, 0.75, 0.90 and 0.99 imposed with the Iman/Conover restricted pairing technique for an LHS of size

nS ¼ 1000:
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intervals of equal probability, where nS is the sample size.

The Iman/Conover reweighting technique is based on a

generalization of Latin hypercube sampling that involves

the division of variable ranges into intervals of unequal

probability.

For this generalization of an LHS size nS from the

variables x1; x2;…; xnX ; the range of each variable xj is

divided into nS mutually exclusive intervals Iij; i ¼

1; 2;…; nS; and one value xij; i ¼ 1; 2;…; nS; of xj is

randomly selected from each interval Iij: The preceding

variable values (i.e. xij; i ¼ 1; 2;…; nS; j ¼ 1; 2;…; nX) are

now used as described in Section 3.1 to generate an LHS.

Specifically, the nS values for x1 are randomly paired

without replacement with the nS values for x2: The resultant

nS pairs are randomly combined without replacement with

the nS values for x3 to produce nS triples. This process is

continued until nS nX-tuples are produced, with these nX-

tuples constituting the LHS

xi ¼ ½xi1; xi2;…; xi;nX�; i ¼ 1; 2;…; nS: ð5:10Þ

The preceding division of the ranges of the variables into the

intervals Iij produces a corresponding division of Ssu into

nSnX cells. Specifically, each cell is of the form

Cn ¼ Ik1 £ Il2 £ · · · £ Im;nX ; ð5:11Þ

where n ¼ ½k; l;…;m� is a vector of nX integers between 1

and nS that designates one of the nSnX mutually exclusive

cells into which Ssu has been partitioned. Further, the

probability probðCnÞ of Cn can be calculated from the

definition of (Ssu; Ssu; psu). For example,

probðCnÞ ¼ probðIk1ÞprobðIl2Þ· · ·probðIm;nXÞ ð5:12Þ

if the xjs are independent.

Theorem 5.1. If xi; i ¼ 1; 2;…; nS; is an LHS of the form

indicated in Eq. (5.10), Cni
; i ¼ 1; 2;…; nS; designates the

cell in Eq. (5.11) that contains xi; f is the function in Eq.

(1.1), and g is an arbitrary function, then

T ¼
XnS

i¼1

nSnX21 probðCni
Þg½fðxiÞ� ð5:13Þ

is an unbiased estimator of the expected value of g½fðxÞ�

(Theorem 1, p. 1760, Ref. [242 ]).

The preceding result reduces to the unbiasedness of the

estimator in Eq. (3.5) when Latin hypercube sampling with

equal probability intervals is used (i.e. probðCni
Þ ¼ 1=nSnX)

and fðxiÞ is real valued (i.e. yi ¼ fðxiÞ). The importance of

Theorem 5.1 is that it allows a recalculation of expected

values, moments and distribution functions that result from

changed distribution assumptions without a rerunning of

the model under consideration. Specifically, the same values

for g½fðxiÞ� are used in conjunction with new values for

probðCni
Þ calculated for the changed distributions for

the elements of x. A related result is given by Beckman

and McKay [243].

5.3. Replication of samples

A brief overview of the variability in statistics obtained

with Latin hypercube sampling is given in Section 3.2. The

variability results when the same quantity is repeatedly

estimated with independently generated samples of the

same size. In essence, this variability is a measure of the

numerical error in using a sampling-based (i.e. Monte

Carlo) procedure in the estimation of an integral. Unfortu-

nately, the theoretical results indicated in Section 3.2 do not

Fig. 9. Upper and lower bounds on 0.95 confidence intervals (CIs) for cumulative probabilities associated with function f1ðU;VÞ in Eq. (4.1) obtained from

nR ¼ 10 samples of size nS ¼ 25 each (see Fig. 6 for CDFs): (a) Latin hypercube sampling, and (b) random sampling.
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lead in any convenient way to error estimates in real

analyses.

In practice, a replicated sampling procedure proposed by

Iman [244] provides a more effective approach to estimating

the potential sampling error in quantities derived from Latin

hypercube sampling. With this procedure, the LHS in Eq.

(3.4) is repeatedly generated with different random seeds.

These samples are used to produce a sequence of values Tr;

r ¼ 1; 2;…; nR; for the statistic T in Eq. (3.5), where nR is

the number of replicated samples. Then,

�T ¼
XnR

r¼1

Tr=nR ð5:14Þ

and

SEð �TÞ ¼
XnR

r¼1

ðTr 2 �TÞ2=nRðnR 2 1Þ

" #1=2

ð5:15Þ

provide an additional estimate for T and an estimate of the

standard error for this estimate of T : The t-distribution with

nR 2 1 degrees of freedom can be used to obtain a

confidence interval for the estimate for �T: Specifically, the

1 2 a confidence interval is given by �T ^ t12a=2SEð �TÞ;

where t12a=2 is the 1 2 a=2 quantile of the t-distribution with

nR 2 1 degrees of freedom (e.g. t12a=2 ¼ 2:262 for a ¼ 0:05

and nR ¼ 10; Ref. [218], Table A25).

As an example, 0.95 confidence intervals for the

cumulative probabilities associated with individual values

in the range of the function f1 defined in Eq. (4.1) are

shown in Fig. 9, with the 10 replicated LHSs producing

narrower confidence intervals than the 10 random samples.

The confidence intervals in Fig. 9 were calculated for

individual values on the abscissa and then connected to

obtain the confidence-interval curves (i.e. the curves of

upper and lower bounds). Thus, the confidence intervals

apply to individual cumulative probabilities rather than to

an entire CDF.

6. Example uncertainty and sensitivity analysis

An example uncertainty and sensitivity analysis invol-

ving a model for two-phase fluid flow follows. The analysis

problem is briefly described (Section 6.1), and then

techniques for the presentation of uncertainty analysis

results are described and illustrated (Section 6.2). The

section then concludes with illustrations of various

sensitivity analysis procedures, including examination of

scatterplots (Section 6.3), regression-based techniques

(Section 6.4), and searches for nonrandom patterns (Section

6.5).

6.1. Analysis problem

The following examples use results from an uncertainty

and sensitivity analysis of a large model for two-phase fluid

Table 1

Example elements of xsu in the 1996 WIPP PA (see Table 5.1, Ref. [245],

Table 1, Ref. [250] and App. PAR, Ref. [190] for complete listings of the

nV ¼ 57 elements of xsu and sources of additional information)

ANHBCEXP—Brooks–Corey pore distribution parameter for anhydrite

(dimensionless). Distribution: Student’s with 5 degrees of freedom. Range:

0.491–0.842. Mean, Median: 0.644

ANHBCVGP—Pointer variable for selection of relative permeability model

for use in anhydrite. Distribution: Discrete with 60% 0, 40% 1. Value of 0

implies Brooks–Corey model; value of 1 implies van Genuchten–Parker

model

ANHCOMP—Bulk compressibility of anhydrite (Pa21). Distribution:

Student’s with 3 degrees of freedom. Range: 1.09 £ 10211 to

2.75 £ 10210 Pa21. Mean, Median: 8.26 £ 10211 Pa21. Correlation: 20.99

rank correlation with ANHPRM

ANHPRM—Logarithm of intrinsic anhydrite permeability (m2).

Distribution: Student’s with 5 degrees of freedom (see Fig. 10). Range:

221.0 to 217.1 (i.e. permeability range is 1 £ 10221 to 1 £ 10217.1 m2).

Mean, Median: 218.9. Correlation: 20.99 rank correlation with

ANHCOMP

BHPRM—Logarithm of intrinsic borehole permeability (m2). Distribution:

Uniform. Range: 214 to 211 (i.e. permeability range is 1 £ 10214 to

1 £ 10211 m2). Mean, median: 212.5.

BPCOMP—Logarithm of bulk compressibility of brine pocket (Pa21).

Distribution: Triangular. Range: 211.3 to 28.00 (i.e. bulk compressibility

range is 1 £ 10211.3 to 1 £ 1028 Pa21). Mean, mode: 29.80, 210.0.

Correlation: 20.75 rank correlation with BPPRM

BPPRM—Logarithm of intrinsic brine pocket permeability (m2).

Distribution: Triangular. Range: 214.7 to 29.80 (i.e. permeability range

is 1 £ 10214.7 to 1 £ 1029.80 m2). Mean, mode: 212.1, 211.8. Correlation:

20.75 with BPCOMP

HALCOMP—Bulk compressibility of halite (Pa21). Distribution:

Uniform. Range: 2.94 £ 10212 to 1.92 £ 10210 Pa21. Mean, median:

9.75 £ 10211 Pa21. Correlation: 20.99 rank correlation with

HALPRM

HALPOR—Halite porosity (dimensionless). Distribution: Piecewise uniform

(see Fig. 10). Range: 1.0 £ 1023 to 3 £ 1022. Mean, median: 1.28 £ 1022,

1.00 £ 1022

HALPRM—Logarithm of halite permeability (m2). Distribution: Uniform.

Range: 224 to 221 (i.e. permeability range is 1 £ 10224 to 1 £ 10221 m2).

Mean, median: 222.5. Correlation: 20.99 rank correlation with

HALCOMP

SALPRES—Initial brine pressure, without the repository being present, at a

reference point located in the center of the combined shafts at the elevation of

the midpoint of MB 139 (Pa). Distribution: Uniform. Range: 1.104 £ 107 to

1.389 £ 107 Pa. Mean, median: 1.247 £ 107 Pa

SHRBRSAT—Residual brine saturation in shaft (dimensionless).

Distribution: Uniform. Range: 0–0.4. Mean, median: 0.2

SHRGSSAT—Residual gas saturation in shaft (dimensionless). Distribution:

Uniform. Range: 0–0.4. Mean, median: 0.2

WASTWICK—Increase in brine saturation of waste due to capillary

forces (dimensionless). Distribution: Uniform. Range: 0–1. Mean,

median: 0.5

WGRCOR—Corrosion rate for steel under inundated conditions in the

absence of CO2 (m/s). Distribution: Uniform. Range: 0–1.58 £ 10214 m/s.

Mean, median: 7.94 £ 10215 m/s

WGRMICI—Microbial degradation rate for cellulose under inundated

conditions (mol/kg s). Distribution: Uniform. Range: 3.17 £ 10210 to

9.51 £ 1029 mol/kg s. Mean, median: 4.92 £ 1029 mol/kg s.

WMICDFLG—Pointer variable for microbial degradation of cellulose.

Distribution: Discrete, with 50% 0, 25% 1, 25% 2. WMICDFLG ¼ 0,

1, 2 implies no microbial degradation of cellulose, microbial

degradation of only cellulose, microbial degradation of cellulose,

plastic and rubber

WPRTDIAM—Waste particle diameter (m). Distribution: Loguniform.

Range: 4.0 £ 1025 to 2.0 £ 1021 m. Mean, median: 2.83 £ 1023 m

WRGSSAT—Residual gas saturation in waste (dimensionless). Distribution:

Uniform. Range: 0–0.15. Mean, median: 0.075

WTAUFAIL—Shear strength of waste (Pa). Distribution: Uniform. Range:

0.05–10 Pa. Mean, median: 5.03 Pa
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flow (Ref. [245], Chapts. 7,8; Refs. [246–248]) carried out

in support of the 1996 CCA for the WIPP, which is being

developed by the DOE for the geologic (i.e. deep under-

ground) disposal of transuranic radioactive waste [190,249].

The indicated model involves the numerical solution of a

system of nonlinear partial differential equations and is

implemented by the BRAGFLO program (Section 4.2, Ref.

[245]; Ref. [246]).

The 1996 WIPP PA considered nX ¼ 57 uncertain inputs

(Table 1), of which 31 were used in the two-phase flow

analysis and 26 were used in other parts of the PA (see

Section 7). The distributions assigned to these variables

(Fig. 10) are intended to characterize subjective uncertainty,

correspond to the distributions in Eq. (1.2), and define the

probability space (Ssu; Ssu; psu).

Latin hypercube sampling was used to generate nR ¼ 3

replicated samples of size nS ¼ 100 each (Section 5.3) for a

total of 300 sample elements. For convenience, these

replicates are referred to as R1, R2 and R3, respectively.

The Iman/Conover restricted pairing technique (Section

5.1) was used to induce specified rank correlations for three

pairs of variables (Table 1) and to keep correlations between

all other variables close to zero (Table 2).

As is typical of most studies of real systems, the original

analysis involved a large number of dependent variables, of

which only 11 will be used for illustration in this section

(Table 3). The variables in Table 3 were calculated for three

distinct sets of conditions designated by E0, E1 and E2 in

the 1996 WIPP PA, where E0 corresponds to undisturbed

conditions (i.e. no human disruption of the repository), E1

corresponds to a single drilling intrusion through the

repository that penetrates an area of pressurized brine in a

geologic formation beneath the repository, and E2 corre-

sponds to a single drilling intrusion through the repository

that does not penetrate pressurized brine.

6.2. Uncertainty analysis

In this example, the model predictions are functions

rather than single numbers as indicated in conjunction with

Fig. 1. The distributions of curves in Fig. 11 constitute one

way of displaying the uncertainty in these functions that

Fig. 10. Distributions used to characterize subjective uncertainty in ANHPRM and HALPOR in 1996 WIPP PA (see Appendix, Ref. [245], for distributions

assigned to all uncertain variables included in 1996 WIPP PA).

Table 2

Example rank correlations in the LHS that constitutes replicate R1 in the 1996 WIPP PA

WGRCOR WMICDFLG HALCOMP HALPRM ANHCOMP ANHPRM BPCOMP BPPRM

WGRCOR 1.0000

WMICDFLG 0.0198 1.0000

HALCOMP 0.0011 0.0235 1.0000

HALPRM 20.0068 20.0212 20.9879 1.0000

ANHCOMP 0.0080 0.0336 20.0123 20.0025 1.0000

ANHPRM 0.0049 20.0183 0.0037 0.0113 20.9827 1.0000

BPCOMP 0.0242 0.1071 20.0121 0.0057 20.0184 0.0078 1.0000

BPPRM 20.0514 20.0342 0.0035 0.0097 0.0283 20.0202 20.7401 1.0000
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results from uncertainty in model input. However, the model

predictions at individual times are real valued and thus can

be displayed as CDFs or CCDFs. A popular presentation

format [251] is to display estimates for the CDF, the

corresponding density function, and the mean in a single

plot (Fig. 12).

For distributions of curves such as those in Fig. 11,

summaries can be obtained by plotting mean and percentile

values of the dependent variable for individual values on the

abscissa (Fig. 13). Conceptually, a vertical line is drawn

through a point on the abscissa and the curves above this

point. If a sample of size nS is involved, this results in

selecting nS values for the dependent variable (i.e. the nS

values above the point on the abscissa). These values can

then be used to estimate a mean, a median, and various

percentiles. Connecting these estimates for a sequence of

values on the abscissa produces summary plots of the form

shown in Fig. 13.

The purpose of replicating the LHS in this example was

to obtain an indication of the stability of the resultant

distribution estimates with an LHS of size 100. In this

analysis, these estimates were quite stable (e.g. Fig. 14).

Similar stability has also been observed in other studies

[32,171,252,253].

Table 3

Predicted variables (i.e. elements of y in Eq. (1.1)) used to illustrate

uncertainty and sensitivity analysis results for two-phase fluid flow model

(see Table 7.1.1, Ref. [245], for additional information)

BRAALIC Cumulative brine flow (m3) from anhydrite marker beds

(AMBs) into disturbed rock zone (DRZ) surrounding

repository (i.e. BRAABNIC þ BRAABSIC þ

BRM38NIC þ BRM38SIC þ BRM39NIC þ

BRM39SIC)

BRAABNIC Cumulative brine flow (m3) out of anhydrite marker beds

A and B into north end of DRZ

BRAABSIC Same as BRAABNIC but into south end of DRZ

BRM38NIC Cumulative brine flow (m3) out of anhydrite marker bed

138 into north end of DRZ

BRM38SIC Same as BRM38NIC but into south end of DRZ

BRM39NIC Cumulative brine flow (m3) out of anhydrite marker bed

139 into north end of DRZ

BRM39SIC Same as BRM39NIC but into south end of DRZ

BRNREPTC Cumulative brine flow (m3) into repository from all

sources

GAS_MOLE Cumulative gas production (mole) in repository due to

corrosion of iron and microbial degradation of cellulose

PORVOL_T Total pore volume (m3) in repository

WAS_SATB Brine saturation (dimensionless) in lower waste panel (i.e.

the southern waste panel, which in the numerical

implementation of the analysis is the waste panel that is

penetrated by a drilling intrusion for the E1 and E2 scenarios)

Fig. 11. Time-dependent results used to illustrate sensitivity analysis techniques: (a) saturation in lower waste panel with an E2 intrusion at 1000 yr

(E2:WAS_SATB), (b) total cumulative gas generation due to corrosion and microbial degradation of cellulose under undisturbed (i.e. E0) conditions

(E0:GAS_MOLE), (c) cumulative brine flow into disturbed rock zone (DRZ) surrounding repository with an E2 intrusion at 1000 yr (E2:BRAALIC); and (d)

total pore volume in repository with an E2 intrusion at 1000 yr (E2:PORVOL_T).
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Presentation of multiple plots of the form shown in

Fig. 12 can be cumbersome when a large number of

predicted variables is involved. When these variables have

the same units, box plots provide a way to present a

compact summary of multiple distributions (Fig. 15). In

this summary, the endpoints of the boxes are formed by

the lower and upper quartiles of the data, that is, x0:25

and x0:75: The vertical line within the box represents

the median, x0:50: The mean is identified by the large dot.

The bar on the right of the box extends to the minimum

of x0:75 þ 1:5ðx0:75 2 x0:25Þ and the maximum value. In

a similar manner, the bar on the left of the box extends

to the maximum of x0:25 2 1:5ðx0:75 2 x0:25Þ and the

minimum value. The observations falling outside of

these bars are shown in crosses. The flattened shape of

box plots makes it possible to summarize multiple

distributions in a small area and also facilitates compari-

sons of these distributions.

Fig. 12. Presentation of estimated CDF, mean, and density function for

y ¼ E0:GAS_MOLE at 10,000 yr.

Fig. 13. Mean and percentile curves for y ¼ E0:GAS_MOLE for

replicate R1.

Fig. 14. Individual mean and percentile curves for y ¼ E0:GAS_MOLE for

replicates R1, R2 and R3.

Fig. 15. Use of box plots to summarize cumulative brine flows over

10,000 yr in the vicinity of the repository for an E1 intrusion at 1000 yr into

lower waste panel (see Table 3 for a description of individual variables).
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6.3. Examination of scatterplots

The simplest sensitivity analysis procedure is an examin-

ation of the scatterplots associated with individual sampled

variables and the particular model prediction under consider-

ation (see Eq. (2.7)). If a variable has a substantial effect on the

model prediction, then this will result in a discernible pattern

in the corresponding scatterplot (Fig. 16); in contrast, little or

no pattern will appear in the scatterplot in the absence of an

effect. Further, the examination of multiple scatterplots can

reveal interactions in the effects of variables. For example,

large values of WAS_SATB tend to be associated with large

values of BHPRM (Fig. 16a); however, given the occurrence

of a large value for BHPRM, the resultant value for

WAS_SATB is determined primarily by WRGSSAT (Fig.

16b). Latin hypercube sampling is a particularly effective

procedure for the generation of scatterplots due to its full

stratification across the range of each sampled variable.

6.4. Regression-based techniques

A more sophisticated approach to sensitivity analysis is

to use formal search procedures to identify specific patterns

in the mapping in Eq. (2.3). For example, regression-based

techniques are often effective in identifying linear relation-

ships and relationships that can be made linear by a suitable

transformation (Ref. [217], Section 3.5). Stepwise

regression analysis provides an efficient and informative

way to carry out a regression-based sensitivity analysis, with

variable importance being indicated by the order in which

variables are selected in the stepwise procedure, the changes

in R2 values that occur as individual variables are added to

the regression model, and the size of the SRCs for the

variables included in the regression model. When the

relationships between the sampled and predicted variables

are nonlinear but monotonic, the rank transformation [254]

is often effective in linearizing the underlying relationships

and thus facilitating the use of regression-based techniques.

As an example, stepwise regression analyses for y ¼

E0:GAS_MOLE and y ¼ E2:BRAALIC with raw and rank-

transformed data are presented in Table 4. For E0:GAS_-

MOLE, similar results are obtained with raw and rank-

transformed data (i.e. the same variables are selected in both

analyses and the final regression models have R2 values of

0.85 and 0.82, respectively). For E2:BRAALIC, the use of

rank-transformed data considerably improves the resolution

of the analysis and produces a final regression model with

six variables and an R2 value of 0.90; in contrast, the use of

raw data produces a final regression model with three

variables and an R2 value of 0.62.

An alternative to regression analysis is to calculate CCs

or partial correlation coefficients (PCCs) between sampled

and predicted variables (Ref. [217], Section 3.5). As with

regression analysis, these coefficients can be calculated with

raw or rank-transformed data, with the latter case producing

RCCs and partial rank correlation coefficients (PRCCs).

When the variables within the sample are independent (i.e.

orthogonal), CCs and SRCs are equal, as is also the case for

RCCs and standardized rank regression coefficients

(SRRCs). Similar, but not entirely equivalent, measures of

variable importance are given by SRCs and PCCs.

Specifically, SRCs characterize the effect on the output

Fig. 16. Scatterplots for brine saturation in lower waste panel (WAS_SATB) at 10,000 yr for an E2 intrusion at 1000 yr into lower waste panel versus BHPRM

and WRGSSAT.
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variable that results from perturbing an input variable by

a fixed fraction of its standard deviation, and PCCs

characterize the strength of the linear relationship between

an input and output variable after a correction has been

made for the linear effects of the other input variables.

Similar interpretations apply to SRRCs and PRCCs for

rank-transformed variables. Although SRCs and PCCs are

not equal, use of their absolute values to order variable

importance produces identical importance orderings when

the values for the individual variables within the sample are

independent, as is also the case for SRRCs and PRCCs.

As in Fig. 11, model predictions are often time dependent.

When this is the case, presenting stepwise regression

analyses at multiple times in the format used in Table 4 can

become quite unwieldy. In such situations, a more compact

alternative is to present plots of time-dependent coefficients

(Fig. 17). In particular, the coefficients are calculated at

multiple times and then the coefficients for individual

variables are connected to obtain the curves in Fig. 17. This

presentation format is relatively compact and also displays

how variable importance changes with time.

6.5. Searches for nonrandom patterns

Regression-based techniques are not always successful in

identifying the relationships between sampled variables and

model predictions. As an example, the regression analyses

with raw and rank-transformed data in Table 5 perform

poorly, with the final regression models having R2 values of

0.33 and 0.20. Given the low R2 values, there is little reason

to believe that the variable orderings are meaningful or even

that all the influential variables have been identified.

When regression-based approaches to sensitivity anal-

ysis do not yield satisfactory insights, important variables

can be searched for by attempting to identify patterns in the

mapping in Eq. (2.3) with techniques that are not predicated

on searches for linear or monotonic relationships. Possibi-

lities include use of (i) the F-statistic to identify changes in

the mean value of y across the range of individual xjs, (ii) the

x2-statistic to identify changes in the median value of y

across the range of individual xjs, (iii) the Kruskal–Wallis

statistic to identify changes in the distribution of y across the

range of individual xjs, and (iv) the x2-statistic to identify

nonrandom joint distributions involving y and individual xjs

[255]. For convenience, the preceding will be referred to as

tests for (i) common means (CMNs), (ii) common medians

(CMDs), (iii) common locations (CLs), and (iv) statistical

independence (SI), respectively.

The preceding statistics are based on dividing the

values of xj in Eq. (2.7) into intervals (Fig. 18). Typically,

these intervals contain equal numbers of values for xj (i.e.

the intervals are of equal probability); however, this is

not always the case (e.g. when xj has a finite number

of values of unequal probability). The calculation of the

F-statistic for CMNs and the Kruskal–Wallis statistic

for CLs involves only the division of xj into intervals.

Table 4

Stepwise regression analyses with raw and rank-transformed data with pooled results from replicates R1, R2 and R3 (i.e. for a total of 300 observations) for

output variables E0:GAS_MOLE and E2:BRAALIC at 10,000 yr

Stepa Raw data: y ¼ E0:GAS_MOLE Rank-transformed data: y ¼ E0:GAS_MOLE

Variableb SRCc R2d Variableb SRRCe R2d

1 WMICDFLG 0.65 0.41 WMICDFLG 0.62 0.39

2 HALPOR 0.59 0.76 HALPOR 0.57 0.72

3 WGRCOR 0.27 0.84 WGRCOR 0.28 0.80

4 WASTWICK 0.07 0.84 ANHPRM 0.08 0.81

5 ANHPRM 0.07 0.85 WASTWICK 0.07 0.81

6 SHRGSSAT 0.07 0.85 SHRGSSAT 0.07 0.82

Raw data: y ¼ E2:BRAALIC Rank-transformed data: y ¼ E2:BRAALIC

Variable SRC R2 Variable SRRC R2

1 ANHPRM 0.77 0.59 ANHPRM 0.91 0.83

2 WMICDFLG 20.14 0.61 WMICDFLG 20.15 0.85

3 SALPRES 0.09 0.62 BHPRM 0.13 0.87

4 HALPRM 0.12 0.88

5 SALPRES 0.10 0.89

6 WGRCOR 20.05 0.90

a Steps in stepwise regression analysis with significance levels of a ¼ 0.02 and a ¼ 0.05 required of a variable for entry into and retention in a regression

model, respectively.
b Variables listed in order of selection in regression analysis with ANHCOMP and HALCOMP excluded from entry into regression model because of 20.99

rank correlation within the pairs (ANHPRM, ANHCOMP) and (HALPRM, HALCOMP).
c Standardized regression coefficients (SRCs) in final regression model.
d Cumulative R2 value with entry of each variable into regression model.
e Standardized rank regression coefficients (SRRCs) in final regression model.
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The F-statistic and the Kruskal–Wallis statistic are then

used to indicate if the y values associated with these

intervals appear to have different means and distributions,

respectively. The x2-statistic for CMDs involves a further

partitioning of the y values into values above and below the

median for all y in Eq. (2.7) (i.e. the horizontal line in Fig.

18a), with the corresponding significance test used to

indicate if the y values associated with the individual

intervals defined for xj appear to have medians that are

different from the median for all values of y: The x2-statistic

for SI involves a partitioning of the y values in Eq. (2.7) into

intervals of equal probability analogous to the partitioning of

the values of xj (i.e. the horizontal lines in Fig. 18b), with

the corresponding significance test used to indicate if the

distribution of the points (xij; yi) over the cells in Fig. 18b

appears to be different from what would be expected if there

was no relationship between xj and y: For each statistic, a p-

value can be calculated which corresponds to the probability

of observing a stronger pattern than the one actually observed

if there is no relationship between xj and y: An ordering of p-

values then provides a ranking of variable importance (i.e.

the smaller the p-value, the stronger the effect of xj on y

appears to be). More detail on these and other related

procedures is given in Kleijnen and Helton [255,256].

As an example, analyses for y ¼ E2:PORVOL_T with the

tests for CMNs, CMDs, CLs and SI are presented in Table 6.

Fig. 17. Time-dependent coefficients: (a) and (b) SRCs and PCCs for cumulative gas generation under undisturbed (i.e. E0) conditions (y ¼ E0:GAS_MOLE;

see Fig. 11b); and (c) and (d), SRRC’s and PRCCs for cumulative brine flow into DRZ with an E2 intrusion at 1000 yr (y ¼ E2:BRAALIC; see Fig. 11c).
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For perspective, tests based on p-values for CCs and RCCs

are also presented in Table 6, with the p-values indicating the

probability of observing larger, in absolute value, CCs and

RCCs due to chance variation in the absence of any

relationship between xj and y [255]. The ordering of variable

importance with CMNs, CMDs, CLs and SI is different from

the orderings obtained with CCs and RCCs. In particular, the

tests for CMNs, CMDs, CLs and SI are identifying the

nonlinear and nonmonotonic relationship involving BHPRM

that is being missed with the tests based on CCs and RCCs. If

desired, the top-down correlation technique introduced by

Iman and Conover could be used to provide a formal

assessment of the agreement between the results for the

different sensitivity analysis procedures in Table 6 [255,257].

Variance decomposition procedures provide another

way to identify nonlinear and nonmonotonic relationships

and are typically implemented with Monte Carlo

procedures (Section 2.4). In addition, many procedures

have been proposed by the ecological community for

identifying nonrandom patterns that may have a use in

sampling-based sensitivity analysis (e.g. Refs. [258–

271]). Finally, the two-dimensional Kolmogorov–Smir-

nov test has the potential to be a useful tool for the

identification of nonrandom patterns in sampling-based

sensitivity analysis (e.g. Refs. [272–275]). Further

information on sampling-based procedures for uncertainty

and sensitivity analysis is available in a number of

reviews (e.g. Refs. [32,38,217,255,276–282]).

Table 5

Stepwise regression analyses with raw and rank-transformed data with pooled results for replicates R1, R2 and R3 (i.e. for a total of 300 observations) for

output variable E2:PORVOL_T at 10,000 yr

Stepa Raw data: y ¼ E2:PORVOL_T Rank-transformed data: y ¼ E2:PORVOL_T

Variableb SRCc R2d Variableb SRRCe R2d

1 HALPRM 0.37 0.15 HALPRM 0.35 0.13

2 BHPRM 0.33 0.25 ANHPRM 0.23 0.18

3 ANHPRM 0.24 0.31 HALPOR 0.13 0.20

4 HALPOR 0.15 0.33

a Steps in stepwise regression analysis with significance levels of a ¼ 0.02 and a ¼ 0.05 required of a variable for entry into and retention in a regression

model, respectively.
b Variables listed in order of selection in regression analysis with ANHCOMP and HALCOMP excluded from entry into regression model because of 20.99

rank correlation within the pairs (ANHPRM, ANHCOMP) and (HALPRM, HALCOMP).
c Standardized regression coefficients (SRCs) in final regression model.
d Cumulative R2 value with entry of each variable into regression model.
e Standardized rank regression coefficients (SRRCs) in final regression model.

Fig. 18. Partitionings of (xij; yi), i ¼ 1; 2;…; nS ¼ 300 : (a) division of xj ¼ BHPRM into intervals of equal probability and y ¼ E2:PORVOL_T into values

above and below the median, and (b) division of xj ¼ HALPRM and y ¼ E2:PORVOL_T into intervals of equal probability.
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7. Uncertainty in analyses for complex systems (adapted

from Ref. [276], Chapt. 10)

7.1. Stochastic and subjective uncertainty

Many large analyses maintain a separation between

two categorizations of uncertainty: (i) stochastic uncer-

tainty, which arises because the system under study can

behave in many different ways (e.g. many different

accidents are possible at a nuclear power station), and

(ii) subjective uncertainty, which arises from a lack of

knowledge about quantities assumed to have fixed values

in a particular analysis (e.g. a reactor containment

building might be assumed to have a fixed failure

strength, with the exact value of this strength being

unknown). Thus, stochastic uncertainty in a property of

the system under study, and subjective uncertainty is a

property of the analysis and the associated analysts.

Alternative terminology includes the use of aleatory,

variability, irreducible and type A as alternatives to the

designation stochastic and the use of epistemic, state of

knowledge, reducible and type B as alternatives to the

designation subjective. The categorization and treatment

of stochastic and subjective uncertainty in analyses for

complex systems has been widely discussed from a

variety of perspectives [7,8,283–295]. Further, the use

of probability to characterize both subjective and

stochastic uncertainty can be traced back to the begin-

nings of the formal development of probability in the late

seventeenth century [296–298].

The distributions in Eq. (1.2) were assumed to charac-

terize subjective uncertainty, and the probability space

associated with these distributions was represented by (Ssu;

Ssu; psu), with the subscript su used as a designation for

subjective. Analyses that involve stochastic and subjective

uncertainty have two underlying probability spaces: a

probability space (Sst; Sst; pst) for stochastic uncertainty,

and a probability space (Ssu; Ssu; psu) for subjective

uncertainty. In the preceding, the subscript ‘st’ is used as a

designator for ‘stochastic’.

An example of a large analysis that maintained a

separation between stochastic and subjective uncertainty is

the NRC’s reassessment of the risk from commercial

nuclear reactors in the United States (i.e. NUREG-1150),

where stochastic uncertainty arose from the many possible

accidents that could occur at the power plants under study

and subjective uncertainty arose from the many uncertain

quantities required in the estimation of the probabilities and

consequences of these accidents [172,173,183]. Numerous

other examples also exist (e.g. Refs. [184–187,299–308]).

7.2. Performance assessment for the WIPP

This presentation will use the PA carried out in support

of the DOE’s 1996 CCA for the WIPP as an example of an

analysis involving both stochastic and subjective uncer-

tainty [190,191,249]. Parts of this analysis involving the

model for two-phase flow implemented in the BRAGFLO

program have already been introduced and used to illustrate

uncertainty and sensitivity analysis in the presence of

subjective uncertainty (Section 6.1). Although the analyses

with BRAGFLO were an important part of the 1996 WIPP

PA, they constitute only one component of a large analysis.

The following provides a high-level overview of sampling-

based uncertainty and sensitivity analysis in the 1996 WIPP

PA. The need to treat both stochastic and subjective

uncertainty in the 1996 WIPP PA arose from regulations

promulgated by the EPA and briefly summarized in the next

paragraph.

The following is the central requirement in the EPA’s

regulation for the WIPP, 40 CFR 191, Subpart B, and the

primary determinant of the conceptual and computational

structure of the 1996 WIPP PA (p. 38086, Ref. [192]):

§ 191.13 Containment requirements:

(a) Disposal systems for spent nuclear fuel or high-level

or transuranic radioactive wastes shall be designed

to provide a reasonable expectation, based upon

performance assessments, that cumulative releases of

Table 6

Sensitivity results based on CMNs, CMDs, CLs, SI, CCs and RCCs for y ¼ E2:PORVOL_T

Variable CMN CMD CL SI CC RCC

Rank p-Val Rank p-Val Rank p-Val Rank p-Val Rank p-Val Rank p-Val

BHPRM 1.0 0.0000 1.0 0.0000 1.0 0.0000 1.0 0.0000 10.0 0.3295 4.0 0.0926

HALPRM 2.0 0.0000 2.0 0.0000 2.0 0.0000 2.0 0.0001 1.0 0.0000 1.0 0.0000

ANHPRM 3.0 0.0005 3.0 0.0007 3.0 0.0000 4.0 0.0082 2.0 0.0000 2.0 0.0000

HALPOR 4.0 0.0341 6.0 0.0700 5.0 0.1072 5.0 0.1137 3.0 0.0097 3.0 0.0225

ANHBCEXP 5.0 0.0496 5.0 0.0595 4.0 0.0655 18.5 0.5739 9.0 0.1938 9.0 0.2535

ANHBCVGP 6.0 0.0899 16.0 0.4884 6.0 0.1248 13.0 0.2942 4.0 0.0894 5.0 0.1248

SHRBRSAT 9.0 0.1923 7.0 0.0823 8.0 0.1464 7.0 0.1850 21.0 0.6859 15.0 0.4559

BPPRM 10.0 0.2010 4.0 0.0477 7.0 0.1350 18.5 0.5739 22.0 0.7069 14.0 0.4329

WGRCOR 19.0 0.5386 17.0 0.5249 10.0 0.2320 3.0 0.0003 14.0 0.4688 18.0 0.6601
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radionuclides to the accessible environment for 10,000

years after disposal from all significant processes and

events that may affect the disposal system shall: (1) Have

a likelihood of less than one chance in 10 of exceeding

the quantities calculated according to Table 1 (Appendix

A);1 and (2) Have a likelihood of less than one chance in

1,000 of exceeding ten times the quantities calculated

according to Table 1 (Appendix A).

(b) Performance assessments need not provide complete

assurance that the requirements of 191.13(a) will be met.

Because of the long time period involved and the nature of

the events and processes of interest, there will inevitably

be substantial uncertainties in projecting disposal system

performance. Proof of the future performance of a

disposal system is not to be had in the ordinary sense of

the word in situations that deal with much shorter time

frames. Instead, what is required is a reasonable

expectation, on the basis of the record before the

implementing agency, that compliance with 191.13(a)

will be achieved.The EPA also promulgated 40 CFR 194

[193], where the following elaboration on the intent of 40

CFR 191.13 is given (pp. 5242–5243, Ref. [193]):

§ 194.34 Results of performance assessments.

(a) The results of performance assessments shall be

assembled into “complementary, cumulative distribution

functions” (CCDFs) that represent the probability of

exceeding various levels of cumulative release caused by

all significant processes and events. (b) Probability

distributions for uncertain disposal system parameter

values used in performance assessments shall be devel-

oped and documented in any compliance application. (c)

Computational techniques, which draw random samples

from across the entire range of the probability distri-

butions developed pursuant to paragraph (b) of this

section, shall be used in generating CCDFs and shall be

documented in any compliance application. (d) The

number of CCDFs generated shall be large enough such

that, at cumulative releases of 1 and 10, the maximum

CCDF generated exceeds the 99th percentile of the

population of CCDFs with at least a 0.95 probability. (e)

Any compliance application shall display the full range of

CCDFs generated. (f) Any compliance application shall

provide information which demonstrates that there is at

least a 95 percent level of statistical confidence that the

mean of the population of CCDFs meets the containment

requirements of § 191.13 of this chapter.

In addition to the requirements in 40 CFR 191.13 and 40

CFR 194.34 just quoted, 40 CFR 191 and 40 CFR 194

contain many additional requirements for the certification of

the WIPP for the disposal of TRU waste [309]. However, it

is the indicated requirements that determine the overall

structure of the 1996 WIPP PA.

Together, 191.13(a) and 194.34(a) lead to a CCDF and

boundary line [310–312] as illustrated in Fig. 19, with the

CCDF for releases to the accessible environment required to

fall below the boundary line. The CCDF derives from

disruptions that could occur in the future and is thus

characterizing the effects of stochastic uncertainty. In

contrast, 194.34(b) and (c) require the characterization and

propagation of the effects of subjective uncertainty.

Ultimately, this uncertainty will lead to a distribution of

CCDFs of the form illustrated in Fig. 19, with this

distribution deriving from subjective uncertainty.

The probability space (Ssu; Ssu; psu) for subjective

uncertainty used in the 1996 WIPP PA has already been

introduced in Section 6.1, with Table 1 listing examples of

the 57 uncertain variables associated with the elements xsu

of Ssu: Specifically, xsu is a vector of the form

xsu ¼ ½x1; x2;…; x57� ð7:1Þ

in the 1996 WIPP PA. The probability space (Ssu; Ssu; psu)

was defined by specifying distributions for the elements of

xsu as indicated in Eq. (1.2) and illustrated in Fig. 10.

In the 1996 WIPP PA, the probability space (Sst; Sst;

pst) for stochastic uncertainty derives from the many

different disruptions that could occur at the WIPP over the

10,000 yr regulatory time frame imposed on it. In particular,

regulatory guidance [309] and extensive review of potential

features, events and processes (FEPs) that could affect the

WIPP [314] led to the elements xst of the sample space Sst

Fig. 19. Boundary line and associated CCDF specified in 40 CFR 191,

Subpart B (Fig. 2, Ref. [313]).

1 Radionuclide releases normalized to amount of radioactive material

placed in the disposal facility; see Refs. [192,194] for a description of the

normalization process.
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being defined as vectors of the form

xst ¼½t1; l1; e1; b1; p1; a1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
1st intrusion

; t2; l2; e2; b2; p2; a2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
2nd intrusion

;

· · ·; tn; ln; en; bn; pn; an|fflfflfflfflfflffl{zfflfflfflfflfflffl}
nth intrusion

; tmin�;
ð7:2Þ

where n is the number of exploratory drilling intrusions for

natural resources (i.e. oil or gas) that occur in the immediate

vicinity of the repository, ti is the time (yr) of the ith

intrusion, li designates the location of the ith intrusion, ei

designates the penetration of an excavated or nonexcavated

area by the ith intrusion, bi designates whether or not the ith

intrusion penetrates pressurized brine in the Castile

Formation, pi designates the plugging procedure used with

the ith intrusion (i.e. continuous plug, two discrete plugs,

three discrete plugs), ai designates the type of waste

penetrated by the ith intrusion (i.e. no waste, contact-

handled waste, and remotely handled waste, with ai

represented as a vector because a single drilling intrusion

can penetrate several ‘waste streams’ that have different

properties), and tmin is the time at which potash mining

occurs within the land withdrawal boundary. The definition

of (Sst; Sst; pst) was then completed by assigning a

distribution to each element of xst [315].

The FEPs review process also led to the identification of

processes and associated models for use in the estimation of

consequences (e.g. normalized radionuclide releases to the

accessible environment in the context of the EPA regu-

lations) for elements xst of Sst (Fig. 20, Table 7).

Symbolically, this estimation process can be represented by

f ðxstÞ ¼fCðxstÞþ fSP½xst; fBðxstÞ�

þ fDBR{xst; fSP½xst; fBðxstÞ�; fBðxstÞ}þ fMB½xst; fBðxstÞ�

þ fDL½xst; fBðxstÞ�þ fS½xst; fBðxstÞ�

þ fS2T{xst;0; fS2Fðxst;0Þ; fN2P½xst; fBðxstÞ�}; ð7:3Þ

where f ðxstÞ , normalized radionuclide release to the

accessible environment associated with xst and, in general,

many additional consequences, xst , particular future under

consideration, xst;0 , future involving no drilling intrusions

but a mining event at the same time tmin as in xst;

fCðxstÞ , cuttings and cavings release to accessible environ-

ment for xst calculated with CUTTINGS_S, fBðxstÞ , results

calculated for xst with BRAGFLO (in practice, fBðxstÞ is a

vector containing a large amount of information including

time-dependent pressures and saturations for gas and brine),

fSP½xst; fBðxstÞ� , spallings release to accessible environment

for xst calculated with the spallings model contained in

CUTTINGS_S, fDBR {xst; fSP½xst; fBðxstÞ�; fBðxstÞ} , direct

brine release to accessible environment for xst calculated

with a modified version of BRAGFLO designated BRAG-

FLO_DBR, fMB½xst; fBðxstÞ� , release through anhydrite

marker beds to accessible environment for xst calculated

with NUTS, fDL½xst; fBðxstÞ� , release through Dewey Lake

Red Beds to accessible environment for xst calculated with

NUTS, fS½xst; fBðxstÞ� , release to land surface due to brine

flow up a plugged borehole for xst calculated with NUTS or

PANEL as appropriate, fS2Fðxst;0Þ , flow field calculated for

xst;0 with SECOFL2D, fN2P½xst; fBðxstÞ� , release to Culebra

for xst calculated with NUTS or PANEL as appropriate,

Fig. 20. Computer programs (models) used in 1996 WIPP PA (Fig. 5, Ref. [313]).
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and fS2T{xst;0; fS2Fðxst;0Þ; fN2P½xst; fBðxstÞ�} , groundwater

transport release through Culebra to accessible environment

calculated with SECOTP2D (xst;0 is used as an argument to

fS–T because drilling intrusions are assumed to cause no

perturbations to the flow field in the Culebra).

The probability space (Sst; Sst; pst) for stochastic

uncertainty and the function f indicated in Eq. (7.3) lead

to the required CCDF for normalized releases to the

accessible environment (Fig. 19). In particular, this

CCDF can be represented as an integral involving (Sst;

Sst; pst) and f (Fig. 21). If (Sst; Sst; pst) and f could be

unambiguously defined, then the CCDF in Fig. 21 could

be determined with certainty and compared against the

specified boundary line. Unfortunately, such certainty

does not exist in the 1996 WIPP PA, which leads to

the probability space (Ssu; Ssu; psu) for subjective

uncertainty.

When the elements xsu of Ssu are included, the function f

in Eq. (7.3) has the form f ðxst; xsuÞ: In turn, the expression

defining the CCDF in Fig. 21 becomes

probðRel.RlxsuÞ¼
ð
Sst

dR½f ðxst;xsuÞ�dstðxstlxsuÞdVst; ð7:4Þ

where dR½f ðxst;xsuÞ�¼1 if f ðxst;xsuÞ.R and 0 if f ðxst;

xsuÞ#R: Uncertainty in xsu as characterized by (Ssu; Ssu;

psu) then leads to a distribution of CCDFs, with one CCDF

resulting for each xsu in Ssu (Fig. 22).

7.3. Implementation of 1996 WIPP PA

The guidance in 194.34(a) was implemented by

developing the probability space (Sst;Sst; pst), the function

f ðxst; xsuÞ; and a Monte Carlo procedure based on simple

random sampling (Section 5.1) for the approximation of

the integral, and hence the associated CCDF, in Eq. (7.4).

Conditional on an element xsu of Ssu; the Monte Carlo

Table 7

Summary of computer models used in the 1996 WIPP PA (Table 1, Ref.

[313])

BRAGFLO: Calculates multiphase flow of gas and brine through a porous,

heterogeneous reservoir. Uses finite difference procedures to solve system

of nonlinear partial differential equations that describes the mass

conservation of gas and brine along with appropriate constraint

equations, initial conditions and boundary conditions. Additional

information: Section 4.2, Ref. [245]; Ref. [246]

BRAGFLO_DBR: Special configuration of BRAGFLO model used in

calculation of dissolved radionuclide releases to the surface (i.e. direct brine

releases) at the time of a drilling intrusion. Uses initial value conditions

obtained from calculations performed with BRAGFLO and CUTTINGS_S.

Additional information: Section 4.7, Ref. [245]; Ref. [316]

CUTTINGS_S: Calculates the quantity of radioactive material brought to

the surface in cuttings and cavings and also in spallings generated by an

exploratory borehole that penetrates a waste panel, where cuttings

designates material removed by the drillbit, cavings designates material

eroded into the borehole due to shear stresses resulting from the circular

flow of the drilling fluid (i.e. mud), and spallings designates material carried

to the borehole at the time of an intrusion due to the flow of gas from the

repository to the borehole. Spallings calculation uses initial value

conditions obtained from calculations performed with BRAGFLO.

Additional information: Sects. 4.5, 4.6, Ref. [245]; Ref. [317]

GRASP-INV: Generates transmissivity fields (estimates of transmissivity

values) conditioned on measured transmissivity values and calibrated to

steady-state and transient pressure data at well locations using an adjoint

sensitivity and pilot-point technique. Additional information: Refs. [318,

319]

NUTS: Solves system of partial differential equations for radionuclide

transport in vicinity of repository. Uses brine volumes and flows calculated

by BRAGFLO as input. Additional information: Section 4.3, Ref. [245];

Ref. [320]

PANEL: Calculates rate of discharge and cumulative discharge of

radionuclides from a waste panel through an intruding borehole.

Discharge is a function of fluid flow rate, elemental solubility and

radionuclide inventory. Uses brine volumes and flows calculated by

BRAGFLO as input. Based on solution of system of linear ordinary

differential equations. Additional information: Section 4.4, Ref. [245]; Ref.

[320]

SANTOS: Solves quasistatic, large deformation, inelastic response of two-

dimensional solids with finite element techniques. Used to determine

porosity of waste as a function of time and cumulative gas generation,

which is an input to calculations performed with BRAGFLO. Additional

information: Section 4.2.3, Ref. [245]; Refs. [321,322]

SECOFL2D: Calculates single-phase Darcy flow for groundwater flow in

two dimensions. The formulation is based on a single partial differential

equation for hydraulic head using fully implicit time differencing. Uses

transmissivity fields generated by GRASP-INV. Additional information:

Section 4.8, Ref. [245]; Ref. [323]

SECOTP2D: Simulates transport of radionuclides in fractured porous

media. Solves two partial differential equations: one provides two-

dimensional representation for convective and diffusive radionuclide

transport in fractures and the other provides one-dimensional

representation for diffusion of radionuclides into rock matrix surrounding

the fractures. Uses flow fields calculated by SECOFL2D. Additional

information: Section 4.9, Ref. [245]; Ref. [323]

Fig. 21. Definition of CCDF specified in 40 CFR 191, Subpart B as an

integral involving the probability space (Sst; Sst; pst) for stochastic

uncertainty and a function f defined on Sst (Fig. 4, Ref. [313]).

J.C. Helton, F.J. Davis / Reliability Engineering and System Safety 81 (2003) 23–69 55



approximation procedure has the form

probðRel . RlxsuÞ8
XnS

i¼1

dR½f ðxst;i; xsuÞ�=nS; ð7:5Þ

where xst;i; i ¼ 1; 2;…; nS ¼ 10; 000; is a random sample

from (Sst; Sst; pst). This approximation procedure required

evaluating the models in Table 7 for a relatively small

number of elements of Sst and then using these evaluations

to the construct f ðxst;i; xsuÞ for the large number of sample

elements (i.e. nS ¼ 10; 000) used in the summation in Eq.

(7.5) (see Refs. [245,315–317,320,323,324] for numerical

details).

The guidance in 194.34(b) was implemented by devel-

oping the probability space (Ssu;Ssu; psu). Latin hypercube

sampling was selected as the sampling technique required in

194.34(c) because of the efficient manner in which it

stratifies across the range of each sampled variable. For a

Latin hypercube or random sample of size n; the require-

ment in 194.34(c) is equivalent to the inequality

1 2 0:99n . 0:95; ð7:6Þ

which results in a minimum value of 298 for n: In

consistency with the preceding result, the 1996 WIPP PA

used an LHS of size 300 from the probability space

(Ssu; Ssu; psu) for subjective uncertainty. Actually, as

discussed below, three replicated LHSs of size 100 each

were used, which resulted in a total sample size of 300

(Section 6.1). Further, the requirement in 194.34(d) is

met by simply providing plots that contain all the

individual CCDFs produced in the analysis (i.e. one

CCDF for each LHS element, which generates plots of

the form indicated in Fig. 22).

The requirement in 194.34(f) involves the mean of the

distribution of CCDFs, with this distribution resulting from

subjective uncertainty (Fig. 22). In particular, each individ-

ual CCDF in Fig. 22 is conditional on an element xsu of Ssu

and is defined by the points [R; probðRel . RlxsuÞ], with

probðRel . RlxsuÞ given in Eq. (7.5). Similarly, the mean

CCDF is defined by the points ½R; probðRel . RÞ�; where

probðRel . RÞ

¼ mean probability of a release greater than size R

¼
ð
Ssu

probðRel . RlxsuÞdsuðxsuÞdVsu

¼
ð
Ssu

ð
Sst

dR½f ðxst; xsuÞ�dstðxstlxsuÞdVst

" #
dsuðxsuÞdVsu

ð7:7Þ

and dsuðxsuÞ is the density function associated with (Ssu;Ssu;

psu). The integral over Ssu in the definition of probðRel . RÞ

is too complex to be determined exactly. The EPA

anticipated that a sampling-based integration procedure

would be used to estimate this integral, with the requirement

in 194.34(f) placing a condition on the accuracy of this

procedure.

Given that Latin hypercube sampling is to be used to

estimate the outer integral in Eq. (7.7), the confidence

intervals required in 194.34(f) can be obtained with the

replicated sampling technique proposed by Iman (Section

5.3). As discussed in Section 5.3, the LHS to be used is

repeatedly generated with different random seeds. These

samples lead to a sequence probrðRel . RÞ; r ¼ 1; 2;…; nR;

of estimated mean exceedance probabilities, where probr

ðRel . RÞ defines the mean CCDF obtained for sample r

(i.e. probrðRel . RÞ is the mean probability that a normal-

ized release of size R will be exceeded; see Eq. (7.7)) and nR

is the number of independent LHSs generated with different

random seeds. Then,

probðRel . RÞ ¼
XnR

r¼1

probrðRel . RÞ=nR ð7:8Þ

and

SEðRÞ¼
XnR

r¼1

$
probðRel.RÞ2probrðRel.RÞ

%2

=nRðnR21Þ

( )1=2

ð7:9Þ

provide an additional estimate of the mean CCDF and

estimates of the standard errors associated with the

individual mean exceedance probabilities probðRel.RÞ

that define this CCDF. The t-distribution with nR21

degrees of freedom can be used to place confidence

intervals around the mean exceedance probabilities for

individual R values (i.e. around probðRel.RÞ). Specifically,

the 12a confidence interval is given by probðRel.

RÞ^t12a=2SEðRÞ; where t12a=2 is the 12a=2 quantile of

Fig. 22. Individual CCDFs conditional on elements xsu of Ssu (i.e. CCDFs

represented by [R; probðRel . RlxsuÞ]; see Eq. (7.4)) and associated mean

CCDF (i.e. CCDF represented by [R; probðRel . RÞ]; see Eq. (7.7)).
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the t-distribution with nR21 degrees of freedom (e.g.

t12a=2¼4:303 for a¼0:05 and nR¼3; Ref. [218], Table

A25). The same procedure can also be used to place

pointwise confidence intervals around percentile curves.

The implementation of this procedure is the reason for the

three replicated LHSs indicated in Section 6.1.

At the beginning of the computational implementation of

the 1996 WIPP PA, only the 31 variables in xsu that are used

as input to BRAGFLO had been fully specified (i.e. their

distributions Dj had been unambiguously defined); the

remaining variables that would be incorporated into

the definition of xsu were still under development. To

allow the calculations with BRAGFLO to proceed, the

LHSs indicated in Section 6.1 were actually generated from

nX ¼ 75 variables, with the first 31 variables being the then

specified inputs to BRAGFLO and the remaining 44

variables being assigned uniform distributions on [0,1].

Later, when the additional variables were fully specified, the

uniformly distributed variables were used to generate

sampled values from them consistent with their assigned

distributions. This procedure allowed the analysis to go

forward while maintaining the integrity of the Latin

hypercube sampling procedure for the overall analysis. As

previously indicated, 26 additional variables were even-

tually defined, with the result that the elements xsu of Ssu

had an effective dimension of nX ¼ 57:

7.4. Uncertainty and sensitivity analysis results in 1996

WIPP PA

The CCDF used in comparisons with the EPA release

limits (Figs. 19 and 21) is the most important single result

generated in the 1996 WIPP PA. This CCDF arises from

stochastic uncertainty. However, because there is sub-

jective uncertainty in quantities used in the generation of

this CCDF, its value cannot be unambiguously known.

The use of Latin hypercube sampling leads to an estimate

of the uncertainty in the location of this CCDF (Fig. 23),

with the individual CCDFs falling substantially to the left

of the release limits. The left frame (Fig. 23a) shows the

individual CCDFs obtained for replicate R1, and the right

frame (Fig. 23b) shows the mean and selected percentile

curves obtained from pooling the three replicates.

The mean curve in Fig. 23b is formally defined in Eq.

(7.7), and the construction procedures used to obtain the

individual curves in Fig. 23b are described in conjunction

with Fig. 13.

The replicated samples described in Section 6.1 were

used to obtain an indication of the stability of results

obtained with Latin hypercube sampling. For the total

release CCDFs in Fig. 23, the results obtained for the three

replicates (i.e. R1, R2, R3) were very stable, with little

variation in the locations of the mean and percentile curves

occurring across replicates (Fig. 24a). Indeed, the mean and

percentile curves for the individual replicates overlie each

other to the extent that they are almost indistinguishable. As

a result, the procedure indicated in conjunction with Eqs.

(7.8) and (7.9) provides a very tight confidence interval

around the estimated mean CCDF (Fig. 24b).

The sampling-based approach to uncertainty analysis

has created a pairing between the individual LHS

elements and the individual CCDFs in Fig. 23a that can

be explored with the previously discussed sensitivity

analysis techniques (Section 6). One possibility for

Fig. 23. Distribution of CCDFs for total normalized release to the accessible environment over 10,000 yr: (a) 100 individual CCDFs for replicate R1, and (b)

mean and percentile curves estimated from 300 CCDFs obtained by pooling replicates R1, R2 and R3 (Figs. 6 and 7, Ref. [313]).
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investigating the sources of the uncertainty that give rise

to the distribution of CCDFs in Fig. 23a is to determine

what is giving rise to the variation in exceedance

probabilities for individual release values on the abscissa.

This variation in exceedance probabilities can be inves-

tigated in exactly the same manner as the variation in

cumulative gas generation (GAS_MOLE) and brine inflow

(BRAALIC) at individual times was investigated for the

curves in Fig. 11 and presented in Fig. 17. Specifically,

PRCCs, SRRCs, or some other measure of sensitivity can

be calculated for the exceedance probabilities associated

with individual release values. This measure for different

sampled variables can be plotted above the corresponding

release values on the abscissa and then connected to

obtain a representation for how sensitivity changes for

changing values on the abscissa. For the CCDFs in

Fig. 23a, this analysis approach shows that the exceedance

probabilities for individual release values are primarily

influenced by WMICDFLG and WTAUFAIL, with the

exceedance probabilities tending to increase as

WMICDFLG increases and tending to decrease as

WTAUFAIL increases (Fig. 25).

Another possibility is to reduce the individual CCDFs

to expected values over stochastic uncertainty and then

to perform a sensitivity analysis on the resultant

expected values. In the context of the CCDF represen-

tation in Eq. (7.4), this expected value can be formally

defined by

EðRlxsuÞ ¼
ð
Sst

f ðxst; xsuÞdstðxstlxsuÞdVst: ð7:10Þ

The LHS then results in a sequence of values EðRlxsu;kÞ;

k ¼ 1; 2;…; nLHS ¼ 300; that can be explored with

the previously discussed sensitivity analysis procedures.

For example, stepwise regression analysis shows

that WMICDFLG and WTAUFAIL are the dominant

variables with respect to the uncertainty in EðRlxsuÞ; with

lesser effects due to a number of additional variables

(Table 8).

This section briefly describes the 1996 WIPP PA and

illustrates uncertainty and sensitivity analysis procedures

based on Latin hypercube sampling in the context of this

PA. Additional details are available in other presentations

[191,245,249,325].

Fig. 24. Stability of estimated distribution of CCDFs for normalized release to the accessible environment: (a) mean and percentile curves for individual

replicates, and (b) confidence interval around mean CCDF obtained by pooling the three individual replicates (Fig. 8, Ref. [313]).

Fig. 25. Sensitivity analysis based on PRCCs for CCDFs for normalized

release to the accessible environment (Fig. 14, Ref. [325]).

J.C. Helton, F.J. Davis / Reliability Engineering and System Safety 81 (2003) 23–6958



8. Discussion

Latin hypercube sampling has become a widely used

sampling technique for the propagation of uncertainty in

analyses of complex systems. A check of the original article

[31] in Science Citation Index or SciSearch can be used to

obtain both a list of all citations and also the most recent

citations to this technique. This review ends with a

discussion of some of the reasons for the popularity of

Latin hypercube sampling (Section 8.1) and some additional

thoughts on the propagation of uncertainty in analyses for

complex systems (Section 8.2).

8.1. Popularity of Latin hypercube sampling

Reasons that have led to the popularity of Monte Carlo

techniques in general and Latin hypercube sampling in

particular for uncertainty and sensitivity analysis of

complex models include (i) conceptual simplicity and ease

of implementation, (ii) dense stratification over the range of

each sampled variable, (iii) direct provision of uncertainty

analysis results without the use of surrogate models as

approximations to the original model, (iv) availability of a

variety of sensitivity analysis procedures, and (v) effective-

ness as a model verification procedure. The preceding

reasons are discussed in more detail below.

Conceptual simplicity and ease of implementation. A

Monte Carlo approach to the propagation of uncertainty is

easy to explain. Further, the definition of Latin hypercube

sampling is straightforward, and the reason why its enforced

stratification improves the results of an analysis for a given

sample size is easy to grasp on an intuitive level. Thus, the

presentation of Monte Carlo and Latin hypercube results to

individuals of different levels of technical sophistication (e.g.

other scientists working in the same or related fields, private

or governmental decision makers, the general public) is

relatively straightforward. In contrast, some of the other

techniques for the propagation and analysis of uncertainty are

less transparent (e.g. RSM, FAST, Sobol’ variance decompo-

sition, FPI) and thus more difficult to present.

Analyses based on Latin hypercube sampling are

typically easy to implement. Software is available to

generate LHSs and also to implement the Iman/Conover

restricted pairing technique for the control of correlations

within the sample (e.g. Ref. [165]). Further, propagation of

the sample through the model under consideration is

straightforward in most analyses. In practice, this propa-

gation often involves little more than putting a ‘DO Loop’

around the model which (i) reads the individual sample

elements, (ii) uses these elements to generate input in the

form required by the model, (iii) runs the model, and (iv)

saves model results for later analysis.

In contrast, implementation of the other analysis

procedures can be considerably more difficult: (i) RSM

requires the development of both a suitable experimental

design and the construction of a surrogate model, (ii)

differential analysis requires the determination of the

necessary model derivatives, (iii) FAST and Sobol’ variance

decomposition require the development and evaluation of

suitable integrals involving the model to obtain the

associated variance decompositions, and (iv) FPI requires

the evaluation and use of model derivatives in the location

of the MPP. Not only are the above procedures conceptually

and computationally complex but, in many analyses, they

can require more computational effort (i.e. model evalu-

ations) than a Monte Carlo analysis with Latin hypercube

sampling.

Analyses that involve a single model are relatively easy

to implement and explain. Analyses that involve a sequence

of linked, and possibly quite complex, models are more

difficult to implement and explain. Examples of such

analyses are the NRC’s reassessment of the risk from

commercial nuclear power reactors (i.e. NUREG-1150)

[172,173,183] and the DOE’s PA in support of a CCA for

the WIPP [191,245,249,325]. However, in such analyses, a

sampling-based approach provides a way to examine results

at model interfaces and develop a computational strategy for

the overall assembly of the analysis. Analyses using the

other techniques described in Section 2 seem less useful in

the design, integration and ultimate performance of an

analysis that involves the propagation of uncertainty

through a sequence of linked models.

Dense stratification over range of each sampled variable.

Latin hypercube sampling results in a denser stratification

over the range of each sampled variable than would be

obtained with a classical experimental design of the type

Table 8

Stepwise regression analysis with rank-transformed data for expected

normalized release associated with individual CCDFs for total release due

to cuttings and cavings, spallings and direct brine release (Table 5, Ref.

[325])

Stepa Expected normalized release

Variableb SRRCc R2d

1 WMICDFLG 0.60 0.40

2 WTAUFAIL 20.39 0.55

3 WGRCOR 0.21 0.59

4 WPRTDIAM 20.19 0.63

5 HALPOR 0.17 0.65

6 BHPRM 20.17 0.68

7 HALPRM 0.16 0.71

8 WASTWICK 0.11 0.72

9 ANHPRM 0.09 0.73

a Steps in stepwise regression analysis with significance levels of

a ¼ 0.02 and a ¼ 0.05 required of a variable for entry into and retention

in a regression model, respectively.
b Variables listed in order of selection in regression analysis with

ANHCOMP and HALCOMP excluded from entry into regression model

because of 20.99 rank correlation within the pairs (ANHPRM,

ANHCOMP) and (HALPRM, HALCOMP).
c Standardized rank regression coefficients (SRRCs) in final regression

model.
d Cumulative R2 value with entry of each variable into regression model.
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typically used in conjunction with RSM and a more uniform

stratification than would be obtained with random sampling.

Further, the random pairing associated with Latin hypercube

sampling spreads the sampled points throughout the high-

dimensional sample space.

Real analyses typically have a large number of analysis

outcomes of interest. Further, these outcomes are often

spatially or temporally dependent. The result is that most, if

not all, of the sampled variables can be important to one or

more of the analysis outcomes. The dense stratification over

the range of each sampled variable with Latin hypercube

sampling results in each variable being sampled in a manner

that allows its effects to be recognized if such effects exist.

It is a mistake to assume that the important effects

associated with a variable only occur at the end points of its

range. Instead, it is quite possible that the most important

effects associated with a variable could occur in an interior

part of its range (e.g. Fig. 18a). The dense stratification

associated with Latin hypercube sampling allows the

identification of such effects when they occur. Further,

this stratification also facilitates the identification of

interactions involving multiple variables (e.g. Fig. 16; also

Figs. 8 and 9, Ref. [171]).

Direct provision of uncertainty analysis results. Because

probabilistic weights can be associated with individual

sample elements, Latin hypercube sampling, random

sampling and stratified sampling can be used to obtain

estimates of distribution functions directly from model

results. Further, these estimates are unbiased, although some

bias may be introduced if the Iman/Conover restricted

pairing technique (Section 5.1) is used.

Latin hypercube sampling tends to produce more stable

results (i.e. less variation in estimated distribution functions

from sample to sample) than random sampling. However,

examples can be obtained in which Latin hypercube

sampling and random sampling produce results of similar

stability by constructing a model in which variations in

model behavior take place on a scale that is much smaller

than the interval sizes in the LHS that result from the sample

size selected for use. Stratified sampling can produce better

distribution function estimates than either Latin hypercube

or random sampling provided enough information is

available to define the strata and calculate the associate

strata probabilities. Thus, stratified sampling is typically

used only when a substantial knowledge base has already

been obtained about the problem under consideration and is

usually not appropriate in an initial exploratory analysis.

Further, it is difficult to define a meaningful stratified

sampling plan when many analysis outcomes are under

consideration, as is usually the case in most real analyses.

In contrast to Latin hypercube, random and stratified

sampling, FPI is intended primarily for estimating the tails

of a distribution rather than the full distribution. Differential

analysis in conjunction with the associated Taylor series

provides an estimate for model variance rather than the full

distribution function; further, the expected values of

analysis outcomes are usually taken to be the outcome of

the model evaluated at the expected values of the inputs.

The FAST approach and Sobol’ variance decomposition are

also used to estimate expected values and variances rather

than full distribution functions, although the calculations

used to obtain expected values can also be used to produce

estimated distribution functions.

An important characteristic of Latin hypercube and

random sampling is that the resultant model evaluations can

be used to provide estimated distribution functions for all

analysis outcomes. In particular, a different analysis/com-

putational strategy does not have to be developed and

implemented for each analysis outcome. As already

indicated, real analyses typically have a large number of

outcomes of interest, and the necessity to develop a separate

investigation for each of them can impose unreasonable

demands on both human and computational resources.

Variety of sensitivity analysis procedures. Latin hyper-

cube and random sampling generate a mapping from

uncertain analysis inputs to analysis results. Once gener-

ated, this mapping can be explored with a variety of

techniques, including examination of scatterplots, corre-

lation analysis, regression analysis, rank transformations,

tests for nonmonotonic patterns, and tests for random

patterns. This variety of techniques allows flexibility in

developing a sensitivity analysis that is appropriate for the

particular analysis situation under consideration. Again,

Latin hypercube sampling is particularly effective in

sensitivity analyses with small samples due to its efficient

stratification across the range of each uncertain variable.

Sensitivity analyses in differential analysis and RSM are

typically based on assessing either the effects of pertur-

bations away from base values or fractional contributions to

variance. In either case, the resultant sensitivity analyses are

no better than the surrogate models (i.e. Taylor series or

response surfaces) over the range of uncertainty under

consideration. Fast probability integration (FPI) is primarily

an uncertainty analysis procedure and is usually not used in

sensitivity analysis.

The FAST approach and Sobol’ variance decomposition

provide very appealing sensitivity analysis results. In

particular, they provide a complete decomposition of

variance into the components due to individual variables

and interactions between variables. Unfortunately, if the

model under consideration is expensive to evaluate or a

large number of analysis outcomes are being investigated,

the computational cost of implementing these procedures

may be prohibitive. Although the FAST approach and the

Sobol’ variance decomposition are calculated under the

assumption that model inputs are independent, variance

decomposition procedures exist that can be used with

correlated inputs [135–137].

Model verification. Sampling-based uncertainty and

sensitivity analysis provides a very powerful tool in model

verification. Here, model verification is used to mean

checking the correctness of the implementation of a model
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and/or an analysis and thus is distinct from model

validation, which involves checking the capability of the

model and/or analysis to represent the physical system

under study. Propagation of a sample through an analysis

provides a very extensive exercising of its many com-

ponents. Gross errors will often be revealed by the failure of

the analysis for some sample elements or possibly by the

appearance of clearly erroneous results. Further, subtler

errors are often revealed in sensitivity analyses (e.g. a

variable having a small negative effect when the underlying

physics implies that it should have a small positive effect or

when a variable is shown to affect an analysis result on

which it should have no effect).

Sensitivity analysis provides a way to examine a large

number of analysis outcomes for anomalous behavior in a

very rapid manner. Further, relatively small effects can be

observed. Sampling-based sensitivity analysis is much more

effective in searching for analysis errors than simply running

the model for a limited number of cases and then examining

the results of these calculations. A sampling-based sensi-

tivity analysis should be included as part of any serious

model/analysis verification effort. Latin hypercube sampling

is particularly effective in model verification due to the dense

stratification across the range of each sampled variable.

8.2. Additional thoughts

Uncertainty and sensitivity analyses for complex systems

are typically iterative. An initial study is often performed to

gain perspectives on (i) the behavior of the model(s)

involved, (ii) strategies for carrying out a final and defensible

analysis, and (iii) the most important variables with respect to

the uncertainty in outcomes of interest. In such preliminary

analyses, rather crude characterizations of variable uncer-

tainty may be adequate. Once system behavior is better

understood and the more important variables with respect to

this behavior are identified, resources can be focused on

improving the characterization of the uncertainty in these

important variables. Further, iterative analyses facilitate

quality assurance by providing repeated opportunities to

check the correctness of model and analysis implementation.

Sampling-based approaches to uncertainty and sensitivity

analysis are particularly effective in iterative analyses due to

the extensive exercising of the model(s) and associated

analysis structure and the availability of a variety of

uncertainty and sensitivity analysis results.

Concern is often expressed about the computational cost

of carrying out a Monte Carlo analysis. In most analyses, the

human cost of developing the model, carrying out the

analysis, and documenting and defending the analysis will be

far greater than the computational cost (i.e. for CPU time) of

performing the necessary calculations. Latin hypercube

sampling was developed to improve the quality of uncer-

tainty and sensitivity analysis results relative to those that

could be obtained with a random sample of the same size.

However, if the model is inexpensive to evaluate, a large

sample size can be used, and whether Latin hypercube or

random sampling is used will have little effect on either the

cost of the analysis or the quality of the results obtained.

Some individuals express a broad, almost philosophical,

dislike for Monte Carlo analysis procedures. This makes

little sense. Monte Carlo procedures are just a way of

carrying out a numerical integration and developing a

mapping between model inputs and outputs. There may be

reasons to question the model in use or the distributions

assigned to uncertain variables, but these are not reasons to

question Monte Carlo procedures themselves. Of course, a

Monte Carlo analysis has to be carried out with a sufficiently

large sample to produce results with a resolution appropriate

for the purposes of the analysis. Replicated sampling

provides one way to investigate the robustness of analysis

outcomes and thus the appropriateness of the sample size

selected for use; further, the individual replicates can be

pooled to produce the final presentation results of the

analysis.

Many large analyses involve a separation of subjective

(i.e. epistemic) uncertainty and stochastic (i.e. aleatory)

uncertainty (e.g. the NUREG-1150 probabilistic risk

assessments (PRAs) and the WIPP PA as previously

mentioned). In such analyses, a common strategy is to use

Latin hypercube sampling to propagate the effects of

subjective uncertainty, and random or stratified sampling

to propagate the effects of stochastic uncertainty. With this

approach, the effect of stochastic uncertainty is being

calculated conditional on individual LHS elements. Typical

analysis outcomes are distributions of CCDFs, with the

individual CCDFs arising from stochastic uncertainty and

the distributions of CCDFs arising from subjective uncer-

tainty. The efficient stratification associated with Latin

hypercube sampling is important in analyses of this type due

to the possibly large computational effort required in the

determination of the effects of stochastic uncertainty.

Random or stratified sampling is often a better choice

than Latin hypercube sampling for the incorporation of

stochastic uncertainty into an analysis. With random

sampling, it is possible to build up a sample by selecting

one sampled value at a time. In contrast, Latin hypercube

sampling requires the entire sample to be selected at one

time. As a result, random sampling often works better than

Latin hypercube sampling when the values to be sampled

are closely linked to effects that derive from previously

sampled values (e.g. when the stopping point for a sampling

process is determined by previously sampled values). The

WIPP PA used random sampling to incorporate the effects

of stochastic uncertainty due to the need to determine the

effects of randomly occurring drilling intrusions over a

10,000 yr period. With stratified sampling, it is possible to

force the inclusion of low-probability but high-consequence

events into the analysis. The NUREG-1150 PRAs used

stratified sampling implemented by event trees to assure

the inclusion of, and also to calculate the probability of,

low-probability/high-consequence accidents.
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No approach to the propagation and analysis of

uncertainty can be optimum for all needs. For example

and depending on the particular problem, stratified sampling

or FPI can be more appropriate than Latin hypercube

sampling for the estimation of the extreme quantiles of a

distribution. Likewise, differential analysis may be the

preferred approach if it is necessary to determine the effects

of small perturbations away from base-case values, and the

FAST approach or Sobol’ variance decomposition may be

the preferred approach if it is necessary to determine a

complete variance decomposition. However, it is the

authors’ view that Monte Carlo analysis with Latin

hypercube sampling is the most broadly applicable

approach to the propagation and analysis of uncertainty

and often the only approach that is needed.
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