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Ðàçíûå âàðèàíòû çàäà÷è îáó÷åíèÿ ÁÑÄ
Èäåÿ è âûâîä àëãîðèòìà

Outline

1 Àëãîðèòì ãðàäèåíòíîãî ïîäú¼ìà

Ðàçíûå âàðèàíòû çàäà÷è îáó÷åíèÿ ÁÑÄ

Èäåÿ è âûâîä àëãîðèòìà

2 Àëãîðèòì EM

Èäåÿ

×àñòíûé ñëó÷àé

Ñàì àëãîðèòì
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Ñóòü ëåêöèè

Íà ïðåäûäóùèõ ëåêöèÿõ ìû ïîíÿëè, ÷òî òàêîå áàéåñîâñêèå

ñåòè äîâåðèÿ.

Òåïåðü íóæíî íàó÷èòüñÿ èõ îáó÷àòü, òî åñòü èç íàáîðà

òåñòîâûõ äàííûõ ïîëó÷àòü âåðîÿòíîñòè.
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Âàðèàíòû

Ñòðóêòóðà ñåòè:

äàíà çàðàíåå;

íóæíî âûâåñòè èç òåñòîâûõ ïðèìåðîâ.

Êàæäûé òåñòîâûé ïðèìåð:

ñîäåðæèò çíà÷åíèÿ âñåõ ïåðåìåííûõ ñåòè;

ñîäåðæèò íåêîòîðûå ïåðåìåííûå, à î íåêîòîðûõ íè÷åãî íå

èçâåñòíî.
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Ïðîñòåéøèé ñëó÷àé

Ïðîñòåéøèé ñëó÷àé � êîãäà ñòðóêòóðà ñåòè äàíà çàðàíåå, è

êàæäûé òåñòîâûé ïðèìåð ñîäåðæèò çíà÷åíèÿ âñåõ ïåðåìåííûõ.

Òîãäà ìîæíî ïðîñòî ïîëó÷èòü îöåíêè óñëîâíûõ âåðîÿòíîñòåé,

ïîäñ÷èòàâ ÷àñòîòû âñòðå÷àåìîñòè òåõ èëè èíûõ ïåðåìåííûõ.
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Âòîðîé ñëó÷àé

Óæå íå íàñòîëüêî ïðîñòîé ñëó÷àé � êîãäà ñòðóêòóðà ñåòè äàíà,

íî íå âî âñåõ ïðèìåðàõ çàäàíû âñå ïåðåìåííûå ñåòè. Çäåñü óæå

íå îáîéòèñü ïîäñ÷¼òîì ÷àñòîò.
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Ãðàäèåíòíûé ïîäúåì

Áóäåì èñïîëüçîâàòü ìåòîä ãðàäèåíòíîãî ïîäú¼ìà.

Ïðîñòðàíñòâî ãèïîòåç � âîçìîæíûå ýëåìåíòû òàáëèö

óñëîâíûõ âåðîÿòíîñòåé.

Çàäà÷à � ìàêñèìèçèðîâàòü p(D |h) � óñëîâíóþ

âåðîÿòíîñòü èìåþùèõñÿ òåñòîâûõ äàííûõ ïðè óñëîâèè

ðàçëè÷íûõ ãèïîòåç.

Ìåòîä � ñëåäîâàòü ãðàäèåíòó ln p(D |h) ïî ïåðåìåííûì,

ñîîòâåòñòâóþùèì ýëåìåíòàì òàáëèö óñëîâíûõ

âåðîÿòíîñòåé.
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Îáîçíà÷åíèÿ

Óçëû ñåòè îáîçíà÷èì ÷åðåç xi , èõ çíà÷åíèÿ � ÷åðåç vij (ó

êàæäîãî óçëà ñâî¼ ìíîæåñòâî çíà÷åíèé).

wijk � ýòî óñëîâíàÿ âåðîÿòíîñòü òîãî, ÷òî xi ïðèìåò

çíà÷åíèå vij ïðè óñëîâèè, ÷òî åãî ðîäèòåëè pa(xi ) ïðèìóò

çíà÷åíèå, çàäàííîå uik ; ò.å. uik ìîæåò âûðàæàòü ñðàçó

íåñêîëüêî çíà÷åíèé ïåðåìåííûõ.
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Âûâîä ôîðìóëû

Ïðåäïîëàãàåì, ÷òî òåñòîâûå ïðèìåðû íåçàâèñèìû:

∂ ln p(D |h)

∂wijk

=
∂

∂wijk

ln
∏
d∈D

p(d |h) =
∑
d∈D

1

p(d |h)

∂p(d |h)

∂wijk

.

Òåïåðü ïåðåéä¼ì ê ñóììå ïî çíà÷åíèÿì ðîäèòåëåé:

∂ ln p(D |h)

∂wijk

=
∑
d∈D

1

p(d |h)
×

× ∂

∂wijk

∑
j ′,k ′

p(d |xi = vij ′ , pa(xi ) = uik ′ , h)p(xi = vij ′ , pa(xi ) = uik ′ |h) =

=
∑
d∈D

1

p(d |h)

∂

∂wijk

∑
j ′,k ′

p(d |xi = vij ′ , pa(xi ) = uik ′ , h)×

× p(xi = vij ′ |pa(xi ) = uik ′ , h)p(pa(xi ) = uik ′ |h).
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Òåïåðü ïåðåéä¼ì ê ñóììå ïî çíà÷åíèÿì ðîäèòåëåé:

∂ ln p(D |h)

∂wijk

=
∑
d∈D

1

p(d |h)
×

× ∂

∂wijk

∑
j ′,k ′

p(d |xi = vij ′ , pa(xi ) = uik ′ , h)p(xi = vij ′ , pa(xi ) = uik ′ |h) =

=
∑
d∈D

1

p(d |h)

∂

∂wijk

∑
j ′,k ′

p(d |xi = vij ′ , pa(xi ) = uik ′ , h)×

× p(xi = vij ′ |pa(xi ) = uik ′ , h)p(pa(xi ) = uik ′ |h).

wijk = p(xi = vij ′ |pa(xi ) = uik ′ , h), ïîýòîìó â ñóììå òîëüêî

îäèí íåíóëåâîé ÷ëåí: êîãäà j ′ = j è i ′ = i .
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Âûâîä ôîðìóëû

wijk = p(xi = vij ′ |pa(xi ) = uik ′ , h), ïîýòîìó â ñóììå òîëüêî

îäèí íåíóëåâîé ÷ëåí: êîãäà j ′ = j è i ′ = i .

∂ ln p(D |h)

∂wijk

=
∑
d∈D

1

p(d |h)

∂

∂wijk

p(d |vij , uik , h)wijkp(uik |h) =

=
∑
d∈D

1

p(d |h)

∂

∂wijk

p(d |vij , uik , h)p(uik |h).
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Ïåðåïèøåì ýòî ïî òåîðåìå Áàéåñà:

∂ ln p(D |h)

∂wijk

=
∑
d∈D

1

p(d |h)

p(vij , uik |d , h)p(d |h)p(uik |h)

p(vij , uik |h)
=

=
∑
d∈D

p(vij , uik |d , h)p(uik |h)

p(vij , uik |h)
=

=
∑
d∈D

p(vij , uik |d , h)

p(vij |uik , h)
=

=
∑
d∈D

p(vij , uik |d , h)

wijk

.
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Âåðîÿòíîñòè

∂ ln p(D |h)

∂wijk

∑
d∈D

p(vij , uik |d , h)

wijk

.

Âåðîÿòíîñòè p(vij , uik |d , h) óæå ìîæíî îöåíèòü èç èñõîäíûõ

äàííûõ. Ëèáî xi è pa(xi ) óæå åñòü ñðåäè íàáëþäàåìûõ âåëè÷èí,

ëèáî èõ ìîæíî âûâåñòè ïîñðåäñòâîì ñòàíäàðòíîãî

áàéåñîâñêîãî âûâîäà èç íàáëþäàåìûõ âåëè÷èí.
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Àëãîðèòì

Ïðîèíèöèàëèçèðîâàòü wijk ñëó÷àéíûìè çíà÷åíèÿìè òàê,

÷òîáû wijk ∈ [0, 1] è ∀i , k
∑

j wijk = 1.

Äëÿ êàæäîãî òåñòîâîãî ïðèìåðà d ∈ D:

Äëÿ êàæäîãî âåñà wijk :

wijk ←− wijk + η
∑
d∈D

p(vij , uik |d , h)

wijk

.
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Ðàçíûå âàðèàíòû çàäà÷è îáó÷åíèÿ ÁÑÄ
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Óïðàæíåíèÿ

Óïðàæíåíèå

Äîáàâèòü âîçìîæíîñòü îáó÷åíèÿ ïî ìåòîäó ãðàäèåíòíîãî

ïîäú¼ìà â èìåþùóþñÿ ðåàëèçàöèþ áàéåñîâñêèõ ñåòåé äîâåðèÿ.
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

Outline

1 Àëãîðèòì ãðàäèåíòíîãî ïîäú¼ìà

Ðàçíûå âàðèàíòû çàäà÷è îáó÷åíèÿ ÁÑÄ

Èäåÿ è âûâîä àëãîðèòìà

2 Àëãîðèòì EM

Èäåÿ

×àñòíûé ñëó÷àé

Ñàì àëãîðèòì
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

Ïîñòàíîâêà çàäà÷è

×àñòî âîçíèêàåò ñèòóàöèÿ, êîãäà â èìåþùèõñÿ äàííûõ

íåêîòîðûå ïåðåìåííûå ïðèñóòñòâóþò, à íåêîòîðûå �

îòñóòñòâóþò.

Íàïðèìåð, â íàøåì ïðèìåðå áàéåñîâñêîé ñåòè ìîæåò

ñëîæèòüñÿ ñèòóàöèÿ, êîãäà èçâåñòíî, ÷òî êîìïüþòåð óïàë

ñî ñòîëà, è âèí÷åñòåð íå ÷èòàåòñÿ, íî ïðî äåôåêòíûå

ñåêòîðû íè÷åãî íàâåðíÿêà íå èçâåñòíî.
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

Ïîñòàíîâêà çàäà÷è

Äàíû ðåçóëüòàòû ñýìïëèðîâàíèÿ ðàñïðåäåëåíèÿ

âåðîÿòíîñòåé ñ íåñêîëüêèìè ïàðàìåòðàìè, èç êîòîðûõ

èçâåñòíû íå âñå.

Ýòè íåèçâåñòíûå ïàðàìåòðû òîæå ðàñöåíèâàþòñÿ êàê

ñëó÷àéíûå âåëè÷èíû.

Çàäà÷à � íàéòè íàèáîëåå âåðîÿòíóþ ãèïîòåçó, òî åñòü òó

ãèïîòåçó h, êîòîðàÿ ìàêñèìèçèðóåò

E [ln p(D |h).
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

×àñòíûé ñëó÷àé

Ïîñòðîèì îäèí èç ïðîñòåéøèõ ïðèìåðîâ ïðèìåíåíèÿ

àëãîðèòìà EM. Ïóñòü ñëó÷àéíàÿ ïåðåìåííàÿ x ñýìïëèðóåòñÿ èç

ñóììû äâóõ íîðìàëüíûõ ðàñïðåäåëåíèé. Äèñïåðñèè äàíû

(îäèíàêîâûå), íóæíî íàéòè òîëüêî ñðåäíèå µ1, µ2.
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

Îäíî ðàñïðåäåëåíèå

Åñëè áû áûëî îäíî ðàñïðåäåëåíèå, âñ¼ áûëî áû êàê ðàíüøå:

µML = argminµ

m∑
i=1

(xi − µ)2,

è îòâåòîì áûëî áû ñðåäíåå àðèôìåòè÷åñêîå

µML =
1

m

m∑
i=1

xi .
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

Äâà ðàñïðåäåëåíèÿ

Òåïåðü íåëüçÿ ïîíÿòü, êàêèå xi áûëè ïîðîæäåíû êàêèì

ðàñïðåäåëåíèåì.

Ýòî êëàññè÷åñêèé ïðèìåð ñêðûòûõ ïåðåìåííûõ.
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Èäåÿ
×àñòíûé ñëó÷àé
Ñàì àëãîðèòì

Äâà ðàñïðåäåëåíèÿ

Êàê îïèñàòü îäèí òåñòîâûé ïðèìåð ïîëíîñòüþ?
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Äâà ðàñïðåäåëåíèÿ

Êàê îïèñàòü îäèí òåñòîâûé ïðèìåð ïîëíîñòüþ?

Íàïðèìåð, êàê òðîéêó 〈xi , zi1, zi2〉, ãäå zij = 1 i� xi áûë

ñãåíåðèðîâàí j-ì ðàñïðåäåëåíèåì.
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Ñóòü àëãîðèòìà EM

Ñãåíåðèðîâàòü êàêóþ-íèáóäü ãèïîòåçó h = (µ1, µ2).

Ïîêà íå äîéä¼ì äî ëîêàëüíîãî ìàêñèìóìà:

Âû÷èñëèòü îæèäàíèå E (zij) â ïðåäïîëîæåíèè òåêóùåé

ãèïîòåçû.

Âû÷èñëèòü íîâóþ ãèïîòåçó h ′ = (µ ′
1
, µ ′

2
), ïðåäïîëàãàÿ, ÷òî

zij ïðèíèìàþò çíà÷åíèÿ E (zij).
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Â íàøåì ïðèìåðå

Â íàøåì ïðèìåðå:

E (zij) =
p(x = xi |µ = µj)

p(x = xi |µ = µ1) + p(x = xi |µ = µ2)
=

=
e

− 1

2σ2
(xi −µj )

2

e
− 1

2σ2
(xi −µ1)2 + e

− 1

2σ2
(xi −µ2)2

.

Ìû ïîäñ÷èòûâàåì ýòè îæèäàíèÿ, à ïîòîì ïîäïðàâëÿåì

ãèïîòåçó:

µj ← 1

m

m∑
i=1

E (zij)xi .
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Äàííûå

Èòàê, äàí íàáîð òåñòîâûõ ïðèìåðîâ X = {x1, . . . , xm},

èìååòñÿ òàêæå íàáîð ñêðûòûõ ïåðåìåííûõ Z = {z1, . . . , zm}

äëÿ ýòèõ ïðèìåðîâ, çàâèñÿùèõ îò ïàðàìåòðîâ θ, è ïîëíûé

íàáîð äàííûõ Y = X ∪ Z .

EM èùåò ãèïîòåçó ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ h ′,

ìàêñèìèçèðóÿ E (ln p(Y |h ′)). Äëÿ ýòîãî îí èñïîëüçóåò óæå

èìåþùóþñÿ ãèïîòåçó äëÿ îöåíêè ñêðûòûõ ïàðàìåòðîâ.

Ââåä¼ì ôóíêöèþ Q(h ′|h) äëÿ îöåíêè îæèäàíèÿ êàê

ôóíêöèè îò h ′:

Q(h ′|h) = E (ln p(Y |h ′)|h,X ).
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Àëãîðèòì EM

Ïîâòîðÿòü äî òåõ ïîð, ïîêà íå âûïîëíåíî óñëîâèå
ñõîäèìîñòè:

Estimation:

Q(h ′|h)← E (ln p(Y |h ′)|h,X ).

Maximization:

h← argmaxh ′Q(h ′|h).
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Óïðàæíåíèÿ

Óïðàæíåíèå

Ðàçðàáîòàòü âåðñèþ àëãîðèòìà EM, îöåíèâàþùóþ ñìåñü èç k

íîðìàëüíûõ ðàñïðåäåëåíèé ñ ðàçíûìè äèñïåðñèÿìè σi ,

i = 1..k .

Óïðàæíåíèå

Íàïèñàòü ïðîãðàììó, ðåàëèçóþùóþ ýòó âåðñèþ EM; k è σi ,

i = 1..k , äîëæíî áûòü âîçìîæíî çàäàâàòü íà âõîä.
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Ñïàñèáî çà âíèìàíèå!

Lecture notes, ñëàéäû è êîäû ïðîãðàìì ïîÿâÿòñÿ íà ìîåé

homepage:

http://logic.pdmi.ras.ru/∼sergey/index.php?page=teaching

Ïðèñûëàéòå ëþáûå çàìå÷àíèÿ, êîäû ïðîãðàìì íà äðóãèõ

ÿçûêàõ, ðåøåíèÿ óïðàæíåíèé, íîâûå ÷èñëåííûå ïðèìåðû è

ïðî÷åå ïî àäðåñàì:

sergey@logic.pdmi.ras.ru, smartnik@inbox.ru
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