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“the serpent was more subtil than
any beast of the field which the
LORD God had made.”

1 Proof of the snake lemma

Our proof will use the following lemmata, which are simple consequences of the
snake lemma. They are also easy to prove without recourse to the snake lemma,
and we will see in a moment that they (and their duals) imply it.

Lemma 1 If
A B C 0

is exact and X — B is any morphism then

A B/X Cc/X 0

15 exact.
This is just the right exactness of the cokernel.

Lemma 2 Suppose A — B — C is a sequence of morphisms in an abelian
category. Then
ker(B — C)/A — ker(B/A — C)

18 an 1somorphism.

Nothing will be changed if we replace A by the image of A — B and replace
C by the image of B — C. This is Axiom AB2 of an abelian category [Gro57].

Lemma 3 If
0 A B C

is exact and X — A is any morphism then

0—=A/X B/X c

18 exact.



The exactness in the middle is obvious, since (B/X)/(A/X) = B/A is a
sub-object of C. For the injectivity of A/X — B/X, note that the kernel of
B/X — C is the same as

ker(B— C)/X = A/X.

We'll use these to prove the snake lemma. Now suppose that the following
diagram is exact.

Theorem 1 (Snake lemma) There is a natural map K" — L' making the
sequence
Kl—>K_’K”—>L/_>LHLH

exact.
We shall mimic the element-chasing proof by taking kernels and cokernels in

such a way as not to lose the exactness of the rows and columns, until we arrive
at a diagram where the snake lemma is obvious.



Every object in this diagram has a map to L” and a map from K’. We
replace each object X of the above diagram by ker(X/K’' — L").

0 0
00— K1 — K"
Al Ay A" 0
0 B’ B BY
r Ly 0
0 0

Note that this diagram still has exact rows and exact columns. Everything in
the second two columns has a map from K, so we replace every object X in
one of these columns by X/Kj.

0
0 0 KY
A Ay Al 0
0 B’ By BY
r Ly 0

0 0

Note that the rows and columns are still exact. Taking the kernel of the map
into L; in the first two columns gives another diagram with exact rows and



columns.

0
0 0 KY
Al Aa Ay 0
0 By By BY
L 0 0

0

Now take kernel into B” in the first three rows and divide by A’ in the last
three rows.

0
0 K
0 As AY 0
0 B; By 0

0

But now all the non-zero maps are isomorphisms, so we get an isomorphism
K5 — L. If we then work out what we’ve done, we discover that K = K" /K
and L) = ker(L' — L) so this proves the snake lemma.



2 Proof of the salamander lemma

The same ideas can be used to prove the salamander lemma. We follow the
notation of [Ber]. Suppose that we have a bicomplex containing the diagram
Fig. 7 (a) in degrees [0, 1] x [0, 2]. Truncating the complex to these degrees does
not change Cr, A=, A, UB, B=, or PD. It’s therefore sufficient to prove the
salamander lemma for a bicomplex of the shape

C—>E

-
(!

that is zero in all terms that aren’t displayed above. Replace C by C7 = ker(«),
B by B; = coker(8), A by Ay = ker(y), D by Dy = coker(d) so that we have

Gy

Since Ch, A=, Ag, "B, B=, and UD are unchanged by this, it is sufficient to
prove the salamander lemma in this case, i.e., that the sequence

Cl — ker(v) — Al/C'1 — ker(w) — Bl/Al d D1

is exact. Exactness at ker(v) and at A;/C; follows from Lemma 3 applied to
the exact sequence
0 — ker(v) — A; — ker(w)

and the map C; — ker(v). Duality implies exactness at ker(w) and B;/A;.
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