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Weak Measurements.

1. New type o f quantum measurement [Aharonov, and Vaidman, Phys. Rev., 41, (1990) 11-19].

A
2. What do we measure? Weak values defined by AW(¢, ¢) = <€<bg!b|%\;>ﬂ> cC

3. Will show that Py (y ) 18 related to the Bohm momentum

2 : :
P w(y,z) 18 related to the Bohm energy and quantum potential.
[Leavens, Found. Phys., 35 (2005) 469-91]

4. Will obtain expressions for weak values for spin-1/2 particles using Clifford algebras.

5. Will indicate how to combine the Clifford with the Moyal algebra.

6. Discuss what may lie behind the formalism-- Process.
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Weak measurements.

Why the interest?

Photon ‘trajectories’. Schrodinger particle ‘trajectories
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Experimental--Photons. Theory--Schrodinger particle.
[Kocsis, Braverman,Ravets,Stevens,Mirin, Shalm, Steinberg, [Philippidis, Dewdney and Hiley, Nuovo Cimento 52B, 15-28 (1979)]

Science 332, 1170 (2011)]
Real part of Schrodinger equation
[Prosser, IJTP, 15, (1976) 169]
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Weak Measurement: the principle.

Hy = \(t)A.By initial) = [s)| W) final) = e*/ A ABacty) ) )
/ Mt)dt = 1 final) = e )W,
Form the transition probability amplitude Tp—p = (ba|(ps|final) (balA|Wq) = AW 4(b)

(i)™ (s A1)
nl (ds[ts)

Ty = (Gale ) Wa(t) = 30 U0 (6| A" ) Walb) = (0ulisn) 3

n=0 ) n=0

Wq(b)

To—yp = (Ds|¥s) [ w4 Z — (A)w]| Ya(b)

small

: [Duck, Stevenson and Sudarshan Phys. Rev, 40 (1989) 2112-7]
Post select with b = z Ty = (Gs|ts) MW T 4 (2)

2
Choose Wg4(z) = exp [4 ( Ax )2] and take the imaginary part of (A)w we find
T
— — [z +2(A0)2(A) 1]
T. —z(A) 1w L [
b—yp X € exp [4(Ax)2] X exp 1)

Centre of Gaussian in x-space shifted by amount o (A)

Centre of Gaussian in p-space shifted by amount < (A4) rw
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Weak Experiment cont.

von Neumann measurement. Single measurement ---- collapse of the wave function. Z v, — W,
J
Weak measurement.
x (A) 1w
Rt

Statistical measurement producing a phase shift in the distribution of final results.

Actual experimental arrangement for photon trajectories.
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(W) = | D) polarizer| %) path H=gP,S S = (HH|—-|V)V])/2

[Kocsis, Braverman,Ravets,Stevens,Mirin, Shalm, Steinberg,

Science 332, 1170 (2011)]
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Weak values. (9| Al)

(Blh)
How do they appear in the formalism? [ Hiley quant-ph/1111.6536]
(W|AlY) = Z<¢|¢j> (¢ Al) where |¢;) form a complete orthonormal set.
Then Post select \ )
wlA) = S twten) (1247 ) ildlo) = 3, S0
Weak value.
Special case:
It Alg;) = ajl9;)
(V]| Alp)y = Z p;a; Well known result!
E';envalue!
Remember <€<bg’bf|‘t‘;>ﬁ> is a complex number. But what does it mean in general?

It is clearly a transition probability amplitude.
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Weak values when P is involved.
Consider (el Plu(t) = [ (alPla’)(a'|(t))ds’ = ~iV,w(a.

Write w(az,t):R(a:,t)eiS(x’t) then
(x| Ply(t))

" = V.S(z,t) —iVp(x,t)/2p(z,t) with p(z,t) = [¢(z,1)]°
(@|1(2)) / X
Bohm momentum. osmotic momentum.
e 1| WPl | (el Pl
Bohm velocity: B(z,t) = V. S(x,t)/ 5 _ o + BI0) _

Osmotic velocity: o (o gy L Vep@t) _ 1 | @0 Pla)  (zPlu0)
T o) S e ey om | WOR G

In terms of one expression

— —

A

Pule = | @Ol | @PR@)] _ v"@ 0Pt £ 0@ 0Pt

t
(¥ (t)]z) ([ (t)) p(z,t)

More simply for Schrodinger

[Pw]+ =

then

—ip[Powll+ = Vo™ (@)[9p(z) — " (@) [ Voo (2)] = 9" (2) Vaip()
—ip[Powll— = Voo™ (@)l4p(z) + ¥ (2)[Varh (#)] = Vo (™ (2)¢(2)) = Vap(a).
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Remark 1: Relation to Nelson.

x(t + At) — x(t)

Mean forward derivative: Dx(t) = lim F;

At—0F At [Nelson, Phys. Rev., 150, (1966), 1079-1085.]
ot : t) —x(t — At
Mean backward derivative:  D,x(t) = lim Eix (t) ( )
At—0+ At

With these construct a forward velocity b(x,t) and backward velocity b, (x,t) :

V.S(x,t
b(x,t) + be(z,t)]/2 = vp(x,t) = 775/ )
[Bohm and Hiley, Phys. Reps, 172, (1989), 92-122.]
1 Vep(z,t)
b t - b* ) t = ’ t =
(@) = bulat) = vola,t) = 5 22
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Remark 2: Relation to Energy-Momentum Tensor.

. oL . oL L
== {a@w)a Y aomy Y Y }

Take the Schrodinger Lagrangian: L= —%Vw* -V + %[w*(ﬁtw) — (O™ )] — Vp™ .

and find ; ; o
T = =S [(0"9") — 4" (0")] = S[¥" 0 Y] = —pd"S

Recalling that
PB =VS and EB = —0755
Then we find
pPjp = p0;S = —TY = —g[[Pj |+ Bohm momentum.
Bohm energy.
pEp = —pd,S = —T% = =L [ Pav]+ =
Hil d Callaghan, Fond. Ph -208,
This generalises to the Pauli and Dirac particles ey anmaﬂ?_p?]gzlgrlll . 4%n31 an g Slg 121('28;?] 192708
The Bohm Kinetic energy.
1 VZR(x)
~ [P ]+ = (VoS(x))? — =2 = P} + Q.
5 [P+ = (VaS(x)) Rz) 5+ Q. < _
Quantum potential
1P = Vs + (209,50
200 T ple) ) °°

[Leavens, Found. Phys., 35 (2005) 469-91]
[Wiseman, New J. Phys., 9 (2007) 165-77.]

Thursday, 2 February 2012



Weak values from Moyal algebra.

[ Moyal, Proc. Camb. Phil. Soc. 45, (1949), 99-123].

Multiplication of phase space functions defined by
[Baker, Phys. Rev. 6 (1958) 2198-2206.]

,L' — — — —
a(z,p) x b(x,p) where * = exp [§(ax Op — Op 83;)]

Let f(z,p) be the density matrix in (x, p) representation, viz. f(z,p) = / plx —y/2;x +1y/2)e” PVdy

prfan) = (b= 30 ) f@n)  ana fwp)rp= s (v 500

Now form

(f*xp+p*f)
2

(fxp—px*f)

(4

p, f(x,p)lB = = pf(x,p) Baker bracket

p, f(@,p)lmp =

= V. f(x,p) Moyal bracket lz,plpp =1

To make contact with configuration space we must form a marginal;

Moyal momentum
[5G Dlsdn = [ oG p)p = )5 “

Using p(@ﬁ(x) _ (%)n [(821 — 832)n¢(x1)¢*(x2)] —_ @aLh  wefind P(z) = V,S(x) s
Po(e) = [ lp. £(z.p) adp/pl@ Bohm Momentum
Finally
V;;?S) _ [/[p,f(:v,p)]Mde] /o(x) Osmotic Momentum
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Kinetic energy.

Form
— — 2 — — 2
p’* flz,p) =P’ —ip Ve —1% Vg If(z,p). and  f(z,p)xp° = f(z,p)p" +ip Vo — 1 V, |
Now form the Baker bracket
0, f(z,p)BE = p*f(z,p) — L V2 f(2,D).
We need to find the marginal
- 1
1.5 plndp = pla) 7 x) — V20l
with _ 1 V2 2
2 2 xp(il?) VxR(CU)
p*(z) = (VaS5(x))* + = -
4 p(x) R(x)
So that Bohm Kinetic Energy
O tna /
/ p°, f(z,p)]lBdp/p(z) = (V4S(2))* — VZR(z)/R(z) = P§ + Q. [Remember m=1/2.]

™

To complete the story, the Moyal bracket gives Quantum Potential

Vep(x)
p(r)

[ P nd/ple) = V25() + ( )vxsm

[Leavens, Found. Phys., 35 (2005) 469-91]
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Summary so far.

We are interested in the values that can be found experimentally using weak measurements.

We have seen how these weak values are related to the Bohm momentum, Bohm energy and the quantum potential

pP]B:pa]S:_TO]’ pEB:_patS:_TOO
The separation of the real from the imaginary parts of weak values achieved by forming brackets

WOIPR) | (alPlo®)

[Pwle == (x| (t))

Then, for example

Pgp=—1[Pw]+ and Ep =—5[Pw]+

In the Moyal algebra these brackets are replaced by the Baker and Moyal brackets

(f*p—;p*f) and [Pw]_ = o, f(x,p)lup = (f*p;p*f)

[Pwl+ = I[p, flz,p)BB =

What about spin and relativity?
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Spin and Clifford Algebras.

We could use standard approach with matrices. Neater to use Clifford algebras.

One single mathematical structure with a natural hierarchy

Generating
elements.
Conformal {19 e(), el’ 623 63, 64, eS}
Twistors {w, Tt}
DiraC {19 e(), el’ 62, e3}
{1, Yos Y15 Y2 5 Y3}
P&Uli {19 ela 629 63}

{1, 04, 0,, 03}

Schrodinger {1,¢e,}
Klein-Gordon. {1,i}
General element of algebra ~ A(z) = Zg(ﬂi)GK where e€x =¢€;0¢€;0---0€, and 1<j<---<n
Clifford product eioej+ejoe; =2¢g;;

[Hiley, and Callaghan, Found. Phys. 10.1007/s10701-011-9558-z; Maths-ph: 1011.4031 and Maths-ph:1011.4033.]
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Replacement of kets and bras by elements of the algebra.

- Clifford reversion

Replace (z|¢) by/CI)'L(:c) = ¢ (x)e Replace (¢|z) by & (x) = G(EL(QJ)
element of min left ideal idempotent €* = ¢
Pauli
(2| W p) — (:ﬁ;gg) Pp(z) = [go(l’) + Zgi(x)ejk} € i,j, k cyclic geR
290 = (Y1 + 1) 2e12393 = (YT — 1) e=(1+e3)/2
292 = (Y5 +12) 2e12391 = (V3 — 2)
Dirac
Y1(x)
<:L'|\I!D> — ¢2(x) (I)L<:E) — |:go(33> + Zgz'(x)e/u/ + g5(x)€5i| E/ < v
V3 () ¢ = (1+0)/2
V()

Y1 = go —ib; o = —d —ic; Y3 =h —igs; Ya=f +1ig
Complete by adding Schrodinger

(2|V,) — () ®r(z) = [g0(z) + g1()e]

290 = (W +v) 2eq1 =" —¢)

[Hiley, and Callaghan, Found. Phys. 10.1007/s10701-011-9558-z; Maths-ph: 1011.4031 and Maths-ph:1011.4033.]
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Bohm momentum and energy for Pauli particle.

Pg = — 5 [Pwl+ now becomes

pPp(z) = —i®y (2)V, & (z) = —i [(vxch(a:)) Py (w) — O (2) (vx&)L(fE))]

¢ (x) = ¢r(x)e we choose the idempotent ¢ = (1 + e3)/

\\

Pauli current = convection part + rotation part

The Bohm momentum comes from the convection part using @ (x) = [go () + Z gi(x)e; k} €

pPp = —e123(90V293 — 93Vzg90 + 92Vg1 — 91V g2).
Using the conversion ¢(z) — ¢(x) and ;(x) = R;(z)e™¥i(@)
pPr(z) = p1(2)V2S1(x) + p2(2) Ve Sa(z) = — 5 [Pwll+ Bohm Momentum

pEp(x) = p1(2)0:S1 () + p2(2)0:Sa(x) = — 5 [Pw ]+ Bohm Energy

Bohm, Schiller and Tiomno spin-1/2 model.

Pp = (VS 4+ cosVe)/2 Ep = —(0tS + cos00,¢)/2

They are the same if you use

0= (52) = (0o Y

[Bohm, Schiller, and Tiomno, Nuovo Cim. Supp. 1, (1955) 48-66 and 67-91].
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Bohm Kinetic energy for spin-1/2 particle.

Then as shown in Hiley and Callaghan, the Bohm kinetic energy is
—m[[Py]l+ = Pi(z) + [2(VaW(z) - S(2)) + W (z)] = P§ + Q.

Spin of particle S = i(dre30;) and pW = V.(pS)

[Hiley, and Callaghan, Found. Phys. 42, (2012) 192 and Maths-ph: 1011.4031]

BST values:

2
Q=— an VRR +[(VO)? +sin? §(V¢)?]/8m

[Bohm, Schiller, and Tiomno, Nuovo Cim. Supp. 1, (1955) 48-66 and 67-91].
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Spin in the Moyal Algebra.
Central to the the Clifford algebra approach is the Clifford density element.

p(z) = Op(2)®L (2)
Then

~

< A >=Tr[Ap(z)] = TrlA®. (2)d, (2)] = Tr(®; () AD, (z)] = (W]Alp)

Generalise o(z1,22) = ®r(x1)ZR(22)
Now we are in a position extend this to phase space using a Wigner-Moyal transformation

pu(x,p) = Fx,p) =27 / O (21)ZR(z2)e™ dy Cross-Wigner function.

where T = (332 + 331) / 2 and Y =T9 — T [de Gosson, Symplectic Metods in Harmonic Analysis]

Recall for Pauli b (z) = [go(x) + Z gi(w )ejk;} € Replaces spinor ket.

=Er(x) = {Go(x) — Z Gi(x)ejk} € Replaces spinor bra.

Use these expressions in the cross-Wigner function.
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Details of Spin in the Moyal Algebra.

1 ~ .
)/EL(pl)EL(m)@_mApdAp-

o

Now with pZ(p2+p1)/2 and Ap=1ps —p;

Easier to use the momentum representation. F(x,p) = (

and Er(p) = &(ple = {’Yo (p) + Z VK (p)GK} €, where they(p)s are Fourier transforms of the g(x)s.

Again choose € = (14 e3)/2, taking just the 1 term and then define  2F(x,p) := /{jL (p2) 1 &L (p1)e”®2PdAp

Sothat  2F(z,p) = / [Y0(p2)70(p1) + 71 (P2)71 (P1) + Y2 (P2)72(P1) + 3(P2) Y3 (p1)]e ™ *2PdAp.
Now form  px F(z,p) = pF(z,p) — %VxF(:z:,p) and F(x,p)*p=pF(x,p)+ %%F(m,p)

Baker bracket [?% F]BB = pF(CU,p)a
Moyal bracket [p, Flu = Vi F(z,p).

Use the Moyal relation

1 _ |
F(x,p) = or // M(p1,p2)5(p _ B 5 pl)em(pz_pl)dpldpz

where M (p1,p2) = 5 [o(p1)d5(p2) + &1 (p1) o7 (p2) + d2(p1)d3(p2) + P3(p1) 3 (p2)]

so that we find
/[P, Flppdp = p1(2)0,S1(x) + p2(2)0,S2(x). Baker bracket<--> Bohm momentum.

/[pQ, F(z,p)ladp = p1(x)(V51(2))? + p2(2)(VaS2(2))? — Ri(2)ViRi () — Ra(x)V3R.

Bohm KE Quantum Potential
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Time Development Equations.

*-ganvalues

Time development

Hx*f= % /w*(xg)[ﬁtw(m)]eil’ydy and  frH = /[@W(%)W(ﬂ?l)@wydy

Difference
of
ot

Sum

H(wap)*f(xap):Elf(xap) or

+ [f,Hlmp =0

f(z,p)x H(zx,p) = Exf(x,p)

NB

—t r=(xo+ 11)/2

y = (x2 — 1)

In the limit O(h) — Classical Liouville eqn.

% /¢*($2)E>¢($1)€ipydy +[f, Hlpp =0

f(rp)Enr,p) = 5- / §* (202) By (a1 )PV dy

In the limit O(h) —

Take the marginal as before

of (z,p)
ot

+ [f, Hlmp =0

2f(33,p>53(33,p) + [fv H]BB =0

p*(x)
2m

If H= + V(z)

05
L H =
py + 0

Hamilton-Jacobi eqn.

Op(z)

5 Quantum Liouville eqn.

is equivalent to +[p,H_ =0

is equivalent to 20(x)Ep(x) + [p, H]+ =0

05 | (VS
ot 2m

[Bohm, Phys. Rev., 85 (1952) 166-179; and 85 (1952), 180-193\.

then

+Q+V =0 Quantum Hamilton-Jacobi eqn.
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Summary of Algebraic Time Evolution Equations.

OF .0p
P + [F,H)Mp =0 Z&"‘*‘[PaH]—:O
oS a8
k ! — 2 H 4 — 0
2 F+[F,H)pp =0 5: P T o H]
Moyal algebra Quantum algebra
Phase space Configuration space

Notice in the general form there is no quantum potential.

The QP appears ONLY in a representation

In the x-representation you get Bohm’s Q(x).

In the p-representation you get another QP--Q(p) In Moyal take the x-marginal.

[M. R. Brown & B. J. Hiley, quant-ph/0005026]
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Mathematical Structure.

Orthogonal Clifford
+ Moyal < Symplectic Clifford.

[Crumeyrolle Orthogonal and Symplectic Clifford Algebras, (1990)]

Take marginals

Configuration space Configuration space

Position Momentum

Order h

Classical
phase space

Thursday, 2 February 2012



Physics behind these Algebras?

N (z,p)
Basic structure poy(x1,22) —  f(z,p) 2
«—YyY —
/ T L1
Transition = Process “Phase” space o (2.p) = 21 / B (21)Ep(2)e PV dy

Quantum particle not a ‘rock’ but a ‘blob’.

Structure Process. [Bohm, Proc. Int. Conf. on Elementary Particles, Kyoto, 252-287, (1965)]

/
t s ) |
/ .\. t/ Only combine if 7= s j/\ groupoid
S

orthogonal and symplectic

product = order of succession and the order of co-existence = addition gives the algebra.

Combine Clifford and Moyal algebras = Non-commutative geometry

Orthogonal Clifford and symplectic Clifford algebras.

[Hiley, Lecture Notes in Physics, vol. 813, pp. 705-750, Springer (2011)].

[Lizzi, Non-commutative spaces, Springer Lecture Notes in Physics 774, 2009]
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Consequences of Non-commutative Structure.

Changes from both sides Inner automorphism T AT !

Evolution in 7 A, =T(1)A, T(r)™*

If T = exp|iH 7| then for small T

(AT — AO)

T

— (HAy — AgH) = iA=[A, H Heisenberg eqn.

(

T
Just Bohm’s ‘folding’ and ‘unfolding’. —> /’ -3
° ¢ /‘QDI T, [T,.T,]

I,

[Hiley, Lecture Notes in Physics, vol. 813, pp. 705-750, Springer (2011)].
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Overarching Philosophy.

[Bohm, D., Wholeness and the Implicate Order, 1980.]

The deeper structure gives rise to a non-commutative phase space geometry.

In this context non-commutativity = not all orders can be made explicit together.

Implicate order = algebra

Project out explicate orders

/ N\

Y(x) or o (p) Quantum world

N/

Classical world
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