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SPACETRACK REPORT No. -2

... ~DRAG' THEORY, "| .- -... ...,

ELIT HOOTS-

The Air Force General Perturbation theory (AFGP4) based

on the analytic satellite theory of Lane (1965) and Lane

and Cranford (1969) which models the gravitational zonal

harmonics through Js and models the atmosphere with a

spherically symmetric power density function is given here

in its complete form. All equations needed for satellite

prediction are given and the reader is referred to the

original publications for the theoretical background. Two

simplified equation subsets (IGP4 and SGP4) of AFGP4 are

also given and the procedure by which they were obtained is

outlined. The IGP4 and SGP4 theories were originally

developed by Kenneth H. Cranford.
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1. INTRODUCTION
I

The analytic drag theories developed by the Office

i of Astrodynamic Applications are all descendants of a
I

parent theory AFGP4. The lineage can be traced from AFGP4

to IGP4 and finally to SGP4. In general, the theories

decrease in complexity and accuracy in the order AFGP4,

!GP4, SGP4. This -eport gives a comprehensive description

of the equations as they are implemented and describes the

process by which the simplified theories were obtained.

2. AFGP4

AFGP4 is a general perturbations theory based on the

work of Lane (1965) and Lane and Cranford (1969). The

gravitational model includes the effects of the first

five zonal harmonics of the Earth. 1he atmospheric model

assumes a static, non-rotating, spherically symmetrical

atmosphere whose density p can be described by the power

function

0=% sJ
Po \ r-S j

where the quantities on the right side are defined in

the list of symbolsin the Appendix. A discussion of the

development of the equations is thoroughly covered in the

publications cited above and will not be repeated here.

The numerous symbols used in the following equations are

defined in the Appendix.
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i, I
Given the values at an upoch to of the mean orbital

0=
elements (denoted by subscript o) predictions with AFGP4 ii

are made according to the following scheme: 1

a. Calculate the constants

2-7/2 32 32 22 3
Ic ~~~~Bv(l-n ) ( l+ 3e 1]+ 4en +e

+ (2) 2 1 3 e24 (l-f2 ) 1 (8 + 24n2 + 31) 4

Se n (4 + 3n2

A1 = L'I 24

4I
A2  L

A 3 = (4/3) Ld(17a+s) 4  -

19 -2A4 = (2/3) (2 21a+ 3 1s)9 P-

where all quantities on the right side are understood to

be double-primed epoch quantities.

b. Calculate the time-dependent quantities

1 2 2 33
Q, =-(%) [k (A2+2A1 ) (t-to) + 0.25k3 (3A3 + 12AIA2

+ 3  4+ 4 2 A2A+ 10A) (t-to) + 0.20k4 (3A4  !2A1 A3 +6A + 30A A2

+ 1SAI) (t-to)S]

I0
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'2 2 3 3 .4- 4
[A{ =- 2) A 3 k(tto0) A A4 k4(t-to0)~~~~Q2 [Ak(to +4

k k
j3= {i 2 ( 3 2 2V (-13e) +  [-15+16B+250

k0

I

2 22 2 1 5isk 4  22+ (30-960-908 )62 (05+1448+258)0] e (3-30 0F + ] + 1--6 _T7 (-3

a

+ 35 n (t-to)

3 k 2  2

2 2) C 2 [-35 + 4 258 2
a a

2 2 2 4 s 4 [19
(90-1928-1268)2 + (385+3608+4582)84] + i 7 9 [21982

+ (-270+12682)2 + (385-18982)64]1 n (t-to)

k k22

hi =h" + {-3 2 o + - [(-5+128+920 + ( - 3 5 - 3 6 -5 02 )e

5 4a- 6(3-7602)(5"3a 2} n (t-to

a 0

where all quantities on the right side are understood to

be double-primed epoch quantities.

c. From V, use the definitions of the angles to

calculate E'.' and X.'.

£ 3L,_, _________ 1



Then calculate

-1 c -2 3 2 2 -r3I 1 ~ ~ -- (1zl2Y12 +--e Y1Y2

0 0

+ le3y2 + We4 i-2 )dXdt

1 {(l 2e + 3e + ._e + _ j ( Ze 3e 2

'n 8n

+ 3e 7e4  - 2 {3e 3 3 21e 4 ) j
T3 + 2 + (1-3 ) -2 + 3 4 T-3
T) 2n 2Tn n 4nI

- 1n 2 3 e3 + 7e 4  + (n24 7e 4  
" -( " 2

n-1 Zn 4r 4 + (t. )T n4 -

i - 1  1 2 2 -3
2 f NT e YlY2 )dXdt

t X
0 0

2  2 2

Zn --(1 - ) T-1 + 2__ (1-n [2 Jn 2 -n

- (1--n 2 )j ]}(Z'.' - "
T-3 -1 o

tAL. dt = BT(T+I)- + 2 [
dt 4an [9k2 1 + 02

At

t4
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a2A2 sin 21 k2 s inI3-0-2 + 4 (lG-n 2 +  1 0,. _ 2,,~~~~32k 4o+2 o
2 1

I2B C (T+1) 8 ' aA 330sin 1 2I
_8 2 2 (sin 1+12) i +2[sin g .'

S9n(1-SO2) 2  8k2  1

22

I sin g (g ' gg) cosgg)A in 21aA3,0 1 0 0 2 4

32k

+ 2_ 2,r+2 [ 1 (cos 2gl - cos 2g") - (g

aA3 0sin3 I

- g") sin 2g"] I (sin 3g i  sin 3g" )
020k 2  3,T+2 Ily (sn30-sn3g

T .4
(g" g" ) cos 3"o i (cos 4g - cos 4g")

-(gt' - g") sin 4g"] }
1 0 0

I ALidt = - Baa [ 3 2 (6(-2 )] I1

a 1

- V') 2 {--r[-3I -9 I+ e 2 (_9 Io u~ In1tf

T 1 3 1 - + 2 0,1 XT,

e3  97I~
1 6 11,-rH



2I

+ I9  +a
4 B8 B~ I( 1 - Ol {-'rC[ 1

* ~.T}+3nk2 (1-Sr,)2 6 I2,4 1
(411

e 2 1 1

"3 3rl 16 Ox+1 8 2,r+1

I

17 e
4y-r+1) - (311,TI-1 + 813,1 715,T+2)]

2
[I + £ + I ) + 4e- (1a 2,1" 4 1,r 3, oW

2, + 17 )]} [cos 2g" - cos
4 i -0

2(g. - g") sin 2g" ] + a B B 1
1 - "0go 3nk 2 (1-502)2 2- [1

2 4004 S k4 2-11- l [1 -30

1-50 36 k2

80 4  2
e (-loI~ 52 I

1-50 ~ T [~~ i + + ~2 - 3I2 T iI

3 (-31 91 [el

+ a

i2
0,_ 1 231 [cos 2g'.- cos 2g9

61 ;_ 
_ _



!A

g") sin 2g°I

aS 8BTA3 0 sin I e
S{-,o'{[.II,+I + - (.ocr+12 2 , j , l9k n,1_ 0) •

t2

+e-31 2,T+1 )  + (-311 - 913,1+1)

~3

36 (31 8I -. 11 1 1)116 o,t +i 2,t{+1 4,1+1

~2
-3 e (31+ e (9ii

+a[11 + 0 2+ 31 (

[sing' sing"~+ II1 ] }f [sin gi - o

3,T 1 0g

(gj gg) cos gg I 6f dt +

t
0

AG dt Ali dt - Bca[l (b -

to
0 t

313+ T 2) 12 - 2n (_ + 7 ,2)io,1+i 7

2 Ba 4 T (1-02)T {cos 2g'0 ,,o 18nk 2  ( _0 )

g~l)sin2g"}
- cos 2g" + 2(g" -7 i o



- - 142(1le -S

k4 T 80 43nk2 (1-502 2 24 1-e

k-W0-[~o ]} Itl {cos 2g'.-6 13 (1-Se -),t
|2

T!t

cos 2g" + 2(g' - g") sin 2g" }
0 1 0 0

Ba 8uA 3 0 T 0 8
3 9nk (1-S0 (sin ) l,l {sin g'

-sin g- (g - g") cos g" I + Q,

where all quantities on the right side (except V., X.'

and g') are understood to be double-primed epoch quan-

tities.

d. Then, calculate the next approximation for ",

g", and h" from

2k 2  2) ( t
" 1 3n2 3 (-1 + 30 AL. dta+ i fa 1

~k tt

9 n -- 73 (-1+50 G

0

4 + 9n k 2  1  AH i dt

k- to

1 gi ' n 2U4 (I- tJ AL dt
j0

8
I *t-

L i ----
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2 t
3n --y - 2~ ) a i dO

I
0

k2 2 jtt:
+ 15n -7 f AHi dt

a a to

t
h h ' + 9 AL. dt I

k2  /t t20 t
15n - AG. dt .3n H dt

a n a- 4 to o a'O t

where all quantities on the right side are double-

primed epoch quantities unless otherwise ncted. Repeat

step c, using " " 1 ' h i -n place of V", g"', h"',1i+l' gi+1 if+li g'i

respectively. The number of iterations required is

determined by the value of X j n dALi ct

according to the following table:

X Iterations

,5 < X 4

'0 < O X< ,S 2

X < ..05 1

e. Let 9"', g", hs denote the final iterated values,

and let X" and E" denote the values of V" and E" corre-

sponding to V. Then calculate~S

9
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2 3 fi.[1-

s X (2 Y2  + CYIYZT "- ) 2 I-
0

+ ni Cos X (1 + n Cos 'r Ii G
S 0 .

+i cos Cos X" O

1 FB1 ) + Cos ~ + 1, 3O 2 23
4_____ + 0) + i sn

2 2

+2a

3(-5 0)

F A 0TT1 - [k 22+Isin I

+2 L- 2a + z(8 -11112[ 2g -si gI
32324

22

01

aA si



I3
+ aA 3,0sin Ii ~ ~ ~ 2 4 4kz 3,T+Z s 3" 3"

k k s i n 4 1

, + 14 [sin 4g" sin 4g0"]
16 4,T+2 "s 0

S3k 3-

[ L" =  L" [1-Bcxa[ 2 GL 1 62 0 ]

0 2 2 2 f -L s c80

+ 2ey 'Y2  2
1

I

+ Ze y y 2  dX Bk2 2  sr

-£")0{ - Eg - +i 1 2 1l ,-E+l]

9

+ T BadX -Bk 2 1 + 3 0(1-2)(1
aB {1_0- { t9 1 2

a o,'t l 2r+l (1-50

3 e 3,,t+ 1 ]

- + 1 }(sin 2g" sin 2g o )
a 2,- s0

32 20 44(1e

+ - 2 4 {B ag g4004

a1 OT) (3 ( 1-1o )l ,+

1 s0

+; e,..

iI

,.9-11
1 si g-- i 2"

a 2, 0



-4 1 3 2  8 0 426 s n 2-13e (sin g sin 2-g )

1- 4

Ik2

0 ! I'T L F21 + q2

3k 2 31

H = H" [1 Baa[l - 2 (. 1- + 3 2 J ( T2 
1

0 a G Y} T7Y]

Ia
1  2Y2 y T -3 _1 02) t,,

)d FS 2 2

- z) {- - 31 + + [31O" o,i+1 2 e ]1,r+1] +  3 o .]

+ Ba 2 t' 4 (1-02) {. [ 1 e (
1-50 6 2, +l -6 1,T+ 1  3,r1

2 ,t }[sin 2g" - sin 2go]3a 2,T gs

12
At,



1 Ba 2 tb 4  e 1_244O

1-Se $ -S

k 4
5 4 2 80

- T [1-30- ]) (sin 2g" sin 2g")
k 1-5

t aA ,

p s I (cos gs - cos go)}{- - 1

6kz

+ (o,+ - 12,1+11

F H
a 2

BaB2 2 2 -c- d

Baa= e [ 2 + 2e I  2
0 O i

0

B,1 2-+ t (1E" E") {r E[61
" - ),t+l

1 ) 15 If

2 3e(o,t+1 +  2,t+1)] + ff Ii,}

+ 1 B1~a2  1_0 2  2

1 3 11 31 +1

t5 '

3' 21+1 3 4,1+1)1

+ si 2g"[SnZg
3 3,T ]s ingo II

~ I .

I-

137 "1



+ B8 aE 1 02 400

2 823(1-Se) 1-SO

5 k 4  2 8o +4 e- 1-2~ k-2 [1-30 ]){-rg [el +1eI+1]

2 [sin 2g" - sin 2g"]
a ,I s 0

BO6a 3 A3,0 sin I

6(1-5 2)k2  o,-+I l+1
2

I )] + 3 [cos gs

1 1,+1 3,-r~1 a (1,-[+'-

- cos g"]
0

and the drag periodics

e Bca 12 13 + Ba 2 CS 5 1-0 - 1
o 1-502 6 I3"+1

- i , + 1 + ( I o2 5 i s

1,[+o +l- T z,t+i + I 4,t+1

14

1- .' 7I .] } [cos 2g"
7 ) ] + [-31 1 1 3

I.

I

. 14



k4  (1 3 2 86 -c )a&e i ,.| ~~36 15026+ :='I k2  1-8

- 12 +l) + 211 ][cos 2g s  cos 2g" ]

1 2 2
1Ba A sin I=0 3,° ~ ~~~~6k (I-50) {c [o 1 "

L

B + e 3 I s- n I A[sin 3 (1 I 2 , ) [sin g s

2 3 c~ 32,t+IOT ,
- sin g[]

I_

I 0

6a 2sin [sin 2g sin 2g" ]1 - 2 3 s 0

aA3  ,,,0 [Cos E - Cos go]}
~3k I,2

(i -T"2 Bah 0 (sin I , [cos 2g" -cos 2g" ]
(si ) 6_5 = 62) 2) 2,0g

ga B23 00  [1i u 2e,

I [si g" si ( "  °'

i is



- ~r r =

S D  =- e0-e"

O -. -

where all quantities on the right side (except gs'

E" and X") are understood to be double-primed epoch
S S

quancities and where

pfay p ym dp-+y( )I C Cos 1 k y .... n
1 hd -L () {l k- 1AsinX_

k=O t=0C

J
i- (-k+3)

+ k-2 cosk+i 23 lXsinA R.,

j= 2 J
R(Z-k*2)

k=l

w k+ + l if k+9, is odd
with i =

(k+2+2 if k+' is even

A if k+L-=O

0 if k+ =1
i .k- 3 k

and R. = 1 ( --)X if k.$t is even and k+k>2
i k-

2k
11(2k-l) sinX if k+Z is odd and k+Z>3

k 2

I -

i

i• , 16
"'U.



Then the inclination due to the drag, I", can be

calculated from

I

H" =L~flYeI2 Cos I

f. The drag periodic effects on the angle variables

* and eccentricity are now included by first calculating

sin- cos h"= cosh[ - cos
2 s 2 2 + sin -- ]

I"

sin 5 sin h" =sin h" [D- cos D+ sinP 1
2 s5  2~ sin 2

+ cos h' sin () 6hD

e" cos i" = (e" + 6e) cos £"- e" ~ sin £"O D DS

If ne" sin £" = e + 6 eD) sin s + e" 6 £D o

£" + g" + h" = "s+ gs" +h'

l Then, the complete set of double-primed elements at time t

Ii

co"si h" si 6h'co

- i "-'-17

s D



tan fe" sin ." / e" cos "]

h" tan- 1 [(sin I"/2 sin h") / (sin 1"/2 cos h" 1.

(i" + g" + h 2) - r." - h"

I" 2 sin 1  sin I"/2 siui h")2+ (sin I"/2 cos h")2
and L" has already been given in step e.

g. The periodics due to the geopotential model are

now included by first calculating

k2 a22S+ g - (k" + g" + h") + 2 2) (
(a2 e - ) f2(-1+302 ( rE :

4a 2 2 + r

+a + 1) sin f + 3(1-02[ arr 7.  r

1) sin (2g + f) + (a2_ a + 1) sin (2g + 3f)j)
r2

k2 2
2- (-1-28+50 ) (f - 2. + e sin f)

+ 2--6- (3+20-502) [3 sin (2g + 2f)
4a2O

+ 3e sin (2g + f) + e sin (2g + z)

16 2)
16- -T7 Q 20-2-e -11 (263--3e2) 0

18
.,i



F -40(2 3 -2-5e2 )o4 (1-502 400 e2 6 (1-)0 22 2

I I
I 2e 206[11 + 8soo2 (15SO2 )-1

+ 200o4 (1-56 sin 2g - (2a2 k4°k a
k2a

t4

K -2-e 2  3 (2B3-2-3e2)2 8 (2 3-2-Se 2 I
+ 80e26 (1-50) -2 -2e2 013 +1602 (1-5O2) 1

F

400 (1-50 sin 2g + 4 A 1+
k~2a8

[ ~+a2 e__ sin I +eO tan 1/21 cos g +6

1+64
2o e 2 63

ASO5 [4 2 sin I (i--) + 3e8sinhi - se sin I

2

+ (4 + 3e )e Otan 1/2 + e sin I (26

+ e2)] [1-9 2 240 (1-562 1 ] Cos g

+ i--0-sO sin I (1-0) (4 +3e 2) [3 + 1602 (1
" ~ 3  6  ee 5i 1 0

I2

19
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-5 + 40e (1-562) " 2 ] cos g

31152 50  [e sin I (3B 3 -2e2

-e 3 Otan 1/2] [1-SQ 2 _ 1694 (1-502)1] cos 3g

35 A 50  e 3  i (

576 k 2 a3 6 Oin 1 (1-8) [5+3262 (1-52)1

+ O 2 -2

+ 8064 (1-502 ) 2 ] cos 3g

k2  a
L L" {1+ -7 [3 (a)3 (1- 2 ) cos (2g + 2f) + (30

2a-

-1) ( ) 3 -- 3
r

e"6i - 2(-130) (a 2  a i 1) sin f
4a 2  r V

2 2{4 3(1-02) [( a 2 B2 
- + 1) sin (2g + f)

2 r

(1- 2 1) si ) in(2 +3f]
r

2 2
+aB + a +1

2 T sin (2g + 3f)j)

k2 e 2 4 02 -1]
a+{ 2  --11 -40 4 (1 5 )

I

- /- , 20



r 12k a2 [1 30 - 804 (1-50 ] sin 2g +A sin I

I f I - 30 42ka
k1k a

I S i siL 1(4 9
64 3 3

2 rnw1 +35 + 0 2 2 2

-5Z2)-] COS g k e sin I fl-5e -160 (1

2

2 1I
-5e2) " ] cos 3g

t

6e = 6 e + {(-1+3e [e e + 3 cos f 3e cos f
1 22 4 (+

2a (
2

+ e2 cos3 f] + 3(1-02) [e + 3 cos f + 3e cos f

k2
+ e2 cos

3 f] cos (2g - 2f)} - (1-0) [3 cos (2g
2$ a

+f) cos (2g + 3f)]

where 6 = sin 1 62e, where

1 k~ ~s 2  S~ ~ e

1 k2e 1-15 2  5k4e 2 1-70 2 sin I]) cos 2g6,e 1 {2a-6 -2snI
a 1-56 2 12k 2a 2p 1-50

+ { -i-O_+ - A.,O 2244 re2) -1

a 0 + 4 + 3e 2 ) [1-90-024 (1-50 sin g
4k a 64 3 4 +

3 A 5  e 2 [1562 160 4 (1-502)-I] sin 3g

21
.,#
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e62e k Osin I
61 - 2 2 [3 cos (2g 2f) + 3e cos (2g

2 2 4
$ 2a$a

+ f) + e cos (2g +3f)]

(sin i"/2)6h = (2a ) (sin 1/2) [6(f - + e sin f)

3 sin (2g + 2f) 3e sin (2g + f)

k2e
2

- e sin (2g + 3f)] + sin 1/2 { a264 1l

+ 8062 (1502 + 2000 (1-502)-2]

4 2 4 2 1 30

" -- )e 0 3 + 1606 (1-502 -

1 ka2

A0 ee
4064 (1-s2 1502)-2 sii2s{ a

5 A5;0 - G ee (4 3e )  [196

64 k2a
3 6 2coslI/2

k 2 -a

2464 (1-50) 1

22i _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



IA
ka36 e Osin 1/2 sin I (4 + 3e

T2 [36
a

I2

+ 1602 (-2 + 400 (1-502)2 cos g

4Q 3I

35 A50  e
1352 3i6 2 cosl/2

3 [l-e 5
112 ka

-l6e
4 (l-502)-1]

t35~b AS- e3 Osin I sin 1/2 [5 + 3202 (1
S76 32 a-6

II
1*2 -1 42 -2-se + 800 (1-S0) '1 cos 3g

1I

H4 = 14I"]
H Ii

where all quantities on the right side are understood to

be double-primed elements at time t.

h. The osculating orbital elements can now be

determined by first calculating

A

sin 1/2 cos h = cos h" [(61/2) cos 1"/2 + sin P/2]

- sin b" sin (I"/2) 6h

2j
II

. , 1

' 23



A
A
ii

cos 1/2 sin h = sin h" [61/2 cos I"/2 + sin I"/2] A

+ cos h" sin (1"/2) 6h

e cos 2 = (e" + 6e) cos ti" - e" 62 sin "

e sin , - (e" + 6e) sin 2" + e" 62 cos ,"

ti + g + h = ," + g" h"

Then, the complete set of osculating elements at time t is

e ="V (e sin 2)2 + (e cos k)2

2. = tan 1  re sin 2/ e cos Z]

h = tan " 1  [(sin 1/2 sin h) / (sin 1/2 cos h)]

g = (2 + g + h) - 2 - h

I = 2 sin "1  (sin 1/2 sin h) 2 + (sin 1/2 cos h)2

I2

a L /V

24
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1 3. Drag Simplification

t The drag portion of AFGP4 is simplified by using only

t the secular terms from the equations along with certain dragI
t periodics of important magnitude. The value of x is fixed

I [ at 4 throughout the simplified equations, and all quantities

are understood to be mean epoch elements unless otherwise noted.

a. The L" equation from AFGP4 (section 2e.) is

approximated by

s 3 2 + 3/2 e 2L" -- L" {I Ba (2 2eY3/2 Yl -V2 ) d X

! o!

- Bk 2E (-1/2 + 3/20 ( ') 12o 10,5

+ L" QSQ2'

Upon evaluating the integrals, we have the secular part

L' L" {1-B-7a (1 + 3/2n 2 + 4en + en3 + 3/4e 2
0

3e ) (V - X") 3/2 Bk2 ( /2

+ 3/20) [- (8+ 24n 2 + Zn4 )] (s - 0')}

SL" Q
0 2

If we assume that

i25

I2



A ' = 2" -2 2," = n" (t - t o )
S 0 5 0 0 0

and drop certain smaller terms, we have

L"= L" [ - C (t to + L" 2

where

4 -7 3 2 3 3 -2
CI B n 4 [a (1 + + 4en t en ) + -k 2 C 4 (- 2

32-2- ) (8 + Z4n z 
+ 3n4)]

Dropping the same small terms, the constant k (section

2a.) is approximately by

k = na § C

It then follows that Q 2 (section 2b.) can be written

Q2 =-DZ (t - to) 2 D 3 (t - to) 3 - D4 (t - t 0 )4

where

4a C12

D2  i a 2 1 7a s

3 3 1
4 4D)3 = xa (17a + s) C1

3

D =-a2& (.21a + 31s) C1[ I
L

Then
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II

2 3

L [ 1 C (t to) - D2 (t to)2 D3 (t. t)

I 0

D D4 (t -
4

I
4

! b. From section 2c., we make the approximation

I

i t
SAL. dt---Bcta I1 - Bk2 

4 (- + 2O) (-

0

- " 2 1 2 I + Q1

Using the same approximation as in section 3a., we take

t

AL dt = - C1 (t - 2i 0
t

0

j where

2 312S [( 2 C  (t - to) + (3D1) 12 C D2

S+10 C, (t -to ) + 1 (31) 12 C1 D 3  6D2

30 C 2 D + 15 C14) (t to) ]

It is further assumed that

27



t Gi dt= AH dt= 1 C

0 0

An iteration is not performed on the equations in sec-

tion 2d. so that with the above approximations, we have

= £' ' + n [f C1 (t -t + (D 2 + 2 C3 t - t

(3D 3 +12 C I D 2 +0 C3) (t to ) 4 + I (3D

3 612 2 4) A 5C4 tS

+ 12 C D 30 C+ 2 + D t
1 3 D2  1 2 c1 )tt0

h"-= h" 21 nk 2 e 2st h1 21 a-- Cl (t to)
s i 2 22

where the effects of AGi and Ali on Z" and g" have been

ig.ored.

c. The drag periodic e" 659 from section 2e. is

approximated by

Ba2 &4 5 A3 , 0 sin I

o" = B a *13 6k 2 2 (1_50 2) 0  ) s

- sin g")

28



I
tI

The integral 13 is approximated by

1=- 1. i(l+n Cos 9') - (i-n Cos C')
-3 n 0

t so that

L

e 2 -Ba 6 1  Cos "s- (1-n, cos ko) $ ]e" 6D= - -B0 (~ o i 3 ,
o 3 '~;U 1

I

S9 A3 0  
2 3 4

+ Ba~n ip -r- sin I (1+3j + n ) cos g (t - t o )

where the approximation

s n " sin g" (t -t ) (sin g")

d n
3 k2n 2(

2 - L2 1T (l-50 sin g(t to)

has been made. Finally with further approximations,iI

we take!I

2 4 [) (I+u cos 9,!)3]IB 6 Co- [ (1 0-

+ B* C3 cos g (t -t o)

~~whe re

4 5  A3 0 SinI

(qo - a)4 ' 5afl I 1

tII

29



The drag period 5gD is taken to be

6g]1) = D

d. The ell equation from AFGP4 (section 2e.) is

approximated by ]
' 2 £eD e" - Baa f (2y1Y2

2 + 2eyly 2j)dAI

B( 1 + 3 2 -E" E") [24 115

2"2s2 S ,s

o, 2,5 a 1,41

B 6a2 5 (1-04 2

e(42 oI +145 + 1 (11

2 US 3aa

, ~O's .3-2's 4?. +  1

~7
+ 3,4)1 (sin 2g" - sin 2g")

The integral term, when evaluated, is

7 4 2 1 3 1 2 Al Al2 B-7 4 a 2 (2n fl + e + 2eT 2) ( 0" ")

30i'
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7 -4 2 11 2 11 3
- 2 B - aB [(1 rn + t -- n + en 3 ) (sin A"

-sin X") -n + n + le yen ) (sin 2X"

I -sin 2Xg) + (Aq2 +t -e) (sin 3X" - sin 3Xo)]

I
which is approximated by 1

-2 Bit a-n (2- + 2en 2) (t - t0 )I I?
7i *2 Bi a 2 (1+11 2 11 3

2 +e en) (sin V"

v - sin V)"
0 O"1

where + " 6Z The second term gives I

iS
22 - 2 15 45 3 990

I iI
where the approximation

31
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Ell El u o (t t0 ) I
has been made.

The third term given

2B32 45' 9 k (1-02) (iOn + -n 3 _ e 13en 2

n 4) cos 2 g

* where the approximation

sin 2g" sin Zg" - (t t (sin 2g s )

- ka2n- (502) cos 2g (t - t o )
2 4 o

ia

has been made. Thus, the final equation for e" becomes

eD = ell B* C4 (t t o  B* C5 [sin (2" +

- sin 9"]

0

wheret

4 4 -7 2 1f + 1e e 2 ]
C4 = 2 (qo s)4C 1P a n {[2l + + -

e  e n 2

t It should be noted that the k2 terms of C4 in the opera-
tional version do not agree with this equation. The pres-

ent equation has been verified as correct with the author

and theoperational version will be modified to agree.
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2 ~ (2  -[1- L5 -+e
a 8

tI

31 4

+ -en 4 ) cos 2g]}

C5 =2 (q - s) 4 t4P 7 a82 (1+ 1 n + -en + en 3 )o 4

e. The double-prime updated elements are

= e

t + 6g
s D

and LV has been given in section 3a.

i-
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4. IGP4

IGP4 is obtained from AFGP4 by using the drag

simplification discussed in section 3 while retaining

the full Brouwer geopotential (1959) with the Lyddane

modification (1963).

Given the values at an epoch to of the mean orbital

elements (denoted by subscript o) predictioswith IGP4

are made according to the following scheme:

a. Calculate the constants

C2 = (qo - s)4 4 n (1 - 9/2 [a (1 - 2) (1 + 32

3 3 1 3 2 2 4
4en + en 3 ) + - k§ (- - + R (8 + 24 + 3n)]

C = B*C 2

(q- s)4 5 A 3 0n a sin IC3 P
3 k 2

C~~ 4 2n (q -- )7 R (1/2/C4 2n (q 0 S) a2 ( 2-7(1 en)

+1 +1 3 2kg2 15 45 3+ Ie + ]  n2 [(1-30) ( -2  - n
" a (1 - )

2IT

9 9 + -2 3 4 2 65 3 7
2e -4e~ 9 t 1 -6 0 q + (- 0 ) Sn - 6c

34
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i
-13 2 +3

enZ e en4) cos 2g]

C5 -2 (qo " s) 4 4 a$ 2 (1 - f 2 ) 7 / 2 [1 + -(yG + e) ]
s 0

'3]

D 2 =4a ECI1

3 3 1 1i D3  - 3a (17a +s) C I
3

2 2 3 4
D4 3a (221a + 31s) C1

where all quantities on the right side are understood

to be double-primed epoch quantities.
I$

b. Calculate the time dependent quantities

k2

'.' = £ " + + 3 k2 2 ) 3 1£ 1 0 1 k2 3  (-1+ 3 8 + 3 a4 ? [  15 + 16

1 0 +2 2 3 -+0' 32 4/
a a

S25$2 + (30 - 960 - 2)o (105 + 144a

S+25$2)04] 15 k4_ 2 2nt-t
6 2 k e (3-30e2 + 350 4)} n(.t t o )

k k29 , , 3 k2 (502) 3 35 24• g i. =
- g + { "  2- T- (1 5 02 + I [ - 35 + 24$

1 90 a3$

, 35

Ma



+25 2 (90 -192$ 12602)62e (385 +360

45+ ) [21 - ( 270 +1260 22

+(385 -189R2)841 n(t -t)
0

k'. 2 h3 k2___ ~ 2  2
h 0" + f a3 - + 8 a4S [ (- 5 +120 + 9a )O

1 (5 4 8a

-3$2) n(t - t 0)

where all quantities on the right side are understood to

be double-primed epoch quantities.

C. Let V~, g", h" denote the secular values of 92,,
S S

g", h", respectively. Then

9n 0

= ''-21 nk2 C 2t-

S 1 2 a2 2 1

*1 36



,, ,2 2 )3

9 +  C (t - to) 2 + (D 2  (t to
S1 2 ~1  02C 1 )( 0ii I
+4 (3D 3 + 12CID 2  10CI) (t to4 1 D

1 3t 1.- (3D0 4

+12C 1 D 3 +6D 2  30C1 2 D 15C 4  (t to)I

Also

L" V=L [f Cl (t to )  D2 (t t) -D3 (t- t) 3

o 1o 3 o

2:[ - D ( (t to)

4 01
rI

el= el- B*C4 (t to) - B*Cr [sin (V 61

D o o

-sin V]~
0

where all quantities on the right side are understood

to be double-primed epoch quantities.

d. Calculate the drag periodics

694D = (qo - s) 4B* 4 [(I + n cos 3

C. N 37



9 - 6 -D 1
where all quantities on the right side (except £")

14A

are understood to be double-primed epoch quantities.

e. The complete set of double-primed elements at 7
time t is

el = el
D

D D

S D

g" gs"+ 6gD)g gtt

h" = h"ts

and Li has been given in section 4c.

f. The geopotential transformation for IGP4

osculating orbital elements is then given by the equa-

tions of section 2g and 2h.
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I
I

-5. Geopotential Simplification
I

The geopotential portion of AFGP4 is simplified

by assuming eccentricity is small and then retaining

!| only the main terms. The small eccentricity problem

is handled by using an alternate set of variables.

The small inclination problem is not treated since

few satellites which experience drag forces have
1

small inclinations.

a. The secular geopotential equations (section 2b.)

are simplified by taking 6=l except for those f3 appear-

ing in the denominators. The result is

[2

it Y + 1 3k 2(1- + 30)2 3

i 0o [I 2a2"3

3 2  2 430~
3k 2 (13 - 786 + 1370+ 32 n(t °t

16a4 70

3k2 (i - so2 3k2 2 (7 - 11402 + 39504)

1 ,=,,+ 24 4 8
2ai 16a a

Sk4 (3 - 3602 + 494)]
+ 4 n(t - to4a 4a

3k 2 0 3k2
2 (4 - 1903)l i" hV --. ~h h"*o[fl +  z

a 2a
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5k4 0 (3 - 762)+ 4I nl(t - vo)
2a 4 8 . ..0

where all quantities on the right side are understood

to be double-primed epoch quantities.

b. The long-period terms of the geopotential

(section 2g.) are approximated by retaining only the

main A 3 0 term. The result is

6U" g" + h") + I- e sin I Cos g
L 8 k2 a8 2  s (e

6 LL 0

6 hL 0

1 A 3 ,_0
6e L  4 ka 2 sin I sin g

6%= i A3 .O isngk I

A3 a 1. sin I cos g I
k2a

whece all quantities on the right side are understood

to be double-primed elements at time t, and where the

subscript L denotes long-period geopotential periodics.

,
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If we consider the two new variablese' sin g' and e' cos
I

g', then

t
-e' sin g' =e" sin g" +6(e" si "

S= e" sin g" + 6e L sin g" + e" 6 gLCos g"

A

e' cos g' = e" cos g" + 6(e" Cos g")
| I

=e" cos g" + 6e cos g" -e" 6 gL  sin g"

Upon substituting, we find

6(e" sin g") sin I

t

Then the long-period geopotential transformation is

+i
9 +g' +h' "+ g" + h" + 6(" + g" +h")L

e' sin g' =e" sin g"+ 6(e" sin g")L

HA
411

' "" 41

-i



e' Cos g' = C" Cos g",

=@

: I' = I"

h= h"

and it follows that

e' = U(e' sin g') 2 (e' cos g)2

c. Before adding the short-period terms, a change

of variables is made according to the following scheme.

Let E denote the eccentric anomaly corresponding to '.

Solve Kepler's equation for E' + g' (by iteration to the

desired accuracy) where

(E' + g')i+l = (E' + g'). + A(E' +g)i

with

A(E' + g')iI f

Z' g' (e' sin g') cos (E'+g')i+(e' cos g') sin (E'+g')i (E'+g')i

I

i(e sin g) sin (E' + g)i (e cos g1) cos ('+g)+_

, ... 42



and

(E' g') 9'

-Then, compute the following

el cos E' =(e' cos g') cos (E1 + g')]

+ (e' sin g') sin (E' + g')

el sin E' (e' cos g') sin (E' + g')I

-(e' sin g') cos (Et + g 1)

p I a' (1-e)

where a' =-'2

and

IL

r -- Tel sin E'
r

IL' _1

where f' denotes the true anomaly corresponding to 
~

I~* N43



*Let ut fl g '. Then

Co a'-Tr [cos (Ij + g ) el cos g'

(e' sin g') (e' sin E')

sin Ut a'-~ [sin (E' + g') - e' sin g'

(e cos~~' (e' sin EI)

At this point we have the following set of single-primed

variables.

r', r', rf', If$ h', u1

d. For the above set of single-primed variables, we

Ican write the following formulas.

ae +r
6r)sin f (6t - (6a" a cos f (6~e)

- s a Jss

(6r) =-lesin f (Sa) S+ 0a a (Ie cos f) sin f (65e)

+naeco f a
r s

*1,*44



I 6(rf) .- n ( (6a) + -a- ( f

s o .r - r2

+ e cos 2 f) (6e) nae sin f (a)2 (0s

1

(6u)s = s (2+ e cos f) sin f (6e) s + . (

1 2

+ e cos f) (6) s + (45g)

where all quantities on the right side are single-primed

I quantities and when the subscripZ s denotes short-periodt
I
I| geopotential periodics. We then substitute from the

Brouwer formulas, simplify, and make the approximations
I

k k
_1 2 u 3 32 2

I a a

(6r)s- 0

6(rf)s 0

61 2 T- 6 sin I cos 2u

3k2

6h = 3 2 0 sin 2u
ag

I

45
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= - I k2  (7e21) sin 2u
S2 4 1 <

where all quantities on the right side are single-primed

quantities.

e. Osculating variables are given by

r = r' + (6r) j

r - r

rf r'f'

A

i4

1= 1' + (61)

h = h' + (6h)7
S

u=u' + (6u)

and provide a very convenient set of variables for calcu-

lating position and velocity in Cartesian coordinates.

4
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6. SGF4

SGP4 is obtained from IGP4 by using the geopotential

[ simplification discussed in section 5.

I Given the values at an epoch to of the mean orbital
!0

elements (denoted by subscript o) predictions with SGP4

are made occording to the following scheme:

I a. The drag and secular portions of the equations

tare given by foilowing the equations of section 4a through

I 4e with the single exception that the secular geopotential

effect of section 4b should be replaced by the shortened

secular geopotential effect given in section Sa.

Sb. The long-period geopotential periodics are then

Iadded to the double-primed elements at time t in the

following manner.I Compute the long-period gravitational periodics

[
A sin I+5

60(" + g" + h") = 3,0 (e Cos g) ( + 0

8k2a 2

&2

A3 0 sin I
6(e" sin g") = 4k 2 a

where all quantities on the right side are understood

to be double-primed elements at time t.

Then

+ g' + h' 0' + g" + h" + 6(0' + g" + h")
I

47
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el sin g' =e" sin g" + 6(e" sin g")

e cos g' = e" cos g"

-- It follows that

e= (e sin g,)2 + (e' cos g,)

Let E' denote the eccentric anomaly zorresponding to V.

Solve Kepler's equation for E' + g' (by iteration to

the desired accuracy) where

(E' + g')i+l = (E' + g')i + A(E' + g')i

with

A(E' + g')i

X'+g' - (e' sin g') cos (E'+g'). + (e' cos g') sin (E'+g')i  (E'+g')i

- (e' sin g') sin (E'+g')i  (e' cos g') cos (E'+g')i + 1

and

(E' + g')l = ' +

Then, compute the following.1
e' cos E' = (e' cos g') cos (E' + g') + (e' sin g') sin (E'

+ g')
I

<J 48



e' sin.E' (e' cos g') sin (F' . g')

- (e' sin g') cos (E' +

1 2p ' = ' ( 1 - '

I where a' =I

and

I
I r' -- a' (1 - e' cos E')

r' = L'
T -- el sin E'

r'f' I ' r

where f' denotes the true anomaly corresponding to ' -

Let u' f'+g'. Then

cos u' = [ [cos (E '+g') - e' cos g'
r]

TT-

+ (e' sin g') (e' sin E')

2i

e A

A

49
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sin u ' [sin (E' + g') e' sin g'r

(e' cos g' (e' sin E')

1 +' 1 e "

At this point we have the following set of single-primed

variables

r' ', r'f , I', h', u'

c. Compute the short-period gravitational periodics

k 2
6u- 2 (1_02) Cos 2u 2

k2 

2
(7h -12 sin 2u

2u 2
4p

3k2@

2I

6h - sin 2u 2

2p2

3k2 a
61 = 2 sin I Cos Zu

2j

where all quantities on the right side are understood to

be single-primed variables at time t.

so

II
II
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I d. The osculating variables are now given by
&y

r r' + 6r

u u' 6 u

h -h' + 6h

I J' + 61

rf = Cf'

where all quantities on the right side are understood to

be single-primed variables.I
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Appendix

a semimajor axis

e 2 eccentricity

1 =inclination

Ij product of Newton's gravitational constant and the

mass of the Earth

L via

H = G cos I

= mean anomaly

g = argument of perigee

f h = longitude of ascending node

a" = "mean" semimajor axis
t

t e" = "mean" eccentricity

I" = "mean" inclination

L"t = - -aj

IG" L L"1i

H" = G" cos I"

" "mean" mean anomaly

g= "mean" argument of perigee

h" "mean" longitudc of ascending node

= secular value of g"

g"g = secular value of g"

h" = secular value of h"
S =I

q 0 geocentric reference altitude

,' 3
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P = atmospheric density at q

s = fitting parameter in density representation

= fitting parameter in density representation

(restricted to integral values)

E" = "mean" eccentric anomaly and has the same func-

tional relation to e" and V," as the eccentric anomaly

E has to e and t

f" = "mean" true anomaly and has the same functional

relation to e" and Z" as the true anomaly f has

to e and t

a e"

l C" o'" O

i-n" csi E"
sin I" si E"

Ic + Cos

Y2 i+ rl" COS A

=" a" -s

II
= ~ f1 (1-r~l /2 --u VIT

CD = aerodynamic drag cocfficient
iD
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A = effective cross-sectional area of satellite

m = mass of satellite .

c g o - s 4
0 2 Dm p (all s

J

-A
B =B o (a" -s)

C" = cos I"

-3/n" = v (a") 3 /2 = "mean" mean motion A

k= 1 J2 R2 where R is the Earth's average equatorial2 2

radius and J is the second zonal coefficient inI2
the geopotential

A3  = - J3 R
3 where J is the third zonal coefficientA3)0O

in the geopotential

k4 - 8 J4 R4 where J4 is the forth zonal coefficient
in the geopotential

I5

A5 0 -- i R  where J5 is the fifth zonal coefficient

in the geopotential

2r
1 J cos jx k dx

jK N-(1-n" cos x)
0

= "(rl")3 (l+q*)- fk

(k -1) k

where

IS
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2+-3

3 0 1 + 3 iji + ]
3 .4 2 s 6 7f (j ~4j)j + (6j -9)q, + JSji* + l5*

£ s (j loj 2 + 9)ip s + (1j 3  _ 5j)ip 6

+ (45j - )p + 105*~ Oi

5 7 -8 4 9

f 2j+ 64)-+ (lsj -195j 25

+ (105j 3 
-735j)ip -8 +(420j 

2 
- 1050)i9

+ 945j4- 10+ 4p 1

£7 6 35 4 259j 2 
-2) 7 +(21j 

5 - 525j 3

3 -1 2 9 1

(1260j !0,710j)*P + (4725j -14,175)4k

-12 -13
+10,39Sji 10,395*

S6



Sf8 =  j7 6j5 784j3 _ 2304j )4-8  (28j6 igoj4

[ + 10,612j 2  11025) + (378j5 11,340j3 :...

I

I _ ((150 5 63,487j)l + 7.3 0j 59 850( 2 + 99,225)0I

3 -22 -13
(17,325j

3  173,250j)4'
1 2 + (62,370j _ 218,295)-3|

135,135j -14 + 135,1354-15

= 8 4j6 + 1974j 12916j + 11025)4 -

l9
+ (36j 7 -2394j 5 + 39564j 3  136431j) - 10

.42 -1-396400)4'

+(630j6 31500i4 + 328545j2 360)-11

+ (6430j 2425j + 1327095j)-12 + (97j

- 143450j 2 + 2182950)* " 13 + (270270j 3 - 3108105j)*-14

+ (945945j2 - 3783780)4-15 + 2027025j4
16

i
2027025* 

17
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t I+

/ .'' £57



2T'

j AJ (1+f"Cos X) d
0

ih"
1 l I for n > o
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