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1. INTRODUCTION

In this article, we study p-adic torus periods for certain C,-valued functions on Shimura
curves coming from classical origin. We prove a p-adic Waldspurger formula for these
periods, generalizing the recent work of Bertolini-Darmon—Prasanna [BDP13]. We may
view it as the counterpart of the classical Waldspurger formula for (complex automorphic)
torus periods. In pursuing such a formula, we construct a new anti-cyclotomic p-adic L-
function of Rankin—Selberg type. At a character of positive weight, the p-adic L-function
interpolates the central critical value of the complex Rankin—Selberg L-function. Its value
at a Dirichlet character, which is outside the range of interpolation, essentially computes
the corresponding p-adic torus period.

The nonvanishing of such period provides a new criterion for the nontriviality of Heegner
points on modular abelian varieties of GL(2)-type over totally real number fields. This sort
of result, in a slightly different form, was first obtained by Rubin in [Rub92], for CM elliptic
curves over the rationals. The generalization to other elliptic curves or abelian varieties
parameterized by modular curves is due to Bertolini-Darmon—Prasanna assuming the
Heegner condition and other control of ramification (see [BDP13, Assumption 5.12] for a
list of conditions). Also, recently we learn that Brooks, in his PhD thesis [Brol3], obtains
a result similar to [BDP13] for classical new forms under certain control of ramification
without assuming the Heegner condition, which is a special case of our formula when
F = Q. Their method uses p-adic differential operators, traced back to the work of Katz
[Kat78], which is different from Rubin’s. Our result generalizes all known results and is
placed in the framework of Waldspurger formula ([Wal85], for the central value of the
complex L-function), or Yuan—Zhang-Zhang’s general version of Gross—Zagier formula
([YZZ13], for the central derivative of the complex L-function). The method we use is
a global Mellin transform for the Lubin-Tate action on the Igusa tower of the Shimura
curve at infinite level, which is closely related to p-adic differential operators in the classical
situation.

We remark that the p-adic L-function we construct is a distribution, or equivalently,
a rigid analytic function on certain “space of (twisted) anti-cyclotomic characters”. Note
that the rigid analyticity is crucial for developing the corresponding Iwasawa theory. Also,
our construction assumes neither the Heegner condition (which is somehow apparent since
we work over totally real fields), nor any control of ramification on either representations,
characters, or test vectors. We only need one assumption — the prime p in consideration
of the totally real field is split in the CM extension we use to define torus periods/Heegner
points.

1.1. p-adic Maass functions and p-adic torus periods. Throughout the article, we
fix a prime p, a totally imaginary number field £ C C, with F' the maximal totally real
subfield whose degree is g. Thus we obtain a distinguished place p (resp. B) of F' (resp.
E) above p. Denote by A (resp. A®) the ring of adeéles (resp. finite adeles) of F. Let
n=1In,: F*\A* — {£1} be the quadratic character associated to F//F. In particular,
we have the L-function L(s,7n) = [T,<oo L(S,1y). Let 0 € Z-o be the absolute value of
the discriminant of F.

Recall from [YZZ13, §1.2.1] that a quaternion algebra B over A is incoherent if 3, the
set of places v of F' where B is ramified, is a finite set of odd cardinality; B is totally
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definite if X g contains all archimedean places of F'. Let B be a totally definite incoherent
quaternion algebra over A, which gives rise to a projective system of Shimura curves
{X(B)y}u defined over F, indexed by compact open subgroups U of B** := (B®, A>)*.
Put X(B) = I'&HUX(IB)U. For every g € B**, we denote by T,: X(B) — X (B) the
induced Hecke morphism by right translation.

Definition 1.1 (p-adic Maass function). We introduce the following objects and notation.

(1) We say a function X (B)(C,) — C, is a p-adic Maass function if it is the pullback
of some locally analytic C,-valued function on X (B)y®xC, for some U. Denote by
¢, (B*) the C,-vector space spanned by all p-adic Maass functions on X (B)(C,),
which is a representation of B>* such that g € B>* acts by T}. For simplicity,
we will write g* instead of T} in what follows.

(2) Let A be an abelian variety over F', f: X — A be a morphism, and w € H(A4, QL)
be a differential form. Then we have the function f*log, on X(C,), where
log,: A(C,) — C, is the p-adic logarithm on A along w [Bou89], which is an
element in o, (B*). A p-adic Maass function is (cuspidal) classical if it is a finite
linear combination of functions of the form f*log, for different (A, f,w).

(3) An irreducible B**-subrepresentation m of o/, (B*) is classical if m contains a
nonzero classical p-adic Maass function.

(4) If 7 is classical, then there exists a simple F-abelian variety A, unique up to isoge-
ny, and an embedding i: M := End’(A) — C, such that 7 is the space generated
by f*log’, for w € HY(A,QY) and f: X(B) — A a modular parametrization (see
Notation 3.3). Here, log’,: A(C,) - M ®q¢ C, - C, is the M-linear logarithm.
In particular, every function in 7 is classical. Moreover, we have a decomposition
m = )/, m, such that 7, is a representation of B, which is unramified for all but
finitely many v.

(5) Suppose 7 is classical, and we may replace A by AY in (4). Then we obtain another
classical representation 7", called the dual of 7, which is isomorphic to T ® w;!
as a representation. Here, w, denotes the central character of .

Remark 1.2. Tt is an interesting question to give a function-theoretical criterion for a
p-adic Maass function to be classical.

Definition 1.3. An E-embedding of B is an embedding
(1.1) e=[le:ay =] _ E&rF —B>
of A>-algebras. We say B is E-embeddable if there exists an E-embedding of B.

Now we take a quaternion algebra B together with an E-embedding. Put X = X (B)
for simplicity.

Definition 1.4 (CM-subscheme). We define the CM-subscheme Y to be X¥* the sub-
scheme of X fixed by the action of e(E*). In fact, we have Y = YT [[Y ™~ such that E*
acts on the tangent space of points in Y'* via the character ¢ — (¢/t°)*!, where ¢ denotes
the nontrivial element in Gal(E/F). Both Y*(C,) and Y~ (C,) are equipped with the
natural profinite topology, and admit a transitive action of A% via Hecke morphisms.
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For a p-adic Maass function ¢ € <, (B*) and locally constant functions ¢, : Y*(C,) —
C,, we define the p-adic torus periods to be

Py+(d,p+) = /Yi((C )gzﬁ(y)goi(y) dy,

where the Haar measures dy have total volume 1, and the integrals can be expressed as a
finite sums.

1.2. A p-adic Rankin—Selberg L-function. From now on, we will assume p is split in
E. We fix a classical irreducible representation 7 contained in o, (B*). Put 7 = m and
n~ =n", both as subspaces of o/, (B*).

Definition 1.5. Let x: EX\AZ™ — C) be a character.

(1) We say x is a p-adic character of weight w € Z if there exists a compact open
subgroup V' of A% such that x(t) = (tq/tge)” for t € V.
(2) Let ¢: C, = C be an isomorphism. For a locally algebraic character y of weight
w, we attach following local characters
. X(L) = 1 if v|oo but not equal to ¢|p;

o \(2) = (z/z°)" forv—L\F,WherezeE@)mR — C;
o xV =0y, for v < oo but v # p;
* (1) = ((ty/ 1) ™"(0) for 1 € By’
In particular, ) := ®,xV: A% — C* is an automorphic character, which is
called the ¢t-avatar of x.
(3) We say a p-adic character of weight w is m-related if wy - x|px = 1, and

6(1/2a Ty, Xv) = XU(_l)nv(_1>€(Bv)
holds for every finite place v # p of F, where €(1/2,7m,, x,) is the local Rankin—
Selberg e-factor and €(B,) € {£1} is the Hasse invariant. Denote by Z(7),, be the
set of all m-related p-adic characters of weight w.
(4) Define Qy y+ to be the restriction QL |y+, which is an A¥*-equivariant sheaf on
Y. For x € E(m), we define oF to be the subspace of H(Y*, QY %) @ C,
consisting of ¢ such that t*¢ = X( )l for all t € AF™.

There is an (ind-)proper rigid analytic curve over C,, which parameterizes locally ana-
lytic characters of AF™ and contains Uy =(7),, as a Zariski dense subset. We denote by
P (m) the coordinate ring of such curve, which we call the 7-related distribution algebra.
It is a complete Cp-algebra; see Definition 3.7 for its rigorous definition.

To state our result for p-adic L-function, we need to fix some p-adic pairing and
archimedean pairing. For p-adic pairing, we need to make three choices:

e a p-adic Petersson inner product for m, which amounts to a nonzero B>*-invariant
bilinear pairing
(, )e: 7" x7 = C,.
Such pairing exists uniquely up to a scalar in C;
e an abstract conjugation, that is, an A% -equivariant isomorphism

c: YHC,) =Y (C));
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e an additive character ¢: F, — C; of level 0, that is, the kernel of ¢ contains O,
but not p~*, where O, is the ring of integers in F,,.

The abstract conjugation ¢ and ¢ induce a A% *-invariant pairing
(, )XZO';XO';%(CP

by the formula (o4, 0_), = (¢4 ® wh,) - c*(p- ® wf_), where the right-hand side is a
constant function on Y+, hence an element in C,. Here, wy. is a section of Qyy= ®p C,
determined by ¢ (see (3.1) for details).
For archimedean pairing, we assume k > 1. For every ¢: C, = C, we have a B™* x AF*-
invariant ¢-linear pairing
(, )gf)x (7T+®O';) X (™ ®0;) — C,
such that for ¢. := filog, € 7t and g € af,

dzx,

L * @kalf*w ® cr@filfiw_
(Pr ® 0y, 0 ® ‘P—)gr,)x = (o4 ® Jup- @ i) /X (©) = pr

where

e ¢, is the complex conjugation on (the underlying real analytic space of) X, :=
X ®F,L C,

e 4 is an arbitrary Hecke invariant hyperbolic metric on X, (C);

o 1o, ®cup_ @ uF is regarded as a complex number since it is a constant function
on (Y* ®&p, C)(C);

e O, is the Shimura—Maass operator on X, (see §2.4 for details); and

e dz is the Tamagawa measure on X,(C).

Then we define the period ratio §2,(x) to be the unique element in C* such that

( ) )7(:,))( = QL(X) ) L( ) )7r ® L( ) )X'

Theorem 1.6 (p-adic L-function). There is a unique element £ (w) € Z(w) such that
for every m-related p-adic character x € Z(m)y of weight k > 1, and every isomorphism

t: C, 5 C,
27352 (20 () e(1/2,9, 7" © xiph)
L(L,n)2L(L, 7, Ad) 1(1/2, 7" @ x{)?

WL (m)(x) = L(1/2, 79 xV) -

where V) = 1 ®c,,. C and W,SL) = m, Qc,,. C; and global L-functions do not include

archimedean factors.

Remark 1.7. The element £ () is our anti-cyclotomic p-adic L-function for 7. It depends
only on the choices of a p-adic Petersson inner product (, )., an abstract conjugation c,
and an additive character 9 of F, of level 0. More precisely,

(1) if xive change (1, )r to (, ) =c(, )« for some c € C), then £ (r) is multiplied by

c

(2) if we change ¢ to ¢/ = T; o ¢ for some ¢ € AY™, then Z(7) is multiplied by [¢],
the Dirac distribution at ¢;

(3) if we change ¢ to ¢, for some a € Oy, where ¥,(z) = ¢(ax) for x € F,, then

Z () is multiplied by wy, (a) - [a]?, where a is regarded at the place ¢ in [a].
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In §3.2, we will state a version of Theorem 1.6 in terms of Heegner cycles on abelian
varieties, which implies Theorem 1.6 by Lemma 3.9.

1.3. A p-adic Waldspurger formula. Note that the set of interpolation of .Z(7) is
Uk>1 2(7)k. Thus, a natural question would be seeking the value of .Z(7)(x) at a locally
constant character y, that is, y € Z(7)o. The main theorem stated in this section answers
this question, through a so called p-adic Waldspurger formula.

Having chosen a p-adic Petersson inner product ( , ), for 7 and an abstract conjugation
c, we may define a nonzero element of, called the local period, in the space

Hoonon (rt ® 0;, C,) ® HomA?on (7" ®a,,Cp)

such that for ¢ € 75, p. € O;t and ¢: C, = C, the complex number ta*(¢4,d_; 0., p_)
is a regularization of the following (formal) matrix coefficient integral

o, 0 ) Lt oy, 0 ), dt.
/ A L( + ) L( + )x
See Definition 4.4 for details.

Theorem 1.8 (p-adic Waldspurger formula). Let x € Z(m)y be a p-adic character of
weight 0, that is, a locally constant character. We have for every ¢4 € % and o4 € af([,

L(12,m, @ g )?
6(1/27 Ib’ Tp ® X‘B‘)
We note that the ratio £ (m)(x)/e(1/2, ¢, m, @ xpe) does not depend on 9. In §3.3, we

will state a version of Theorem 1.8 in terms of Heegner cycles on abelian varieties, which
implies Theorem 1.8 by Lemma 3.11.

Py (01, 04) Py—(0-,9-) = ZL(m)(X) 0F (¢4, 0304, 92 ).

1.4. Notation and conventions.

e Denote by F}" (resp. F| pab) the completion of the maximal unramified (resp. abelian)
extension of Fy, in C, and O," (resp. Ogb) its ring of integers. We denote by x the
residue field of O, which is isomorphic to F3°.

e Denote by FJ (resp. EJ) the closure of F* (resp. E*) in A®* (resp. A%™).

o Put Op" = Op, /O, We will write elements ¢ € E in the form (t,,t,) where
te € I (vesp. t, € F) is the component at ‘B¢ (resp. ).

e We fix an identification between B, and Maty(F,) such that in (1.1),

Epe
ep(E®FFp):< ¥ qu>'

e Denote by J the matrix in B, = Maty(F}).

-1
e For m € 7Z, define the p-Iwahori subgroup of level m to be

Up,m:{QGGL2(Op)|gE<(1) T) modpm} if m > 0,

1
*

Upm = {QGGL2(Op) lg= ( (1) ) mod p_m} if m < 0.
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e N={meZ|m >0} We write elements in A®™ in columns for an object A
(with a well-defined underlying set) in an abelian category.

e The local or global Artin reciprocity maps send uniformizers to geometric Frobenii.

e If G is a reductive group over F', we always take the Tamagawa measure when
integrating on the adelic group G(A). In particular, the total volume of A* E*\ A}
is 2 under such measure.

e For a relative (formal) scheme X/S, we will simply write QY instead of Q% g for
the sheaf of relative differentials if the base is clear in the context.

e Denote by G,, (resp. G,) the multiplicative (resp. additive) formal group. We
also regard G,, as a formal p-divisible group. They have the coordinate T'.

e Denote by LT the Lubin-Tate group over O,", which is unique up to isomorphism.

e Denote by Fplt the field extension of F}" by adding the “period” of the Lubin—
Tate group LT (see [STO1, page 460]). It is not discrete unless F, = Q, by
[STO1, Lemma 3.9].

e In this article, we will only use basic knowledge about rigid analytic varieties
over complete p-adic fields in the sense of Tate. The readers may use the book
[BGR&4] for a reference. If 2 is an L-rigid analytic variety for some complete non-
archimedean field L, we denote by 0(2", K) the complete K-algebra of K-valued
rigid analytic functions on 2" for any complete field extension K /L.

We fix the Haar measure dt, on F\E) for every place v of F' determined by the
following conditions:

e When v is archimedean, the total volume of F*\E* ~ R*\C* is 1;

e When v is split, the volume of the maximal compact subgroup of F\E) ~ F*
is 1;

e When v is nonsplit and unramified, the total volume is 1;

e When v is ramified, the total volume is 2.

Then the product measure [], dt, is 2_95151/ L(1,7) times the Tamagawa measure (com-
pare with [YZZ13, 1.6]).
In the main part of the article, we will fix an additive character ¢: F, — C) of level

0. We choose a generator v: LT — G, in the free Op-module Hom (LT, G,,) of rank 1.
Then there are unique isomorphisms

(1.2) ve: F,/Op, = LT [p™]
such that the induced composite map
v[p>]ovy: F,/Op — Gpu[p™] C CX
coincides with ©*, where ¥+ = and ¢y~ = ¢~ L.
Acknowledgements. We would like to thank Daniel Disegni for his careful reading of the
draft and useful comments. Y. L. is supported by NSF grant DMS #1302000; S. Z. is

supported by NSF grant DMS #0970100 and #1065839; W. Z. is supported by NSF grant
DMS #1301848, and a Sloan research fellowship.
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2. ARITHMETIC OF QUATERNIONIC SHIMURA CURVES

In this chapter, we study some p-adic arithmetic properties of quaternionic Shimura
curves over a totally real field. We start from the local theory of some p-adic Fourier
analysis on Lubin—Tate groups, following the work of [ST01], in §2.1. In §2.2, we study the
Gauss—Manin connection and the Kodaira—Spencer isomorphism for quaternionic Shimura
curves, followed by the discussion of universal convergent modular forms in §2.3. In
particular, we prove Theorem 2.20, which is one of the most crucial technical results
of the article. In §2.4, we prove some results involving comparison with transcendental
constructions under a given complex uniformization. The last one §2.5 contains the proof
of six claims in the previous ones, which requires an auxiliary use of unitary Shimura
curves. In particular, no representations will show up in this chapter.

2.1. Fourier theory on Lubin—Tate group. Let GG be a topologically finitely gener-
ated abelian locally Fy-analytic group. For a complete field K containing Fj,, denote by
C(G, K) the locally convex K-vector space of locally analytic K-valued functions on G,
and D(G, K) its strong dual which is a topological K-algebra by convolution. Recall that
the strong dual topology coincides with topology of uniform convergence on bounded sets
in C(G, K). We have a natural continuous injective homomorphism

[]: G — D(G,K)*
by taking Dirac distributions. Moreover, we have D(G, K)®xK' ~ D(G, K') for a com-
plete field extension K'/K.

Definition 2.1 (Stable function). Let % be the generic fiber of (the underlying formal
scheme of) LT, which is isomorphic to the open unit disc over Fy*. We have a map

oa: B XSpfF;" B — B
induced by the formal group law. A function ¢ € (%, K) is stable if

> dla(,2)=0.

Ker[p]

We denoted by &(%,K)" the subspace of €(%, K) of stable functions. The restricted
map My := a*| O(B, K)? is called the local Mellin transform, whose image is contained
in 0(B,K)°@x0(B,K)°.

From now on, we will assume K contains F'. By [STO01, Theorems 2.3 & 3.6] (to-
gether with the remark after [ST01, Corollary 3.7]), we have a natural Fourier transform
isomorphism

\: O(B,K) > D(0,, K)

of topological K-algebras, using the homomorphism v: £ — G,,. For z € B(K ), the
assignment 6 — (A719)(z) defines an element r, in the strong dual of D(O,, K), that
is, C(Oy, K). In fact, , is a locally analytic character of O, (see [STO01, §3]) satisfying
Kk:(a) = v(a.z) for every a € O,.

Remark 2.2. We have an action of O, on % coming from the Lubin-Tate group, and
hence on D(O,, K) via A. More precisely, t € O, acts on D(O,, K) by multiplying [t].



ON p-ADIC WALDSPURGER FORMULA 9

If we identify D(O,, K) as the closed subspace of D(Oy, K) consisting of distributions
supported on O, then by [STO01, Lemma 4.6.5], A induces an isomorphism between
0(%,K)° and D(Oy, K). The following diagram commutes

Mloc

ﬁ(%’K)O ﬁ(%a K)Q?@Kﬁ(‘%a K)Q?

:iA |

D(O),K)®xD(O), K),

where the bottom arrow is the pushforward of distributions along the diagonal embedding
O, = Oy x O,
We define the Lubin-Tate differential operator © on 0(%, K) by the formula

do

(2.1) 06 =TT

Consider the compact abelian locally Fj-analytic group Ogmi, which will be identified
with O} via t — t/t°. We regard the range of Mo as 0(%, K)"®p, D(O2™, F,). For
each w € Z, we have a locally analytic Fy-valued character ¢ — t* of O, and hence Ognti,
denoted by (w) € C(O3™, F,).

Lemma 2.3. Let ¢ € O(%,K)" be a stable function. We have for k > 0,

Mioc(9)((k)) = 6%,
and OMiec(9)((—1)) = ¢.
Proof. This follows from [ST01, Lemma 4.6 5&8§]. O

Definition 2.4 (Admissible function). For n € N, a stable function ¢ € (%, K)" is n-
admissible if ¢p(a( ,vi(z))) = ()¢ for every x € p~™/O,, where v, is introduced in
(1.2).

Lemma 2.5. Let ¢ € O(%B,K)° be an n-admissible stable function. Then \(¢) is sup-
ported on 149" if n > 1; in particular, Miye(0)((k)) = Mioc(0)(x(k)) for any k € Z and
any (locally constant) character x: O™ — K* that is trivial on (1 +p™)*.

Proof. This again follows from [ST01, Lemma 4.6.5] and the relation among v, v, and

. 0

2.2. Kodaira—Spencer isomorphism. Let B be a totally definition incoherent quater-
nion algebra over A. Denote by I' the set of all compact open subgroups U of
BooP* = (B®y A°P)*, which is a filtered partially ordered set under inclusion. Recall that
we have the system of Shimura curves { X}y over Spec F.

Definition 2.6 (Shimura pro-curve of Iwahori level). For a tame level U? € I' and m € Z,
put X(m,U?) = Xy, ,, ®F F," where we recall that Uy, is the p-Iwahori subgroup of
level m. If we take the inverse limit with respect to m, we obtain

X (£o0,UP) = Jim X (£m,UP).

m—o0
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For m € NU {oo}, if we take the inverse limit with respect to U", we obtain
X(£m) = lim X(£m,UP),
U'J%F
which we call the Shimura pro-curve of p-lwahori level m.

We have successive surjective morphisms
X(£o0) = -+ = X(£1) — X(0),

which are equivariant under the Hecke actions of B>**. By Carayol [Car86, §6], X (0)
admits a canonical smooth model (see [Mil92, Definition 2.2] for its meaning) X over
Spec O,". Strictly speaking, Carayol assumed that F' # Q. But when F' = Q, one may
take X to be the model defined by modular interpretation which is well-known.

We recall the construction in [Car86, 1.4] of an O,-divisible group G on X'. For m > 1,
denote the principal congruence subgroup of level p™ by

U, ={9€Upolg=1 modp™}

and X (m)P* the corresponding covering of X (0). Consider the right action of Upy, /Uy =~
GL2(Oy/p™) on (p~™/0,)*? sending v € (p~™/0,)*? to g~ 'v. Then the quotient

(X (m)P" x (p7™/0y)%2) J(UPL, /Upo)

defines a finite flat group scheme G,,, with strict O,-action, over X (0). The inductive
system {G, }m>1 defines an Oy-divisible group G over X (0) (which is however denoted by
E in [Car86]). In particular, over X (+o00) (resp. X (—00)), we have an exact sequence

(2.2) 0—=F,/Oy —> G ——> F,/0, —=0

such that the second arrow is the inclusion into the first (resp. second) factor and the
third arrow is the projection onto the second (resp. first) factor.

By [Car86, 6.4], the Op-divisible group G extends uniquely to an O,-divisible group G
of height 2 over X, together with an action by B°?* that is compatible with the Hecke
action on the base.

For m > 1, put X(™ = X ®o, Op/p™ and G™ = G| vm). We have the following exact
sequence
(2.3) 0 — w™ Lim (WS —— 0,

p =P

where if we put h = [F}, : Q,),

° £§)m) is the Dieudonné crystal of G evaluated at X(™ which is a locally free
sheaf of rank 2h;

° %‘D(m) is the sheaf of invariant differentials of G™ /X which is a locally free
sheaf of rank 1;

e w(™ is the sheaf of invariant differentials of (G™)Y/X(™) which is a locally free
sheaf of rank 2h — 1.

They are equipped with actions of O, under which (2.3) is equivariant. The projective
system of (2.3) for all m > 1 induces the following O,-equivariant exact sequence

0——wp—=Lp (wp)” —=0,
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of locally free sheaves over X, the formal completion of X’ along its special fiber. Let £
(resp. w°") be the maximal sub-sheaf of £, (resp. (w;)") where O, acts via the structure
map. Then we have the following B°°?*-equivariant exact sequence

(2.4) 0 w* L w® 0,

where w® = wy. We call (2.4) the formal Hodge exact sequence.
We have the Gauss—Manin connection

(2.5) ViL— L0

which is equivariant under the Hecke action of B®?*. We have the following two lemmas
whose proofs will be given in §2.5.

Lemma 2.7. The formal Hodge exact sequence (2.4) is algebraizable, that is, it is the
formal completion of an exact sequence

(2.6) 0 w® c w 0,

on X. Here, we abuse of notation by adopting the same symbols for these sheaves. More-
over, the Gauss—Manin connection (2.5) is algebraizable.

We simply call (2.6) the Hodge ezact sequence.

Remark 2.8. For m > 1, one may consider the right action of Upy, /Uy o ~ GLa(Oy/p™)
on (0,/p™)%? sending v € (0, /p™)*®? to g'v. Then the quotient

(X (m)P" x (Op/p™)2) J(UPh, /Upo)

defines an Oy /p™-local system L,, on X (0) of rank 2. Denote by L the Op-local system
over X (0) defined by (Ly;)m>1. Then L is canonically isomorphic to the restriction of £
on the generic fiber.

Proposition 2.9 (Kodaira—Spencer isomorphism). The composition of
(2.7) w' = LS LRk - w0k
is an isomorphism of quasi-coherent sheaves, where w® is the dual sheaf of w°¥ and the
tensor product is over the structure sheaf Ox.

The isomorphism (2.7) induces the following (B°***-equivariant) Kodaira—Spencer iso-
morphism
(2.8) KS: w* @ w® = Q).

For w € N, put £l = Sym" £ ® Sym” £¥. The Gauss-Manin connection V¥ on the

dual sheaf £V and the original one V induce a connection VI: £ — £ @ QL. Define
0! to be the composite map

(29) (Qﬁ()@w Ks™! (go)(@w ® (go)@)w N £[w} V[w_]> E[w] ®Q}Y

Denote by X(0) the (dense) open subscheme of X with all points on the special fiber
where G is supersingular removed. For m € N, denote by X (m) the functor classifying
O, /p™-equivariant frames, that is, exact sequences

0——LT[p"] —=Gp™"] —=p™/Oy, —=0
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over X(0) with terms fixed. Then X (m) is representable by a scheme étale over X(0),
which we again denote by X'(m). Put X(c0) = fm X (m). We define G, VI*I| KS,
Ol and the sequence (2.6) for X(m) (m € NU {oc}) via restriction and denote them
by the same notation. Over X (c0), we have the universal frame

univ univ

(2.10) 0 r=-g=

Fy/Op —=0.

There is a B>P*-equivariant action of Of on the morphism X'(co) — X'(0). More pre-
cisely, for (t, %) € Of, , the pullback of (2.10) is the frame

univ univ

Qe ot:l Qo oto

g

(2.11) 0 LT F, /O, —=0 .

The trivialization (1.2) induces transition isomorphisms
(2.12) Ti: X(400) @pu Fi* = X(00) @opr FiP

such that the pullback of (2.10) coincide with (2.2). It is B*"*-equivariant and Og -

equivariant (resp. OF -anti-equivariant) for X (+00) (resp. X(—o0)). We have the follow-
ing commutative diagram

Ty

X ®F Fpab X ®F Fpab

| |

T
X(+OO) ®Fpnr F;‘b ! X(—OO) ®Fpnr Fpab

X(OO) ®O§)r Fpab,

where J is introduced in §1.4.

2.3. Universal convergent modular forms. For m € NU {occ}, denote by X(m) the
formal completion of X' (m) along its special fiber, which is an affine formal scheme over
Oy, equipped with an Op-divisible group & induced from G. The action of OEF (2.11)
makes it the Galois group of the B°°P*-equivariant pro-étale Galois cover X(oco) — X(0).
Denote by O, ., the subgroup of O that fixes the sub-cover X(m) — X(0) for m € N.

The following lemma will be proved in §2.5.

Lemma 2.10. There is a unique quasi-coherent formal sub-sheaf L° of L (viewed as the
formal sheaf induced from X (0)) such that

(1) we have the following unit-root decomposition
L=w"PL
(2) VL C L°® Q%e(())i

(3) for every closed point x € X(0)(x), the restriction of L° to X(0)/., the formal
completion at x, is free of rank 1.
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We restrict the above decomposition to X(m) for m € NU {co}. The splitting in the
above lemma induces a map

ol £ 5 (W) @ (W) S ()oY
for all w € N.

Definition 2.11 (Atkin—Serre operator). For m € NU {oco} and w € N, define the Atkin—
Serre operator to be

(_) [w] Q ['UJ] ‘}:(m) [w} 1 (Erd Rw-+1
ord * ( %(m)) —> L ® Q X(m) B (Q%(m)) )

where O] is defined in (2.9). For k € N, define the Atkin-Serre operator of degree k to
be

ord (Ql ) - (Qlf(m))®w+k‘
In what follows, w will always be clear from the text, and hence We will suppress w from

notation; in other words, we simply write Ooq (resp. OF ) for O} (resp. O for all
w € N.

ord

ord

Using Serre-Tate coordinates (Proposition B.1), the formal deformation space of LT @
F, /O, is canonically isomorphic to £T. Thus, we have the classifying morphism

c: X(o0) = LT
of Oy"-formal schemes. It induces a morphism
Clz: :{(OO)/QC — LT

for every closed point x € X(oo)(k), where X(00),, denotes the formal completion of
X(o0) at x. The following lemma and proposition will be proved in §2.5.

Lemma 2.12. The morphism c/, is an isomorphism for every x.
Proposition 2.13. There is a morphism B: LT Xspon X(00) — X(00) such that
(1) for every x € X(00)(k), it preserves X(00),, and the induced morphism
Brat LT Xsptopr X(00) 1z = X(00) /2

is simply the formal group law after identifying X(c0) , with LT via c/y;
(2) if we equip LT with the action of OEP x BP* wia the inflation ng — O) by
t — t/t° and trivially on the second factor, then [ is ng X BP* _equivariant;
(3) for every x € F,/O,, the following diagram

~ ﬁu (z) ~

—1 -1
| v

X(+ Fab O vy Fab
( OO)®F§" p ( OO)®F§" p

commutes, where

w@= (g 1) ww=(17)

and 3, is the restriction of B to a point z of A.
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In particular, LT acts trivially on the special fiber of X(o0) and such B is unique.

Definition 2.14. We put w, = c¢*v*dT/T, which is a nowhere zero global differential
form on X(oco), that is, an element in H°(X(00), Q3(,)- We call it a global Lubin-Tate

differential. Tt is clear that the pullback Y*w, depends only % (or rather ).

For m € NU{oo}, w € Z and a complete extension K/ F,", define the space of K -valued
convergent modular forms of weight w and p-ITwahori level m to be

M (m, K) = HO(X(m), (V) )0y K,

which is naturally a complete K-vector space. It has a natural action by ng x BooPx A
convergent modular form of weight 0 is simply called a convergent modular function. In
particular, .#°(m, K) is the complete tensor product of the coordinate ring of X(m) and
the field K, and thus .#™(m, K) is naturally a topological .Z°(m, K)-module.

Define the subspace of K-valued convergent modular forms of weight w and p-lwahori
level m and finite tame level to be

M, K) = | A (m, K)Y" C . (m, K),
urerl’
which is stable under the action of Op x B°**. The global Lubin-Tate differential w,
provides a canonical BP*-equivariant isomorphism " (0o, K') ~ .#(c0, K) for w € Z.
We will view .Z“(m, K) as a subspace of .#(co, K) for any m € NU {oo} and w € Z
via restriction. In particular for w € N, we have the Atkin—Serre operator
Oora: A, (m, K) — ,//bw+1(m, K),

which is Op, x B**-equivariant. Recall that both O and B*** act on X(oc) and thus

on .#°(c0, K) for any complete extension K/F)".
The morphism £ induces a translation map

Bi: MO(00, K) — M (00, K)
for every z € Z(K).

Definition 2.15 (Stable convergent modular forms). A convergent modular function f €
MO (00, K) is stable if
> pif=o.
2€8p]

Denote by .#°(co, K)¥ the subspace of .#°(c0, K) of stable convergent modular func-
tions. For every closed point z € X(00)(k), we have the restriction map

res,: M (00, K) = O(%,K)

by Lemma 2.12. By Proposition 2.13, f is stable if and only if res, f is stable (Definition
2.1) for all .

For m € NU {oo} and w € Z, recall that we have viewed .Z"(m, K) as a subspace
of #°(c0, K) and thus we may define the space of K-valued stable convergent modular
forms of weight w, p-Iwahori level m and finite tame level to be

M, K = A, K) O (00, K.
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Remark 2.16. For m € N, the space " (m, K) (resp. 4" (m, K)") generalizes the no-
tation of (the space of) convergent modular forms (resp. convergent modular forms of

infinite slope) of weight 2w from modular curves to Shimura curves. Moreover, the space
A (m, K)¥ does not depend on 1 or v.

Definition 2.17 (Admissible convergent modular forms). For n € N, a stable convergent
modular function f € .#°(co, K)¥ is n-admissible if 3}, f = ¢(x)f for all z € p~/O,.
A stable convergent modular form f € .#"(m,K)Y is n-admissible if it is so, when

regarded as an element in .#°(co, K)¥. By Proposition 2.13 (1), f is n-admissible if and
only if res, f is n-admissible (in the sense of Definition 2.4) for all .

The following lemma is a comparison between the Atkin—Serre operator and the Lubin—
Tate differential operator.

Lemma 2.18. For a convergent modular form of weight w, p-Iwahori level m and finite
tame level f € A" (m, K) for some w,m € N, we have

resz(®0rdf) = @<reslf>
for every x € X(00)(k).

Proof. 1t follows from Lemma 2.12, Theorem B.5, and the definition of © (2.1). O

Definition 2.19 (Universal convergent modular form). A wuniversal convergent modular
form of depth m € N and tame level U? € T'is an element M € .#°(co, K)® g, D(O2™ F,)
such that M is UP-invariant and

(2.13) tM=[t]' M
for t € OF, -

Theorem 2.20. Suppose K contains Fplt. Let f € ///bw(m,K)QQ be a stable convergent
modular form of weight w and p-Iwahori level m, for some w,m € N. Then there is a
unique element M(f) € .4 (00, K)®p,D(O™, F,) such that for every k € N,

(2.14) M(f)((w + k) = ©54f,

where in the target, we identify ///wa“k(m, K) as a subspace of #°(c0, K). Moreover, we
have

(1) if f is fized by UP € T, so0 is M(f);

(2) M(f) is a universal convergent modular form of depth m (Definition 2.19);

(3) if w > 1, we have

OoraM(f)((w — 1)) = f;
(4) Suppose f is n-admissible. Then M(f)((k)) = M(f)(x(k)) any k € Z and any
(locally constant) character x: O3 — K* that is trivial on (14 p™)*.

We call M(f) the global Mellin transform of f.

Proof. The uniqueness is clear since the set {(w + k) | k£ > 0} spans a dense subspace of
C(O2, F,). Regard f as an element in .#°(co, K)*. Note that the map

B M (0, K) — M (00, K)RK O (B, K)
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sends .#° (0o, K)¥ into A° (00, K)°®xO(%, K)°. The element 3* f belongs to the space
M (00, K) @k O(%, K)¥, which is isomorphic to .4 °(c0, K)*® g, D(O3™, F,) via A since
K contains th. Define a (continuous Fy-linear) translation map

Tw: D(OF™, F,) = D(O3™, F,)
such that (7,0)(g) = ¢(g - (—w)) for every g € C(O™, F,). We take

M(f) = 7u(B8f).
The formula (2.14) follows from Lemma 2.3 and Lemma 2.18.

Property (1) follows from Proposition 2.13 (2). Property (3) and (4) follow from Lemma
2.3 and Lemma 2.5, respectively. For property (2), we only need to show that (2.13) holds
for M = M(f) and ¢ € O, ,,. In fact, since [ is fixed by Of,_ .., M(f) = M(¢" f) which
equals [t] - t*M(f) by Proposition 2.13 (2) and Remark 2.2. O

2.4. Comparison of differential operators at archimedean places. We equip B
with an E-embedding (Definition 1.3). In particular, we have the CM-subscheme Y of
X (Definition 1.4). The projection X — X (4o00) restricts to an isomorphic from Y+ to
its image. Thus we may regard Y+ as a closed subscheme of X (400). Via the transition
isomorphism (2.12), we obtain a closed subscheme Y*(00) = TLY* of X(00) @ F,
which is in fact a closed subscheme of X'(00) ®opr Fy. Finally for m € N, define YE(m)
to be the image of Y*(c0) in X (m) ®opr Fy".

Let S be a complex scheme locally of finite type. We denote by S the underlying real
analytic space with the complex conjugation automorphism cg: S — S. In what follows,
we will sometimes deal with a complex scheme S that is of the form im, S; where [ is a
filtered partially ordered set and each S; is a smooth complex scheme, with a sheaf .%# that
is the restriction of a quasi-coherent sheaf .%; on some Sy. Then we will write S = {gz}ze 7
for the projective system of the underlying real analytic spaces together with the complex
conjugation c¢g, and F = {g}i}izo the projective system of real analytification of the
restricted sheaf .%; for ¢ > 0. Moreover, we define

H'(S, 7) = lim H'(S;, Z).
(5, );g ( )

For t: C, = C, put X, = X ®p, C and ¢,: XL — )?L the complex conjugation. Denote
by (L,,V,) the restriction of the pair (£,V) in Lemma 2.7 along 7,: X, - X ®opr, C.
Denote the restriction of the sequence (2.6) along 7, by

(2.15) 0 w® L, w®V 0.

L L

The following lemma will be proved in §2.5.
Lemma 2.21. The sequence (2.15) coincides with the Hodge filtration on L, .

Let w® be the restriction of w® along 7,, which is the dual sheaf of w?’. Then we have
the Kodaira-Spencer isomorphism KS: w® ® w® = Q}(L. The Hodge decomposition

(2.16) L, =w; ®w;
on X, induces a map

6 £ — @)™ © (@)™ 5 (Q,)™

==t
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for all w € N. Similar to Definition 2.11, define the Shimura—Maass operator to be

v o v [w] v
@Ew]: (Qﬁ(b)@” (2.9) £l g Qﬁg L (Q%{)@uﬂrl.

For k € N, define the Shimura—Maass operator of degree k to be
Ol = Ol o 0 O (6 )7 — ({2 )2

As for ©,4, we will suppress w from notation and write ©, (resp. ©F) for ! (resp.
OMk]). In particular, we have

O0.: H(X,, (24,)™) — H(X,, (O, )**).

Put
X(m), = X(m)®g,C, m € ZU{Foo},
YE(m), = Y*(m) @pwr, C, m € NU {oo}.

Then Y*(m), is a closed subscheme of X (4+m), via the transition isomorphism (2.12).
Denote by Y*(m) the Zariski closure of Y*(m) in X (m).

Lemma 2.22. For m € NU {oo}, every morphism Spec ;" — YE(m) over Spec Oy
extends uniquely to a section Spec Opf — YE(m).

Proof. It suffices to show for m = oco. Let #*: Spec F;* — Y*(0c0) be a morphism. It
induces a unique morphism Spec Oy — & and we will regard xF as the latter one. Since
x* is fixed by E*, there are actions of EX N ng and hence Og, on the O,-divisible group
G,+. Therefore, the reduction of G,+ is ordinary. To conclude, we only need to show that
xF lifts the canonical subgroup of G,+. This follows from the fact that E* acts on the
tangent space of ¥ via the character ¢ — (¢/t)*L. O

For m € NU {oo}, denote by 2*(m) the formal completion of Y*(m) along its special
fiber, which is a closed (affine) formal subscheme of X(m) by the above lemma.

et F* ¢ K C C, be a complete intermediate field. Let f be an element in
HO(X (m), (Qx(m))®") @r K with m € Z U {£oo} and w € N. Then by the transition

isomorphism (2.12) and restriction to ordinary locus, we have an element
(2.17) ford - T:I:*f < j/bw(m7 K)

On the other hand, we have the projection map X, — X(m), for which ©, descends.
Thus, f induces another element

(2.18) f, € H' (X (m),, (Qﬁ((m)b)(@w).

We will freely regard f, as an element in H(X,, (2, )®") according to the context. The
following lemma shows that the Atkin—Serre operator and the Shimura—Maass operator
coincide on CM points.

Lemma 2.23. Let the situation be as above. We have for k € N,
L(@lgrd ord)|@i(m) = (@ffL”Yi(m)L

as functions on Y=(m),.
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Proof. Generally, once we restrict to stalks, we can not apply differential operators any-
more. Therefore, we need variant definitions of @ d} and ©"* (Here, we retrieve the
orlglnal notation in order to be clear). In fact, since VL° C L° ® Q) by Lemma 2.10,

@Ord is equal to the composition of the following sequence of maps

(%)™ 555 @) @ (w )®w o Ll & pl g ol B L g (ot @ W)
[w+k
,C[w+1] o £[w+1] ®Qx(n) ey E[w—l—k] Oora (Ql )®w+k‘

Similarly, since V,(¢*@?) C (¢*& ')®Q , we have a similar description of O, Therefore,
to prove the lemma, we only need to show that the splitting (2.16) coincides with the
restriction of the splitting £ = w*® & £° on Y *. Pick up any point y € Y*(m),(C). We
have an action of E* on both the splitting w? |, ®cfw;|, and w* |, ®L°],. By Lemma 2.21,
w?|, and w*|, coincide, which is one complex eigen-line of E*. We have that ¢/w’|, and
L°], must also coincide, which is the other complex eigen-line. 0

Definition 2.24 (t-nearby data). For ¢: C, = C, an t-nearby data for B consists of

e a quaternion algebra B(¢) over F such that B(t), is definite for archimedean places
v other than ¢|f,

e an isomorphism B(t), ~ B, for every finite place v other than p,

e an isomorphism B(t), = B(t) ®p, R >~ Maty(R),

e a uniformization

X,(C) = B)“\H x B /F},

where H = C \ R denotes the union of Poincaré upper and lower half-planes,

e an embedding e(¢): E — B(1) of F-algebras such that e(¢), coincides with e,
under the isomorphism B(:), ~ B, for every finite place v other than p, and

HE" = {£i}.

We now choose an t-nearby data for B. For every w € Z, denote by &) (B(1)*)
(resp. 22 (B(1)*)) the space of real analytic (resp. and cuspidal) automorphic forms on
B(t)*(A) of weight 2w at ¢|p and trivial at other archimedean places. There is a natural

B°°*-equivariant map
(2.19) ¢, HO(X,, (%)) — o/ (B(1)”)
such that for g, € B(¢) = GL2(R),

¢ ()9, 1) (9., 1)" = f(g.(i) ® A2,
where j(gb, i) = (detg,)™" - (ci + d)?* is the square of the usual j-factor. We denote by
ngsp(XL, (Qﬁg)@”) c HY(X,, (Q&L)®w) the inverse image of &/ 2%)(B(:)*) under ¢,.

We may recover the pair (£,, V,) in the following way. Denote by L, the C-local system
on X, defined by the quotient B(:)*\C%* x H x B>**/E} where the action of B(1)* is
given by

(e, a2)', 2 9] = [((ar, a2)e(3) ™) (1) (2), 7).
Then L, is canonically isomorphic to the restriction of L&o, ,C along the natural morphism
m,, where L is the O,-local system on X defined in Remark 2.8. Thus, £, = Ox, ®c L,
and V,: £, — L, ® Qﬁ( is the induced connection.
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The following lemma shows our definition of Shimura—Maass operators coincide with
the classical one.

Lemma 2.25. For every f € H(X,, (Q% )®%) with some w € N, we have

O,f®d¥v 1t = ( >f®dz®_“’.
Proof. We may pass to the universal cover H xB>**/F} and suppress the part B> /F} in
what follows. Over H, the sheaf £, is trivialized as CM and the sub-sheaf w? is generated
by the section w?® whose value at z is (z,1)". Dually, the sheaf £ is trivialized as two-
dimensional complex row vectors and the sub-sheaf w; is generated by the section w;
whose value at z is (1, —z). Then KS(w? ® w?) = dz.

It is easy to see that

6, (W) ® (w)®") = —2

(@)™ ® W)™) @ dz

since ¢*w? (resp. ¢’w?’) is generated by the section (z,1)" (resp. (1,—%)). The lemma
follows. O

1 (1 =i
Ai’_4¢<ii 1)

in gl, ¢ = Maty(C) = Liec(B(1)®F,C

zZ—Z
Denote by Ay, the element

),and AL = A, jo---0Ay, the k-fold composition.
X,, (O X,)€") and k € N, we have

Yf) =AY 6.(f).

¢.(©
Proof. This follows from Lemma 2.25, [Bum97] p.130, p.143, and Proposition 2.2.5 on
p-155. OJ

Lemma 2.26. For every f € H

cusp(

2.5. Proof of claims. In this section, we prove six claims (2.7, 2.9, 2.10, 2.12, 2.13, and
2.21) left in previous sections. All these claims are natural extensions from their versions
on the modular curve. The reader may skip this section for the first reading.

Our strategy is to use the unitary Shimura curves considered by Carayol in [Car86].
Thus we will fix an isomorphism ¢: C, = C. In particular, F," is a subfield of C. We
also fix an t-nearby data for B (Definition 2.24) and put B = B(:) for short.

Note that when F' = Q there is no need to change the Shimura curve. In order to unify
the argument, we will choose to do so in this case as well. We will also assume that we
are not in the case of classical modular curves where all these statements are well-known.

Fix an element A € C such that ImA > 0, —\? € N, p # A2, p splits in Q(\) C C,
and Q()) is not contained in E. Put 'F = F()\) and 'E = E()) both as subfields C.
We identify the completion of 'F and 'E inside C ~ C, with F,. In [Car86, §2] (see also
[Kas04, §2]), a reductive group ‘G over Q is defined such that

'G(Qy) = Qy x GLy(Fy) x (B, x --- x B ),

where ps, ..., py are primes of F over p over than p. Let 'G* = [I ., 'G(Q,) x (B}, x
- x By ) and 'T the set of all (sufficiently small) compact open subgroups 'U? of 'G*.
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Then for each 'UP € T, there is a unitary Shimura curve ‘X, over SpecF, of the
level structure Zx x GLy(O;) x 'U?, which is smooth and projective. It has a canonical
smooth model 'Xi;;, over Spec O defined via a moduli problem [Car86, §6]. In particular,
there is a universal abelian variety m: A, — ‘X, with a specific p-divisible subgroup
'Giye C Ay [p™] that is naturally an O,-divisible group of dimension 1 and height 2.
Denote 'X(0):;, the (dense) open subscheme of ‘X, with all points on the special fiber
where 'G is supersingular removed. For n € N, define "X (n):;, to be the functor classifying
Oy-equivariant extensions

0——=LT[p"] —='G[p"] —=p7"/Op —=0

of 'G over 'X(0)r,, which is a scheme étale over ‘X (0)ry,.
Then the construction of Carayol amounts to saying that for every sufficiently small
UP € T and a connected component X}, of Xy», there exists a 'U? € 'T such that

o X(n)yp = X X, X(n)ye is isomorphic to the identity connected component
of "X (n)ryy for n € N;

e under the above isomorphism Gys| X(n)!, is isomorphic to the restriction of ‘G,
to X(n)ys.

In what follows we may and will fix a sufficiently small U? € ', a connected component
X/ of Xpyv, and a corresponding 'UP € 'T. The tame levels U and ‘U will be suppressed
from the notation.

Consider the Hodge sequence

e AL (A)X) —— RO —— 0.

1
OHTF*QA//X

It has a direct summand

(2:20) 0 — (Ml 1 ) —= (A X)) — (R'm.O4)] —0

which is O,-equivariant (see [Car86, 4.2] for the meaning of (—);"), in which the three

sheaves are locally constant of rank 1, 2h, and 2h — 1, respectively, where h = [F},: Q).
If M is a projective Op-module or a locally free sheaf on an Op-scheme, equipped with

an Oyp-action O, — End M, then we denote by M the maximal submodule or subsheaf

on which O, acts via the structure homomorphism. Then by construction, if we apply

the functor (=) and take formal completion (after restriction to X) to (2.20), we will

recover the the exact sequence (2.6) in Lemma 2.7. For later use, we denote the sequence

(2.20) after (—)% by

0 "® 'L "oV —— 0.

Moreover, we have the Gauss—Manin connection
Vi K (A X) = AR (A X) @ Q.
By the functoriality of the Gauss—Manin connection, we have an induced connection

VL= LR,
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whose formal completion (after restriction to X”) coincides with (2.5). Therefore, Lemma
2.7 is proved.
Denote by 'KS: 'w® ® 'w® — Q}X the induced Kodaira—Spencer map, where ‘w® is the

dual sheaf of ‘w®". Proposition 2.9 follows from the following analogous one for 'X.

Lemma 2.27. The Kodaira—Spencer map 'KS: 'w® @ 'w® — Q’lx is an isomorphism.

Proof. The proof is similar to [DT94, Lemma 7]. Denote by A" the dual abelian variety
of A. Then 'w® is canonically isomorphic to (Lie(AY/'X)7')%. We only need to show
that for every closed point ¢: Speck(t) — ‘X, the induced map

(2.21) 'w* ® k(t) — (Lie(A"/'X)1")% © Oy @ k(t)

is surjective, where Lie denotes the sheaf of tangent vectors.
Let A/ Speck(t) be the abelian variety classified by ¢. Put T = Spec k(t)[e]/(¢?). The
lifts Ay of A (with other PEL structures) to 7' correspond to homomorphisms

¢ t*'w* — (Lie(AY/'X)P1% @ k(t).

Since both sides are k(t)-vector spaces of dimension 1, we may choose a ¢ that is surjective.
Let t5: T — 'X be the morphism that classifies Ay/T. Compose the isomorphism th'w'®
k(t) — t*'w® and the surjective map ¢. By the isomorphism

(Lie( A"/ X)) © k(1) = £5(Lie( A"/ X2 © Dy @ k(D).
we obtain a surjective map
th'w® @ k(t) — tj(Lie(AY/"X)T)% @ Qp ) © k(2),
which is the pullback of (2.21) under ¢4. Therefore, (2.21) is surjective. O

For n € N, denote by 'X(n) the formal completion along its special fiber, which is
equipped with an O,-divisible group '® induced from 'G. Let ‘G, C 'S be the canonical
subgroup. We have a morphism '®: ‘X — ‘X defined by “dividing ‘.., [p]” which lifts
the relative Frobenius on the special fiber. In fact, the induced map on the coordinate
ring is simply the operator Frob defined in [Kas04, Definition 11.1].

Proof of Lemma 2.10. We only need to prove the same statement for 'X’. Then we define
'L° to be the sub-sheaf of 'L where '® acts by a p-adic unit. To show that it glues to a
formal quasi-coherent sheaf, we may adopt the proof of [Kat73, Theorem 4.1] in the case
where Z, is replaced by O, and p is replaced by a uniformizer @ of F. The assumptions
are satisfied because the Newton polygon of the underlying p-divisible group of '&|, for
any x € 'X(k) is the one starting with (0,0), ending with (2h, 1) and having the unique
breaking point at (h,0). The similar proof also confirms (1) and (2). For (3), we use the
local calculation in Lemma B.9. 0

Proof of Lemma 2.12 and Lemma 2.21. We only need to prove the similar statements for
X, which follow from the moduli interpretation of ‘X and the Serre-Tate theorem for
Lemma 2.12, and the existence of the universal abelian variety A for Lemma 2.21, respec-
tively. 0]
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Proof of Proposition 2.13. We may similarly define "X(oco) over Spf Oy and only need to
construct the morphism '8: LT X spt Op 'X(00) — 'X(00) with similar properties, since the
action of LT is supposed to preserve the special fiber. We use moduli interpretation. For
a scheme S over Spec O," where p is locally nilpotent, 'X(00)(9) is the set of isomorphism
classes of quintuples (A, ¢, 0, k", k,), where (4,0, k") is the same data in [Car86, §5.2]
but AP is an isomorphism instead of a class, and &, is an exact sequence

0 LT — (Ay)! —— F,/O, —= 0.

On the other hand, £T(S) is the set of isomorphism classes of (G, kg) where kg is an
exact sequence

0—> LT —> G —> F,/O, —=0.

Using the group structure on L7, we may add the above two exact sequences to a new
one a(ky, kg) as

0 — LT — a((A4p)", G) —= F /Oy —0.

By the theorem of Serre-Tate and the fact that étale level structures are determined on the
special fiber, we associate canonically a quintuple (A’,/, 0", k", k) with k, = a(ky, kg).
This defines ‘3. All these properties follow from the above construction and Theorem

B.1. 0

3. HEEGNER CYCLES ON ABELIAN VARIETIES

In this chapter, we reformulate our main theorems about p-adic L-functions and p-adic
Waldspurger formula in terms of Heegner cycles on abelian varieties. We start from recall-
ing some background about representations of incoherent algebras and abelian varieties
of GL(2)-type in §3.1. In §3.2, we state the main theorem about p-adic L-functions in
terms of Heegner cycles and show that it implies Theorem 1.6. In §3.3, we state the main
theorem about p-adic Waldspurger formula in terms of Heegner cycles and show that it
implies Theorem 1.8.

3.1. Representations of incoherent algebras. We recall some materials from [YZZ13,
63.2]. Let ¢1,..., ¢, be all archimedean places of F'. Let B be a totally definite incoherent
quaternion algebra over A, to which there is an associated projective system of Shimura
curves {Xy}y. Put X = m, Xy We recall the following definition in [YZ713, §3.2.2].

Definition 3.1. Let L be a field admitting embeddings into C. Denote by A(B*, L) the
set of isomorphism classes of irreducible representations II of B®* over L such that for
some and hence all embeddings L — C, the Jacquet-Langlands transfer of II @, C to
GL2(A) is a finite direct sum of (finite components of) irreducible cuspidal automorphic
representations GLy(A) of parallel weight 2.

Remark 3.2. When L is algebraically closed, we have for every finite place v of F' the local
L-function L(s,I1,), local e-factor €(1/2,,11,), local adjoint L-function L(s, IT,, Ad), local
Rankin—Selberg L-function L(s,II,, x,) and e-factor €(1/2,11,, x,) for a locally constant
character x,: £, — L*. When L = C, we have the global versions, which are products
of local ones over all finite places of F'.
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We say an abelian variety A can be parameterized by B if there is a non-constant
morphism from X = X(B) to A. Denote by AV(B) the set of simple abelian varieties
over F' that can be parameterized by B up to isogeny, which is stable under duality.
From A € AV’(B), we obtain a rational representation IT4 of B®* which is an element
in A(B*,Q). The assignment A + I, induces a bijection between AV°(B) and II €
A(B*, Q).

Notation 3.3. Recall from [YZZ13, §3.2.3] the following notation
I, = lim Homg, (X7, A),
U

where

e the colimit is taken over all compact open subgroups U of B>*;

e X, is simply Xy (resp. Xy plus cusps) if Xy is proper (resp. not proper which
happens exactly when it is the classical modular curve);

e ¢y is the normalized Hodge class on X} [YZZ13, §3.1.3]; and

e Homg, (X, A) denotes the Q-vector space of modular parameterizations, that is,
(quasi-)morphisms from X, to A that send &y to torsion.

If we denote by Jy the Jacobian of X}, then Homg, (X5, A) is canonically identified
with Hom"(.Jyr, A). Moreover, M, := End"(A) is a field of degree equal to the dimension
of A and M4 acts on the representation II. Denote by A" the dual abelian variety (up to
isogeny) of A and we have II4v similarly. Then the rosati involution induces a canonical
isomorphism Myv >~ My.

Definition 3.4 (Canonical pairing, [YZZ13, §3.2.4]). We have a canonical pairing
(, )AZHAXHAv—)MA

induced by maps
(, )u: Hom®(Jy, A) x Hom®(Jy, AY) — My
defined by (fy, f-) — vol(Xy)~ ' o fyo fY € End’(A) = My for all levels U,

Now we take a simple abelian variety A over F' of GL(2)-type. For a finite place v of
F', choose a rational prime ¢ that does not divide v. We have a Galois representation pa,
of D, the decomposition group at v, on the f-adic Tate module V,(A) of A, which is a
free module over My := My ®g Q, of rank 2. It is well-known that the characteristic
polynomial

P,(T) = detyy, (1 — Frob, [V (A)")

belongs to M4[T] and is independent of ¢, where I, C D, is the inertia subgroup and
Frob, € D, /I, is the geometric Frobenius.

Definition 3.5 (L-function and e-factor). Let K be a field containing M 4.

(1) Define L(s, pa,) = P,(N;*"%/2)~! to be the local L-function. In a similar manner,
we define the local adjoint L-function L(s, pa,, Ad); in particular, L(1, pa ., Ad) €
My.

(2) For a locally constant character x,: F — K*, we have the twisted local L-
function L(s, pa, @ xv) and the e-factor €(1/2,19, pa, @ xu).
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(3) For a locally constant character x,: E — K*, we have the local Rankin—Selberg
L-function L(s, pa, x») and the e-factor €(1/2, pa, Xv)-
(4) Let ¢: K — C be an embedding.
We define the global L-function

L(s,p%) = T tL(5, pas),

V<00
which is absolutely convergent for Res > 1. We say that A is automorphic if
L(s, px)), for some and hence all ¢, is (the finite component of) the L-function of
an irreducible cuspidal automorphic representation of GLg(A). We have global
versions for the other L-functions and e-factors.

Remark 3.6. It is conjectured that every abelian variety of GL(2)-type is automorphic.
In particular, when F' = Q, every abelian variety of GL(2)-type is parameterized by
modular curves. This follows from Serre’s modularity conjecture (for Q) [Rib92, Theorem
4.4], where the latter has been proved by Khare and Wintenberger [KW09].

3.2. p-adic L-function in terms of abelian varieties. Let A be the simple abelian
variety up to isogeny (of GL(2)-type) over F' that gives rise to the classical representation
7 in §1.2. In particular, it is automorphic. We put M = M4 = M 4v which is regarded as
a subfield of C,. Denote by wa: F*\A>®* — M* the central character associated to A.
For simplicity, we also put FM = F ®g M equipped with a natural map to C,,.

Definition 3.7 (Distribution algebra). Denote by I'p the set of compact open subgroups
VP of AFP", which is a filtered partially ordered set under inclusion. Let K/F, be a
complete field extension.

(1) A (K-valued) character
x: EX\AR* — K~
is a character of weight w € Z and tame level VP € T'g if
e Y is invariant under some V? € ['g;
e there is a compact open subgroup V, of ES and w € Z such that x(t) =
(tg/tgpe ) for t € V.
We suppress the word tame level if V? is not specified.
(2) For a K-valued character x of weight w as above, we define two characters sy and
Xpe of F by the formula Xy (t) = t~"xp(t) and Xope(t) = ¥ xpe ().
(3) Suppose K is contained in C,. Let x be a locally algebraic character of weight w.
Given an isomorphism ¢: C, = C, we define the following local characters
x¥ = 1 if v|oo but not equal to ¢|z;

W (2) = (2/2°)¥ for v = 1|, where 2 € E®p, R e, C;
xW = 1y, for v < oo but v # p;
X (8) = ¢ (Xop(fo) X (1)) for 1 € B
In particular, Y := ®,x: A¥ — C* is an automorphic character, which is
called the c-avatar of x.
(4) Suppose K contains M. A K-valued characters x of weight w is A-related if
® W/ ‘X|Aoo>< = 17
o #{v <oo,v#p|e(1/2,pa0,x0) = -1} =g+1 mod 2.
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Denote by Z(A, K),, the set of all A-related K-valued characters of weight w. Put

Z(A,K) = Uz E(A, K)y. For x € E(A, K), there is a unique up to isomorphism
totally definite incoherent quaternion algebra B, over A, unramified at p, such
that €(1/2, pa v, Xo) = Xo(—1)ny(—1)e(By, ) for every finite place v # p of F. The
algebra B, is E-embeddable and by which A can be parameterized.

(5) Suppose K contains M. For a locally constant character w: F*\A®* — M*,
denote by € (w, K) the set of locally analytic K-valued functions f on the locally
Fy-analytic group E*\AZ™ satisfying

e f is invariant under translation by some V¥ € I'g;

o f(zt) =w(t) ' f(z) for all z € EX\AY™ and t € F*\A>*.

Then ¢'(w, K) is a locally convex K-vector space. Let Z(w, K) be the strong
dual of €' (w, K), which we call the K-valued w-related distribution algebra. It is a
commutative K-algebra by convolution.

For a complete field extension K'/K, we have 9(w, K)@xK' ~ Z(w, K'). In
fact, if K is discretely valued, Z(w, K) may be written as a projective limit,
indexed by tame levels VP € I'g, of nuclear Fréchet—Stein K-algebras with finite
étale transition homomorphisms (see Remark 4.16), and thus complete. We have
a continuous homomorphism

[]: EX\AY™ — P(w, K)*

given by Dirac distributions.

(6) Suppose K contains M. Define Z(A, K) to be the quotient K-algebra of Z(wy, K)
by the closed ideal generated by elements that vanish on Z(A, K) C € (wa, K),
which we call the K-valued A-related distribution algebra. For a complete field
extension K'/K, we have (A, K)®xK' ~ 2(A,K’'). Similar to Z(wa, K), if
K is discretely valued, Z(A, K) may be written as a projective limit of nuclear
Fréchet—Stein K-algebras.

(7) For m € ./, (B*) as in §1.2, we define Z(m) to be the quotient of Z(w4,C,) by
the closed ideal generated by elements that vanish on x € =(A,C,) with B, ~ B,
which we call the m-related distribution algebra. In particular, we have a quotient

map ¢: Z(A,C,) — Z(n).

Let K be a complete field containing M Fplt. Consider a character x € Z(A, K). Take
B = B,, and choose an E-embedding. Then we have the [-scheme X and its closed
subscheme Y = YTI[Y ™. Put AT = Aand A~ = AV, and II* = I14+ € A(B*,Q). We
have the canonical pairing (, )a: IIT x II7 — M.

Define o to be the K-subspace of HO(Y*, Q¢ %) ®@p K consisting of ¢ such that
t*o = x(t)*'p, where Qyxy+ = Qk|y+. The abstract conjugation ¢ induces a A%*-
invariant pairing

(, )y:oy xoy = K
by the formula (o4, ¢-), = (¢4 ® wh,) - c*(p- ® wf_), where the right-hand side is a
K-valued constant function on Y+, hence regarded as an element in K. Here,

(3.1) Wi = Thiyly=

is the a section of {2x y+, where w, is the global Lubin-Tate differential in Definition 2.14.
It is determined the additive character .
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Assume K is contained in C, and k > 1. For every ¢: C, = C, we have a B> x AF*-
invariant pairing
()% (I @pu o)) x (17 @par o) — (Lie A @pur Lie A™) ®@pur, C,
such that for fi € ITF, . € of and we € HY(AF,Q).),

(wy Quw_, (f+ @4, f- ® ‘P—)%?x> -

O fiwr ® O fru-
Lk

X (L<p+ R CLp- ® uk) X /L(C) dz,

where
e (, ) is the canonical pairing between H’(A% QL) and Lie A%;
e 4 is an arbitrary Hecke invariant hyperbolic metric on X,(C);
® Lo, @ cup_ ® pF is a constant function on Y 7(C), hence viewed as a complex
number; and
e dz is the Tamagawa measure on X,(C).

Define P,(x) to be the unique element in C* such that
(S =Pu00 1 )@l

which we call the period ratio (at ¢), as a function on Uys; Z(A, K).
Theorem 3.8. There is a unique element

g(A) S (Lie AT ®Qpum Lie Af) R pm _@(A, MFplt)
such that for every character x € Z(A, K) with k > 1 and .MFPlt C K c C, a complete
intermediate field, and every v: C, = C,
207385 Cr(2PU(X) 16(1/2,, pap © Xpe)
L(L,m)?2L(1, oy, Ad) 1L(1/2: pap @ Xope)?

Lemma 3.9. Theorem 3.8 implies Theorem 1.6.

(32)  LZA)) = L(1/2,07,x") -

Proof. Apparently, we only need to prove Theorem 1.6 for one p-adic Petersson inner
product (, ). Choose a basis element w of the rank-1 free F¥-module Lie A*. They
together defines a pairing (, ). such that

(f-T— 10gw+7 fi logw—)ﬂ = (f+> f—)A

for every fi € II*. Define Z(n) to be (wy ® w_,s.Z(A)), where ¢ is introduced in 3.7
(7). Then by Lemma 2.26, Z(7) satisfies the requirement in Theorem 1.6 for the above
p-adic Petersson inner product. 0

3.3. Heegner cycles and p-adic Waldspurger formula. Let K be a complete field
containing M. Consider an element x € Z(A, K)y, regarded as a locally constant character
of Gal(E®/FE) via global class field theory. Take B = B,, and choose an E-embedding.
We choose a CM point PT € Y(E*) = Y*(C,) and put P~ = cP". For each fi € II*,
we have a Heegner cycle P;t( f+) on A* defined by the formula

(33) PED) = [y TP @ X() 7
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where dr is the Haar measure on Gal(E**/E) of total volume 1.
Suppose K contains M Fpab. We have a K-linear map

log 4t : A*(K)g @y K — Lie AT @ pu K.
As a functional on II*™ x 117, the product log 4+ P (fy) -log,- Py (f-) defines an element
in the following one dimensional K-vector space
Hom - (M ®x, K) @k Hom, (" ®@x ' K) @pu (Lie AT @pu Lie A7),
On the other hand, using matrix coefficient integral, we construct a basis «,( , ) of
the space Hoonon(l_IJr ® x, K) ®F Hoonon(H* ®@ x 1 K). Tt satisfies that for every
t: C, = C,
Lax(f-‘rv f—) = O./u(f_,_, f—7 X(L))7

where the last term is introduced in Definition 4.4.

Theorem 3.10 (p-adic Waldspurger formula). Let the notation be as above. For x €

=(A, K)o, we have

_ L(1/2,pap ® Xype)*

log .+ Pf loga- P, (f2) =%(A . LR
gA+ X (f+) gA X (f ) ( )(X) 6(1/2,1/}, pA7p ® )Z{BC)

Lemma 3.11. Theorem 3.10 implies Theorem 1.8.

’ Oéx(er,f,).

Proof. We only need to prove Theorem 1.8 for one ( , ), and one nonzero element ¢ € af.
We use the p-adic Petersson inner product in the proof of Lemma 3.9, and choose ¢ such
that @i (P*) = 1. Then the lemma follows by definition. U

4. CONSTRUCTION OF p-ADIC L-FUNCTION

This chapter is dedicated to the proofs of Theorems 3.8 and 3.10. In §4.1, we con-
struct the distribution interpolating matrix coefficient integrals appearing in the classical
Waldspurger formula. We construct the universal torus period in §4.2, which is a crucial
construction toward the p-adic L-function. In §4.3, we study the relation between univer-
sal torus periods and classical torus periods, based on which we accomplish the proofs of
our main theorems in §4.4.

4.1. Distribution of matrix coefficient integrals. Let K/MF, be a complete field
extension.

Definition 4.1. For w € Z, n € N, and a locally constant character w: F*\A®* — M*|
we say a K-valued character x: E*\AEF™ — K* of weight w is of central type w and
depth n if

o - X|A°°>< = 1, and

o xqpe(t) =t forallt e (1+pm)~.
We denote by Z(w, K)? the set of all K-valued characters of weight w, central type

w and depth n. Moreover, put Z(w, K)" = Uz Z(w, K). We have a natural pairing
P(w,K) X Z(w, K)" — K.

Choose a B by which A can be parameterized, together with an F-embedding. Recall
that we put IT* = I1(B) 4.
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Definition 4.2 (Stable vector). An element fi in ITF @y K (resp. Iy @ K) is a stable
vector if

(1) fx is fixed by N¥(O,);
(2) fi satisfies the equation
I (g) f= = 0.

NE(p=1)/N£(Op)

We denote by (ITF)% (resp. (H;t)?() the subset of II* @y K (resp. I @y K) of stable

vectors.
For n € N, we say a stable vector fi € (IT*)} (or (IL¥)}) is n-admissible if

IL (0™ (2)) fr = ¢™(2) fu
for every x € p7"/0O,, where n*(x) is same as in Proposition 2.13.
Remark 4.3. If we realize IL; in the Kirillov model with respect to the pair (N*, %),

then fi, belongs to (Hpi)?( if and only if f1, (vesp. I (J)f-,) is supported on O,°, and is
n-admissible if and only if f, (resp. I, (J)f-,) is supported on (1 + p™)*.

We recall the definition of the classical (normalized) matrix coefficient integral. Suppose
K is contained in C,. We take a character y € =(A4, K).

Definition 4.4 (Regularized matrix coefficient integral). Let ¢: C, = C be an isomorphis-
m. We recall the regularization of the following matrix coefficient integral

QA foixO) o= [ f f)a O () d

AOOX\AoEOX

To do this, we take any decomposition ¢(, )a = [Tycoo( s )iw Where (, ), ,: IL7 xII7 — C
is a B -invariant bilinear pairing. For fi = ®y<oofiy such that (fi,, f-y),, = 1 for all
but finitely many v, we put

a(an S Xq@) = /

FS\ES

CFU (Q)L(1/27 p%?va X’S}L)
L(1,1,)L(1, %, Ad)

(Hv <t>f+va f—v)L,vaf) (t) dt;

-1
A (fros fooi V) = ( )) a(fror foi X).

Here, dt is the measure on F,*\ E* given determined in §1.4, and px,)v is the corresponding

admissible complex representation of BX via ¢. Then we have af(fi,, f_»; X)) = 1 for all
but finitely many v, and the product

@(frs foix W) = T ¥ (faus froixd?),
V<00
which is well-defined, does not depend on the choice of the decomposition of ¢(, )4. We
extend the functional of( , ; x) to all fi, f_ by linearity.
The regularization of the matrix coefficient integral for ta®(¢,,¢_; 0., p_) in §1.3 is
defined similarly as above.

The following proposition is our main result.
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Proposition 4.5. Let MF, C K C C, be a complete intermediate field. Let f. €

(TT*)% be an n-admissible stable vector for some n € N. Then there is a unique element
D(fe, [-) € D(wa, K) such that for all K-valued characters x € Z(wa, K)" of central
type wa and depth n, and v: C, = C,

L(1/2,p4p ® X‘W)Q
6(1/27 wa PAp & )2‘436)

The element 2(fy, f-) is called the (K-valued) local period distribution.

Before giving the proof, we make a convenient choice of a decomposition of ( , )a.
Realize the representation H;t in the Kirillov model as in Remark 4.3. We may assume
that fi = ®fi,, with fi, € [IF @) K, is decomposable and is fixed by some V* € I'g
sufficiently small. Choose a decomposition (, )4 = [T,c0(, )» such that

(1) (fiw, f-v)v = 1 for all but finitely many v;
(2) (fio: fL0)o € K for all fi, € IIT @y K;
(3) for fi, € Hgﬁ ®u K that is compactly supported on F,

(P ) = [ Fipl@f (@) da,

20 £00 = | R

where da is the Haar measure on pr such that the volume of OpX is 1.

We need two lemmas for the proof of the proposition, where for simplicity we write
w = wa. For each finite place v # p, let P (w,, K, V) be the quotient of D(E)/VP K)
by the closed ideal generated by {w,(t)[t] — 1|t € F}. Put

D(wy, K) = lim D (w,, K, V}),
( ) % ( )

where the limit runs over all compact open subgroups VP of E. Let Z(w,, K) be the
quotient of D(E), K') by the closed ideal generated by {w,(f)[t] — 1|t € F;*}. We have
natural homomorphisms %(w,, K) — Z(w, K) for all finite places v.

Lemma 4.6. Let v # p be a finite place of F.

(1) There exists a unique element
Eil(ﬁA,v) € -@<wv7 MFp)

such that for every locally constant character x,: E; — K> satisfying wU-XU|va =
1

ﬁil(pA,v)(Xw = L(1/2, paw, Xv>71-
(2) For fi, € IIX @) K, there exists a unique element
Q(f—l—wf—v) € @(wvuK)
such that for every locally constant character x,,: E) — K* satisfying w,-Xo|px =
1, and : C, = C,

L2(frvr [-0)(Xo) = 0 (fro, foui X).
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Proof. The uniqueness is clear. In the following proof, we suppress v from the notation
and we will use the subscript ¢ for all changing of coefficients of representations via ¢.

To prove (1), we first consider the following situation. Let F be either F or E, and II be
an irreducible admissible M-representation of GLy(F). We claim that there is a (unique)
clement £Z'(I) € D,(F, MF,), where Dy(F,K) = lim  D(F*/V,K) with V running
over all compact open subgroups of F*, such that for every locally constant character
x: F* — K* and ¢ C, = C,

LD () = L(1/2,TL @ x,) 7

In fact, for a locally constant character p: F* — M*, define L‘;(u) € Db(FX, MF,) by
the formula

Li () = 1= | p(@a)h(@a)da

for h € lim C(F*/V, MF,). Here, ¢ is an arbitrary uniformizer of F', and da is the Haar
measure on O% with total volume 1. Then we have three cases:

e If II is supercuspidal, put 5131(1:[) =1.

e If I is the unique irreducible subrepresentation of the non-normalized parabolic
induction of (y, pu| |72) for a character p: F* — M*, put L:'(I1) = L' ().

e If IT is the irreducible non-normalized parabolic induction of (u', u?| |7!) for a pair

of characters p': F* — M* (i =1,2), put L' (1) = L' (") - L3 (1?).

Go back to (1). First, assume E/F is non-split. Then we define £7*(p4) to be the
image of Lz'(Ilg) in Z(w, MF,) where Ilg is the base change of II to GLy(E), which
depends only on p4. Second, assume E = F, x F} is split where F, = F, = F. Then we
define £7(p4) to be the image of Lz (II) @ Lz (1) in P (w, M F,).

Now we consider (2). First, assume E/F is non-split. Then the torus F’*\ E* is compact
and hence the matrix coefficient @,  (g) := (II*(g) f+, f-) is finite under E*-translation.
We may assume the restriction @, r |Ex = Y., a;x; is a finite K-linear combination of
K-valued (locally constant) characters x; of E* such that w - x;|zx = 1. To every locally
constant function h on E* satisfying w(t)h(at) = h(a) for all @ € E* and t € F*,
assigning the integral

Sai [ x(n)a
- FX\EX
which is a finite sum, defines an element a(fy, f-) in Z(w, K). Put

A ™ i IR )

Second, assume E = F, x F} is split. We assume the embedding F — Maty(F') is given

by
()

for t,,t, € F. Moreover, a character y of E* is given by a pair (Xe, Xo) of characters of
F* such that x((te, %)) = Xe(te)Xo(to)-
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We realize I1* in the Kirillov model with respect to a (nontrivial) additive character
Yt F — C* of conductor 0 where ¢~ = ()7L, Moreover, we may assume for fi €
II* @), K that is compactly supported on F*,

(Frf) = [ Fo(@)f-(@) da,

where da is the Haar measure on F* such that the volume of Oj is ¢ for some ¢ € M.
We have the following formula

(41) *(fr, f-ix)
_ (CF( )L(1/2, ,OA 7XL)> /FX Lf1 (@) - xeola) da/px Lf(B) - Xou (b™1) db

L(L 77)L(17 pA 7Ad)

_ ([ Cr(2) . - -1
- (ML(L;)EQ,Ad)) Z(frs Xe) Z(Lf= Xar ),

where

Zfed) = L2 @) [ 1fela) - X3 (@) da

To conclude, we only need to show that there exists an element Z(f. ) € D,(F*, K) such
that for every locally constant character x: F* — K* and ¢: C, — C, tZ(f1)(x) =

Z(vfx,xFl). Without loss of generality, we only construct Z(f).

Enlarging M if necessary to include {'/? where [ is the cardinality of the residue field
of F, there is a subspace II™¢ of IT* such that IIT° ®,; K is the subspace of IIT ®,; K
of functions that are compactly supported on F*. For f, € II"™° ®;; K, we may define
Z(f+) such that for every locally constant function h on F'*

Z(f1)(h) = L3 (ITH)(h) x /F J+(a)h(a) da.

Therefore, we may conclude if dim IT*/IT*T¢ = 0. There are two cases remaining.

First, II* is a special representation, that is, dim IT* /TI™¢ = 1. We may choose a repre-
sentative fi = u(a) - cho, (o} (a) for some character p: F* — M*. Then Z(vfy, xF') = ¢
(resp. 0) if p - x is unramified (resp. otherwise). Therefore, we may define Z(f,) such

that
Z(£)(0) = [ pla)h(a) da

for every locally constant function h on F*.

Second, TT* is a principal series, that is, dimIT* /TI*¢ = 2. There are two possibil-
ities. In the first case, we may choose representatives f! = p'(a) - cho,\jo3(a) for two
different characters p', p*: F* — M*. Without loss of generality, we consider fi. Then
Z(ufl,x,) = L(1/2, % x,)~" (vesp. 0) if p' - x is unramified (resp. otherwise). Therefore,
we may define Z(f7) such that

Z(F1)(0) = L7 0 (0) x [ p(@)h(a) da

F
for every locally constant function h on F*. In the second case, we may choose represen-
tatives f1 = pu(a) - chopjoy(a) and f2 = (1 —log; |a|)u(a) - chou oy (a) for some character

p: F* — M*. The function f} has been treated above. For f2, we have Z(v.f3,x,) = ¢
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(resp. 0) if u - x is unramified (resp. otherwise). Therefore, we may define Z(f;) such
that

Z(f)(h) = [ p()h(a) da
OF
for every locally constant function h on F'*. ([l

Lemma 4.7. Let fy, € (H;‘E)X be n-admissible stable vectors. Then there exists a unique
element

"@(f%*mf*l?) S ‘@(me)
with the following property: for every character x,: Ef — K™ satisfying wy - Xp]pr =1
and xgpe(t) =t fort € (1 +p™)* and some w € Z, and ¢: C, = C, we have

o L(1/2,pap @ Xope)?
2(fap f-o) ) = ¢ <e(1/2,w, pap @ Xope)

Here, X is defined similarly as in Definition 3.7 (2).

) & (faps fops X8,

Proof. The uniqueness is clear. Note that the formula (4.1) also works at p. Moreover,
we have the functional equation

Z(tfpxyt ") = 1e(1/2,0, pap @ Xope) - Z (eI () fop), Xopt)-

By Remark 4.3, we only need to show that for f € IL7®), K that is supported on (14p")*,
there exists 2'(f) € Z(wy, K) such that for y, as in the statement and ¢,

(0w = [ (@) e da

Q)

But in fact since yge restricts to the trivial character on (1 + p")*,

/; Lf(a) - x(a) da = L/Opx f(a) da.

We may put
= / fla)da € K
Oy
which is a constant (depending only on f). O

Proof of Proposition 4.5. Let fi € (II*)% be n-admissible stable vectors. It is clear that
Q(f1v, f-v) constructed in Lemma 4.6 is 1 for almost all v. Therefore, we may simply

define 2(f., f_) to be the image of

Q(f—i-Pv f—P) & ®°@(.f+va f—v)
vFEp

in Z(wa, K). O



ON p-ADIC WALDSPURGER FORMULA 33

4.2. Universal torus periods. Let B be as in the previous section and we choose a CM
point PT € YT (E®). Recall that for m € NU{oo}, we have the closed formal subscheme
2+ (m) of X(m) as in §2.4. For a complete field extension K/F", put

N E(m, K) = H(DE(m), Oz () @0y K.

The point P* identifies 4% (00, K) with Map,.,,,(E3\A>*, K), the K-algebra of con-
tinuous K-valued functions on Ej\A** under which for every f € A *(oco, K) and
t € EF\A>Y, f(T,P*) = f(t*'). Moreover, the Galois group O of X(c0)/X(0) pre-
serves 2)*(c0), whose induced action on .4 * (00, K) is given by

t f(x) = f(ot™Y), x € EX\A®X.
The quotient of P+ (co) by the subgroup OF, m is simply D=(m).
Definition 4.8. Consider a locally constant character
wi FX\AS — M.

Let K/MF, be a complete field extension. For every VP € I'y on which w is trivial,
denote by Z(w, K, V?) the quotient of D(E;\A>*/V* K) by the closed ideal generated
by {w(t)[t] — 1|t € A**}. Then we have the canonical isomorphism

P(w,K) ~1lim P(w, K, V?),
i
where the former one is introduced in Definition 3.7 (5). The (unique) continuous homo-
morphism D(Of, , K) — D(EG\A>*/V?, K) sending [t] to wy(t,)[t] for t = (t.,t.) € Op,

descends to a continuous homomorphism w: D(O™, K) — P(w, K, V?) of K-algebras,
which is compatible when varying K and V?*. In other words, we have a homomorphism

(4.2) w: D(OF™ K) = 9 (w, K).

Definition 4.9 (Universal character). We define the +-universal character to be
Koot B\ S 90, MB)™,

Then xI,, is an element in A+ (oo, Fp“r)@) 72w, MF,) satisfying

(4.3) t Xaniv = [t Xamiv

for t € ngm, the group on which wy, is trivial.

Definition 4.10 (Universal torus period). Suppose K contains M F’}t. Given a stable con-

vergent modular form f € . (m,K)® for some w,m € N, we have the global Mellin
transform M( f) by Theorem 2.20. By restriction, we obtain elements

M(f)|2)i(oo) S e/V:t(OO, K)®FpD(Osntia Fp)a
and hence by (4.2),
WM(f)ly+(ex)) € A (00, )@ D (w, K).

By Theorem 2.20 (2) and (4.3), the product w(M(f)|g= (o)) - Ximiv descends to an element
in A %(m, K)®xZ(w, K) for some (different) m € N depending on f (and w,). For any
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VP € I' under which f is invariant, we regard W(M(f)|y+ (o)) * Ximiv aS an element in
N E(m, K)®xP(w, K,V*), which is then invariant under V*. In particular,
1
4.4 PEf) = M ) xE ) (¢
@) PO g L VM) X))

Epml p\ap=/veog.

is an element in Z(w, K, V?) independent of m, and is compatible with respect to V?. In
other words, 2=X(f) is an element in Z(w, K), which we call the universal torus period.

4.3. Interpolation of universal torus periods. We remain the setting in the previous
section. Let M thFpab C K C C, be a complete intermediate field.

By Definition 4.2, an element f* € II* ®x K can be realized as K-linear combination of
morphisms from Xy, ., to A for some UP € I'g and m € N, which we will now assume.
Take wy € H(A% QLL). Using the notation in (2.17) and by Proposition 2.13 (3), we
have (fiws)oa € A (00, K). Tt is stable (resp. n-admissible (in the sense of Definition
2.15)) if and only if f* is stable (resp. n-admissible (in the sense of Definition 4.2)).

For stable vectors f* € (IT*)}, define the element

gzinv(fﬂ:) € Lie At SQpM @(MA, K)
by the formula
(Wi, P (f1)) = P25, (Fiws)ora)-
In this section, we study the relation of

LPE e (fH)(X) - 1P (f-)(X) € (Lie AT @pu Lie A7) @par, C

for a given +: C, = C, with classical torus periods, for n-admissible stable vectors f* €
(TI1+)% and a character y € (w4, K)? of weight k& > 1 and depth n (see Definition 4.1).
For this purpose, we choose an (-nearby data for B (Definition 2.24). In particular, we
have

YE(C) = EX\{£i} x AZ* € X,(C).

L

Choose an element ty € A% such that (P* is represented by [£i,t.]. Define (¥ € C*
such that

(45) dZ([:l:Z,ti]) = Cbi : Lw¢i|pi,

where wyy is defined in (3.1). We also introduce matrices
1 1
4_['_ o c—
in Mate(R) = B(1) ®F, R.

Lemma 4.11. Let the notation be as above. We have

+e Ve @ (¢t
Hwi, L (F)(X) - tlw-, P (f-) (X)) = (6"6) i( (i)

X P (A RGO (Frw)) X P (AE MR G(fw-)), x 7).
where ¢, is defined in (2.19), and

P @ X = [ X ar
EXAX\AY
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is the classical torus period, that is, the automorphic period appearing in the classical
Waldspurger formula.

Proof. Take VP € I'g under which fi and x are invariant. By Theorem 2.20 and Definition
(4.4), we have
O
|[EX\AE/VPOR, 1l
X Z ord (fj:w:t)ord( ) (X 1("}1;:@)(15)

EX\ARX /VPO}

(4.6) (wz, P (F£)(0) =

Ep,m

for some sufficiently large m > n. By (4.5) and Lemma 2.23, we have

s P F00) = T
|[EX\AE™ /VPOR, 1l
x > OF ! frwa(t) da([4, t41]) 7 - X ()
EX\AR ™ /VPOR,
S RGP e ) O e
2 Jexaxax Y voE ’
which by Lemma 2.26 equals
+ (¢) t:Fl
S [ ARG () )0
EXAX\AS
This completes the proof. O

Proposition 4.12. Given ws € HY(A* QL.), n-admissible stable vectors fy € (II%)},
and a character x € Z(w, K)} of weight k > 1 and depth n, we have

Hwi, P (F1)(00) - o, P (f2) (X)) = 12(f4, f-)(X)

L(1/2, g0 ) . 2208 P00 1e(1/2, s pas @ o)
o L(1,)2L(1, pY, Ad) ¢L(1/2, pap @ Xope)?

Proof. By the classical Waldspurger formula [Wal85] (or see [YZZ13, Theorem 1.4.2]) and
Proposition 4.5, we have that

Puva( ARG G frw01), X Pra (ARG (Frw-), x7)
1¢r(2)L(1/2, ) X)) 2 ve(1/2,9, pap ® Xype)
4L, pW, Ad)L(L, ) 279652 L(1,n) tL(1/2, pap ® Xpe)?
where (| is the complex constant such that
(A MRG0 (frws), AL RGO (frw-))per = Co - t(f1y f-)a

holds for all f. and f_. The proposition follows from the above formula, Lemma 4.11,

and the formula
P.(x) = C,- (¢F¢)" XMt "t).

Q(f—i—a f—)(X)7
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Corollary 4.13. For x € =(wa, K)} with k > 1, the ratio

P iniv (f) 00 P () (X)
2(f+, [-)(X)

if the denominator is nonzero, is independent of the choice of fi € (Hi)?( that is n-
admissible. Moreover, for v: C, = C,

. <‘@1;1V<f+)(x)‘@u_nlv(f—)(x)> —
2(f+, f-)X)

€ (Lie AT ®@pu Lie A7) ®pm K,

2935,/%Cr(2)P,(x) 1e(1/2,%, pay @ Xope)
L(1,7)2L(1, 9%, Ad) tL(1/2, pap @ Xgpe)?

Proposition 4.14. For n-admissible stable vectors fr € (II¥)% and a character x €
E(wa, K)§ of weight 0 and depth n, we have

yinv(fi)(X) = log 4= P;(fﬂ:)-

Proof. We may choose a tame level U? € I that fixes fi, and such that y is fixed by
UPNAZ™. We may realize fi as a K-linear combination of morphisms from Xy, ,,, to
A% for some sufficiently large integer m > n. By linearity, we may assume fy is such a,

morphism.
For wy € HY(A*,Q.), we have by Theorem 2.20 (3,4) that

AM((fiwz)ora) (xloy ) = OoraM((fiws)ora) (Xlog ) = (fitws)ora,

which by definition is the restriction of fiwy to X(m,U"). On the other hand, by Propo-
sition A.1, we know that f}log, is a Coleman integral of fiw. on (the generic fiber of)
X(m, U"). Therefore,

M((fzwz)ora) (Xloy ) = Filogu,

on X(m, UP) since both of them are Coleman integrals of ffwy on X(m,UP) that belong
to #?(m, K)®. The proposition follows by (3.3) and (4.4). O

4.4. Proof of main theorems. Let the situation be as in Definition 4.8. Denote by
€ (w, K, V?) the (closed) subspace of €' (w, K) of functions that are invariant under the
right translation of V?, which is also a closed subspace of C(E*\A% ™ /V? K). By duality,
the strong dual of € (w, K, V?) is canonically isomorphic to Z(w, K, V?).

We consider totally definite (not necessarily incoherent) quaternion algebras B over A
such that for a finite place v of F, ¢(B,) = 1 if v is split in E or the Galois representation
pA corresponds to a principal series.

For such a B, we choose an embedding as (1.1), which is possible. We may define a
representation

H(B)fine = ®/J\/[Hv,Ai s

where the restricted tensor product (over M) is taken over all finite places v # p, and I, 4=
is an M-representation of B, determined by p4+ , which is unique up to isomorphism. In
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particular, if B is incoherent, then IT(B)%° is isomorphic to the away-from-p component
of TI(B) s+. Let S (wa, K, V?) be the closed ideal of Z(wa, K, V?) generated by

{2(f+, f) ] f= € BT @ur K, e(B) = £1},

where 2(f,, f_) is similarly defined (as the product) in Lemma 4.6. It is topologically
finitely generated. Let €y (wa, K, V?) be the subspace of €' (wa, K, V?) of functions lying
in the kernel of every element in ¥z (w4, K,V?), which is closed. Put Z(A, K,V?) =
E(A,K) NE(wa, K,VP) and E(wa, K,V?) = E(wa, K) N € (wa, K,V?), where Z(A, K)
and =(wa, K) are introduced in Definition 3.7.

Lemma 4.15. Assume V¥ € I'g is sufficiently small. We have
(1) Ay (wa, K, V)N I (wa, K, V) =0;
(2) Fy(wa, K, VP) + I (wa, K, V) = D(wa, K, VP);
(3) %(wA, K, Vp) = CKJr(wA, K, Vp) SY) %_(wA, K, Vp),‘
(4) the subset =Z(A, K,V?) is contained in and generates a dense subspace of
Cg—(wfb K7 VP)’-
(5) Ay (wa, K, VP) is the closed ideal generated by elements that vanish on Z(A, K, V?).

If we put 2(A, K,V?) = P(wa, K, V?)/ I (wa, K, V?), then
P(AK) = Jim D(A, K, VP).

Vrel'g

We have 2(A, K,V*)&xK' ~ 2(A, K',V*) and 2(A, K)&xK' ~ 2(A, K') for a com-
plete field extension K'/K.

Proof. We first realize that Z(wy, K, V?) generates a dense subspace of € (wa, K, V?).
Thus (1) follows from the dichotomy theorem of Saito-Tunnell [Tun83, Sai93]. For (2),
assume the converse and suppose that &, (wa, K, V?) + . (wa, K, V?) is contained in a
(closed) maximal ideal m with the residue field K’. Then all local period distributions
2(f+, f-) will vanish on the character

E\AE* VP L 9w, K V) = K,

which contradicts the theorem of Saito-Tunnell. Part (3) is a direct consequence of (1)
and (2). It is clear that Z(A, K, V?) is contained in ¢ (w4, K, V?) and by Saito-Tunnell,
E(wa, K, VI\Z(A, K, V?) C € (wa, K, V?), which together imply (4). Finally, (5) follows
from (4). O

Remark 4.16. In fact, for sufficiently small V* € I'g, the morphism w: D(Og““,K ) —
D(wa, K, V?) (4.2) is injective with the quotient that is a finite étale K-algebra. We also
have D(O3", K)N .7, (wa, K,V*) = {0}. Thus if K is discretely valued, Z(A, K,V?) is a
(commutative) nuclear Fréchet—Stein K-algebras (defined for example in [Eme, Definition
1.2.10]). Moreover, it is not hard to see that the transition homomorphism (A, K, V"?) —
(A, K,VP?) is finite étale for V* C VP, The rigid analytic M F,-variety associated to
P(A, MF,,V?) is a smooth curve, which may be regarded as an eigencurve for the group
U(1)g/r of tame level V¥, twisted by (the cyclotomic character) w4 and cut off by the
condition that €(1/2,pa, ) = —1.
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Definition 4.17 (p-adic L-function). Note that the union Uy, E(wa, K)Y, is already dense
in ¢ (wa, K). Now let MF,'F?* C KK C C, be a complete intermediate field. By Corollary
4.13, the ratios

@J;liv(f-l-)‘@u_niv(f—)
Q(f—l-’ f—)

for f. running over (TI(B)4+)y with ¢(B) = —1, together define an element

X(A) S (Lie AT ®pum Lie A_) Qpm _@(A, K)

by Lemma 4.15, which is the anti-cyclotomic p-adic L-function attached to A. It actually
belongs to (Lie A* @ pur Lie A7) @ pu Z(A, MF,") by the lemma below.

Lemma 4.18. The element £ (A) belongs to (Lie A" @pn Lie A™) @pu Z(A, ME').

Proof. In the definition of .Z(A), we only need to consider fi € (II(B)4+)7, e such that

It
f+ (vesp. II(B) 4- (J) f-) is invariant under Og.. Then for x € Uy>1 Z(4, M?’Ef;é, the value
Z(A)(x) belongs to (Lie A" @pn Lie A™) @ pu ME* by the formula (4.6). O
Proof of Theorem 3.8. We only need to show that the element

Z(A) € (Lie AT @pu Lie A™) @pn D(A, MF,")
introduced in Definition 4.17 satisfies (3.2), which follows from Corollary 4.13. O
Proof of Theorem 3.10. It follows from Proposition 4.14 and Proposition 4.5. O

5. REMARKS ON CASES OF HIGHER WEIGHTS

In this chapter, we discuss how to generalize our formulation of p-adic Waldspurger
formula to p-adic Maass forms of other weights. We keep the setup in §1.1 and assume
p is split in E. Let ¢1,...,14: I — C, be g different embeddings. For each ¢;, there are
two embeddings ¢7, ¢} : ' — C, extending it, such that ¢; induces B if ¢; induces p.

Take a totally definite incoherent quaternion algebra B over A, and put B, = B ®q Q,.
To simplify notation, we regard X as defined over C,. Moreover, we assume B> 2~
Matq(A>) when F' = Q to avoid extra care for cusps. We also ignore all arguments like
doing things on Xy first then taking limits to X.

Let w = (w;wy,...,w,) be g+ 1 integers with the same parity such that w; > 2. The
embedding ¢; gives rise to the two-dimensional standard representation std; of B with
C,-coefficient. Put

g ' w42
Ve = Q) Sym" *(std;) ® (1; Nmp, ;) 2,

=1

which is a C,-representation of B of dimension T]{_, (w; — 1). Let U, be a compact open
subgroup of B. We choose an Oc,-lattice V,;° of V,, that is stable under the restricted
action of U,. For n > 1, let U, ,, be the kernel of the induced U,-representation V,°/p"V,>°,
which is a subgroup of finite index. Then the quotient B B

(vgoo/pnvgoo X XUp,n) /(Up/Upn)
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defines a locally constant étale Oc,/p"-module V, on Xy,. Put

Y = (1mV)) ®@Q,
w 7%1 w
which is a B**-equivariant C,-local system of rank []_, (w; — 1) over Xy, and hence X
by restriction. It is easy to see that up to isomorphism, ¥, is independent of the choice
of U, and the lattice V;°.

Definition 5.1 (p-adic Maass form). Denote by X the ordinary locus in the rigid an-
alytification of X. We choose an exhausting family of basic wide open neighborhoods
{Xerd} of X4 parameterized by real numbers 0 < r < 1 (see, for example, [Kas04, §9]).

(1) The space of p-adic Maass forms of weight w is defined to be
d@%(BX) = hﬂr(xv?rda 7/&)7

where I'(X° ¥,,) denotes the space of locally analytic sections of %, over X4,
and the transition maps in the colimit are restriction maps.

(2) A p-adic Maass form is classical if it comes from some section ¢ € (X, ¥,,)
that is the Coleman primitive ([Col94, §10]) of some element in H(X, ¥, ®c,
0L). (Strictly speaking, when w = (w;2,...,2), Coleman primitives of a global
differential form are unique up to an element in HY(X, Ox).)

In fact, the space &fé (B*) up to isomorphism, and the notion of being classical do not
depend on the choice of the family of basic wide open neighborhoods. Moreover, it
is not hard to see that Hecke actions of B* preserve o/ (B*). An irreducible B>*-

subrepresentation 7 of @7 (B*) is classical if one (and hence all) of its nonzero members

\%
are classical. For a classical 7, we may define its dual 7", which is contained in JZ/CMP (B*)
where w" 1= (—w;wy, ..., w,).

Let [ = (I,l1,...,l;) be g integers with the same parity. The embedding ¢ can be
viewed as a 1-dimensional C,-representation of EY. Put

9 —1—1;

WL = ®(L,?)li ® (Li o NmEp/Fp) 2 ,

=1

which is a Cp-representation of £ of dimension 1. In the same manner, we have an Aj -
equivariant C,-local system %/ of rank 1 over Y. Similar to the space %&(BX), we may
also define the notion of a classical irreducible A%*-subrepresentation o C T'(Y™, %)),
and its dual 0¥ C I'(Y ™, #}v). Recall that Y is contained in X°*¢. The following lemma
is immediate.

Lemma 5.2. Suppose | = w and |l;| < w; for 1 < i < g. Then the A% -coinvariant
space of T(YE, ¥, @ #)) is of dimension 1.

From now on, we assume [ = w and |l;| < w; for 1 <i < g. Denote by ['(Y*, ¥, @ #),
the A¥*-coinvariant (quotient) space of ['(Y*, ¥, ® #]), with the quotient map formally
denoted by the integration fy+ dy. For ¢ € o (B*) and y. € T(Y*, %), consider

Pye(60s) = [ o)p=(y) dy.
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Now we adopt the & convention for notation as in §1.2 and below. In particular, we have

classical representations 7+ C M&i (B*) and o C (Y™, #;+). We make the following
choices:

e an abstract conjugation, that is, an A% -equivariant automorphism c of Y switch-
ing Yt and Y
e a duality pairing (¥,+ ® #+) X c* (V- @ #|-) — C, of local systems over Y;
They induce a pairing
( , )b3 F(Y+,7/w+ & %‘*‘)b X F(Yi,"//!— X %—)b — (Cp.

The p-adic Waldspurger formula in this generality would be a formal seeking for the value
of (Py+(dy,04), Py—(d_,p_)), for ¢+ € 7F and ¢4 € oF, in terms of certain p-adic
L-function.

APPENDIX A. COMPATIBILITY OF LOGARITHM AND COLEMAN INTEGRAL

In this appendix, we generalize a result of Coleman in [Col85] about the compatibility
of p-adic logarithm and Coleman integral. Such result will only be used in the proof of
Proposition 4.14.

Let F' be a local field contained in C,, with the ring of integers O and the residue field
k. Let X be a quasi-projective scheme over F' and U C X" an affinoid domain with good
reduction. We say a closed rigid analytic 1-form w on U is Frobenius proper if there exits
a Frobenius endomorphism ¢ of U and a polynomial P(X) over C, such that P(¢*)w is
the differential of a rigid analytic function on U and such that no root of P(X) is a root
of unity. Therefore, by [Col85, Theorem 2.1], there exits a locally analytic function f,, on
U(C,), unique up to an additive constant on each geometric connected component, such
that

o df, =w;
o P(¢*)f, is rigid analytic.
Such f,, is known as a Coleman integral of w on U, which is independent of the choice of

P [Col85, Corollary 2.1b].

Proposition A.1. Let X and U be as above. Let A be an abelian variety over F' which has
either totally degenerate reduction or potentially good reduction. For a morphism f: X —
A and a differential form w € QY(A/F), f*w|y is Frobenius proper which admits f*log,, |i/
as a Coleman integral, where log,,: A(C,) — C, is the p-adic logarithm associated to w.

Proof. We may assume X is projective, and replace F' by a finite extension. Therefore,
we may assume A has good reduction, or split totally degenerate reduction, that is,
the connected neutral component A? of the special fiber A of the Néron model A of
A is isomorphic to GY, ., where d is the dimension of A. The first case follows from
[Col85, Theorem 2.8, Proposition 2.2].

Now we consider the second case. Denote by A} the analytic domain of A"8 of points

whose reduction is in A2. By the well-known uniformization, we have A& ~ (G:;%F)d /A
for a lattice A C GZ%F(F). Moreover, Aj is isomorphic to Sp F'(Ty, ..., Tq, T,
the rigid analytic multi-torus of multi-radius 1.
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Choose an admissible covering % of X" containing U, which determines a formal
model Xy of X over Op. Since X is projective, we may assume Xy is algebraic. Let Z
be the non-smooth locus of X4 over Or. The set of closed points of X whose reduction
is not in Z forms an analytic domain W of X™8. Since U has good reduction, we have
U c W. By Néron mapping property, the morphism f extends unique to a morphism
Xy — Z — A, which induces a morphism f’: U — A", Without loss of generality, we
assume f'(U) is contained in Aj. By [Col85, Proposition 2.2}, we only need to show that
w| Ag 18 Frobenius proper and log, Ag s a Coleman integral of it.

In fact, we have

{w

By linearity, we may assume w® := w|4s = d73/T;. We choose the Frobenius endo-
morphism on A7 to be given by ¢((Ty,...,Ts)) = (T7,...,T]) where ¢ = |k]. We
have that P(¢*)w® = 0 for P(X) = X — ¢. On the other hand, the p-adic logarithm
log on Sp F(Ty, Ty} is also killed by P(¢*). Therefore, the function (log,1,...,1) on
Sp F(T, T{ ") x -+ x Sp F(Ty, T ') ~ A; is a Coleman integral of w®, which coincides
with the restriction of log,,. 0

A

w € Q'(A/F)} = Spany {dT1 de} .

le...’ T

APPENDIX B. SERRE-TATE LOCAL MODULI FOR O-DIVISIBLE GROUPS (D’APRES
N. Karz)

In this appendix, we generalize a classical theorem of Katz [Kat81] describing the
Kodaira—Spencer isomorphism in terms of the Serre-Tate coordinate for ordinary p-
divisible groups to ordinary O-divisible groups. Only Theorem B.1 and Theorem B.5
will be used in the main part of the article. Some notation in this appendix may be
different from those in §1.4.

B.1. O-divisible groups and Serre—Tate coordinates. Let F' be a finite field exten-
sion of Q, where p is a rational prime. Denote by F the completion of a maximal ramified
extension of F. The ring of integers of F' (resp. F ) is denoted by O (resp. (5) Let k be
the residue field of @, which is isomorphic to F3°. For a p-divisible group G over Spec R,
we denote by Q(G/R) the R-modules of invariant differentials of G over R, which is the
dual R-module of the tangent space Lie(G/R) at the identity.

Let S be an O-scheme. Recall that an O-divisible group over S is a p-divisible group
G over S with an action by O such that the induced action of O on the sheaf Lie(G/S5)
coincides with the natural action as an @s-module (hence an O-module). Denote by BTS
the category of O-divisible groups over S, which is an abelian category. We omit the
superscript O if it is Z,. The height h of G, as a p-divisible group, must be divisible
by [F : Q). We define the O-height of G to be [F : Q)] 'h. An O-divisible group G
is connected (resp. étale) if its underlying p-divisible group is. We denote by LT the
Lubin—-Tate O-group over Spec O, which is unique up to isomorphism. We use the same
notation for its base change to S.

For an O-divisible group G over S, define its O-Cartier dual to be GP :=
lim Home (G[p"], £T[p"]) [Fal02]. An O-divisible group G is ordinary if (G°)P is étale,
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where G° is the connected part of G. Denote by T,G = m G[p"] the Tate module
functor. Denote by Nilps the category of O-schemes on which p is locally nilpotent.

Theorem B.1 (Serre-Tate coordinate). Let G be an ordinary O-divisible group over k.
Consider the moduli functor Mg on Nilpy such that for every O-scheme S on which p is
locally nilpotent, Mg (S) is the set of isomorphism classes of pairs (G, p) where G is an
object in BT? and ¢: G xg(S®y k) = G Xgpeck (S ®p k) is an isomorphism. Then Mg
is canonically pro-represented by the O-formal scheme Homo(T,G (k) @0 T,GP(k), LT).

In particular, for every artinian local @—algebm R with the mazimal ideal mp and G/R
a deformation of G, we have a pairing

q¢(G/R; , ): T,G(k) ®0 T,G" (k) = LT (R) = 1+ mp.
It satisfies:
(1) For every a € T,G(k) and ap € T,GP(k),
9(G/R;a,ap) = ¢(G” /R ap, ).

(2) Suppose we have another ordinary O-divisible groups H over k, and its deforma-
tion H over R. Let f: G — H be a homomorphism and £P be its dual. Then f
lifts to a (unique) homomorphism f: G — H if and only if

9(G/R; 0, £7Bp) = q(H/R; fa. fp)
for every a € T,G(k) and Bp € T,HP (k).
By abuse of notation, we will use Mg to denote the formal scheme Homo (T, G (k) ®o

T,GP(k), LT ). The proof of the theorem follows exactly in the way of [Kat&1, Theorem
2.1].

Proof. The fact that 9 is pro-presentable is well-known. Now we determine the repre-
senting formal scheme.
Since G is ordinary, we have a canonical isomorphism

G~ G’ x T,G(k) ®0 F/O.
By the definition of O-Cartier duality, we have a morphism
epn: G[p"] x GP[p"] = LT [p"].
The restriction of the first factor to G°[p"] gives rise an isomorphism
G’[p"] = Homo(G"[p"](k), LT [p"])

of group schemes over k preserving O-actions. Passing to limit, we obtain an isomorphism
of O-formal groups over k

G’ = Home(T,GP”(k), £T),

which induces a pairing
Eg: G x T,GP(k) — LT.
Let G/R be a deformation of G, then we have an extension

(B.1) 0 el G T,G(k) ®0 F/O —= 0
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of O-divisible groups. We have pairings
Egyn: G°p"] x GP[p"] — LTp",
Eq: G° x T,GP (k) — LT,

which lift e,» and Eg, respectively.
Similar to the p-divisible group case, the extension (B.1) is obtained from the extension

0 —T,G(k) — T,G(k) ®0 FF — T,G(k) ®0 F/O —0
by pushing out along a unique O-linear homomorphism
vc/r: T,G(k) = G°(R).
The homomorphism ¢g/r may be recovered from (B.1) in the way described in [Kat81,
page 151]. It is the composite
T,G(k) = T,Gp")(k) £ G°(R)
for any n > 1 such that m’s™" = 0. Therefore, from G/R, we obtain a pairing
q(G/R; , ) = Eg(R) o (pc/r,id): T,G(k) @0 T,G"” (k) — LT(R) =1+ mp.

This shows that the functor g is canonically pro-represented by the O-formal scheme
Homo(T,G(k) ®0 T,GP(k), LT).

For (2), if the given homomorphism f: G — H can be lifted to f: G — H, then we
must have the following commutative diagram

0 — Homo(T,GP(k), LT) —= G —= T,G(k) ®0 F/O ——0
oT,fP (k) J{ f iTpf(k)@)oF/(’)
0—— Homo(TpHD(k), CT) —H —— TpH(k:) R0 F/O —0.

Conversely, if we may fill f in the above diagram, then f lifts.

The existence of the middle arrow is equivalent to that the push-out of the top extension
by the left arrow is isomorphic to the pull-back of the lower extension by the right arrow.
The above mentioned push-out is an element of

Extgro(T,G(k) ®o F/O, Homo(T,H" (k), LT))
which is isomorphic to
Homo(T,G (k) @0 T,H” (k), LT (R))
by the bilinear pairing

(047 BD) = Q(G/R, a, fDBD)-
Similarly, the above mentioned pull-back is an element in

Homo (T,G(k) @0 T,HP(k), LT(R))
defined by the bilinear pairing
(CK, 6D) = Q<H/R7 fO(, BD)

It remains to prove (1). Choose n such that m’%™ = 0. Then both G°(R) and (G")°(R)
are annihilated by p". Denote by a(n) the image of a under the canonical projection
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T,G(k) — G[w"|(k) and similarly for ap(n). By construction, we have ypg/p(a) =
€ G°(R) and o r(ap) = (p"yap(n) € (GP)°(R). Therefore, we have

9(G/R;a, ap) = Egpr ((p")a(n), ap(n)).
Similarly, we have ¢(G”/R; ap, @) = Ego jn({(p")ap(n), a(n)).
The remaining argument is formal and one only needs to replace G, (resp. abelian

varieties) by LT (resp. O-divisible groups) in the proof of [Kat81, Theorem 2.1]. In
particular, we have the following lemma. O

Lemma B.2. Given anyn > 1, x € G°[p"](R) andy € GP[p"](k), there exist an artinian
local ring R’ that is finite and flat over R, and a point Y € GP[p"|(R') lifting y. For every
such R and 'Y, we have the equality Egn(x,y) = ep(z,Y) inside LT (R).

B.2. Main theorem. We fix an ordinary O-divisible group G over k. Denote by R the
coordinate ring of Mg, which is a complete O-algebra. We have the universal pairing
q: T,G(k) ®0 T,GP(k) — LT (R) C R*.

Therefore, we may regard q(«, ap) as a regular function on Mg. For each O-linear form
{ € Homp(T,G(k) ®0 T,GP(k), O), denote by D(¢) the translation-invariant continuous
derivation of R given by

D(¢)q(a,ap) =l(a® ap) - q(a, ap).

By abuse of notation, we also denote by D () the corresponding map {2y, /6 — NR. Denote
by & the universal O-divisible group over Mg.

We choose a normalized logarithm log: LT — G, over O ® Q, and put wy = log™ dT,
which is a generator of the free O-module Q(LT/O) of rank 1.

Let R be as in Theorem B.1 and G/R be a deformation of G. We have the canonical
isomorphism of O-modules

Aot T,GP (k) = HomBTg(GO,ET).
Define the O-linear map wg: T,GP(k) — Q(G/R) by the formula
walap) = Aglap) w € QG°/R) = Q(G/R).
Let Lg: Homp(T,GP(k),O) — Lie(G/R) be the unique O-linear map such that
wa(ap) - Lg(ap) = ap - a), € O.
In fact, the R-linear extensions
we: T,GP(k) ®0 R — Q(G/R)
and
Lg: Homg(T,GP(k), R) — Lie(G/R)
are isomorphisms. Similarly, we have an isomorphism
Aov: T,G(k) = T,Gk) = T,G*(R) = Homgr,((G*)", G,,),
which induces an isomorphism

T,G(k) ®z, R = Q(G*)'/R)
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by pulling back d7'/T. It further induces an isomorphism
wev: T,G(k) ®0 R = (T,G(k) ®z, R)o = Q(G*)V/R)o.

Here, the subscript O denotes the maximal flat quotient on which O acts via the structure
map. By construction, we have the following functoriality.

Lemma B.3. Let f: G — H be as in Theorem B.1 and f: G — H lifts f. Then
(1) ((fY)*(wev (@) = wyv(fa) for every a € T,G(k), where f&: G — H® is the
induced homomorphism on the étale quotient.
(2) fo(Lu(a))) = Lg(a), o £P) for every af, € Home(T,GP(k), O).

Denote by D(G) the (contra-variant) Dieudonné crystal of G. We have the following
exact sequence

0——Q(BY/R) — D(GY)y —— Lie(&/R) —=0
and the Gauss—Manin connection
V:D(G")n = D(GY)n @n Qy -
They together define the following (universal) Kodaira—Spencer map
KS: Q(&"/R) — Lie(8/R) @x Uy 05,

which factors through the quotient Q(&Y/R) — Q(&Y/R)n. The following lemma is
immediate.

Lemma B.4. The natural map (&Y /R)o — Q(B)Y/R)o is an isomorphism.

In particular, we may regard wev as a map from T, G(k) to Q(&Y/R)p. The following
result on the compatibility of the Kodaira—Spencer map and the Serre-Tate coordinate is
the main theorem of this appendix.

Theorem B.5. We have the following equality in Qm/@
we (ap) - KS(wev (o)) = dlog(q(a, ap))
for every a € T,G(k) and ap € T,GP (k).
Note that the definition of wg, but not wegv, depends on the choice of log, which is

compatible with the right-hand side.

B.3. Frobenius. Denote by o the Frobenius automorphism of O that fixes every element
in 0. Put X7 = X ®3, O for every O-(formal) scheme X, Xx: X7 — X the natural

projection, and Fxy: X — X the relative Frobenius morphism which is O-linear. We
omit the subscript X when it is Mg.

Lemma B.6. We have

(1) There is a natural isomorphism
m% 1> mGo'

under which the regular function q(o(«),o(ap)) is mapped to X*q(a, ap).
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(2) Under S(genyv: (G7)Y =~ ((G¥)Y)7 — (G*)", we have
E?Gét)\/WG\/ (a) = w(Ga)v(UCY)

for every a € T,G(k).
(3) Under Fg: G — G, we have

FouLa(ap) = Lae(apoo™)
for every o), € Homp(T,GP(k), O).
Proof. The proof is same as [Kat81, Lemma 4.1.1 & 4.1.1.1]. O

From now on, we choose a uniformizer w of F, which gives rise to an isomorphism
LT° ~ LT. In particular, we may identify (G”)7 and (G”)".
For a deformation G/R of G, we denote by G’/R the quotient of G by subgroup G°[w].
The induced projection map
Fa: G—q
lifts the relative Frobenius morphism
Fe: G — G°.
Define the Verschiebung to be
Vg = (Fgn)?: G ~ GPP - G.
Note that the isomorphism depends on w.
Lemma B.7. For a € T,G(k) and ap € T,GP(k), we have formulas

(1) Fg(a) = oca and Vg(oa) = wap;
(2) Q(G’/R; oo, O'OéD) = wq(G/R, a, aD)~

Proof. The proof is the same as [Kat81, Lemma 4.1.2], with Vg o Fg = w. O

Lemma B.8. For a € T,G(k) and o}, € Homp(T,GP(k), O), we have

(1) ((F&)")'wev (a) = war (0a);
(2) .FG*Lg(CYE) = wLG/(o% l¢) 0'_1).

Proof. 1t follows from Lemmas B.3 and B.7. O

If we apply the construction to the universal object &, we obtain a formal deformation
&’ /R of G7. Tts classifying map is the unique morphism

O: Mg — Mg — MG
such that ®*®7 ~ &'. Therefore, we may regard Fg as a morphism
Fo: G — O
of O-divisible groups over M. Taking dual, we have
Fo: 067 ~ (0°67)Y — &Y.

Lemma B.9. We have

(1) The map wev: T,G(k) @0 R — QB /R)e induces an isomorphism

T,G(k) = Q(BY/R)H = {w € USY/R)o | (Fg)'w = P*Tiow}
of O-modules.
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(2) The map Ls: Home(T,GP(k),R) — Lie(&/R) induces an isomorphism
Homp(T,GP(k),0) = Lie(&/R)? := {§ € Lie(&/R) | Fe.d = wP*Fe.0}
of O-modules.

Proof. Tt can be proved by the same way as [Kat81, Corollary 4.1.5] by using Lemmas
B.6 and B.8. 0

Consider the following commutative diagram:
(B.2) 0—= Q8" /R)o — = (D(G")m)o —— Lie(&/R) —0
| by e
0 —= Q& /R)o — (D(G”)n)o — Lie(&'/R) —0
oroxy, T TD(EGV) T@*OF@*
0 ——=Q(&"/R)o —— (D(G")n)o —— Lie(6/R) — 0.
For k € Z, we define O-modules
D(G")x = {£ € (D(G")n)o | D(FE)E = @' *D(Zav)€}
= {¢ € (D(G")n)o | D(Vg)D(Xev)§ = =}
Lemma B.10. The maps wev and a in (B.2) induce an isomorphism
ar: T,G(k) = D(GY)y
of O-modules. The maps Lg and b in (B.2) induce an isomorphism
bo: D(GY)g = Homo(T,G”(k), O)
of O-modules.

Proof. For the first part, by a similar argument in [Kat81, Lemma 4.2.1], we know that
b(€) = 0 for £ € D(GY)}, that is, € is in the image of a. The conclusion then follows from
Lemma B.9 (1).

For the second part, it is easy to see that Im(a) N D(GY)% = {0} by choosing an O-
basis of T,G(k). Therefore, b restricts to an injective map D(GY)§, — Lie(&/R)°. We
only need to show that this map is also surjective. For every § € Lie(&/R)°, choose an
element & € (D(GY)n)o. Put &,11 = D(VE)D(Egv)E, for n > 0. Then b(§,) = § and
{&,} converge to an element £ € D(GY)S,. O

Lemma B.11. For every { € Homp(T,G(k) ®0 T,GP(k), ), the action of D({) under
the Gauss—Manin connection on (D(GY)n)o satisfies the formula

D(0)(V(D(Vg)D(Zav)E)) = @D(Vg)D(Zev ) (D(0)(VE))
for every £ € (D(GY)n)o.
Proof. 1t is proved in the same way as [Kat81, Lemma 4.3.3]. O

Lemma B.12. If ¢ € (D(GY)n)o satisfies D(VE)D(Sgv )é = AE for some A € O, then for
every { € Homp(T,G (k) ®0 T,GP(k),O), the element D(()(VE) € (D(GY)n)o satisfies

@D(Vg)D(Zev)(D(E)(VE)) = AD(0)(VE).
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Proof. Tt follows immediately from Lemma B.11. O

Proposition B.13. For o € T,G(k) and ap € T,GP(k), there exists a unique character
Q(a,ap) of Mg such that
we(ap) - KS(wev (@) = dlog Q(av, ap).

Proof. Let {a;} (resp. {ap;}) be an O-basis of T,G(k) (resp. T,GP(k)). Let {¢;;} be
the basis of Homp (T,G(k) ®o T,GP(k), O) dual to {a; ® ap;}. Then for every element
¢ € (D(GY)n)o, we have

VE =) D(li;)(V§) ® dlogg(ay, ap,).

i,

In particular, for £ = wev (), we have
Vwev(a) = > D(l; ;) (Vwev (@) ® dlog g(ay, ap ;).

i,
By Lemmas B.9 and B.12, Vwev(a) € D(GY)%. Therefore, there exist unique elements
af;; € Home(T,GP(k), O) such that

Vwev () = 561(0%,@-,3»)
for every i, 7. By definition,
KS(wev () = Z L@(o%,i,j) ® dlog q(e, apj),
12
and
we(ap) - KS(wesv(a)) = dlog (H q(, CVD,j)aD'avD’i’j) :
2

O

Corollary B.14. For elements a € T,G(k), ap € T,GP(k) and ¢ € Homp(T,G(k) ®0
T,GP(k),0), we have that D(f)(wes(ap) - KS(wev(a))) is a constant in O.

Corollary B.15. Suppose for every integer n > 1, we can find a homomorphism f,: R —
O/p"™ such that

fa(D(f)(wes(ap) - KS(wev(a)))) = € ® ap)
holds W,,. Then QQ = q and Theorem B.5 follows.

The condition of this corollary is fulfilled by Theorem B.17. Therefore, we have reduced
Theorem B.5 to Theorem B.17.

B.4. Infinitesimal computation. Let R be an (artinian) local O-algebra with the max-
imal ideal mp satistying m/pt = 0. We suppose G /R is canonical deformation of G. Let
G be a deformation of G to R := R|e]/(¢?), which gives rise to a map 9: Q(GY/R) —

Lie(G/R). Note that the target may be identified with Ker(G°(R) — G°(R)).
Lemma B.16. The reduction map T,G(R) — T,G(k) is an isomorphism.

Proof. 1t follows from the same argument in [Kat81, Lemma 6.1]. O
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In particular, we may define Agv: T,G(k) — Homgr,(GY, G,,) and
(B.3) wev: T,G(k) = QGY/R).
Theorem B.17. The Serre-Tate coordinate for G’/R satisfies
¢(G/R;a,ap) = 1+ ewg(ap) - dwgv (a)).
Lemma B.18. For ap € T,GP(k) and a € Ker(G*(R) — G°(R)) = Lie(G/R), we have
Eq(a,ap) =1+ cwg(ap)a.

Proof. By functoriality, we only need to prove the lemma for the universal object & /%R.
By definition,
1+ cwe(ap)a =14 (Ns(ap).a - wo) € LT(R).
We also have
As(ap).o - wer = (logods(ap))sa - dT
in R[p~!]. Therefore, we have the equality
Es(o,ap) =1+ cws(ap)a

in Ker(LT (R[p~')) — LT (R[p~1))). O

For an integer N > n, denote by ay the image of a in G[p"](R). Let ay € G(R) be
an arbitrary lifting of ay. Then

pNay € Ker(G(R) — G(R)) = Ker(G°(R) — G°(R)) ~ Lie(G/R).
Such process defines a map ¢pg: T,G(R) — Lie(G/R).
Proposition B.19. We have dwgv (o) = ¢ (a) for every a € T,G(R).
Assuming the above proposition, we prove Theorem B.17.

Proof of Theorem B.17. 1t is clear that G QR R is the unique, up to isomorphism, defor-
mation of G° to R. Then the deformation G corresponds to the extension

0—=G"®zr R— G ——T,G(k) @0 F/O —0.
In particular, we may identify G° with G° ®x R. We have
Ker(G(R) — G(R)) = Ker(G°(R) — G°(R)) = Ker(G°(R) — G°(R)) = Lie(G°/R).
For D € Lie(G°/R), we have
E¢(D, =) = Eq(D, -): T,G"(k) = T,(G%)"(k) — LT (R),

where in the pairing Eg (resp. Eg), we view D as an element of G*(R) (resp. G°(R)).
For ap € T,GP(k), we have

Eg(D,CYD) =1 + 5wG(wa)D

by definition. Therefore, Theorem B.17 follows from Proposition B.19 and the construc-
tion of q. 0
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The rest of the appendix is devoted to the proof of Proposition B.19. We will reduce it
to certain statements in [Kat81] about abelian varieties. It is interesting to find a proof
purely using O-divisible groups.

Recall that ordinary O-divisible groups over k are classified by its dimension and O-
height. Let G, be an O-divisible group of dimension r and O-height r 4+ s with r >
0,74+ s> 0.

Choose a totally real number field E* such that F' ~ E* ®g Q, ~, and an imaginary
quadratic field K in which p = p*p~ splits. Put £ = ET ®q K. Suppose 71, T2, ..., T are
all complex embeddings of E*. Consider the data (A, ,6,4) where

e A, is an abelian variety over k;

e 0: A, — A, isaprime-to-p polarization;

e i: Op — End; A, 5 is an Og-action which sends the complex conjugation on Og
to the Rosati involution and such that, in the induced decomposition

Ar,s[poo] - Ar,s [poo]+ @ AT,S [poo]—

of the O ® Z,-module A, ;[p>], A, s[p™]" is isomorphic to G, ; as an O-divisible
group.
It is clear that the polarization 6 induces an isomorphism A, ([p®|* = (A, 4[p>™]")". By
Serre-Tate theorem, Mg, , also parameterizes deformation of the triple (A,,6,i). In
what follows, we fix r, s and suppress them from notation. Let R be as in Theorem B.1,
A/R be the canonical deformation of A/k, and A be a deformation of A to R such that
G~ A[p™]*.

There is a similar map (B.3) for A and we have wev(a) = wav () for o € T,G(R) C
T,A(R), where we view Q(GY/R) as a submodule of H°(AY, Q). ). Moreover, the map
vg: T,G(R) — Lie(G/R) can be extended in a same way to a map pa: T,A(R) —
Lie(A/R). Then Proposition B.19 follows from [Kat81, Lemma 5.4 & §6.5], where the
argument uses normalized cocycles and does not require A to be ordinary in the usual
sense.
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