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Over a span of more than 60 years, Paul Erdés has taken the art of collaborative research
in mathematics to heights never before achieved. In this brief look at his collaborative
efforts, we will explore the breadth of Paul’s interests, the company he has kept, and the
influence of his collaboration in the mathematical community. Rather than focusing on
the mathematical content of his work or the man himself, we will see what conclusions
can be drawn by looking mainly at publication lists. Thus our approach will be mostly
bibliographical, rather than either mathematical or biographical. The data come mainly
from the bibliography in this present volume and records kept by Mathematical Reviews
(MR) [13]. Additional useful sources of information include The Hypertext Bibliography
Project (a database of articles in theoretical computer science) [11], Zentralblatt [16], the
Jahrbuch [10], various necrological articles too numerous list, and personal communica-
tions. Previous articles on these topics can be found in [3,4,7,8,14].

Paul has certainly become a legend, whose fame (as well as his genius and eccentricity)
has spread beyond the circles of research mathematicians. We find a popular videotape
about him [2], articles in general circulation magazines [9,15] (as well as in mathematical
publications—see [1] for a wonderful example), and graffiti on the Internet (e.g., his quo-
tation that a mathematician is a device for turning coffee into theorems, on a World Wide
Web page designed as a sample of the use of the html language [12]). But even within the
academic (and corporate research) community, his style and output have created a lot of
folklore.

The reader is probably familiar with the concept of Erdds number, defined inductively
as follows. Paul has Erdés number 0. For each n > 0, a person not yet assigned an Erdos
number who has written a joint mathematical paper with a person having Erdés number n
has Erdés number n + 1. Anyone who is not assigned an Erdés number by this process is
said to have Erdos number oco. Thus a person’s Erdés number is just the distance from
that person to Paul Erdés in the collaboration graph C (in which two authors are joined
by an edge if they have published joint research—of course one need not restrict the field
to mathematics). For example, Albert Einstein has Erdés number 2, since he did not
collaborate with Paul Erdés, but he did publish joint research with Ernst Straus, who was
one of Paul’s major collaborators. Purists can argue over how to count papers with more
than two authors, but here we will adopt the liberal attitude that each of the (’;) pairs of
authors in k-author paper are adjacent in C.

A common variant is to give a person who has written p > 0 papers with Paul the
Erdés number 1/p. Andras Sarkozy, with 5—17, and Andras Hajnal, with 5%1, seem to have
the smallest positive Erdés numbers under this definition, followed in order by Faudree,
Schelp, Sés, Rényi, Rousseau, Szemerédi, Turdn, Graham, Burr, Spencer, Simonovits,
Pomerance, Straus, Nathanson, Rado, Nicolas, Pach, Milner, Bollobas, Piranian, F. Chung,
Hall, Selfridge, and Reddy, who all have a value under 0.1.
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The 458 people currently known to have Erdos number 1 are listed in Figure 1. The
entry “z y:n” indicates that z first published with Erdés in year 19y and to date has n
joint papers with him (with or without other coauthors); n is omitted when it equals 1.
About 60% of the coauthors have just one joint paper. The mean number of papers per
coauthor is 3.2, with a standard deviation of 6.1.

H. Abbott 74; J. Aczél 65; R. Aharoni 88; M. Aigner 87; M. Ajtai 81; L. Alaoglu 44:2; Y. Alavi 87:7; K. Alladi
77:5; N. Alon 85:2; J. Anderson 85; B. Andrasfai 74; N. Ankeny 54; N. Anning 45; B. Aronov 94; J. Ash 74; D. Avis
88:2; L. Babai 80:3; G. Babu 75:3; F. Bagemihl 53:4; A. Balog 90; L. Bankoff 73; A. Barak 84; P. Bateman 50:5; J.
Baumgartner 79:2; L. Beasley 87; M. Behzad 91; S. Benkoski 74; M. Berger 88; E. Bertram 94; A. Bialostocki 95; A.
Blass 92; M. Bleicher 75:3; A. Boals 87:2; R. Boas, Jr. 48; D. Boes 81; B. Bollobds 62:14; D. Bonar 77; J. Bondy
73; R. Bonnet 74; I. Borosh 78; J. Bosdk 71; J. Bovey 75; J. Brenner 87; J. Brillhart 83; B. Brindza 91; T. Brown
85:2; W. Brown 73:6; R. Buck 48; S. Burr 75:24; D. Busolini 77; L. Caccetta 85:4; P. Cameron 90; E. Canfield 83; F.
Carroll 77; F. Cater 78; M. Cates 76; P. Catlin 80; J. Chalk 59; G. Chartrand 87:5; C. Chen 76; G. Chen 93:2; H.
Chen 92; R. Chen 88; P. Chinn 81; S. Choi 74:3; S. Chowla 50:3; C. Chui 78; F. Chung 79:13; K.-L. Chung 47:4; V.
Chvatal 72:3; B. Clark 85; L. Clark 93; J. Clarkson 43; J. Clunie 67; S. Cohen 76; C. Colbourn 85; J. Conway 79; A.
Copeland 46; H. Croft 79; E. Csaki 85; I. Csiszar 65; J. Czipszer 62; D. Darling 56:2; R. Darst 81; H. Davenport 36:7;
R. Davies 75; D. Daykin 76:2; N. de Bruijn 48:6; D. de Caen 86; J.-M. De Koninck 81; P. Deheuvels 87; J. Dénes 69;
J. Deshouillers 76; M. Deza 75:4; H. Diamond 78:3; G. Dirac 63; J. Dixmier 87; Y. Dowker 59; D. Drake 90; U. Dudley
83; R. Duke 77:7; A. Dvoretzky 50:8; E. Ecklund, Jr. 74:2; A. Edrei 85; R. Eggleton 72:7; M. El-Zahar 85; G. Elekes
81; P. Elliott 69:3; R. Entringer 72:3; M. Erné 86; A. Evans 89; V. Faber 81:3; S. Fajtlowicz 77:4; R. Faudree 76:41;
L. Fejes T6th 56; E. Feldheim 36; W. Feller 49; A. Felzenbaum 88; L. Few 64; P. Fishburn 91:4; G. Fodor 56:3; D. Fon
Der Flaass 92; J. Fowler 85:2; A. Fraenkel 88; P. Frankl 78:6; A. Freedman 90; G. Freiman 90; G. Freud 74; R. Freud
83:4; E. Fried 72; H. Fried 47; W. Fuchs 56; Z. Fiuredi 82:9; I. Gal 48:3; J. Galambos 74; T. Gallai 36:8; F. Galvin
75:6; L. Gerencsér 70; J. Gillis 37; L. Gillman 55; J. Gimbel 90:4; A. Ginzburg 61:2; W. Goddard 94; C. Godsil 88;
M. Goldberg 88; M. Golomb 55; A. Goodman 66; B. Gordon 64; R. Gould 87:3; R. Graham 72:26; A. Granville 90;
D. Grieser 87; K. Grill 87; P. Gruber 89; B. Griinbaum 73:2; G. Griinwald 37:3; D. Gunderson 95; H. Gupta 76; M.
Guy 79; R. Guy 70:4; A. Gyarfas 88:9; E. Gydri 92:2; K. Gydry 80; A. Hajnal 58:54; G. Halasz 91; R. Hall 73:13; J.
Hammer 89; H. Hanani 62:2; D. Hanson 74; F. Harary 65:2; G. Hardy 78; W. Hare 87; C. Harner 73; S. Hartman 67;
E. Hartter 66; E. Harzheim 86; J. Hattingh 93; S. Hechler 75:2; S. Hedetniemi 87; Z. Hedrlin 72; N. Hegyvari 83:3;
H. Heilbronn 64; P. Hell 89; R. Hemminger 84; M. Henning 93; M. Henriksen 55; F. Herzog 50:6; M. Herzog 70; D.
Hickerson 89:2; D. Higgs 84; A. Hildebrand 87; N. Hindman 76:2; A. Hobbs 77:3; A. Hoffman 80; V. Hoggatt, Jr. 78;
D. Holton 84; R. Holzman 94; P. Hordk 94; M. Horvath 91; E. Howorka 80; D. Hsu 92; G. Hunt 53; J. Hwang 78:2;
K.-H. Indlekofer 87; A. Ingham 64; A. Ivi¢ 80:7; E. Jabotinsky 58:3; S. Jackson 94; M. Jacobson 87:2; V. Jarnik 37;
G. Jin 93; F. Jones 82:2; I. Jo6 87:9; M. Joé 92; M. Kac 39:5; P. Kainen 78; S. Kakutani 43:7; I. Kaplansky 46:2; J.
Karamata 56; I. Katai 69:7; Zhao Ke 38:4; P. Kelly 63:2; J. Kennedy 87; H. Kestelman 63; S. Khare 76; H. Kierstead
91; P. Kiss 88:2; M. Klamkin 73:2; M. Klawe 80; D. Kleitman 68:6; M. Klugerman 94; J. Knappenberger 93; J. Koksma
49:2; P. Komjath 86:2; J. Komlés 70:3; V. Komornik 90:2; I. Koren 88; A. Kostochka 92; T. K&vari 56; S. Krantz
88; D. Kratsch 91; A. Kroé 89; E. Kubicka 90; G. Kubicki 91; K. Kunen 81; C. Lacampagne 85:3; J. Larson 79:5; R.
Laskar 83:3; H. Lefmann 95; J. Lehel 91; J. Lehner 41; B. Lengyel 38; W. LeVeque 63; M. Lewin 95; D. Lick 91; N.
Linial 87:2; J. Liu 92; M. Loebl 95; G. Lorentz 58; L. Lovéasz 73:6; J. Loxton 79; T. Luczak 92:3; A. Macintyre 54; M.
Magidor 76; K. Mahler 38:2; H. Maier 87; E. Makai 91:2; M. Makkai 66; P. Malde 87:2; S. Marcus 57; A. Maté 70:3;
R. Mauldin 76:4; T. Maxsein 90; M. Mays 88; J. McCanna 92; R. McEliece 71; B. McKay 84; A. Meir 71:5; G. Mills
81; E. Milner 66:15; H. Minc 73; L. Mirsky 52; P. Montgomery 73:3; J. Moon 64:4; S. Moran 87:2; P. Morton 83; L.
Moser 64:3; R. Mullin 83; M. Ram Murty 87; V. Kumar Murty 87; M. Nathanson 75:18; J. NeSetfil 83:3; E. Netanyahu
73; J. Neveu 63; D. Newman 74:5; P. Ney 74; J.-L. Nicolas 75:16; I. Niven 45:6; D. Norton 88; P. O’Neil 73; R. Oblath
37; A. Odlyzko 79:3; O. Oellermann 87:4; A. Offord 56; E. Ordman 85:6; J. Oxtoby 55; J. Pach 80:16; P. Palfy 87:2;
Z. Palka 83:2; E. Palmer 83; Z. Papp 80; T. Parsons 88; C. Payan 82; D. Penney 78; K. Phelps 85; A. Pinkus 85;
G. Piranian 47:14; R. Pollack 89; H. Pollard 49; C. Pomerance 78:20; L. Pésa 62:4; K. Prachar 61; D. Preiss 76; P.
Pudaite 87; N. Pullman 85:2; G. Purdy 71:8; L. Pyber 88:2; R. Rado 50:18; K. Ramachandra 75:2; S. Rao 92; A.
Reddy 73:11; T. Reid 95; A. Rényi 50:32; P. Révész 75:9; B. Reznick 87; I. Richards 77; L. Richmond 76:5; G. Rieger
75; H. Riesel 88; R. Robinson 83; V. Rodl 83:8; C. Rogers 53:7; A. Rosa 71; P. Rosenbloom 46; B. Rothschild 73:8;
C. Rousseau 76:30; L. Rubel 64:2; A. Rubin 80; M. Rudin 75; I. Ruzsa 73:5; C. Ryavec 72; H. Sachs 63; B. Saffari 79;
E. Saias 95; M. Saks 86; P. Salamon 88; A. Sarkdzy 66:57; N. Sauer 75; J. Schaer 75; R. Schelp 76:34; P. Scherk 58;
A. Schinzel 60:2; E. Schmutz 91; J. Schonheim 70:3; L. Schulman 94; S. Schuster 81:2; A. Schwenk 87:4; S. Segal 78;
W. Seidel 53; J. Selfridge 67:13; S. Selkow 80; A. Seress 86; J. Shallit 91; H. N. Shapiro 51:3; H. S. Shapiro 65; A.
Sharma 65; S. Shelah 72:3; T. Sheng 75; A. Shields 65; O. Shisha 85; T. Shorey 76; G. Silberman 88; R. Silverman 83;
A. Simmons 73; M. Simonovits 66:21; N. Singhi 77:2; J. Siran 94; T. Sirao 59; D. Skilton 85:3; B. Smith 81; P. Smith
90; A. Soifer 93:2; V. Sés 66:33; E. Specker 61; J. Spencer 71:22; C. Spiro-Silverman 90; W. Staton 91:2; A. Stein 83;
S. Stein 63:2; C. Stewart 76:4; D. Stinson 83; A. Stone 45:3; H. Straight 90; E. Straus 53:20; M. Subbarao 72:2; H.
Sun 93; J. Surdnyi 59:3; H. Swart 93; J. Szabados 78:4; M. Szalay 77:6; M. Szegedy 87; G. Szegd 42:2; L. Székely 87:2;
G. Szekeres 34:5; E. Szemerédi 66:29; P. Sziisz 58:2; A. Tarski 43:2; A. Taylor 92; H. Taylor 71:3; S. Taylor 57:7; G.
Tenenbaum 81:6; P. Tetali 90; C. Thomassen 89; R. Tijdeman 88; W. Trotter 78:2; P. Turdan 34:29; J. Turk 84; W.
Tutte 65; Z. Tuza 89:8; S. Ulam 68:3; K. Urbanik 58; J. Vaaler 87:2; E. van Kampen 40; J. van Lint 66:2; A. Varma
86:2; R. Vaughan 74:2; E. Vazsonyi 36:2; P. Vértesi 80:7; K. Vesztergombi 88:2; K. Vijayan 85:3; I. Vincze 58:2; B.
Volkmann 66; S. Wagstaff, Jr. 80; G. Weiss 83; D. West 85:2; A. Williamson 87; R. M. Wilson 85; R. J. Wilson 77; P.
Winkler 89; A. Wintner 39:3; N. Wormald 86; F. Yao 79; A. Zaks 90; S. Zaks 88; Y. Zalcstein 87:3; S. Zaremba 73; Z.
Zhang 93:2; A. Ziv 61

Figure 1. Coauthors of Paul Erdés.

The author maintains electronic lists of coauthors of Paul Erdés and coauthors of
these coauthors (i.e., all people with Erdés number not exceeding 2) and updates these
lists annually. He intends to make them available indefinitely via anonymous ftp [6] and
on the World Wide Web [5]. (Difficulties in author identification, among other problems,
surely make the data less than 100% accurate, but we believe that the number of errors is
not large.)



As was pointed out in [7], the average number of authors per research article in the
mathematical sciences has increased dramatically over Paul Erdés’s lifetime. (One can
speculate whether his existence is part of the reason for this.) Specifically, the fraction of
all authored items reviewed in MR having two or more authors has increased, as a function
of time. While over 90% of all papers 56 years ago (when MR began) were the work of just
one mathematician, today scarcely more than half of them are solo works. In the same
period, the fraction of two-author papers has risen from under 10% to about one third.
Also, in 1940 there were virtually no papers with three authors, let alone four or more;
now about 10% of all papers in the mathematical sciences have three or more authors,
including about 2% with four or more.
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Figure 2. The number of coauthors on Paul Erdés’s papers over the years.

The same trend can be seen in Paul’s work, but with an even greater amount of
collaboration. The graph in Figure 2 shows the fraction of 1-, 2-, 3-, and >4-author items
in Paul’s publication list, year by year. (Almost all of these are research papers. The rest
are books, articles about people, or other writings.) For reference, Figure 3 shows the
absolute sizes we are talking about—the number of publications year by year. (The last
two figures—for 1994 and 1995—are probably too low, due to incomplete publication data.)
Cumulatively (Figure 4), fewer than one third of Paul’s 1400 works are solo ventures. In
fact, the mean number of authors (including Erdds) is almost exactly two.

Paul’s current mode of operation (dating from his departure from a permanent posi-
tion at Notre Dame around 1954) is unique among mathematicians. Rather than staying
at a home institution (research institute or academic department), he is constantly on the
move, visiting mathematicians at conferences and research centers around the world. He
often spends some summer months in Budapest, where he is a member of the Hungarian
Academy of Sciences and where he can work with several of his most prolific collabora-
tors. Some of his favorite haunts are Memphis, Tennessee, the New York City area, and
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Figure 3. The number of papers by Paul Erdos over the years.
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Figure 4. The fraction of Paul Erdos’s papers with different numbers of authors.

other places too numerous to list. He is a permanent fixture at the annual Southeastern
Combinatorics Conference (in Boca Raton, Florida, or Baton Rouge, Louisiana) and other
regular meetings in his various fields. For example, in the few months around the time this
article is being written, Paul reports having been (or planning to go) at least to Atlanta,
Memphis, three cities in Texas, New Jersey, New Haven, Baton Rouge, Colorado, France,
Germany, Kalamazoo, and Pennsylvania, in that order.

As he has met and worked with ever-increasing numbers of people on his travels, it
is not surprising that Paul has added new coauthors every year since 1936. (Only two—
George Szekeres and Pal Turdn—published with him before that, in 1934.) Figure 5 shows
how the cumulative number of coauthors has increased, while Figure 6 shows the discrete
time derivative of this function. Paul usually leaves the actual writing up of the papers to
his collaborators—partly, he says, because he does not type.

As the present collection shows, Paul Erdds’s papers span many branches of mathe-
matics and exploit relationships among them. (One fine example of the latter is his ap-
plication of probability to combinatorics.) Mathematical Reviews currently has about 60
broad subject classifications, ranging from “Mathematical Logic and Foundations” through
“Information and Communication, Circuits” (plus a section on history and biography), one
of which it assigns to every item it records as its primary subject area. This list has varied
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Figure 5. The cumulative number of Paul Erdés’s coauthors as a function of time.
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Figure 6. The number of new coauthors added each year.

slightly over time, with some categories being added or discarded as MR tries to keep up
with current trends. Paul’s works, although often spanning two or more subject areas
and therefore difficult to pinpoint into one category, have been given primary classifica-
tion in about 40% of these subject areas or their equivalent predecessors. They include
not only the two main areas of number theory and combinatorics, and substantial work
in approximation theory, geometry, set theory, and probability theory, but also papers in
mathematical logic and foundations, lattices and ordered algebraic structures, linear alge-
bra, group theory, topological groups, polynomials, measure and integration, functions of a
complex variable, finite differences and functional equations, sequences and series, Fourier
analysis, functional analysis, general and algebraic topology, statistics, numerical analysis,
computer science, and information theory.

The chart in Figure 7 shows the fractions of Paul’s publications reviewed in MR since
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1980 in the various categories. Such a tabulation is easy to do, since the MR review number
includes the category code as the first two digits following the colon. Figure 8 is a less
accurate pie chart covering all years. It can be seen that there has been a slight trend
toward increased work in combinatorics (including graph theory, of course) in the past 15
years, with a comparable decline in the output in number theory. Indeed, nearly all his
early papers were in number theory (61 of the first 64, by one count, covering the period
1932-1939).

other approx. thy.
49 4%

number theory

) . 48%
combinatorics

35%

geometry  set theory
4% 5%

Figure 8. Paul Erdds’s papers by broad category (approximate).

Since Erdoés’s coauthors work in such varied fields, one would expect the set of people
with Erdés number 2, 3, or a little higher to range over essentially all of mathematics.
Indeed, this is the case. All Fields Medalists over the past three cycles (1986-1994) are
in the Erdés component of the collaboration graph, with Erdés number at most 9. This
group includes people working in theoretical physics; for instance, there is the path Edward
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Witten—Chiara Nappi—Robert Israel—Robert Phelps—David Preiss—Paul Erdos. Thus
one can conjecture that many (if not most) physicists are also in the Erdds component, as
are, therefore, many (or most) scientists in general. The large number of applications of
graph theory and statistics to the social sciences might also lead one to suspect that many
researchers in other academic areas are included as well.

It is interesting to explore the publication lists (or at least the coauthor lists) of
Erdés’s coauthors, to see how much collaboration goes on after Paul has left town. Let F;
be the subgraph of C' induced by people with Erdés number 1. According to data collected
through 1995, E; contains 458 vertices and 1218 edges; thus an average Erdds coauthor
collaborated with over 5 other Erdés coauthors. (The median, as opposed to the mean, of
this statistic is only 3, however. Its standard deviation is about 6, and it takes values over
30 in four cases—Ron Graham, Frank Harary, Vojtéch Rodl, and Joel Spencer). There
are only 40 isolated vertices in E; (less than 9%), and three components with two vertices
each. The remaining 412 vertices in E; induce a connected subgraph. Paul’s style seems
to rub off.

Looking at it more broadly, we find that people with Erdés number 1 have a mean of 20
other collaborators (median 15, standard deviation 22), and only six of them collaborated
with no one except Erdés. Five of them have over 100 coauthors (Frank Harary, Saharon
Shelah, Ron Graham, Noga Alon, and Dan Kleitman).

Another 4546 people have felt Paul’s influence second-hand—by doing joint research
with one of the honored 458. Three quarters of the people with Erdés number 2 have only
one coauthor with Erdés number 1 (i.e., each such person has a unique path of length 2 to
Erd6s in C'). However, their mean number of Erdés number 1 coauthors is 1.5 (standard
deviation 1.2), and the count ranges as high as 13 (for Dwight Duffus and Linda Lesniak).

The accompanying bibliography lists about 1400 papers, and it is probably incomplete,
especially with regard to recent works. Most of the papers published since 1939 appear
in the Mathematical Reviews database. Reviews of Paul Erdés’s papers appear in every
volume that MR has published, including a review of a joint paper with Tibor Gallai on
page 1 of volume 1, written by George Pdlya. It is interesting to note that the second most
prolific writer in the MR database is Leonard Carlitz, with about 735 items. Carlitz has
Erd6s number 2 (via seven different coauthors) and has written the MR review of several
of Paul’s papers. In all, nearly 500 different people have reviewed Erdds’s papers for MR.
Paul writes for MR as well and to date has over 700 reviews to his credit.

Readers with additions or corrections to any of the information in this article, the
accompanying bibliography, or the current coauthor lists are urged to communicate with
the author.
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