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Abstract

Positive linear programs (LP), also known as packing and covering linear programs, are an
important class of problems that bridges computer science, operation research, and optimization.
Efficient algorithms for solving such LPs have received significant attention in the past 20
years [LN93, PST95, BBR97, You01l, Nem04, BI04, BBR04, Nes05, CE05, AK08, Nes08, AHK12,
KY13, Youl4, AO15]. Unfortunately, all known nearly-linear time algorithms for producing
(1 + e)-approximate solutions to positive LPs have a running time dependence that is at least
proportional to e~2. This is also known as an O(1/v/T) convergence rate and is particularly
poor in many applications.

In this paper, we leverage insights from optimization theory to break this longstanding
barrier. Our algorithms solve the packing LP in time O(Ne~!) and the covering LP in time
9] (Ne~1%). At high level, they can be described as linear couplings of several first-order descent
steps. This is the first application of our linear coupling technique (see [AO14]) to problems that
are not amenable to blackbox applications known iterative algorithms in convex optimization.
Our work also introduces a sequence of new techniques, including the stochastic and the non-
symmetric execution of gradient truncation operations, which may be of independent interest.
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1 Introduction

A generic packing linear program (LP) takes the form max{clz : Ax < b} where ¢ € R%,, b € R,
and A € RZ;"; similarly, a generic covering LP can be written as min{bTy : ATy > c}, with the
same requirements on A, b, and ¢. We denote by N the number of non-zero elements in matrix A.
They are also known as positive LPs as originally studied by Luby and Nisan [LN93].

We assume without loss of generality that the LP is in its standard form: b =1 and ¢ = 1.

Packing LP: max;>o{17z : Az <1} , (1.1)
Covering LP: ming>o{17y : ATy >1} . (1.2)

Since the two programs are dual to each other, we denote by OPT their shared optimal value. We
say that x is a (1 — €)-approximation for the packing LP if Az <1 and 17z > (1 — ¢)OPT, and y
a (1 + e)-approximation for the covering LP if ATy > 1 and 17y < (1 4+ ¢)OPT.

Of course, it is possible to adopt the general Interior Point or Ellipsoid Methods to obtain
approximate solvers with a log(1/¢) dependence on the number of iterations. However, the com-
putational cost of such algorithms is typically very high, as each iteration requires the solution
of a system of linear equations in AT A. As a consequence, this approach is simply not suitable
to the solution of large-scale problems. To address this issue, researchers have developed iterative
approximate solvers that achieve a better dependence on the problem size (e.g., nearly-linear time
N) at the cost of having a poly(1/¢) dependence on the approximation parameter e.

Fast approximate packing and covering LP solvers have been widely used in approximation algo-
rithms (e.g., MINSETCOVER |[LN93], MAXSET, MAXD1CuT, MAX-k-CSP [Tre98|, bipartite match-
ing), probabilistic checkable proofs [Tre98], zero-sum matrix games [Nes05|, scheduling [PST95],
graph embedding [PST95], flow controls [BBR97, BBR04], auction mechanisms [ZNO01], wireless
sensor networks [BN0O], and many other areas. In addition, techniques developed in this line of
research have also inspired many other important results, most notably regarding fast algorithms
for multi-commodity flow problems [PST95, Fle00, GK07, Mad10, AKR12].

Previous approximate solvers can be further divided into two classes (see Table 1).

Width-Dependent Solvers. These algorithms! require a running time that is at least N mul-
tiplied with p - OPT, where p is the largest entry, i.e. the width, of matrix A. Since OPT > 1/p,
this value p - OPT is at least 1. However, since OPT can easily be as large as 1 or even more
than n, this resulting running time is not polynomial, but only pseudo-polynomial. More precisely,
packing and covering LPs can be solved in O(Wﬂ) time [PST95], or O(JV"OZ%) time
using negative-width techniques [AHK12]. These algorithms strongly rely on multiplicative weight
updates and only require “oracle-access” to the matrix A.

When A is given explicitly like in this paper, the number of iterations can be reduced to
O(%) by deploying more advanced optimization tools such as Nesterov’s accelerated gradi-
ent method [Nes05], or Nemirovski’s mirror prox method [Nem04]. Bienstock and Iyengar [BI04]
have converted this dependence on pOPT into a more benign, yet linear dependence on n. More
specifically, their running time is O(¢~*Ny/Knlogm) where K is the maximum number of non-
zeros per row of A. This is O(e "' Nny/logm) in the worst case. The results of [Nes08, CE05] have
improved this convergence rate (for packing LP only) to 6(5_1]\7 v/n), but at a cost of enduring an

O(Nn)-time preprocessing stage.

Note that most width-dependent solvers are studied under the minmax form of positive LPs, whose optimal value
equals 1/OPT. Their approximation guarantees are often written in terms of additive error. We have translated their
performances to multiplicative error for a fair comparison.

2d is the maximum number of constraints each variable is in; md may be larger than N.



Paper Running Time Width Independent?
[PST95] O(N x £2OPT logm) no
|AHK12] O(N x £9PTjoam) no
[Nes05, Nem04] O(N x ”OPTIQg £OPTlogm) no
[BI0A] O(N x JEnlogm VEnlozmy no
[Nes08, CE05): packing LP | O(N x (n —l— )) no
I Yt oy x|
[YouO1] O((md+ N) x M) 2 yes
IBBR97, BBROA| O(nm x &) yes
[Youl4] O(N x logN) yes
IKY13) O(N + (n+m) x &) yes
[this paper]: packing LP | O(N X %) yes
[this paper]: covering LP | O(N x bg]\gic_);gﬁ) yes

Table 1: Comparisons among iterative approximate solvers for packing and covering LPs.

Width-Independent Solvers. In this paper, we are interested in a second, more efficient class
of methods, i.e. width-independent,” truly polynomial-time approximate solvers (see Table 1).

This line of research was initiated by a seminal paper of Luby and Nisan [LN93|, who gave an
Nlog? N
84

algorithm running in O( ) time with no dependance on p. This is the first nearly-linear-time
approximate solver for solving packing and covering LPs, and also the first to run in parallel in
nearly-linear-work and polylogarithmic depth.

The parallel algorithm of Luby and Nisan was extended by a sequence of works [BBR97, You01,
AKO08, AO15]s. Most notably, the algorithm of the same authors of this paper [AO15| runs in

O(log N) iterations, each costing a matrix-vector multiplication operation that can be implemented
in O( ) total work and logarithmic depth.

The ideas of Luby and Nisan also led to sequential width-independent solvers for packing and
covering LPs [You0l, BBR04, Youl4, KY13|. Most notably, the algorithm of Koufogiannakis and
Young [KY13] runs in time O(N + 1°§2N X (n +m)). Despite the amount of work in this area,
the O(1/2) convergence rate has not been improved since 1997. On a separate note, Klein and
Young [KY99] have shown that essentially any Dantzig-Wolfe type algorithm has to pay for a
O(1/¢?) convergence rate. This lack of progress constitutes a significant limitation, as the e~2-
dependence on the approximation parameter ¢ is particularly pour. This e~2? dependence is also
known as the O(1/+v/T) convergence rate in the optimization language, because the error decreases
only at the rate € o< 1/v/T.

1.1 Owur Results

Packing LP Solver. We present an algorithm PacLPSolver that can be implemented to run in

O(w]\f ) total time. This gives the first nearly-linear time solver for packing LP whose

3Some of these solvers may still have a polylog(p) dependence. Since each occurrence of log(p) can typically
be replaced with log(nm) after slightly modifying the instance matrix A, we have done so in Table 1 for a fair
comparisons.



running time has an e~ '-dependence; this running time is also known as the 6(1 /T') convergence
rate in the optimization literature. No nearly-linear time algorithm has achieved any convergence
rate that is faster than O(1/+v/T) before our work (see Table 1).

Interestingly, the maximum (weighted) bipartite matching is just one instance of a packing LP.
Therefore, our algorithm yields an O(me~1) approximate algorithm and an O(m./n) exact algo-
rithm? that arise purely from optimization for bipartite matching, without the use of any dynamic
trees. This matches the best known combinatorial algorithms for maximum weighted bipartite
matching. Any further improvement over the dependence on !
matching algorithm that runs in time m - 0(y/n), which may require very significantly different
ideas.

Our algorithms optimizes a relaxation of the original packing LP, where the hard constraint
Az <1 is replaced by an exponential penalty function for violating the constraint. In other words,
we reduce the problem of approximately solving packing LP into approximately minimizing some
function f,(x) over the positive orthant > 0 —see (2.3). This interpretation of the solution
of packing and covering linear programs was recently suggested by the same authors of this pa-
per [AO15]. However, the techniques in our previous work [AO15] only lead to very slow sequential
solvers (see Table 1). Furthermore, to the best of our knowledge, our objective f,(x) cannot be
turned into any class of smooth functions, and therefore traditional accelerated gradient methods
such as [Nes83, Nes05] no longer apply. We thus need fundamentally new ideas.

Our proposed algorithm is an iterative first-order method, and has a flavor of “stochastic co-
ordinate descent” (cf. [ST11, FR13|). Suppose that we are given point x > 0 at some iteration,
and observe the gradient Vf(x) € [—1,00)". Then, we randomly pick a coordinate i € [m], and
focus only on the coordinate gradient V;f(x) € [—1,00). (In fact, we do not even need to compute
Vif(x) for £ # i, thus ensuring that each iteration can be implemented very efficiently.)

We divide V;f(z) = n+ &, where n € [0,00) is the large component, and £ € [—1,1] is the
small (and truncated) component. This gradient-truncation technique was developed in our prior
work [AO15], but has never been applied to coordinate gradient.

We perform essentially three coordinate descent steps.

would result in a maximum

e A gradient (descent) step with respect to 7, guaranteeing a large decrement on the objective.
o A mirror (descent) step and a gradient (descent) step, both with respect to &.

Both gradient and mirror descent are well-known tools from optimization (see for instance [Nes04,
BN13], and for starters, mirror descent is a generalization of multiplicative weight updates).® Mo-
tivated by the linear coupling technique developed in [AO14], we combine the analysis of the above
three descent steps for a faster algorithm.

To push through the idea sketched above, we also develop two independent techniques. The
redundant-constraint technique imposes an additional box constraint; it requires each x; to be upper
bounded by a carefully chosen constant ¢;. While this constraint x; < ¢; is provably redundant from
the viewpoint of minimizing f,(x), it is surprisingly crucial for our linear coupling to work. Our
gradient-mairror scaling technique restricts our attention to a special type of gradient step, which
is always a constant factor of the mirror step. Our two techniques together play an important role
in enabling the three descent steps mentioned above to be effectively coupled.

Covering LP Solver. Unlike our most relevant prior work [AO15], it is not clear how one can
extract an (approximate) covering LP solution from the packing LP solver mentioned above. There

1t is not hard to turn an O(me ™) approximate algorithm into an O(m+/n) algorithm, see for instance [DP14].

5Tt is important to note here that we have generalized the notion of “gradient descent” to indicate any descent
step that is guaranteed to decrease the objective. This is in contrast to mirror descent, which is a “dual approach”
that does not necessarily decrease the objective at any iteration, but minimizes the so-called regularized regret.



are at least two main issues behind this difficulty. Firstly, the dual guarantee naturally arising from
PacLPSolver is on the history of the full gradients V f(x), rather than the randomly selected
coordinate gradients V; f(zr), over all iterations k. As we mentioned earlier, it is computationally
heavy to compute full gradients. Secondly, even if the dual guarantee is on the coordinate gradients
V.if(z), it is not clear how one can compute them efficiently in only nearly-linear time.

We therefore are forced to design a new algorithm CovLPSolver that works directly for covering
LP. On one hand, this new algorithm relies on similar idea that are present in PacLPSolver: the
linear coupling of gradient and mirror steps and the gradient truncation. On the other hand, we
need a different version of the redundant-constraint technique (over a simplex constraint), as well
as a negative-width technique.

Our CovLPSolver can be implemented to run in O(W%N) total time. This gives
the first nearly-linear time solver for covering LP whose running time has a faster dependence than
£=2 (or equivalently, the first one whose convergence rate is faster than O(1/v/T)).

Leveraging the Optimization Viewpoint. Our optimization approach to solving packing and
covering LPs is yet another example on designing algorithms based on insights from optimization.
Before our work, the updates on z for all sequential algorithms were combinatorial in flavor. For
instance, the algorithm of Young [You01| updates each coordinate of x; in a maximally aggressive
way, so that one of the constraints becomes tight. The optimization interpretation behind our two
algorithms allows us to use more general steps and facilitates the analysis of the algorithm.

1.2 Roadmap

We transfer the packing LP problem into an optimization question in Section 2, and provide our
packing LP solver in Section 3. We sketch the main ideas needed for our covering LP solver
in Section 4, and defer the technical details to the appendix. Note that our PacLPSolver and
CovLPSolver are stated in an implicit optimization language, and their (efficient) implementation
details will be addressed in Appendix F and Appendix G.

2 Relaxation of the Packing Linear Program

Recall that, for input matrix 4 € RZ;", the packing LP in its standard form is max,>o{17z : Az <
1}. Let us denote by OPT the optimal value of this linear program, and z* any optimal solution.
We say that x is a (1 — €)-approximation for the packing LP if Az <1 and 172 > (1 — £)OPT.
Throughout this paper, we use the indices ¢ € [n] to denote the columns of A, and the indices
J € [m] to denote the rows of A. We let A.; be the i-th column vector of A, and A;. the j-th row

vector of A. Given any vector x, we denote by |lz||4 = \/Zie[n] z? - || Aiillo the A-norm of .

By scaling the matrix A and the optimum value, we can assume without loss of generality that
min{|| Aslloc} =1 . (2.1)
i€[n]

We can now restrict the range of values x and OPT can take. The following is proved in Appendix A.
Fact 2.1. Define the bounding box A < {z eR" : z; € [0, m]} Under assumption (2.1), we
have OPT € [1,n] and {z : 2 > 0N Az <1} C A.

This bounding-box constraint allows us to optimize over a bounded set for x.

Smoothed Objective. We now introduce the smoothed objective f,,(x) that we minimize over
A in order to approximately solve the packing LP. This objective f,(z) turns each row of the non-
smooth LP constraint Ax < 1 into an exponential penalty function so that we only need to require
x € A throughout the algorithm. More formally, the packing LP can be written as the following



minimizaton problem by introducing the Lagrangian variable y € R™:
. T T T
min -1z + r;lgéc{y Az — 17y} . (2.2)

The problem can be now smoothened by introducing a strongly concave regularizer over y > 0.

This is regularizer is usually taken to be the entropy function over all possible y > 0 satisfying
17y = 1, which yields the width-independent solvers in for instance [Nes05] and [Nem04|, and is
closely related to that of the multiplicative weight update in [AHK12].

In this paper, we take this regularizer to be the generalized entropy H (y) = — Z;”:l y;logy; +y;
over the first orthant y > 0, and minimize the following smoothened objective f,(z) over x € A:

fulz) = —1T2 + r;lgéc{yTAx — 17y —i—M} . (2.3)

Above, © > 0 is some smoothing parameter to be chosen later. By explicitly computing the
maximization over y > 0, f,(x) can be rewritten as

Lemma 2.2. f,(z) = 3 7, exp%((Ax)j_l) —17z .

We wish to study the minimization problem on f,(x) over x € A. Intuitively f,(x) captures
the original packing LP (1.1) as follows. Firstly, since we want to maximize 17z, the negative
term —172 shows up in fu(x). Secondly, if a packing constraint j € [m] is violated by ¢, that is,
(Az); > 1+ ¢, the exponential penalty in f,(x) introduces a penalty at least exp®/#; this will be
a large penalty if u < O(g/logn). Notice that this smoothed objective also appeared in previous
works [AO15], albeit without this smoothening interpretation and without the constraint = € A.

The regularization of Lemma 2.2 will give us both some smoothness properties for f,(z), dis-
cussed in Lemma 2.6, and a regularization error, as we are now solving an objective different from
our original packing LP. This error is quantified in the following lemma for our choice of u. This
follows a similar treatment in a previous paper of the authors [AO15] and is proved in Appendix A.

Proposition 2.3. Let = and z* be an optimal solution for the packing LP (1.1). Then:

4log(fLm/E)

(a) fu(u*) < —(1—-¢)OPT for u* (1 —¢e/2)a* € A.

(b) fu(x) > —(1+¢)OPT for every x € A.

(c¢) If x € A satisfies f,(x) < —(1 —O(g))OPT, then 1—}rsm is a (1 — O(g))-approximate solution
to the packing LP.

In short, they together imply that the minimum of f,(z) is around —OPT, and if one can
approximately find the minimum of f,(z), up to a multiplicative error 1 4 O(¢), this corresponds
to a (1 — O(¢e))-approximate solution to the packing LP (1.1).

Remark 2.4. We emphasize that our constraint x; < m 1s essentially redundant from the
viewpoint of minimizing fu(x): whenever x > 0 and f,(x) < 0, one should automatically have
z; < ”j% However, this redundant constraint shall become very crucial at the point we analyze
the mirror-descent component our algorithm; after all, mirror descent steps do mot mecessarily
decrease the objective, and thus may not guarantee f,(x) < 0.

Smoothness properties. Thanks to the smoothing of Lemma 2.2 and the choice of regularizer,
our objective f,(z) enjoys a number of good smoothness properties. First, it is differentiable and
the gradient is easy to compute:

Fact 2.5. Vf,(z) = Alp(z) =1 where pj(z) S exp%((Ax)j_l).

Second, f, () enjoys two kinds of coordinate-wise smoothness properties in different regimes.
These will be extremely useful in applying gradient descent arguments in Section 3.2, and are the



Algorithm 1 PacLPSolver(A, 25" ¢)
Input: A € RT™, 252" € A e € (0,1/10].
Output: x € A.

1: M(—W,L(—%,T(—ﬁ and ao%%. > parameters
2: T + [3nLlog(1/e)] = O(n - w). > number of iterations
3: Xo = Yo < xStart, zg < 0.
4: for K+ 1to T do
5: ap < ﬁ Of—1
6: X < TZp—1 + (1 — 7)yg—1.
7 Randomly select ¢ € [n] uniformly at random.
8: Define the vector f,(;) to be all-zero except at coordinate i, where it equals TP(V; f,,(xx)).
9: z) < zg) < argmin,p {31z =z |4 + (nozkél(j), z)}. > See Proposition 3.6
i) def 1 3

10: Vi < yl(;) = Xk + m(zg) — Zk:—l)-

11: end for

12: return yr.

main motivation for us to adopt the || - |4 norm for our proposed algorithms. The proof appears

in Appendix A and it is a simple manipulation of the Hessian.

Lemma 2.6. Define the smoothness parameter L o %. Then, for every x € A, and every i € [n]:
(a) If [Vifu(x)| < 1, then for all A < L||A1:i||oo’ we have ‘Vifu(x—l-)\ei)—vifu(xﬂ < L||Asilloco - |A] -

(b) If |Vifu(x)| > 1, then for all X < m, we have V; f,(z+Xe;) > (1_W’)\|)vifu($) .

The first property is the same as the traditional (coordinate) Lipschitz-smoothness property, i.e.
the Lipschitz continuity of the (coordinate) gradient V;f(z), but holds only conditionally and not
for all x > 0. The second property is a salient characteristic of this work and requires the positivity
of A. It can be seen as a formalization of the “multiplicative Lipschitz” property used in our
previous work [AO15].

Initialization. Iterative methods require the choice of a good starting point. We have

Fact 2.7. Defining a5 < ni;\i/\\io for for each i € [n], we have 252" € A and f,(z5) < —L=<.

3 Packing LP Solver

To describe our algorithm, we first make the following choice of thresholding function

Definition 3.1. The thresholding function TP: [—1,00) — [—1,1] is defined as follows

def v, V€ _1,17
Tp(”):{l v>[1. |

Our algorithm PacLPSolver starts with some initial vector xg = yp = 2™ (introduced in Fact 2.7)
and zg = 0, and is divided into T iterations. In each iteration, we start by computing a weighted
midpoint x; < 7z;_1 + (1 — 7)yg_1 for some parameter 7 € (0,1), and then proceed to compute yy
and z; as follows.
e Select i € [n] uniformly at random, and let §,(;) = (0,...,0,TP(v),0,...,0) be the vector that is
1 _
only non-zero at coordinate i, where v = V; f,(x) = >0, Aj; expﬁ((‘qx’“)J V_1e [—1,00).
e Perform a mirror (descent) step zj zg) < argming {3z — ze1||4 + (nakf,(f),z)} for
some parameter oy < 1/n to be chosen later.



e Perform a gradient (descent) step yi < y,(f) =+ nalkL(Z,(j) —Zj_1).

Above, the reason that the the two steps on y; and z; are named after “gradient step” and “mirror
step” will become clear in the follow-up sections. We use the superscript ) on fi(i), y,Ef) and z,(j) to
emphasize that the value depends on the choice of i. We have used generic parameters 7, ay, T in
the above description and their precise values are presented in Algorithm 1. ©

For readers familiar with optimization tools, the above triple sequence {xg, y, zx } 1 is reminiscent
of Nesterov’s accelerated gradient method [Nes05]. However, our algorithm is not an instance of any
variant of the known accelerated gradient method. (This is so because, for instance, our objective
fu(x) is not globally Lipschitz smooth.)

In fact, our algorithm PacLPSolver is strongly motivated by our linear-coupling technique
introduced in [AO14], a technique that allows one to linearly combine gradient and mirror steps
for a better performance. This linear coupling requires one to use a triple sequence {xy, Yx, Zx } k-

We emphasize here that our iterates xg, yx, zi never leave the bounding box A:

Lemma 3.2. We have x,yi,zr € A for all k=0,1,...,T.

The proof of Lemma 3.2 is deferred to Appendix B, and crucially relies on the fact that our

gradient and mirror steps are multiples of each other: y,(;) — X = —t (z,(;) —zx—1). The key idea

nay L
of this lemma was also known by Fercoq and Richtarik [FR13]. "

We shall also prove in Section F that

Lemma 3.3. Each iteration of PacLPSolver can be implemented to run in expected O(N/n) time.

The key idea used in the implementation is to compute x; and y; only implicitly. For instance,
explicitly maintaining x; and computing p(xy) require O(N) time per iteration, but representing
X implicitly as a linear combination of two less-frequently-modified vectors reduces it to O(N/n).

In this section, we shall prove the following theorem in three steps.

Theorem 3.4. PacLPSolver(A, 25" ¢) outputs some yr satisfying E[f,(yr)] < —(1 — 3¢)OPT.

3.1 Step 1: Mirror Descent Guarantee

Since our update z,(ci) =argmin e {5z —zs_1 |4 + (nakf,(:), z)} —see Line 9 of PacLPSolver— is
written in the form of a mirror descent step from optimization, the following inequality is a classical

upper bound on the “regret” of mirror descent. Its proof can be found in Appendix B.

Lemma 3.5. <nak§,(€i),zk_1 —u) <n?ail- <§,(:),xk - y,(:)> + 3llzk—1 —ull} — %Hz,(;) —ul .

Although defined in a variational way, it is perhaps beneficial to explicitly describe how to
implement this mirror step. Its proof is straightforward but can be found in Appendix B.

Proposition 3.6. If z,_y € A, the minimizer z = argmin,cp {3z — zx_1||3 + (6ei, 2)} for any
scalar 6 € R and basis vector e; can be computed as follows:

1. 24z 1.

2.z zj — 6/”141”00

3. If z; <0, then z; < 0; if z; > 1/|| Auilloo, 2zi < 1/||Asi]|oo-

4. Return z.

As a simple corollary, we have the following fact

5We encourage the readers to ignore their specific values for now. Our specific choices of the parameters shall
become clearer and natural at the end of this section, and be discussed whenever they are used.



. (4) . . (k)
(i) | nakl§l () G 1 0) , (9% 1
Fact 3.7. We have |zk7i—zk_1,l| < Tl and |ykﬂ.—xk7z| = nakL|Zk,i_Zk—1ﬂ| < A Hoo < A=

3.2 Step 2: Gradient Descent Guarantee
We call our update rule y,(ci) — Xg + ﬁ(zg) —2zj_1) a gradient descent step, because the following
lemma guarantees fﬂ(yg)) < fu(xg), that is, the objective only decreases; moreover, the objective

decreases at least by %<vfu(xk) Xg — y,(:)>'

Lemma 3.8. We have f,(xi)— fu(yk ) > 3V fu(xn), x5 — y,@) In particular this implies f,,(xi) >

fu(yg)) because V; fu(xi) and xj; — y,(q) have the same sign, while x, ¢ = yke for £ # 1.

Proof. Note that y,(j) = x + Ae; for some step length A such that |A| < m according to
Fact 3.7. We first prove this lemma in the case of V;f,,(x;) € [—1, 1] so that ‘51(;2 = Vi fu(xi).

. A
i) = Fu") = £uo) = Fubo+ D) = = [ (Tufuloes + xei) )y

® L[A:il oo

A
2 [ (= afulon) = Eldle - ) = =Vt - - e
> L] Aillos € i
>_Vif“<x’“)'“"”2”"A"Luff I AR

Above, @ uses Lemma 2.6.a, and @ uses Fact 3.7.
Next, we turn to the case of V;f,(xz) > 1.

Fulk) = Fu) = Fulxi) = fulxi + Aei) = / Vi fu(xk + xei)dx

Ve

A
[ (-t oo dx>/ L9 = (V030 L)
0

Above, @ uses Lemma 2.6.b and @ uses |x| < |A| < 74 [

3.3 Step 3: Putting All Together
In the following, we denote by n,(j)

satisfies n Vifu(xg ) e 0,00). In other words, the full gradient
fies ny') = Vifu(x) — &) € [0, 00) h ds, the full gradi
V() = BilnVify ()] = Bilnny + nég)
(4)

can be (in expectation) decomposed into the a large but non-negative component 7, € [0,00)" and

€ RY, the vector that is only non-zero at coordinate ¢, and

a small component 5,(:) € [—1,1]™. Recall that n,(f) is the part of the gradient that was truncated,
and did not contribute to the mirror step (see Line 9 of PacLPSolver). Next, for any u € A, we
can use a basic convexity argument and the mirror descent lemma to compute that

ak(fu (i) = fu(w) < (onVfulxw), xi — )
= <Oékau(Xk),Xk - Zk_1> + <Oékau(Xk),Zk_1 - u>
= (o V fulx), % — zk—1) + E; [<nakng), Zj—1 —u) + <nak§,£i),zk_1 — u>]
(1 —7)oy
—

(1—7)ay

e

(V fuk), Y1 — xi) + B4 [(nakn,(f), Zj_1 —u) + <nak£,5f),z;c_1 - u>} (3.1)

(Fulyr—1) = fu(xk))

IN®



i i i 1 1.
+ Ez[ <nak77](€),zk_1 — u> + n2azL- <§,(€),xk — y,(c)> ‘—I— §||zk_1 — UHZ — §||z§€) — u”i (3.2)

Above, @ is because xi, = 721 + (1 — 7)yx—1, which implies that 7(xx —zx—1) = (1 —7)(yr—1 — X)-
@ uses convexity and Lemma 3.5. This above computation is motivated by [AO14], and as we shall
see below, it allows one to linearly couple gradient and mirror steps.
Intuitively, the first (non-negative) term in the box of (3.2) is the loss introduced by the large
(%)

gradient 7,”. This part was truncated so did not contribute to the mirror step. The second

(non-negative) term in the box is the loss introduced by mirror descent on the small gradient f,(;).

Now comes an important observation. As shown by Lemma 3.9 below, the performance of the
gradient step —that is, the objective decrease of f,,(x;) — fu(y,(;))— is at least proportional to the
loss incurred in the box.

Lemma 3.9. <nakn,(:),zk,1 — u> + nzaiL . <§](:),xk — y,(j)> < 3noyL - (fu(xk) — f#(y,(j))) )

Since the proof of the above lemma is a careful case analysis and several simple applications of
Lemma 3.8, we defer it to Appendix B. We make two important remarks.

e First, Lemma 3.9 is why we stated in the introduction that our PacLPSolver incorporates two
gradient steps: one with respect to n,(j) and one with respect to f,(j). We have intentionally
forced the two steps to be identical, in order to present our algorithm more cleanly.”

e Second, to properly upper bound <nakn,(:),zk_1 — u), one needs to have some good upper
bound the coordinates of z;_1. This is exactly the place we need our redundant-constraint
technique, which guarantees that each z;_q; < m

Plugging the above lemma into (3.2), we have

auk (k) = Fu(w)) < (' V fu(xe), x6 — u)

O (1-7) i 1 1

< B (g ) — Fu) + B [Bnon - () — £y + Sllzics — il — &z — ull3]
3af( )+ (3nouw L — |- NI —alz = Yz — i

< nfulxk) + (8nowl — an) fulyior) + Bi = 3L fu07) + Gllzes —ullh - Sz —ul3] . (33)

Above, @ is because we have chosen «ay, so that nay < nar = 5% < %; and @ is because we have

chosen 7 to satisfy % = 3nL.
Next, recall that we have picked oy, so that (3nL—1)ay = 3nL-ag—1 in Algorithm 1. Telescoping
(3.3) for k=1,...,T and choosing u* = (1 — £/2)z*, we have
=Y hm1 @ fu(w?) < 3fu(yo) — 3narL - E[fu(yr)] + llzo — w*|[4 < —=3narL - E[fu(yr)] + OPT .
Here, the second inequality is due to fu(yo) = fu(2*") < 0 from Fact 2.7, and the fact that

llzo — w5 = lu % = X7y (uf)? - | Aiilloo < 300y (21)% - [ Asilloo < 325, @f = OPT .
Finally, using the fact that Zk:l ap = arp - Zk:_O (1 — ﬁ) = 3naTL(1 —(1— ﬁ)T), we

rearrange and obtain that

Zk k 1

PT = 1-—

Choosing T' = [3nL log(l/eﬂ so that WTL =(1-37)7" <e Comblnlng this with the fact that
fu(u*) < —(1 —¢)OPT < 0 (see Proposition 2.3.a), we obtain

Ef.(yr)] < (1 —¢)fu(u*)+¢/3-OPT < —(1 —3¢)OPT .
Therefore, we have finished proving Theorem 3.4. O]

OPT .

"One can in fact separate the two gradient steps as xx — yx and xx — y}, but that will make the algorithm
description only more involved.



It is now straightforward (but anyways proved in Appendix B) to use Markov inequality to turn
the expected guarantee in Theorem 3.4 into a probabilistic one:

Corollary 3.10. With probability at least 9/10, PacLPSolver(A, 252" &) outputs a (1—O(g)) ap-
log(nm/e)log(1/¢) N) )

prozimate solution to the packing LP program. The expected running time is O( ~

4 Sketching the Main Ideas for Our Covering LP Solver

For the reasons stated in the introduction, we are forced to build a covering LP solver from scratch,
rather than implicitly from PacLPSolver. We begin with a similar relaxation of the covering
LP (1.2). That is, we show in Appendix C that it suffices to minimize

Fule) & T exp =490 47,

over all x > 0. For technical reasons, this objective is much harder to work with than that of (2.3),

because its gradient V f,(z) € (—oo, 1]" may be very negative. (This is why our prior work [AO15]
intentionally avoided to solve covering LP directly.)

This time, we again pick a random coordinate i € [n]| at each iteration, and then decompose

Vif(xk) = € +n. Quite different from PacLPSolver, we define n € (—o0,0] to be the (negative)

large gradient component, and £ € [—+/¢, 1] to be the small gradient component. Our main idea is
to perform

e a gradient (descent) step with respect to 7, and
e a mirror (descent) step with respect to &.

Note that we have intentionally truncated the gradient V;f(x;) at (negative) /e, rather than at
1 as in PacLPSolver. This is so because, as it is much harder to deal with negative gradients in
the covering LP case, we cannot perform both a mirror and a gradient step anymore on the small
component £, as it was in PacLPSolver; instead, we can only perform a single mirror step on &.
If £ were between —1 and 1, and even if 7 were always zero, classical theory of mirror descent (or
multiplicative weight update) could only imply that the mirror step converges at a rate of oc €72,
Instead, we discover that if we truncate the gradient to £ € [—+/g, 1], a negative-width technique
allows us to improve this convergence from =2 to e 1. This is the first time that this gradient
truncation technique is performed non-symmetrically.®

Due to this weaker truncation at —,/¢ instead of —1, our gradient step enjoys a convergence
rate that is only oc €71, matching that of the mirror step. This is precisely why we truncate the
gradient at /¢, as it provides the best truncation tradeoff between gradient and mirror descent.

It is perhaps worth mentioning that our gradient step is equipped with an novel analysis quite
different from its classical counterpart in optimization theory. Traditionally, given convex function
g(x), the convergence analysis only uses the simple upper bound g(z) — g(z*) < (Vg(x),z — 2*) on
the objective distance to optimum. If g(x) = e~ is a univariate function, z = —1, and z* = —100,
this upper bound becomes e ! ~ e~ — 7190 < ¢=1. 99, which is too weak to be used. This is the
place we need to use a distance-adjustment technique, which will effectively improve the distance
estimation to the optimum.

The detailed description and the analysis of our CovLPSolver can be found in Appendix D.

81t is perhaps interesting to point out that this negative-width technique is already reused into a separate paper
of ours on spectral sparsification [ALO14].
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APPENDIX

A Missing Proofs for Section 2

Fact 2.1. Define the bounding box A <= {x € R" : z; € [0, m]} Under assumption (2.1), we
have OPT € [1,n] and {z : x> 0A Az <1} C A.

Proof. Suppose that i* is the column that achieves the smallest infinite norm || A.;||~ over all
columns. Letting x be such that z; = 1 at ¢ = ¢* and z; = 0 elsewhere, we have obtained a feasible
solution for the packing LP (1.1), owing to our choice of min;cpy{|[A:llcc} = 1 in (2.1). This
feasible = gives an objective 172 = 1, showing that OPT > 1.

On the other hand, for any solutlon r € RY, satisfying Az <1, we must have z; < m for

each i. Therefore, 172 <}, A= ” < n, showing that OPT < n.
The inclusion {z : = > 0 A Az < 1} C A is obvious, since if z; > m for some 4, that must
violate the constraint Az < 1. L]

Proposition 2.3. Let = and z* be an optimal solution for the packing LP (1.1). Then:

4log(2m/s)

(a) fu(u*) < —(1—-¢)OPT for u* (1 —¢e/2)a* € A.

(b) fu(x) > —(1+¢)OPT for every x € A.

(c¢) If x € A satisfies f,(x) < —(1 —O(g))OPT, then %_FECL' is a (1 — O(g))-approzimate solution
to the packing LP.

Proof.

(a) We have 17u* = (1 —¢/2)OPT by the definition of OPT. Also, from the feasibility constraint
Ax* <1 in the packing LP, we have Au* —1 < —¢/2-1, and can compute f,(u*) as follows:

—E

= uZexpi((A"*) DTy < uZexp n —(1—¢/2)0OPT

—(1-¢/2)0OPT < —(1—¢)OPT .

(b) Suppose towards contradiction that f,(z) < —(1 +&)OPT. Since f,(x) > —1Tx, it must
satisfy that 172 > (1 + &)OPT. Suppose that 17z = (1 + v)OPT for some v > e. By the
definition of OPT, we must have that Ax < (1 4+ v)1 is broken, and therefore there exists
some j € [m] satisfying that (Az); > 1+ v. In such a case, the objective

. /b (140)OPT — &
) 2 pexp? M —(140)0PT = o ((

giving a contradiction to the assumption that f,(x) < 0.

nm
9

(c) Suppose z satisfies f,(xz) < —(1 — O(e))OPT < 0 and we first want to show Az < (14 ¢)1.
Let us assume that v = max;((Ax); — 1) > 0 because otherwise we will have Az < 1. Under
this definition, we have Az < (14 v)1 and therefore 17z < (1 + v)OPT by the definition of
OPT. We compute f,(z) as follows.

n nm

?)4)1}/6 (1+v)n 410;(7”71)08)4)”/8—(14-1))71

It is easy to see that the above quantity is positive whenever v > ¢, and therefore, to satisfy
fu(xz) <0 we must have v < €, which is equivalent to Az < (1+¢)1.

fulz) > uexpﬁ —(14v)OPT > u((

11
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Next, because —17z < f,(z) < —(1 — O(¢))OPT, we know that = yields an objective 17z >
(1 — O(e))OPT. Letting o’ = 1—J1r€x we both have that 2’ is feasible (i.e., Az’ < 1), and 2’

has an objective 172" at least as large as (1 — O(¢))OPT. [

Lemma 2.6. Define the smoothness parameter L o %. Then, for every x € A, and every i € [n]:
(a) If Vifu(x)| <1, then for all X < gz
Vifu(z + Aei) = Vifu(2)] < Ll Auilloo - [A] -
(b) If |Vifu(z)| > 1, then for all A < 44

Asilloo
Vit 2e) > (1- 1A=l g )
Proof of Lemma 2.6. Using the fact that V-f“( ) > —1 for all x, we have:
o Vfu(:n—l—)\eZ —|—1 ‘/ T + ve;) ’/ Aleag{p +Vei)}A)iidu
& Vifu(z Vf#x+vez+l Tp(x +ve;))s
All [e.e] AZZ [e.e]
Ml Pty

The last equality holds as L = %. This immediately implies the following multiplicative bound:
o Mook |y < Vifulr + Xe;) +1 < o Malool
Vifu (x)+1

By our assumption on A, we know that W\)\\ < i, so that we can use the approximation

r<e®—1<1.2x over x € [—i, %] This yields the simpler bound:

4 Vifulz) +1 4
Now we are ready to prove the two points of the lemma.
(a) Assuming that V;f,(z) € (—1,1], we have:
Ailloc L
Vil de) — Vifu()] < 24 Pl panpy

(b) Assuming V;f,(z) > 1, we have

[[Ailloo L IIOO

Vil 2e0) 2 Vif, () - N(Vifulw) 1) 2 (1= =t Y0y O

Fact 2.7. Defining x5t o ni;i/‘io for for each i € [n], we have z°" € A and f,(z*°") < —==.

Proof. Using the fact that Az?" —1 < —¢/2 -1, we compute f,(z°*™) as follows:

star - —€/2 1—82 m 1—82 1_5
start MZQXP tart);—1) 17 start<lu§:eXp i / < K - n/ < - —

- n (nm)

Above, we have used that 17 zstart > pstart — 1_T5/2, where i is the column such that || Al = 1. [
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B Missing Proofs for Section 3
Lemma 3.2. We have xi,yi,zr € A for all k=0,1,...,T.

Proof. This is true at the beginning as xg = yp = 2" € A (see Fact 2.7) and zp = 0 € A.

In fact, it suffices for us to show that for every k > 0, yx = Zf:o “YIZQZI for some scalers y,lc
satisfying », 'y,lg =1 and 'yi > 0 for each [ = 0,...,k. If this is true, we can prove the lemma by
induction: at each iteration k,

1. xg = 7zg—1 + (1 — 7)ykr—1 must be in A because y;_1 and z;_; are and 7 € [0, 1],

2. z;, is in A by the definition that z; = argmin,A{-- -}, and

3. yi is also in A because y; = Zf:o ’y,lle is a convex combination of the z;’s and A is convex.
For the rest of the proof, we only need to show that y, = Zf:o V,lczl for?

(1—7)7/{€ 1) [=0,...,k—2;
1 1 _ .
’YIlc = (nak_lL noakL) + T( nak_lL)’ l=Fk— 1’
—L l=k
naogL? :
This is true at the base case because ap = —. It is also true at kK = 1 because y; = x3 + nalL (z1 —
z9) = noqL z1 + ( ﬁ)zo. For the general k, we have
F— )
=X Zy — Zj—
Yk k nakL k k—1
=7z 1+ (1—71) L(Zk_zkfl)
k—2 1 1
s (S b ) s
TZp—1 + ( T) IZ;’Yk_lzl + nak_lLZk 1)+ nakL(Zk Zp 1)
(St-obess) + (g ) (0 )
= -7 z — 71l — ——) |zj— z
— % 14 nap_1L  nopL nog_1L kol nayL k

Therefore, we obtain y; = Zf:() %lgzl as desired.
It is now easy to check that under our definition of oy (which satisfies o > ag—1 and oy >
Qg = i, we must have 7,16 >0 for all k and [. Also,

k—2 1 1 1 1
l l
S (Y1)

1 1 1 1 1
=== 7)) Gz~ rer) 0 m) -1.
( 7) nog_1L + < nogp_1L  nopL T nog_1L + noy, L

Lemma 3.5. When z,(j) = argmin e {31z — zi1 |4 + <nak§g), z)}, we have
(nowg 21 = w) <m0} L (67 = y) + Sllzees —ullh = 5l —ulh

Proof. Denoting by V,(b) = 1[|b—a||% as a function of b € A parameterized at a € A, we have that
ViVa(b) = || A.illoo - (@; — b;). In optimization theory, V,(b) is also known as the Bregman divergence
of the || - ||% regularizer.

9We wish to point out that this proof coincides with a lemma from the accelerated coordinate descent theory of
Fercoq and Richtdrik [FR13]. Their paper is about optimizing an objective function that is Lipschitz smooth, and
thus irrelevant to our work.
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We deduce the following sequence of inequalities:

(naxl” 21— u) = (nang) 21 —27) + (nang) 2 — w)

@ i i i i

< <n04k§](€)azk—1 _Zé)> <_ VVZk 1(22)%22) - u>

® i i 1

= <nozk§,(€),zk_1—z,(€)> §||Zk; 1—Zk HA+*||ZI<; I—U”A_*sz _UHA

202 L (e xi — i) — 5 s~ vell3) + g s — uly — 312 — ull

<n’ailL- <f;(;),xk — k) + iHZk—l —ul} - §HZ;(;) —ul% .
Here, @ is due to the minimality of z,(j) = argmin, A {Vzk_l (2) + <nak§,(:), z>}, which implies that
<VVZk L ( (Z)) + nafk) u — z,(c)> > 0 for all uw € A. Step @ is due to the “three-point equality” of
Bregman divergence (cf. [CLO6]), which can be checked for every coordinate ¢ € [n] as follows:

VVa (@) - @)~ we) = [Aulloo@ire — 21)) - @) — ue)

)

1 i 1 1, ¢
= || A Hoo( - §(Zk 16— Z;(f,)g)z + Q(W —z5_140)? — 5(227)5 - uz)Q) :
® is by our choice of y, which satisfies that z_; — z,(:) = nag L(xg — y,(:)). ]

Proposition 3.6. If z;,_1 € A, the minimizer z = argmin,ca {3z — zx—1]|% + (Sei, 2)} for any
scalar 6 € R and basis vector e; can be computed as follows:

1. 24+ z71_1.

3. If z; <0, then z; <= 0; if z; > 1/|| Aiilloo, 2i ¢ 1/||Asi]|oo-

4. Return z.

Proof of Proposition 3.6. Let us denote by z the returned value of the described procedure, and
g(u) & $llu — zi_1||4 + (6ej,u). Since A is a convex body and g(-) is convex, to show z =
argmin A {g(2)}, it suffices for us to prove that for every u € A, (Vg(z),u — z) > 0. Since the
gradient Vg(z) can be written explicitly, this is equivalent to

n
S(ui — 2i) + Y [ Aulloo - (20— zk-1,0) - (e — 20) >0 .
(=1
However, since zp = z;_1 ¢ for every £ # 1, this is equivalent to

(64 Iuiloo - (26 = 20-1,) ) - (i = 20) 2 0 .

There are three possibilities here. If z; = z;_1; — §/||A.il]|cc then the left-hand side is zero and
we are done. Otherwise, if z; > zj_1; — /|| A:il|oo, then it must satisfy that z; = 0; in such a
case the left-hand side is the multiplication of two non-negatives, and therefore non-positive. If
2i < zj—1,i — 0/||Aiil|oc, then it must satisfy that z; = 1/||A.||oo; in such a case the left-hand side is
the multiplication of two non-positives, and therefore non-positive. O]

Lemma 3.9. (noynf”, 251 —u) +n202L - (& x — yi) < 3nanl - (fulxk) = fuly)) -
Proof. Now there are three possibilities:

o If 77](:) = 0, then we must have 5,(;2 = Vifu(xx) € [—1,1], and Lemma 3.8 immediately implies

(nagn'? 2k _1—u)+n2ad (€7 5=y ) = 020l L-(V £ (), 55—y ) < 20203 L-(fu (i)~ Fiuly

14
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o If 77,?) > 0 and z,(j)l > 0, then we precisely have z,(;)z =Zp_1; — ||Zj|1|€oo (see Proposition 3.6),
and accordingly y](;)l = Xk — m < Xk,;- In this case,

<”ak77§f),2k—1 —u) + n*aiL - <§;E;i)a Xk — yz(f)>

@ 1 i i

< nag -V fu(xk) - Al +n*aiL - ( I(c)’xk - yi(c)>

@ 1 92 9 ()
< nay - Vf#(xk) ' [ A +nial - <Vfu(xk)7xk — Yk >

2 nogL - (V (k) 3k — yi) +n20F L (Y fu(xe), %6 — vi) g (2nakL + 20203 L) - (Fulk) — fu(y)) -
Above, @ follows from the fact that z;_; € A and therefore z;_; < m by the definition
of A, and u > 0; @ follows from the fact that x; and y,(f) are only different at coordinate ¢,
and 5152 =1 < V;fu(xx) (since 7],(;2 > 0); @ follows from the fact that y,gi) =X} — LH;W; and
@ uses Lemma 3.8.

o If 17,(:) > (0 and z,(j)z = 0, then we have

<nak77,(:),zk_1 — u> + nQaiL . <§,(€i), Xp — yl(j)>
@ .
< (nanV fulxw) - ze-1) + 1202 L - (V fulxi)oxi — vy )
@

(nakV fulxi) 21 = 24 ) + nPad L (V fulxe), % = vy

i i @ i
2R L (Vfubw) ok = v ) +02aR L (V)i = vi)) < 4n2afL- (Fub) = Fuly)) -
Above, @ is because u > 0, V;f,(x;) = 1711(;)Z +1 > 771(;)1 and V;f,(xg) > 5,(;2, @ uses the
assumption that 20 — 0 and the fact that Zr—10 = zg)é for every ¢ # i; @ is from our choice

ki —
of yr which satisfies that z;_1 — z,(;) = nag L(xg — y,Ef)); and @ uses Lemma 3.8.

ll®

Combining the three cases above, and using the fact that f,(xz) — fu(y,(f)) > 0, we conclude that
(nawn 21 — )+ nfaPL - (67— yi) < 2naxL + dn2afL) - (ful) = fu)
< 3nagL - (fulbw) — fuy)) -
Above, the last inequality uses our choice of «y, (see Algorithm 1). ]

Corollary 3.10. With probability at least 9/10, PacLPSolver(A, 25" ¢) outputs a (1 — O(g)) ap-
prozimate solution to the packing LP program. The expected running time is O(MN).
Proof. Since for every x € A it satisfies fu(x) > —(1 + ¢)OPT according to Proposition 2.3.b, we
obtain that f,(yr) + (1 + €)OPT is a random variable that is non-negative, whose expectation
E[fu.(yr)+ (1+)OPT] < 4e. By Markov bound, with at least probability 9/10, we obtain some yp
satisfying f,.(yr) < —(1 —0O(e))OPT, which yields some (1 — O(e)) approximate solution according
to Proposition 2.3.c.

The running time follows from our efficient implementation in Section G. L]
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C Relaxation of the Covering Linear Program

Recall that, for input matrix A € RT;", the covering LP in its standard form is
Covering LP: m>i{)1{]lTx : Az > 1} .
:E_

Let us denote by OPT the optimal value to this linear program, and by z* any optimal solution of
the covering LP (1.2). We say that x is a (1 + €)-approximation for the covering LP if Az > 1 and
172 < (14 ¢)OPT. In our covering LP solver, we assume that some 2-approximate solution z* is
given to the algorithm, and 172 = OPT’ for some OPT’ € [OPT,20PT].1°

Again, we use the indices i € [n] for the columns of A, and the indices j € [m] for the rows of
A. We denote by A.; the i-th column vector of A, and A;. the j-th row vector of A. We can assume
without loss of generality that!!

min {[[4; o} =1 . (C.1)
JEM]

We now introduce the smoothed objective f,(x) that we are going to minimize in order to
approximately solve the covering LP. We skip the details regarding how it arises from a relaxation
using the generalized entropy regularizer, because it is essentially a repetition of Section 2.

This smoothed objective turns each row of the LP constraint Az > 1 into an exponential
penalty function so that we only need to require x > 0 throughout the algorithm.

Definition C.1. Letting parameter p S y, we define the smoothed objective f,(x) as

&
4log(nm/e

Ful) Y expr A9 41Ty

j=1
over the simplex © € A &t {zeR”:z; >0 A 172 < QOPT’}.

We wish to study the minimization problem on f,(x), subject to the constraint that each
coordinate x; is non-negative and the coordinates sum up to at most 20PT’. The intuition that
this smoothed objective f,(x) captures the original covering LP (1.2) is similar to that of the
packing LP one. Note that our constraint 17z < 20PT’ is of course redundant; it will play some
other important role in our algorithm.

We begin with several simple but important properties about OPT and f,(z). In short, they
together imply that the minimum of f,(x) is around OPT, and if one can approximately find the
minimum of f,(x) (up to an error O(eOPT)), this corresponds to a (1+O(¢))-approximate solution
to the covering LP (1.2).

Proposition C.2.
(a) OPT € [1,m)].
(b) fu(u*) < (1+¢)OPT for u* = (14¢/2)z* € A.
(¢) fu(x) > (1 —¢€)OPT for every x > 0.
(d) Letting 22" = (1+¢/2)-2f + (1,..., 1), we have 172" < 20PT’ and f,(25*") < 4OPT.
(e) For any x > 0 satisfying f,.(x) < 20PT, we must have Ax > (1 —¢)1.
(f) If x > 0 satisfies fu(x) < (1+ O(e))OPT, then -z is a (1 + O(e))-approzimate solution to
the covering LP.

OThis can be obtained via for instance the covering LP solver from Young [Youl4], whose running time is
O(Nlog N). It can be relaxed to any constant approximation rather than 2-approximation.

""We can do so because first of all, we can assume minje(,{[|4;:[|c} > O since otherwise the covering LP is
infeasible. Next, we can scale A down by a factor of min;cp,{||A;:|/cc }; this also scales down the optimal value OPT
and solution x* by this same factor.
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(9) The gradient of f,(x) can be written as
Viuz)=1—Alp(x) where pj(z) o expi(l_(’%)j) (C.2)
Proof.
(a) Suppose that j* is the row that achieves the smallest infinite norm ||A;.||o over all rows.
Then, for any solution z € RY, satisfying (A, x) > 1, we must have 172 > 1/||Aj+||oo = 1.

On the other hand, we can construct a feasible solution x as follows. Initialize z = 0, and
then for each row j, let us find the coordinate ¢ that maximizes the value of A;; among all
columns ¢. Then, we increase x; by 1/A;; = 1/||Aj.||cc. After we have exhausted all the m
rows, we arrive at some x > 0 satisfying Az > 1 as well as 17z = > VAo < m.

(b) We have 17u* = (1 +¢/2)OPT by the definition of OPT. Also, from the feasibility constraint
Ax* > 1 in the covering LP, we have Au* —1 > ¢/2 -1, and can compute f,(u*) as follows:

*) —e/2
,uZexpi(l (W) 1Ty < ,uZexp n +(14¢/2)OPT
J
<

om? (14¢/2)OPT < (1+¢)OPT .

(c) Suppose towards contradiction that f,(z) < (1 —&)OPT. Since f,(x) < OPT < m, we

must have that for every j € [m], it satisfies that exp%(l_(Ax)j) < fulz)/p < m/p. This
further implies (Az); > 1 — ¢ by the definition of p. In other words, Az > (1 — ¢)1.
By the definition of OPT, we must then have 172 > (1 — £)OPT, finishing the proof that
fu(x) > 1Tz > (1 —)OPT, giving a contradiction.

(d) Using the fact that Azs@ —1 > (14¢/2)Az* — 1 > ¢/2- 1, we compute f,,(z°2") as follows:

Sar /
o) uZexp# — (AT, )+]lT start < uZexp v +20PT+1 <
J

Also, we have 17252 < (1 4 ¢/2)OPT’ + 1 < 20PT".

(57:)2+30PT < 40PT .

(e) To show Az > (1 —¢)1, we can assume that v = max;(1 — (Ax);) > € because otherwise we
are done. Under this definition, we have

ful@) = pexpit = ("

contradicting to our assumption that f,(z) < 20PT. Therefore, we must have v < ¢, that is,
Az > (1 —¢)1.

nm . ,\v/e € nm
€ )) - 4log(nm)( 5 )" > 20PT

(f) For any x satisfying f,(z) < (1 + O(e))OPT < 20PT, owing to Proposition C.2.e, we first
have that x is approximately feasible, i.e., Az > (1 —¢)1. Next, because 17z < f,(z) <
(1 + O(£))OPT, we know that x yields an objective 172 < (1 4+ O(¢))OPT. Letting 2’ =
—x, we both have that 2’ is feasible (i.e., Az’ > 1), and z’ has an objective 172’ at most

(14 O(g))OPT.

(g) Straightforward by some simple computation. ]
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Algorithm 2 CovLPSolver(A, 2™ ¢)
Input: A € RT™, 252" € A e € (0,1/10].
Output: x € A.

1 p 4 m, B e, T+ 1“261 > parameters
2: T+ [Llog(1/e)] = O(log("méi%n). > number of iterations
3t ap + (1 — T)Tlfnﬁ and 7 < &3 > so that ar = 5,5 and v = 2arn
4: Xg =yo = zg 2%

5: for k< 1to T do

6: o < ﬁak_l.

T X $— TZp—1 + (1 - T>yk,1.

8: Randomly select ¢ uniformly at random from [n].

9: Define §l(j) to be a vector that is only non-zero at coordinate 4, and equals to T¢(V; f,,(xz)).

> recall from (C.2) that V;fy,(xp) =1 - 377" A],expu(1 (Axk);)

> recall from Definition D.1 that T¢(v) < v € =81
_57 v < _B

100z 20 argmin, o (Voo i (2)+((1+ ynage?, z)}. > See Proposition D.9
11: if V;fu(xx) < —5 then
12: Denote by 7 the permutation that sorts the entries of A.; into Aﬁ(l) < < Arim)i -
13 Pick j* € [m] such that 3, . Ar(j) i Pr(y) (k) < 1HBDUL Y2 v Ari) i Pa(y) (i) = 148

> Such a j* € [m] must exist because Y 7" Aj; - pj(xi) > 1+ 6.
14: yk<—y,(€)—xk.+(5 elwhereé—ﬁ

7T(*),2

15: else ‘
16: Yk < y](;) o Xk .
17: end if
18: end for

19: return yr.

D Covering LP Solver

To describe our covering LP solver we make the following choice of the thresholding function. Recall
in the packing LP case, we have truncated each coordinate gradient from [—1,00) to [—1,1]. For
this covering LP case, we truncate each such gradient from (—oo, 1] to [—/, 1], for some parameter

def

Ve. The reason for this choice of 8 = /e shall become clear in later sections; at high level,
ﬁ is the best tradeoff between gradient and mirror descent.

Definition D.1. The thresholding function T¢: (—o0, 1] — [—f3, 1] is defined as follows
e €[5, 1];
Tc d:f v, v s, Ly
() -5, v<—p4.

Our algorithm CovLPSolver starts with the initial vector xg = yg = zp = 25" introduced in
Proposition C.2.d, and is divided into T iterations. In each iteration, we start by computing a
weighted midpoint x; < 7251 + (1 — 7)yg_1 for some parameter 7 € (0,1), and then proceed to
compute y; and z; as follows.

e Select i € [n] uniformly at random, and let 5,(:) =(0,...,0,TP(v),0,...,0) be the vector that

1 .
is only non-zero at coordinate i, where v = V; f,(x) = 1-3"7" | A;; expi (1 7(Aw)i) ¢ (—o0, 1].
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e Perform a mirror (descent) step zj < zg) < argmin, (Voo i)+ (1 + ’y)nakfg), z)} for
some parameters v < 1 and oy, < 1/n, where V;(y) = Y1 | yilog % + x; — y; is the so-called
Bregman divergence of the generalized entropy function (see Proposition D.9 below).

e Perform a gradient (descent) step yi < y,(;) & % + de; for some value & that is zero if
Vifu(zr) < —p, and strictly positive otherwise. The precise definition of § can be found in

the pseudocode described in Algorithm 2.

Above, the reason that the the two steps on y; and z; are named after “gradient step” and “mirror
step” will become clear in the follow-up sections. We use the superscript ) on §Z-(i), yg) and z,(:) to
emphasize that the value depends on the choice of i. We have used generic parameters 7, ag, T in
the above description and their precise values are presented in Algorithm 2.2

Since the 25" satisfies 1725 < 20PT’ by Proposition C.2.d, we have zg = 25" € A. Also,
the mirror descent step ensures that z;; > 0 for all rounds £ and coordinates i, as well as z;, € A
for all rounds k. However, we note that x; and y; may not necessarily lie inside A, but will always
stay non-negative. We summarize these properties as follows:

Vk e {0,1,...,T}, Xg, Y >0, zp >0, zp €A .
We shall also prove in Section G that

Lemma D.2. Fach iteration of CovLPSolver can be implemented to run in expected O(N/n) time.

The key idea is similar to that of the efficient implementation of PacLPSolver, that is to
implementation the updates implicitly.

In this section, we prove the following theorem in five steps.

Theorem D.3. CovLPSolver(A, 252" &) outputs some yr satisfying E[f,(yr)] < (1 + 9¢)OPT. ‘

D.1 Step 1: Distance Adjustment

Classically, using the convexity argument one can obtain f,(xx) — fu(u) < (Vfu(xk),xi — u) for
every u € A. In particular, if u is the optimal point, the right hand side is a simple upper bound
on the objective distance from the current point f,(x;) to the optimum. This simple upper bound
is essentially used by all the convergence analyses for first-order methods.
In this section, we strengthen this upper bound in the special case of u = u* < (14¢/2)z*.
Define A be the adjusted matriz of A described as follows.

Definition D.4 (Adjusted matrix A). For each row j € [m], if (Au*); < 2 then we keep this row

and define gj; o Aj.. Otherwise, —that is, if (Au*); > 2— we define Zj: £ (A%*)j -~ Aj. to be the

same j-th row Aj., but scaled down by a factor of ﬁ It is clear from this definition that
Aj; > Ay for alli € [n] and j € [m], while (14 ¢)1 < Au* < 21,
We now strengthen the classical bound f,(xx) — fu(u) < (V fu(xk),xr — u) as follows.
Lemma D.5 (Distance Adjustment).
Fulk) = fulu) < (1= ATp(xe), i — u*) + (ATp(xi) = ATplxy.), u) + OPT
= (Vfu0%), % — u) + (ATp(xi) — ATp(xi,), u*) + €OPT

12WWe encourage the readers to ignore their specific values for now. Our specific choices of the parameters shall
become clearer and natural at the end of this section, and be discussed whenever they are used.
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At high level, ignoring the negligible term eOPT on the right hand side, the above upper bound
strengthens the classical bound due to the extra term of (ATp(xz) — ATp(xz), w*). This extra term
is always non-positive since A< A coordinate-wisely, but may be very negative in certain cases.

The intuition behind the proof is to realize that the convexity inequality e® — e < (eb,b — a)
on the exponential function becomes far from tight when a <« 0. For instance, when b = 2 and
a = —10, we have e? — e710 < 12¢2?; when b = 2 and a = —100, we only get e? — ¢190 < 102¢2.
Although ™19 ~ 719 the two upper bounds are off from each other by a factor of 10. Therefore,
when necessary, we can ‘elevate’ a to some higher value in order to obtain a tighter upper bound.
We defer the detailed proof to Appendix E.

D.2 Step 2: Gradient Truncation

Let us separate the indices i € [n] into large and small ones.
Definition D.6. We make the following definitions.
o Let &, € [—B,1]" be the truncated gradient so that & ; = T(V,; fu(xk)) for each i € [n].

def

o Let By ={i€[n]: &, # Vifulxi)} be the set of large indices.

o Let ny € (—00,0]™ be the large gradient so that V f,(xi) = & + ny. It is clear that
Mii =0 for every i & B, and ng; = (1 + ) — (ATp(xk))i for every i € B.

o Letny € (—00,00)" be the adjusted large gradient so that
Mki =0 for every i & B, and 0, = (1 + ) — (KTp(xk))i for every i € B.

For the rest of this section, we denote by n,(j) =(0,...,0,Mk,,0,...,0), the vector that is zero at all
~(1)

coordinates other than i, and equals to 1y ; at location i. We similarly define fg) as well as n,.”.

We next state the following key lemma that is very analogous to (3.1) from packing LP. Note

that if one uses 17,(:) instead of ﬁ,(:), the proof becomes identical to that of (3.1). The reason that we

can use ﬁ,(j) rather than n,(f) —thus giving a stricter upper bound— is precisely due to the distance
adjustment introduced in Lemma D.5.

Lemma D.7.
Fulk) = fulw?) < (fulve1) = fube)) + B (ngf” 21 — )| + B[ (nif”, —u) | + OPT .

The proof of the above lemma is a simple repetition of that of (3.1), but replacing the classical
distance upper bound with our adjusted one. See Appendix E for details.

(1-7)

D.3 Step 3: Mirror Descent Guarantee
Our update z,(;) < argmin, p (Voo 1)+ ((1+ ’y)nak@(;), z)} is known as a mirror descent step
from optimization theory.
We begin by explaining an attempt that is too weak for obtaining the e =15 convergence rate.
Using the classical theory of mirror descent (or multiplicative weight update), it is not hard to
repeat the proof of Lemma 3.5 —although changing the distance function from || - |4 to Vi (y)—

and obtain that, for every u € A,
E; [Oék<n£,(f),zk_1 —u)| <V, (u) — E; [szj) (u)} + O(ain)OPT .

The above inequality can be made true whenever &; is between —1 and 1 for each coordinate i, but
only yields the known =2 convergence rate. Here, &1 is also know as the width from multiplicative-
weight-update languages [AHK12].
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Fortunately, since we have required & to be only between —3 and 1, the O(ain) factor can
essentially be improved to O(a%ﬁn). This is an improvement whenever 8 < 1, and we call it the
negative-width technique.'3 Formally, we prove that

Lemma D.8. Denoting by ~ o 2arn, we have
* *

EZ' [ak<n§,(:),zk_1 — u*>] < Vzk71 (13_77) — Ei |:Vz,(;) (17::_7’)/)} + 120PT - '7ozkﬂ .

The proof can be found in Appendix E.

Although defined in a variational way, it is perhaps beneficial to explicitly describe how to
implement this mirror step. The following proposition is straightforward but anyways proved in
Appendix E:

Proposition D.9. Ifz;_; € A and z;,_; > 0, the minimizer z = argmin, 5 {‘/Zk—l(z) + (de;, z)}
for any scalar 6 € R and basis vector e; can be computed as follows:
1. 24z 1.
2. zj 4 z;- e 9.
3. If 17z > 20PT/, z « 20FT .
4. Return z.

D.4 Step 4: Gradient Descent Guarantee

We claim that our gradient step x; — y,(f) never increases the objective for all choices of 7. In

addition, it decreases the objective by an amount proportional to the adjusted large gradient ﬁ,(f) .

Lemma D.10. For every i € [n], we have

(a) fult) = fulyi)) 2 0, and
() Ful) = fuly”) = 45 - (7 )

The proof of Lemma D.10 is quite technical and can be found in Appendix E.

At high level, one would generally hope to prove that the gradient step decreases the objective
by an amount proportional to the large gradient 77,5:1), rather than the adjusted large gradient ?ﬁj).
If that were true, the entire proof structure of our covering LP convergence would become much
closer to that of packing LP, and there would be absolutely no need for the introduction of the
distance adjustment in Section D.1, as well as the definitions of A and 7.

Unfortunately, if one replaces n with n in the above lemma, the inequality is far from being
correct. The reason behind it is very similar to that we have summarized in Section D.1, and
related to the unpleasant behavior of the exponential penalty function.

D.5 Step 5: Putting All Together

Combining Lemma D.7, Lemma D.8, and Lemma D.10, we obtain that
Qg (fu(xk) - f,u(u*)) — aeOPT

< E i) = o) + B oot s = )] + B[t )]

u
< k1) — xi)) + V; —_— —E'|:Vi }
T i) = ) + Ve (7)) = Bi Vo (77
13This negative width technique is strongly related to |[AHK12, Definition 3.2], where the authors analyze the
classical multiplicative weight update method in a special case when the oracle returns loss values only between —¢
and p, for £ < p. This technique is in fact related to a more general theory of mirror descent, known as the local-norm
convergence, that we have summarized in a separate paper [ALO14].
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12akn (4)
2 (Fuln) = Su i) |

e (fuk) = fulyy”))
Remark D.11. Above, the quantity “120PT - yarpB” is the loss term introduced by the mirror

descent. Unlike the packing LP case —see (3.2)— this loss term is not dominated by the gradient
step. (If one could do so, this would turn our CovLPSolver into an ' convergence rate.)

+ 120PT - yai B + E; [

The quantity “ak<n§g), 2,1 —u*)” is the loss introduced by the (adjusted) large gradient 1, and
1s dominated by our gradient step progress owing to Lemma D.10. This is similar to the packing
LP case —see Lemma 3.9.

From here, let us use the special choice of 7 = 1“2[; We obtain that
— o (fu(u®) 4+ cOPT)

T)ag

*

U *

< 12y BOPT + u Julyr—1) + Vo, (m) —E; {%fﬂ(yg)) +Vo (11 )} '
Use the choice o = OI’C_‘TI and telescoping the above inequality for £k = 1,...,T, we have
T T u*
—(>_ k) (fu(u") +eOPT) < (> ax) - 129B0PT + *fu(YO) +Vz (m) - O‘TlEWyT)] :
k=1 k=1

1-a-n)T

We compute that 25:1 ap = ar - Zg;ol(l -7 =ar
Therefore, we rearrange and get

“IBLutym)] < % () + 2OPT) 4 L 1280PT 4 2 (o) 4 Var (57

< %L, and recall that v = 2a7n.

*

)

1T+~

T u*
— E[fulyr)] < fu(u) +OPT + 24a7nBOPT + (1 — )7 fu(yo) + Vel ﬂ) . (D)
From this point, we need to use our special choice of the initial pomt X0 = Yo = zg = 2°°" (see

Proposition C.2.d), which implies that f,(yo) < 40PT and 17252 < 4OPT. We also have

n
* * * * *

U e (Y _ U U; start _ _ U
Vzo(l—i-’y) Va (1+’y) Z,Zl+fylo (1—i—’y) st 0 1+~

< Zu log(u} - n) + 40PT < (2log(nm) + 4) - OPT .

Above, inequality @ follows because :Ef-tart > 1/n for all i € [n] according to the definition in
Proposition C.2.d; inequality @ follows because u; < (14 ¢/2)zf < (1+¢/2)OPT < (1 +¢/2)m
and 17y} = (1 +¢/2)OPT, as well as the fact that ¢ is sufficiently small.

Finally, we choose 8 = Ve, ar = 5.5, and T = [L1log(1/¢)]. Substituting into (D.1) all
of these parameters, along with the aforementioned inequalities f,,(yo) < 40PT and VZO( <

1+’y) —
(2log(nm) 4+ 4) - OPT, as well as f,(u*) < (14 ¢)OPT from Proposition C.2.b, we obtain that

nB/12n
e/12np
This finishes the proof of Theorem D.3. O]

It is now straightforward to use Markov inequality to turn the expected guarantee in Theorem D.3
into a probabilistic one:

E[fu(yr)] < (1+e)OPT+cOPT+2:0PT +£f,(yo) +

(2log(nm)+4)OPT = (1+9¢)OPT .

Corollary D.12. With probability at least 9/10, CovLPSolver(A, z°%™ ¢) outputs a (1+0(¢)) ap-

prozimate solution to the covering LP program. The expected running time is O(W%N)
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Proof. Since for every x € A it satisfies f,(x) > (1 — ¢)OPT according to Proposition C.2.c, we
obtain that f,(yr) — (1 —)OPT is a random variable that is non-negative, whose expectation
E[f.(yr) — (1 —)OPT] < 10e. By Markov bound, with at least probability 9/10, we obtain some
yr satisfying f,(yr) < (14+0(e))OPT, which yields some (1+O(¢)) approximate solution according
to Proposition C.2.f.

The running time follows from our efficient implementation in Section G. L]

E Missing Proofs for Section D
Lemma D.5.
Ju(xi) = fu(u®) < (1 — ATp(xk),xk —u*) + (ng(xk) — ATp(xk), u*)y 4+ eOPT
= (Vfulx),xi — w*) + (AT p(x) — ATp(xi), u*) + OPT

Proof.
Julk) = fulw?) = 3 (expi 07 0) — e ) (15, — )
j=1
o X T
j=1

o <& ~
< Zexpi(l_(Axk)j) ((Au*)J — (AXk)J) + <]1,Xk - U*> +eOPT

j=1
= pilx) - ((Au*); — (Ax);) + (L%, — u*) + cOPT
j=1
= ij(xk) . ((Au*)] — (Axk)]) + <]l,X;C — u*> + ij(xk) . ((AVU*)] — (AU*)]) +eOPT
j=1 J=1

= (—Ap(x), ik — u*) + (L, x5 — u™) + (ATp(xi,) — ATp(x.), u*) + €OPT .
Above, @ is because if (Au*); # (/Tu*)] for some j, then it must satisfy that (Ku*)j = 2, and

therefore — expi(lf(Au*)j) < —exp%(lf(gu*)j) +exp /. @ uses the convexity inequality of e? —
e® < (e®,b— a), and the fact that umexp~/# < cOPT. L]
Lemma D.7.
uOw) = fu(u") < =——(fulyr—1) = fulbw)) + Ei | (n€,", 251 — u”) | + Eq| (i), —u”) | +OPT .
Proof.
(fu(xk) - fu(u*)) —eOPT

@ * AT T *

< (Vfuxe), 3k — u”) + (A" p(xg) — A" p(xg), u®)

= (Vfu(x)s Xt — z—1) + (V fulxe), ze—1 — u*) + (AT p(xx) — ATp(xi,), u*)

1-— ~

2 (-7 (V£ (k) Yi—1 — k) + (V (), 21 — u*) + (ATp(xi) — ATp(xp), u*)

@ (1—71 * A *

< ( )(fu(}’k:—l) — fulw)) + (VFu (), 261 — u*) + (AT p(x) — ATp(xe), u)

(T fn) = ) + (€ + s 26t — ) + (ATp(xe) — ATp(x), %)
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LT i) = Fulod) + (o zis — ) + (ATplxs) — ATp() = )
£ 0D (futyin) — a0 + {8zt — ) + ()
(1-7)

= S fulyie) = fuli)) + B ngf 21 — )+ (—nig )]

Above, @ is due to Lemma D.5. @ is because x; = 7251 + (1 — 7)yg—1, which implies that
T(Xp —2k—1) = (1 = 7)(Yr—1 — xx). @ is by the convexity of f,(-). ® is because (1, z,_1) < 0, since
N < 0 while z;_1 > 0.

® needs some careful justification: for every i ¢ By, we have (ATp(x) — ATp(xz))s — i <
0 — 0 = —ng; for every i € By, we have

(ATp(x) — ATp(x))i — i = (ATp(xi) — ATp(x))i — (1 + B) — (ATp(xi)):)
= —((1+8) — (ATp(xx))i) = ~Tyi

where the two equalities follow from the definitions of 7y ; and 7y ; (see Definition D.6). L]

Lemma D.8. Denoting by ~ © 2arn, we have

*

Bfon(ng)) 2 = )] < Vo () = Bil Vo ()| +120PT qan

def

Proof. Define w(z) = Y, z;log(x;) — x; and accordingly, V(y) = w(y) — (w'(z),y — z) — w(z) =
> yilog % +xz; —y;. We first compute using the classical analysis of mirror descent step as follows:

Volk<n§;(f)72k—1> + Olk<n€/(:)azk—1 —u*)

= 1+ a(ng 2 = 17 ) + (L or(ng 2~ 7))

@ i i u* i i
< (w'(zp1) — w'(z)), 2" - m> + (L4 Ya(ng? 2y —2\)

= (w(lq—f’y) —w(zp—1) — <w'(zk_1), 17”_:_*7 — zk_1>> _ (w(lffy) _ w(Z;(f)) B <w/(zi(j))’ 1“_:7 _ Zg‘)>)
()

+ (w(zk_l) —w(z,’) — <w’(zk_1),zk_1 — z,(f)>> +(1+ v)ak<n§,(:), Zp_1 — z,(j)>

* *

u u
= ‘/Zk—l(m) - Vz,(j)(l T+

)+ (L + (e 21 —2)) — Vo @) | - (E.1)

Above, @ is because z,(j) = argmin_ca {V;, ,(2)+((1 +’y)akn§,(f), z) }, which is equivalent to saying
Vue A, (V]

Zk—1

(z,(j)) +(1+ ’y)aknf,(f), u— z,(f)> >0
— VYueA, (w’(zg)) —w'(zr_1) + (1 + fy)aknfg), u— z,(j)> >0 .

In particular, we have ]IT% = ﬂT% < 20PT < 20PT’ and therefore substituting u =
% € A into the above inequality we get @©.
Next, we upper bound the term in the box:

(1 +arne? 2y — 27y — v, ()
(%)

@ . . z, .
< (L +y)arny, - (zk-1,i — Z;(CZ,)i) - (Z;(;)l log ﬁ +Zp-1, — 21(611)
1
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(0 )
1 zZ,. — Zk_L.
(I +y)agnéy,i - (zp—14 — z,(;)i) _ 124 il

IN®

2 max{z,(;;)i, Zp—1}

IN®

(4) |Z§;)Z — 2514
(1+ 'Y)O‘kngkz,i ) (Zk—Lz‘ - Zk,i) - ’42—
k—1,3

1 2 , )2 2 2 . )2 2 ) ,
(L +7v)*zp—1,i - (anépi)” < 2214 - (pn€ri)® < zp—1,i - Yorn|E,i

INS IN®

Zp—1,i - YN + 221 - yopnB = ’Y%(Tlfg), Zp—1) + 221, - yapnf . (E.2)
9,
(@)

Above, @ uses the fact that for every i’ # i, z 7, y og = —+zp 14 — z](c) > 0. @ uses the inequality

that for every a, b > 0, we have alog itb—a > %.14 @ uses the fact that z/,(c)z < 221@71,1'-15 @

uses Cauchy-Shwarz: ab—b%/4 < a?. ® uses (1+7)? < 2. ® uses [&;| < 1 and v = 2arn > 204n.
@ uses i > —f.
Next, we combine (E.1) and (E.2) to conclude that

u* u*

—) - V

1+ 7) (1 + v )
Taking expectation on both sides with respect to i, and using the property that 17z,_; <

30PT’ < 60PT, we obtain that

ak<n§;(:)72k—1 —u") <V, ( + 2z 14 - yogn 3 .

Bifon(ng” ze1 —u')] < Ve, (152) — Be[ Vo (1

e 7)] 4 120PT - yauf . O

Proposition D.9. Ifz;_; € A and z;,_; > 0, the minimizer z = argmin, g5 {Vzk_l(z) + (de;, z)}
for any scalar § € R and basis vector e; can be computed as follows:

1. 24 zp_1.

2.z zj-e O,

3. If 172 > 20PT/, z « 298,
4. Return z.

def

Proof. Let us denote by z the returned value of the described procedure, and g(u) = V5, _, (u) +
(0€;,u). Since A is a convex body and g(-) is convex, to show z = argmin,{g(u)}, it suffices
for us to prove that for every u € A, (Vg(z),u — z) > 0. Since the gradient Vg(z) can be written
explicitly, this is equivalent to

—i-zlog (ug—2z¢) >0 .

If the re-scaling in step 3 is not executed, then we have z; = z_1 for every ¢ # i, and z; =

Zp_1, - e thus, the left-hand side is zero so the above inequality is true for every u € A.
Otherwise, we have 172 = 20PT’ and there exists some constant factor Z > 1 such that,

2 = 21,/ Z for every £ # i, and z; = zj_1; - e_‘s/Z. In such a case, the left-hand side equals to

Zk—1,4

(ui—zi)-(5—5)+Z—logZ-(ug—24) .
=1

4 This inequality in fact corresponds to a local strong convexity property of w(+). We have used this technique in
our paper [AO15].
'5This is because, our parameter choices ensure that (1+v)axn < 1/28, which further means —(1—|—’y)akn£fj) <1/2.

As a result, we must have ZL R <zp_1, 05 « 2zj,_1,; (see the explicit definition of the mirror step at Proposition D.9).
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It is clear at this moment that since logZ > 0 and 17w < 20PT’ = 172, the above quantity is
always non-negative, finishing the proof.

Lemma D.10. For every i € [n], we have
(@) fulw) = fuyl)) >0, and
(0) ful) = Fuly)) = 55 - () )
1\ Xk pYg' ) Z 12 M U ) -
(i)

Proof of Lemma D.10 part (a). Since if i ¢ By, is not a large index we have y;’ = x;, and the claim
(4)

is trivial, we focus on i € By in the remaining proof. Recall that y,” = x; + de; for some § > 0
defined in Algorithm 2, so we have
. 1) é
fu(xk) — fﬂ(yl(cl)) — / 0<—Vfu(xk + Tei),ei>d7- = / . (<A:i,p(xk + Tei» — l)dT .

It is clear that (A.;,p(xx + 7e;)) decreases as 7 increases, and therefore it suffices to prove that
(Aui, p(xx + de;)) > 1.

Suppose that the rows of A.; are sorted (for the simplicity of notation) by the increasing order
of Aj;. Now, by the definition of the algorithm, there exists some j* € [m] satisfying that

> Ajipil) <148 and Y Aji-pi(x) =145 .

J<J* J<5*

Next, by our choice of  which satisfies § = 5 Xﬁ - < % for every j < j*, we have

J7 0

44,19

Pi(xi + 0e;) = pj(xi) ~exp” # > pj(x) - exp P2 > pi(xi) - (1—B/2)
and as a result,

(A p(xk +0€5) > Y Aji-pila+0ei) > (1= 8/2) > Aji-pila) > (1-5/2)1+8)>1 . U

J<g* J<g*

Proof of Lemma D.10 part (b). Owing to part (a), for every coordinate i such that n,; > 0, we

automatically have f,(xz) — fu(y,(;)) > 0 so the lemma is obvious. Therefore, let us focus only on
coordinates i such that 7, ; < 0; these are necessarily large indices i € B. Recall from Definition D.6

that 7jx; = (1 + B) — (ATp(xx))i, so we have
> Ay pila) = (14 8) >0 .
j=1

For the simplicity of description, suppose again that the rows of the i-th column is sorted in
the non-decreasing order of A;;. That is, A1; < --- A, ;. The definition of j* can be simplified as

> Ajiopiba) <148 and Y Aji-pilw) =1+ .

J<j* J<J*
Let j° € [m] be the row such that

Zﬁj7i~pj(xk)<1+,3 and Zgj,i-pj(xk)21+ﬁ .

Sk 7<3®
Note that such zijb must exist because Z;n:l EJZ -pj > 14 3. It is clear that 4” > j*, owing to the
definition that Aj; < Aj; for all i € [n],j € [m]. Defining 8 = ﬁﬁi < 4, the objective decrease is

lower bounded as
)

4 5
fu(xk) - fu(yi(;)) = / (—Vfu(xk +7€;),€;)dT = / (<A:i7p(xk + 7€) — 1)dT

=0 =0
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6b
2 /70 ((Aui, p(xp + 7€3)) — 1)dr

(ZAN pj(xk + 7€) —1)d7’—|—2/ Aji-pi(xi + Te;)dr
< g 70

I ]/
where the inequality is because 6” < & and (A.;, p(xi 4+ 7€;)) > 1 for all 7 < § (see the proof of part

(a)).

Part I. To lower bound I, we use the monotonicity of p;(-) and obtain that

Jb
I = / (Z Aj,z‘ 'pj(Xk +Tei) — 1)d7’ Z (5b . (Z Ajﬂ' 'pj(Xk =+ 5bei) — 1) .
7=0

G<5 J<gP
However, our choice of §” = 5 zﬁ < ﬁfl for all j < j° ensures that
) —A 8"
ZAj,i'pj(Xk+6e1 ZAJZ p](xk) exp # > ZAJZ p](xk‘) (1_5/2) .
J<s? J<4? J<gP

Therefore, we obtain that

I>5b((1—5/2 ZA” - pj(Xk) —1) <Z:AjZ - p;(Xk) —1) )
J<s’ J<i®
where the inequality is because (23 — g) > i< Ajipi(xk) = # -(1+8) > 2 whenever 8 < £ (or
equivalently, whenever ¢ < 1/9).
Now, suppose that > . Aj; - pj(xx) — (L+5) =b- A » i D (xx) for some b € [0, 1]. Note that
we can do so by the very definition of j°. Then, we must have
Z Aji-pi(xg) — 1> Z gj,i pi(xk) + Ap o pjp (i) — 1
J<g J<i’
=(1+8)-(1- b)AJ i Dy (k) + A o pyp — 1
>pB+0b- Ajbvi 'pjb(Xk) .

Therefore, we conclude that

o uB3 =
I>7<ZAJZ pj Xk —1> -b- AJ i P (Xk> m.b.Ajbi.pjb(Xk)
J<J I

- (ZAN P;(xk) (1+ﬁ)) (ZA“ pibu) — +5)) ‘

g 3<35?
<A 5., u*) <2 by our definition of the adjusted A.

Above, the last inequality is because A]b i <

Part I’. To lower bound I’, consider every j > j” and the integral

5b
/ Ajﬂ' Py (Xk + Tei)dT
T7=0

Note that whenever 7 < 25‘;‘@ < 2Xﬁi = &, we have that p;(x + 7€;) > pj(xg) - e /2 > 30 (xk).

Therefore, the above integral is at least % “Aj %pj (xx). This implies a lower bound on I":

75

/iﬁ *
I, Z 31 p] Xk >7 Zuz g, " Pj Xk)y

3> J>5°
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where again in the last inequality we have used u; - /Tj” < <ij:, u*) < 2 by our definition of A.

Together. Combining the lower bounds on I and I’, we obtain
i B (N7 BB G .
Fulb) = ) 2 T 1 2 5 (Y A pya) = (14 8)) = - (=i ut) . O
j=1
F Efficient Implementation of PacLPSolver

In this section, we illustrate how to implement each iteration of PacLPSolver to run in an expected
O(N/n) time. We maintain the following quantities
z, € RY,, azz €RYy;, ypeR", ay, € R™, By, BraeRy

throughout the algorithm, so as to ensure the following invariants are always satisfied

Azk = azg , (Fl)

Yk = Bri -z + Bra -y Ayg = By1 - Az, + By 2 - ayy, - (F.2)
It is clear that when k = 0, letting az, = Az, y;, = yo, ay; = Ayo, Bx1 = 0, and By o = 1, we
can ensure that all the invariants are satisfied initially. We denote ||A.;||o the number of nonzeros

elements in vector A.;. In each iteration k =1,2,...,T":

)

e The step xx = 7251 + (1 — 7)yx_1 does not need to be implemented.

e The value V;f(x;) requires the knowledge of p;(xx) = exp%((Axk)jfl) for each j such that
A;; #0. Accordingly, we need to know the value

(Axi)j = 7(Azp—1)j + (1 = 7)(Aye—1); = (7 + (1 = 7)Br—11) (Azg—1); + (1 = 7) Br—12ay;, 1
for each such j. This can be computed in O(1) time for each j, and O(]|A.i||o) time in total.

e Recall that the step z < argmin,ca {3]/z — zp—1[3 + <nak§,8), z)} can be written as zj, =
21 + de; for some ¢ € R that can be computed in O(1) time (see Proposition 3.6). Observe
also that zj = z;_1 + de; yields yy = 7251 + (1 — 7)yr—1 + niZiL due to Line 6 and Line 10

of Algorithm 1. Therefore, we can perform two explicit updates on z; and az as

Zp < zp_1 +0e; , azyp < Azp_1+ A,
and two implicit updates on y; as
Byi=7+ (1 —7)Bjp_11 , Bro=01-7)Br_12 ,
yfﬁ%yfﬁ_l—i-éei-(—%%—mlwﬁ) , ayk<—ayk_1+5A:i-(—%—1—“0}}@%’2)

It is not hard to verify that after these updates, we have

Ber 11
e ooy o o (B4 1 1)
Vi k1 Zk + Dr2 - Y k.1 (zk 1+ el)+ k2 \Yk—1 1 0€; Bk72+nakLBk,2

1 1
= Bp1-2p—1+ Broa- <Y§gf1 +de; - ( ))

nakL%
=By -zg—1+ Bra Y1+ ni:L
=(t+ 0 =7)Bi-11) zp—1+ (1 = 7)Br-1,2) " Vi1 + bei
’ ’ - nag L
(581‘
=7Z)_1+ (1 — T)yk,l -+ oL .
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One can similarly verify that Ay, = By 1-Azp+ By 2-ay;, equals Ay, = 1Az _1+(1—7)Ay,_1+
Mei. In sum, these updates are dominated by the updates on Az; and ay,, each costing
an O(]|A.i]|o) running time, and ensure that the invariants in (F.1) and (F.2) are satisfied at

iteration k.

In sum, we only need O(]|A.il|o) time to perform the updates in PacLPSolver for an iteration
k if the coordinate 7 is selected. Therefore, each iteration of PacLPSolver can be implemented to
run in an expected O(E;[||A.il0]) = O(N/n) time.

G Efficient Implementation of CovLPSolver

In this section we illustrate how to implement each iteration of CovLPSolver to run in an expected
O(N/n) time. We maintain the following quantities
7, €RY, sz € Ry, sumzy €Ry, az; € RY, vy €R", ay, € R™, Byi,Bra€Ry

throughout the algorithm, so as to maintain the following invariants are always satisfies

7y = z},/szk, sumzy = ]szz, Az, = azy/szy, (G.1)

Yk = B2, + Bia - Y, Ayy = By1-azy + By - ayy . (G.2)
It is clear that when k = 0, letting z}, = zq, sz, = 1, sumzj, = 1729, az;, = Az, y, = yo, ay;, = Ayo,
By 1 =0, and By o = 1, we can ensure that all the invariants are satisfied initially.

We denote by ||A.i|lo the number of nonzero elements in vector A,. In each iteration k =
1,2,....T:

e The step x = 7251 + (1 — 7)yx_1 does not need to be implemented.

(1=()1) for each j only requires the knowledge of

SZg—1

1
e The value p; (xr) = expn

(Axp); = T(Azp—1)j + (1 — 7)(Ayp—1); = (7 + (1 = 7)Bj_1.1) + (1 —=7)Br_123yp-1 -

This can be computed in O(1) time.

e The value V; f(x;) requires the knowledge of p;(xx) for each j € [m] such that A;; # 0. Since
we have [|A.||o such j’s, we can compute V;f(xx) in O(]|A.|lo) time.

e Letting 6 = (1 + y)nakg,(;z, recall that the mirror step zj, +— argmin,cp {Vz, ,(2) + (de;,2) }
has a very simple form (see Proposition D.9): first multiply the i-th coordinate of z;_; by
e~% and then, if the sum of all coordinates have exceeded 20PT’, scale everything down so
as to sum up to 20PT’. This can be implemented as follows: setting §; = zj,g_u(e*‘s —1),

Z;g — 2271 + d1€; , AZp < azZp_1 + 0A,; ,

sumzy < sumzp_1 + 01 , Sz < Szj - max{l, %} .

These updates can be implemented to run in O(]|A.|o) time, and they together ensure that
the invariants in (G.1) are satisfied at iteration k.

e Recall that the gradient step is of the form y < x; + d2 - €; for some value d5 > 0. This value
d2 can be computed in O(||A.il|o) time, since each p;j(x;) can be computed in O(1) time, and
we can sort the rows of each column of A by preprocessing.

Since yi = x + 02 - €; = 721 + (1 — T)yx_1 + d2€;, we can implement this update by letting

Biy=g—+(1—-7)Br_1, , Brao=(1—7)Bj_12

) SZp 1
/ / ) By 101 8o ) By,101 do
Yi S Yp1 t e < " Brg + By 2 y AYE < aygpq + A | — By 2 + By 2

29



It is not hard to verify that after these updates, we have

Yk = Br1 -2+ Bra Vi = Bri - (2,1 + 61€i) + By - (yé_l +e;- ( -

5o
o)

= Bk,l ‘22_1 + Bk,g . (yfc_l + (526@/3;@2)
= B2, 1+ Bro Y1 + 026

= (—— 4+ (1 =7)Byo11) 2y + (1 = 7)Bi_12) - Vo1 + b2e;

=TZ_1+ (1 — T)chfl + 528i .

SZk—1

One can similarly verify that Ay, = By, 1-az;+ By 2-ay;, equals Ay, = 1Az, +(1—7)Ayp_1+
d2A.;. These updates can be implemented to run in O(||A.;||o) time, and they together ensure
that the invariants in (G.2) are satisfied at iteration k.

In sum, we only need O(]|A.i||op) time to perform the updates in CovLPSolver for an iteration
k if the coordinate 7 is selected. Therefore, each iteration of CovLPSolver can be implemented to
run in an expected O(E;[||A.|lo]) = O(N/n) time.
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