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Abstract

We present a homogeneous space geometry for the manifold of symmetric positive semidef-
inite matrices of fixed rank. The total space is the general linear group endowed with its nat-
ural right-invariant metric, and the metric on the homogeneous space is chosen such that the
quotient space is the image of a Riemannian submersion from the total space. As a result, we
obtain complete geodesics that are the image of certain geodesics on the general linear group.
We derive in addition an efficient closed-form expression for these geodesics. Furthermore, we
isometrically embed the abstract quotient space into the space of real matrices. This allows
us to interpret the vector fields, the metric and the geodesics in terms of concrete matrices.
Finally, we compare our geometry with some other geometries in the literature. In particular,
we show how other geodesics and their approximations relate to ours.

1 Introduction

Let p < n be two positive integers. The focus of this paper is the set of all real n x n symmetric
positive semidefinite (s.p.s.d.) matrices of fixed rank p. We denote this set by S, (p,n).

Central will be the description of S;(p,n) as a Riemannian manifold. Tt is widely accepted
that positive semidefinite matrices are fundamental objects in many areas of applied mathematics.
They have their use in modelling as well as in computation. We mention only their application
as covariance matrices in statistics (Huber, 1981), as optimization variables in semidefinite pro-
gramming (Boyd & Vandenberghe, 2004) and as kernels in machine learning (Lanckriet et al.,
2004). In many of these applications, the link with the Riemannian geometry of Sy (n,n) turns
out to be crucial; see, e.g, Smith (2005) for intrinsic Cramér-Rao bound analysis on Sy (n,n)
and Pennec et al. (2006) for a Riemannian framework to image processing with positive definite
tensors. Sometimes this link is established in a later phase, like in Nesterov & Todd (2008) where
the optimisation paths in short-steps SDP methods were related to the geodesics on Sy (n,n).
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Most of the aforementioned applications deal with the full-rank matrices of S;(n,n). Since
the typical matrix algorithms on Sy (n,n), like the eigenvalue decomposition, have an O(n?®) com-
plexity, they do not scale well for large n. A much-used remedy in matrix computation is to work
with low-rank matrices. By exploiting this low-rank structure, one can usually reduce the cubic
complexity to O(np©), with ¢ small, say two. This way, large-scale matrix problems involving pos-
itive semidefinite matrices become tractable. Due to the importance of the Riemannian geometry
of Sy (n,n), it is sensible to generalise these geometrical implications to the fixed-rank case.

This paper can be seen as a contribution to the first step of this generalisation, namely to
introduce a well-chosen geometry. There already exists quite a body of recent literature that
makes use of S;(p,n) as a Riemannian manifold. In contrast to the full rank case, we will show
that there is no longer a natural geometry for Sy (p,n) when p < n. This freedom has resulted
in several different geometries for Si(p,n): a submanifold embedded in R™*™ as in Helmke &
Moore (1994), Helmke & Shayman (1995), Orsi et al. (2004), Orsi et al. (2006), Vandereycken
et al. (2009), Vandereycken & Vandewalle (2010); a quotient manifold of R™*? as in Absil et al.
(2009), Journée et al. (2010), Meyer et al. (2010), Bonnabel et al. (2010); and a quotient manifold
of the product of the Stiefel manifold and S, (p,p) as in Meyer et al. (2009), Meyer et al. (2010),
Bonnabel et al. (2010), Bonnabel & Sepulchre (2010), Sepulchre et al. (2010). All of these choices
have their merits, but none of them succeeds in equipping S (p, n) with closed-form geodesics that
can be extended indefinitely.

The existence of geodesics that can be extended indefinitely has a profound global implication:
it guarantees that any two points on the manifold can be connected by a geodesic. The minimal
length among all such connecting geodesics coincides with the usual distance function on the
manifold. Furthermore, by virtue of the Hopf~Rinow theorem (Boothby, 1986, Th. VIL7.7),
the manifold will be a complete metric space w.r.t. this distance function. Complete spaces are
attractive in many ways and this is also the case when applied to manifolds. Here, we mention
only one application area that benefits greatly from these complete geodesics, namely, that of
optimisation and Newton algorithms on Riemannian manifolds; see Absil et al. (2008) for a recent
overview. The prototype example of an optimisation algorithm performs a line-search along some
search direction. In case of a manifold, this search can be done along a geodesic. The fact
that the geodesics are complete and available in an efficient closed-form makes this line-search
straightforward and well-defined. Alternatively, trust-region methods on manifolds also benefit
since every modification to the trust-region will be algorithmically possible.

We do not wish to claim that geodesics are necessary for optimising on a manifold. Retraction-
based Riemannian optimisation, like in Adler et al. (2002), dispenses with geodesics in favour of
their first-order approximations, called retractions. Retractions that can be extended indefinitely
surely share the same practical advantages as complete geodesics. However, most global conver-
gence theory for optimisation on Riemannian manifolds assumes completeness; see, e.g., Ferreira
& Svaiter (2002); Dedie et al. (2003); Li & Wang (2006); Absil et al. (2007); Alvarez et al. (2008)—
although Yang (2006) does not.

In this paper, we therefore introduce another geometry which leads to complete geodesics,
namely, that of a homogeneous space of the general linear group GL,,. In comparison to the existing
approaches, homogeneous spaces have more structure and a richer theory; see, e.g., Kobayashi &
Nomizu (1963). Together with the machinery of Riemannian submersions as in Cheeger & Ebin
(1975), O'Neill (1983) and Gallot et al. (2004), we can derive the complete geodesics based on the
geodesics of GL,,. Due to the importance of scalability in the applications of low-rank matrices, we
give much attention to deriving efficient expressions for the typical objects of differential geometry,
like these geodesics.

The plan of the paper is as follows. After some preliminaries to fix notation, we start in §3 with
the description of S; (p,n) as a homogeneous space. We outline why we choose the right-invariant
metric on this space and derive efficient expressions for some typical objects from differential
geometry. Then, in §4 we derive the complete geodesics for this metric. Most of the attention is
paid to a closed-form expression. The next section, §5, is devoted to the isometrical embedding
of the previous geometry into the space of real matrices. This was done to compare our geometry
with other descriptions and to make interpreting the quotient geometry more evident. Since the



complete geodesics are the crux of the paper, in §6, we explain some special solutions to these
geodesics and derive so-called quasi-geodesics. They allow for a lean expression of a connecting
curve between any two matrices of Sy (p,n). Finally, in §7 we compare our description with some
other existing Riemannian geometries in the literature. Conclusions are drawn in §8.

2 Notational preliminaries

We will use the following notations: R™*? is the space of real n x p matrices, R} *? is the restriction
to full rank matrices. The identity matrix on R™*™ is denoted by I,,. Lie groups: GL, := R}*"
is the general linear group and O,, := {Q € GL, : QTQ = I,} is the orthogonal group. The
symmetric and skew-symmetric n x n matrices are denoted by S5¥™ and S$k¢V, respectively. If
S € &Y™ then S ()0 means that S is positive (semi-)definite.

Suppose Y € RY*P and n > p, then Y, € fo("_p) is any orthonormal basis for the orthogonal
complement of Y in GL,,, i.e., YTY, =0 and YEYJ_ = I,,_p. Moreover, Py := Y(YTY)~ YT is
the orthogonal projector onto the column span of Y and P)% := I, — Py. In addition, two matrices
Y and Z are perpendicular, denoted Y L Z, when Y7 Z = 0.

The directional derivative of a function f at x along 7 is denoted by Df(x)[n]. The tangent
space of a manifold M at x € M is T, M. The Lie bracket is denoted by [, v], which for a matrix
Lie group equals [, v] = nv—vn. The couple (M, g) denotes the Riemannian manifold M equipped
with metric g. The existence of a diffeomorphism between two manifolds is denoted by ~. The
matrix exponential of a matrix X € R™*" is given by expm(X) = I,, + X + X2/(2!)+ X3/(3!) +- - -.

3 Manifold S, (p,n) as a homogeneous space

We have the following characterization of S; (p,n).

ProPOSITION 3.1 The set
Sy(pyn)={S:8€8S¥ S >0, rank(S) =p} ={YYT .Y € RI*P}

is a C* smooth embedded submanifold in R™*™ of dimension pn — (p(p — 1))/2. It has one
connected component.

Proof. The fact that S; (p,n) is a smooth embedded submanifold with one connected component
follows from Helmke & Shayman (1995, Prop. 2.1). We proof he equivalence between the two
definitions of S, (p,n). The inclusion {YY7T : Y € RY*P} C S, (p,n) is obvious. The inclusion
Si(p,n) C{YYT:Y € RY*P} can be shown using the eigenvalue decomposition: if S € S, (p,n),
then S can be written as UDUT', where U is an n x p orthonormal matrix and D = diag(d;) is a pxp
diagonal matrix with strictly positive elements d; on the diagonal. Hence S = UD'/ 2(U DY/ HT
with D'/2 = diag(\/d;). O

3.1 Matrix congruence as a transitive group action

Two matrixes A, B € R"*" are called congruent if there exists a matrix X € GL, such that
A = XBXT. For symmetric matrices, Sylvester’s law of inertia (Stewart, 2001, Th. 3.1) states
that congruent matrices have the same number of positive, negative and zero eigenvalues. Hence,
congruence defines a GL,-action on Sy (p,n) that is also transitive. This allows us to describe
St(p,n) as a so-called homogeneous space. We will assume a basic knowledge of homogeneous
spaces which are a fundamental topic in Riemannian geometry, see, e.g., Boothby (1986) for an
introduction.

PROPOSITION 3.2 Manifold S (p,n) is a homogeneous space with transitive GL,,-action

6 :GL, x Sy (p,n) — S4(p,n), (A, X) — AXAT. (1)



Proof. Transitivity of 6 means that there exists an A € GL,, for every X, Xs € S;(p,n) such that
0(A, X1) = Xo. Let X1 = Y1V and Xy = YoV with Y, Ys € RY™P, then such an A is given by

A=Y Z)n Z] .

for any 71,75 € fo(nfp) with Z; L Y7 and Zy 1 Y5. O
Take the following matrix

I, 0

E =
0 O(n—p)x(n—p)

€S4(p,n).

If we fix E as argument of S; (p,n) in 6, then map
0g : GL, — Sy(p,n), A— 6(A,E)

is surjective. Its image is called an orbit and this orbit is exactly the set Si(p, n).

3.2 Quotient manifold GL,/Stabg

Map 0 is surjective but not injective. In this section, we will construct a bijection based on 0
that gives us an alternative description of manifold Sy (p,n), namely as a quotient manifold.

An elegant way to express the many-to-one relation of g is with the so-called stability group,
denoted by Stabg. This is the maximal subgroup of GL,, that leaves the action of 8 fixed, that
is 0g(L) = F for all L € Stabg. It is not difficult to see that this group is given by

_ o, RPx(n—p)
StabE = |:O GLn_p :| .

The many-to-one relation can now be factored out by means of the following equivalence relation
for A, B € GL,,:
A ~ B if and only if B = AL for some L € Stabg.

The equivalence class containing A is denoted by [A] :== {B € GL,, : A ~ B}. Now, let
GL, /Stabg := {[A4] : A€ GL,,} (2)

denote the quotient of GL,, by this equivalence relation. It will be the set of all the equivalence
classes of ~. Map
7w : GL, — GL,/Stabg, A+ [4] (3)

is the canonical projection or quotient map. In order to avoid ambiguity regarding to which space
[A] belongs, we will use m(A) to denote [A] viewed as an abstract element of GL, /Stabg, and
71w (A)) for [A] as a subset of GL,.

It is a standard result for homogeneous spaces that GL, /Stabg is a quotient manifold diffeo-
morphic to S (p,n).

ProrosiTiON 3.3 Map
Of : GL, /Stabg — S (p,n), 7(4) — 0g(A)
is a diffeomorphism with fp = O o 7. In other words, GL,, /Stabg ~ S (p,n).

Proof. Since S; (p,n) is a smooth manifold, we can use e.g. Boothby (1986, Th. IV.9.3). Alterna-
tively, the fact that Stabg is a closed Lie subgroup of GL,, makes the set S; (p,n) a smooth mani-
fold, see Boothby (1986, Th. IV.9.6). The dimension of GL,, /Stabg equals dim(GL,,) —dim(Stabg)
and is the same as dim(Sy (p,n)). O



3.3 Representatives for equivalence classes

Manifold GL,,/Stabg is a quotient space that contains abstract equivalence classes as elements.
Since we prefer to work with concrete matrices as elements, we will use a matrix A € GL,, to
represent the equivalence class [A]. These representatives are obviously not unique and so they
are not a replacement for the equivalence classes. However, with the right mathematical tools
(like horizontal lifts) this will pose no problems. In fact, this non-uniqueness will be advantageous
later on. Let us see how these representatives look like.

First note that throughout the paper we will use the following partitioning for an A € GL,;:

A=[Y Z], YeR>? ZzeRZ" 7). (4)

By using the notation Y and Z we will implicitly always mean matrices that satisfy the form of
(4). For such an A, the equivalence class 7~ !(m(A)) can be written as

7 (m(A)) = AStabp,
=[YO, YR PXP4 ZGL,_,],
=[YO0, YR PXP 4y, GL,_,].

As long as A € GL,,, the last n — p columns of A are all equivalent. So only the first p columns
have an influence on 7 and these columns belong to the equivalence class Y O,,.

3.4 Reductive space GL, /O,

When p = n, the homogeneous space geometry in Prop. 3.2 has an important additional property,
namely that of a reductive space; see Smith (2005). There is now a natural choice for a metric
on Si(n,n) ~ GL,/0O,, and this metric will be invariant to the GL,-action. This invariance is
a powerful property to exploit (e.g., when deriving geodesics) and has been used in most of the
literature on the Riemannian geometry of Si(n,n).

When p < n, it is sensible to try to find a metric on GL,,/Stabg which is also invariant to
the GL,-action. This is however not possible, as was shown in Bonnabel & Sepulchre (2009) for
S+(2,1) by a continuity argument on this metric. In fact, we will show that GL,,/Stabg is never
a reductive space for all rank deficient cases, i.e., p < m. As such, we can no longer derive a
GL,,-invariant metric based on this reductive property.

Let g = R™ ™ denote the Lie algebra of GL,, and let

Sskew RPX (n—p)
h=1" RrRO-»x@-p

be the Lie algebra of Stabg. The homogeneous space GL,, /Stabg is reductive if and only if there
exists a subspace p of gl, complementary to b, such that HpH ! C p for all H € Stabg (Kobayashi
& Nomizu, 1963, Chap. X). Differentiating, this implies that

[b,p] C p. (5)
All subspaces of gl complementary to h are of the form

p:{[SJrW(B,S) D(B, S)

. (n—p)Xp sym
B £(B, S) : BeR , S €S, },

where

Wt ROTTPIP o Sovm , Sokew
D R—P)XP Sym — RP*(n=p)

£ R—P)Xp Sym R(n—p)x(n—p)



are linear maps. Since map & is linear, we can decompose it as & = & + & with & : R(»—P)xp _,
R(—p)x(n=p) &, . S — R=P)x(n=P) "and similarly for W and D.
Observe that the Lh.s. of condition (5) reduces to

s K|[S+W D] [S+W D|[E K

bel=lo LIl B el | B ¢€llo L
[SS+SW+KB-SE-WS D+ KE - SK - WK — DL )
= LB — BY LE — BK — €L ’

with X € S;kew, K e RP*(n=p) and L € R(»=P)*(n=p)  The proof is now as follows.

PROPOSITION 3.4 The homogeneous space GL,,/Stabg ~ S, (p,n) is reductive only for p = n.

Proof. We will show that for p < n, there are no linear maps W, D, € in (6) such that (5) is
satisfied for all 3, S, K, L, B arbitrary matrices of suitable form.
First, if p = n, linear maps D, £ and matrices K, L, B are void. We immediately get that W =0
satisfies (5), as is known from Smith (2005).
Next, we prove the case p < n by contradiction. Take K = 0 and ¥ = 0, then condition (5) with
(6) implies

0 —D(B,S)L } _ [W(LB,O) D(LB,0) (7)

LB L&B,S)—-&(B,S)L| LB E(LB,0)|"

So one of the conditions is £(LB,0) = LE(B,S) — E(B,S)L, or £ (LB) = L& (B) + L&(S) —
E1(B)L — &(S)L for all L, B and S. Hence when B = 0, we get that LE(S) — E(S)L = 0,
or, in other words, that &(S) commutes with L. For general L and S, this can only be if
&(S) = a(S)I,—p where « is a scalar-valued function. Now take L = 0 and ¥ = 0, then condition
(5) with (6) satisfies

KB KE&(B,S)— SK — W(B, S)K} B {X +W(0,X) D(0,X) ®
0 ~BK - 0 £(0,X)|"

where
X =(KB+ B"K"))2.

We get the condition £(0,(KB + BTKT)/2) = —BK. From above, we already know that
E(0,(KB+ BTKT)/2) = a((KB + BTK")/2)I,,_,. This leads to a contradiction if BK is not a
scalar, i.e., n —p > 1. If n —p =1, then a(S) = —tr(S) satisfies the condition.

We continue with proving the case n — p = 1. Take again (7), since the lower-right corner
of the Lh.s. is now zero, it implies £(LB,0) = & (LB) = 0 for all L, B. Hence & = 0 and
E(B,S) = —tr(S5). In addition (7) also implies D(LB,0) = —D(B,S)L, and, since L is a
scalar, also LDy(B) = —LD1(B) — LDy(S). From this we have D = 0. From (7) we have
also W(LB,0) = 0, so Wy = 0. Finally, from (8) again, we get that —tr(S)K —SK —Ws(S)K =0
for all K. Since W5 (S) is always skew-symmetric and tr(S)I, + S symmetric, their sum can never
be zero and we have a contradiction. 0

3.5 Riemannian metric

For p < n, manifold S (p,n) is no longer reductive and we lose the existence of a natural metric.
The typical choice to equip GL,, with the Euclidean metric

EE“CI(nA,VA) = tr(ngl/A), for all na,va € ToGL,, A € GL,,

turns out to be less than ideal when one is concerned about geodesics. Take e.g. curve t — I,, —tI,,.
It is obviously a length minimising geodesic, but it is not complete since at ¢ = 1 its image is zero.
Complete geodesics are important however, since, by virtue of the Hopf-Rinow theorem (Boothby,
1986, Th. VIL.7.7), they allow one to define a distance function on S, (p,n) as the minimal length
of all connecting geodesics between two points.



Since all left- and right-invariant vector fields on GL,, are complete (Boothby, 1986, Cor. V.5.8),
it is reasonable to have a left- or right-invariant metric also. (Note that both left- and right-

invariant is not possible on GL,,.) In this paper, we therefore choose the right-invariant metric g,
defined as

Ga(na,va) = gl(nAAfl,l/AAfl) = tr(A*TnZ;VAAfl), for all na,va € TAGL,, A € GL,. (9)

In §4.1, we will explicitly show that, although the geodesics of (GL,,q) are not always right-
invariant, they are still complete.

At first sight, an equally logical choice would be the left-invariant metric for which all left-
invariant vector fields are complete. We will later see in §7.3 however that the left-invariant metric
does not allow us to reuse the geodesics of GL,, in the same way as the right-invariant does.

3.6 Tangent space

Similar to the representatives of §3.3, we want to use the tangent space of GL,, to represent tangent
vectors of GL, /Stabg. This requires the notion of the vertical and horizontal space: a specific
decomposition of T4y GL,, ~ R™*™,

Since Stabpg is closed, 7~!(7(A)) is a submanifold embedded in GL,, (Boothby, 1986, Lemma
IV.9.7). This means that its tangent space is a subspace of the embedding space R™*™ and it is
called the vertical space V4. In A = [Y Z} it is given by

skew pX(n—p)
S R ] . (10)

VA — [YSZs)kew RnX(n—p)] = A |: PO R(n—p)x(n—p)

The horizontal space H 4 is any complementary subspace of V4 in R"*™ and we will take the
orthogonal complement of V4 w.r.t. the right-invariant metric. So, using the right-invariant metric
g of (9), the horizontal space becomes

Spym 0
_ A-T T
The tangent space of GL,,/Stabg can now be represented uniquely by tangent vectors from the
horizontal space. These are called the horizontal lifts and we will consistently denote the (hori-
zontal) lift of 94y € Tr(a)GL,/Stabg by 77, € TAGL,. Let 77 denote such a unique horizontal

lift on GL,, of a vector field 7 on GL,,/Stabg. It satisfies

Dr(A)[4] = Nr(a)y, 7a € Ha. (12)
We have in addition that the lifts are related along the equivalence class 7~1(7(A)) in the following
way.

PROPOSITION 3.5 A horizontal vector field 77 of GL,, is the horizontal lift of a vector field n on
GL, /Stabg if and only if, for all A € GL,, it holds that

Narp =1L, forall L € Stabg.

Proof. First observe that H; = L~ TH;L™ for all L € Stabg, from which it follows that Har =
HaL. Thus, we have constructed a horizontal space that satisfies a connection Kobayashi &
Nomizu (1963, Ch. II) on the principal bundle GL,,(GL,,/Stabg, Stabg) and the proof follows by
Kobayashi & Nomizu (1963, Prop. 11.1.2). O

We construct the space (GL,,/Stabg, g) by restricting the right-invariant metric of (GLy,g) to
the horizontal space.



PROPOSITION 3.6 Let g be the right-invariant metric (9). Then the relation
() (r(a), Vr(a)) = Ga(TTa,7a) = tr(A™TAT4ATY) (13)
defines a Riemannian metric g on GL, /Stabg. The metric g turns the quotient map
7 : GL, — GL, /Stabg
into a Riemannian submersion and (GL,,/Stabg, ¢g) is a Riemannian quotient manifold of (GL,,, g).

Proof. The lifted metric is invariant on each fibre

GarTar:var) = 9r@ar L AT DAL LT AT =G, (A AT DaA™Y) = a4, 7a),

hence Dm(A)|#, is an isometry for each A. This makes 7 a Riemannian submersion (O’Neill,
1983, Def. 7.44). 0

3.7 Some useful expressions

We will derive some relations regarding the horizontal space which will be convenient later on.
Take A= [Y Z] asin (4). We have the identity

AT = [PzY(YTPLY)™t PEz(ZTPiz)7Y. (14)
The choice Z =Y, i.e.,
A=[y Y], YeR™ v, eR>*" P yTy, —0,YIY, =1, ,, (15)
allows to simplify the horizontal space to
Ha=[YYTY)TIS¥(YTY) + YLRPXP 0,0 )] - (16)

Still using Z = Y, the inner product of two tangent vectors 7;,7, € Ha can also be written
succinctly. Suppose 7; = [Y(YTY) ' H (YTY) + Y. K, 0] and analogously for 7j,, then

9a(M.7) = e((YTY) " (HL(YTY) Ho + K K3)). (17)

3.8 Orthogonal projection onto the horizontal space

Now that we have defined the metric, we can specify the projection onto the horizontal space
orthogonal w.r.t. this metric. Since TAGLy ~ R™"*"™ =V, & H 4 for all A € GL,,, we can define
for every A € GL,, the following orthogonal projections:

PY:R™™ — Hy,, with PP(V)=0forall V€V, and P*(H) = H forall H € Ha.  (18)
PV:R™"™ - Vy,, withPY(H)=0forall HE Ha and PY(V) =V forall V € Vg4, (19)

So we can decompose every Z € R™™ into a horizontal term P"(Z) and a vertical term PV (Z) for
which g4 (P%(Z),PY(Z)) =0 and Z = P%(Z) + P¥(Z).

These projections can be computed for all A and Z as oblique projections onto H4 along
V4, and vice versa. We will derive an efficient expression for these projections by exploiting the
equivalence along the fibre [A]. First, we need a technical Lemma regarding the so-called stable
and symmetric generalized Lyapunov equation. This equation is well-known in control theory, but
we reformulate it for convenience.

LEMMA 3.7 Let 51,52 € &Y™ with 51,52 > 0 be given and define the generalised Lyapunov
operator
£51752 S S:'Lym’ X+ 5:X8 +5X85;. (20)

n

Then operator Lg, s, is linear and bijective. Furthermore, equation Lg, s,(X) = B, can be solved
for X in O(n?®) time and memory.



Proof. See Penzl (1998, Th. 3). O
The choice A= [Y Y] € GL, allows for a direct computation of the projections.
LEMMA 3.8 Let A=[Y Y.] € GL, be as in (15). The horizontal projection P" from (18) of a
tangent vector ng = [771 172], with the same partitioning as A, is given by
Ph(77A) = [Y(YTY)_lH(YTY) + P)Lﬂll Onx(nfp)]

with H € §;¥™ the solution of the Lyapunov equation

YIY)TTHYTY)+ (VYY) HYTY) T = (VTY) T ) + (ol V)(YTY) T (21)
The vertical projection PV from (19) is given by

PY(na) = [Pym —Y(YTY)THYTY) n].

Proof. We will give a constructive proof. The vertical and horizontal space are given by (10) and
(11) respectively:

Va=1[Y Y] {Q M} and Ha=[Y Y] [(

YIY)LH(YTY) 0
0 N ’

K(YTY) 0

with Q, M, N, H and K coefficient matrices of suitable form. The horizontal projection of 14 must
satisfy PP(na) = na — v, v € V4. Writing the tangent vector as

X X
na=[m m|=[Y Yi {X; X;j )

this condition reduces to

YIY)'HYTY) 0] [X1u1-Q Xipo—-M
KYTY) 0] | Xa1 Xp—-N

which immediately gives that K = X1 (Y7Y)™!, M = X153 and N = X5,. The condition
YY) 'THYTY)= X1 —Q with H=H” and Q = —-QT

is solved by adding it to its transpose. This gives (YITY) 'H(YTY) + (YIY)H(YTY)™ ! =
X1+ X7}, Since YTY = 0, Lemma 3.7 guarantees a unique and symmetric solution H. This
way, we have determined all the coefficients H, K of the projected matrix P"(n4). Since 1, =
Y X1, + Yy Xy, it is straightforward to express the obtained matrix for P"(14) into the form of
the Lemma. O

Using the previous Lemma, we can compute the horizontal projection of a tangent vector 74
at an arbitrary A = [Y Z] by transporting na along the fibre [A] to a point B = [Y Y.].
Since B = AL for some L € Stabpg, it suffices to compute the projection of the tangent vector
ng = naL and transporting P"(np) back to A by P*(ng)L~".

PROPOSITION 3.9 Let A= [Y Z] € GL, be as in (4). The horizontal projection P" from (18)
of the tangent vector na = [171 772], with the same partitioning as A, is given by

P(na) = [ (YY) Y7 7]

with 0t = Y(YTY) ' H(YTY) + P, and H the solution of the Lyapunov equation (21).



Proof. Suppose we fix B=[Y Y. ] for some orthonormal Y], then we have BL = A with

I, (YTY)"lyTz

L=1g vz

(22)

The transported tangent vector g = n4L~! has the same first p columns as 4. By Lemma 3.8,
we have as horizontal projection P*(ng) = [} 0]. Transporting this back to A gives the desired
projection P2(n4) = Ph(np)L O

Notice that we can compute the projections based only on Y, the first p columns of A, and we
do not need to construct nor use Y .

3.9 Levi-Civita connection

We will use the Levi-Civita connection on (GL,,/Stabg, g), denoted by V. Since this connection
can be related to the one on (GL,,7), denoted by V, we will first derive this connection for two
arbitrary vector fields.

ProrosITION 3.10 Let n,v be two vector fields on GL,, then the Levi-Civita connection of
(GL,,9) in A € GL,, satisfies

_ 1 B _ _ _ _ _

(Vum)(4) = Dn(A)[] + 5 {lATn" vA A+ [ATVT AT A — A~y —vAT I} (23)

Proof. Let n,v, A be vector fields on GL,. Notice that since GL, is a vector space, one has
[v,n] = Dnlv] — Dv[n], and likewise for all permutations between 7, v and A. Furthermore, we have
the identity
DG 4(n, N[v] = tr(A"TnTDA[V] A™Y) + tr(A~TATDy[] A7)
—tr(A7 T XA AT —tr(A7TATpAT v ATY)

and again for all permutations. Substituting these identities in Koszul’s formula (Lee, 1997, (5.1)),

294(Vun, A) = Dga(n, M)[v] +Dga(v, \)[n] — Dga(n, v)[A]
F 4N ) + 94, A 1)) = Ga(v; [0, AD),
we obtain
2tr(A"TATV, nA™Y) = 2tr (AN D] A7 — A7 TpTAA wA™ - AT AT A~y A™!
—ATTYINATInAT — AT YA AT - AT T v AT I AT + AT A= I AT,
This identity holds for all A, hence we recover (23). O

REMARK 1 Despite the widespread use of GL,,, to the best of our knowledge, the expression of
the connection for arbitrary vector fields on (GL,,,q) is new. For left- or right-invariant vector
fields however, the connection simplifies considerably since it is again left- or right-invariant. This
has been observed by many authors; see, e.g., Cheeger & Ebin (1975, Prop. 3.18) and Mahony
(1994, Ex. 5.8.3).

Since (GL,/Stabg,g) is a Riemannian quotient manifold, the connection on (GL,/Stabg, g)
can be expressed in terms of horizontal lifts. Recall that the unique horizontal lift of a vector field
71 is denoted by 7.

PROPOSITION 3.11 Let V and V denote the connections on (GL,,/Stabg, g) and (GL,,,g) respec-
tively. Then for all vector fields v, on (GL, /Stabg, g), the horizontal lift of V, 7 satisfies

B _
Vo = Vol = 5P [, 7] = P (Ve),

where PV and P" denote the orthogonal projections (19)—(18).

10



Proof. The first identity follows from (3.25) in Cheeger & Ebin (1975), while the second is stated
in O'Neill (1983, Lemma 7.45). O

4 Geodesics

According to Prop. 3.6, the quotient map = : GL, — GL,,/Stabg is a Riemannian submersion.
This means that we can identify all the geodesics on (GL,, /Stabg, g) as the geodesics on GL,, for
the right-invariant metric g that stay horizontal; see, e.g., O’Neill (1983, Cor. 7.46) or Gallot et al.
(2004, Prop. 2.109). In this section, we will therefore first derive the geodesics of (GLy,,g), restrict
them to the horizontal space H 4 and finally formulate and solve them in a closed form.

4.1 Geodesics of (GL,,9)

The geodesics of (GL,,,q) satisfy the following initial value problem (IVP).

LEMMA 4.1 Let Ag € GL,, and Uy € R"*™ be given. Let g be the metric (9). Then the geodesic
in (GL,,,g) through Ay along UpAy is the solution A(t) of the IVP

A(t) = U A1), A(0) = Ao, (24)
Ut)y=ut) U’ —u@®)Tut), U(0) = Uy, (25)
with U(t) € R™*™. Furthermore, A(t) is defined for all ¢t € R.

Proof. We apply the Euler-Lagrange formalism to the length functional (or strictly speaking, the
energy Lagrangian). Since we can (formally) write A(t) as the solution of the initial value problem
A(t) = U(t)A(t) with A(0) = Ag for some U(t) € R™*", this functional is given by

1 1
S(U) = / T (A1), A(t)) di = / 9/ (U(1),U(5)dt.

The extremals of S will be exactly the geodesics A(t) (Postnikov, 2001, Prop. 11.1). A calculus
of variations then gives that U(t) has to satisfy (25) in order for S(U) to be stationary. Since
d(tr(UUT))/dt = 2tr(UU) = 0, matrix U(t) has constant Frobenius norm. The differential
equations are thus Lipschitz on R and the solution of the IVP exists and is unique on the whole
real line for all initial conditions (Stoer & Bulirsch, 1992, Th. 7.1.1.). O

Alternative proof. Curve A(t) is a geodesic if and only if (V ;A)(A(t)) = 0 for all ¢. Since
DA(A(t))[A] = d?A/de?,
formula (23) for the connection becomes
(VA (A(t)) = d®A/dt? + [A"TAT AA"1A - AATTA.
Taking the derivative of (24) and using (25), we obtain (V ;A)(A(t)) = 0. O

REMARK 2 In the same way geodesics for the left-invariant metric have been proved in Lee et al.
(2007). Another proof based on a more general framework can be found in Miller et al. (2003).

We derive the closed-form solution of the IVP in Lemma. 4.1. First observe that IVP (25) is
actually a Lax pair with solution

U(t) :== Q) UpQ(t)T, with Q(t) := expm(t(Uy — UZ)) € O,.

This is easily verified using the relation U(t) = Q(Uy — UT )\ UoQT + QUo(UT — Up)Q™. Hence,
A(t) is the solution of the IVP

A(t) = QM) UQ(1)TA(t), A(0) := Ag € GL,.

11



Take B(t) := Q(t)T A(t), then
B(t) = (U5 = Uo)Q()" A(t) + UoQ(t) " A(t) = Ug B(t).

Together with B(0) := Ay, this gives B(t) = expm(tU)Ap, and so we have basically proved the
following result.

PROPOSITION 4.2 The geodesics of (GL,,g) are given by
A(t) = expm(t(Uy — UJ)) expm(tU] ) Ao,
for all Ag € GL,, and Uy € R"*™. They are complete.

Proof. The fact that A(t) is a geodesic follows by the construction above. Since the image of
the matrix exponential is always a full-rank matrix (Boothby, 1986, Th. IV.6.2), matrix A(t) is
well-defined and will be in GL,, for all ¢. O

Let v;(t) be a geodesic of Prop. 4.2 with foot v;(0) = I. Then for any A € GL,, the curve
va(t) == v7(t)A is also a geodesic. Furthermore, their velocity vector fields are related by right-
translation R4 : GL,, — GL,,, X — X A since

dRA(31 () = 41 (6)A = 7a(t),

with dR 4 := R4 the differential of R 4. Such vector fields are called right-related. They are however
not always right-invariant, or in other words, their flow does not need to be same after right
translation. Take again v7(t) at t = 0. Now we right-translate v7(t) to itself, i.e., Ra := R, (1)
for some ¢t = T'. Right-invariance would mean equality for each 7" in

dRA(31(0)) = 41 (0)71(T) = Uoys (T) = 41(T) = U(T)y:(T).

We have equality when U(t) = Uy stays constant, e.g., when Uy is a normal matrix. In this case
the geodesic is simply a matrix exponential ¢ — expm(tUy)Ap, which is obviously right-invariant.

There is another property which depends on the normality of Uy. Let n > 1 and let ;(t) again
be a geodesic with v;7(0) = I. Since there are initial conditions Uy for which

Yr(t +s) # v1(t)v1(s) # vr(s)vr(t),

the geodesics do not form a one-parameter subgroup in general. However, when Uj is a normal
matrix, the matrix exponentials in Prop. 4.2 commute and the geodesics can be written as

t — expm(tUp) Ao. (26)

This is e.g. the case for (skew-)symmetric and orthogonal matrices Up. In fact, one can show,
together with the formula for the Riemannian connection, that the normality condition [Uy, Ul] =
0 captures all the cases for which the geodesics are one-parameter subgroups (Cheeger & Ebin,
1975, Prop. 3.18). Since there is a one-to-one correspondence between one-parameters subgroups
in GL,, and expm (Boothby, 1986, Cor. IV.6.3), the curves (26) will be geodesics if and only if
Up is normal. We will later see in Prop. 4.3 that the case for general Uj is necessary to have
meaningful horizontal geodesics on GL,,/Stabg.

REMARK 3 There are other affine connections for which the curves (26) do describe all the
geodesics, most notably the Cartan connections (Postnikov, 2001, §6.4). However, these connec-
tions do not share some important properties of the Levi—Civita connection like geodesics that are
length-minimising. For these reasons, we prefer to work with the Levi—Civita connection.

REMARK 4 Geodesics on Lie groups for the right-invariant metric are widespread in Lagrangian
and symplectic dynamics; see, e.g., Marsden & Tudor (1999). In this field, the geodesics are usually
derived based on the Euler—Arnold formalism: the Euler—Poincaré equations lead to an IVP for
the intrinsic velocity U(t) as the Lax pair (25); the IVP for the geodesic follows directly by the
definition of U(t) = A(t)A(t)~'. Since these derivations require some more involved differential
geometry, we prefer our more constructive approach.
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4.2 Horizontal geodesics of (GL,,7)

By restricting a geodesic on (GL,,, g) to stay horizontal we obtain a representative of a geodesic on
the abstract manifold (GL,,/Stabg, g). At first sight, these geodesics on (GL,,/Stabg, g) appear
to be easily found, since the geodesics of (GL,,q) are right-related and available in closed form.
This is however not as useful as it seems, since the horizontal space does not share the same right
relation and the matrix exponentials involve large n x n matrices. We will therefore derive, in this
and the next two sections, an alternative IVP for the horizontal geodesics that allows us to solve
the first p columns of a geodesic efficiently.

PROPOSITION 4.3 Let Ag € GL,, Ho € S;¥™ and Ky € R(=P)XP be given and let A(t) be the
solution of the initial value problem

Hy 0

A(t) = A@t)~T {KO 0

} AT A(t), A(0) = A,. (27)
Then the complete geodesic on (GL,/Stabg,g) through m(Ag) along 7x(4,) with horizontal lift
74, = A(0) is given by m(A(t)) for all t € R.

Proof. First observe that since A(t) € Ha(y, the curve A(t) stays horizontal in (GL,,g). By
Gallot et al. (2004, Prop. 2.109), w(A(t)) will be a complete geodesic on (GL,,/Stabg, g) if A(t)
is a complete geodesic in (GL,,,q). Identifying A(t) in (27) as the curve A(t) of (24) we see that
U(t) has to satisfy

Ut) = A(t)" [g‘; 8] AT

in order that A(¢) satisfies the ODE of Lemma. 4.1. Taking the derivative,

() = —A(t) T AT A(t)"T [gg 8] AT+ AT {gg 8} AT,

we see that U(t) also satisfies (25). Thus, A(t) is a geodesic in (GL,,3). O

The following corollary is a simple consequence of the partitioning in (4) and identity (14).
COROLLARY 4.4 Let A(t) := [Y(t) Z(t)] be a geodesic as defined in Prop. 4.3 and be partitioned
like (4). Then the matrices Y (¢) and Z(t) are solutions of the IVP

Y = PrY(YTPLY) " Hy(YTY) + P Z(Z7 P 2) ' Ko (YY), Y (0) = Yy,
Z=PrY(YTPFY) ' H (YT Z) + P 2(ZT PEZ2) Ko (YT 2), Z(0) = Zy.

4.3 Moving the geodesics along the fibre

Take the usual partitioning A(t) = [Y(t) Z(t)]. Since in the end we are only interested in Y, we
are free to pick another representative of m(A) such that matrix Z is of a more suitable form. We
choose Z to be orthogonal to Y. This can always be done, since A is of full rank. The aim of this
section is to transform the IVP of Cor. 4.4 into a more suited “triangular” form by moving Z(¢)
along the equivalence class [A(¢)]. This will introduce a new variable, called W ().

At t = 0, we can simply take an A(0) := [YO ZO] such that Yy L Zy. For ¢t > 0 however, Z(t)
will not stay orthogonal to Y (t). We will therefore introduce a new variable

W:=PZ=272-YYTY)'YTZ (28)

and derive equations of motion in terms of only Y and W. Since W L Y, it will turn out that the
projectors in Cor. 4.4 disappear and that the new ODE is of more suited form.
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Let us first introduce the operator E' : (§Y™,R) — S;¥™ defined as

t, A =0,

B . YoT.  wi .=
E(S,t) = Qdiag(d;) @,  with d; {(et)""—l)//\ia Ai # 0,

where S = Qdiag(\;) QT is an eigenvalue decomposition. Observe that \; = 0 is a removable
singularity and dF(S,t)/dt = expm(¢S). The following identities can be proved directly from
Cor. 4.4.

LEMMA 4.5 Suppose Yy L Zp, then Y () and Z(t) of Cor. 4.4 satisfy
Y ()Y (t) = expm(tHo)Yy Yy expm(tHy), (29)
Y ()T Z(t) = expm(tHo) Yy Yo E(Hy, t) K. (30)

Proof. First observe that from Cor. 4.4, we get that YTY = H,YTY, YTZ = HyYTZ and
YTZ = YTYK{. Next, we have
dY’y)  or Ty _ (vT T T _ T
pra Y'Y+Y'Y=(Y'Y)Hy+ Hy(Y'Y), Y(0)'Y(0)=Y;Y,.
So (29) is indeed the solution of this initial value problem. In addition, we get

Ad(yT2z)

= YTZ + YT 7 = expm(tHy) Yy Yo expm(tHo) KL + Ho(YTZ), Y (0)TZ(0) = 0.

After substituting X := expm(—tHo)YTZ we get X = Y Yyexpm(tHo)KI with X (0) = 0. Tts
solution is X (t) = Y{ YoE(Hy,t)K{ and we recover (30) as solution. O

The equation of motion for W can be found by taking the derivative of (28). This gives
W=2z-y¥Ty)"'vTz - Y%((YTY)_lYTZ).

According to Cor. 4.4, we have that Y(YTY)"Y(YTZ) = Z. Together with Lemma 4.5, we can
simplify the expression for W to

W= fY%(expm(ftHo)E(Ho, YKL = Y (Hy expm(—tHy)E(Ho,t) — I,) K&
= —Yexpm(—tHo) K[ . (31)
We have in addition the identity
Z =W + Yexpm(—tHy)E(Hy, t)Kq . (32)

Next, we rewrite Y in terms of W instead of Z. For this we need the following technical result.

LEMMA 4.6 Suppose Yy L Zp, then Y () and Z(t) of Cor. 4.4 satisfy
PEY(YTPLY) 'Ho+ P+ Z(ZTPEZ) 'Ko =Y (YTY) ' Hy + W(WTW) " Ky expm(—tHy)
with W 1= Pj+Z.

Proof. Matrix A := [Y Z] will be full rank for any Y and Z of Cor. 4.4, so it suffices to verify
that

AT PzY (YT PyY) 'Hy+ Py Z(Z" Py Z) 'Ky}
LA™Y (YTY) ' Hy + W(WTW) 'Ky expm(—tHy)}. (33)
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Working out A7 in partitioned form and using that Y L W, this gives
YTPLY (YT PEY) ' Hy = YTY(YTY) ' H,,
ZTPEZ(ZTPEZ) Ky £ ZTY (YTY) " Hy + ZTW (WTW) " K expm(—tHp).

The first equality is trivially satisfied. Plugging in Z as given by (32), the second expression
becomes
?
Ko = Ko(E(Hy,t)expm(—tHy)Hy + expm(—tHy)).

It is straightforward to check that F(Ho,t)expm(—tHy)Hy + expm(—tHy) = I,. O
Now we can rewrite ¥ directly as
Y =YYTY) ' HYTY + WWTW) 1 Kq expm(—tHy)YTY. (34)
Summarising all the transformations, we have almost proved the following result.

LEMMA 4.7 Let A(t) = [Y(t) Z(t)] be defined as in Prop. 4.3 with the partitioning (4). In
addition, assume that Y (0) L Z(0), then Y (¢) is the solution of the initial value problem

Y (t) = (Y (t) expm(—tHo)(Yy Yo) " Ho + W(t)(Z8 Zo) " Ko) Yy Yo expm(tHy), Y (0) = Yo,

(35)
W(t) = =Y (t) expm(—tHy) K7, W(0) = Zo,
(36)
with W (t) € R"*("~P), Furthermore, Z(t) is given by
Z(t) = W(t) + Y (t) expm(—tHy)E(Ho, t) K. (37)

Proof. Equations (36) and (37) follow from the construction above. Observe that from (31) it
follows that d(WTW)/dt = 0 and so W (t)TW (t) = ZT Zy. Plugging this and (29) into (34), we
obtain (35). O

4.4 Closed-form solution of the geodesics

Now we are ready to solve the geodesics in closed form. First, we make the assumption that Zj is
an orthonormal basis for the orthogonal component of Yy, so Zy := Y, and ZOT Zy = I—p. This
can always be done by transporting the foot of the geodesic along the equivalence class [A]. Next,
we introduce the new variable

Y (t) := Y (t)expm(—tHo) (Y Vo)~ 1/2.

With (YOTYo)l/ 2 we denote the unique principal matrix square root of Y Yy. Since Yl Yy = 0,
this square root is symmetric positive definite and it satisfies (Yg' Yo)'/2(Yy Yo)'/2 = Y'Yy, Tt
can be easily computed by means of an eigenvalue decomposition, see Higham (2008). Taking
the derivative of Y (t), we obtain an IVP equivalent to the one in Lemma 4.7. Let € denote the
following skew-symmetric matrix:

Qo = (¥g Yo) ™2 Ho (Y Y0) /2 — (Y5 Yo) /2 Ho Yy Yo) 72,

Then the new IVP is homogeneous and linear with constant coefficients:

d rs o Q —(Y"Yo) 2 KY Y(0) = Yo(Y§Yo)~'2
dt [Y W} - [Y W} [KO(YOTYO)W 0 W) = Y. (38)
Its solution is
- 0 —(Y{Y) PR T
_ Ty \—1/2 0 o Yo 0
|:Y(t) W(t)} [YO(YO Yo) YLO] expm (t |:KO(YOTYO)1/2 0 :
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Although this closed-form solution is straightforward to compute, it is rather expensive since it
involves the matrix exponential of an n X n matrix. Furthermore, we would like to avoid having
to use matrices Y, o and Ky explicitly.

Thanks to the choice Zy := Y] ¢, the horizontal lift of the initial velocity 7,(4,) of a geodesic
can be written like in (16):

Ta, = [V 0], V=Yo(YJYo) "Ho(Y] Yo) +Y, ER™P, Y, LY. (39)

We can identify matrix V as Y(0) in Lemma 4.7. This results in the identity Y, = Y| KoY Yp.
Substituting W (t) := W (t)Ko(Yy Yp)/? in (38) we get an IVP without Y ¢ and K:

e R s O K 14 R

where X := (Y{'Yo) ~Y/2Y,L'Y, (Y Yo) ~*/2. Now we can summarize all the transformations in the
following proposition. For ease of exposition, we formulate it stand-alone.

PROPOSITION 4.8 Let Yy € RY*P, Hy € Sy™ and Y, € R™*? with YpTYO = 0 be given. Define
QO = (YOTYvO)il/zHO(YOTYO)l/Q _ (Y'OTY'O)I/ZI_‘]'O(Y'OT}/’O)fl/27 ZO = (YOTYO)fl/QYPTYP(YOTYO)71/2

" (1) Xua(t) 0
X11 t X12 t L 0 _EO
i o] e (5 75°))
Then the geodesic of (GL,/Stabg, g) through 7([Yo Yl10]) along n with horizontal lift
ﬁ = [YO(YOT%)ilHO(YOTYO) + Yp Onx(n—p)]

is the curve t — 7 ([Y(t) YL (¢)]) where
V(1) = (Yo(¥d ¥o)™/2X01 () + Y, (V] Yo) ™2 Xaa (1) ) (Y Yo) /2 expm(tHo).

Proof. The solution of (40) is

[P0 0] - biogrore oo emm (e[ 5

Undoing the transformation of ¥ gives Y(t) = Y (£)(YIYy)Y/2 expm(tHy). By the construc-
tion above, matrix Y (¢) represents the first p columns of a representative of a geodesic on
(GL,,/Stabg,q) and this is sufficient to define the whole geodesic. O

4.5 Metric space

By the Hopf-Rinow theorem, (GL, /Stabg, g) is a complete metric space since the geodesics can
be extended indefinitely. This means that given two s.p.s.d. matrices in S; (p,n), we can always
construct a geodesic of minimal length that connects these two matrices. The length of this
geodesic defines the distance function on (GL, /Stabg, g) and, as we will see in the next section,
on Sy (p,n) also.

A practical use of this distance function requires an efficient algorithm to construct the con-
necting geodesics, preferably in closed form. We have not found such a closed-form solution for two
arbitrary matrices. As alternative, one can numerically solve a relatively simple boundary value
problem since the ODE can be integrated analytically as in Prop. 4.8. This is however beyond the
scope of the current paper and we will not explore this further.
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5 Isometric embedding in the space of real matrices

In this section, we will give an interpretation of the homogeneous space geometry with the right-
invariant metric. It has been shown in Helmke & Moore (1994) that Sy (p,n) is also an embedded
submanifold of R™"*™. Since the structure of a submanifold is easier to understand than that of
a quotient manifold, we will see how the two relate. Specifically, we will construct an isometry
between the two manifolds.

Since we are dealing with three manifolds now, we will fix some notation in order to avoid
confusion. As depicted in the table below, we use = for objects of GL,, and ~ for S (p,n), except
for A € GL,, which simply denotes a matrix. For an arbitrary function or map, its domain will
determine the notation. (Observe that the metric and the connection satisfy this convention.)

Manifold GL, /Stabgy  GL,, Si(p,n)

Elements m(A) A S
Vector fields n n n
Metric g g g
Connection \Y% v v

5.1 Related elements

In Prop. 3.3 we have constructed a diffeomorphism © g between GL,, /Stabg and S (p,n): there is
a one-to-one correspondence between the equivalence class 7(A) € GL,,/Stabg and the fixed rank
matrix Og(m(A)) € S (p,n). The meaning of this map is not difficult to understand. Suppose
we select A = [Y Z] as a representative of 7(A). Now Op(m(A)) = 0g(A) gives a fixed rank
matrix on S, (p,n) by selecting the first p columns of A, i.e. Y € RY*P, and forming the matrix
S = YY7, an s.p.s.d. matrix of rank p. The equivalence along the fibres is also clear: matrix
A, =1[YQ Z.],Q € O, belongs to the same fibre 77!(7(A)) as A and 0g(A.) gives indeed the
same s.p.s.d. matrix S=vYT.

This equivalence along the fibre was a useful property to exploit when deriving the expressions
of the geodesics in §4. In what follows we will continue using it.

5.2 Related tangent vectors

One can relate a vector field on GL,,/Stabg to a vector field on S, (p,n) by means of the differ-
ential of ©p. Suppose we take A = [Y  Z] as representative of 7!(r(A)) with corresponding

s.p.s.d. matrix § = YY7 € S, (p,n). Then the differential is
F'n—(A) = D@E(TF(A)) : T,,‘.(A)GLn/StabE — T§S+(p, n),

where we introduced the notation Fir(4). A tangent vector 7, (4) is so-called F-related to a tangent
vector 7z if it satisfies
Fra)y(Nr(a)) = g
This relation is unique because O is a diffeomorphism (Boothby, 1986, Th. IV.2.7.). In other
words, Fr(4) is an isomorphism between vector spaces. By slight abuse of notation, this relation
carries over directly to vector fields: we say that the vector fields n and 77 are F-related if F/(n) = 7.
Since GL,, /Stabg contains abstract elements, we worked with the horizontal lift of a tangent
vector. We can relate these horizontal lifts in a similar way to the tangent vectors of S, (p,n). If
we take the derivative of the identity §p = © o m and use property (12) for horizontal lifts, we
get
DOp(A)N4] = DOE(n(A))[Dr(A)[74]] = DOp(w(A))[nra)], foralln, € Ha.  (41)
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We see that the differential of © can be computed by taking a classical derivative of the matrix
valued function 8 where the directions lie in the horizontal space. Let us examine the underlying
isomorphisms. From Prop. 3.6 we know that

D7(A)|3, : Ha — Tr(a)GL,/Stabg
is a bijection. So, by restricting the domain of Dfg to the horizontal space, map
Fy:=D0g(A)|n, : Ha— TS+ (p,n). (42)
is again an isomorphism. The corresponding diagram,

Ha (43)

DW(A)\L Fa

Tﬂ.(A) GL,,/Stabg — T§S+ (p,n)
" (A)

expresses the identity F 4 = Fr(a) 0 Dm(A)|p,.
Before we proceed, we recall the following characterisation of the tangent space of Si(p,n)
from Vandereycken & Vandewalle (2010, Prop. 5.2).

ProOPOSITION 5.1 The tangent space at S=vYT € S+ (p,n) is satisfies
T5S, (p,n) = {YHYT +Y KYT+YKTYT : HeS)™K e RW*P)XP} :
Now, the following proposition shows how these relations can be computed explicitly in case
of A= [Y YL].

PROPOSITION 5.2 Let 77 be the horizontal lift of a vector field  on GL,,/Stabg. Then 7 is F-
related to a unique vector field 77 on Sy (p,n). For A = [Y YJ_}, this relation can be computed
as

Fa:[YYTY)THYTY)+ YLK Opynop)| = YLH)YT + YV KYT +YKTYT, (44)
Fa YHYT + Y KYT + YKTYT o [Y(YTY) L H)(YTY) + YK Opxinep], (45)
with £ the bijection
L8 8™ X e (YTY) ' XYTY)+ YTY)X(YTY) L

Proof. From diagram (43) we have F4 = Fy(4) 0 Dm(A)[,. Take A = [Y Z] and S=vyT.
Since dim(H4) = dim(T5S4(p,n)), we have that F, is a bijection for every A. Now restrict A
to be of the form A = [Y YJ_]. The horizontal lift of a tangent vector 7,4y will be of the form
Ta=[YYTY) 'HYTY)+ YLK 0]. Working out the derivative of 65 (A), we get

Fa(Ma) =DOp(A)ia] =14 EA" + AET
=YY'Y)'HYTY)YT + YV KYT + YY) HYTY) 'Y + YKTYT
=YLH)YT +YV KYT +YKTYT =75

Based on Prop. 5.1 it is clear that F 4(7],) corresponds to only one tangent vector in sS4 (p,n).

Likewise, the inverse F;l is also unique: given the tangent vector ng = Y H YT+ Y, KYT +
YKTYT in T5S4(p,n), matrix 7, = [Y(Y?TY)'L7Y(H)(YTY) 4+ YLK 0] represents the hori-
zontal lift at A = [Y YL]. Since YTY = 0, we know know from Lemma 3.7 that £ is a bijection.
Hence equation £(X) = H has a unique and symmetric solution. O

It is illustrative to verify that the maps (44)—(45) are indeed invariant along the fibre 7=1(7(A)).
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5.3 Related metrics

Next, we relate the metrics. Let n,v be two vector fields on GL,,/Stabg with related vector fields
7,7 on S4(p,n). The aim is to find an inner product g on S;(p,n) such that, by definition,

5(777 D') = 9(777 V)'

We call the inner products g and g then again F-related. Recall from Prop. 3.6 that the inner
product g(n,v) is actually defined in terms of the horizontal lifts 77, 7 since

9(777 V) = g(ﬁv P)'

This makes the inner product g in addition F-related to g. ,
Since S (p,n) is embedded in the Euclidean space R"*™ ~ R™" we will construct g as the
weighted Euclidean metric

G5(n1,m2) = vec(n)" Wec(nz), for all ni,n2 € T5S4(p, n),

for some matrix W € R"”*"° We have used the vectorisation operator vec : R"*" — R"Z, which
makes a vector from a matrix by column-wise stacking. In order that g is an inner product, W
should be symmetric and positive definite for all vectors in TzS, (p,n). However, W may be

indefinite on R *n”,
The following proposition gives such a matrix W. It makes use of the Kronecker product ®
and the following property of the vec operator (Horn & Johnson, 1991, Ch. 4)

vec(AXB) = (BT ® A)vec(X), AcR™" X € R"P B¢ RP*Y, (46)

PROPOSITION 5.3 Let S =YY7 €S, (p,n) and define M := YTY. Then the relation

o 1 _ o
95(M,72) = 3 vec(m) " Wec(i2), Vi1, 72 € TS+ (p, n), (47)

with
W=Fo)(MeM+MaM) 'Y oY) +YM3YT oY, Y+ VY @ YM3YT.

defines a Riemannian metric g on Sy (p,n). Furthermore, g is F-related to the metric g on
GL,,/Stabg of Prop. 3.6.

Proof. We first check that (47) is well defined and that is fulfils the three axioms of an inner
product. Linearity is trivial. Next, observe that we can write W = YeYT with

V=YY YQY, Y.QY Y, QY]

and
(M? @M +M o M)~ 0 0 0
o 0 M3 @I, 0 0
- 0 0 Lip® M3 0
0 0 0 Otn—p)2x(n—p)2

Since M > 0, one can verify that C > 0, from which, by Sylvester’s law of inertia, WW = 0. This
immediately gives symmetry. Positive-definiteness follows from the fact that gz(X, X) vanishes
only for matrices X € R™ " of the form Y| LY for some L € R(=P)x(n=P) Since these matrices
do not belong to the tangent space, gz(7,7) = 0 implies 7 = 0. Furthermore, the metric is
independent of the choice of Y and Y. Suppose we take Z = YQ, for some @ € O, and
Z, =Y, P for some P € O,,_,. Then it is straightforward to show that matrix

ZRZ) W oW +WeW*) Y2 02"+ 2W 32" 0 2,27 + 2, 2T @ zWw 327
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with W = Z7Z = QT MQ is equal to WW. Hence, the inner product stays the same.

Second, we will prove by construction that (47) coincides with the right-invariant metric (13).
Let us take the usual related base points A = [Y YJ_} and S = YY7 and related tangent
vectors 71 = F(7;) and 72 = F(7,). All these tangent vectors can be parameterized by matrices
Hy,Hy € ™ and Ky, K € R("=P)*P satisfying the relations in Prop. 5.2. In case of 7j; and 7.
This gives

m=YHY'+Y K\Y'+YK]Y,, 7=[YM LY H)M+Y, K 0]
and similarly for 7o and 7,. First, we work out gz(71,72). Using property (46), we get that

vec() = (Y @ Y)vec(H1) + (Y QY )vec(K1)+ (Y. ®Y) vec(K;‘F)

vec(Hy)

_y vec(K7q)

o vec(KY)

O(n—p)2x1

Now we have that

vec(Hs) T vec(Hy)
~ o~ | vec(Ky) T T vec(Ky)
295 72) = vec(KYT) yYeyry vec(KT)
O(n—p)2><1 O(n—p)2><1

=vec(Hy))" (M @ M + M @ M~')"! vec(H,)
+ vec(Ko) T (M @ I vec(Ky) + vee(KI)T(I @ M~1) vee(KT)

= vec(Hy)" vec(L™ Hy) + vec(Ko) T vec(K M1 4+ vec(KI)T vee(M*KT).

Changing to matrices and using the definition of £ from Prop. 5.2 gives
295(m, m2) = tr(L(L™(Ha)) L™ (Hy)) + tr(M ' K] Ky) + tr(KoM ™ KY)
= 2tr(ML Y (Hy) M L7V (Hy)) + 2tr(M KT Ky).
Now applying formula (17) for g 4(7;,7,), we get immediately that
Ga(T: ) = te(MLT (H) M~ L7HH) + MUK Ky) = g5(77, 72)-

Since the metrics are independent of the choice of Y and A, this concludes the proof. O

The following is immediate.

COROLLARY 5.4 Map
Of : (GL,/Stabg, g) — (S+(p,n),9)

is an isometry with metric g of Prop. 3.6 and metric g of Prop. 5.3.

Observe that any change to W that is restricted to the normal space of S will have no influence
n (47). Specifically, we can choose any W = YCYT with

Y=[YoY YaVY. Y.V Y Y]

and
(M?® M + M @ M3)~* 0 0 X, X, € R xP
c— 0 M3, 0 X X, € Rp(n—p)xp(n—p)
B 0 0 Li_,®M™3 X3|’  XseRp—p)xp(n=p) -
XIT X2T X?T X4 X4 € S(Szrfp)z
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5.4 Related connection

By virtue of the naturality of the Levi-Civita connection (Lee, 1997, Prop. 5.6), isometry O of
Prop. 3.2 induces a DO g-related connection V on (S4(p,n),§). In other words, V := DOg o V
with V the connection on (GL,,/Stabg, g).

We would like to express this again in terms of horizontal lifts. Recall from Prop. 5.2 that the

bijection F;l allows us to lift each vector field on Sy (p,n) to a unique vector field on GL,, with
A= [Y YJ_} the ©pg-related element of S = YY7T. Furthermore, this lifted vector field can be
parameterized by a classic matrix function:

(A) 1= Fu (1(8)) = [Zy(Y) Onx(nop)] with Z, : R™P — R™P, (48)

Now, Prop. 3.11 allows us to express the connection V of (S+(p,n),g) in terms of the horizontal
lifts as

Vi = F(P" (V1)) = F (Vo)
where we used the property that P¥ belongs to the null space of F. Summarizing, this results in
the following proposition.

PROPOSITION 5.5 Let 77,7 be two vector fields on Sy (p,n). Let Z,,Z, be the parametrization
(48) of the related vector fields 7, 7 on GL,,/Stabg. Then the Levi-Civita connection in S = YY7
w.r.t. metric g of Prop. 5.3 is given by

Viil(S) = (DZ,(Y)[Z,] + W) YT +Y (DZ,(YV)[Z,] + W)" (49)
where

W= %{Y(YTY)’l(Z,ITZV +Zy 2y~ 2,(YTY) N2 Y + YT Z) - 2, YY) N2y + YT Z,)}

5.5 Related geodesics

The geodesics on (Si(p,n),g) are simply the O g-related geodesics of (GL,,/Stabg, g).
PROPOSITION 5.6 Let Sy = YoYy" € Sy (p,n) with Yy € RI*P be given. Define Ny := (Y Yp)'/?
and Z(t) := Yo Ny ' X11(t) + Y, Ny ' Xo1 () with

Xu(t) Xp@)] . _ expm <t Ny 'HoNo — NoHoNy ' =Ny 'Y, Y, Ny >
le(t) X22(t)

I Opxp
Then the geodesic in So along

Yo(Ng "HoNo + NoHoNy )Y + Y, Y + VoY),
with given Hy € SpP™ and Yy L Y, € R"*? is the curve
t— S(t) := Z(t)Ng expm(2tHo)No Z ()" .

Proof. All geodesics on (S (p,n),§) are of the form S(t) = Y (¢)Y (¢)T with Y (¢) from Prop. 4.8.
The initial tangent vector is identified by taking the derivative in t = 0. O

6 Special geodesics and quasi-geodesics

Observe that every Y € RY™? can be written as Y = UC with orthonormal U € R}™” and C €
GL,. The corresponding s.p.s.d. matrix can be decomposed as S = UWUT with W = CCT = 0.
In this section we will see whether we can derive a geodesic as a decomposed curve also: one
curve for the orthonormal part U(t) and one for the small matrix W (¢) > 0. The general answer
will turn out to be negative although the resulting curve will be a first-order approximation of a
geodesic, called a quasi-geodesic.
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6.1 The case Ky =0.

Take Ko = 0 in (38), or equivalently Y, = 0 in Prop. 4.8, then the geodesic, which we denote by
Yk (t), is given by

Vi (t) = Yo (Yo Yo) ™ 2expm(t90) (Yo Yo) '/ 2expm(t H). (50)

Observe that this curve does not change the column span of Y. This geodesic is in fact directly
related to the geodesics on (S4(p,p),q) =~ (GL,/O,,g). Since we can always write Yy = UpCy
with orthonormal Uy € RY*? and Cj € GL,, we have Y (t) = UpC(t) with

C(t) = Co(CT Co) Y 2expm () (CT Co)/ 2expm(tHy).
and
Qo = (C Co) ™2 Ho(CF Co)'/? — (CF Co)2Ho(C Co) /2.

Suppose we take Cp as a representative in GL,/O, for matrix CoCZ € Si(p,p). Looking at
Prop. 4.8, we see that 7(C(¢)) is indeed a geodesic on (GL,/O,, g).

6.2 The case Hy = 0.

Let Lg := KO(YOTYO)l/Q. If Hy =0 and p < n, we can write the matrix exponential in expression
(38) as follows

T cos(t¥) —sin(t¥) 0] [VT 0
expm <t [I(,) go}) = Pg [5') (5) } sin(t¥)  cos(tX) O 0 Uf
0 vove 0 0 Il o Uf

with

Lo=[U1 U] m v

a partitioned singular value decomposition. The geodesic, now denoted Yy (t), satisfies
Y (t) = (Yo(Y Yo) Y2V cos(tX) + Y5 Uy sin(tX)) VT (Y v) /2, (51)

Observe that span(Y(¢)) is no longer constant along this geodesic.

In this case, Yy (t) is related to a geodesic on the Grassmann manifold of linear subspaces
equipped with the natural metric. To see this, observe that span(Yy(t)) coincides with the ex-
pression in Th. 3.6 of Absil et al. (2004) for a geodesic in the Grassmann manifold. Contrary to
the Grassmann manifold where Yy (t) belongs to the equivalence class Y GL,,, the equivalence of
Yy (t) in GL,,/Stabg is restricted to the orthogonal group only, i.e., YO,; see also §3.3.

6.3 A quasi-geodesic

We have seen that we can classify the geodesics into two disjoint types, depending on whether
they change span(Y(t)) or not. These two types correspond to either Hy or Ky zero. In case Hy
and Ky are both non-zero, we can construct a curve by composition of these two geodesics. Take
again Yy = UpCy. In order that the composition of the geodesics match, we rewrite the geodesic
by isolating the constant orthonormal matrix and obtain

Vi (t) = UgCo(CLTCo) V2 v (t)  with g (t) == expm(tQ)(CL Co) '/ 2expm(tHy).

0o, U To=1,

In the same way, we obtain

YH(t) = ’)/H(t)(CgCo)l/Q with 'YH(t) = (UOCO(CgCO)_l/QV COS(tZ) + YOLUl Sil’l(tZ))VT

22



Now we have Yk (t) = yu(0)vk (t) and Yy (t) = vu ()7 (0). The new curve for Hy # 0 and
Ko # 0 is then

Yak (1) =y () (),
which is complete, i.e., it stays in GL,,/Stabg for all ¢.

This curve is obviously not a geodesic, but it is a first-order approximation of it in the following
sense: take Y (t)Y (t)T the geodesic on (Sy(p,n),g) with Y(0) = v x(0), then

distz(vrx (O)vex )T, Y)Y (H)T) = O(t?), t— 0.

Here disty is the distance on the metric space (S;(p,n),g) defined by the length of the minimal
geodesic. In §5.3 metric g was shown to be a weighted Euclidean metric, so we can bound this
distance by the usual Frobenius norm of the embedding space. This gives the following equivalent
property of quasi-geodesics

lyax (Oyax®)” =Y @OY (0" |F = 0(?), t—0. (52)

Curves of this type are called quasi-geodesics of order one (Nishimori & Akaho, 2005) or first-order
retractions (Absil et al., 2008, Def. 4.1.1). Amongst other uses, they appear in optimization on
manifolds as a cheap but equally good substitute of the exponential map and geodesics; see Absil
et al. (2008) for a general overview.

To verify that ygx (t)vax (t)T is indeed of first-order, apply the Baker—Campbell-Hausdorff
formula (Hairer et al., 2006, I111.4.2) to split an exponential:

expm(tA)expm(tB) = expm (t(A + B)) + O(t?), t — 0.

Using this expansion for the exponential of (38), we obtain with Lg := Ko(Y Yp)/2

oo (120 ] <o ([ 5w (o2 ]+ 00

Now working out each exponential like in the cases above, we arrive at Y () = vy i (t) + O(?),t —
0.

Curve vk (t) of (52) shows some resemblance to the curves in Bonnabel & Sepulchre (2009).
In §7.4, we will come back to these curves and compare them more thoroughly.

7 Comparison with other metrics

In §3.4 we have already established that for p < n there is no longer a natural choice for the metric
as in the case p = n. In this paper, we have chosen the right-invariant metric since it turned the
canonical projection 7 : GL,, — GL,,/Stabg into a Riemannian submersion, a useful property to
exploit for deriving geodesics. In the literature there exist other metrics however. Each choice
has advantages and disadvantages. Below we will briefly compare them with our choice and focus
most attention on the properties of the geodesics.

Note that, in order not to make the notation of this section too dense, we depart from the
notational convections of §5 and simply use plain matrices and vector fields that belong to S (p,n).

7.1 Embedded submanifold with the Euclidean metric.

One can regard S, (p,n) as a submanifold embedded in R"*™ and equip it with the usual Euclidean
metric, as was done in, e.g., Helmke & Moore (1994), Helmke & Shayman (1995), Orsi et al. (2004),
Orsi et al. (2006), Vandereycken et al. (2009), Vandereycken & Vandewalle (2010). The advantage
of this familiar metric is that it allows us to interpret many geometric objects in a straightforward
way. Take e.g. two vector fields v, on Sy (p,n), then the Levi-Civita connection in S € S (p, n)
satisfies

Vun(S) = Ps(Dn(S)[v]),
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with Pg the usual orthogonal projection onto the tangent space TsSy(p,n) and Dn a classic
FEuclidean directional derivative of a matrix-valued function 7.

Hence, it may seem appropriate to use this metric, but it is not the most appealing from
a theoretical perspective since Si(p,n) is not a complete metric space. In Vandereycken et al.
(2009), the authors derive the equations of motion of the geodesics and clearly show that they
can not always be extended indefinitely. Still, the simplicity of many expressions makes this an
interesting geometry.

We have seen in §5 that our homogeneous space geometry also coincides with an embedded
submanifold but now with a much more involved and nonconstant metric. It is however still a
weighted Euclidean metric. In principle this allows for the same interpretation of the Levi-Civita
connection involving a projection but now w.r.t. to the metric of Prop. 5.3.

7.2 Quotient manifold R*?/O, with the Euclidean metric

One can factor every S € S, (p,n) as S = YY7T with orthonormal Y € Ry*?. This factorization
is unique up to the action of the orthogonal group, i.e., transformation ¥ +— Y @ gives the same
matrix S for all Q € O,. This allows one to the describe S; (p,n) as the quotient manifold

S (p.n) = RI"7 /O,

In Journée et al. (2010), Meyer et al. (2010), Bonnabel et al. (2010), Sepulchre et al. (2010), the
authors equip this quotient manifold with the Euclidean metric. The horizontal space at Y € RE*?
is given in (15) of Journée et al. (2010):

Hy ' ={ZeRP?: 2"y =Y"2Z},
which, by counting dimensions, is equivalent to
H}Fjucl — [Y(YTy)—lsls)ym + YLR(H_I))XP] .

It is not difficult to see that this description is equivalent to equipping GL, /Stabg with a metric

¢®"! which is derived from the Euclidean metric on GL,,,

g7 (@, ) = (" D).

FEucl

Indeed, reiterating the steps of the derivation in §3, but now with g="“, we get
Sym 0
Eucl -T
HA = A [R(n{p)w 0:|

as horizontal space at A € GL,,. In A = [Y YL], the horizontal lifts are of the form
HE = [Y(YTY)rSym 4 VI RM=P>XP 0, ]

Notice that the first p columns of HE"! are exactly HE! of above. Metric g®! on GL,,/Stabg
is now the restriction of g=uc! to HE"! which is the same as in Journée et al. (2010).

Since 72U : (GL,, Ggua) — (GL,/Stabg, g®u) is again a Riemannian submersion, we have
that the geodesics are the projection of horizontal geodesics on (GL,,, g"!). These will be straight
curves

t Yo +1Yy, forall Yy € RI*P, Yy € HP™,

which are obviously not complete; the underlying reason being that (GLy,, §guq) is not complete.
This is the primary reason why we disregarded the Euclidean metric in §3.5.
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7.3 Quotient manifold R}*?/O, with a special metric
In Absil et al. (2009), the authors equip R}*?/0,, with the following specially chosen metric on
RI}*P.

921, Z0) = 2(Z{ Py (Z2) + Z{ Y (YTY) 2Y T Z5)

where PX} := I — Py denotes the usual orthogonal projection. In this case, the horizontal space
at Y € RY*P satisfies
Hy ™" = [YS™ 4+ Y, RO=P)XP]

This simple expression allows to pick a specific affine (not the Levi-Civita) connection which
results in a particularly lean expression for a Newton equation on RY*”/0,. We refer to Absil
et al. (2009) for details. Here, we only want to point out that this metric coincides with equipping
GL,,/Stabg with the left-invariant metric

Ga (ana) = gro (A na, A ) = te(ng ATT AT a). (53)

Analogously as in the previous section, quotient manifold (GL,,/Stabg, gres) has

Ssym 0
Left __
Hi=A [R(ngp)xp 0}

as horizontal space at A € GL,,. In A = [Y YL], this gives
M = [YSF™ + YIRO™XP 0 npy] = [HF Onxnp)] -

For the previous choice of A, let n = [Vn 0} € HLef with V,=YS,+Y. K, € HE and similarly
for n and V;,. Then metric gres satisfies

. Sy Ky r a1y, [Se 0
gﬁft(nA,nA)—trqo" OW]ATA TA™tA {K’; O])—tr(SnSnJrKnTKn),

which is obviously the same as
gV, Vi) =t (S, YT + KIYD )Y (YY) YT (VS + YL K,))
+ir ((S,YT + KIYDY YI(YS, + YL K,)).

The downside of this description is that this horizontal space does not define a connection on the
principal bundle GL, (GL,, /Stabg, Stabg) since HYY # HLYM H for all H € Stabg. Consequently,
it is not immediately obvious whether

7_(_Left . (GLn,gLe“) _ (GLn/StabE,gLe&)

is a Riemannian submersion or not. We do have however H{“/eét = HLRQ for all Q € O,. So
projection
7T_Left . (szp,gLeft) N (GLn/StabE,gLeft)

is Riemannian. However, the geodesics of (R} ?, g¥°f) are most likely rather difficult to find, and
it is not known whether they are complete or not.
7.4 Quotient manifold (St(p,n) x S;+(p,p))/O, with a polar metric

We can factor every S € S, (p,n) as S = UPUT with orthonormal U € RY*? and P € S, (p,p).
This factorization is unique up to the action of the orthogonal group, i.e., transformation

U—UQ, P~ QTPQ, forallQecO,
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gives the same matrix S. This allows one to the describe Sy (p,n) as the quotient manifold

Sy (p,n) = (St(p,n) x Sy (p,p))/Op,

with St(p,n) the Stiefel manifold of n x p orthonormal matrices. In Bonnabel & Sepulchre (2009),
the authors equip this manifold with a so-called polar metric which is a linear combination of the
natural metrics on St(p,n) and Si(p,p). Since St(p,n) and S (p,p) both have a rich geometry,
the metric on (St(p,n) x S4(p,p))/O, inherits most of the useful invariance properties (but not
all) of the reductive space St (n,n).

A difficulty regarding this approach is that the quotient map

gPolar . (St(p, ’/l) X S+(p7p)) — (St(p, TL) X S-‘r(pﬂp))/op

is not a Riemannian submersion. Although the horizontal geodesics on (St(p,n) x Si(p,p)) are
available in closed form as (Bonnabel & Sepulchre, 2009, Th. 5.2),

t— U)R*(t)U(t)?, with U(t) € St(p,n) and R?(t) € Sy (p,p), (54)

their projection under 7P°%* will not be geodesics on (St(p,n) x S4(p,p))/O,; they will only be
quasi-geodesics. In addition, it is not obvious if this description will eventually lead to complete or
efficient geodesics. These curves do however have nice properties: they are complete, available in
closed-from and it is straightforward to construct a curve connecting to s.p.s.d. matrices, see, e.g.,
Meyer et al. (2009), Meyer et al. (2010), Bonnabel et al. (2010), Bonnabel & Sepulchre (2010),
Sepulchre et al. (2010).

These quasi-geodesics of Bonnabel & Sepulchre (2009) show some resemblance to our quasi-
geodesics: compare the curve (54) of Bonnabel & Sepulchre (2009, Th. 5.2) to Ve (t)vax (t)T of
§6.3. While the curves for the orthonormal part, i.e., U(t) and v (t), are both based on geodesics
on the Grassmann manifold, the curves for the small matrix Sy (p,p), i.e., R?(¢) and vyk(t) are
based on different geodesics. In Bonnabel & Sepulchre (2009), this curve R?(t) is a geodesic on
S+(p,p) for the natural (affine-invariant) metric

g¥ (. ) = (P~ P = vee(n) (P ® P) " vee(v), for all n,v € TpS(p,p),

while in our case, the curve vx (t)y% () is based on the related right-invariant metric for S, (p, p)
from Prop. 5.3. When p =n and P = Y'Y, this metric becomes

g (n,v) 1= vee()T (Y @ V{(YTY ) @ (VTY) + (VTY) @ (YTY 11T @ Y T) vee().

Since we can always take Y = P'/2, the symmetric square root of P, the metric can also be written
as

g (n,v) := vee(n)T(P* @ I + 1 ® P?) ! vec(v).
Right Natural

Admittedly, metric g and finding a connecting geodesic
between two s.p.s.d. matrices is more involved for g . On the other hand, since curve vy (t)
is not a geodesic anyway (for both metric spaces), this is probably not a major disadvantage.

is more complicated than g
Right

8 Conclusions

We introduced a homogenous space geometry for S; (p,n), the symmetric positive semidefinite
matrices of fixed rank. By choosing the right-invariant metric on GL,, we made the canonical
projection onto GL, /Stabg ~ S, (p,n) a Riemannian submersion. This had the appealing prop-
erty that the complete horizontal geodesics of GL,, could be used as pre-image of the geodesics
on GL,,/Stabg. The derivation of an efficient closed-form expression of these geodesics opens the
door to the practical application of this complete space to rank-constrained problems involving
positive semidefinite matrices. Since the quotient space GL,,/Stabg consists of abstract equiva-
lence classes as elements, we embedded it isometrically in the space of real matrices. This should
allow for a more concrete understanding of the vector fields, the metric and the geodesics in terms
of classic matrices. As final contribution we compared our geometry with other existing geometries
in the literature. Specifically, we compared the geodesics and the quasi-geodesics for the different
metrics.
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