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Isotropic-genesis nematic elastomers (IGNEs) are liquid crystalline polymers (LCPs)
that have been randomly, permanently cross-linked in the high-temperature state so as
to form an equilibrium random solid. Thus, instead of being free to diffuse throughout
the entire volume, as they would be in the liquid state, the constituent LCPs in an IGNE
are mobile only over a finite, segment specific, length-scale controlled by the density of
cross-links. We address the effects that such network-induced localization have on the
liquid—crystalline characteristics of an IGNE, as probed via measurements made at high
temperatures. In contrast with the case of uncross-linked LCPs, for IGNEs these char-
acteristics are determined not only by thermal fluctuations but also by the quenched
disorder associated with the cross-link constraints. To study IGNEs, we consider a
microscopic model of dimer nematogens in which the dimers interact via orientation-
dependent excluded volume forces. The dimers are, furthermore, randomly, permanently
cross-linked via short Hookean springs, the statistics of which we model by means of a
Deam-Edwards type of distribution. We show that at length-scales larger than the size
of the nematogens this approach leads to a recently proposed, phenomenological Landau
theory of IGNEs [Lu et al., Phys. Rev. Lett. 108, 257803 (2012)], and hence predicts a
regime of short-ranged oscillatory spatial correlations in the nematic alignment, of both
thermal and glassy types. In addition, we consider two alternative microscopic models
of IGNEs: (i) a wormlike chain model of IGNEs that are formed via the cross-linking
of side-chain LCPs; and (ii) a jointed chain model of IGNEs that are formed via the
cross-linking of main-chain LCPs. At large length-scales, both of these models give rise
to liquid—crystalline characteristics that are qualitatively in line with those predicted
on the basis of the dimer-and-springs model, reflecting the fact that the three models
inhabit a common universality class.
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1. Introduction
1.1. Nematic elastomeric materials

Nematic elastomers are fascinating materials in which the liquid crystalline order
is strongly coupled to the elasticity of the underlying elastomeric network (see,
e.g., Refs. 1-6). This strong nemato-elastic coupling gives rise to novel, emergent
properties in nematic elastomers that are found neither in liquid crystal nematics
nor ordinary rubbery materials. One well-known example of such properties is the
soft elasticity characteristic of monodomain nematic elastomers (see, e.g., Ref. 7)
that are formed via the Kiipfer-Finkelmann procedure.®

Not only are nematic elastomers fascinating but also they have proven to be a
challenging subject for theoretical investigation. Part of the challenge originates in
the dependence of the physical characteristics of nematic elastomers on the con-
ditions under which the elastomers are prepared. For example, isotropic-genesis
nematic elastomers (IGNEs) — nematic elastomers cross-linked in the isotropic
state — exhibit the so-called supersoft version of elastic response at sufficiently low
temperatures (see, e.g., Refs. 8-10), unlike their nematic-genesis nematic elastomer
(NGNE) counterparts. Furthermore, in thermal equilibrium the nematic alignment
in IGNEs exhibits a polydomain structure (see, e.g., Refs. 3, 11-15 and 17) charac-
terized by a length-scale determined solely via thermodynamic quantities such as
the density of cross-links.

Another challenge to theorists comes from the fact that nematic elastomers
possess a multi-level hierarchy of interdependent elements of randomness. First,
there is quenched disorder in its conventional form, associated with the permanent
chemical structure that originates in the cross-linking process. Second, as a result of
sufficient cross-linking there arise the mean positions and r.m.s. displacements of the
spatially localized polymers that constitute the elastomeric network, both of these
elements being random. Third, there is the thermal disorder associated with the
Brownian motion of the positional and orientational (i.e., nematogenic) freedoms
in the state of the system just prior to the instant of cross-linking; in part, this
thermal disorder is frozen in via the process of cross-linking. Fourth, there is also
the thermal disorder associated with the Brownian motion of the nematogens in the
state of the system long after the instant of cross-linking. It is not a priori evident
how the interplay between the various types of randomness present in nematic
elastomers resolve themselves, and thus determine the equilibrium structure and
elastic response of such media. As we shall try to make clear in subsequent sections
of the present paper, in order to understand nematic elastomers it is valuable to
go beyond the conventional notion of quenched disorder and, instead, to consider
an amalgam of the second, third and fourth types of randomness composed of

2The Kupfer—Finkelmann procedure is as follows. The nematic polymer melt is weakly cross-linked
to form a weak gel, after which it is uniaxially stretched in the nematic state until it becomes
a macroscopic nematically-ordered state. Keeping the sample stretched, a second cross-linking
reaction is initiate, which fixes the enforced uniaxial alignment.
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a “frozen” part (due to the mean positions of the network constituents) and a
“molten” part (due to the thermal fluctuations of the network constituents).

1.2. Overview

In the present paper, we investigate the static structure of nematic alignment in
IGNEs that can be probed in the high-temperature regime. This investigation is
partly motivated by the experiments on polydomain structure reported in Ref. 8.
We focus our considerations here on systems in the high-temperature regime and
which are not subject to externally applied deformations.

Two types of nematic fluctuations are present in IGNEs: (i) those that are frozen
in, however imperfectly, by the network during the process of cross-linking; and
(ii) thermally driven departures away from the mean local alignment pattern that is
frozen in. In order to characterize such fluctuations, we make use of (i) the correlator
of the local nematic order that was frozen in during the cross-linking process, this
correlator being appropriately averaged over realizations of the quenched disorder
(and termed the glassy correlator); and (ii) the correlator of the thermally driven
departures of the nematic order from the mean frozen-in local alignment pattern,
appropriately averaged over realizations of the quenched disorder (and termed the
thermal correlator).

We have already mentioned that the physical properties of IGNEs depend on the
conditions under which they were prepared. To reflect this fact, we make a careful
distinction between two thermodynamic ensembles in our theoretical approach: the
first, in which the IGNE was prepared, which we term the preparation ensemble;
and the second, in which the system is measured, which we call the measurement
ensemble. This structure enables our theory to capture the ability of IGNEs to
“remember,” at least to some degree, the local nematic alignment pattern at the
moment of preparation, and in addition enables the determination of the depen-
dence of the strength of this memorization on (i) the temperature at which the
system was cross-linked, and (ii) the average number of cross-links per polymer.

We note in passing that having both preparation and measurement ensembles
places us in a family of disordered systems for which spontaneous replica symmetry
breaking is expected to be irrelevant, in contrast with settings that do not feature a
preparation ensemble.!® (Technically, this expectation shows up in the need to in-
vestigate coupled replicas of the physical system in the neighborhood of not zero but
one replica.) Thus, we do not expect our approach to yield glassy phenomena such
as hysteresis in the stress—strain behavior of IGNEs — which is not unreasonable,
given the absence, to date, of experimental observations of such phenomena.

The fact that the elastomer network is thermally fluctuating means that any
prospective theory of IGNEs should feature a typical localization length-scale, be-
low which the polymer constituents of the network are effectively delocalized. Our
approach features such a length-scale, which leads to the possibility that nematic
correlations undergo a novel, oscillatory form of decay with distance in a certain
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regime. Prior theoretical approaches built on conventional random-field models do
not feature the thermal fluctuations of the elastomer network (see, e.g., Refs. 11
and 12 and 18-20), and thus do not capture this intriguing phenomenon. A phe-
nomenological random-field-type model that does take the thermal fluctuations of
the elastomer network into account was presented in Ref. 21. In the present paper we
derive the Landau-type free energy for IGNEs that was presented in Ref. 21, doing
so via a microscopic model that involves dimers that are randomly and permanently
connected by Hookean springs. The present paper thus provides a microscopic jus-
tification for the ideas and results presented in Ref. 21.

The outline of the Paper is as follows. In Sec. 2 we present a microscopic dimer-
spring model of IGNEs. In Sec. 3 we apply the replica technique and implement
the Hubbard—Stratonovich scheme to decouple the interacting microscopic degrees
of freedom. In Sec. 4 we derive a Landau—Wilson type of free energy for the IGNE,
which involves an order parameter field Q for the isotropic-to-nematic phase transi-
tion as well as an order parameter field €2 for the vulcanization/gelation transition.
In Sec. 4.1 we make an expansion of the Landau—-Wilson free energy for small Q
and (2, which is appropriate for exploring the physics in the vicinity of the tran-
sition to the random solid state. In Sec. 5 we determine the stationary states of
the Landau—Wilson free energy. In Sec. 6 we derive an effective replica Hamilto-
nian describing local nematic order in IGNEs by setting 2 to its stationary value
but retaining fluctuations of Q to quadratic order. In Sec. 7 we then compare this
effective Hamiltonian with that arising from the phenomenological Landau free en-
ergy considered in Ref. 21 and show that they are equivalent. In Sec. 8 we use the
effective Hamiltonian to derive the glassy and thermal correlators. In Sec. 9 we
describe two alternative microscopic models of the IGNE, viz. (i) a worm-like chain
model of side-chain nematic polymer networks; and (ii) a jointed chain model of
main-chain nematic polymer networks. As we shall see, at length-scales larger than
the size of a nematogen, both of these models give rise to liquid—crystalline charac-
teristics similar to those resulting from the dimer-and-springs model, reflecting the
fact that the three models inhabit a common universality class. In Sec. 10 we make
some concluding remarks.

2. Ingredients of the Model

We model an IGNE microscopically as a system of N dimers in D spatial dimen-
sions that are randomly, permanently linked via springs (see Fig. 1 and Ref. 22).
We envision the springs as mimicking the flexible constituents of liquid crystalline
polymers (LCPs) whilst also serving as cross-links; the dimers mimic the stiff con-
stituents of LCPs. Each dimer (labeled by j, where j = 1,..., N) consists of two
particles at position vectors c;i1 and c¢; 1 separated by a fixed distance ¢. The
orientation of the jth dimer is specified by the unit vector:
Cj1—Cj—-1

n; = .
7 leja — ¢l

(1)
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Fig. 1. A model of dimers (indicated by dumbbells) cross-linked via harmonic springs. The dimers
have length ¢ and the springs have r.m.s. length b.

The dimers interact via three types of forces. First, there is an orientational inter-
action between dimers that promotes parallel or antiparallel alignment. We model
this interaction via a potential of the Maier—Saupe type, viz.,

v N
J— Pa— . .. . 2
Huem = N ijzz:l J(ci —¢j)(n; - ny)°, (2)

where ¢; = (¢j1 + ¢;,—1)/2 is the position of the jth dimer’s center of mass. We
assume that the aligning interaction is short-ranged, and model the interaction po-
tential J(c) by the form (Jo/(27a?)P/?) exp(—c?/2a?). In Fourier space, the poten-
tial is given by J, = Jy exp(—p?a?/2), where a specifies the range of the interaction
between dimers and Jy characterizes its strength. In addition to the orientational in-
teraction, the dimers experience a positional excluded-volume interaction between
particles belonging to any pair of dimers, which we model via an Edwards-type
pseudo-potential?324:

A N
Hey = 5 Z Z 6(Ci,s - Cj,t)7 (3)

ij=1s,t=1,2

where ) is the strength of the excluded-volume interaction.? The presence of suf-
ficiently strong excluded-volume forces stabilizes the system against collapse to a
globule, even when well cross-linked. Third, any given two dimers that are connected

bOne could allow the entire rod volume to be excluded, not just the ends. However, this is techni-
cally cumbersome and does not add anything essential to the key effect of the rod-end excluded-
volume interaction, which is to penalize density fluctuations.

1330012-5



B.-S. Lu et al.

by a spring are taken to interact additionally via a harmonic potential associated
with the spring, which we take to have zero rest-length and native mean-square end
separation b?, characteristic of Gaussian molecular chains. These springs and, specif-
ically, the architectural information indicating which pairs of rod ends are connected
to one another by springs constitutes the quenched randomness y of any given real-
ization of the system. This information takes the form y = {i., s¢, je, te }2L,, where
M is the total number of springs and spring e connects end s. of rod i, to end t.
of rod j.. These springs result in the following Hookean term in the Hamiltonian:

M
Hyink = =5 lcios. — Ciot]?s (4)
262
e=1

where T denotes the temperature and we have adopted units in which Boltzmann’s
constant is unity.
The total Hamiltonian for the dimers-and-springs model is then given by

HX = Hpem + Haink + Hoy - (5)

For a given realization x of the quenched disorder, the corresponding partition
function takes the form:

N
7. = / (H dci,—ldci,16(|Cj,1 — Cj7_1| _g)> @*Hx/T (6)
=1

and the free energy F is given by —7T'In Z,. As is well known,?> it is appropriate
to average the free energy of the system over realizations of the quenched disorder.
Denoting this average by the square brackets [- - -], one has:

[F\]=> PPy =-TY P/nZ. (7)

3. Replicas and Collective Fields
3.1. Statistics of quenched disorder

What statistical distribution should one use to compute the average of the free en-
ergy over the quenched disorder? In common with other elastomers such as isotropic
rubbery systems, the quenched-disorder average for IGNEs can be performed via
a variant of the Deam—Edwards distribution P(x).2% Such distributions reflect sit-
uations in which systems undergo instantaneous cross-linking: One begins with a
melt or solution at equilibrium and — so rapidly that hardly any relaxation has
time to occur — one introduces permanent bonds between some random fraction
of the pairs of dimers that happen, at the instant of cross-linking, to be nearby
one another. To construct the associated P(x), one should respect the causal or-
der of the cross-linking process (see, e.g., Ref. 28). Formally, this amounts to the
specification:

P(x) = / DP({? P, }), (8)
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where the multiple integral [ DcY is defined via:

N
/DCO = I_IV/dc(i)’_ldc(i),17 9)
i=1

the distribution P({c},}) describes the statistics of the liquid system at the instant
of cross-linking, so that:

N
0 0 0
e~ (Huem ({nf 1)+ Hev ({c} . 1)) /T H5(|C?’1 _ c?’71| —0)

P({cj }) = = (10)
Dele~ (Hnem ({0 })+Hev ({e . 1)) /T° H(S('C?l )

and P(x|{c},}) is the conditional probability that cross-links are formed between
pairs of dimer-ends at positions {(c! c; wc?ﬁn) oL, given that the constituents of

the liquid at the instant of cross- hnkmg are at {ci7 <} It is given by?®

1 V2 M M

77 H Y T° —|c? - 2 2

P(x|{c zs}) <2N> eHnorm ({es . D)/ I | e e T e e /27 (11)
e=1

Here, V is the dimensionless volume of the system, i.e., V/(2wb%)P/2. The term
Hporm(c?) arises from the requirement that P(x|{c? ,}) be properly normalized
over x, i.e., Zx P(X|{c?’5 ) = 1; it is given by:

Vi?
Hu((el)) = -0 32 37 ot (12
1,7=1s,t=—1
The probability P(x|{c{}) features a dimensionless parameter 7 that controls the
likelihood that cross-links are actually formed. In Appendix A we show that it is
related to the average number of cross-linking springs per dimer via the formula

[M]/N =~ 212

3.2. Disorder averaging the free energy

Now that we have constructed a suitable disorder distribution P, we use it to
perform the disorder average of the logarithm of the partition function [In Z, ], doing
this indirectly, using the replica technique (see, e.g., Ref. 29). Thus, we represent
the logarithm in Eq. (7) as a limit to obtain:

[F] = —T lim Al : (13)

n—0 n

where we have interchanged the order of taking the replica limit and performing
the disorder average on going from Eq. (7) to Eq. (13). We then insert the Deam—
Edwards distribution (8) to obtain:

M=0 iy,j1=1 inv,jm=1 s1,t1=—1 sMtm=—1 lig
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x Hm({<.)/7° T] / D e Shimo(Huom ({08 D+ Hew ({05, 1)/ T°

» He Sh_olef e, e 17/26 H Ha ety — ¥ 4| —0). (14)

a=0 i=1

Here, a = 0,1, ...,n labels the replicas, and Zli is defined via:

0 0
28, = [ DSer (it~ Hoticl /T [Tt -t il -0. (9

i=1

Note that in Eq. (14) the term Hyorm({c},}) limits permutation invariance to
replicas o = 1,...,n, with replica a = 0 being excluded. This is consistent with
our physical expectation that the preparation and measurement ensembles play
distinct roles.

Next, we complete the computation of the disorder average in Eq. (14), which
yields [Z7] in terms of the replica partition function Z;.,, i.e.,

Zl+n
ny _—
71= (16)

n N
Zl+’ﬂ / (H H Ci, ldcz 715 |C7, 1 ?,71| - €)> e_Hrep ) (17)

in which [dc = H J—1 Jdca, where the effective replica Hamiltonian Hyep, is given

1 n @ a |2 0 2
2 Da—olels—ei® e*m\c cyl ) . (18)
2@2 SN T2nt? VDT Z Z

i,j=1 s,t=—1

We note that in H,, the replicas are coupled as a result of the disorder averaging.
See Appendix B for details of the derivation of Egs. (17) and (18).

3.3. Collective fields and their physical meaning

We note that in Hyep, Eq. (18), the N interacting (replicated) dimers are cou-
pled with one another, which means that the trace over microscopic variables c; g
in Ziy, [Eq. (17)] cannot be straightforwardly carried out. We decouple these
dimers by defining microscopic collective fields w; and qp, and making a Hubbard--
Stratonovich transformation involving fluctuating auxiliary fields conjugate to the
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collective fields. Thus, we arrive at a description in terms of N uncoupled copies
of a single replicated dimer, for which the trace over c; s can be readily performed,
order by order in an expansion in the auxiliary fields. The collective fields are given
by:

n

N 7oA
wp = % Z Z H etk Cis (19a)

i=1 s=—1,1a=0
N
1 in.c, _
Gardz(P) = & > P (Mg, nidy, — D™ aya,) (19b)
i=1

Here, we have used the symbol k to denote the n + 1-fold replicated wave-vector
(k% k', ..., k"), and have restricted the value of k in wy, to the “higher-replica
sector” (HRS), viz. the set of replicated vectors each having at least two nonzero
vector entries. Details of the Hubbard—Stratonovich transformation are given in
Appendix B. The result is that the replica partition function Z;, becomes a
functional integral over the auxiliary fields €2; and Qp, whose expectation values
are related to the expectation values of w; and qp via:

Q) = [widxl (20a)

Q) = [ap)xl, (20b)

as we demonstrate in Appendix C. Note that (---); indicate an expectation value
taken with respect to the Landau-Wilson free energy f14, discussed in Sec. 4 and
defined in Eq. (23), and (- --), denotes an expectation value taken with respect to
the Hamiltonian H,, Eq. (5).

To gain some intuition for the physical significance of [(2)¢] and [(Q®)f], we
transform Egs. (20a) to replicated real space:

) 1 N 1 n . . 1
o= (3 X oo )| - i
i=1 s=—1 a=0
= [{Q(7)s]; (21a)

N
[(qdya> (r))x] = K% Z(nidlnm — D™ "64,4,)0(r — Ci)>]

= [(Qardx (1)) ¢] - (21b)

Thus, except for a trivial constant, we can interpret (€(7)) s as the joint probability
that a given dimer end is found at position r? at the instant of cross-linking, and that
the same dimer end would be found at n subsequent widely-separated time instants
at the positions r',... r".22 (Q(#)); vanishes if all dimers are delocalized, and has
a nonzero value if a fraction of them are localized. Thus, (€2(7)) ; serves as the order
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parameter that detects the phase transition from the liquid state to the random
solid state. Similarly, (Q°(r)) is the nematic order parameter for the preparation
state, whilst (Q*(r))s (for & = 1,...,N) is the nematic order parameter for the
measurement state.

We note that when defining 2 we have chosen to exclude the components asso-
ciated with the one-replica sector (denoted “1RS”), i.e., the set of replicated wave-
vectors that each have only one non-zero vector entry [i.e., k = (0,...,k%, ..., 0)].
This is because this sector of the field corresponds to fluctuations in the macroscopic
density of dimers, and is strongly stabilized as a result of the excluded volume in-
teractions, regardless of the extent of the cross-linking. The physical content of the
decomposition of fields into higher and lower replica- sectors is that if condensation
occurs in the higher sector only, this implies the random localization of particles.
On the other hand, if condensation occurs in the 1RS as well, this indicates the
formation of a state having some kind of spatially modulated density structure. We
are focusing on highly incompressible systems, for which density fluctuations are
negligibly small. Incompressibility is enforced by taking A to have a large value,
so that fluctuations of 1RS counterpart to {2 are strongly suppressed. We also de-
fine the zero-replica sector (denoted “ORS”) to be the set whose only member is
the replicated wave-vector that has zero for every entry. The lower-replica sector
(denoted “LRS”) would then refer to the union of the one-replica sector and the
zero-replica sector.

3.4. Intermezzo on replicas

Compared with the more familiar example of spin glasses (see, e.g., Ref. 29), the
effective replica Hamiltonian (18) in our theory contains an extra replica. What
meaning can we ascribe to this “zeroth” replica as well as to the other n replicas?
Physically, the zeroth replica, which originates in the Deam—Edwards distribution,
corresponds to the state of the system at the instant of preparation, whilst the
other n replicas correspond to the state of the system when it is measured. The
dependence of the measured properties on the state of the system at preparation
corresponds, operationally, to the coupling in the effective replica Hamiltonian (18)
between the freedoms belonging to the zeroth replica and those belonging to the
other n replicas. On the other hand, such a coupling does not imply that the
measured properties influence the preparation state, as one can show via a careful
consideration of the n — 0 limit.28

Because the replica framework accounts for both the preparation and measure-
ment ensembles vis-d-vis the zeroth and other n replicas, it is well adapted to inves-
tigations of nematic elastomers, whose measured properties are known to depend
on their preparation histories; see, e.g., Ref. 8. Such a dependence was already un-
derstood by Deam and Edwards and by de Gennes more than thirty years ago (see,
e.g., Refs. 26 and 30).
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4. Landau—Wilson free energy

As we demonstrate in Appendix B, the local incompressibility of IGNEs allows
us to express the effective replica theory in terms of the auxiliary fields 2 and

Q“ as:
VARRRSS /DQ,; [ PQg exp(—N f140(2,Q%)), (22)
a=0

where the Landau-Wilson free energy per dimer fi, is given by:

o
Fra(@.Q) = 5= > A+ ZZ P (QuQ”,}
k

a=0 p
— In(exp(G1(2) + G2(Q)))1,14n - (23)
We have introduced the notation
o 1
Gi(Q) = G > A0 Y eFe, (24)
k s=—1

77, -c® a, « 1
E Z Z T ledz P (ndlndQ - §5d1d2> (25)

and have specialized to three spatial dimensions (i.e., D = 3). The curly braces
{SS’} in Eq. (23) denote the trace of the product of the tensors S and S’,
ie., Zdthz:l SdydySh,q, - The symbols 7%, Ay, and (- )11, are defined via:

7’ =4, (26a)

Ay, = exp(—b%k?/2), (26D)
dcfdc®

(- ien = H/ 41W215 lc& — ¢y —0). (26¢)

Moreover, ik denotes the sum over replicated wave-vectors that are restricted to
the HRS.

4.1. Expanding the Landau—Wilson free energy

To develop the expansion of the Landau—Wilson free energy we expand the log-trace
term in Eq. (23) in powers of Q and ) to obtain (see Appendix D for details):

J14n(2,Q) = fa() + f0(Q) + fc(2,Q). (27)
The first term on the right-hand side, fq(£2), describes the vulcanization/random
27,31,33

solidification transition for an isotropic elastomer and is given by:

fa(2) = %f (=g (94 5 )R I
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~6 _
n
6 D Othatin0 % 2y Uy (28)
ki k2 ks
It exhibits a linear instability at the critical value 72 = 1,° which reflects the

destabilization of the liquid state with respect to a gel/random solid state when
the average number of cross-links per dimer is increased beyond a certain critical
value. As IGNEs are random solids, they must have undergone a vulcanization
transition (controlled by the density of cross-links) from the liquid state to the
random solid state. Thus, we keep the Q-only terms to cubic order; this is in line
with the approach adopted in Ref. 31. The second term, fq, is given by:

n
fol@) = 303 S MIT p){QQ%, ) (29)
a=0 p

These terms describe the free-energy cost of inducing nematic alignment from the
unaligned state. As the focus of the present paper is on the liquid-crystalline prop-
erties of IGNEs at high preparation and measurement temperatures, we retain the
Q-only terms to quadratic order. This collection of terms is an (1 + n)-fold repli-
cated version of the (quadratic part of the) Landau—de Gennes free energy for a
liquid of nematogens at high temperatures.®? In Eq. (29), T° is the preparation
temperature (i.e., the temperature at which the system was cross-linked), and 7'“
(for « = 1,...,n) is the measurement temperature (i.e., the temperature at which
the system is measured, long after cross-linking). As replicas @ = 1,...,n are ac-
tually copies of a single system measured at one temperature, we have T =T for
a=1,...,n. The kernel M(T*,p) is given by:

2.
M(T*,p) = Joe 7@/ (1 - 15—T°aep2“2/2> : (30)

which, expanded in powers of wave-vectors, yieldsd:
M(T®, p) = A“t® + LYD? (31)

where t¥ is the reduced preparation temperature (T° — T%)/T* (where T* has the
value 4Jy/15), and t* (for o = 1,...,n) is reduced measurement temperature,

¢This critical value 72 implies that the critical average linking number [M]/N is 1/2, which is
consistent with that found for the randomly-linked particle model.3! This is not surprising, as the
connectivity of the network is a topological characteristic that should not vary with the shape of
the connected constituents (e.g., if one were to replace point particles with extended rods).
dFrom the above expression for M(T®, p), it may appear that for temperatures T > T*, fluc-
tuation modes with very short wavelengths (i.e., p > a~!) are always marginally stable whereas
the zero wave-vector mode can become more stable than those modes only at 7" close to T*. How-
ever, the marginally stable, short-wavelength modes are really an artiefact of the approximation
we have made, in Eq. (2), to the true interaction potential, 7 (c), of nematogens. In the general
spirit of Landau theory, which considers length-scales larger than the shortest length-scales (for
example, the range of the nematogen—nematogen interaction a), we shall exclude consideration of
those fluctuation modes that have wave-vector magnitudes larger than 1/a.
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(T — T*)/T*. For simplicity, we write t* = t for &« = 1,...,n. The parameter
A% (= JoT*/T“) characterizes the aligning tendencies of nematogens, and £ [=
(2T* —T%)a? Jo/2T°] is the generalized nematic stiffness in the (Landau-de Gennes
equivalent of the) one-Frank-constant approximation.3? Hence, the nematic free

energy fg becomes:

fo(Q TOZM ,p{QOQop}+ZZQTAt+£p){QaQap} (32)

a=1 p

where A and L are, respectively, A% and £ for « = 1,...,n. The third term of
the right-hand side of Eq. (27), fc, describes the coupling between the nematic
freedoms and the elastomer and is given by:

Z Z d1d2d3d4 p q)Q—pé"‘—qéﬁledz (P)Qg3d4 (Q)

a#pB p,q
+ Z Z Z‘l’dldQ k Q —k— pe“QChdg (p)
a=0 p i
+ Z ZZ didadzdy p q; k)Q Q —k— pe”—qeﬁledz( )Qd3d4( )
a,B=0 P.q k)
(aB)
YYD (TG s, (P B)0p a0 + OF ayaza, (P-4 7))
a=0p,q f
X Q;;Q,;;,(erq)ganldQ (P)Q33d4 (Q) ) (33)
where the wave-vector-dependent coefficients @, ¥, ©, T and I' are defined as:
o 7 JpJq
®dlﬁdgd3d4 (p7 q) = —Afpéufqeﬁ mpdldeQd3Qd4 N (343)
=42
o A 0% J,
dids (p7k) = _AI;TA—/%—pé(V 10Tap
1 1
X (pdlde + (k“ + 519) (k”‘ + 51?) ) ) (34b)
dy ds
- 2i [ 2
Ghdadsas (P k) = —AF = 5 <T_I;> OdydsOdady 5 (34c)
~ T4 T Jy
Pittsdsd, (P ) = JomB8AGA G e

o 1
x (kdldek‘* S S sk, + K2 (a0, + K, a0,

1
+ gPdiPd:d; qcl4> ; (34d)
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' Jpq

@gld2d3d4(p3q7k) - 30(T(1)2A/23A—/23—(p+q)€a

(o Clptd?®  Clp+d’ £lp+aq+ak)
56 8064 56

Cp +q+4k*|*
+ 8064 Oasdy Oz

1 Plp+ql?
+( p+q

12T T 1008

1 Plp+q+4k*P
+( p+dq |>

) Cp+q)a,(p+ @)ds 0z,

v 1008
X 02(p + q + 4k%)q, (p+ q+4k%)4y0d5d,
64
2016

4

+M(P+Q+4k Ya, (P + g+ 4k%) g,

+ P+ Da(P+ Qdr (P + Qs (P + Qs

X 0+ 0+ )y (0 + g + 4ka>d4). (34¢)

Here, we have retained the lowest-order terms that couple 2 and Q, i.e., those
proportional to QQ and Q). We have, moreover, kept only the lowest-order
wave-vector dependencies of their coefficients, and retained the term proportional
to QQN because we have found that it is the leading one responsible for the
qualitative new possibility of thermal and glassy correlators that not only decay but
also oscillate with distance. The physical significance of f¢ is that it encodes into the
theory the fact that the nematic degrees of freedom inhabit an environment that is
at the microscopic level anisotropic, inhomogeneous and thermally fluctuating, but
that no remnants of this anisotropy or inhomogeneity survive to the macroscopic
level. fo thus also describes the mutual effects of random localization and nematic
alignment. In particular, it enables us to study the impact of the memorization of
the nematic fluctuations in the preparation state on the nematic fluctuations in the
measurement state.?!

5. Saddle-Point Approximation

Next, we consider the saddle-point equations for Q and €2, which follow from the
stationarity of Eq. (27):

M| _y, (35a)
3 g0
O0ften 1 df14n
— 64,0, Tt =0. 35b
(56?27142 g0ne T30 . (35D)
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As we are concerned with macroscopically isotropic states, we require that the
saddle-point value of Q vanishes: Q = 0. As a result, the saddle-point equation (35a)
for €2 is the same as it would be for ordinary (i.e., nonnematogenic) elastomers, and
reads:

~4
(1 . €’2|k|2) 0 - L ng,gk L =0, (36)

in which we have defined the length-scale £, via €;,2 = b2+ (¢%/6). Next, by defining
the quantities e = 3(7? — 1)/7* and ¢, = V/3¢. /i, the saddle-point equation takes
the form analyzed in Ref 33:

Ly 3=
(_e + 5e£|k|2) Q=52 %% p =0, (87)
i

and is therefore solved by mean of the Ansatz:

_G/dz/dT 7,2 k®-z—|k|?/2r (38)

(with ke HRS), provided that the gel fraction obeys:

G =2¢/3 (39)
and P(7), which has the meaning of the distribution of inverse square localization
lengths 7, obeys:

2 dP(T € e [T
(7) (5-7) P - 5/ dr P(r)P(r — ). (40)

0

2 dr

The typical value &, of the localization length is e '/2¢,., which diverges as the vul-
canization transition is approached from the solid side. The saddle-point equation
for Q%, viz., Eq. (35b) yields:

Z _iv—pee (P Pay + (K +p/2)a, (k" +p/2)a,)
k

—5(|p|2+|k“+p/2l)5d1dz) =0. (41)

This equation is automatically satisfied, which we can see as follows. The product
Q,;Q_,;_pea involves a product of two Kronecker deltas 5Z:i=0kav 05—p—Z§=0kav 0,
which reflects the macroscopic translational invariance of the random solid, and
implies that p = 0. Next, we note that the restricted wave-vector sum ik can be
replaced by the full wave-vector sum ) };, as the 1RS and ORS contributions to the
restricted sum vanish. Lastly, €;_; is a scalar, implying that,

- 1
Sty (K, 3K o, ) =0. 12)
k

For simplicity, instead of working with the full distribution P(7), we replace it
by one that is sharply peaked at 1/£%. This approximation is valid as long as we
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are concerned with the broad implications for the nematogens of the very presence
of localized network constituents. We expect that the spread of localization lengths
would at most result in the quantitative but not qualitative modification of our
results. If the localization is sharp, the Ansatz for the order parameter becomes:

_ dz . P i
0, ;::G/Vzelzuk g lkeL (43)

6. Effective Theory of Structure and Correlations in IGNEs

In Appendix E, we derive an effective replica Hamiltonian for the liquid crystalline
behavior of IGNEs, using an approximation in which  is set to its saddle-point
value (2 in the Landau—Wilson free energy (27), but allowing Q® to undergo fluctu-
ations. By making this approximation we are neglecting the impact of fluctuations
in  on the nematic freedoms. We adopt this level of description because it is the
least complicated one that is capable of revealing the impact of the localized net-
work on the liquid crystallinity characteristic of IGNEs. As it remains constant,
we do not need to consider the fo contribution to the free energy. Furthermore, at
the present level of approximation, the term in fo proportional to QQQ® vanishes,
as we show in Appendix E, as a result of the macroscopic translational and trans-
lational invariance of the random solid state. Moreover, as we show in the same
appendix, at wavelengths long compared with £ the dominant contribution to fo
comes from a term in QQQ® QP. Thus, in forming an effective replica Hamilto-
nian for the high-temperature liquid crystallinity of IGNEs, which we denote by
Hi1, {Q(-)}2—o], we need to only consider the fo term together with a term in

a=0

20 Q> Q” term:

(@Yol & 3 g (A% + £297){Q0Q2,)
P

£ Y A+ L {QQ0,)

a=1 p
‘%ZZHP{Q:;Q;}— % > D Hp{QpQl} (44)
a=1 p a,B=1

(a#B)

Let us draw attention to the kernel Hy, which is defined via:
Hy = Hoe 2P°¢L | (45)

Here, Hg, which we call the disorder strength, characterizes the strength
with which the network influences the liquid crystallinity, and has the value
G?JZn*01/(900TE¢}). The kernel Hy, is the manifestation of the presence of the
thermally fluctuating random elastomeric network and, in particular, encodes
the central physical characteristic of the network, viz., that at long length-scales

1330012-16



Statistical Physics of Isotropic-Genesis Nematic Elastomers

the localization appears perfect but at length-scales shorter than £, thermal fluctu-
ations render the network effectively “molten.” Note that the characteristic length-
scale beyond which H(r) is suppressed is ;..

To determine the effect that the preparation history has on the equilibrium
liquid crystalline properties post-cross-linking, we integrate out the zeroth-replica
element, Q°, thus obtaining the effective Hamiltonian:

N At + Lp? Hp|? oo
Her[{Q"}a= Z Z < - QTO(A|0t0|+£op2)> {QpQ2,}

a=1 p

Hp|? .
R Z Z <2T 270 ,z|1t0 _LﬁopQ)) {QeQ”,}.  (46)

a,B=1
(a#pB)

A noteworthy feature of H.g is that the replica-diagonal contribution to the
quadratic term in Q¢ is structurally distinct from the replica off-diagonal contribu-
tion. This structural feature, as well as the short length-scale liquidity encoded in
Hp, enables us to capture a richer range of physical behavior (such as oscillatory-
decaying nematic correlations) than can be predicted via conventional random-field
approaches, for which the replica-diagonal and off-diagonal terms contain identical
coeflicients.

7. Phenomenological Content of the Microscopic Replica Theory

We now show that the effective replica Hamiltonian (46) that we have derived on
the basis of the microscopic dimers-and-springs model can be interpreted as having
arisen from a more phenomenological, continuum description of a liquid crystalline
systems subject to a novel pair of interrelated random fields. This phenomenological
description and its implications were explored in Ref. 21. Our purpose here is not
to revisit these issues in detail but rather to reveal the microscopic underpinnings
of the phenomenological theory. In that latter theory, the free energy of an IGNE
having a given realization ' of the quenched disorder is given by:

1@ = 337 (AL + L0+ Hp){QpQp)

—2{(Yp + (T/T°)HpQp)Q-p}) , (47)

where ¥/ = {Q°, Y}, and Y and Q° are independent, Gaussian-distributed random
fields, with zero means and nonzero variances, the latter being given by:

1) ,
[{Ypr’}] = THp5p+p’,0 : (48b)

Here, Q° describes the impact of the configuration of the nematogens that is present
at the instant of cross-linking on the post-cross-linking nematic alignment pattern,
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and Y accounts for the impact of the local anisotropic environment created by the
localized network constituents post-cross-linking on this nematic alignment pattern.
For a given realization of x’, the partition function is given by:

Zy / DQexp(—Hy [Q)/T), (49)

and by suitably averaging over x’ using the replica technique we obtain:
(23] ox [ / [[PQ" exp (— > Hy [Q“]/T>
a=1 a=1

- [ 1] pQ* ew(-1rQ°). (50)

where the effective replica Hamiltonian Hphen[Q®] is given by:

1 n
Hyppen[ Q"] = 5 > > (At + Lp* + Hp){Q3 Q2% }

o Y YUY L hQie’,)
2T
a,B=1 p
_ﬁ > HPHQQ{QeQ7 ) (51)
a,B=1 p

Applying the disorder statistics specified in Ref. (48), we arrive at the result that
Hpnen[Q%] = Hes[Q®], i.e., the phenomenological continuum description originally
reported in Ref. 21 contains the same physics as the microscopic dimers-and-springs
model.

8. Structure and Correlations in IGNEs
8.1. Diagnostic quantities

To describe the essential features of the pattern nematic ordering characteristic of
IGNEs in the high-temperature regime we focus on the following pair of thermally-
and disorder-averaged correlators:

(i) the average, taken over realizations of the cross-linking, of the product of the
local nematic order at two points, i.e.,

¢ (r,r') = [{{a(r))(ax)})], (52a)

which we term the “glassy correlator”; and
(ii) the disorder average of the familiar correlator of the fluctuations in the
nematic order, i.e.,

¢’(r,r') = [({(a(r) = (a®)(at’) = (a)))}h)], (52b)

which we term the “thermal correlator.”
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The correlator CT characterizes the strength of the thermal fluctuations of the
nematic alignment away from the local mean value as well as the spatial range over
which these fluctuations are correlated. Inter alia, through its range, C*' is capable
of signaling the occurrence of a continuous phase transition. The correlator C% is a
diagnostic of particular value for nematic elastomers, as it detects the occurrence
of randomly frozen (i.e., time-persistent) local nematic order. For the case where
r and r’ are co-located, it is the nematic analog of the Edwards—Anderson order
parameter, introduced long ago for spin glasses,?* in the sense that it measures the
magnitude of local nematic ordering, regardless of the orientation of that ordering.
Moreover, how C¢ varies with the separation of r and r’ determines the spatial
extent of regions that share a roughly common nematic alignment. Two mechanisms
are responsible for the existence of these aligned regions. First, the formation of a
random network causes a local breaking of rotational invariance, which has the effect
of creating randomly anisotropic environments that tend to align the nematogens
locally. Second, although the equilibrium state of the system at the instant prior to
cross-linking is, on average, isotropic, a “snapshot” of its microscopic configuration
at that instant would reveal local nematic order of the type that we normally call
thermal fluctuations. The cross-linking process can trap these fluctuations in, either
partially or fully, the extent depending on the strength of the cross-linking and the
temperature at the moment of cross-linking (see Fig. 2).

The correlators C¢ and CT have been computed in Ref. 21 via Eq. (47). In the
present section, we re-derive the results via the replica approach to the microscopic
dimers-and-springs model that we have developed in the foregoing sections. To
proceed, we make use of the effective replica Hamiltonian (46) and the following
identities (which we prove in Appendix C):

[{{atm)(ar )} = lim (Q°()Q7()) (£ 5), (53)
{{alr)al)} = lim (Q°(©)Q" (") (53b)

where (- - - )) denotes an average performed with respect to the effective Hamiltonian
H.g, Eq. (46). To compute the quantities on the right-hand side of Egs. (53), we
invoke the quadratic form of Eq. (46), invert the corresponding kernel, and use the
replica diagonal and off-diagonal parts to obtain:

1

cr =517 ——— 54
P T T (54a)
E(Aoto _|_£0 2)_1|H |2 + H
¢S — 57 L2 " S (54b)
P (At + Lp? + Hp)?

Note the presence of the scale-dependent kernel Hp in the denominators of the
correlators, which plays an essential role in determining their behavior. This may
appear surprising when we compare with the result one would obtain via a conven-
tional random-field approach (for details, see Appendix F). At length-scales larger
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Fig. 2. (Color online) Schematic depictions of snapshots of nematogen locations and orientations
at a particular instant (blue, full), and at a much earlier instant (gray, shaded). (a) A conventional
liquid crystal in the isotropic state. Such systems do not memorize the local pattern of nemato-
gen alignment indefinitely. There is no correlation between the orientations of blue and shaded
nematogens that are depicted near one another. Nor is there any preference for blue and shaded
nematogens that are depicted near one another to be the same nematogen. (b) A liquid cystalline
elastomer in the macroscopically isotropic state. Such systems do memorize the local pattern of
nematogen alignment indefinitely. The orientations of blue and gray nematogens depicted near one
another are likely to be correlated. For systems in which the nematogens are chemically bonded
to an elastomer network, blue and shaded nematogens depicted near one another are likely to be
the same nematogen. However, for systems in which the nematogens are not chemically bonded
to a network there is no preference for blue and shaded nematogens depicted near one another to
be the same nematogen.

than &, the presence of Hp in the denominator of Cg leads to a downward renor-
malization of the bare critical temperature T by an amount proportional to the
disorder strength (and hence grows with the cross-linking density). This indicates
that the nematogens are more strongly inhibited from aligning with one another if
the density of cross-links is higher. Interestingly enough, a similar result has been
obtained using the molecular level neo-classical elasticity theory of nematic elas-
tomers.!6 This disordering effect of the random polymer network (on the nematic
alignment) is not contained in the conventional random-field type of models.® In
addition, a larger value of Hg leads to a larger amplitude of Cp , indicating that a
stronger localization of the network results in a more strongly trapped-in nematic
pattern. Also note that the correlators Cg and Cg meet the physically sensible
requirement that they revert to the forms appropriate to a nematic liquid in the
absence of a network at length-scales very short compared with £y, for which Hp,
becomes very small, indicative of the molten character of the network at such scales.

°This distinction arises because our effective replica Hamiltonian (46) does not contain replica-
diagonal contributions to the term proportional to Hp{Qg le p}, whereas the effective replica
Hamiltonian that corresponds to the conventional random-field approach contains both replica-
diagonal and replica off-diagonal contributions, all having the same coefficients.
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8.2. Oscillatory-decaying correlations

The scale-dependent kernel Hp in the denominator of each of the correlators in
Eq. (54) also gives rise to the possibility that the correlators undergo both oscillation
and decay with distance. As discussed in Ref. 21, CT (r) undergoes oscillatory decay
with distance for Hy > H(®) (= 2£/£2), and the length-scale of the oscillation is
given by &7, = €./+/21In(Hp/H(®)), which is independent of T'. On the other hand,
C%(r) undergoes oscillatory decay for sufficiently large values of Hy and sufficiently

T /
w ¥ ’ © : e

Fig. 3. (Color online) Real-space decay behavior of (a) the glassy correlator (rescaled) C%(r) =
(602L/Tup)CC(r), (1212L/T)CC (r), for t° > THo /T A% t = 0.1£/ A2, at (i) Ho/H() =0.5
(weak disorder; red, dashed) and (ii) Ho/H(®) = 40 (strong disorder; blue, solid). (b) the thermal
correlator (rescaled) CT(r) = (272L/Tpp)CT (1), for the same parameters. On going from weak
to strong disorder, both correlators cross over from simple exponential decay to oscillatory decay
of wavelength of order &y,.

~

H

6,

Thermal and
glassy oscillations

=
T

2 Thermal oscillations
No oscillations -
2 4 t

Fig. 4. (Color online) Crossover diagram for the glassy and thermal correlators, indicating the
three qualitatively distinct regimes of behavior for a system that is cross-linked at a very high
temperature. Here, H = Hp JH (¢) is a measure of the disorder strength, and f is the rescaled
reduced temperature, with the value (.A{% /L)t. Above the blue solid line, both correlators oscillate
and decay as a function of separation. Between the blue solid and red dashed lines, both correlators
decay but only the thermal one also oscillates. Below the red dashed line, both correlators decay
but neither oscillates.
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low values of T' (see Fig. 3), with its oscillation scale £, given implicitly by the
following equation:

14 (En/€q.0)? +A(En /€L)? — (Ho ) At)e 2/266.0 = (.

The cross-over boundary between the oscillatory and nonoscillatory regimes for C%,
which is the threshold at which the inverse oscillation wavelength 1/& ., increases
from zero to a nonzero value, is given by:

Ho = At +2H® (55)

The different regimes of behavior of C*(r) and C%(r) are shown in Fig. 4.

9. Alternative Microscopic Models of IGNESs

Instead of the dimers-and-springs model of IGNEs, one could have started with
alternative microscopic models that may at first sight appear to be more faith-
ful representation genuine of IGNEs. For example, one could have started with
either of the following two microscopic models: (i) Model A: a system comprising
worm-like chains — pairs of which are permanently, randomly bonded by point-like
cross-links — as well as stiff rods that dangle from each chain at regular arc-length
intervals; and (i) Model B: a system of chains, each constructed from stiff rods
that are connected in series and then permanently bonded by point-like cross-links
between randomly chosen rod ends. Models A and B are, respectively, caricatures
of side- and main-chain nematic polymer networks; starting from either Model A or
Model B, we can apply the Hubbard—Stratonovich decoupling procedure described
in Secs. 2 to 4, and thus derive a corresponding Landau—Wilson free energy that
is structurally equivalent (i.e., having the same symmetries and types of couplings)
to that derived for the dimers-and-springs model; cf. Eq. (23). The purpose of this
section is to establish this structural equivalence. We can then, in principle, com-
pute the coefficients of the terms of the expansion of the Landau—Wilson free energy
separately for Models A and B, apply a similar saddle-point analysis, and derive an
effective replica Hamiltonian that would enable us to explore nematic fluctuations.
However, the coefficients of the terms of such expansions are technically more dif-
ficult to compute than those for the dimers-and-springs model. Moreover, even if
one were to succeed in computing such coefficients, the expansion would still lead,
at sufficiently large length-scales, to predictions that are identical, up to an overall
length-scale, to those made on the basis of the dimers-and-springs model, Eq. (27).
This is why we chose to work with the dimers-and-springs model in deriving an
effective Hamiltonian for the liquid crystallinity of IGNEs.

In what follows, we consider Models A and B separately. We define the mi-
croscopic Hamiltonian, introduce the corresponding collective fields, perform the
Hubbard—Stratonovich decoupling procedure and, lastly, carry out the log-trace
expansion. We then show that the auxiliary fields and the terms in the Landau—
Wilson free energy corresponding to either model have the same symmetries and
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Fig. 5. (Color online) Model of a side-chain nematic polymer consisting of nematogens (red
online) and worm-like chain backbone (blue online). The chains are labeled by i (= 1,...,N), is
of length L, and has S nematogens attached. The segment at arc-length 7 of chain ¢ has position
c;(7). The nematogens are attached to the backbone at equally spaced arc-length intervals.

structure as those obtained from the dimers-and-springs model, and thus, give rise
to effective Hamiltonians that are structurally equivalent to Hy4,,; cf. Eq. (44). To
streamline the presentation we display only the essential equations, as the formal
procedure employed in this section is identical to the one employed in Secs. 2 and 3.

9.1. Model A: Side-chain nematic polymer network

We represent a side-chain nematic polymer as a worm-like chain (see, e.g., Ref. 35)
of length L with nematogens attached at equal intervals of arc-length L/S along
the chain. Each nematogen is represented by a unit vector n; s, wherei =1,..., N
labels the chains, and s = 1, ..., .S labels the nematogens. We denote the arc-length
measured from one end of the chain by 7 (with 0 < 7 < L). A segment at arc-length
7 along chain ¢ has a position vector ¢;(7); the sth nematogen resides at arc-length
sL/S, and its base, which is attached to chain i, has a position vector c¢;(sL/S);
see Fig. 5. We require that nematogens and tangent vectors to the chains interact
via orientational forces that favor parallel or anti-parallel alignment.

The side-chain nematic polymer network is formed by randomly, permanently
cross-linking M pairs of such chains via point-like cross-links. The pairs of cross-
linked chains and the number M are fixed for a given realization of quenched
disorder, but vary across such realizations of it. In the absence of cross-links the
system is specified by the following Hamiltonian:

d?c;i(t

Hsc = Z/ - d7'2

%4 N drdr’ ) de; (1 d ’ - 2
T2N .21/ —2J(ei(m) = ¢i(7) (# . #)
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e S
“ay 2o 3 JeleL/S) — et/ e i)’

£

_% Ei: / L J(ei(r) — e, (sL/S)) (dcéf) -nj,s>2. (56)

The partition function corresponding to this system, subject to M cross-linking
constraints, is given by:

N S M
Zs  [] [ Dei]] [anie e/ [[o(ei ) ~ i) 67)
=1 s=1 e=1

Here, [Dc =[]y, < [dec(r), and [dn denotes integration over the unit sphere of
nematogen orientations. To proceed further, we can follow the strategy described
in Secs. 2 and 3, including making a Hubbard—Stratonovich transformation to in-
troduce the auxiliary fields {€2;,Q5, Qp}, to arrive at the corresponding Landau-—
Wilson free energy fsc:

foc = = Z| k|2+—ZZAa|Qa|2 ZZ pTr|Q§|2

aOp

2772_ v dr ih-éT ZN aa dr ip-c™(7)
_ln<exp <WZQkA T ZZ)\ Q / T@P

aOp

dc ( )dCa/(T) 1 ip-c® (T
+ZZTand (/ (g—TfiiT—gfsdd’)@p o

a=0 p

S
1 1 inc™
+ § E (n?’dnfj’d, — §5dd/> eP° (SL/S)> ) > . (58)
s=1 SC

Here, A = A —n2(6%° —1)/(NV"~1), reflecting the fact that the excluded-volume
parameter A is not renormalized by the effects of cross-linking in the preparation
state. Note that the Boltzmann average (- - -)sc is defined via:

) . (59)

dr | d%c(r)
D d —=
1 foer T [t oesn (5 [
o=
We observe that fsc is invariant under transformations of the auxiliary fields that

dr?
2
dr
Dc” dnf e —= —
[T /oo T faneom (5 [ 7 1965 )
a=0 s=1
correspond to independent translations and rotations of the replicas, as in the case of

d*c(7)
dr?
the Landau—Wilson free energy for the dimers-and-springs model (23). In addition,
2, is a HRS field, 7 is a 1RS field and Qg is a traceless and symmetric second-rank
tensor field, all as with the corresponding auxiliary fields for the dimers-and-springs
model. Furthermore, terms developed by expanding the log-trace part in Eq. (58)
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are structurally equivalent to those arising from the corresponding expansion of the
Landau—Wilson free energy (23) of the dimers-and-springs model. In other words,
as fields theories, Model A and the dimers-and-springs model are identical, up to
elementary rescalings of their coefficients. We thus conclude that at length-scales
larger than the microscopic scales at which they are defined, these models yield
predictions that are structurally identical.

9.2. Model B: Main-chain nematic polymer network

We apply the procedure used in Sec. 3 and the previous subsection to derive the
Landau—Wilson free energy for Model B, a model for main-chain nematic polymer
networks. This model consists of jointed chains (see, e.g., Ref. 35) comprising S — 1
rods each of length ¢. In addition, adjacent pairs of rods interact via a bending
energy that promotes their parallel alignment, and arbitrary pairs of rods also
interact via orientational forces that favor parallel or anti-parallel alignment. The
network is formed via the random, instantaneous cross-linking of pairs of jointed
chains via permanent point-like cross-links, located at the ends of the rods. The
chains are labeled by ¢ (= 1,...,N) and the rod-rod junctions are labeled by s
(=1,...,95); the position of rod end s on chain ¢ is ¢, as shown in Fig. 6. The
system is then specified by the following Hamiltonian:

N S5-1 A8
= 262;; Cis+1 — Cm) (Ci,s_Cz',s 1 52 z:: c” cjt
N S-1
5 2 2 T+ en)/2— (e +40)/2)
i,j=1s,t=1
2
X ((Ci,s+1 —cCis) - (Cjeq1 — Cj,t)) . (60)

The partition function corresponding to this system, subject to M cross-linking
constraints, is given by:

VAYTSRC S H H /dcz s€ —Huc/T (S(lcz s+1 — Cq, sl ) H (Cie,se - Cz”e,s;)- (61)

i=1s=1 e=1

Fig. 6. Model of a main-chain nematic polymer consisting of S — 1 rods of fixed length ¢. The
chain is labeled ¢ (= 1,...,N) and the ends of the rods are labeled by s (where s = 1,...,5).
Rod-end s on chain i is located at c; ;.
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Using the replica method and a Deam—Edwards type of distribution for the
quenched randomness, together with a Hubbard—Stratonovich decoupling, we ar-
rive at the following Landau—Wilson free energy in terms of the auxiliary fields

{Q]}a an Qg}:

52 2—
fvme = V—ZZ]JQHQ Zz/\a|ﬂa|2 ZZ —Tr |Qa|2

a=0 p aOp

—In <eXp<2S ZQ Z zkcg_,'_lNSZZ/\aQaZezpc

s=1 a=0 p

n _
J 1 o o o 1
+ E E —Tpa Qg (P E <—2 Cor1,d — Coa)(Coyrar — Coar) — §5dd’>

a=0 p s=1

x eip'(C§+c§+1)/2> > ; (62)
MC

where A\ = A — 2(0*° — 1)/(NSV"1), and the Boltzmann average (---)uc is
defined to be:

n S
(e = [ /dca---e# S 05T (el el ) (el ety
- S
a=0s=1
n S—1
(e} «
X H H 5(|Cs+1 — Cq | _‘e)
a=0 s=1
n S s
< (11 H/dcaemz 0 55 (e —el ) (€5~ )
S
a=0s=1

n S—1 -1
< T TT oCess — el - e)) . (63)
a=0 s=1

The comments made at the end of the previous subsection concerning symme-
tries of the Landau—Wilson free energy under transformations of the auxiliary fields
hold for Model B, too.

10. Concluding Remarks

The objective of this paper has been to develop a microscopic approach to the
liquid crystalline properties of IGNEs, in which local nematic order — both in
the preparation and the measurement ensembles — and random localization —
induced by the presence of an elastomer network — are naturally incorporated.
This development, which takes as its starting point a system of dimers that are
permanently connected at random by Hookean springs, serves as the underpinning
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to the phenomenological approach presented in Ref. 21 by providing a systematic
derivation of the formulas on which the phenomenological description is based.

Specifically, by deriving an effective Hamiltonian of liquid crystallinity in IGNEs,
we have shown that this microscopic approach leads to the phenomenological Lan-
dau theory of IGNEs proposed in Ref. 21 which, inter alia, predicts that at suffi-
ciently large disorder strengths, both the thermal and glassy spatial correlations of
nematic alignments can undergo oscillation with decay. The development has as a
core feature an ensemble — the preparation ensemble — that is distinct from the
usual (measurement) ensemble of Gibbs statistical mechanics. This feature enables
us to determine in detail the influence of the preparation history of IGNEs on their
subsequent equilibrium behavior. The consequences of these two ensembles were
analyzed in detail in Ref. 21. However, the appearance of the two ensembles took
the form of a hypothesis in Ref. 21, whereas in the present paper they come into
play naturally. Lastly, we have argued that at sufficiently large length-scales, pre-
dictions made on the basis of a simple dimers-and-springs model are qualitatively
identical to those made on the basis of two more realistic (but more complicated)
microscopic models of IGNEs: one for side-chain liquid crystalline elastomers and
one for main-chain liquid crystalline elastomers.

Apart from its relevance to the specific subject of liquid crystalline elastomers,
the present work brings to light a more general issue, viz. that the concept of a
quenched random field should be broadened to incorporate not only the conven-
tional, “frozen” type, which does not fluctuate thermally, but also the type nec-
essary for understanding media such as liquid crystalline elastomers, in which the
frozen nature of the random field is present only at longer length-scales, fading out
as the length-scale progresses through a characteristic localization length, owing
to the thermal position fluctuations of the network’s constituents. The framework
elucidated in the present work can be extended, with suitable modifications, to ex-
plore the statistical physics of other randomly cross-linked systems, such as smectic
elastomers and various biological materials.
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Appendix A. Calculation of the Average Linking Number
Per Dimer

In this series of Appendices we show various components of the calculations that
are necessary for deriving the results presented in the main body of the paper. In
the present Appendix we show that the average number of springs connected to a
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dimer, [M]/N, is approximately given by 2n%. By definition,

[M] =) P()M

3 / D P(x{*}) P({c"})M

-E Yy ey S ()

1s1,t1=—1,1 inv,jm=1sm,tm=—1,1

N‘H

N
% /DCOQH"manenrHev H A A H5(|Ci’1 —ci |- 0)

e=1 i=1
_ n V /DC Z _cgﬁt‘z eHnurm*Hnem*Hev
2)D/2 70 Z
N(2mb?)P/2 Z; i,j=1st=—1,1
M—1

o0

% <2
X Z b2)D/2 Z Z e o
N(2
1 m i,j=1s,t=—1,1

M=
N
XH(Slczl z—1|_€)

i=1

= (277;)2 D/2Z0 /DC Z Z bl

i,7=1s,t=—1,1

exp 27rb2 9N (27b2)D/2 Z Z Ll

i,7=1s,t=—1,1

~.

» ¢Hnorm—Huem—Hev

N
< [To(e?: — ey -0
1=1
B n?V L1l . —e? 17— Hpem—Hey
- SN, / DO Z 3 e
i,j=1s,t=—1,1
N
x TTo01es =< sl =0). (A1)
=1

To find a rough estimate for [M]/N, we shall approximate the system as a dilute
gas of dimers, which involves approximating the quantity exp(—|c; —c;|?/(2b%)) by
(27b?)P/2 V. This leads to:

>y [ et m_HWHMCH ¢ 1l=0)

i,j=1s,t=—1,1
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(27Tb2)D/2
~ 4N2T Rq (A.2)
Substituting this into Eq. (A.1), we obtain:
[M]/N =~ 21, (A.3)

which shows that n? provides a quantitative measure of the average number of
cross-linking springs per dimer.

Appendix B. Hubbard—Stratonovich Scheme

In this Appendix, we present the details of the Hubbard—Stratonovich scheme that
leads to Eq. (23). We first consider the replica partition function Zy4, in Eq. (17),
which can equivalently be expressed as follows:

o N N 1 Vi M
R S SR DD DRI D o e o

M=01i1,j1=1 inv,jm=1s1,t1=1,—1 syvyta=1,—1

xali[/Hdc“dc Lexp %EZ:Z ( ; ?)2—%>
X exp ( ZZ| Cics. — C ]e,te|2>

a=0e=1

le? ,—<f
X exp 27rb2 SN (912 D/2 Z Z ¢ bl

i,j=1s,t=1,—1

1 & A
X exp _5 Z Z ﬁé(cﬁs — C?,t)
a=01i,j=1s,t=—1,1
n N
x H H5(|cj1 —ci 4| =10
a=0;=1
= [T [ Tldetsdesyesp( 530 2 27 ((n?n;'f)? - 5)
a=0 i=1 a=01,j5=1

1 s & A
X exp —522 Z ﬁ(S(C?,s—C?,t)

a=014,j=1s,t=—1,1

s 2 0 0 |2
X exp E E e ﬁzz:ﬂ‘cﬁsfcgt‘ —efﬁlchsfcj,t‘ )
27-[-b2 D/2
i,j=1s,t=1,—1
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< [T TToxes, —cial—0). (B.1)

Note that the two terms in the first exponential factor in the first equality are
replicated versions of the Maier—Saupe interaction Hpeyn and Hookean spring po-
tential He, Also note that the first term in the last exponential factor in the
first equality, —(Vn?/2N(2rb?)P/?) Do st exp(—|cf, — c?’t|2/2b2), is the term
Huorm({c},})/T° in Eq. (12), whilst the second term in the same exponential fac-
tor is a replicated version of the excluded-volume interaction, He,. In the last step
we have summed over all realizations of the quenched disorder. This results in an
exponentiation of the Hookean energy term, and leads to the following expression:

J(c —c%)

n N
v v i
Z1+n = H /H dczldczilezzv i T (ng, dq ng ,do T 5d1d2)(”J d1”J do 6d1d2)

N

n N
xexp| — Z QT% /dra d(cy —r?) Z §(cf, —1%)

a=0 i=1s=—-1,1 j=1t=-1,1

2NV n? g 1 L
X exp W /dmdye 202 2NZ5(m—ci’s)

1 o _Ix—yI?
XN Zé(y — i) — /dxdye 262

7,5t
Z > dx—cf . f: Sy —<j,)
N i=1s=—1,1 2 j=1t=-1,1
n N
< [T TTo0es: =<5l —0). (B.2)
a=0j=1

Here, we have replaced J;; by its continuum limit J(cf — cf), viz. J;; =~
(V/N)J(ci — cf), where we approximate J(c) by a potential of Gaussian form,
ie., J(c) = (Jo/(2ma?)??) exp(—c?/2a?), suitable for describing short-range inter-
actions. Next, we define the following collective fields in Fourier space:

N
« 1 ip-cy [, a -
44, d (p) = N Ze P (ni,dlni,dz -D 15d1d2)a (B.3a)

N
e DD I Ay (B.3b)

i=1 s=—1,1
1 N
Wi = 5 Z el (B.3c)
i=1s=—-1,1
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In Eq. (B.3c), the argument of w; can take any value in replicated Fourier space.
However, in Eq. (B.5) below, we shall decompose the field w; into the part whose
argument takes values from the HRS, the part whose argument takes values from
the 1RS, and the part whose argument takes values from the ORS. We shall then
redefine w;, to be only those parts whose arguments belong to the HRS. Note that
wpee = wp and that the ORS part of w;, is a constant. To simplify the notation, we
define the following normalized averages:

dei'ydef co
N1+anH/ 4;V£2 =0 |C7,1 z’,—1|_€)"';

a=0i=1
dcsdc®
11+n—H/ 41V€216|C‘f—c‘il|—£)....

We substitute the collective fields into Eq. (B.2), taking care to separate out the
ORS, 1RS and HRS parts of the terms involving w;. The replica partition function
then becomes:

IN2 - A,
Zl+n = (47TV/€2 <6Xp ( Z Z |qd1d2 2 - 7 ﬁ|w0|2

a=0 p a=0
2
@ Nn
Sl e (G bt
a=0 p
INN? & ! 2N77
AL Skl 5 2 S
a=1 p N,14n
2 N - - Xg a2
exp ZZ wlada, P =5 D> ol
a=0 p a=0 p
2
N,1+n
where Z; denotes a sum over all wave-vectors p excluding p = 0, we have

made the following definitions: Ay = exp(—(1/2)b%k?), 7? = 49 and /\O‘/Ta =
(AN/V)A® /T — (402 /V™)(1 — 6*0)A,, and )\g is the effective excluded-volume
interaction between dimers. For o # 0, the excluded-volume interaction is renor-
malized downwards; owing to the presence of attractive interactions induced by
cross-linking, whereas for o = 0, the excluded-volume interaction has no such
renormalization. In the case of replica o = 0, the downward renormalization due to
cross-linking is canceled exactly by the correction from the term Hy o ; physically,
this is expected as the dimers cannot feel the cross-link induced attractive forces
at the instant just prior to cross-linking.
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We now implement the Hubbard—Stratonovich transformation, which is based
on the following set of equalities for complex variables ¢ and w:

e—Jlal® — % / d(Rew)d(Imw)e~7II*+2i/Reqe” (B.6a)

eIl = % / d(Rew)d(Imu)e 71l +27Reaw” (B.6b)

Here, ¢ may be thought of as a complex-variable analogue of a collective field and
w is the complex-variable analogue of its conjugate auxiliary field. The Hubbard—
Stratonovich procedure allows us to express the replica partition function 7, as a
functional integral in terms of the auxiliary fields 2 [whose argument we restrict to
the HRS via the constraint (e, in accordance with the replica-sector division laid
out in Eq. (B.5)], Q% (which is formally € but with its argument taking values in
the 1RS), and Q [conjugate to (resp.) w, w®, and q%]. In terms of these auxiliary
fields, the replica partition function Zi.,, is given by:

Zign X /DQ [ P2*DQ* exp(—N f1n[2, 2%, Q). (B.7)

Here, the Landau—Wilson free energy per dimer fi4,, (scaled in units of T') is given
by:

~9 n ! \ o
o oy U 2 1 AP a2
Fren(.90%,Q%) = 52> AP+ 53> 7a 9]
k

a=0 p

g J
D) DA INISIE

a=0 p
— In{ exp Q e—zk Cs
< <2V” Z s ;1
DI SRR
a=0 p s=1,—1
+ Z Z Qd1d2 71p-c" (n% nél.éz - D15d1d2)> > .
=0 p 1,14n
(B.8)

By expanding fi14, for small values of the auxiliary fields, one obtains a Landau
theory in terms of Q, Q% and Q®, which are, respectively, the order-parameter
fields for the random solidification transition, the crystallization transition, and the
isotropic-nematic transition. As we assume that IGNEs are incompressible, there
will be no fluctuations in the density of dimers (which can be enforced by making
A to be extremely large), and thus there will be no corresponding instability in
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the 1RS. We shall therefore disregard the contribution from Q%. The free energy,
Eq. (B.8), then becomes:

frin(2.Q) = WZA %+ 5 303 21050, ()P
a=0 p
— ln(eXp(Gl( ) + GQ(Q))>1,1+7L . (BQ)

Note that we have introduced the abbreviations:

2Vn§A Q 3 etk (B.10)

s=1,—1

G1(Q)

G2(Q)

o 1
Z Z Qd1dz eipc (ngln% — §5d1d2> (B.11)

a=0 p

and specialized to three spatial dimensions (i.e., D = 3).

Appendix C. Proof that (2;) = [(w;)x] and (Qg‘)f = [(qﬁ‘)x]

We now prove Eq. (20a), by deriving a general expression for [(qp,) - (qpp)] (P €
{1,2,3,...}) in terms of the conjugate fields Qp and the Landau-Wilson free energy

Jrin [cf. Eq. (23)]:

[<QP1> T <qu> ]

/ H defi et | et e Fuem (7 D+ How (e ) i ((€72)/ T

x_Haucza il =)

— / Hdcffdcz_lqp —(Huem ({05 P D+ Hey ({7 D+ Haaime ({5 7 1) /TP

><H5(IC?, ¢l —6)1
j=1

a=

x e 23:1(Hnem({nz})‘i’HeV({cz,s})+Hxlink({cz,s}))/T’Y

n

N
< [T 1100}, =<} al-0), (C.1)

v=0j=1
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where in the second step, we have multiplied numerator and denominator by n—P
copies of the factor:
N

Z, = -/1_[dci’1dci’716*(hﬂxem({Hz'})JrlLIev({Ci,s})+1L1):1inl<(‘{<3ie,56}))/T"Y
i=1
N
XH5(|C7J,1 —ci—1|—10). (C2)
i=1

This produces a factor of Z7 in the denominator, which goes to unity once the
replica limit is taken. We now perform the average over realizations of quenched
disorder:

[(ap: )y - - - {App)x]

. 1 1 V’rlg M norm({cL 5})/T0 H H 5 |C — C | - 6)
~ a5 22 anz0 \ 202N "
X “Lig y=01i=1

/Hdczaidcz —1qp1

qOépe Z,y'=0( nem({n;‘y})+HeV({CZS})+HX““1‘({Cze,se }))/T’Y

B _ o Hnorm ({c? . })/T°

X exp (f: (% EN: T (<nz )%~ %)

=0 i,j=1

P .
2TWZ Z oeis =€ )>>

i,7=1s,t=1,—1

Loy ICZS*C%\Q
XBXP<22b2D/2Nz Z e )

i,j=1s,t=1,—-1
N
X H5(|CZ1] - c;Y,71| —0)
i=1
. B,(4nVeAH)N o 0 0
_ 1 aq ap norln({ci,s})/T
T (e dere
x eZbm0 X (37819507 1= 578 g )+ M T A g )N 14n (C.3)
where B, is a constant. Here, {a1,...,ap} € {1,...,n}, as we are interested

in nematic correlators in the measurement ensemble. In the second step, we have
summed over M to obtain an exponential function. To proceed further, we note that
the factors of q; can be generated by introducing, into the replica partition function
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Z14n, a source field $ that is linearly coupled to qp; we denote the resulting
replica partition function by the symbol Z14,[9]. By functionally differentiating
Z14+n[$)] with respect to g, one can recover the correlators of qg. At the end of
the computation, one has to take the source limit $ — 0. Following this procedure,
one obtains:

[<qP1>X s <qPP> ]
(=)F B, (4rV 3N o Hrorm ({e2,1)/T°

= lim lim
0
n—0 H§—0 th
W (SO AT, fRlagat,)
09p1  09ps

n o o n A
P SIS SRELT G S SRR S LIRS o SN >
N,14+n

(D) BaldnVE)Y (e /70

= Jig Jim 7
[0 0 Ny iagat,)
09p1  0Hpr
e%zzzlzpw{( %ﬁg)(qip—%ﬁip)}

_Zg 1Zp 2NJpJ {5&5& =N OZp 2Tf“ |wa| +2 i Do OZkA “*’k‘ >N 14
k) n:

(C.4)

In performing this calculation, we have completed the square in qp, generating extra
quadratic terms (7%)? /(2N J3J*,){H3H*,}. The Hubbard-Stratonovich transfor-
mation can now be performed, with qp — (7'“/N Jp)9p, wp and w;, being the aux-
iliary fields. Making use of the following relation (whlch one can prove):

J o
B <€NZP QTO{q; q }+NZQ 1 pszfV {q Np ; (lp NJ ya }
n

_szzoz 2Tf¥ lwp | +% f A;:-,|wfc|2

X e >N 1+n

/DQ HDQO‘DQO‘ TN (@ 07.Q%) =301 2 95 Q% (C.5)
a=0

it follows that:

[(ap:)x ** (dpe)x]
()P (ArVeHyN § )

= lim i .
nSo o0 Z0. o%p 0Spr
/DQ H DQODQe e~ N (20°.Q°)-ThL, £, 95Q7,

a=0
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_ZZ 1Zp ZNJpJ {ﬁ n% }

/DQHDQapqa( @ Qur)e N (@07.Q7)

PP
Z14n
= lir% ZH
n— liq /DQ H DQQDQ(X 7Nf1+,L(Q QW,QW)
a=0
= (Qp Qg2 ()

as we were aiming to establish. On going from the second to the third line of
q. (C.6), we have multiplied numerator and denominator by Zi,,, and we have
also taken the limit n — 0, which implies that 714, — th [as one can see from
q. (17) by taking the limit n — 0]. For the case P = 2, we recover Eq. (20a).
We can also derive Eq. (53) by using Eq. (C.1) and taking the replica limit:

/DQ H 'DQO"DQO‘ a QP) —N f141(92,29,Q%)
(ap,) (app)] = lim

n—0

/DQ H DQODQe e~ N (207.Q%)

/HDQa ar |, ap) —N Hes (Q%)
/HDQa —NHe(Q%)

(Qpi - Qpl)s (C.7)
where in the second step, we have approximated the functional integrals by the
values that are stationary with respect to 2 and excluded density fluctuations Q<.

~ lim
n—0

Appendix D. Terms in the Landau—Wilson Expansion

In this section we expand the log trace term in Eq. (B.9) for small Q and Q¢. This
gives us:

fron(.Q) = WZA %P~ (GO 100m — £ G140

+ % Z Z %@%(P)F - %<G2(Q)2>1,1+n - %<G2(Q)3>1,1+n

a=0 p
~ 51(G2(Q) 140~ 5(GHOPCo( @14
S OQGHQD 1 1n — (G CoQP1 1

—~

G0 1,14n(G2(Q))1,14n) - (D.1)
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D.1. Terms proportional to 22

First, we compute the quadratic term for the vulcanization part of the Landau
theory:

~4 —
n E E —i(ky-estko-é
<G1(Q)2>1,1+n = Z A&A,}QQ%QEQ <€ i(kr-Esthae )>1’1+n
k1 ks sit

~4 n . o

7 9 sin(k®/)

A0 (1 + 11— ) (D.2)
i

a=0

At length-scales much larger than £ or b, we can approximate the above result by:

(@) 11+n~772< (02 55 ) ) 4. (0.3)

D.2. Terms proportional to Q222

We next compute the cubic term for the vulcanization part of the Landau theory:

~6 —_—
n
<G1(Q)3>1,1+n = 5 Z AklAszk3lekaQk3

% E: <e_i(k1'Csl+k2'cs2+k3'cs3)>1’1+n
81,82,83
;

=g D Oty 005 B2, A%, 2, %, U,

sin( ¢+ k§ +kg[4/2)
<2+3H |—ka+k0‘+ka|£/2

sin(| — k§ — k§ +k§1[4/2)
. D4
+3H |_ka kS + k5|02 (D-4)
At length-scales much larger than K and b, we can approximate this result by:
<G1(Q) Li4n & T] Z 6k1+k2+k3, QIAQQIACQQIA% : (DS)
k1 ko ks

D.3. Terms proportional to Q*Q%

Next, we compute the quadratic terms from the nematic part of the Landau theory:

<G2 M Jd4n = Z Z Z q ledg( )Qg3d4((1)

a,f p.q s,t= 171

et a.B 1 1
X <€ i(p-c®+q-c”) (nglngz — §6d1d2> (nfgni — §6d3d4>> .
1,14n

(D.6)
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Note that this term vanishes for a # . For a = 3, we find that:

<G2(Q)2>1,1+n - ZZ |J | )Qél“3d4(_p)

1 1
[e3 87 [e3 87 [e3 87 [e3 87 [e3
X /dn <nd1nd2nd3nd4 — gndlnd25d3d4 - gnd3nd45dld2
1
+ §5d1d25d3d4

JO‘ 2
= ZZ | (5d1d35d2d4 + 5d1d45d2d3 - §5d1d25d3d4)

X Q4. d, (P)Qd3d4(—P) . (D.7)

Here, the notation [ dn denotes integration over the unit sphere, and we have used
the equalities (valid for D = 3): [dnng,ng, = (47/3)d4,4, and [dnng, ng,ng,ng, =
(471’/15) (5d1d2 5d3d4 + 5d1d35d2d4 + 5d1d45d2d3)'

D.4. Coupling terms

D.4.1. Terms proportional to QQ*Q? and QQQ*

The terms that couple the nematic order parameter to the vulcanization order
parameter are the ones that give rise to the physics of nematic elastomers. At cubic

order in  and Q (i.e., QQ*Q” or QQQ®) there are two such terms. They were
computed in Ref. 22 and are given by:

~92 n
JyJ,
(G1(NG2(Q)*) 1,140 = % Z Z A_pea_ges ﬁpdl%%ﬂm

a#p p,q
X Q_pea—qer Q5 4,(P) Q. 4, (@) | (D.8a)
J o
<@mﬂM@mﬂ———§DSZ%Akpwi%mkamm>
a=0 p ‘

1 1
X <pd1pd2 + (k‘a + —p) (ko‘ + —p) ) . (D.8b)
2 )4 2" /)4,

D.4.2. Terms proportional to QQQ*QP

Terms proportional to QQQ*Q” arise in two forms: connected and disconnected.
We first consider the disconnected type, which is given by (G1(2)?)(G2(Q)?). By
using the expressions obtained for (G1(2)2?)1 14, in Eq. (D.2) and (G2(Q)?*)1.14x
in Eq. (D.7) we obtain:

(GO 1100 (G2 @ 14n = o E:}:}:AQ(TQ>

aokp
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x ;0 _;Qd,a,(P)Q4,a,(—P) - (D.9)
Next, we consider the connected type, (G1(02)2G2(Q)%)1,11n:

(G1(2)?G2(Q)H) 1,140 = 71" Z iz Z A AL

a,f=0j; i, P4 sit=1,—1

Jpdq
X leka TQT'B ledQ( )Q§3d4 (q)

X <€*iZ$=o(kY-CZ+kZ'C?)*ip-C”*iq-cﬁ

1 1
) ( - 5%@) <”5s”54 ) 35>> Ln
,14n
(D.10)

Note that in this expression we have to evaluate terms such as <eip'°s>171+n,
(N My €)1 140 and (ng, na,nazna, e % )1,14n. We recall the definitions:

cs=c+(sf/2)n, (D.11a)
J14n = H / dzlf/2215 (Jef —c*y| = 0)
- [11 [ Tt
I o
_ /Cﬁ)/dij:g‘a. (D.11b)

Here, we have decomposed coordinates into center of mass ¢ = (¢; + ¢_1)/2 and
relative u = ¢; — c¢_1, and have defined the integral over the unit sphere as:

dn 1 [*
e 5/_1d0050, (D.12)

where 0 is an angle that we can define with respect to the direction of the wave-
vector. The following formulas are essential for the next step in our calculation:

dn ;. sin|p|

ip-n

— , D.13a
I o] (D-132)

dn . 1
Eezp (ndlnd2 — §6d1d2)
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dn o 0 1 )
=— | — + Z64,a, | €™
4 <8pd1 Opds, dd)

1 o 1 ! 5l cos
=—- + =0 ) / d(cos §)e!IPleosd
2( pdl 8pd2 3 iz —1 ( )
0 1 sin |p|
<3pd1 Opa, 3] Ipl
- (( 5 - s ) sl + 2 cos ol
P> [p° Ip|*
2
P
PdyPdy — |3| 5d1d2>
1 (pd, pa, 1
PN (- o R , D.13b
H i (D-130)
dn ipn
Endlndzndgndm
sin |p 3cos |p 3sin|p
= <— |p:3| - |p|l | + |p|l |) (0dyds0dsds + OdydsOdads + OdydsOdads)

( cos|p|  6sin|p| 15cos[p| 15sin|p|
Ip|* Ipl° pl° Ip|”
+ 5d1d3pd2pd4 + 5d1d4pd2pd3 + 5d2d3pd1pd4

) (5d1 d2PdsPdy

+ 0dydyPdy Pds + OdgdsPdy Pas)
(sin|p| 10cos|p| 45sin|p|  105cos|p| N 1OSSin|p|>
pl° pl° Ipl” p[® p|?
X Pd1PdyPd3Pds

1 2 4
(Lo

5 210 7560) (0dydsOdsds + OdydsOdsds + OdydsOdyds )

(LIl el
105 ' 1890 83160

) (5d1d2pd3pd4 + 5d1d3pd2pd4 + 5d1d4pd2pd3

+ 0dydsDdy Pds + OdodyDdyPds + OdydsDd, Pds)

I . Pd; Pd;PdsPd (D.13c)
945 20790 ' 1081080 ) "l

Using Egs. (D.11) and (D.13), we can now compute (G1(0)2G2(Q)*)1.14n:

<G1(Q)2G2(Q)2>1 14n

ZZZ qA A praje U8k (prayen Qi a: (P) Dy, (@)

a=0p,q }
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o ((p_Clpta?  Lpta Clptatdk?  Hp+ g4k
56 8064 56 8064

1 Clp+gf
R

1 Plp+q+4k*P
+(_ lp+a |

) gg(p + q)dl (p + Q)d36d2d4

T 1008

) Cp+q+4k")a, (p + g + 4k*)ay0dzd,
64

2016
4

2016

+ P+ @i, (P + Qar(p+ Das (P + Qs

+

(p+aq+4k")a, (p+q+4k%)a,(p + ¢ + 4k%) a5 (p + g + 4k“)d4)

@A=0 p,q [
(o) k

B
X ARA i pea—qer U pea—qes @iy (P)Qgya, ()

1 1
(KR, + 50k, + K5 ) a0, + K0+ gpapaanaa, ).

(D.14)

in which the Q% matrices are constrained to be symmetric and traceless.

Appendix E. Deriving the Effective Hamiltonian for Liquid
Crystallinity

In this Appendix we derive the effective Hamiltonian for liquid crystallinity,
Eq. (44). The first step in the derivation is to set € to its saddle-point
value 2 in fi1y, of Eq. (D.1) whilst retaining fluctuations of Q, and evaluate
the terms (G1(2)?G2(Q))1,14n, (G1(Q)G2(Q)*) 1,140, (G1(2)*G2(Q)*)1,14n and
(G1(D)?)1.14n(G2(Q)*)1,14n With Q = Q. As we are considering length-scales large
compared with b or £, we shall make the approximations A; ~ 1 and J, =~ Jo. (The
wave-vector dependent parts of A; and J, would generate corrections of higher
order in the wave-vector.) By further arguing that fluctuation modes with p > fgl
can be neglected in fo(Q2, Q) (see Appendix E.5), we shall arrive at the effective

Hamiltonian (44).

E.1. (G1(92)?G2(Q))1,14n
This term is given by:

(GO G @i~ T 35 (papu,

a=0 p i
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o 1 o 1 S O «
+ <k + 529) d (k N §p> 42> X8 pea Qa0 (P) -
(E.1)

The product Q,;Q,,;,pea involves a product of two Kronecker deltas, 622:0ka,
06*13*22:0 ko0, that enforces macroscopic translational invariance, and implies
that p = 0. Equation (E.1) then becomes:

- n n4€2Jb
(G1°Co(Q)114n = DY T 000 kS kS (E.2)
a=0 [

By decomposing the full wave-vector sum ) ; into three separate parts correspond-
ing to contributions from the HRS, 1RS and ORS, the right-hand side of Eq. (E.2)
becomes proportional to:

Z DOEED DD D KSR (E3)

a=0 \ k€1RS  kecORS

Here, the ORS part vanishes, and the 1RS part also vanishes, because (2 i is propor-
tional to 52220 k7,0, Which is zero if k£ belongs to the 1RS. We are thus left with
the full wave-vector sum; it is proportional to:

Z/dZ1dZ2kd1ka €7 kP +i 0 K (21 —22)

. n u 2
B dcduk oo —€L X, iy P s
4, R, €

1 . (n+1)D/2 471'5% D/2 1
Savdy—s [ = L -
Ocd“b?f%(f%) 1) ()

=0, (E.4)

where in the last step we have taken the replica limit. On going from the first to the
second step, we have changed to center-of-mass coordinate ¢ and relative coordinate
u, and on going from the second to the third step we have shifted the wave-vector
k7 — k¥ —iu/(2£2) and integrated over k” (y=0,1,...,n) and r. Thus, the term
(G1(2)2G2(Q))1.14+n vanishes.

E.2. (G1(2)G2(Q)*)1,14n
To lowest order in wave-vector, this term is given by:
(G1()G2(Q)*)1,14n

*2£4 2
~ 800 ZZTaTﬁpdlpdzqd3qd4pre“7qef*Qd1dz( )Qd3d4( )

#B p.q
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~2 p4
0l dz J3G )z 1€ (4
= —800 az: pE;/ V TaTdeldeQd3Qd4 (p Q) L(p q Q 1d2( )Qd3d4( )

B Gﬁ2£4
800

J2 2.2
>N Ta—oTﬁpdlpdapdspd& PLQG 4, (P)Q, 4, (—D) - (E.5)
a#B p

E.3. (G1 (Q)2>1,1+n (GZ(Q)2>1,1+n

This term vanishes. To show this, it is sufficient to consider the value of
>i.Q ;. Using the formula (43) for ; and the decomposition ) ; =
D oh— 2okhelrs — 2heorss We have that:

EQ@ B Z‘ > - X G2/%e—ﬁilw—izzzok*(m—za)

k€1RS  keORS

n ir n 'T'2
< 14 yien / H dka L (f“ﬁ—)‘%)

V1+n A 1 47T§% D/2 T (14n)D/2
V2 m)(Hn)D T+n 5]

=nln (W> G? + 0(n?). (E.6)

After taking the replica limit n — 0, the above result vanishes. Here, we have
used the definition Y°; = (V1*"/(2r)+™P) [dk when performing the inte-

gral over k. In the last step, we have integrated over k, r and c. The term
(G1(D)?)1.14n(G2(Q)?*)1,14n is therefore zero in the replica limit.

E4. (G1(2)2G2(Q)*)1,14n

We now consider the contribution (G(Q)2G2(Q)?). Despite its being of higher
order in €, this term has long wavelength properties that are sufficiently hard, and
it is therefore important for the purpose of studying the polydomain state of IGNEs.
It contains a part that is diagonal in replica space (i.e., proportional to Q*Q®%) and
a part that is off-diagonal in replica space (i.e., proportional to Q*Q? for o # j3).

First, let us consider the replica-diagonal part. From Eq. (D.14), with Q set
to its saddle-point value Q, and by making use of the fact that Q Q - (prq)en X
52"1 k7,00 > k7 —p—q,0; which implies that p +q = 0, we see that rephca—dlagonal
terms with prefactors in powers of |p + q| vanish. Thus the replica-diagonal contri-
bution to (G1(Q)?G2(Q)?) (with Q set to ) becomes proportional to the quantity,

2 2
Z ZZQ Q Q% 4,(P)Q%,4,(—P) ((2 - ?£2|ka|2 n @quarx) SdydsOdyd,

a=0 p
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12 8
+16 <—ﬁ + 3|1<a|2) Ok, kG, azas + 550k, k§‘2k§‘3k§‘4) : (B.7)
The term proportional to 4, ds0d,4, (Without the wave-vector prefactors) vanishes,
as we showed in Eq. (E.6). On the other hand, the remaining terms should also
vanish, as QEQ_,; is isotropic in wave-vector space. The vanishing of the term
in>"_, _,}kgl kg, Qkﬁf i comes about by the same argument as was presented in
Appendix E.1. By means of a calculation similar to that performed in Appendix E.1,
one can also show that the following result holds in the replica limit:

S kG kG kG kG20,
2

Z ST = N | kg kGRS EG 20 =0. (E.8)

kelRS keORS

Next, we compute the replica off-diagonal contribution to (G1(2)?G2(Q)?), whose
terms we divide into the following three classes: (i) a term with prefactor propor-
tional to kkkk, (i) terms with prefactors proportional to kk but not kkkk and
(iii) terms with prefactors that do not depend on k [see Eq. (D.14)].

First, we compute the replica-off-diagonal term proportional to kkkk:

Z Z Zkgl k?l; kg:; kg4Q/:',Q—/%—pé“—q€ﬁ led2 (p)Qg3d4 (q)

a#B P.a |
cl?’k‘”Y d3p d3q dz1 sz .
_G2vn+3/H 5 ) Z kdlkd2k§3k§4
?aiﬁ?
2 2
Z1 — Z n—1)z, —z 1
xexp| — Y &K +im—p _ )|§ IV T
v#e,B 2L L 2
2
2ia , 21— 1 5 |.21 — Zo 1
_ k z -
& +1 252 +2 +&7 262 +2p‘
17 71— Z 17
2 |LB | . 5 |.2Z1 2
_ k - z
97 ‘H 2€L 2 ‘ +&7 |4 2¢2 + 2‘1‘
—i(p+q)- Z2> Q5,4,(P)Q5 4, (@) . (E.9)

We replace the coordinates z; and zy by the relative coordinate R and center-of-
mass coordinate C, defined respectively by R = z; — z9 and C = (21 + 22)/2 and
integrate over C, which results in a factor of (27)?Vdp1q.0. Next, we integrate over
q to enforce the equality g = —p. We then integrate out k" (for v # a, 8). The
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right-hand side of Eq. (E.9) then becomes:

G2y 2 (n=1)Df2 2 dk* dk’ dp [dR
_(£2> Z /( D 7Qd1d2(P)Q§3d4(_P)
a,f=0

(2m)(n— 2m)P (2m)P (2)
(aB)
1 n+1)|RJ? o
o (5ot - P e 4 g )
L
iR p) ( iR p) ( s 1R p)
w(ke — 22 2 P) (e 222 P (g DD
( 27 2/, 267 2/, 27 2/,
R
S R —) . (E.10)
( 25% 2 da

Because the exponent is invariant under rotations of R, k%, k? and p, any terms
having prefactors proportional to R4, Ra,, kg kg,, kgl ki or pd,Pd, will, respec-
tively, become proportional to 04,4, on integrating over R, k*, k? and p. However,
on contracting with Qg,4,, these terms will yield no contributions, owing to the
tracelessness of Qg,q,. Thus, the term (E.10) effectively becomes:

G2y nt2 T (n—=1)D/2 n Jk®  dKP dp R
(€_2> Z /( D/?ledQ( )Qd3d4( )
L «,=0

(2m)(n—1)D ~ 2m)P (27)P (2)
(a8)
(n+1)|RJ?

ERIE 812 ¢2
(e )

1
X exp <—§p2§% -
1
(1654 (Ra, Ra,pa,pd, + Ray Ra,pa,Pas + Ray, Raspa, pa, + Ra, Ra,Pa,Pds)

1
pd1pd2pd3pd4> . (E.11)

Rg, Ra,Ra, Ra, + 16

1658

Then, by integrating over R, k® and k”, we obtain the following result:

Z Z ZQ/’;QfIhcfpé“ —qéh led2 (p)Qg3d4 (q) kgl ng kgg kg4

a,B=0
s p.a i

G2 .
5¢d E E <5d1d35d2d4 + 5d1d3pdzpd4£[, + 8pd1pd2pd3pd4€L> e zp EL
L o505

a#p

X Q5,4,(P)Q1,4,(—P) - (E.12)

By means of similar calculations, we obtain the following results:

n _
Z Z ZQIQQ—IE—pé”—qéﬁledg (p)ngLl (q)(pdl k;; + kglpdz)(qch ki + k53qd4)
@pf=0 p,q [

aFp
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G2 n _1,2¢2
= - E (20a,d3PdsPa &7, + PayPdsPasPa &1 )e 2P 0
L u,éa:o p
a#B

X Q%,4,(P)Q, 4. (D). (E.13)

n -
Z Z ZQ];Q,]%,péu,qgﬁ Qg1d2 (p)Qg3d4 (q)pdlpd2 qdsqd,

w{;g;f P.d
n 2 ~2
_1
=G> Y > papapaspae 7’ LQ5 4, (P)Q4,a,(—P) - (E.14)
@,8=0 p
aFp

Putting the pieces together, we then obtain:

G2ﬁ4€4 n J2 5.0
G (O2G 2 LA _“0 ,—p¢L
(G1 QP Co(QPen & Frer GEﬁZETQTBe
a#p

33
X (5d1d3 Sdads + 50y dyPdaPdsls + gpdlp@pd;;p@)

X Q%a,(P)Q,4,(—P) - (E.15)

E.5. Effective Hamiltonian for liquid crystallinity

The effective Hamiltonian for liquid crystallinity, Hi1,[{Q*}7_,] in Eq. (44),
can now be derived using the coefficients obtained in Appendix D. Defining

Hi1n[{Q"} o] by:
Hin[{Q% oo = f0(Q) + fc(2,Q), (E.16)

we have:

1 n J 1
Hi1n[{Q%} a0l = 5 > T—I;lQZ‘b(PN2 - §<G2(Q)2>1,1+n

a=0 p

- 5GP G QNren — 5(G1O)G2Q) 1 14

— S ({(G1(Q)?C2AQ)) 1140 — (G 1140 (G2(Q) )1 14n)

1
~ Z (ﬁ(AOtO +L9){QpQ% )
P

£ oA+ ch){QgQap})

a=1
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1 & 1 <

2| T o 2 e Q) s Y He{QpQ,} |
P a=1 p a,B=1
(a#B)

(E.17)

where Hp, is defined as in Eq. (45). Equation (E.17) is Eq. (44). In performing this
derivation we have made two approximations. Our first approximation consists in
neglecting terms of cubic or quartic order in Q, as we are considering an IGNE that
is both prepared and measured at high temperatures. Our second approximation
consists in neglecting those terms in Eq. (33) that vanish with p&;, whilst retaining
those terms that do not vanish with p&y. It may appear that terms with factors of
larger powers in p&;, would dominate over those with smaller powers of p&y, for large
pé1; however, the same terms also come equipped with exponential-damping factors
of exp(—p?&7 /2), which means that the large pé;, contributions can effectively be
neglected. We are thus left with the small p&;, modes, and for these, the terms in
fc(Q, Q), that vanish with p¢y, are obviously smaller than those that do not vanish
with p&y.

The effective Hamiltonian thus obtained allows us to predict a novel regime in
which correlators C*" and C“ undergo spatial decay and oscillation (see Sec. 8.2).
As we shall see in the following subsection, the terms neglected by our second
approximation would not result in a qualitative change to this prediction.

E.6. Corrections arising from neglected terms

In the previous subsection the effective Hamiltonian Hqy, [{Q*}2_,] was derived
under the approximation that we neglect terms originating in fc (€2, Q) that contain
factors of p&y,. In this subsection we consider the modifications to the thermal and
glassy correlators CT and C¢ arising from these neglected terms. For simplicity, we
consider the case of a system prepared at a high temperature, so that the nematic
order parameter in the zeroth replica, Q°, may be set to zero. Taking the neglected
terms into account, one has the effective Hamiltonian

Haal{Q}imi] = 5 0 S (At + L) (W W)

%1 1 252 a %
— g 2 D¢ W W)
a#fB P

1
+ 57 2@: zp:(At + Lp?)XS - XS

1 1,22
T T e g X
a#fB P

1 17 _1.2¢2 22
“aE 2 (”1 (1 " zp‘*é) e rap'Cie” §L> 5 - o5
a#B P
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1
t3r SO (At + Lp*)ges (E.18)
a p

where we have introduced v = (G?*7*J3/225)(¢/¢L)* and vy = (G?JZ/800) -
(€/€1)*. We have also made use of the fact that any symmetric, traceless tensor Qp,
can be decomposed (in a wave-vector-dependent manner) into its five independent
modes ¢p, Xp and W viz.:
pd1 pdz T pdz
Qad,(P) = 77 7= Pp + Pjg, 7 Xa; (P
1 2( ) |p| |p| P dids |p| 3( )
Pd
+de;d3 ﬁXdz(p) + Wd1d2 (p)v (Elg)
where the modes ¢p, X, and W, are given by:

Pdq Pd»
¢ = __led P), E20a
P = Tpf [p 00 () (E.20a)

1
Wdldz (p) = Pd1d3pd2d4Qd3d4 (p) - §(Pd5d3Pd5d4Qd3d4 + ¢p)Pd1d2 s (E20b)

Pa
Xdl (p) = Pd1d2 ﬁ@dzdg (p) (EQOC)
and the projection operator Pg: 4, 18 defined via:

Pd, Pd
Pl gy = 0dydy — T (E.21)

pl Ip|
By using Eq. (E.18) we can compute the thermal and glassy correlators for the five
independent modes in Fourier space. The thermal fluctuation correlators are given
by:

2T
{(WpW_p) = (Wp(W_p)}| = A+ Lp? 4 nT-Le—3P°€L (E.22a)
[<Xp : X—p> - <Xp> : <X—p>]
2T
= At+£p2 +V1T_1(1 + 10]?25%)87%3”25% ’ (E.22b)
[(¢pd-p) — (¢p)(d-p)]
L (E.22¢)

- 17
At + Lp2 +T-1 (1/1 (1 + Ip%%) e~ 3P*EE 4 1/2p4§%ep252>

We note that a given mode’s correlator undergoes oscillatory decay in real space if
the least stable mode has a nonzero wave-vector. Equivalently, if we Taylor expand
the denominator of that correlator in powers of the wave-vector about zero and find
that the effective stiffness (i.e., the coefficient of the quadratic term) is negative
then the correlator undergoes oscillatory decay in real space. We can check that
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the effective stiffness does indeed become negative at sufficiently large values of the
disorder strength (which is proportional to vy) for the modes W, and ¢p, although
it does not for Xp,. The full thermal fluctuation correlator CT (r) is the sum of the
inverse Fourier transforms of the correlators for the modes in Eq. (E.22). Thus, at
sufficiently large disorder strength, C* (r) will undergo oscillatory decay.

To determine whether the glassy correlator C%(r) undergoes oscillatory decay
at sufficiently large values of the disorder strength we apply a similar analysis,
computing the glassy correlator for each mode:

2¢2
Qe 2P EL

{(Wp)(W_p)}] = A+ Lp? T 37 ) (E.23a)
201 (1 + 10p2E2 e~ 2P°¢E
Xp) - (X-p)l = ; (E23b
o) X)) = e T (4 e Py (228
17 4ea) - 1p2e 404 —p2E?
V1 1+4P€L e 2P 5L +apiEre £
[(¢p){(d—p)] =

5 -
17

(At +Lp? +T-1 (u1 <1 + Zp“{f) em 2P 4 V2p4€%6_p2§%)>
(E.23¢)

The full thermal fluctuation correlator C%(r) is the sum of the inverse Fourier

transforms of the correlators for the modes in Eq. (E.23). As for the thermal cor-

relator, the denominators of the glassy correlators for the modes Wy, and ¢p, (but

not Xp) can acquire minima at nonzero wave-vectors for sufficiently large disorder

strengths. In real space, such nonzero-wave-vector minima imply that the correlator
C%(r) undergoes oscillation as it decays.

Appendix F. A Conventional Random Field Approach

In this Appendix we provide the steps leading to the thermal and glassy correlators
that one would obtain from a conventional random field approach. In this approach,
an IGNE subject to a given realization of quenched disorder H can be described
by the Landau free energy:

Hiy = 3 S (A4 £0){QpQ )} — Y {HpQ ). (F.1)

P

Here, H is a quenched random field having a Gaussian distribution defined by mean
and variance

[Hd1d2 (p)] =0, (F2a)
[{Hd1d2 (p)Hd3d4(_p)}] = A(6d1d26d3d4 + 6d1d26d3d4 + 6d1d26d3d4)' (F2b)
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By using the replica technique to eliminate the quenched disorder, one obtains the
effective Hamiltonian

o= 3 303 A+ £7){Q3Q%, ) + 5 3 S A(QQl,). (F3)

a=1 p a,f=1 p

The inverse of the Hessian matrix corresponding to Hes is given by (for a, 8 =
1,...,n):

-1
52 H . A

) ol geny B e (pa

<5Q31d2 (P)‘SledQ(—P)) At + Lp? (At + Lp?)? (F.4)

where repeated Cartesian indices d;, do mean that they are to be summed over, and
199 is an n x n matrix with each entry having the value of unity. Equation (F.4)
yields for the thermal and glassy correlators the results:

5T
co -S4 (F.5b)

P (At + Lp2)? T
Note that the denominators of Cg and CE , calculated via a conventional random

field approach developed in this appendix, do not feature the length-scale-dependent
function Hp that appears in the denominators of (and plays an essential role in
determining the behavior of) the correlators (54) derived from the microscopic
dimer-and-springs model.

References

1. J. Kipfer and H. Finkelmann, Macromol. Chem. Rap. Commun. 12, 717 (1991).
2. M. Warner and E. M. Terentjev, Liquid Crystal Elastomers (Oxford University Press,
Oxford, 2003).
K. Urayama, Macromol. 40, 2277 (2007).
X. Xing and L. Radzihovsky, Furophys. Lett. 61, 769 (2003).
X. Xing and L. Radzihovsky, Phys. Rev. Lett. 90, 168301 (2003).
X. Xing and L. Radzihovsky, Ann. Phys. 323, 105 (2008).
T. C. Lubensky et al., Phys. Rev. E 66, 011702 (2002).
K. Urayama et al., Macromol. 42, 4084 (2009).
9. J. S. Biggins, K. Bhattacharya and M. Warner, arXiv:0911.3513v1, 2009.
10. J. S. Biggins, M. Warner and K. Bhattacharya, Phys. Rev. Lett. 103, 037802 (2009).
11. N. Uchida, Phys. Rev. E 60, R13 (1999).
12. N. Uchida, Phys. Rev. E 62, 5119 (2000).
13. F. Ye et al., Phys. Rev. Lett. 98, 147801 (2007).
14. J. V. Selinger and B. R. Ratna, Phys. Rev. E 70, 041707 (2004).
15. S. M. Clarke et al., Macromol. 31, 4862 (1998).
16. M. Warner and E. M. Terentjev. Prog. Poly. Sci. 21, 853 (1996).
17. G. Feio et al., Phys. Rev. B 78, 020201 (2008).
18. S. V. Fridrikh and E. M. Terentjev, Phys. Rev. E 60, 1847 (1999).
19. L. Petridis and E. M. Terentjev, Phys. Rev. E 74, 051707 (2006).

® N ook

1330012-50



20.
21.
22.
23.
24.
25.
26.
27.
28.

29.

30.

31.
32.

33.
34.
35.

Statistical Physics of Isotropic-Genesis Nematic Elastomers

L. Petridis and E. M. Terentjev, J. Phys. A: Math. Gen. 39, 9693 (2006).

B.-S. Lu et al., Phys. Rev. Lett. 108, 257803 (2012).

X. Xing et al., Phys. Rev. E'77, 051802 (2008).

S. F. Edwards, Proc. Phys. Soc. 85, 87 (1965).

S. F. Edwards, Proc. Phys. Soc. 88, 109 (1966).

R. Brout, Phys. Rev. 115, 824 (1959).

R. T. Deam and S. F. Edwards, Phil. Trans. R. Soc. A 280, 317 (1976).

P. M. Goldbart, H. E. Castillo and A. Zippelius, Adv. Phys. 45, 393 (1996).

X. Xing et al., A generalized Deam-Edwards approach to the statistical mechanics of
randomly cross-linked systems, arXiv:1305.0718.

M. Mezard, G. Parisi and M. Virasoro, Spin Glass Theory and Beyond (World Scien-
tific, Singapore, 1986).

P. G. De Gennes, Scaling Concepts in Polymer Physics (Cornell University Press,
Ithaca, 1979).

X. Mao et al., Phys. Rev. E 80, 031140 (2009).

P. G. De Gennes and J. Prost, The Physics of Liquid Crystals (Oxford University
Press, 1993).

W. Peng et al., Phys. Rev. B 57, 839 (1998).

S. F. Edwards and P. W. Anderson, J. Phys. F: Metal Phys. 5, 965 (1975).

M. Huthmann et al., Phys. Rev. E 54, 3943 (1996).

1330012-51



	Introduction
	Nematic elastomeric materials
	Overview

	Ingredients of the Model
	Replicas and Collective Fields
	Statistics of quenched disorder
	Disorder averaging the free energy
	Collective fields and their physical meaning
	Intermezzo on replicas

	Landau–Wilson free energy
	Expanding the Landau–Wilson free energy

	Saddle-Point Approximation
	Effective Theory of Structure and Correlations in IGNEs
	Phenomenological Content of the Microscopic Replica Theory
	Structure and Correlations in IGNEs
	Diagnostic quantities
	Oscillatory-decaying correlations

	Alternative Microscopic Models of IGNEs
	Model A: Side-chain nematic polymer network
	Model B: Main-chain nematic polymer network

	Concluding Remarks
	Appendix A.  Calculation of the Average Linking Number Per Dimer 
	Appendix B.  Hubbard–Stratonovich Scheme
	Appendix C.  Proof that "426830A "705Ek"526930B f =["426830A "705Ek"526930B ] and "426830A Qp"526930B f = ["426830A qp"526930B ]
	Appendix D.  Terms in the Landau–Wilson Expansion
	D.1.  Terms proportional to 
	D.2.  Terms proportional to 
	D.3.  Terms proportional to QQ
	D.4.  Coupling terms


	Appendix E.  Deriving the Effective Hamiltonian for Liquid Crystallinity
	E.1.  "426830A G1("7016)2  G2(Q)"526930B 1,1+n
	E.2.  "426830A G1("7016)G2(Q)2"526930B 1,1+n
	E.3.  "426830A G1("7016)2"526930B 1,1+n"426830A G2(Q)2"526930B 1,1+n
	E.4.  "426830A G1("7016)2 G2(Q)2"526930B 1,1+n
	E.5.  Effective Hamiltonian for liquid crystallinity 
	E.6.  Corrections arising from neglected terms 


	Appendix F.  A Conventional Random Field Approach 

