Commuting Involution Graphs for A,
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Abstract

In this article we consider the commuting graphs of involution conjugacy classes in the affine Weyl
group A,. We show that where the graph is connected the diameter is at most 6.
MSC(2000): 20F55, 05C25, 20D60.

1 Introduction

Let G be a group and X a subset of G. The commuting graph on X, denoted C(G, X), has vertex
set X and an edge joining =,y € X whenever zy = yz. If in addition X is a set of involutions, then
C(G, X) is called a commuting involution graph. Commuting graphs have been investigated by many
authors. Sometimes they are tools used in the proof of a theorem, or they may be studied as a way
of shedding light on the structures of certain groups (as in [1]). Commuting involution graphs for the
case where X is a conjugacy class of involutions were studied by Fischer [4] — in that case X was the
class of 3-transpositions of a 3-transposition group. These groups include all finite simply laced Weyl
groups, in particular the symmetric group.

Commuting involution graphs for arbitrary involution conjugacy classes of symmetric groups were
considered in [2]. The remaining finite Coxeter groups were dealt with in [3]. In this article we con-
sider commuting involution graphs in the affine Coxeter group of type A,. As in [2] and [3], we will
focus on the diameter of these graphs. We show that if X is a conjugacy class of involutions, then
either the graph is disconnected or it has diameter at most 6.

For the rest of this paper, let G,, denote A,,_1, for some n > 2, writing G when n is not specified, and
let X be a conjugacy class of involutions of G. We write Diam C(G, X)) for the diameter of C(G, X)
(when it is connected). Let G be the underlying Weyl group A,,_ 1 of G. It will be shown that every
conjugacy class X of G corresponds to a certain conjugacy class X of G. We may now state our main
results (notation will be explained in Section 3).

Theorem 1.1 Let G =Gy = Ap_1 anda = (12)(34)--- (2m—12m) € X. Then C(G, X)is connected
unlessn =2m+1 orm =1 and n € {2,4}.

Theorem 1.2 Suppose C(G, X) is connected. If n > 2m or m is even, then
Diam C(G,X) < Diam C(G, X) + 2.
If n = 2m and m is odd, then Diam C(G,X) < Diam C(G,X) + 3.

Using results about commuting involution graphs in A, _; (see Section 2) we can then deduce the
following result.

Corollary 1.3 Let G = G, = A,y and a = (12)(34) - -- (2m — 1 2m). Suppose C(G, X) is connected.
(i) If n # 2m + 2 or n > 10, then Diam C(G, X) < 5.

(i) If n = 2m + 2 and n = 6,8 or 10 then Diam C(G, X) < 6.

In Section 2 we will establish notation, describe the conjugacy classes of involutions in G and state

results which we will require. Section 3 is devoted to proving Theorem 1.2. In Section 4 we give
examples of commuting involution graphs which show that the bounds of Theorem 1.2 are strict.
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Remark In the case of finite Weyl groups, given any conjugacy class X of a finite Weyl group W, it
was shown in [3] that if C(G, X) is connected, then Diam C(G,X) < 5. It is natural to ask whether
there is a similar bound in the case of affine Weyl groups. The answer is no. Let W = B,,, and let W;
be a standard parabolic subgroup of G such that W; has type B,_1. Let w; be the central involution
of Wy, and set X = w!. It can be shown that Diam C(G,X) = n. Thus the set of diameters of
commuting involution graphs is unbounded.

2 The group G, = A4,_,

Let W be a finite Weyl group with root system ® and let ® denote the set of coroots. (For full details,
see for example [5].) The affine Weyl group W is the semidirect product of W with the translation
group Z of the coroot lattice Z® of W.

Elements of W are written as pairs (w, z), for w € W, z € Z. Multiplication is given by

(o,v)(1,u) = (o7,v" +u).

We now fix W = A,_1. Then W = Sym(n), the symmetric group of degree n. W acts on R,, =
(€1,€9,...€pn) by permuting the subscripts of the basis vectors. The root system ® of W is the set
{#(g;—¢;) : 1 <i < j < n}, and in this case & = ®. Writing a translation by Y7 | Aig; as (A1, ..., \n),
we see that

Z = (0,...,0,1,0,...,0,—1,0,...,0))

2.1 Involutions in G,

By the definition of group multiplication in G,,, we see that the element (o, v) of G is an involution
precisely when (02, v® +v) = (1,0). So ¢ is an involution of Sym(n) and for appropriate a;, b;, ¢; and
m,

o = (a1b1) - -+ (ambm)(cam+1)(Cam+2) - - (cn).

Setting v = (v1,- -+ ,v,) we must have
Vo + Uy =+ = Vq,, + Vb, = 2Vegpyq =+ = 20, = 0.
Hence we have the following lemma:
Lemma 2.1 Any involution in G, is of the form (o,v), where
o = (a1by) - - (ambm)(cam+1)(cam+2) - - (cn),
with vy, = —vg, for 1 <1 <m and v,, =0 for2m+1 <i < n.
It will be convenient to use a more compact notation for involutions of G. Let g = ([~ (ci/3;), v) with

a;, 3 € {1,...,n} for 1 <i <m. Then, by Lemma 2.1, vg, = —vq,;, andif j & {ov,...,om, 01, .., Bm},
then v; = 0. Thus v is determined from the set \; := v,,;, 1 <7 < m. We may therefore write

9= H (Oé?iﬁz‘)-

=1



2.2 Conjugacy classes of Involutions

We now describe the conjugacy classes of involutions in G,,. Conjugacy classes of involutions in Coxeter
groups are well understood and in order to use the known results we must give another description of
G, this time in terms of its Coxeter graph. A Coxeter group W has a generating set R of involutions
(known as the fundamental reflections), where the only relations are (rs)™s =1 (r,s € R), with
my = 1 and, for r # s, m,s = mg. > 2. This information is encoded in the Coxeter graph I' = T'(W).
The vertex set of I' is R, where vertices r, s are joined by an edge labelled m,s whenever m,; > 2. By
convention the label is omitted when m,.; = 3. The Coxeter graphs of Gy = fll and G,, = fln_l, n>3
are as follows:

00
Go o—o
1 T2
T'n
Gp(n > 3) .4.\«.
1 (] Tn—1

1 0
We may define r, = (1n), and for 1 <i <n—1, r; = (i i+ 1) (using the notation defined in Section
2.2). It is not difficult to see that the appropriate relations hold.
The symmetric group Sym(n) is a Coxeter group of type A,_1, with Coxeter graph

Sym(n) =2 A, —o — - - - —e
™ 2 Tn—1

We may set r; = (ii+1) for 1 <i<n-—1.

Definition 2.2 Let W be an arbitrary Coxeter group, with I,J two subsets of R. We say that I,J
are W -equivalent if there exists w € W such that I = J.

Any subset I of R generates a Coxeter group in its own right, denoted W;. Such subgroups are called
standard parabolic subgroups of W. If Wy is finite then it has a unique longest element, denoted wy.
Richardson [6] proved

Theorem 2.3 Let W be an arbitrary Cozeter group, with R the set of fundamental reflections. Let
g € W be an involution. Then there exists I C R such that wy is central in Wy, and g is conjugate to
wr. In addition, for I,J C R, wr is conjugate to wy if and only if I and J are W -equivalent.

It will be useful to narrow down the possible elements in the conjugacy class of involutions (a,u) in
the case where a is an involution of Sym(n) with no fixed points.

Lemma 2.4 Suppose n = 2m. Let a = [[;,(a; ;) and b = [[;21(7i di). Suppose g = (a,u) and
h = (b,v) are conjugate involutions of Gn. Then Y /" Ug, = Y ivy v, mod 2.

Proof Let g = (a,u), and suppose h = (b,v) is conjugate to g in G, via (¢,w). Reordering if
necessary, assume that c¢(a;) = ; and ¢(5;) = §; for 1 <i < m. We see that

(b,v) = (a,u)")
= (¢ tac, (W_l)‘fl“C +u’+w).
Thus b = ¢ 'ac and v = w — w? + u®. Hence, for 1 < i < m, vy, = wy, — Wy(,) + [1,,. Since
c(a;) = 7, it follows that [u°],, = u,,. Hence, recalling that >°7_; =0,



m m m

Z Uy, Z (w%‘ — Ws, + Ua,) = Z (w% + ws, — 2ws, + Uq,)
i=1 zzl . . =1 .

ij — 2211151. + Zuai = Zuai mod 2.

j=1 i=1 i=1

i=1
Therefore > /" | uq, = Y ;"1 vy, mod 2, and the result holds. O

We use Theorem 2.3 to establish the next result.

Proposition 2.5 Let ¢ € G be an involution. Then there is m € ZT such that g is conjugate to
exactly one of the following:

(102) - (2m —01 2m); or
1 0 0
(12)(34)---(2m — 1 2m) (and n = 2m).

Ai 0 0
Ifn=2m and g = [[", (a; B;), then g is conjugate to (12)---(2m — 1 2m) if and only if > ;- 1 A\i =0
mod 2.

Proof By Theorem 2.3, g is conjugate to w; for some finite standard parabolic subgroup W; of
W in which w; is central. Note that if ¢ is also conjugate to w; for some J C R then |I| = |J|,
so that |I| only depends on g and not the particular choice of I. For any proper subset I C R, we
see that W7 is isomorphic to a direct product of symmetric groups. The only symmetric group with
non-trivial centre is Sym(2) = A;. So for wy to be central, W; must be a direct product of symmetric
groups of degree 2, and wy = r;, 1, - - - 1; for some [, where Ti;Ti, = TipTi for 1 < j <k <. This
immediately implies that |I| < n/2. Suppose that w; and wy are central in W, W respectively,
and, in addition, that there exists € R\(I U J). Set K = R\{r}. Then K is isomorphic to Sym(n).
It is well known that conjugacy classes in the symmetric group are parameterised by cycle type, so
that wy is conjugate to w; precisely when |I| = |J|. Therefore, in the case |I| < n/2, we may as-

0 0
sume that I = {ry,rs, -+ ,rom—1} for some m < n/2, so that wy = (12)--- (2m — 1 2m), with 2m < n.

It only remains to consider the case |I| = n/2 (and then of course n must be even). We quickly see that
there are only two possibilities for I such that wy is central in W;. Either I = {ry,rs3,...,r,—1} and

0 0 1 0 0
wr=g1:=(12)---(2m —12m), or [ = {ra,r4,...,r} and wy = g2 := (1n)(23)--- (2m — 2 2m — 1).

By Lemma 2.4, g; is not conjugate to go. Hence g is conjugate to exactly one of g; and g2. By Lemma
1 0 0 A

2.4, g3 1= (12)(34) - - - (2m — 1 2m) must be conjugate to go. Hence g = [["; (o bz) is conjugate to ex-
actly one of ¢ and g¢s. Furthermore ¢ is conjugate to g¢; if and only if
>or 1A =0 mod 2. We have now proved Proposition 2.5. O

It can easily be seen that in the case n = 2m, the two conjugacy classes have isomorphic commuting
0

0
involution graphs. Thus we may assume that g is conjugate to (12)---(2m — 1 2m).
We end this section by stating some results from [2] concerning the diameters of commuting involution
graphs in Sym(n).
Let a = (12)(34) - -- (2m — 1 2m) € Sym(n) and write Y = a5y™(™),

Theorem 2.6 (Theorem 1.1 of [2]) C(Sym(n),Y") is disconnected if and only if n =2m+1 orn =4
and m = 1.



Proposition 2.7 (Corollary 3.2 of [2]) If n = 2m, then C(Sym(n),Y) is connected and
Diam C(Sym(n),Y) < 2, with equality when n > 4.

Theorem 2.8 (Theorem 1.2 of [2]) Suppose that C(Sym(n),Y") is connected. Then one of the follow-
ing holds:

(i) Diam C(Sym(n),Y) < 3; or
(ii) 2m + 2 =n € {6,8,10} and Diam C(Sym(n),Y) = 4.

3 Proof of Theorems 1.1 and 1.2

0 0
From now on, fix a = (12)--- (2m — 1 2m), where 2m < n, and set t = (a,0) = (12)---(2m — 1 2m)
and X = t%. As we have observed, every commuting involution graph of G is isomorphic to C(G, X)
. . R Ai
for an appropriate choice of m. Write G' = Sym(n) and X = a. Finally, if g = [[I%, () € X,
then set § = [, (cuf3i) € G. Clearly if g,h € X, then §,h € X. We begin with the following lemma.

Lemma 3.1 Suppose g,h € X. If d(f},ﬁ) = k, then d(g,h) > k. If C(G,X) is disconnected, then
C(G, X) is disconnected.

Proof Observe that if ¢ commutes with 7 in G,, then ¢ commutes with 7 in Sym(n). The lemma
follows. O

A1 e M1 p2 A1 A2
Lemma 3.2 Let g1 = (af)(vd), g2 = (ay)(B9), g5 = (aB), g2 = (aB) for distinct o, 3,7, in

{1,...,n} and integers \;, p;. Then

(a) g192 = g2g1 if and only if p1 — A1 = p2 — Ao
(b) g3ga = gags if and only if A1 = Ag;
(¢) If h € G is an involution such that h(c) = a and h(B) = 3, then gsh = hgs for all A\ € Z.

A1 A2
Proof For part (a), we lose no generality by assuming, for ease of notation, that n = 4, g; = (12)(34)

B pe2
and g2 = (13)(24) That iSv g1 = ((12)(34)7 ()‘la _)\17 K, _Ml)) and g2 = ((13)(24)7 ()\27 M2, _)\27 _IUQ))
Hence

g1z = ((14)(23), (M1, = A1, o1, —1) Y 1 (Mg, o, —Aa, —pa2))
= ((14)(23), (1 + A2y —p11 + p2, A1 — A2, — A1 — p2)).

Now g; and go commute if and only if g;go is an involution. This occurs if and only if p; + Ay =
—(=A1 — p2) and —p1 + pg = —(A\1 — A2). Rearranging gives uq — Ay = p2 — A2, as required.

For part (b), we may assume that n = 2, g3 = ((12), (A1, —A1)) and g4 = ((12), (A2, —A2)). Then
9394 = (1, (=1 4+ A2, A1 — A2)). Hence g3g4 = gags if and only if A\; = As.

For part (c), we again assume that g3 = ((12), (A1, —A1)), and write h = (b, (vy,...,v2)). Since b fixes
1 and 2 and h is an involution, we must have v; = vy = 0. Hence hgs = ((12)b, (A1, —A1,v3,...,0,) =
gsh. This completes the proof of Lemma 3.2. O

We may now dispose of the case n = 2.

Proposition 3.3 Let G = Gy & Ay. Then there are two conjugacy classes of involutions, represen-
0

1
tatives of which are (12) and (12). In either case C(G,X) is completely disconnected (the graph has
no edges).



A A2
A double transposition (a £1)(c2 B2) for which A; + Az is even is called an even pair. Otherwise it is

an odd pair.

Proposition 3.4 Suppose n > 2 and that C( is connected. Let g € X. If n > 2m or m is even,

,X)
then there exists h = (¢,0) € X such that d(g,h) <2

Proof Let ¢ € X. We will find it useful to split g into various components. Since C(G’,X ) is
connected, by Theorem 2.6 either n = 2m or there are at least two fixed points. Recalling that either
n > 2m or m is even, it is easily seen that we may write g in the following form:

g=PP---P,Q

where Pj,..., P, are even pairs and @ is either the identity (if n = 2m and m is even), a single
transposition along with at least two fixed points, or an odd pair along with at least two ﬁxed points.

i Vi )\
Let P; = (if3i)(7:0i) with p; + v; = 2); even. Now set P! = (o )(’yzﬂz) and P! = (az%)(é ﬂz) Note
that each of P;, P/ and P/ is an even pair. It is clear by Lemma 3.2(a) that P/ P” P!P/. But Lemma

1 _>\i
3.2(a) also implies that P;P/ = P!P;, because we may rewrite P; = (azﬁz)( z%) and P! = («;0;)(Bi7i)-

If Q is the identity, then let Q' = Q” =Q. If Q is a single transposition along Wlth at least two fixed

0
points, then we may write Q = (aﬁ)(el) (El) forsomel > 2. Let Q' = Q" = (5152)(a)( )( 3) - (eg).
o v 0 0
If @ is an odd pair, along with at least two fixed points, then we may write Q ( )(vd)(e1) - - - (1)
0

0 0 0 0 0 0
for some [ > 2. Let Q' = (5152)(75)(04)(6)(53) -(g7) and let Q" = (aﬁ)(alag)(’y)( )(e3) - (e1)
Thenset ¢/ = P/ --- P,Q and h=P{--- P/Q". Let ¢ = h. Then by choice of h, h = (¢, 0). Ifn =2m,
note that ¢’ and h consist entirely of even pairs, so ¢’,h € X. If n # 2m, then ¢’ and h are obviously
in X. By construction, and Lemma 3.2, g commutes with ¢’ and ¢’ commutes with h. Therefore
d(g,h) < 2. This completes the proof of the proposition. O

Proposition 3.5 Suppose that n = 2m with m > 1 odd. Let g = (b,v) € X. Then there exists
h = (¢,0) € X such that d(g,h) < 3.

Proof We may write g = PQ where P is a product of k even pairs and () is an ‘even triple’ with
o K2 13
Q = (a151)(aef2)(asfB3) and g + po + ps = 2 for some A € Z. Set p = pg — A.

M1 ptp2  ptus 0 pua—X  ptus 0 0 0
Now define Q1 = (a181)(a2a3)(5203), Q2 = (12)(Bra3)(B203) and Q3 = (a1a2)(8183)(as3B2). B
repeated use of Lemma 3.2(a), we see that QQ1 = Q1Q, Q1Q2 = Q2Q1 and Q2Q3 = Q3Q2. Note also
that @1, Q2 and Q3 are all even triples.

0
By Proposition 3.4, there exist P’, P”, both products of k even pairs, such that P” = Hfil (vi6;) for
some v;,0; and PP’ = P'P, P'P" = P"P’. In addition, we may assume that Fix(P) = Fix(P’) =
Fix(P"). Define g1 = PQ1, g2 = P'Qs and h = P"Qs. Then by construction g; commutes with g
and go, and gy commutes with h. So d(g,h) < 3. Furthermore, by construction g;, g2 and h are all
elements of X, and h = (ﬁ, 0). We have now proved Proposition 3.5. a

Lemma 3.6 Suppose g1 = (b1,0), g2 = (b2,0) € X. IfC(G, X) is connected, then d(g1,g2) = d(b1,ba).

We are now able to prove Theorems 1.1 and 1.2.



Proof of Theorem 1.1 The case n = 2, m =1 is Proposition 3.3. If n=2m+1orn=4,m =1,
then C(G, X) is disconnected by Lemma 3.1 and Theorem 2.6. If n > 2 and C(G, X) is connected, then
the fact that C(G, X) is connected is an easy consequence of Propositions 3.4 and 3.5, and Lemma
3.6. O

Proof of Theorem 1.2 By Proposition 3.4, if n > 2m or m is even, and C(G, X) is connected,
then there exists h = (¢,0) € X such that d(g,h) < 2. If n = 2m and m is odd, then by Proposition
3.5 there exists h = (¢,0) € X such that d(g,h) < 3. By Lemma 3.6, d(h,t) < Diam C(G, X). Thus
d(g,t) < Diam C(G,X)+ 2 if n > 2m or m is even, and d(g,t) < Diam C(G,X) + 3 otherwise.
Theorem 1.2 follows immediately. g

Corollary 1.3 now follows from Theorem 1.2 in conjunction with Proposition 2.7 and Theorem 2.8.

4 Two Examples

In this section we give C(G, X) for two examples: n = 4,m = 2 and n = 6, m = 3. These graphs, of
diameters 3 and 5 respectively, illustrate the fact that the bounds in Theorem 1.2 are tight, because
the respective diameters of C(Sym(4), (12)(34)5Y™#) and C(Sym(6), (12)(34)(56)3Y™()) are 1 and 2.

Figure 1 shows C(G, X) for n = 4, m = 2. The variable(s) above a transposition can be taken to be
A A W
any integers. So for example (13)(24) commutes with (12)(34) for any integers A, p.

A A—p
(14)(23)
A A

(13)(24)

(12)(31) (12)(34)
0 0
(12)(34)

(12)(34) (19)(34)

(14)(23)
A A—p
(13)(24)

Figure I: n=4, m =2

Figure 2 shows the collapsed adjacency graph in the case n = 6,m = 3. If g,h € G are in the same
orbit of the centralizer C(t) of t in G, then clearly d(g,t) = d(h,t). The vertices of the graph in
Figure 2 are the Cg(t)-orbits of C(G, X). We give one representative for each Cg(t)-orbit.



12 34

0 0 0 1 1 0
(12)(34)(56) (13)(24)(56) 13 14 12)(35)( 6) (12)(34)(56)
3 2
2)(34)(56)
Figure 2: n=6,m =3
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