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WHAT IS MOTIVIC MEASURE?

THOMAS C. HALES

ABSTRACT. This article gives an exposition of the theory of arithmetic motivic
measure, as developed by J. Denef and F. Loeser.

1. PRELIMINARY CONCEPTS

There is much that is odd about motivic measure if it is judged by measure
theory in the sense of twentieth century analysis. It does not fit neatly with the
tradition of measure in the style of Hausdorff, Haar, and Lebesgue. It is best to
view motivic measure as something new and different and to recognize that when
it comes to motivic measure, the term ‘measure’ is used loosely.

Motivic integration has been developing at a breakneck pace, ever since Kontse-
vich gave the first lecture on the topic in 1995. This article gives an exposition of
the theory of arithmetic motivic measure, as developed by J. Denef and F. Loeser.

Motivic measure will be easier to understand once two of its peculiarities are
explained. The first peculiarity is that the measure is not real-valued. Rather,
it takes values in a scissor group. An introductory section on scissor groups for
polygons will recall the basic facts about these groups. The second peculiarity is
that rather than a boolean algebra of measurable sets, we work directly with the
underlying boolean formulas that define the sets. The reasons for working directly
with boolean formulas will be described in a second introductory section.

After these two introductory remarks, we will describe ‘motivic counting’ in
Section . Motivic counting is to ordinary counting what motivic measure is to
ordinary measure. Motivic counting will lead into motivic measure.

1.1. Scissor groups for polygons. Motivic volume is defined by a process that
is similar to the scissor-group construction of the area of polygons in the plane. To
draw out the similarities, let us recall the construction. It determines the area of
polygons without taking limits.

Any polygon in the plane can be cut into finitely many triangles that can be
reassembled into a rectangle of unit width. Figure[lillustrates three steps (2, 3, and
4) of the general algorithm. The algorithm consists of 5 elementary transformations.
(1) Triangulate the polygon. (2) Transform triangles into rectangles. (3) Fold long
rectangles in half. (4) Rescale each rectangle to give it an edge of unit width.
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FIGURE 1. Triangles transform into unit width rectangles by scis-
sor and congruence relations. Later, we will transform ring formu-
las into algebraic varieties by scissor and congruence relations.

(5) Stack all the unit width rectangles end to end. The length of the unit width
rectangle is the area.

An abelian group encodes these cut and paste operations. Let F be the free
abelian group on the set of polygons in the plane.

We impose two families of relations:

Scissor relations. If P is a polygon that can be cut into polygons P, and P, then
[P] = [P1] + [P].
Congruence relations. If P and P’ are congruent polygons, then
[P] = [P].

The scissor group Sply of polygons is defined as the free abelian group subject to
these two families of relations. In some sense, this entire article is an exploration of
scissor and congruence relations in diverse contexts. By and by, we will construct
several closely related scissor groups Spoly, Scount; Srings Scover, and Spot, each
constructed as a free abelian group modulo scissor and congruence relations.

Theorem 1.1. The polygon scissor group Spoly of polygons is isomorphic to the
additive group of real numbers R. Under this isomorphism, the real number attached
to the class [P] of a polygon is its area.

Proof. A group homomorphism from Spo1y to R sends each class [P] to its area.
It is onto, because there are polygons of every positive real area and negations of
polygons of every negative real area. By scissor and congruence relations, every
element of the scissor group is represented by the difference of two unit width
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rectangles. To be in the kernel, the two rectangles must have the same area, but
then they are congruent, and their difference is the zero element of S,q1,. Thus,
the homomorphism is also one-to-one. ([l

The area function on the set {P} of polygons thus factors through Spoly.

P} — Spay — R
(1) ;} — [P]1 — area(P).

We might ponder which of these two maps (P +— [P] or [P] — area(P)) captures
the greater part of the area-taking process. Motivic measure commits to a position
on this issue: the first stage (P — [P]) is identified as the area-taking process, and
the second stage [P] — area(P) is a specialization of the area. In this case, spe-
cialization is an isomorphism. Our approach to measure in this article is decidedly
unsophisticated: taking the measure of something consists in mapping that thing
into its scissor group, P — [P].

1.2. The measure of a formula. Traditionally, we take the measure of a set
X = {z | ¢(x)} (say a subset of a locally compact space), but we do not take
the measure of the formula ¢ defining a set. With motivic measure, we take the
measure of the formula directly. Concretely, the formula

(2) ch + y2 — 17
defines the circle
(3) {(z,y) | 2* +9° =1}.

With motivic measure, we take the measure of the equation of the circle (Equa-
tion 2 rather than the measure of the circle itself (Equation [3)). Attention shifts
from sets to formulas.

What purpose does it serve to measure formulas rather than the underlying
set? As algebraic geometers are eager to remark, each formula defines an infinite
collection of sets. For instance, for each finite field IFy, we can take the set of F,
points on the circle:

(4) {(z,y) € F | * +¢* = 1}.

We will see that the motivic measure of the formula is a universal measure in the
sense that the value it attaches to the formula does not commit us to any particular
field. And yet if we are supplied with a particular field, it will be possible to recover
the traditional measure of a set from the motivic measure of its defining formula.
In this sense, motivic measure is to traditional measures what an algebraic variety
is to its set of solutions.

2. COUNTING MEASURES AND FINITE FIELDS

Counting is the fountainhead of all measure. The measure of a finite set is its
cardinality. At the risk of belaboring the point, in preparation for what is to come,
let us recast ordinary counting. The scissor relation for disjoint finite sets is

[XUY]=[X]+][Y]
More generally, if we allow the sets to intersect, it is

(5) [XUY]=[X]+[Y]-[XNY].
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The congruence relation asserts that
[X] = [X']

whenever there is a bijection between X and X’. The scissor group Scount is the
quotient of the free abelian group on finite sets satisfying the scissor and congruence
relations. It is isomorphic to Z. The cardinality #X of a finite set X factors through
the scissor group
X — [X] — #[X] € Z.

Of course, if our only purpose were to count elements in finite sets, this construction
would be overkill. The first motivic measure that we present is an analogue of this
approach to counting. We call it the motivic counting measure. The scissor relation
will be similar to Equation

2.1. Ring formulas. Traditional measure calls for a full discussion of the class of
measurable sets. Since we work with formulas rather than sets, our approach calls
for a full discussion of the class of formulas to be measured.

We allow all syntactically correct formulas built from a countable collection of
variables x;, parentheses, and the symbols

(6) V. 3,0V, A o 00 1L (H), (), (%), (=)

More precisely, we allow all formulas in the first-order language of rings. A formula

that has been constructed from these symbols will be called a ring formula. We

avail ourselves of the usual mathematical abbreviations and renamings of variables.

We write 3 for 1+ (1+ 1), 2" for zxx xx---* x (n times), xy for zxy, a+ b+ ¢
for a + (b + ¢), and so forth.
With usual abbreviations,

Yryz oS4+ =2

is a ring formula, because its syntax is correct. But

NV +V=2v((

and
CAVAVAT

are not ring formulas.

2.2. The scissor group of ring formulas. We imitate the construction of the
scissor groups Spoly and Scount to build the scissor group of ring formulas.

Take the free abelian group on the set of ring formulas. We impose two families of
relations. The scissor relation takes the form established in Equation [5] for unions.

Scissor relations. If ¢; V ¢ is a disjunction of two formulas, then

(7) (01 V ¢2] = [¢1] + [¢2] — [¢1 A @2l

To describe the congruence relation, we must decide what it should mean for
two ring formulas to be congruent. By way of analogy, in the case of polygons,
two are congruent if there is a bijection between the two sets that is induced by an
isometry. Our first guess at the congruence relation for ring formulas is that two
ring formulas are congruent if there is a bijection between the sets of solutions for
each finite field F,. (We limit ourselves to finite fields because we are attempting to
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imitate the counting measure of finite sets.) However, there are two modifications
that we must make to this first guess to arrive at a workable relation.

The first modification is to use pseudo-finite fields rather than finite fields. A
pseudo-finite field is an infinite perfect field such that every absolutely irreducible
variety over the field has a rational point and such that there is a unique field
extension of each finite degree (inside a fixed algebraic closure of the field). The
defining properties of a pseudo-finite field are properties possessed by finite fields
(except the part about being infinite). Moreover, logicians have found that the
behavior of pseudo-finite fields is essentially no different from the generic behavior
of finite fields, but they avoid the hassles that appear in positive characteristic. For
those seeing pseudo-finite fields for the first time, it would not be a severe distortion
of the facts to ignore the ‘pseudo’ and to work instead with finite fields.

The second modification is to require the bijection between the solutions to come
from a ring formula that is independent of the underlying field. We are now ready
to state the congruence relations.

Congruence relations.

[¢] = [¢']
if there exists a ring formula v such that for every pseudo-finite field K of char-
acteristic zero, the interpretation of v gives a bijection between the tuples in K
satisfying ¢ and the tuples in K satisfying ¢'.

Example 2.1. The congruence relation gives
[Fr. 2°+br+c=0]=[3IX. X?=B?-40C).
The formula 1) realizing the congruence and the bijection at the level of points is
‘b=B)A(c=0C).

That is, in every pseudo-finite field of characteristic zero, a monic quadratic poly-
nomial has a root if and only if its discriminant is a square.

Definition 2.2. The scissor group S;ing of ring formulas is defined as the free
abelian group subject to the scissor and congruence relations.

2.2.1. Counting measure.

Definition 2.3. The counting measure of a ring formula ¢ is its class [¢] in the
scissor group of ring formulas.

2.2.2. Fubini and Products. There is a trivial sort of Fubini theorem for finite sets:
the cardinality of a Cartesian product of two sets is the product of the cardinalities
of the two sets. To make sense of a Fubini theorem for ring formulas, it is necessary
to introduce products to the scissor groups; that is, we need a scissor ring. This
is easy to arrange. If ¢1(z1,...,2,) is a formula with free variables x1, ..., z, and
¢2(y1, ..., Ym) is a formula with free variables y1, ..., ym, and if the free variables
of ¢1 are distinct from the free variables of ¢o, then we declare the product to be

¢1($1, ce ,J)n) A ¢2(y17 ce 7ym)
This induces a well-defined produc@ on the scissor group:

(8) [91(2)][d2(y)] = [P1(x) A d2(y)].

1We have a moving lemma: the congruence relation in the scissor group can be used to relabel
the free variables of a formula, so that free variables of the two factors are always distinct.
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Under this product, the scissor group becomes a ring. Equation [8 asserts that
counting measure satisfies a rather trivial Fubini theorem for ring formulas — at
least for ring formulas without any shared free variables.

2.2.3. The universal nature of the counting measure. The counting measure [¢]| of
a ring formula ¢ is designed to be the universal counting measure for ring formulas.
For every finite field Fy, there is a special counting measure on ring formulas:

9) ¢ = #q(9) = #{ (w1, x0) €Fy | 71 (a1,. . 20) )

It gives the number of solutions to the ring formula over a particular finite field. In
contrast, the general counting measure of a ring formula takes values in a scissor
ring whose construction bundles all pseudo-finite fields together.

We can be precise about the way in which the counting measure bundles the
counting measures #,4(¢). Each formula ¢ gives a function g — #4(¢), an integer-
valued function on the set of prime powers. Let F' be the ring of all integer-valued
functions on the set {p"} of prime powers. Declare two functions equivalent if they
take the same value at p” for all r and for all but finitely many p. Write F/ ~ for
the quotient of F' under this equivalence relation.

Theorem 2.4. There exists a ring homomorphism N from the scissor ring Sying
to F/ ~ that respects counting: #.(¢) = N([¢]).

In other words, with only a finite amount of ambiguity, the counting measure
specializes to counting solutions to ring formulas over finite fields. To say that NV
is a ring homomorphism is to say that it is compatible with products and Fubini.
Unlike the earlier isomorphisms for polygons Spory = R and finite sets Scount = Z,
here we make no claim of isomorphism between the scissor group Sying and the
target ring F'/ ~.

The proof of the theorem relies on ultraproducts, a standard tool in logic.

2.3. Improving the scissor ring. The shortcoming of the scissor ring S;i,g is that
too much about it has been left inexplicit. In our discussion of the area of planar
polygons, we found a handy set of generators (unit width rectangles). Our current
aim is to find a handy set of generators of a somewhat modified scissor ring Spyet.
The idea is to take a ring formula, and through a process of “quantifier elimination”
arrive at an equivalent ring formula that does not involve any quantifiers (that is,
the symbols V, 3 will be eliminated). A formula without quantifiers belongs less to
the realm of logic than to the realm of algebraic geometry. A suggestive example
of a quantifier-free formula is

(fr=0A(f2=0)A--A(fn=0),
that is, the zero set of an affine variety. In fact, we will find that the improved
scissor ring is defined as a quotient of the free abelian group on the set of varieties
over Q. The details of this construction will reveal what is so motivic about motivic
measure.

2.4. A scissor ring for coverings. Each ring homomorphism f : S;ne — R
defines a specialization of the counting measure

¢ — [¢] = flo] € R.

The ring F/ ~ is one of many possible specializations R.
Another specialization of S;ing comes from n-sheeted covers:
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Definition 2.5. We say that one formula ¢(x) is an n-sheeted cover of another
formula ¢’ (z') if there exists a ring formula ¢ (x, ) such that for every pseudo-finite
field of characteristic zero, 1 gives an n to 1 correspondence between the solutions
x of ¢(x) and the solutions z’ of @(z’).

Example 2.6. Let ¢(z) be the formula ‘z # 0’ and let ¢'(y) be the formula

Tz (P=y)A(y#0).
The formula 9 (x,y) given by

presents ¢ as a 2-sheeted cover of ¢'.

The congruence condition for S,in, asserts that if ¢ is a 1-sheeted cover of ¢/,
then they give the same class in S;ing. A broader congruence condition can be given
as follows.

Congruence (covers). If ¢ is an n-sheeted cover of ¢’ for some n, then

(6] = n[¢']-

We may form a new scissor ring Sc¢over With this broader congruence condition
and the old scissor relation. We have a canonical surjection Sying — Scover-

2.5. The scissor group of motives. Generators. Let Varg be the category
of varieties over the field of rational numbers Q. We take the free abelian group
generated by the objects of Varg.

An example of an element of the free abelian group is [Al], the generator attached
to the affine line. This particular generator will be of special importance in the
constructions that follow. We write L = [A!] for this element and for its image in
various scissor groups. (The ‘L’ is for Lefschetz, as in Lefschetz motive.)

There are two types of relations: scissor relations and congruence relations. Our
scissor relation will be rather crude, but justifiably so, since the Zariski topology is
a coarse topology that limits the possibilities for a scissor relation. The only cutting
that will be permitted is that of partitioning a variety into a closed subvariety and
its complement.

Scissor relation. If Z is a closed subvariety of X, then

X] = [2]+ X\ 2]

The congruence relation is more involved than the scissor relation. If we make a
direct translation of the congruence relation for the scissor group of ring formulas,
we might guess that the congruence condition between two varieties X and Y
should be the existence of a correspondence ¥ between X and Y that induces a
bijection between X (K) and Y (K) for every pseudo-finite field of characteristic
zero. This first guess is suggestive: the congruence relation should involve an
algebraic correspondence. This suggestion lands us deep in the territory of motives.
Here is the precise definition of the congruence relation.

Congruence relation.
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whenever X and Y are nonsingular projective varieties that give the same virtual
Chow motive. We will uncoil this definition a bit below. All that is ‘motivic’ about
motivic measure stems from this particular congruence relation.

Definition 2.7. The quotient of the free abelian group by the scissor and congru-
ence relations is the motivic scissor ring K. (The letter ‘K’ is the standard notation
for a Grothendieck group, which for our purposes is just another name for a scissor
group.) The localized version K[L~1]® Q will be called the localized motivic scissor
ring and denoted Spo¢. (It will become clear in Section why it is useful to
invert L.)

It is time to uncoil the definition of this congruence relation. There is a category
of Chow motives. To describe this category, we assume familiarity with the Chow
groups A*(X) of a variety X. They are groups of cycles of a given codimension
1 modulo the subgroup of cycles that are rationally equivalent to 0. A detailed
treatment of cycles, rational equivalence, and Chow groups can be found in [§].
Other good treatments of Chow motives can be found in [I5] and [9].

An object in the category of Chow motives is a triple (X,p,m) where X is
a smooth projective variety of dimension d, p is an element in the Chow ring
A(X x X) that is a projector (p? = p), and m is an integer. The set of morphisms
from (X, p,m) to (X,p’,m’) is defined to be the set

pl AT (X Y )p.

Varieties that are not isomorphic as varieties can very well become isomorphic when
viewed as Chow motives. For example, isogenous elliptic curves are isomorphic as
Chow motives.

There is a canonical morphism from the Grothendieck ring of the category Varg
to the Grothendieck ring of the category of Chow motives. We let K be the image
of this morphism. To say that two varieties are equal as virtual Chow motives is
to say that they have the same class in K.

2.6. The motivic counting measure. The following theorem follows from a deep
investigation of Chow motives and the theory of quantifier elimination for pseudo-
finite fields.

Theorem 2.8. There exists a unique ring homomorphism Scover — Smot that sat-
isfies the following property (Zero Sets).

Zero Sets. If ¢ is a ring formula that is given by the conjunction of polyno-
mial equations, then [¢] is sent to the affine variety defined by those polynomial
equations.

There are ring homomorphisms Scount — Scover — Smot- We use the notation
¢ — [¢] for the class of ¢ in any of these rings, depending on the context.

Definition 2.9. The composite map ¢ — [@] € Syt will be called the motivic
counting measure of the formula ¢.

The motivic counting measure of a ring formula is thus represented by a rational
linear combination of varieties over Q. I like to think of the motivic counting
measure as counting the number of solutions of the ring formula over finite fields
in a way that does not depend on the finite field. Instead of giving the answer
as a particular number, it gives the answer in terms of a formal combination of
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varieties having the same number of solutions over a finite field. Here is the precise
statement.

Theorem 2.10. Let ¢ be a ring formula, and let > a;[X;] be a representative of the
motivic counting measure (@] as a formal linear combination of varieties. Choose
a model of each X; over Z. For all v and for all but finitely many primes p, the
number of solutions of ¢ in Fyr is equal to

Z ai#Xi(IFpr).

Example 2.11. As an example, let us calculate the motivic counting measure of
the ‘set’ of nonzero cubes. The formula is given by

o(z): Iy WP =2) A (£0).
The scissor relation can be used to break ¢ into two disjoint pieces ¢ = ¢1V ¢2: the
part ¢; on which —3 is a square and the part ¢» on which it is not. Let M be the
class in Sy corresponding to the zero-dimensional variety 2 +3 = 0. The class
M has two solutions or no solutions according to whether —3 is a square or not.
When —3 is a square, the cube roots of unity lie in the field, so that the nonzero
points on the affine line give a 3-fold cover of ¢; (under y — y3). Thus, ¢; has

measure
L-1 M
3 2"

On the other hand, if —3 is not a square, each non-zero element of a pseudo-finite
field of characteristic zero is a cube, so that ¢ has measure

Lon(i-%)

The sum of these two terms is the measure of ¢ in Sy,e¢.

3. LOCALLY COMPACT FIELDS AND HAAR MEASURES

This section makes the transition from finite fields to locally compact fields and
from counting measures to additive Haar measures.

In Section 2] we developed a universal counting measure for ring formula. It may
be viewed as counting solutions to the ring formula over a finite field in a way that
does not depend on the finite field.

Counting measures are a rather simple and uninteresting type of measure. In
this section, we construct a universal (motivic) measure with ties to locally compact
fields. This new measure may be viewed as the volume expressed in a way that does
not depend on the locally compact field. To carry out the construction, we must
work with a different collection of formulas (called DVR formulas) that are better
adapted to locally compact fields. ‘DVR’ is an acronym for discrete valuation ring.

3.1. Examples of rings. To make the transition from finite fields to locally com-
pact fields, we wish to replace ring formulas with formulas in a language that has
a rich assortment of locally compact structures.

Example 3.1. Let C[[t]] be the ring of formal power series with complex coeffi-
cients. A typical element of this ring has the form

oo
T = E a;t’
i=k
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(with no constraints on the convergence of the series). Pick the initial index k so
that ax # 0 (if = # 0).
The valuation of x is defined to be the integer k:

val(z) = k.
The angular component of z is defined to be the complex number ay.
ac(z) = a, € C*.
(In the special case © = 0, we set val(0) = oo and ac(0) = 0.)

The name angular component is not meant to suggest any precise connection to
angles. The name is based on a loose analogy with the polar coordinate represen-
tation of a complex number: just as the angular component 6 of a nonzero complex
number re?® distinguishes among complex numbers of the same magnitude (or val-
uation) r, so the angular component of a formal power series helps to distinguish
among formal power series of a given valuation k.

There are many other rings with similar functions, ac and val. For example, we
can change the coefficient ring of the formal power series from C to any other field
k to obtain k[[t]]. Or we can take the field of fractions of k[[¢]], which is the field of
formal Laurent series with coefficients in k:

k() ={)_ait' | a; € K}.
—-N

For each prime p, there are valuation and angular component functions defined
on the field of rational numbers. If x is a nonzero rational number, pick integers
a,b,c, N so that

b N+1
Tr = apN + P ,
c

where ¢ is not divisible by p, and @ € {1,...,p — 1}. The integers a and N are
uniquely determined by this condition. Define the valuation of x to be val,(z) =
N € Z and the angular component of x to be the image of @ modulo p in F,,.

Example 3.2. If p =2 and « = 17/8, then
17/8 =1.27%+2, valy(17/8) = -3, ac(17/8) =1 € Fs.
Other examples can be obtained from this one by completion. For each p,
d(z,y) = (1/2)"@)

is a metric on the set of rational numbers. The completion is a locally compact field,
called the field of p-adic numbers Q,. The valuation val, and angular component
function ac extend to the completion.

3.2. The DVR language. We have seen by example that there are many rings
with functions val and ac. In each case, there are three separate rings that come
into play: the domain of the functions val and ac, the range of the function val
(which we augment with a special symbol {co} for the valuation of 0), and the
range of the function ac. We call these rings the valued ring, the value group, and
the residue field, respectively.

We formalize this relationship as a language in first-order logic with function
symbols val and ac. We allow ourselves to build syntactically well-formed expres-
sions with variables, parentheses, quantifiers, the function symbols val and ac, the
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usual ring operations (0,1, (+), (=), (%), (=)) on the valued ring and residue field,
and the usual group operations and inequalities on the value group (0, (4), (<)).
These formulas will use variables of three different types: x; for the value ring, m;
for the value group, and &; for the residue field. Quantifiers ¥V, 3 can be used to
bind all three sorts of variables.

The construction of first-order languages is commonplace in logic, but even with-
out any background in logic, it is not hard to guess whether a formula is syntactically
correct. We allow standard mathematical abbreviations similar to those introduced
above for ring formulas.

Vy. 3z, 22 =y) = (Im. 2m = val(y))’
is syntactically correct. But

Vi Va. Vy.f(y,ac(y))’

is not well-formed, because quantifiers are not allowed over higher-order relations
f in a first-order language. Also,

Vo & (0 <)V (ac(z) =€)’

is not well-formed, because of a type error; the variable symbol x appears once as
an integer 0 < x and again as a variable in the valued field ac(z).

A syntactically correct formula is called a DVR formula. The aim of motivic
measure is to compute the “volume” of a DVR formula in a universal way, that is,
m a way that does not depend on the underlying locally compact field.

3.3. Assumptions on the ring. The various examples that we have mentioned
are all structures for the DVR language: rings of formal power series k[[t]] and fields
of formal Laurent series k((t)). For each prime p, (Q, ac, val,) is a structure for the
language, as well as its completion (Q,, ac, val,).

We will temporarily restrict the set of examples to structures (K, k, ac, val) that
satisfy the following conditions.

e K is a valued field of characteristic zero, with valuation function val : K —
Z U {oo} and angular component functions ac : K — k.

e The residue field k has characteristic zero.

e K is henselian. (We review the definition below.)

Examples that satisfy these conditions include the fields k((¢)), where k has char-
acteristic zero. The analogy that will guide us is that these fields stand in the same
relation to locally compact DVR fields as pseudo-finite fields do to finite fields.

3.4. Henselian field. There is only one plausible definition for a henselian field:
A field is henselian if the field satisfies Hensel’s lemma.

Hensel’s lemma gives checkable conditions on a polynomial that insure that it
has a root in a given neighborhood. Hensel’s lemma occupies the same ground in
the realm of DVR rings that the intermediate value theorem occupies in the realm
of real numbers. (The intermediate value theorem also gives checkable conditions
on a polynomial that insure that it has a real root in a given neighborhood.)

Our experience with motivic counting measures has alerted us to the importance
of quantifier elimination, that is, the process of replacing a formula with quantifiers
V,d with an equivalent formula that does not contain quantifiers. The simplest
case of quantifier elimination is the determination of when there exists a root of a



130 THOMAS C. HALES

polynomial. Without a criterion for the existence of roots to polynomials, quanti-
fier elimination would be impossible. For the pseudo-finite fields, this is handled
through the defining property of pseudo-finite fields that “every absolutely irre-
ducible variety has a root”. For real fields, quantifier elimination is based on the
intermediate value theorem. For henselian fields, quantifier elimination is based on
Hensel’s lemma.

Lemma 3.3. (Hensel’s lemma) For every monic polynomial f € K[z] whose coef-
ficients have non-negative valuation, and for every x such that

val(f(z)) >0
and
val(f'(z)) = 0,
there exists y € K such that f(y) =0 and val(y — z) > 0.

This is stated as a lemma, but we view it as a condition on the field K and its
valuation. It can be proved that the fields k((¢)) and @Q, are henselian by showing
that under the hypotheses of Hensel’s lemma, Newton’s approximations to the roots

Zo =X
Tpy1 =T — f(@n)/f (zn)

converge to a root.
3.5. Quantifier elimination.

Theorem 3.4. ([14]) Let K be a field satisfying the other conditions enumerated
in with residue field k . Let ¢ be a DVR formula. Then there is another formula
¢' without quantifiers of the valued field sort such that

V(z,&,m) € K" x k™ x (ZU{c0})". ¢F(x,&,m) = ¢ K(z,&,m).
Moreover, the formula ¢’ can be chosen to be independent of the structure K.

3.6. Outer measure of a DVR formula. As a first step toward constructing
the measure of a DVR formula, we will define an outer measure of a formula.
To motivate this construction, it might be helpful first to describe an analogous
construction in Euclidean space.

3.6.1. An outer measure in Euclidean space. Fix a positive integer m. Tile Eu-
clidean space with cubes of width 1/2™ whose vertices are centered at points a
with coordinates a; € Z/2™.

According to the Calculus 101 approach to volume, we can approximate the
volume of a set by counting the number of cubes that it meets. Let A be a bounded
set in R™. Let C,,(A) be the set of cubes in this tiling that meet A. In our naive
approach to measure, let us define the outer measure of A at level m in dimension
n to be

0 #Co(4)

2mn

that is, the number of cubes divided by the scaling factor 2™". (If doing so did
not involve logical circularity, we would identify 1/2™" with the volume of the cube
and the entire expression as the volume of the set Cy,,(A4) of cubes.)

The outer motivic measure of a DVR formula will be formed in an entirely
analogous way. Of course, we will need to decide what to use for cubes, how to
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FI1GURE 2. Volumes of DVR formulas can be approximated in Cal-
culus 101 fashion by counting centers of cubes that meet a given
formula, scaled according to the size of the cubes.

count the number of cubes that “meet” a given formula, and what scaling factor
to use. Once we make these decisions, the formula for outer measure will take
precisely the same form as Equation [0

In the planar case, we gave a construction of the area of polygons as taking
values in a scissor group S,y The outer approximation of any bounded planar
set A by squares gives a value in the scissor group of polygons. Here too, if our
outer approximation to a DVR formula is with a ring formula, then the value of
the outer measure of the DVR formula will be in a scissor ring Spot.

Given all our preliminaries, it almost goes without saying that the number of
cubes appearing in the numerator of Equation [[0] will be replaced with the motivic
counting measure of a ring formula.

3.6.2. Cubes. What is a cube? Well, it is a product of equal width intervals. In
DVR formulas, a cube centered at a of “width” m is again a product of intervals:
{(z1,...,2y) € K" | val(z; —a;) >m, fori=1,...,n}.

If K = k[[t]], then the interval around a formal power series a is the set of all formal
power series with the same leading terms. Shaking (wagging) the tails of the power
series fills out the interval. In other words, we can make precise the idea of covering
a DVR formula with cubes by replacing each solution to the DVR formula with a
bigger set where the tails of the solutions are allowed to vary.

Let us make this precise. We have truncation map

k] — E[[e]] /(™) = k™

S aitt — S0 aitt = (a0, -y amo1)-

In the opposite direction, given b € k™, there is a polynomial with those coefficients

p(b,t) = z_: bit' € E[[t]].
0

Definition 3.5. Let ¢ be a DVR formula with free variables (z1,...,z,) and no
free variables of other sorts. An outer ring formula ¢,, approximation to ¢ (at level
m) is a ring formula in nm free variables u;; such that over every field k:

{u e k™ | dm(u)} =
{u e k™ | 3a1,...,an. ¢(a1,...,an) A val(a; — p(u;j,t)) > m}.
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This set is the set of centers of cubes that contain a solution to ¢.

Theorem 3.6. Outer ring formula approximations exist for every DVR formula ¢
at every level m.

The proof of this theorem uses quantifier elimination results to eliminate the
quantifiers that bind variables ranging over the valued field. It uses results of
Presburger on quantifier elimination to eliminate the quantifiers that range over
the additive group of integers. The quantifiers that bind variables in the residue
field remain as quantifiers in the ring formula ¢,,.

3.6.3. Scaling factors. How is the scaling factor chosen in Equation [I0for Euclidean
outer measures? The scaling factor 1/2"™ is the unique constant that has the
property that if the set A is itself a union of properly aligned cubes (of width m’),
then the outer measure of A is independent of m for all m > m/.

To find the scaling factor for DVR formulas, we work a simple example in which
the DVR formula is itself a union of cubes of width m’ (that is, its set of solutions
is stable under perturbation of the power series tails).

Example 3.7. Let ¢(z1,...,z,) = T, a formula that is true for all values of the free
variables x;. In this case the outer ring formula approximation is exact. Substitute
polynomials p(u;.,t) for each x; and expand in terms of mn distinct free variables
u;; to get

Om (uij) =T
for all input values u;;. The number of solutions of ¢,, over a finite field I, is ¢""™.

If we take the motivic counting measure of ¢,,, we find that the variety that counts
the points of ¢,, over any finite field is the affine space of dimension nm:

#AM (Fq) = ¢"™.
The class of ¢, in K[L™1] ® Q is
[Anm] — [Al]nm — Lnm.
From this one example, we see that the scaling factor for DVR formulas must
be 1/L"™™.

Definition 3.8. Let ¢ be a DVR formula. Let the outer measure of ¢ at level m
be given by
—I[frfj € KIL™'] ® Q = Smot-

This formula is analogous to Formula [0lfor the Euclidean outer measure at level
m. The numerator counts the number of centers of cubes that contain a solution
to the DVR formula.

Definition 3.9. Let the motivic measure (or motivic volume) of ¢ be given by

lim [, L™,

m—00

whenever that limit exists. (The limit must be taken in a completion of Sy,et.)
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3.7. The universal nature of motivic measure. Just as the motivic counting
measure counts solutions to ring formulas over finite fields in a field independent
way, so the motivic measure takes the volume of a DVR formula over locally com-
pact fields in a field independent WayE

There is a good theory of measure on locally compact fields. This is the Haar
measure, which is translation invariant. Given a DVR formula ¢ and a locally
compact structure K with ring of integers Ok, we can take the volume of the set
of solutions to the DVR, formula

(11) vol({z € O% | qbK(x)},da:).

The measure dx can be given a canonical normalization by requiring that it assigns
volume 1 to the full set O%.

We are now ready to state the main result on motivic measure. Like all the other
principal results in this article, the result is due to J. Denef and F. Loeser.

Theorem 3.10. The motivic volume of ¢ is universal in the following sense. Let
S ai[ XL be any representative of the motivic volume of ¢ as a convergent for-
mal sum of varieties over Q. Pick models for the varieties over Z. After discarding
finitely many primes, for any locally compact structure of the DVR language, the
K -volume of the formula is given by a convergent sum (in R)

Z ai#X(Fq)qiNﬂ
where Fy is the residue field of K.

This wonderful result states that the Haar measures on all locally compact fields
have a deep underlying unity. The volumes of sets can be expressed geometrically
in a way that is independent of the underlying field.

Moreover, there are effective procedures to calculate the varieties X; and the co-
efficients a;, N; that represent the outer motivic volume at level m. If the outer ring
formula approximations ¢,, converge at some finite level m to the DVR formula ¢,
then we obtain effective procedures to calculate the motivic volume of the formula.

4. APPLICATIONS AND CONCLUSIONS

What good is motivic measure? Here are a few examples.

4.1. Invariants of ring formulas. The group Sy, is generated by varieties Varg.
Many geometrical invariants of varieties (such as Euler characteristics and Hodge
polynomials) can be reformulated as invariants of the ring Spot. This gives a
novel way to attach invariants to every ring formula ¢: take a geometric invariant
of [¢] € Smot- In particular, ring formulas have Euler characteristics and Hodge
polynomials! For example, the formula for the nonzero squares in a field

Ty (P =) A (@ £0)
has Euler characteristic zero.
21t is impossible for the structure K both to be locally compact and to have a residue field k&

of characteristic zero, as required by Condition [3.3] The residue field of a locally compact field is
always finite. In these final paragraphs, we allow the residue field to have positive characteristic.
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4.2. Geometry of varieties. There is a motivic change-of-variables formula that
is similar to the standard change of variables formula in calculus. Using this for-
mula, it is sometimes possible to show that two birationally equivalent varieties
have the same motivic volume. This has deep implications for the geometry of the
two varieties. In particular, the motivic volume determines the Hodge polynomial
of the varieties.

This approach was followed by Kontsevich, who used a change-of-variables cal-
culation to show that birationally equivalent projective Calabi-Yau manifolds have
the same Hodge numbers [10]. Applications to orbifolds appear in [13].

4.3. Computation of p-adic integrals. Many integrals over p-adic fields are no-
toriously difficult to calculate. Motivic measure exposes the underlying similarities
between volumes on different p-adic fields. It gives a decision procedure to calcu-
late p-adic integrals (at least when the data defining the integral can be expressed
as DVR formulas that can be reproduced at some finite level m). In particular,
this means that a computer can be programmed to compute a large class of p-adic
integrals.

4.4. Generating functions. Motivic counting gives a way of counting that is
independent of the finite field. Let

be a generating function, where the constants aEp ) are obtained by counting solu-

tions to a formula in some p-dependent way. (Each generating function depends on
a single prime p.) Motivic measure can often give a way of forming a p-independent

series
oo

Zimot(t) = Y _[as]t’
i=0

taking values in S«[[t]] and specializing for almost all p to the p-dependent series
Zy(t). The motivic series collects the behavior of the various series Z,(t) into a
single series.

Denef and Loeser have studied motivic versions of Hasse-Weil series, Igusa series,
and Serre series. They have used the general motivic series to prove that various
properties of these series are independent of the prime p. See [7].

4.5. Concluding remarks. This article is an exposition of a particular version of
motivic integration, called arithmetic motivic integration. Proofs of results stated
in this article can be found in [6] and [5]. Motivic integration has been developing
at a breakneck pace, ever since Kontsevich gave the first lecture on the topic in
1995. The version of motivic integration developed in the late nineties goes by the
name of geometric motivic integration. Geometric motivic integration is a coarser
theory, but is sufficient for many applications. Good introductions are [2] and [12].
Some articles on geometric motivic integration include [4] and [3]. Another version
of motivic integration has been developed by J. Sebag for formal schemes [I6]. See
also [I1]. Cluckers and Loeser are in the final stages of preparation of an ultimate
version of motivic integration that subsumes both geometric and arithmetic motivic
integration [].
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We began this article by stating that motivic measure does not fit neatly into the

tradition of Hausdorff, Haar, and Lebesgue. However, a major result states that
the motivic measure specializes to the additive Haar measure on locally compact
fields (Theorem B.I0). Thus, the motivic measure is perhaps not so peculiar after

all

. In fact, in many respects it is strikingly similar to the additive Haar measure on

locally compact fields. It has been my experience when I calculate motivic volumes

to

lose track — mid-calculation — of which measure is being used.
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