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XIl. The Function of Osmotic Pressure in the Analogy between
Solutions and Gases. Byrofessor JVANT HOFF.

DURING an investigation which required some knowdedg
of the laws regulating chemical equilibriuim solutions,

the conclusion has gradually been evolved that a daeplogy

--- indeed almost an identity — exists between dilutieitiems
exerting osmotic pressure on the one hand, and gases under
ordinary atmospheric pressure on the other. Theowiig
pages contain an attempt to explain this analogy ; aheé t
physical properties of such systems will form thst fisubject

of discussion.

I. Osmotic pressure — the nature of the Analogy due to this
conception.

In order clearly to realize the quantity refdri® as osmotic
pressure, imagine a vessel, A (fig. 1), com- Fig. 1.
pletely full of an aqueous solution of sugar,/

placed in water, B. If it be conceived that
the solid walls of this vessel are permeablg
to water, but impermeable to the dissolved
sugar, then, owing to the attraction of the
solution for water, water will enter the

vessel A up to a certain limit, thereby in-
creasing the pressure on the walls of theelegxquilibrium
then ensues, owing to the pressure resistingefughtry of
water. This pressure we have ternesdhotic pressure

*Communicated to the Physical Society; tramslaby Prof. W.
Ramsay, F.R.S.: read June 9, 1888.
Phil. Mag S. 5. Vol. 26. No. 15%ug 1888.
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Itis evident that this state of Fig. 2.
equilibrium might have been at-
tained in A without entry of
water if the vessel had been con-
structed with a piston, compress-
ing the solution with a pressure
equal to to the osmotic pressure
(fig. 2). It follows moreover
that, by increasing or diminishing the pressure on thetormmi
the state of concentration of the liquid can also hltered,
owing to the passage of water through the walls haf vessel
in an outward or inward direction.

Such osmotic pressure has been experimentally tigates]
by Pfeffer ( Osmotische Untersuchungen, Liepsig, 1887). The
walls the cell consisted of unglazed porcelain rendered
impermeable to sugar though not to water, by fillingvith
a solution of potassium ferrocyanide and placing it iscdu-
tion of copper sulphate. Owing to diffusion, the deganide
and the copper-salt come in contact after some tisueg pro-
duce a membrane of copper ferrocyanide having the required
properties. Such a vessel is then filled with a onecpat-
solution of sugar; it is then closed with a cgnrovided with
a manometer, and sunk in water; the osmotic pressue gr
dually rises, owing to entry of water, and the pressdue to
the entry of water is read of when it becoowmsstant. As
an example of the results obtained, it maynentioned that
a one-per-cent. solution of sugar (which owing to its con-
siderable mass, was not appreciably diluted on entryaténv
exerted at 68 a pressure of 50.5 millim. of mercury—about
one fifteenth of an atmosphere.

The porous membrane, such as that described, bdll
termed in the following pages a "semipermeable membrane;"
and the conception will be made even where tkpere
mental verification is lacking. The behavior aofolutions
may be thus studied in a manner strikingly analogous to that
employed in the study of gases, inasmuch as what is kiaswn
"osmotic pressure" corresponds to pressure, or asoin-
monly but incorrectly termed, "tension" of a gah. is right
to mention that this is no fanciful analogy, but adamental
one; the mechanism which, according to our present views,
controls the pressure of gases and the osmotic presslimeid$
is substantially the same. Inthe former casessure is due
to the impacts of gaseous molecules on the wallshefcon-
taining vessel, and in the latter to the impactthef mole-
cules of the dissolved substance on the semipermenéte-
brane, since the impacts of the molecules of the sghmeing
equal and opposed on each side of the vessel, mayediected.

«T>>
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The great practical advantage arising from this noetbd
regarding the behavior of solutions, which leads at once to
guantitative conclusions, consists in the fact thatapplica-
tion of the second law of thermodynamics to liquslsandered
exceedingly easy; for reversible processes for whith law
treats, can now be very simply conceived. It has keEsrady
mentioned that a piston and a cylinder with semipermeable
walls, placed in the solvent, permits of alteration ocbncen-
tration of the solution contained therein, by alteratof the
pressure on the piston, in exactly the same wag gas can
be rarified or compressed ; except that in themér case it
is the solvent which escapes through the semipermeahlés
on increase of pressure. Processes of this kind caaysiwe
made reversible, if care be taken that the pressor the
piston is made equal to the opposed pressure, thah ighe
case of solutions, the osmotic pressure.

We shall make use of this practical advantage ie fthl-
lowing pages, particularly in investigating the laws of "ideal
solutions ;" that is to say, solutions so dilute as éocbm-
parable with "ideal" or "perfect" gases, in whibb action
on one another of the dissolved molecules, as alltheir
actual volume compared with that of the spaeg tmhabit,
is so small as to be negligible.

II. Boyle'sLaw for Dilute Solutions

The analogy between dilute solutions and gases esqair
once a quantitative form, if it be noted that in both sesa
alteration of concentration exercises a similar umfice on
pressure, and is in both cases proportional to theyseess

This proportionality, which for gases goes by the narhe
Boyle's law, may be proved experimentally for liquids waell
as deduced theoretically.

Experimental Proof (Determination of osmotic pressure
for solutions of variable concentrations-Let us first adduce
Pfeffer's determinations Oémotische Untersuchungem. 71)
of the osmotic pressure (P) in sugar-solutions at thee sam
temperature (2 to 16.1), and with varying concentr-
ations (C):---

C. P. P :
C

1 per cent. 535 millim. 535

2 " 1016 " 508

274 " 1518 " 554

4 " 2082 " 521

6 ! 3075 " 513
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The approximately constant quotiengs point conclusively

to this proportionality between pressure and concentration
Comparison of Osmotic Pressure by Physiological Methods.
---Observation of de Vries ("Eine Methode zur Analyse de
Turgorcraft,”  Pringshheim's Jahrb xiv.) show that equal
changes of concentration of solutions of sugar, andotds-
sium sulphate and nitrate, exercise equal influencehen
osmotic pressure. This osmotic pressure was compared, by
physiological methods, with that of the contefta plant-
cell ; the protoplasmal envelope contracts when itmsnersed
in solutions possessing great attraction for water. &y
systematic comparison of the three bodies meatip using
the same cells, thresotonic liquids (i. e. liquids exhibiting
the same osmotic pressure) were obtained. ©éllsdiffer-
ent plant were then made use of, and so f@otonic series
were constructed which showed a similar proportion inr the
concentrations ; this is exhibited in the following tablhere
the concentrations are expressed in gram-moleculesr
litre.:---

Series KNQ CioH20011 KoSOy KNO3 =1 GoH20011 KoSOy

l. 0.12 --- 0.09 1 --- 0.75
. 0.13 0.2 0.1 1 1.54 0.77
. 0195 0.3 0.15 1 1.54 0.77
IV. 0.26 0.4 --- 1 1.54 ---

Theoretical ProafF—These observations render highly
probable the existence of proportionality between osmot
pressure and concentration, and the theorem mayorbe
pleted by a theoretical proof which is, indeed almogtlf- s
evident. Regarding osmotic pressure as due to metiki
cause i¢ e. as produced by impacts of the dissolved molecules),
there must exist a proportionality between the numbérime
pacts in unit time and the number of molecules in unitire.
The proof is therefore exactly the same as tloat Boyle's
law. If, on the other hand, osmotic pressure bgarded as
the outcome of an attraction for water-moleculés, vialue is
evidently proportional to the number of attractingleoules
in unit volume, provided (and this is taken for granted in
sufficiently dilute solutions) the dissolved molls=uexercise
no attraction on each other, and each one exgstsown
special attractive action, uninfluenced by its neighbors.

[ll. Gay-Lussac'd.aw for Dilute Solutions

While the proportionality between concentratiaand os-
motic pressure is self-evident, so long as teryreraemains
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constant, the proportionality between osmotic sguee and
absolute temperature, the concentration beingintanaed
constant, is not so manifest. Yet proof can be furnisheo fr
thermodynamical considerations ; and experimed&ta exist
which are highly favorable to the results predicted on
thermodynamical grounds.

Theoretical Proaf—It has been already mentioned that, by
means of a piston a cylinder with semipermeable walls,
reversible processes can be conceived to occur. If prach
cesses are expressed in the way common as regards gases,
volumes and pressures are indicated on the linésadd O P
(fig. 3) ; but pressure in this case, Fig. 3.
as before, must be taken as osmotic P
pressure . The initial volume (V cub. a
meters) is represented by OA ;the
initial pressure on the piston of area
1 square metre (P kilogr.) byA
and the absolute temperature by T ;
the solution is then conceived to un-
dergo a minute increase of volume,
dV cubic metres ( = AB), by moving the piston throud¥
meters, while the temperature of the solution is maiathi
constant by introduction of the requisite amount of .ha@dts
amount of heat can be once determined, inasmuch as it is
equivalent to the external work performeddVP by the
motion of the piston. Internal work is absefdr the dilu-
tion is, by hypothesis, so that the dissolved oudds
exercise no attraction on each other. This isothe change
ab is succeeded by the isentropic, or adiabatic chahge
during which heat is neither absorbed nor evolved ; the te
perature sinks bydT® ; and the original condition is then
brought about a second isothermal and a second adiabatic
change,cd and da, respectively. The second law of thermo-

Ol-—____

AD B v

dynamics requires that the fractiondIPdV of the initially

.II_
imparted heat charge d¥? shall have been converted into
work ; this must be equivalent to the arabcd; and hence

the equation foIIows:d?T Pdv =abcd=af. AB =af av ; and

hence Pd?T:af. But af represent the change of osmotic
pressure, volume being kept constant, due to the change of
temperatureT ;i. e (%)VdT; hence

P

dP
(E)v - ?
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On integration this equation gives, on the assumpobibn
constant volume,

E = constant ;
T

that is, the osmotic pressure is proportional to theolte
temperature, provided concentration (which is hereivaqu
lent to the volume of a gas) remain constant ; thml is
entirely in accordance with Gay-Lussac law connectihg
pressure and temperature of gases.

Experimental Proo{Determination of the osmotic pressure
at different temperaturgs--Let us compare this theoretical
conclusion with the experimental data furnished bigffér
(pp. 114-115). He found that the osmotic pressure increases
with rise of temperature ; it will be seen thaajthough his
results do not furnish a conclusive proof of thereminess of
the theorem, yet there is a most striking correspmee
between experiment and theory. If we calculatemfrone of
the two experiments at different temperatures the dsrpoes-
sure to be expected in the other, by help of Gay-Lisskw,
and compare it with the experimental result, we halve t
following series:---

1. Solution of cane-sugar.

Pressure at 32 found . . 544 millim.
Pressure at £415, calculated : 512 "
" " found . . 510 "
2. Solution of cane-sugar.
Pressure at 3 found . . 567 "
Pressure at £%, calculated . 529 "
" " found . . 5205 "
3. Solution of Sodium tartrate.
Pressure at 36, found . . 1564 "
Pressure at £3, calculated . 1443 "
" " found . . 1431.6"
4. Solution of Sodium tartrate.
Pressure at 33, found . . 983 "
Pressure at £33, calculated . 907 "
" " found . . 908 "

Comparison of the osmotic pressure by Physiological
Methods---In the same manner that support has been lent to
the application of Boyle's law to solutions (viz. thaffedent
substances inisotonic solutions retain their equality of
osmotic pressure so long as their respective conciemsaare
reduced to the same fraction), so the applicatiorGay-
Lussac's law receives support by the factthim isotonic
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state is maintained during equal alterations eshperature.

It has been proved by physiological methods by Donders and
Hamburger ©Onderzoekingen gedaan in het physiologisch. La-
boratorium der Utrechtsche Hoogeschd@8] ix. P. 26), making
use of blood-corpuscles, that solutions of potassium nitrate
sodium chloride, and sugar, which &t &e isotonic with the
contents of these cells, and hence are isotonic veith ether,
exhibit the same isotonic state at®34this is seen in the
annexed table:---

Temperature O Temperature 34
KNO3; . 1.052 to 1.03 p. c. 1.052 to 1.03 p. c.
NacCl . . 0.62 to 0.609 p. c. 0.62 to 0.609 p. c.
C1oH25011. 5.48t0 5.38 p. C. 5.48t0 5.38 p. C.

Experimental proof of Boyle's and Gay-Lussac's Laws for
Solutions. Experiments [§oret Archieves des Sciences phys.
et nat.[3] ii. p. 48 ;Ann. Chim. Phys[5] xxii. p. 293).---
The phenomenon observed by Soret lends a strong support to
the analogy between dilute solutions and gases spece of
the influence of concentration and temperature on sypres
His work shows that just as in gases the warmest mrtthe
most rarified, so with solutions the warmest portions athe
most dilute ; but that in the latter case a miociger time
must be allowed for the attainment of equilibrium. Téve
perimental apparatus consisted of a vertical tube, the upper
portion of which was heated while the lower porteas kept
at a low temperature.

Soret's latest experiments lend a quantitasugport to
our analogy. As with gases, it is to be expecteat when
the isotonic state is produced, the solution will exist in
equilibrium ; and as the osmotic pressure is proportigoal
concentration and to absolute temperature, théorg state
of different portions of the solution will occur whe the
product of the two (absolute temperature and condimya
are equal. If we therefore calculate, on this basis, ¢bn-
centration of the warmer part of the solution fromadadbm data
obtained with the colder, the values compare witlose
found as follows:---

1. Solutions of Copper SulphateThe portion cooled to 20
contained 17.332 per cent. The hot portion at° 8€hould
contain 14.3 per cent. ; found, 14.03 per cent.

2. The portion cooled to 2@ontained 29.867 per cent. The
portion at 80 should contain 24.8 per cent. ; found, 23.871
per cent.

It must be stated that previous experiments by Sggete
less favorable results ; yet perhaps toochm importance
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Should not be attached to them, owing to the diffiesltof
experiments.

IV Avogadro'sLaw applied to Dilute Solutions

We have considered the change produced in the osmotic
pressure of solutions by alteration of temperature and con-
centration, and attempted to exhibit the analogywdmen
dilute solutions and gases, in relation to these tuantities.

It now remains to compare directly the two analogous -quan
tities, gaseous pressure and osmotic pressure, in ode tae
same body. It is obvious that this analogy should holdh w
gases in solutions ; and in actual fact it will be shawe, if
Henry's law be taken into consideration, the ogmgressure

in solution is absolutely equal to the gaseous pressure, under
similar conditions of temperature and concentration.

To prove this statement, we shall picture a retvie pro-
cess by aid of semipermeable diaphragms, temperature being
maintained constant ; and we shall again make use ef th
second law of thermodynamics, which in this case ldndihe
simple result that no work is transformed into heabr heat
into work ; and hence the sum of all work done at diffier
stages of the process is zero.

This reversible process may be considered by meahsoof
similar cylinders and pistons, like those alreadyscdked.

One contains a gas (A), say oxygen, and in contact With |
saturated aqueous solution of oxygen (B) (fig. 4). Waleb c

allows only oxygen to pass, but Fig. 4.

no water; the wala b, on the )
other hand, water, but not oxygen; fuzu)uﬁuu ””#I(ﬁl)l
and it is in contact with water, E. A A

A reversible process may be car >-2- -6
ried out by such an arrangement ;/uuxuu E’HH*HH
as follows:---By raising the two a(l) dAa (S)d
pistons (1) and (2), oxygen is ©)

evolved from its aqueous solution as gas, while the erwat
passes through b ; this change can proceed without altering
the concentration of the solution. The only differermetween
the two cylinders is in the state of concentration tbé solu-
tions which they contain ; we may explain the actithus :---
The unit of weight of the substance in questiortcup®s in
the left-hand cylinder a volume and V, and in the right-hand
cylinder, v+dv and V +dV ; hence, in order that Henry's
law may hold,

v:V=(v+dy:(V+dV);hencev:V =dv:dV.

If now, the pressure, or osmotic pressure,haschase may be
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(supposing unit volume to contain unit mass), regards
gas and solution be P apdwhich will afterwards be shown
to be equal), then, from Boyle's law, the gues in gas

and solution will beg andg respectively.
Now let the piston (1) and (2) be raised so tasliberate
unit weight of gas from the solution, and increase thegas
volumev by dv, in order to equalize the concentration with
that of the gas in the left-hand vessel, and by decgedbm
pistons (4) and (5) let us redissolve the freshly &dtest gas,
and then reduce the volume of the solution WO\ by the
amount ofdV in the cylinder with semipermeable walls ; then

the cycle is complete.

Work has been done in six separate ways ; let number
them (1), (2), (3), (4), (5), and (6). Now (2) afd) are
equal in amount, but opposite in sign, since theyerreto
change of volumevr andv + dv in opposite directions under
pressures which are inversely proportional to the volunes
similar manner the sum of (1) and (5) is zero ; sat tthe
point requiring proof is that (3) + (6) = 0. Her8) (repre-
sents work done by the gas in increasing its volume dwy

under a pressure oli , therefore (3) :Edv ; while (6) repre-
Vv \

sents the work done by the solution, while it decreases

volume bydV, under a pressure e\f/l , therefore (6) :vdv.

The statement is therefore
E dv=-=dV ;
V V

And asv : V =dv: dV, P must be equal tp, which was to be
proved.

This conclusion, which will receive in the sequel ampl
confirmation, lends, on the one hand, support to Gay-kisssa
law in it application to liquids:---If gaseous pressurend a
osmotic pressure are at the same temperature equal to one
another, then equal changes of temperature must affébt bo
equally. On the other hand, this relation allows of @an-c
siderable extension of Avogadro's law, always providedt
we may substitute the conception of osmotic pressui f
gaseous pressure:---under equal osmotic pressures and at the
same temperature, equal volumes of all solutions comairal
numbers of molecules ; and, moreover, the same number
molecules which would be contained in an equal volumegafsa
under the same conditions of temperature and pressure.
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V. General Expression foBoyle's, Gay-Lussac'sand
Avogadro'd_aws for Solutions and Gases

The well-known formula expressing both Boyle's and-Gay
Lussac's laws for gases,

PV = RT,

are, in so far as thee laws are applicable to liquatty appli-
cable as regards osmotic pressure ; with the reservatlso,
made in the case of gases, that the space occupiedeby th
molecules must be so great that the actual volumehef
molecules become negligible.

To include Avogadro's law in the above expressionist-lo
mann's suggestioBérl. Ber xiv. p. 1243) may be adopted,
to express the molecular weight of the substance agiams ;
taking 2 kilos. of hydrogen, 44 kilos. of carbon dioxidmd
so on. Then R in the above equation has always tkame
value ; for, under equal conditions of temperature anes-pr
sure, these weights occupy the same volumalculating
this value, and expressing the volume in cubic metres, and the
pressure in kilograms per square metre, and choosing hydrogen
gas at Oand 760 millim. Pressure as starting point, then

2 .
0.0895¢ '

Hence the combined expression for Boyle's, Gagdals,
and Avogadro's laws becomes

PV=845T;

and this expression is applicable to solutions, substguti
osmotic pressure for gaseous pressure.

We may give this expression even a simpler forrgsmuch
as the number of calorie equivalent to a kilogrameneof

work (A = %: 1

P=10333; V= T=273; R =2845.05.

-) stands in a very simple relation to R,

viz. AR =2 (in reality about one thousandth )lessdence
we may choose the form

APV = 2T ;

And this form has the great practical advantage thak,w
which will often be discussed in the following pagesceives
a very simple expression, if calculated back to,heaéasured
in calories.

Let us next calculate the work, expressed ilories, when
a gas or a solution, under constant pressure and temperature
expands V volumes ; V volumes containing a kilogram-
molecule. This is evidently 2T. It must be addeat this
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constant pressure is maintained only when the total vwlom
gas or solution is very great compared with V, or in saske
evaporation, where the vapor-pressure is at its maximum.

We shall also often have to express in calories work
done during isothermal expansion of the kilogram-maddeonf
a substance as gas or in solution. If pressure fallsrery
small fractionAP, corresponding to a small increase of
volumeAV, the work done will be ARV, or 2AT.

VI. First Confirmation of Avogadro's Law in its Application
to Solutions.---Direct Determination of Osmotic Pressure
It is to be expected Avogadro's law, deduced as a con-
sequence of Henry's law for solutions of gases, will bet
restricted to solutions of substances which usuallyt ekisa
gaseous condition. This expectation has been realized; no
merely from theoretical, but from an experimentalndpint.
Pfeffer's determinations of the osmotic pressure aftsois of
sugar furnish a remarkable confirmation of this extensadn
the law.
Pfeffer's solution consisted of 1 gram of sugar dissbl in
100 gram of water ; one gram of the sugar thexefxists
in about 100.6 cubic centim. of the solution. Comparing the
osmotic pressure of this solution with the pressofea gas
(e. g hydrogen) containing as many molecules in the volume,

there are?iF gram (G2oH22011 = 342) in 100.6 cubic centim.

4
Now one litre of Hydrogen gas af @nd 760 millim. pressure
weights0.08956 gram ; and the above concentration is equi-
valent to 0.0581 gram per litre ; the pressure %is00.649
atmosphere, and dt 0.649(1 + 0.00367). Placing these
results beside Pfeffer's, we obtain the follayviagreement :---

Temperature (t). Osmotic pressure. 0.649(1 + 0.00367
6.8 0.664 0.665
13.7 0.691 0.681
14.2 0.671 0.682
15.5 0.684 0.680
22.0 0.721 0.701
32.0 0.716 0.725
36.0 0.746 0.735

The directly determined osmotic pressure of a swlubf
sugar is thus seen to be equal to the pressure of aagathe
same temperature, containing the same number ofcuhede
in unit volume as the sugar-solution.

Starting from cane-sugar, this relation can beutatied for
other dissolved substances, such as invert sugar, matic aci
tartaric acid, citric acid, magnesium malatel aitrate, all of
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which from de Vries physiological researcheking Methode
sur Messung der Turgorcraftp. 512), exhibit equal osmotic
pressure when they contain an equal number of mekecin
a given volume.

VII. Second Confirmation of Avogadro's Law in its Application
to Solutions.---Molecular lowering of Vapour-pressure

The relation between osmotic pressure and pitessure of
a vapour in contact with liquid, which is easiieveloped
on thermodynamical principles, yields, from Raoult'sergc
observations, a satisfactory proof of the analogy urwersi-
deration.

We shall begin with a general law, of which the presi
matter of this thesis is quite independenisetonism(i. e. equal
osmotic pressure---fronso andtovog, stretching in solutions
made with the same solvent, implies equality of vapour-pressure
This statement is easily proved by a reversible cykdeping
temperature constant. Imagine two solutions @xigb
equal vapour-pressure, and introduce a small quantitynef
in the state of vapour into the other in a rabkErsmanner,

i. e by means of cylinder and piston. The vapour-pressures
are equal, hence this transference takes place witlespend-

iture of work ; and also, on restoring the origir@ndition,

no work is expended. But if the solvent be transferreck bac
through a semipermeable diaphragm, separating the two
solutions, then equal osmotic pressure must exist, else the
transference could not take place without expendituré
energy.

If this fundamental conception be applied to dilukitsons,
accepting the laws which have been explained in the pregedi
pages, the simple conclusion follows, that if a saiveontains
equal numbers of molecules of dissolved substancdse t
vapour-pressure is the same. This is mereloulRa law
(Comptes rnduslxxxvii. p. 167 ; xliv. p. 1431) of the con-
stancy of molecular diminution of vapour-pressure, obthimg
multiplying the relative diminution by the molecular igig of
a one-per-cent. solutioni; e. with the difference between the
vapour pressure of the solvent, before and after addaion
dissolved substances. The equality of molecular diminubibn
vapour-pressure depends on the solutions containing equal
numbers of molecules, a close proportionality betwéea
lowering of the vapour-pressure and the concentration being
assumed. With ether, for example, the value fldetua
between 0.67 and 0.74 (mean 0.71) for thirteen substances
dissolved in it.
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But this relation can be further developed. [Defifee
solutions may be compared with each other, and a second law
may be deduced, which Raoult has also discovered expérimen
tally. The following reversible process, consisting two
operations, is carried out with a very dilute solutidnPo per
cent., at temperature T.

1. Remove, by use of cylinder with semipermeable veall,
portion of the solvent containing a kilogram-molecul®) of
the dissolved substance ; here the total quantityotftion is
supposed so great that no alteration of concentratioours,
and the expenditure of work is therefore 2T.

2. This quantity,@ kilograms, of the solvent is returned

as vapour ; it may be conceived as produced from ithad |
by evaporation at its vapour-pressure ; then expandedtstill i
pressure is equal to the vapour-pressure of the solutiow ; a
finally liquefied in contact with the solution. The Kil@gn-
molecule of the solvent (M") will thus receive a@axpenditure
of work of 2TA, where A represent the relative diminution
100M

of pressure ; and th@ kilograms will receive2TA

Here %M is Raoult's molecular diminution of pressure, which

we shall term K ; employing this abbreviation, the egpi@n

200TK
becomesT )

From the second law of thermodynamics, agalme tlge-
braic sum of the work expended during this cycle at constant
pressure must equal zero ; hence the work done bysahe
tion during the first stage must equal the work done ibn
during the second ; and thus

_ 200TK

2T :or 100K = M.

This expression includes all Raoult's results. It expesshe
fact, as stated above, that the molecular diminutibwapour-
pressure is independent of the nature of the dissobedy ;
and it also expresses, what Raoult found experimentaltat
this diminution is independent of temperature. Ito alson-
tains Raoult's second conclusion, that the moleculaninution
is proportional to the molecular weight of the solveamount-
ing to about one hundredth of the later. Thisséen from
the following table :---
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Molecular
diminution
Molecular of vapour-
Solvent weight Pressure
(M) (K).
Water . . ) . 18 0.185
Phosphorous chloride . : 137.5 1.49
Carbon disulphide . . 76 0.80
Carbon tetrachloride . . 154 1.62
Chloroform. . . . 119.5 1.30
Amylene . . . 70 0.74
Benzene. : . . 78 0.83
Methyl iodide. . . : 142 1.49
Methyl bromide . . 109 1.18
Ether . . ) . 74 0.71
Acetone. . . . 58 0.59
Methyl alcohol . . 32 0.33

VIIl. Third Confirmation of Avogadro's Law in its Applica-
tion to Solutions.---Molecular depression of Freezing-point
of Solvent

Here again, a general law may be stated, ctnge
osmotic pressure with the freezing point of a solutien:-
Solutions in the same solvent, and of the same freezing-point,
are isotonic in that temperatureThis statement admits, like
the former, of proof by means of a reversible cycleut the
solvent when returned is here in the condition of et of
vapour ; the inverse change is also brought about Bansn
of a semipermeable diaphragm, and, as it cannot bamacc
plished by gain or loss of energy, isotonism must exist

We shall apply the above statement to dilute saiatipand
applying the relations previously described, the simple con-
clusion follows that solutions containing an equal number of
molecules in equal volume, and which therefore, fronp-Av
gadro's law, are isentropic, also have the same frepoimd.
This law has been actually discovered by Raoult, andxis e
pressed by him as "normal molecular depression of figezi
point." It holds for great majority of dissolved stdnces
examined, and consists in the statement that the depresti
freezing-point of a one-per-cent. solution , multiplied te
molecular weight of the dissolved substance, givesmstant
product ; it is stated of solutions containing equal numbérs
molecules in unit volume, assuming a close proportignali
between concentration and lowering of theeZieg-point.
For an aqueous solution of nearly all organic bodies the
constant is about 18.5.



in the Analogy between Solutions and Gases 95

We can follow this relation still further, and, @assng
Avogadro's law for solutions, deduce the above normalkemol
cular depression of the freezing-point from the other .dita
bears a close relation to the heat of fusion ofdbleent, as is
shown by applying the second law of thermodynamicsato
reversible cycle. Imagine a very dilute saloti containing
P per cent. of a dissolved substance, which has prodaced
depression of freezing-poinA ; the solution itself freezes at
T, and its heat of fusion is W per kilogram.

1. By use of piston and cylinder with semipermeablallsw
the solution is deprived at temperature T oft tamount
of the solvent in which a kilogram-molecule of thssdlved
substance existed ; the amount of the solution is merese
great that no appreciable change of concentratiocursc
hence the work expended on it is 2T.

2. This quantity of solvent@ , is then allowed to freeze

100MW

at T by withdrawing calories ; the solution and the

solvent, now solid, are cooled through degrees, and the
solvent is now allowed to melt in contact with the usioh,
thereby absorbing the above quantity of heat. Finallg th
temperature is raisetldegrees.

, , : 100MW : :
During this reversible processp— calories rise from

A to T, corresponding to an expenditure of energy equal to
100MWA : . MA .

———— . In this expression, howeven? is the molecular
depression of the freezing-point, which we may repredant
the lettert ; the work done is therefor(le% , and it was
shown above to be equal to 2T. Hence the equation

2
1004t = 2T ; whencet = O.OZTW

This theoretical deduction receives ample cordtion from
experimental data. The following table exhibits tmelecular
depression of freezing-point experimentally deteedi by
Raoult Annales de Cimie et de PhysiquB] xxvii. ; [6] Xi.),
along with the value calculated by means of thabove
formula:---
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2
Freezing- Heat of t = O.OZTW ) Raoult's
Solvent. Point fusion molecular
(M. (W). depression.
Water . 273 79 18.9 18.5
Acetic acid 273 + 16.7 43.5% 38.8 38.6
Formic acid 273 + 8.5 55.6* 28.4 27.7
Benzene 273 +4.9 29.1 53 50
Nitrobenzene 273 + 5.3 23.3 69.5 70.7

It may be added that, from the molecular degioes of
ethylene bromide (117.9), the hitherto unknown heéat fusion
is found equal to 13 ; and Mr. Pettersson, at mgquest,
having experimentally determined this constant,aimed the
number 12.94.

IX. Application of Avogadro's Law to Solutions.---The Law
of Guldberg and Waage.

Having discussed the physical aspect of thi®blem in
order to furnish as many proofs as possible fé torrectness
of its treatment, it now remains to applytat chemical facts.

The most evident application of Avogadro's law reference
to solutions is to the determination of thelesular weights
of dissolved substances. This has alreadyn batempted ;
but here it is not the pressure which neguneasurement,
as with gases, when the molecular weight is dédtkeidrom
volume, pressure, and temperature ; with solutitwes osmotic
pressure must be measured, and as yet the practethbd is
wanting. Yet this difficulty may be avoided bsubstituting
for a determination of pressure that of theatesl values ; as,
for example, the diminution of vapour-pressure ther depress-
sion of the freezing point. This proposal is oRiis. He
divides the reduction of vapour-pressure of watewntaining
one per cent. of dissolved substances into 0.188,par the
observed depression of freezing-point into 1®é&rts ; and
this method is comparable in respect of accuraay weter-
mination of the density of gases, and, is in itsalfstrong
presumption of the accuracy of Avogadro's law its iappli-
cation to gases.

It is still more remarkable that the law of Gogrg and
Waage, so generally accepted for solutions, can dvolved
from the above laws regulating the behavior afutd solu-
tions. Again, a reversible cycle at constaemperature
must be imagined, which can be conceived for utgmis
equally well with gases, by means of semipermeable
diaphragms.

* Berthelot,Essai de Mecanique Chimigue
" Pettersonjourn. F. prakt. Chen{2] xxvi, p. 129.



in the Analogy between Solutions and Gases 97

Let there be two systems of gaseous or disdolsabstances
in equilibrium, which may be expressed by the follng
symbols:---

Ai'Mi" + a"M" + &c. < a'M;i' + §"M;" + &c.,

Where a denotes the number of molecules, and M formula.
This equilibrium exists in two different vesseld, and B, at
the same temperature but at different concemtiy shown
by the partial pressure, or by the osmotic presswhich each

of the bodies exerts. Let these pressuresinbevessel A,
P' BR" ... R'R " &c, ; and in B greater than those b’
dP" ...dPR;'dR;" ... &c.

The reversible cycle consists of introducingoin A that
amount in kilograms expressed by the first symhbothe first
system, while the second is removed in equivalemhount :
both systems have here concentrations whidst én A
(fig. 5). This change is accom- Fig. 5.
plished by causing the entry or -2

exit of each of the substances in—N—. A BN
question by means of its own SN p- P N—
cylinder and piston, which is se- 1 |
parated from A by a diaphragm etc

permeable to that body alone.
If they are in solution, then the
Cylinders possess a semiperme- B -
able wall, and are surrounded
by the solvent.

When this has been done, each
Constituent of the two systems has
Undergone such a change of concentration that iasv equal
to that in B ; and, as before, the work done pefogkam-
molecule equals AT, where A represents a minute fraction

of the pressure, and is her((]llz-jIz ; for the amount here in

guestion it isZaTd—; :

By making use of the vessel B, the secondtesy, which
has just been evolved, is now converted into thst, fibut of
concentration as in B, proceeding as just describeshd by
suitable alteration of volume it is finally changednto its
original state, as it at first existed in A.

As no change of temperature has occurred, [gebi@ic sum
of all these operations is zero, as isnsé®m the num-
bers ; it is thought unnecessary to interpileem, as they
refer to the operations in the order in which tkesre carried
out:--- (1) +(2) + (3) + (4) + (5) + (6)

Phil. Mag S. 5. Vol. 26. No. 15%ug 1888.
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Now (1) and (5) refer to operations opposite irgnsion the
same substances, with the same mass, at the saiperature ;
hence (1) + (5) = 0. And for similar reasons, (24} = O ;
whence (3) + (6) = 0.

This conclusion leads directly to Guldbergemd Waage's
law.

The work express by (3) is from that I@Qaﬁ% , and

(6) is ZZaj.TO::)j ; hence it follows that

dP. dP dP. dP
>2a T—-2aT—)=0,0rx(a,T—-aT—)=0.
(2a,T " -2aT 0 T2 -aTh)

By integrating,
Z(a,logP, —a/log P,) = constant

And here P is proportional to the concentration, tor the
active mass C ; so that C may be substituted withaltering
the equation :---

Z(a,logC, —alogC,) = constant

This is the logarithmic form of Guldberg's and Waage
formula.

X. Deviation from Avogadro's Law in Solutions--Variations
in Guldbergand Waage's.aw.

We have attempted to show the connexion betw&eid-
berg and Waage's law and the laws of Boyle, Hennay-G
Lussac, and Avogadro, as applied to liquids ; as applied to
gases, the truth of Guldgerg and Waage's law has begn lon
proved from thermodynamical considerations.

It remains to develop further the laws of chemicaduili-
brium, and first, to investigate more closely the tgmniof
applicability of the three fundamental principles fronhiei
Guldberg and Waage's law has been deduced.

So long as "ideal solutions" are under consideratidimere
exists strict analogy between gases and soluticarsd just
as there are deviations from Avogadro's law in the cade
gases, so we may expect to find them withutewls. As,
for example, the pressure of the vapour of Ammonium aldori
was found to be too great to be accounted for by Avogadro's
law, so the osmotic pressure is in many cases abnoranal as
the high pressure in the first case is due to dissougidtito
ammonia and hydrogen chloride, it may be conceived that
similar dissociation occurs in solutions. It must, mdle be
acknowledged that deviations are much more frequent with
solutions than with gases, and occur oftem wibdies the
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dissociation of which, under ordinary circumstancedoes
not appear probable ; in aqueous solutions, for example, the
majority of salts as well as the stronger acids aagk® undergo
dissociation ; and hence Raoult did not discover é#xgstence
of so-called normal molecular depression of fregpoint
and lowering of vapour pressure until he investigated organic
compounds ; their behavior is almost without exoepti
regular. For these reasons it may have appeared ddong
begin by giving prominence to Avogadro's law in its ag@pli
tion to solutions ; and | should have shrunk from thurse
had not Arrhenius pointed out to me the probability thattss
and analogous bodies, decompose on solution into ibag ;
in fact, substances which obey Avogadro's law are, asiea
nonconductors, suggesting that in such cases no dissociati
into ions occurs ; and further experimental proof exits
other liquids, since by Arrhenius's assumption the deviations
from Avogadro's law are calculable from the conductivity.

However this may stand, an attempt is made @ ftllow-
ing pages to take account of such deviations from Avogadro's
law, and, by help of the application of Boyle's and y-Ga
Lussac's laws to solutions, to develop Guldberg's andgé/a
formula so far as is possible.

The change in the expressions given above caused &y the
deviations is easily sketched.

The general expression for Boyle's, Gay-Lussac'yy an
Avogadro's laws, shown on p. 90 is

APV = 2T ;
And this change, if pressure iidimes that of this equation,
into
APV = 2T.
Hence, in a reversible cycle, the work will lhgimes that
previously done ; this alteration is easily applied to fihrener
statement of Guldberg's and Waage's formuRecurring
to the final stage of the cycle described o87p.
(3) + (6) = 0.

The work corresponding to (3) and (6), which were formerly

ZZaj.dei , and ---ZZaj.TO::)i , IS now increasedtimes ; hence

the equation becomes

. dP, . dP
> —-al —)=0;
(a'LIIII P aTII PI )

and on integration,
Z(a,

ulii

log P, —ai;logC,) = constant
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And introducing the concentration, or the active md3s in-
stead of the pressure proportional to it,

Z(a,i;log C, —ailogC,) = constant

This is Guldberg's and Waage's law in a logarithmic form,
differing from the former statement only by the icluoe-tion

of the valud.

It remains to be shown that in this new foftm agrees
better with the experimental results ; and as a kedgé of the
correct value of is necessary, we must deal with aqueous solu-
tions, for sufficient experimental data are to be baty with
such.

XI. Determination of for Aqueous Solutions

As Avogadro's law has been proved for solutions hy fo
separate lines of argument, there are four ways in wtheh
deviations,i. e. the values of, may be determined. But that
one which depends on the lowering of the melting-poirds h
been so thoroughly proved experimentally that we shal-
fine ourselves to its use.

Reverting to the cycle which, on p. 95, was empuloy®
prove the applicability of Avogadro's law to solutionse tte-
lation was found:---

100Wt

T
Where the second term refers to the work done in remasing
adding that amount of the solvent in which a kilogram
molecule of the substance was dissolved ; teamn must
be therefore multiplied biy:---
100Wi .
=2iT.

=2T,

In this manner a simple means of determining the value

is apparent. The value of from the above equation pro-
portional tot, i. e. to the molecular depression of temperature,
for the other data (T = absolute melting-point, W = heaft
fusion of solvent) are constant. Now 18.5 is the md&c
depression for cane sugar, which from p. 91 is seen towfollo
Avogadro's law accurately ; hence= 1 ; and for other bodies

i is their respective depressions divided by 18.5. Almost
identical results are arrived at by using in the above tegqua
instead of T and W, the values for ice, viz. 273 and #t8ey
will therefore be employed in the following calculaiso

XII. Proof of the Modified Law dBuldbergand Waage.

In employing the relation proposed for the purpose of
comparison with the results of Guldberg and Waage'suila,
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it is necessary to mention the different forms whithhas
assumed during the years since its discovery. 3Shall
first give this relation a simple expression in whichldberg
and Waage's conception may be included, viz. :---

ZailogC=K . . . . (D

This differs from the one given on p. 100 merely in that th
terms representing the components of both systems hade
their signs changed. The original expression of ther-
wegian investigators is closely analogouhi(stiania Viden-
skabs Selskubs Forhandlingdi864) :---

>klogC =K. . . . (2

Except thatk has to be determined for each constituent in
guestion by observation of the equilibrium of the system

As Guldberg and Waagé&tudes sur les affinities chimiques
1867) repeatedly found thé& coefficient equal to 1, they
simplified their equation thus:---

2logC=K. . . . 3

In their last treatise, howeveddur. fur prakt. ChemXix. P. 69),
they introduce the change that the number of midsca
must also be taken account of, and consequently they approxi
mate their formula to that deduced for gases on thernaady
mical grounds, thus :---

zalogC=K; . . N )]

We have taken this last expression as theil fimanula.

The Norwegian investigators maintained this &mp
formula, with whole numbers as coefficients, e¥en solu-
tions ; but Lemoine has lately revived the origifatmula
(2) in order to represent the results of Schlosingivestiga-
tions on the solubility of calcium carbonate inater con-
taining carbon dioxide, with constants hereafter to bterde
mined, which are, however, not whole numbers ; for liole
numbers be employed, it is impossible to reconcile faith
theory.

In view of this uncertainty, the formula which weave
suggested has this advantage, that the coefficiavieh
occur in it area priori determined, and its truth can at once
be decided by experiment. It will in fact appear that he t
instances studied by Guldberg and Waage the simple form
which they recommend is completely confirmed ; ariht t
such simplification is in most cases admissible corsfirmore-
over, the validity of Avogadro's law in its applicatiom solu-
tions. On the other hand, the results of Schlosing's
vestigation, prominently allowed by Lemgineannot be
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Simply expressed, and require the same fractional ictseiifs
which Schlosing himself arrived at.

Before proceeding to this investigation, it is neaeg to
include cases where partially insoluble bodies aresept ;
this is easily done ; they may be included in themidae
given above, remembering that such bodies existsalution
up to its saturation-point, and are therefore preseamth
constant concentration. All concentrations dependamng this
may, therefore, be removed from the first term lod tabove
equation to the second, without affecting the constarfcthe
latter. Everything remains the same, except that ha first
only the dissolved bodies need be considered.

1. We shall first examine Guldberg and Waage's rodse
tions. The first case they studied was that expressedhdédy
equation

BaCo, +K,SO, <> BaSO4+K ,COQO, ;
And they found, according to their simplified formulaat
IOgCKZSO4 - |OgCK2003 =K.

The relation given by our equation is almost identicalfor
KoSQy, @a = 1 and = 2.11, and for KCO3, a =1 and = 2.26 ;
hence

logCy o, — 107Clogy o, =K.
A similar agreement exists with sodium carbonaf@, then
the values ofi for NSO, and NaCO; are 1.91 and 2.18
respectively ; hence

IogCNaZSO4 — 1.14logCNa2003 =K.

2. This result, expressed in what is almost a whalaber,
cannot be expected in the above-mentioned experiment of
Sclosing Comptes rendys Ixxiv. 1552 ; Ixxv. 70). There
the subject of experiment was the solubility of caltiucar-
bonate in water containing carbonic acid, and the state of
equilibrium is expressible by the following statement:---

CaCo, +H,CO, < Ca(HCQ,), .
Weshould expect that, as= 1 for carbon dioxide, that
should = 2 56 for calcium hydrogen carbonate:---

0.39109C,, o, —109C¢4ico,, =K
and Schlosing found:---

0.3786609C,, o, —109Cc4ico,, =K -
Similar experiments with barium are equally isattory ;
the value ofi for barium hydrogen carbonate is 2.66, and the
following results are calculated:---

0.376l09C,, o, —109Cq,ico,), =K -
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The experimental result is
0.3804909C,, o, —109C;,co,, = K-

3. Turning to Thomsen's investigation on the action of
sulphuric acid on sodium nitrate in solution (Thomsen's
Thermochemische Untersuchungei, we find a similar agree-
ment.

The reaction may be formulated thus :---

NapSOy + HNG; <» NaHSQ + NaNG;

and Guldberg and Waage's relation requires
IOgCNaZSO4 + IOgCHNO3 - IOgCNaHSO4 - IOgCNaNo3 =K.
Now
Inaso, =1.91 7 1o, =1.94; iyauso, =1.88 ;and i, =1.82
and the equation becomes
1.05logCy, 50, + 106109C, o —103l0gCy,i50, —109C a0, =K,
which is almost identical.
If we express the relation thus:---
NaSOs + 2ZHNG; <+ NaHSQ + 2NaNQ ;

Guldberg and Waage's formula becomes
IOgCNaZSO4 + 2|OgCHNO3 - IOgCNaHSO4 - 2|OgCNaNO3 =K;
and we obtain:

l0gCy,,s0, + 203109C, 0, —1.07109C, 50, — 191109C, 0, =K'

Again an almost absolute agreement.

4. Ostwald's investigatiord.(prakt. Chem|[2] xix. P. 480).
On the action of hydrochloric acid on zinc sulphide, adogrd
to the formula

ZnS + 2HCl— H,S + ZnC},
leads, when the following values are ascribed:
e =1.980,,6=1.04; i, =253 ;
to the equation:---
3.96l0gC,;, —1.04logC, s — 253l0gC,,, =K .

It is evident that the concentrations of the Isutptted
hydrogen and the zinc chloride are equal, for only hydro-
chloric acid and zinc sulphide are initially presenihe
result is expressible by taking the volume V, in akhia
known amount of hydrochloric acid was dissolved, the
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Initial concentration ; and the fractiox to denote that
portion which after contact with zinc sulphide has fiyalre-
acted, forming zinc chloride. Hence we have

3.96Iogl_—x - 3.57Iogi = Const;
Vv Vv

and also
X
—— V% —Const
(1_ X)l.12
This function is really nearly constant:
Volume (V). Portion reactedk) g X)llz 012
- X .

1 0.0411 0.043
2 0.038 0.0428
4 0.0345 0.0418
8 0.0317 0.0413

Similar experiments with sulphuric acid, wheie for H,SO,
and ZnSQ is respectively 2.06 and 0.98, gave

X 002 .
WV = COI’]St y

and here also x is nearly a constant, as is seemm frthe
following experimental numbers:---

Volume (V). Portion reacted).

2 0.0238
4 0.0237
8 0.024

16 0.0241

5. The experiments of Engel on the solubility ofgmesium
carbonate in water containing carbonic acidorfiptes rendys
C. pp.352, 444) also deserve notice. The state gafli-e
brium is

MgCQ; + H,CO; <> Mg(HCG3), ;
and our formula leads to the following relation, where 2.64
for acid magnesium carbonate:---

0.379l0g Cy, o, —109C,41co,), =K -

The number found was
0.370l0g C,, o, —109C 4 4ico,), =K -

6. Other experiments by the same author on timeul-s
taneous solubility of copper and ammonium sulpha@snptes
rendus cii. p. 113), are shown by the reversible eqoati

CuSQ + (NH4)2S0Oy «» Cu(NHs)2(SO)o.
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As the double salt was always partly undissolved, andhas t
values ofi for CuSQ and for (NH),SO, are 0.98 and 2.0,
we have the relation

0.49log CCuSQ — IogC(NH4)ZSO4 =K.
The number found i9.438log C s, -

7. In conclusion, we may notice Le Chatalieggperiments
on the equilibrium between basic mercuric sulphate sund
phuric acid Comptes rendysccvii. P. 1565);

HgsSOs + 2H,SOy <+ 3HgSQ + 2H:0.
In this case the values af for H,SO, and HgS®@ are 2.06
and 0.98, and we have

1.4logC,, 50, —109C,is0, =K.

The found value i4.58logC,, o, -

Generally speaking, therefore, such results showery
satisfactory agreement.



