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CHAPTER 1

Simplicial Complexes

Week 1, August 12 (T), 15 (F): Sections 2.1, 2.2, 2.3
Week 2, August 19 (T), 22 (F): Sections 2.4, 2.5, 2.6
Week 3, August 26 (T), 29 (F): Sections 2.6, 3.1, 3.2, 3.3
Week 4, September 2 (T), 5 (F): Sections 4.1, 4.2, 4.3, 4.4
Week 5, September 9 (T), 12 (F): Sections 4.4, 4.5

Week 6, September 16 (T), 19 (F): Section 4.6

Recess Week: September 20-28

1. Introduction

The notion of simplicial complex was introduced for making triangulations of
polyhedrons. In such a way, one can cut a polyhedron into many simpler pieces
called simplices. A simplex is given in usual sense that 0-simplex means a point,
1-simplex means a line segment, 2-simplex means a triangle, 3-simplex means a
tetrahedron and etc. By using these simpler objects, one can gluing them together
to make polyhedrons. On the other hand, by using these objects, one can obtain
algebraic objects such as the free abelian groups generated by these objects, namely
the direct sum of the copies of the integers Z labeled by these objects. The gluing
rule (for making a polyhedron) gives many group homomorphisms. From these
data, one then obtains so-called simplicial homology. It was then proved that the
simplicial homology of a polyhedron is invariant under any deformations of the
polyhedron. More precisely the simplicial homology only depends on the homotopy
type of the polyhedron. For instance, one can make a lot of different triangulations
on a sphere S2. But all simplicial homologies of S? are the same. On the other
hand, one can find that the simplicial homology of S? is different from the simplicial
homology of a torus. From this, we can conclude that there is no way to deform
a torus into a sphere. Simplicial complex then became one of powerful tools for
studying polyhedrons.

The ideas in mathematics are always shared among people. Nowadays the ideas
of simplicial objects have been applied to many areas in mathematics. One of the
steps is to make an abstract version of simplicial complex, called abstract simplicial
complezx. For applications, one can set up a mathematical model as an abstract
simplicial complex. For instance, some mathematical models from the computer
science are given by abstract simplicial complexes. Whence we have an abstract
simplicial complex on hand, we can make a polyhedron by taking geometric realiza-
tion. Namely taking a collection of simplices and gluing them together according
to the rules in an abstract simplicial complex. From this, we obtain a space and
have many information such as homology, homotopy and Euler characteristic.

For understanding the deep structure in an abstract (or geometric) simplicial
complex, the notion of A-set came out naturally. Its geometric realization then
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6 1. SIMPLICIAL COMPLEXES

gives A-complexes. The notion of A-set can go even further for having A-objects
on any category. This allows to have simplicial homology theory for any working
category.

In this chapter, we introduce these notions step by step. So we first study
geometric simplicial complexes to have some geometric intuition on these objects,
and then we study abstract simplicial complexes. By ruling out the structure in
abstract simplicial complexes, we introduce the notion of A-sets. Finally we finish
this chapter by having the categorical view on A-objects.

2. Geometric Simplicial Complexes

2.1. Simplices. We start with the concept of (geometric) simplex. Consider
the Euclidean space R™. Given (n + 1) points, we are going to make a subspace
linearly spanned by these points. For instance, given three points not in a line,
we can make a triangle spanned by these three points. Of course, we can also use
four or more points to spanned a polyhedron. But we are interested in having
minimal number of points to span a region. For instance, two points can make a
line segment. Three points can make a triangle. Four points in general positions
in R3 can make a tetrahedron.

Mathematically we need to first understand what it means in “general posi-

tions”. The definition is as follows.
DEFINITION 2.1.1. A set {a°,...,a"} of (n + 1) points in R™ is called ge-
ometrically independent if the vectors a' — a®,a? — a°,...,a" — a® are linearly

independent.

Observe that for (n + 1) geometrically independent points we should have the
inequality m > n. We may assume that m is sufficient large for having geometrically
independent points. In our setting, m is allowed to be infinite. Here the infinite
dimensional Euclidean space R*° is the union of the sequence of finite dimensional
space

RICRECR}*CR'C---R"CR™!C...,
where R"™ is considered as the subspace of R"*! in the canonical way, that is,
R" = {(z1,...,2,,0) € R""1} C R In other words,

R>® = D R*.
k=1

By writing down the coordinates, each € R* has the coordinates x = (z1, z2,. . .)
with all x; = 0 except finitely many coordinates. Thus for =,y € R> the
distance

d(z,y) = V(21 —91)* + (22 — y2)> + - -
is well-defined and defines a metric on R™. Note that for any finite points a®,a’, ..., a",
there exists m such that all of a’ lie in R™.

PROPOSITION 2.1.2. Let {a®...,a"} be a geometrically independent set in R™
and let {a%, ... a'"} be a subset of {a, ... ,a"}. Then {a™,... a*} is also geo-
metrically independent.

PRrROOF. From the definition, we need to show that the vector a®* — a®,a® —
a®,...,a" —a are linearly independent. Observe that

(2.1.1) a’s —a' = (a* — a®) — (a’ — a®)



2. GEOMETRIC SIMPLICIAL COMPLEXES 7

for 1 < s < r. Since a' —a%,a® —a®,...,a" — a® are linearly independent, the
vectors a’t —a®,a® —aP, ..., a' —a® are linearly independent. By subtracting the

common vector a’ — a®, the vectors in Equation are linearly independent and

0

hence the result. (]
Now given a geometrically independent set {a’,...,a"} in R™, we have an
n-dimensional subspace of R™ centered at ag and spanned by the vectors
at —a,a® —d ..., a" —d.

By cutting a region in this subspace, we obtain a simplex. The method is as follows.
Given two points a and b, the line segment between a and b is given by the points

{toa + 116 | 0 <to,t1 <1, to+ 1ty =1},

It is good to write the points in the line segment in this way as the vertices a and
b can be written as a = 1-a+0-band b = 0-a+ 1-b. Similarly given three
geometrically independent points a, b and ¢, the triangle spanned by a, b and ¢ are
given by the points

{t0a+t1b+t2b | 0 S to,tl,tQ S 17 to +t1 +t2 = 1}
In general, we have the following definition.

DEFINITION 2.1.3. A geometric n-simplex

n n
a”:{x:Ztiai|ti>0and Ztizl}CRm
i=0 i=0
with subspace topology, where {a’,...,a"} linearly independent. Sometimes we
write 0 = a®a’ - - - a™ for meaning that o is spanned by the vertices a°,a!,...,a".
The numbers ¢; are uniquely determined by the point x, which are called barycentric
coordinates of = of o with respect to a?, ..., a™. The points a’ are called the vertices
of ™. If {a%,a®,... a'} is a subset of {a°,...,a"} with 0 < ig < --- < i, < n,
then the subspace

T n
=3 tah | t; = 0and Y t; =1
j=0 i=0

is call a face of ™. The number n is called the dimension of o. A face of ¢ different
from o itself is called a proper face. The union of all proper faces of ¢ is called the
boundary of o, denoted by do. The interior Int(o) of o is defined by

Int(o) = o \ Oo,
sometimes called open simplex.

PROPOSITION 2.1.4. The barycentric coordinates t;(x) of x with respect to
a®,...,a" are continuous on x.

PRrROOF. We may assume that a,...,a" lie in R™ with m a sufficiently large
finite number. By definition, the functions t;(x) are defined by the equation

n
x = Z ti(z)a’.
i=0
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Since the vectors v! = a! —a®,v? = a? —a,...,v" = a” — a® are linearly indepen-
dent, we can extend it to be a basis v, v?, ..., v™, v ... 0™, Here v, .. o™
only depends on v!,...,v", which are independent on the points 2. Consider
r—a’ = (toa® +tiat + - +tpa") — (toa® +t1a° + -+ + t,a")
n
because >, t; =1
(2.1.2) = ti(a' —a®) + -+ +t,(a™ —a")

= tol +tv? 4 0"
= ol +tav? + - F 0" + 00 4 4 O™,

Write down this vector equation in terms of coordinates in R™. Let x = (1, ...,Zm),

a’ = (al,...,a) and v* = (vi,...,v! ). Then we have the linear equation
(x1—al,... . xpm—ab) = (t1,...,tn,0,... ,O)(vﬁ-)mxw

Since v!,...,v™ form a basis for R™, the matrix (v;) is invertible. Thus

(tl,...,tn,O,...,O):(xl—a?,...,xm—a%)(vﬁ)_l

and so each ¢;(z) is continuous on z for 1 <4 < n. Since
to(z) =1—1t1(z) — - — tn(x),

to(x) is also continuous on x. This finishes the proof. ]

The proof also explains why the barycentric coordinates are unique as one can
solve t; using linear equations. The general points x in the subspace spanned by
the points a°; ..., a" may have negative t;(z). But, from geometric observation (or
just from our definition of simplex), the points z in o must have 0 < ¢;(z) < 1 with

Yisoti(z) = 1.
PROPOSITION 2.1.5. Let o be an n-simplex. Then x € Jo <= t;(x) = 0 for
some 0 <i<n. Thus x € Int(c) <> t;(z) > 0 for all 0 < i < n.

PROOF. If z € 7" a proper face of o™ spanned by {a®,a®,... a*}. Then x
has unique barycentric coordinate expression

T
_ b
T = E s;a".
j=0

Since z = Y"1 t;(z)a’, we have ti; = sj and t; = 0 for i & {ig,%1,...,4,}. Since
r < n, there exists t; = 0 for some 0 < i < n. It follows that = € do = ¢;(z) =0
for some 0 < i < n.

Conversely if ¢;(x) = 0 for some 0 < ¢ < n, then z lies in the face of o spanned
by {a°,...,a"" 1, a**1 ... a™}. The proof is finished. O

DEFINITION 2.1.6. Let o™ = a®a’ ---a™ and 7" = b°b! - - - b™ be two simplices
in R™. A function f: 0 — 7 is called a simplicial map if
(1). f sends each vertex of o to a vertex of 7, that is f(a’) € {b°,...,b™} for

0<i<n.
(2). For z = Y ty(x)a’ € o, f(x) = 3 tif(a?).
i=0 i=0

In the first condition, we allow that f sends two or more vertices to one vertex
of 7. By the second condition, the simplicial map is determined by its values on
vertices because f(x) must be given in the form as in Condition 2. This condition
just states that f must be linear.
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ExXAMPLE 2.1.1. Let 0 = aa'a? be a triangle and let 7 = b°6'62b3. Then we
have simplicial maps f like
(1). f(a®) =17, f(a') = 0%, f(a®) = bl
(2). f(a%)
(3). f(a®) = f(a') = f(a®) = b7
(4). )

Given two simplices o and 7. Let Hom(o,7) denote the set of all simplicial
maps from o to 7.

PROPOSITION 2.1.7. The simplicial maps from o = a%a' ---a™ to T = b°b' - - - b*
have the following properties:
(1). Any simplicial map f: 0 — T is continuous.
(2). Let S be the set of all functions from {a°,... a"} to {b°, ... ,bF}. Then
there is an isomorphism of sets: Hom(o,7) = S.

PROOF. The first assertion follows from the definition of simplicial map that
f(z) =31 ti(z)f(a') with t;(x) continuous on z by Proposition The second
assertion also follows from the definition of simplicial map that the simplicial map
are uniquely determined by its values on vertices. (I

The standard n-simplex is defined by

n
A" =elel ... e = {(to,t1,...,tn) € RH! | 0<t; <1and Zti =1},
i=0
where the vertices € = (1,0,0,...,0),e* = (0,1,0,...,0),...,e" = (0,0,...,0,1).
Geometrically we can see that each n-simplex ¢” is just a copy of A™. More

precisely, let us define a linear embedding of A™ into R™ as follows: A function
f: A™ — R™ is called a linear embedding if

(1). {f(eY), f(eb),..., f(e™)} is geometrically independent in R™ and
(2). f(z)= ;ti(z)f(ei) for z = ;}ti(:zz)ei € A",

Let LEmb(A™, R™) be the set of all linear embeddings from A™ into R™. Given a
linear embedding f: A™ — R™. Then we have an n-simplex o™ = f(e%)f(e!)--- f(e")
given by the image of A™ under f. Let g: A™ — R™ be another linear embedding
determined by

ge') = f(e7®)
for o € 3,11, the symmetric group, permuting the indices 0,1,...,n. Then

n

g(x) =D ti(x)f(e7™)

=0

n .
for x = 3 t;(z)e’. The image g(A") = g(e)g(e!)---g(e™) = e?@eo() ... co(n)
i=0
with the same n-simplex o = f(A™) with vertices relabeled. Let Simx,, (R™) denote
the set of all n-simplices in R™, where two n-simplices are regarded as the same
if their underline spaces are the same. From this setting, we obtain the following
proposition:
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PROPOSITION 2.1.8. Let the symmetric group ¥y, 11 act on LEmb(A™ R™) in-
duced by permuting the vertices of A™. Then for any n < m, there is an isomor-
phism

LEmb(A™,R™) /2,41 & Simx, (R™)

given by f — f(e®)f(et)... f(em). O

This proposition gives a view for considering an n-simplex as a linear embedding
from A™ into R™. Intuitively this is more difficult to image what an n-simplex looks
like. However this new treatment will help us to construct simplicial complexes with
labels in a topological space which we will discuss in details later.

2.2. Geometric Simplicial Complex. Roughly speaking, a geometric sim-
plicial complex is a geometric object consisting of a collection of simplices. The
rule for being a simplicial complex requires (1) every face of a simplex in the com-
plex should still lie in the complex; and (2) the intersection of any two simplices
is either empty or a common face. For having (geometric) simplicial complexes
with arbitrary many simplices and arbitrary dimension of its simplices, we need to
extend our m-dimensional Euclidean space to an infinite dimensional vector space
as follows:

Let J be an arbitrary index set, and let Map(J,R) be the J-fold Cartesian
product of R with itself. An element in Map(J, R) is a function from J to R denoted
by © = (24)aecs. The set Map(J,R) is a vector space with addition given by the
usual component-wise addition and multiplication by scalars, that is, (x + y)q =
ZTo + Yo and (cx)o = cx, for a € J.

Let R/ be the subset of Map(.J,R) consisting of all points (4)aes such that
zo = 0 for all but finitely many values of a. Then R” is a vector subspace of
Map(J,R) with a basis given by e* for @ € J, where e* is the map from J to R
with e*(a) =1 and e*(3) = 0 for 8 # «. If J = N the set of natural numbers, then
RY = R* defined in the previous subsection.

Note. {e*}4cs does NOT form a basis for Map(J,R) if J is an infinite set. Since
{eScs} is a basis for R’ we can also consider that R’ is the vector subspace of
R7 generated by e® for a € J. In other words, R” is the smallest vector subspace
of Map(J,R) containing e for each o € .J. The space R’ has a metric defined by

setting
[z =yl =\/|ra = Yalie,-

Here the above formula is well-defined for vector z,y € R’ because 24 = y, = 0
except finitely many indices a.
Now we give a mathematical definition of geometric simplicial complex.

DEFINITION 2.2.1. A geometric simplicial complez K is a collection of simplices,
all contained in some Euclidean space R’ for some index set J such that
(1). if o™ is a simplex in K and 7P is a face of o™, then 77 is in K; and
(2). if o™ and 7P are simplices of K, then ¢™N7P? is either empty, or a common
face of o™ and 7P.

In the following pictures, the left hand-side one is a simplicial complex but the
right hand-side one is not a simplicial complex.
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AS

Not a simplicaial complex

Simplicial complex

PROPOSITION 2.2.2. Let K be a simplicial complex and let x € \J, i 0. Then
there exists a unique simplex o of K such that x € Int(o).

PROOF. Let o be a simplex such that
dimo = min{dim7 | z € 7 and 7 € K}.

Namely o is a minimal dimensional simplex of K that contains x. Then z does
not lie in any face of o because otherwise there would a simplex (as a face of o)
containing = with dimension strictly less than dimo. It follows that z € Int(o).

For proving the uniqueness, let 7 be any simplex of K such that x € Int(7).
Then o N7 # as both of them contains  and so ¢ N7 is a common face p of o and
7 by definition. Since

z€Int(o)NInt(t) ConNt = p,

1 can not be a proper face of ¢ because any proper face of ¢ disjoins with the
interior of 0. Thus p = ¢. Similarly ¢ = 7 and so 7 = ¢. The proof is finished. [

DEFINITION 2.2.3. Let K be a simplicial complex.
(1). The dimension of a simplicial complex K is defined to be

dim K = sup{dimo | o is a simplex of K }.

So an n-dimensional simplicial complex means a simplicial complex with-
out simplices of dimension higher than n. Note that it is possible to have
dim K = oco. In such a case, for any given n, K has simplices which
dimensions greater than or equal to n. If dim K < oo, we call K a finite
dimensional simplicial complex.

(2). If L is a sub-collection of K that contains all faces of its elements, then
L is a simplicial complex in its own right, called a subcomplex of K.

(3). Onme special subcomplex of K is the collection of all simplices of K di-
mension at most n, called the n-skeleton of K denoted by sk, K.

(4). The points of the collection skg K are called vertices of K.

According to the definition, all simplices of K must be located in R”. Let
K|= | o"CR’
oneK
be the union of all simplices of K. This gives a subset of R’ and so one has

the subspace topology on |K|. For our purpose for having continuity property of
simplicial maps which will be discussed later, we define a new topology on |K]|:
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DEFINITION 2.2.4. Let K be a simplicial complex and let |K| be the union of
its simplices. Each simplex o has its natural subspace topology in R”. (Note. If
J is an infinite set, for each simplex o, there exists a large finite number m >> 0
such that ¢ € R™ C R”. Clearly the subspace topology of ¢ in R™ is the same
as subspace topology in R” as both topologies are induced by the standard metric
given by distance.) Then the weak topology on |K| is defined by requiring that

a subset A of K is closed if and only if ANo is closed in o for each 0 € K.

PROPOSITION 2.2.5. Let K be a simplicial complex and let |K| have the weak
topology. Then a subset U is open in | K| if and only if U No is open in o for each
oce K.

PROOF. Suppose that U is open. Then A = |K|\ U is closed. Let o € K.
Then
cNU=0c~0NA
is open as o N A is closed.
Conversely let U be a subset of | K| such that UNo is open in ¢ for each o € K.
Let A= |K|~U. Then
cNA=oc~0onU

is closed for each o € K. Thus A is closed and so U = |K| \ A is open. O

The weak topology on |K]| is different from the subspace topology on |K| in
general.

ExaMPLE 2.2.1. Let K = {¢t | 0 < ¢t < 1} be the simplicial complex with
0O-simplices {t} C R labeled by 0 < ¢ < 1. Then

[K| = [0,1]

as the subsets of R. But the topology on |K| is different from the interval [0, 1].
We claim that the topology of |K| is actually discrete. Let A be any subset of
|K| = [0,1]. For each simplex {t}, Then AN {t} = {¢} or §. In each case, AN {t}
is closed. From the definition of the topology on |K|, A is closed. It follows that
| K| has discrete topology. O

EXAMPLE 2.2.2. Let 02 be a 2-simplex spanned by the points
(0,1), (1/(n+1),0) and (1/n,0)

in R? and let 7 be the 1-simplex spanned by the points (0,0) and (0,1). Let K be
the collection of 7 and its faces, and o2 and its faces for n = 1,2,3,.... Then K is
a simplicial complex with | K] is the triangle spanned by (0,0), (0,1) and (1,0).
Let A = {(1/n,0) | n = 1,2,3,---}. Then A is closed in |K| under weak
topology because A intersects with each simplex is closed.
But, for subspace topology, A is not closed because the closure of A is given by
{(0,0),(1/n,0) | n=1,2,3,...}. O

However under certain hypothesis, the weak topology on | K| coincides with the
subspace topology. A finite simplicial compler means a simplicial complex which
has only finitely many simplices.

PROPOSITION 2.2.6. Let K be a finite simplicial complex. Then the weak topol-
ogy on |K| coincides with the subspace topology on |K)|.
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PROOF. Suppose that U is open under subspace topology. Then U No is open
in o for each simplex o because o C |K]| is a subspace. Thus U is open under the
weak topology.

Conversely suppose that U is open under the weak topology. Let x € U. Since
K has only finitely many simplices, we may assume that K = {o1,...,05,T1,..., Tt}
with o € o, and v ¢ 75 for 1 <i < sand 1 < j <t Foreach1l < i <s, since
x € UNo; with the property that U No; is open in o0y, there exists ¢; > 0 such that
the open ball

Int(D,(z)) No; CU N0y,

¢
where Int(D.(z)) = {y € R’ | d(z,y) < €}. Since x € |J 7; with the property that
j=1

U§:1 7; is closed, there exists €y > 0 such that

Int(Doy () 0 [ 75 | =0.

j=1
Let € = min{eg, €1,...,€5}. Then
Int(De(2)) N K| = Int(De(w)) N (Uizy s WUy 7 )
= Int(De(2)) N (UiZ, 04)
because € < ¢
= U_,Int(Dc(z))Noy
C Ui Uno;
c U
Thus U is open under subspace topology. The proof is finished. ([l

In the theory of simplicial complexes, we always assume that | K| is a topological
space with weak topology. As we have seen above, this topology coincides with
subspace topology when K is a finite simplicial complex. But the weak topology
is pretty different from the subspace topology in general. An advantage of weak
topology is as follows:

PROPOSITION 2.2.7. Let K be a simplicial complex and let X be a topological
space. Then a function f: |K| — X is continuous (under the weak topology of |K|)
if and only if f restricted to each simplex of K is continuous.

ProoF. If f: |K| — X, then clearly f|,: o0 — X is continuous for any simplex
oof K.

Conversely, suppose that f|,: ¢ — X is continuous for any simplex o of K.
Let U be an open subset of X. Then, for any simplex o of K,

FFHU)Yne = £1510)

is open in o because f|, is continuous. From the definition of weak topology,
f~1(U) is open. Thus f is continuous. O

DEFINITION 2.2.8. A topological space X is called a polyhedron if there exists
a simplicial complex K such that X is homeomorphic to |K|. In this case, the
simplicial complex K is called a triangulation of X.
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EXAMPLE 2.2.3. The unit sphere S? = {(z,y,2) € R® | 22 + y% + 22 = 1} is
homeomorphic to the boundary of A3. Let K be the simplicial complex consisting
of all proper faces of A3. Then S? = |K|. Thus S? is a polyhedron.

2.3. Simplicial Maps. We have known simplicial maps between simplices.
This concept can be extended for simplicial complexes as follows:

DEFINITION 2.3.1. Given simplicial complexes K and L, a function
foK|l—|L|
is called a simplicial map if it satisfies the following conditions:

(1). If @ is a vertex of K, then f(a) is a vertex of L.

(2). If a%al---a™ is a simplex of K, then f(a®), f(a'),..., f(a™) span a sim-
plex of L (possibly with repeats).

(3). If z =31 ,t;a" is a point in a simplex a’a’---a™ of K, then

f(z) = Z tif(a).
i=0

That is f is linear on each simplex.

From the definition, for having a simplicial map, one needs:
(1). a function f which sends the vertices of K to vertices of L such that
(2). Whenever a°,al, ..., a" span asimplex of K, f(a), f(a'),..., f(a™) spans
a simplex of L.

PROPOSITION 2.3.2. A simplicial map f: |K| — |L| is continuous.

PROOF. The assertion follows from that f restricted to each simplex is contin-
uous. O

ExXaMPLE 2.3.1. Let K = {t | ¢t € [0,1]} be the simplicial complex of vertices
labeled by 0 < ¢ < 1 and let L = {0,1} be the simplicial complex consisting of
two vertices. Let f: K — L be the function with f(¢) = 0 for 0 < ¢ < 1/2 and
f(t)=1for1/2 <t < 1. Then f is a simplicial map because f sends every simplex
(only vertex) of K to a simplex of L. By using the weak topology, f: |K| — |L]
is continuous. On the other hand, f: |K| — |L| is not continuous under subspace
topology.

PRrROPOSITION 2.3.3. Suppose that f: skg K — sko L is a bijective correspon-
dence such that the vertices a®,a', ..., a™ spanned a simplex in K if and only

f@®), f(a'), ..., f(a™)
spanned a simplex in L. Then the induced simplicial map f: |K| — |L| is a home-

omorphism, called linear isomorphism or simplicial homeomorphism of K with L.

PRrROOF. From the assumption, the inverse f~': L — K is also a simplicial
map and hence the result. (I

ProOPOSITION 2.3.4. Let f: K — L be a simplicial map. Then
(1). The image f(K) is a simplicial subcomplex of L.
(2). The preimage f~(Lo) is a simplicial subcomplex of K for any simplicial
subcompler Ly of L.

PROOF. Because both f(K) and f~!(Lg) are closed under face operations. [J
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2.4. Stars and Links. An important concept is the star of a vertex in a
simplicial complex.

DEFINITION 2.4.1. Let K be a simplicial complex and let v be a vertex of K.
The star of v in K, denoted by St(v) or St(v, K), is the union of the interior of
those simplices of K that have v as a vertex. Its closure, denoted by St(v), is called
the closed star of v in K. The set St(v) \ St(v) is called the link of v in K, denoted
by Lk(v).

A picture for the link of v is as follows:

Lk v

PROPOSITION 2.4.2. Let v be a vertex of K. Then the closed star St(v) is the
union of all simplices of K having v as a vertez.

PRrROOF. Let A be the union of all simplices of K having v as a vertex. Write
A = |Joa, where o, has v as a vertex. From the definition of star, we have
St(v) C A.

We first check that A is closed. Let 7 be any simplex of K. Then

TNA = 7n(U,0aq)
= U,7Noa.

From the definition of simplicial complex, 7N o, is either empty or a common face
of 7 and o,. Thus 7N A is a union of some faces of 7. Since 7 only has finite faces,
TN A is a finite union of closed subsets of 7. Hence 7N A is closed. By the definition
of weak topology, A is closed.

Now let B be any closed set of | K| such that St(v) C B. Let o be a simplex of
K that has v as a vertex. Then from the definition of star

Int(o) C St(v) C B.

It follows that the closure

oc=Int(c) CB=B
and so A C B. B
This proves that A is the closure of St(v) and so A = St(v). O

The star can be measured by continuous functions defined as follows: Let v
be a vertex in K and let = be a point in |K|. Then x is interior to precisely one
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simplex of K, whose vertices are (say) a’,a',...,a™. Then
n
T = Z tiai
i=0

n

with t; > 0 and Y ¢; = 1. We define the barycentric coordinate t,(x) of x with
i=0

respect to v by setting

to(x) = t; if v=a'for some 0 <i<mn
N1 0 otherwise.

PROPOSITION 2.4.3. Let K be a simplicial complex and let v be a vertex. Then
ty: |[K| — R is continuous.

PROOF. Given any simplex o of K, ¢, ()|, is either identically 0 or the barycen-
tric coordinate of & with respect to the vertex v of o. Thus ¢,(z)|, is continuous.
By the definition of the (weak) topology on |K]|, t,(z) is continuous on |K|. O

PROPOSITION 2.4.4. Let K be a simplicial complex and let v be a vertexr. Then
St(v) ={z € |K| | t,(x) > 0}.
Thus St(v) is an open neighborhood of v in |K|.

Proor. If z € St(v), then there exists a simplex o with = € Int(o) and o
having v as one of its vertices by definition. From the definition of t¢,, we have
ty(x) > 0.

Conversely let « € |K| with ¢,(xz) > 0. Let o be the simplex such that z €
Int(o). From the definition of ¢,, o has v as one of its vertices. Thus x € St(v). O

PROPOSITION 2.4.5 (Star Covering). Let K be a simplicial complex. Then
K= ] st).
vesky K
PROOF. For any x € |K|, there exists a unique simplicial o such that = €
Int(c). Let v be a vertex of o. Then x € St(v) and hence the result. O

PROPOSITION 2.4.6. Let z € St(v). Then the line segment xv lies in St(v).
Moreover the line segment starting from v meets Lk(v) ezactly one point.

PROOF. Let 2 € St(v). By Proposition there exists a simplex o of K
such that x € o and ¢ has v as a vertex. Since both z and v lie in o, the line
segment

v C o C St(v)
and hence the result. [

2.5. Subdivisions.

DEFINITION 2.5.1. Let K be a geometric simplicial complex in R7. A complex
K’ is called to be a subdivision of K if

(1). Each simplex of K’ is contained in a simplex of K.
(2). Each simplex of K equals to the union of finitely many simplices of K’.

These conditions imply that the union of the simplices of K’ is equal to the
union of the simplices of K, that is, |K| = |K’| as sets. The finiteness part of
condition (2) guarantee that |K’| and | K| are equal as topological spaces.
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DEFINITION 2.5.2. Suppose that K is a simplicial complex in R”, and w is a
point in R such that each ray emanating from w intersects |K| in at most one
point. We define the cone on K with vertex w to be the collection of all simplices
of the form a®a' - - - aPw, where a%a! - - - aP is a simplex in K, along all faces of such
simplices. Denote the cone by K * w.

From the definition, the vertices of K x w consist of w and the vertices of K.
The simplices of K *xw consists of the simplices of K together with the simplices of
the form aa' - - - aPw with a®a’ - - - aP a simplex of K. The cone K * w is pictured
as follows:

DEFINITION 2.5.3. Let K be a simplicial complex. Suppose that L, is a sub-
division of sk, K. Let o be a (p + 1)-simplex of K. Note that |do]| is a polyhedron
of a subcomplex of sk, K and so it is a polyhedron of a subcomplex, denoted by
Ly, of L,. If w, is an interior point of o, then the cone L, * w, is a simplicial
complex whose underlying space is 0. We define L, to be the union of L, and
the simplicial complexes L, * w, as o runs over all (p + 1)-simplices of K. Then
L1 is a simplicial complex, called subdivision of skpy1 K obtained by starring L,
from the points w,.

DEFINITION 2.5.4. Let 0 = v%?!---9™ be an n-simplex. The barycenter of o

is the point
n 1 )
6= v,
; n+1
that is 6 is the point of Int(o) all of those barycentric coordinates with respect to
the vertices are equal.

If o is 1-simplex, then & is the midpoint. If o is a O-simplex, then ¢ = ¢. In
general, ¢ is the centroid of .

DEFINITION 2.5.5. Let K be a simplicial complex. We define a sequence of
subdivisions of the skeletons of K as follows: Let Lo = sko K. Assume that L, is
defined as a subdivision of sk, K. Let L,; be the subdivision of sk, K obtained

by starring L, from the barycenter of the (p + 1)-simplices of K. The union |J L,
p=0

is a subdivision of K, called barycentric subdivision of K, denoted by sd K. Define

the iterated barycentric subdivision recursively by sd" K = sd"_l(sd K) forn > 1.

Let o be a 2-simplex. Then sd ¢ is shown in the picture below:
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The simplices in sd K can be described as follows. Define a partial order on
the simplices of K by setting o7 < o9 if o7 is a proper face of os.

PROPOSITION 2.5.6. The simplicial complex sd K equals to the collection of all
simplices of the form

G102 On,

where o1 < 09 < -+ < 0, in K.

Proor. The proof is given by induction on p that the assertion holds for sk, K
for each p > 0. The assertion holds for skyg K as sdskg K = sky K. Suppose that

the assertion holds for sk, K. By definition of barycentric subdivision, the assertion
holds for sk, 41 K. Since sd K = |Jsdsk, K, the assertion follows. O
P

An important property of barycentric subdivision is as follows, which plays a
key role for proving the simplicial approximation theorem in the next section. The
diameter diam(o) of a simplex o means the length | = max{|x —y| | =,y € o}. For
any simplicial complex K, let

mesh(K) = sup{diam(o) | o is a simplex of K}.

If K is a finite complex, then mesh(K) < oo which is the maximum diameter of
the simplices of K. If K has infinite simplices, it is possible that mesh(K) = co.

THEOREM 2.5.7. Let K be a finite dimensional simplicial complex. Suppose
that mesh(K) < co. Then for any € > 0, there is a positive integer N such that
mesh(sd K) < e.

PRrROOF. 1. If o = a%'---a” is a simplezx, then the diameter
diam (o) = max{|a’ —a’| | 0 < i < j < n},

the mazximum distance between vertices.
Let | = max{]a® —a’| | 0 <4 < j < n}. For each vertex a’, let

D(a',l) = {z | |z —a’| <1}

be the ball of radius [ centered at a®. Then D(a?, 1) is convex. Since D(a',l) contains
all vertices of o, ¢ C D(a’,1). Thus

|z —a’| <1

for any x € 0 and each 0 < ¢ < n.
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Now given any x € o, consider the ball D(z,l) = {y | |y — z| < l}. Then
o C D(z,l) because each a' € D(z,l) as |a* — z| < I. Thus, for any z € o,
|z — z| <I. Hence diamo = .

2. If o = a’al---a™ is a simplex, then for any x € o

|6 — x| < ni 1diam(a).
Note that for each a
n
ST 1
lat — 6| = |a —_Zo—nﬂa’
i

0<i<n
1#£t
S Z %—Hatiai
0<i<n
1#£t
< ipdiam(o).

Let I' = max{|a’ — 4| | 0 <t <n}. Then I’ < ;Aydiam(o). The ball
D@, l') ={z | |z —o] <1}

contains all vertices of o and so o C D(6,1’). Tt follows that

|z —6| <I' < nzldiam(a)

for any x € o.
3. Let K be an n-dimensional finite simplicial complex. Then

mesh(sd K) < Lmesh([().
n+1
The proof is given by induction on the skeleton sk, K. For sko K, we have
mesh(sd skg K') = mesh(skg K) = 0. Suppose that
p
h(sd sk, K) < ———mesh(sk, K).
mesh(sd sk, )_p+1mes (sk, K)

Consider sk,y; K. By the definition, sd sk, K is the union of sdsk, K and the
simplices of the form 7 % & for (p + 1)-simplices o of K, where 7 is a simplex of
sddo. If ¢’ is a simplex of sd sk, K, then

. p D p+1
d ") < ——mesh(sk, K) < ——mesh(sk,;+1 K) < ——mesh(sk,+1 K).
1am(0)_p+1meb (skp )_p+1meb (skpt+1 )_p+2mes (skpt1 K)

If o/ = 7% & with 7 a simplex of sd 9o, then, by Step 2,
p+1._. p+1
d < ~——mesh(sk,; 1 K
s iam(o) < p+2mes (skpt1 K)

lv—6] <
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for any vertex v of 7 and, by induction,
1
v —w| < ]%mesh(skpﬂ K) < ]%mesh(skpﬂ K)

for any vertices v and w of 7. Thus

p+1

diam(o’) < Zmmesh(skpﬂ K)

by Step 1. The induction is finished and hence the statement.
4. Let dim K = n and let d = mesh(K). Then

N
mesh(sd K) < ( r ) d.
n+1
Thus mesh(sd” K) — 0 as N — oo and hence the result. O

COROLLARY 2.5.8. Let K be a finite simplicial complex. Then for any € > 0,
there is a positive integer N such that the diameters of any simplices of sd™ K are
less than e. |

In practice it may be necessary to subdivide only part of a simplicial complex
K, so as to leave alone a given subcomplex A. For doing subdivision in this case,
we have the relative skeleton filtration defined as follows: Let sk?; K = A and let
sk K be the union of A and the simplices o of K with dim o < n.

DEFINITION 2.5.9. Let K be a geometric simplicial complex in R and let A
be a subcomplex of K. A complex K’ is called to be a subdivision of K relative A
if
(1). Each simplex of K’ is contained in a simplex of K.

(2). Each simplex of K equals to the union of finitely many simplices of K’.
(3). A is a subcomplex of K.

The last condition requires that the simplices of the subcomplex A do not get
subdivision.

DEFINITION 2.5.10. Let K be a simplicial complex and let A be a subcomplex
of K. We define a sequence of subdivisions of the relative skeletons sk’* K of
K as follows: Let L_; = A and let Ly = sk‘o4 K. Assume that L, is defined
as a subdivision of sk;;1 K. Let L,41 be the subdivision of sk, K obtained by
starring L, from the barycenter of the (p + 1)-simplices of X NOT in A. The

union |J L, is a subdivision of K, called barycentric subdivision of K relative
p=0

to A, denoted by sd(K, A). Define the iterated barycentric subdivision recursively

by sd™(K, A) = sd" ! (sd(K, A)) for n > 1.

The barycentric subdivision relative to a subcomplex is shown by the picture:
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Recall that 7 < ¢ if and only if 7 is a proper face of o.

PrOPOSITION 2.5.11. Let K be a simplicial complex and let A be a subcomplex.
Then the vertices of sd(K, A) are the barycenters of the simplices of K\ A, together
with the vertices of A. Distinct points

12 A .
a,a%,...,a?,61,09,...,0m

(with dim o; < dim o;41 for each i) span a simplex of sd(K, A) if and only if
a',a?,...,a% span a simplex o of A, o; is a simplex of K\ A for 1 < j < m with
o< o1 <0< < Oy

Note. If m = 0, then it just requires a',...,a? that span a simplex of A. If

q = 0, it just requires o, > o;—1 > -+ > 01 and in this case 61,69, . .., 0y, forms
a simplex disjoint from A.
PROOF. The proof follows by induction on the relative skeleton skf K. ([

2.6. Regular Neighborhoods. Let K be a simplicial complex. For any ver-
tex v of K, we have an open neighborhood St(v) of v. For any simplicial subcomplex
L of K, we have the following concept.

DEFINITION 2.6.1. Let L be a simplicial subcomplex of K. The open set
N(L) = J{St(v) | v is a vertex of L}
is called the regular neighborhood of L in K.

Let L be a simplicial subcomplex of K. Define the function ¢z : |K| — [0, 00)
by

v€Esko(L)
Given x € |K]|, there is a unique simplex o = a°---a? such that x € Int(s). From
the definition, ¢,(x) > 0 if and only if v = a’ for some 0 < i < ¢g. Thus the above
summation is a finite summation and so it is well-defined and ¢ is continuous.
Note that

q ,
The value ¢y, is part of > t,:(z), that is, the summation of ¢, (z) for a* € L. Thus
i=0

OStL(:c) S 1
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for any x € |K]|.

PROPOSITION 2.6.2. Let L be a simplicial subcomplex of K. Then x € N(L) if
and only if tr(z) > 0.

PRrROOF. tr(z) > 0 if and only if ¢,(z) > 0 for some v € sko(L), if and only if
x € St(v) for some v € sko(L). O

Let X be a space. A subspace A is called a strong deformation retract of X if
there is a homotopy F': X x I — X such that F(x,0) =z, F(z,1) € Aforz € X
and F(a,t) = a for 0 <t < 1. Equivalently A is a strong deformation retract of X
if and only if the identity map idx is homotopic to a self map r: X — X relative
to A with r(X) C A.

We will discuss when |L| is a strong deformation retract of N(L).

EXAMPLE 2.6.1. Let 0 = a®a'a? be a 2-simplex and let L = Jo be the boundary
of 0. Then N(L) = o. In this case, |L| is not a strong deformation retract of N(L).

Let K = sd(o, L) be the barycentric subdivision of o. Then N(L) = | K|~ {6}.
In this case, |L| is a strong deformation retract of N(L). If we take the closure
N(L) of N(L) in |K]|, then N(L) = |K| = o and |L| is not a strong deformation
retract of N(L).

Let K = sd*(o,L). Then |L| is a strong neighborhood retract of N(L) by the

following picture.
M "

(]

DEFINITION 2.6.3. A simplicial subcomplex L of K is called a full subcomplex
if L contains all simplices o € K whose vertices lie in L. Namely if all of the vertices
of o lie in L, then o is a simplex of L.

It is possible that a simplicial subcomplex is not a full subcomplex. For in-
stance, if K is an n-simplex ¢ with n > 0 and L = 0o, then L is not a full
subcomplex of K.

PROPOSITION 2.6.4. Let L be a full subcomplex and let N(L) be the regular
neighborhood of L in K. Then |L| is a strong deformation retract of N(L).

PROOF. Define a map rr,: N(L) — |L| by setting

(2.6.1) rp(z) = Z tv(x)v

vesko (L) 22 (SC)
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We check that rp, is a well-defined map. Since x € N(L), tz(x) > 0 and so coeffi-
cients t,(z)/tr(z) is well-defined. Given xz € N(L) C |K|, there is a unique simplex
o =a%"'---a? of K such that x € Int(c). We may assume that a°,a’,...,a® € L

with s > 0 and a*',...,a? & L. Then

2% (‘r) i
rp(z) = a
L(z) 21y ()
is a point that lies the simplex spanned by a, a',..., a°. By the definition of
full subcomplex, a’al---a® is a simplex of L. Thus rz(z) € |L|. Clearly ry, is
continuous.
If x € |L|, then t5(x) = 1 because x € Int(o) with o € L. In this case
rp(x) = ). ty(x)v =2 by barycentric coordinates of o. Thus 71|z = id|z.
veEsko(L)
Define the linear homotopy H: N(L) x I — N(L) by setting
(2.6.2) H(z,t) = (1 —t)x +tr(x)

forz € N(L)and 0 <t < 1. We check that H(z,t) € N(L). Givenz € N(L) C |K]|,
there is a unique simplex o = a®a’---a? of K such that € Int(c). As in the
previous paragraph, we may assume that a°,...,a* € L with s > 0. From the
definition, rz () is a point in the face a®al---a® of the simplex a%a'---a4. The
line segment joining = and rr(x) also lies in N(L). Thus H(z,t) € N(L). Now
H(z,0) =z for x € N(L), H(z,1) = rp(z) € |L| for x € N(L). If z € |L|, then
rr(z) = x and so H(x,t) = (1—t)x+tx = x for 0 < ¢ < 1. The proof is finished. O

PROPOSITION 2.6.5. Let L be a simplicial subcomplex of K. Then L is a full
subcomplex of sd(K, L).

ProoF. By Proposition [2.5.11} the simplices in sd(K, L) are given in the form

T=a'a® - a96169 - G,
where a', a2, ..., a? span a simplex ¢ of L, ojis a simplex of K N\ Lfor1<j<m
with 0 < 01 < 09 < -+ < 0,,. If all of the vertices of 7 lie in L, then m = 0 and
so T is a simplex of L. O

By the above two propositions, we obtain the following theorem.

THEOREM 2.6.6. Let L be a simplicial subcomplex of K. Then |L| is a strong
deformation retract of its regular neighborhood in sd(K, L). 0.

Now we consider the closure N (L) of the regular neighborhood N(L).
PROPOSITION 2.6.7. Let L be a simplicial subcomplex of K. Then

N(L) = U St(v) = U{T | 7 has at least one vertex in L}.
vesko (L)

Thus N (L) is the polyhedron of the simplicial subcomplex of K consisting of all of
those simplices of K that are faces of the simplices with at least one of its vertices
in L.

PROOF. Let v be a vertex of L. From St(v) C N(L), we have

St(v) € N(L)
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and so
NIL)<c |J Stw) < N(D).

vesko (L)

We check that U, e 1) St(v) is closed. By Proposition [?], St(v) is the union of
the simplices 7 with v as one of its vertices. Thus

U St(v) = U{’T | 7 has at least one vertex in L}.
vesko (L)

Let o be any simplex of K. Recall from the definition of simplicial complex that
oNT =0 or a common face of o and 7 for any simplex 7. Thus

on |J St
vesko (L)

is a union of some faces of o and so a closed subspace of o. It follows that
Uvesko(r) St(v) is closed under the weak topology of |[K'| and hence the result. [

PROPOSITION 2.6.8. Let L be a simplicial subcomplex of K. Let N(L) be the
regqular neighborhood of L in K and let N'(L) be the regular neighborhood of L in
sd(K,L). Then N'(L) C N(L).

PROOF. By Proposition [2.5.11} the simplices in sd(K, L) are given in the form
T=a'a® - a%6169- - G,
where a',a?,...,a? span a simplex o of L, 0; is a simplex of K\ L for 1 <j <m
with 0 < 09 < 02 < -+ < 0p,. By Proposition N'(L) is the union of the
simplices
= a1a2-~-aq&1&2~-- Em
with ¢ > 1. For & € N'(L), there exists 7 given in the above form such that
x € 7. Then zx lies in the interior of a face of 7. We may assume that = €
Int(ata?--- a6t ---6%) with s > 0, where 0 < 01 < 09 < --+ < 0y. If t = 0, then
x € |L| € N(L). If t > 0, then = € Int(o;) because = has positive barycentric
coordinate on ¢! which induces that = has positive coordinates on all vertices of o;.
Since o; has vertices a’;...,a? in L, x € N(L) and hence the result. O

PROPOSITION 2.6.9. Let L be a full subcomplex of K and let N'(L) be the
regular neighborhood of L in sd(K,L). Then |L| is a strong deformation retract of
N'(L).

Proor. Consider the maps rr,: N(L) — |L| and H: N(L)xI — N(L) defined
in Equations (2.6.1)) and (2.6.2)), respectively. Let 2 € N’(L) € N(L). There exists
a unique simplex 7 of sd(K, L) such that « € Int(7), where 7 is given in the form
T=a'a?---a®6 - 6™ with a'a? - - - a® a face of a simplex o = a'a?---a? of L and
0<0o1 < <0y Ifm=0,then z € |L| and rp(z) = H(z,t) =z for 0 <t < 1.
If m > 0, then = € Int(o,,) as in the proof of the previous proposition. Since z has
positive barycentric coordinates on all vertices of oy, tqi(z) >0 fori=1,2,...,q
It forces that s = ¢. Thus 7 = a'a®---a%'---6™ and so 0 = a' ---a? is a face of
7. From the definition of 7, 77 (z) is a point in the simplex a'a?---a?. Note the

line segment joining = and rr,(x) lies in 7. Thus

H(x,t) € N'(L)
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for x € N’(L) and 0 <t < 1.
Now the homotopy H|WL)X

7 N'(L) x I — N’(L) gives a strong deformation

retraction of N’(L) into |L|. O

COROLLARY 2.6.10. Let L be any simplicial subcomplex of K and let N"(L)
be the regular neighborhood of L in sd*(K,L). Then |L| is a strong deformation
retract of N"(L).

PROOF. Since L is a full subcomplex of sd(K, L), the assertion follows from
Proposition [2.6.9] O

Exercises

EXERCISE 2.1. Prove the following statements:

(1). If L is a subcomplex of K, then |L| is a closed subspace of |K|. In
particular, if o € K, then o is a closed subspace of |K|.

(2). |K| is Hausdorff.

(3). If K is finite, then |K| is compact. Conversely if a subset A of |K]| is
compact, then A C |L| for some finite subcomplex L of K.

EXERCISE 2.2. Prove the following statements:

(1). If K is a simplicial complex, then the intersection of any collection of
subcomplex of K is a subcomplex of K.

(2). If {K,} is a collection of simplicial complexes in E”, and if the intersection
of every pair |K,| N |Kg| is the polyhedron of a simplicial complex which
is a subcomplex of both K, and Kz, then the union |J K, is a simplicial

(0%

complex.

Project

The following topic may be used as research projects of undergraduate/master
students.

Topology on Polyhedrons. The beginners might be worried about the weak
topology on polyhedrons |K|. For having better understanding on the weak topol-
ogy, one may look at a general notion of compactly generated topology. A topolog-
ical space X is called compactly generated if it satisfies the following property:

A subset A of X is closed if and only if AN C is closed in X for any
compact subspace C of X.

An advantage of compactly generated topology is that: Suppose that X has com-
pactly generated topology. Then a function f: X — Y is continuous if and only if
f restricted to every compact subspace is continuous.

Proposition 1. Let K be a simplicial complex. Then the weak topology on |K|
is compactly generated.

PrOOF. First | K| is Hausdorff because the identity map of |K| is continuous
from the weak topology to the subspace topology, and |K| is Hausdor{f under the
subspace topology as it is a metric space. (Note. If f: X — Y is an injective
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continuous function and Y is Hausdorff, then X is Hausdorft.) It follows that every
compact subset of | K] is closed.

Let A be a closed subset of |K| and let C' be any compact subset of |K|. Then
ANC is closed. Thus A is a closed subset of |K| under compactly generated
topology.

Conversely let A be a subset of |K| such that AN C is closed in | K| for every
compact subset C. Let ¢ be any simplex of |K|. Since o is compact, ANo is closed
in |K| by the assumption and so AN o is closed in o. It follows A is closed by the
definition of weak topology. O

Given a topological space X, one can have a new topology on X defined by:
A is closed if and only if AN C is closed in X for every compact subset C' of X.
This gives a new topology on X, called compactly generated topology induced by the
topology of X.

Suppose that X is Hausdorff. Then every compact subset of X is closed and
so every closed subset of X must be closed under the induced compactly generated
topology. In other words,

{closed subsets under the induced compactly generated topology }
D { closed subsets under the topology of X}.

Now for a polyhedron |K| there are three canonical topologies now:

weak topology
(2.6.3) DO compactly generated topology induced by subspace topology
D subspace topology .

A proposed project could be given by exploring the relation between the
above three topologies such as giving examples for the inequalities in general; and
making the statements that the equalities hold under certain hypothesis. One of
the statements could be as follows:

proposition 2. Let K be a simplicial complex with |[K| C R7. Then the weak
topology of | K| coincides with the subspace topology if and only if for every simplex
o there exists an open neighborhood V() of o in R such that V(o) intersects with
finitely many simplices of K.

PROOF. <= Let U be an open subset of |K| under weak topology. It suffices
to show that U is open under subspace topology. Let x € U. Then there exists a
unique simplex ¢ of K such that = € Int(¢). From the assumption, there is an open
neighborhood V(o) such that V(o) only intersects with finitely many simplices of
K. Let 01,...,0,4 be all of the simplices of K with o; NV (o) # 0. Let K; be the
simplicial subcomplex of K consisting of o; and their faces for 1 <¢ < g. Then K;
is a finite simplicial complex with

V(o) N|K]| C Kyl
Under the weak topology of | K|,
Un V(O’) n |K1|

is open. Since K7 is a finite simplicial complex, U N V(o) N |K;| is open in |Kj|
under subspace topology with € UNV (o) N|K1|. Thus there exists a small open
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ball Int(D.(x)) centered at z such that
Int(Dc(z)) N |K1] CUNV (o) N|K;] and Int(D.(x)) C V(o)
because V(o) is open in R’ containing o and = € . Now
Int(D.(2)) N K] € V(o) N K] C ||
and so
Int(De(z)) N|K| = Int(De(x)) N K| CUNV(o)N K| CU.

Thus U is open under the subspace topology.

= Let O,(0) = {y € R’ | d(y,0) < r}. Here d(y,0) = inf{d(z,y) | = € o}
is the distance between o and y. Then O, (o) is an open neighborhood of o. We
prove the following statement first.

Let V(o) be any open neighborhood of o. Let T be a simplex such that
TNV (o) #0. Then Int(7) NV (o) # 0.

Since 7 N V(o) is a non-empty open subset of 7, Int(7) N V(o) # () and hence
the statement.

Now suppose that the conclusion is not true. Then there exists a simplex o
of K such that for every open neighborhood of ¢ intersects with infinitely many
distinct simplices of K. From the above statement, every open neighborhood of
o intersects with the interior of infinitely many distinct simplices of K. Consider
special open neighborhoods O; /,, (o). Construct a sequence of 7, of K recursively
as follows:

(1). 71 is a simplex of K such that 71 is not a face of o with Int(71)NO1 (o) # 0.
(2). 7, is a simplex of K such that 7, is not a face of o, 71,...,7,—1 with
Int(7,) N O1/n(0) # 0.

Let y,, € Int(7,) N Oy, (0) and let A = {y, [ n=1,2,...,}. For each simplex
7 of K, consider AN7. If y; € 7, since y; € Int(7;), 7N 7; # 0 and so 7N 7; is
a common faces of 7; and 7. Since the face 7 N 7; contains y; € Int(7;), we have
TN 7; = 7;. It follows that 7; is a face of 7. Since 7 has only finitely many faces,
ANT is a finite set and so AN is closed in 7 for each simplex 7 of K. Thus A is a
closed set under the weak topology. From the assumption that the weak topology
coincides with the subspace topology, A is closed under the subspace topology.

Now since d(yn, o) < 1/n, there exists x,, € o such that d(y,,z,) < 1/n. Since
o is compact with 0 C R™ for some m < oo, there is a convergent subsequence z,,,
of x,. Let xg = kli}lilo Zp, € 0. Then the subsequence y,, converges to xy because

1
d(ynk k) ‘To) S d(ynk b LEnk) + d(xnk b IE()) S nik; + d(q}nk }) xo) - 0
Since o € A because each y; € o and g € o, A is not closed under the subspace
topology which contradicts to that A is closed. The proof is finished now.
|

There are a lot of properties of compactly generated topology. The classical
reference on this topic is Steenrod’s paper [22].
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3. Homotopy Classes, Homotopy Groups and the Fundamental Groups

3.1. Homotopy. A pair of spaces (X, A) means a space X with a subspace
A of X. If A is empty, the pair (X,0) is simply denoted by X. The product
(X, A) x (Y, B) means the pair of spaces (X XY, (A xY)U(X x B)). In particular,
(X, A)xY = (X xY,AxY). Amap f: (X,A) — (Y, B) means a continuous map
f: X — Y such that f(A) C B.

Let f,g: (X,A) — (Y,B) be maps. We call f homotopic g relative to A,
denoted by f ~ grel A, if f|4 = g|a and there exists a map

F:(X,A)x[0,1] — (Y, B)
such that
(1). F(z,0) = f(z) for z € X,
(2). F(z,1) = g(x) for x € X and
(3). F(a,t)=f(a)forae Aand 0 <t < 1.

PrOPOSITION 3.1.1. The homotopy relation ~ rel A is an equivalence relation
on the set of all maps from (X, A) to (Y, B).

PrOOF. For any map f: (X, A) — (Y, B), then the constant homotopy F(z,t) =
f(z) is a homotopy from f to itself. Thus f ~ f rel A.

Suppose that f ~ g rel A under a homotopy F. Let F'(z,t) = F(x,1 —t) for
z€ X and 0 <t <1. Then g~ f rel A under F’.

Suppose that f ~ g relA under F and g ~ h rel A under G. Define the
homotopy F’: (X, A) x I — (Y, B) by

Fllat) = F(x,2t) for zeXand0<t<1/2,
)= G(z,2t—1) for zeXand1l/2<t<1.
Then f ~ h rel A under F’. O

Let [X, A;Y, B] denote the quotient of the set of all maps from (X, A) to (Y, B)
by the homotopy relation ~ rel A, called the set of homotopy classes from (X, A)
to (Y, B). For amap f: (X,A) — (Y, B), the homotopy class represented by f is
denoted by [f], that is [f] = {g: (X, 4) = (Y, B) | g = f rel A}.

In homotopy theory, the most interesting spaces are pointed spaces, where a
pointed space means a space with a choice of basepoint *. Let X and Y be pointed
space. The set of homotopy classes [(X,*x), (Y, *y)] is simply denoted by [X,Y].
From the definition, the set [X,Y] is quotient of the set of all pointed maps from
X to Y (that is the maps f: X — Y such that f(xx) = xy) by the pointed
homotopy relation, where a pointed homotopy means a map F': X x [ — Y such
that F(xx,t) = #y for 0 <t < 1.

3.2. Path Homotopy Classes and the Fundamental Groups. Let X be
a space. A path means a continuous map A: [0,1] — X. Two paths A\, \': [0,1] —
X are called homotopic, denoted by A ~ X, if \(0) = N (0), A(1) = N(1) and
A~ X rel {0,1}. The path homotopy class of X is denoted by [}\], that is,

Al ={N:[0,1] = X | N =~ A}

Let A, p: [0,1] — X be two paths such that A(1) = p(0). The path product

Az [0,1] — X is defined by
A2 for 0<t<1/2,

Axplt) = { p2t—1) for 1/2<t<1.
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LEMMA 3.2.1. Let A\, pu: [0,1] — X be two paths such that \(1) = p(0). Suppose
that A ~ X and pn~ p'. Then

Axp~ N

PROOF. Let F: A ~ X and G: pu ~ p’ be the path homotopies with F(t,0) =
M), F(t,1) = XN (t), G(t,0) = u(t) and G(¢,1) = p'(t). Define

.« [ F(2t,s) if 0<t<1/2,
F(t’s){G(Zt—l,s) it 1/2<t<1.

Then F’ is a path homotopy between A * p and N * /. O

For each point b € X, let ¢, denote the constant path at b, that is ¢,(t) = b for
0 <t < 1. For any path A, the inverse path A~! is defined by A~*(t) = A\(1 —¢t) for
0<t< 1.

PRrROPOSITION 3.2.2. The path product satisfies the following properties:

(1). The path product is associative up to path homotopy. More precisely, if
A1(1) = A2(0) and A2(1) = A3(0), then (A1 * Ag) % Az = A1 * (A x A3).

(2). The constant paths play as the units for path product up to path homotopy.
More precisely cyo) * A = A * cxa) = A.

(3). The inverse path is the inverse of path product up to path homotopy. More
precisely s A1 ~ ca(o) ond A7l s CA(1)-

ProOF. (1). A homotopy is given by

A (s%t) if 0<t< s
F(t,s) =4 X4t —s+1) if st <y <ost2
(g5 (E-22) i H2<i<u

A picture of this homotopy is as follows:
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(2) The homotopies between cy(g) * A =~ X and A x cx(1) = A are given by
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and

respectively. A picture of the homotopy F' is as follows:

3) A homotopy between A * A™! ~ ¢, o) is given by
(0)

AO) if (s =1/22+12>1/2.

By replacing A to be A™', one gets the homotopy between A~! % X and cy(1). A
picture of the homotopy F' is as follows:
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i

O

A loop means a path A with A(0) = A(1). Let % be the basepoint of X. The
set of the path homotopy classes of all loops with A(0) = A(1) = * is called the
fundamental group of X, denoted by 71 (X). According to the above proposition,
m1(X) is a group with the multiplication induced by the path product.

An important tool for computing fundamental groups is the Seifert-Van Kam-
pen Theorem. A proof can be found in Hatcher’s book [7, page 43-46].

THEOREM 3.2.3 (Seifert-van Kampen Theorem). Let X be a space and let U
and V be open subsets of X such that X = UUV. Let j1: UNV — U and
J2: UNV — V be the inclusions. Suppose that U NV is path-connected. Then

mX)=m@) [[ mW)

Trl(UﬂV)

the free productmi(U) and w1 (V') with amalgamation through group homomorphisms
J1e: m(UNV) = 1 (U) and jou: m(UNV) — 7 (V). O

3.3. Homotopy Groups. Let X be a pointed space and let S™ be the n-
sphere with the North pole (1,0,...,0) as the basepoint. The n-th homotopy group
7 (X) is defined by the set of pointed homotopy classes m,(X) = [S™, X]|. From
the definition, 7, (X) is the quotient of all pointed continuous maps from S™ to X
by the pointed homotopy. If n = 0, then mo(X) is only a set with a bijection to
the set of path-connected components of X. 71 (X) is the fundamental group. The
multiplication on 7, (X), n > 1, is defined as follows:

Let I =[0,1] and let ¢g: I"™ — S™ be the map given by the composite

J RSy LFY LN

where OI™ is the boundary of the n-cube I"™. Then ¢ induces a bijection of the sets
of homotopy classes

q (I 001" X, xx]) 2 [S™, %gn; X, *x]-
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Now let f,g: I — X be maps such that f(0I") = g(0I™) = {xx}. Define the
product

_ f(2tlat27t3,"'atn) if 0§t1§1/27
f*g(tl’tQ""’t")_{g(2t1—1,t2,t3,...,tn) if 1/2<t; <1.

Then f x g(0I"™) = {xx}. By the proof of Proposition the set
() 2 (17,017 X, 4]

is a group with the multiplication induced by the above product.
If n > 2, we can define another product by setting

_ (2t t) it 0<t <1/2,
[rg(ti,te, ... ty) = { g(t11,2t22 _31)753,.”,,5”) 13 Sltl 2
In the set m,(X), let [f] = [g] = [f = g] and [f]x [g] = [f * g].

PROPOSITION 3.3.1. Let n > 2. Then m,(X) is an abelian group under the
multiplication * or %, and [f] x [g] = [f] * [g] for any [f],[g] € mn(X).

PROOF. From the definition we have the equation

(f1# f2) * (g1 % g2) = (f1 % g1) = (f2 * g2)
for any maps f1, f2,91,92: I — X with f;(0I") = ¢;(0I™) = {xx} for i =1,2. Tt
follows that there is an equation
(Lfe] o [f2]) * ([92] * [g2]) = ([f1] * [g1]) = ([f2] % [g2])

for any [f1], [f2], [91], [92] € mn (X).
Note that both multiplications % and x have the identity 1 represented by the
constant map c(t1,...,t,) = *x.

(F1xlgl = (fT+ 1) x (1x [g]) = ([F1% 1) = (1 x [g]) = [£] * [g]
for [f],[g] € mn(X). Thus the multiplication * coincides with *.

Now
[f1x 19l = (L [f]) » ([g] = [1]) = (L% [g]) * ([F] % [1]) = [g] * [f] = [9] % [£]
and so 7, (X) is abelian. O

Since 7, (X) is abelian for n > 2, we write [f] + [g] for [f] * [g] = [f] * [g]-

4. Simplicial Approximation Theorem
4.1. Simplicial Approximation.

DEFINITION 4.1.1. Let K and L be simplicial complexes. Let f: |K| — |L| be
a continuous map. A simplicial map g: K — L is called a simplicial approximation
to f if, for each vertex v of K,

f(St(v, K)) € St(g(v), L).

If f is a simplicial map, then f is a simplicial approximation to itself because
f sends each simplex of K to a simplex of L and hence f(St(v, K)) C St(f(v), L).

PROPOSITION 4.1.2. Let h: |K| — |L| and k: |L| — |M| have simplicial ap-
proximation f: K — L and g: L — M, respectively. Then g o f is a simplicial
approzimation to k o h.
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PRrROOF. We know that g o f is a simplicial map. If v is a vertex of K, then
h(St(v, K)) € St(f(v), L)
because f is a simplicial approximation to h. Thus
k(h(St(v, K))) € k(St(f(v), L)) € St(g(f(v)), M)
because g is a simplicial approximation to k. ([l

PROPOSITION 4.1.3. Let K and L be simplicial complezxes, and let f: |K| — |L|
be a continuous map. Suppose that, for each vertex a of K, there exists a vertex b
of L such that f(St(a,K)) C St(b,L). Then there exists a simplicial approzimation
g to f, such that g(a) = b for each vertex a of K.

PROOF. It suffices to check that g(a®),...,g(a™) span a simplex of L whenever
a®,a',..., a™ span a simplex of K.
Let 0 = aa'---a™ be the simplex of K spanned by a°,a!,...,a". Let z €

Int(o) be a point in the interior. Then
T € n St(a")
i=0
It follows that
f(z) € () f(St(a’)) € () St(g(a")),
i=0 =0

that is ty(q:)(f(x)) > 0 for each 0 <4 < n. By the definition of the function ¢,, the
unique simplex that contains f(x) in its interior must have each g(a’) as a vertex,
and hence has a face spanned by g(a), g(a'), ..., g(a™). a

Let A be a subspace of X and let f,g: X — Y be maps such that f(a) = g(a)
for a € A. Recall that f is called homotopic to g relative to A if there is a homotopy
F: X x I — Y such that F(z,0) = f(z), F(z,1) = g(z) and F(a,t) = f(a) for
reX,acAand 0 <t <1.

THEOREM 4.1.4. Let K and L be simplicial complezes, and let f: |K| — |L|
be a continuous map. Then any simplicial approximation g to f is homotopic to f
relative to the subspace of K of those points x such that f(x) = g(x).

PROOF. Let = be a point of K. Then there is a unique simplex o = a%a! - --a™

such that x € Int(c). From the proof of the above proposition, f(z) lies in the
interior of a simplex 7 of L that contains a face spanned by g(a?),...,g(a™). Thus
T contains the point g(z), and so the line segment f(x)g(z) lies in 7. Since the
linear homotopy

F(z,s) = (1 —5)f(z) + sg(x)
can be defined, the assertion follows. ([

4.2. Simplicial Approximation Theorem in Absolute Case.

THEOREM 4.2.1 (Finite Simplicial Approximation Theorem). Let K and L be
simplicial complexes. Suppose that K is finite. Let f:|K| — |L| be a continuous

map. Then there exists N such that the map f has a simplicial approzimation
g: sdVK = L.
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PROOF. Since {St(w) | w is a vertex of L} is an open cover of |L|, the space
| K| is covered by the open sets

A= {f"1(St(w)) | wis a vertex of L}.

Since | K| is a compact metric space, there exists a Lebesgue number A such that
any subset of | K| with diameter less than A lies in an element of A. (If there were
no such A, there is a sequence C,, of subsets of |K| such that diam C,, < 1/n but
C,, does not lie in any element of A. Choose z, € C,. By compactness, there
is a subsequence x,, convergent to a point z € |K|. Then z lies in an element
F71(St(w)) of A, and so C,,, C f~1(St(w)) when i is sufficiently large. This gives
a contradiction.)

Choose N such that each simplex of sd” K has diameter less than X /2. Let
v be a vertex of sd¥ K. Then the diameter of St(v) is less than A\ because, for
x,y € St(v), there exist simplices o and 7 of sd™ K such that both ¢ and 7 have v
as a vertex with x € 0 and y € 7 and so

A A
lz—yl<|z—al+ly—al<5+5=A
2 2
Thus St(v) € f~1(St(w)) for some vertex w of L. The assertion follows from
Proposition .1.3] now. O

4.3. Simplicial Approximation to the Identity Map. Now we start to
consider relative case. We will use barycentric subdivisions relative to a simplicial
subcomplex. Observe that the identity map |sd(K, A)| — |K| is not a simplicial
map if K ~ A # because the vertices  of sd(K, A) are not the vertices of K.
The following proposition gives a simplicial approximation to the identity map
|sd(K, A)| — |K].

PROPOSITION 4.3.1 (Simplicial Approximation to the Identity Map). Let K
be a simplicial complex and let A be a simplicial subcomplex of K. Let f be any
function assigning simplices o of K . A to one of its vertices. Then there exists
a simplicial approximation h to the identity map |sd(K, A)| — |K| such that the
restriction h|a =ida and h(6) = f(o) for each simplex o of K \ A.

Proor. First we need to check that h is a simplicial map. Let 7 be a simplex
of sd(K,A). Then 7 = a'a®---aP6169--- 6,4, where al,a? ... a? span a simplex
og of A, 0; is a simplex of K N\ A and 0¢p < 01 < 02 < -+ < 0,. We check that the
vertices

(431) {alv a’27 s ’ap’ f(é—l)a f(é—2)7 ey f(6q)}

span a simplex in K. Since 0¢g < 01 < 02 < -+ < 0y, each o; is a face of o, and
so any vertex of o; is a vertex of o,. Thus the elements in Equation are
vertices of o, and therefore they span a simplex in K.

Next we check that h is a simplicial approximation to id: |sd(K, A)) — |K]|.
Let v be any vertex of sd(K, A). We need to show that

St(v,sd(K, A)) C St(h(v), K).
Let 7 be a simplex of sd(K, A) having v as a vertex. We are going to show that:

There exists a simplex p of K such that p has h(v) as a vertex and the
interior Int(7) C Int(u).
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If so, then Int(7) C St(h(v), K) for any simplex 7 of sd(K, A) having v as a vertex.
From the definition of star, we then conclude that St(v,sd(K, A)) C St(h(v), K).

Now we prove the above statement. By Proposition |2.5.11
r=a'a® - aP6,69-- -Gy,

where a',a?, ..., aP span a simplex o of A, o; is a simplex of K\ A for 1 < j <gq
and
g <01 <02<:-<0g.

If ¢ = 0, then v is a vertex of A and so h(v) = v. In this case, we choose 1 = T.
Suppose that ¢ > 0. We choose y = 0,. From the previous paragraph, h(v) is
a vertex of p and so we only need to check that Int(7) C Int(u). Let z € Int(7).

Then
p ] q
o Z sial + th(ATZ
i=1 j=1

with s;,t; >0 and 337 s; + 37, t; = 1. Let 0%,b%,...,b™ be the vertices of o,

Let
m
a' = Z si,kbk
k=0

m
6; = § k"
k=0

with s;k,tix >0, >0y sik =1and > -t = 1. Since &, is the barycenter of
0g, tgk = 7y for 0 <k <m. Now

with

For each k, we have

p q
tq
;sisiﬁk + jz_:ltjtj’k > tetgk = — > 0.

Thus = € Int(o,) and hence the result. O

COROLLARY 4.3.2. Let K be a simplicial complexr and let A be a simplicial
subcomplex of K. Let a be any vertex of sd(K, A). Then there exists a vertex b of
K such that

St(a,sd(K, A)) C St(b, K)
such that if a € A, then we can choose b = a. Moreover if B is a full subcomplex
of K such that BN A =0, then for a vertex a of sd(K, A) not in |B|, there exists
a vertex b of K such that b & |B| and

St(a,sd(K, A)) C St(b, K).
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PROOF. Let h be a simplicial approximation to the identity. Let a be any
vertex of sd(K, A). By the definition of simplicial approximation,

St(a,sd(K, A)) = id(st(a,sd(K, A))) C St(h(a), K).

Since h|4 =ida, h(a) =a if a € A.
Now let B be a full subcomplex of K such that BN A = () and let a be a vertex
of sd(K, A) not in |B|. If a € A, then

St(a,sd(K, A)) C St(a, K)

by the previous step. If a € A, then a = ¢ for a simplex o of K ~ A. Since
a = 6 ¢ |B|, the simplex ¢ has at least one vertex not in B because ¢ € B by
the assumption that B is a full subcomplex. By Proposition [£.3.1] we can make
a choice of the simplicial approximation h to the identity by requiring that if a
is a vertex of sd(K, A) not in |B|, then h(a) is a vertex not in |B| by the above
proposition. The assertion follows. O

4.4. Simplicial Approximation Theorem in Relative Case.

DEFINITION 4.4.1. Let K be a simplicial complex and let A be a subcomplex
of K. The supplement of A in K, denoted by A, is the set of simplices of sd(K, A)
that have NO vertices in A. Clearly A is a subcomplex of sd(K, A), which is the
same as the subcomplex of sd K of simplices having no vertices in sd A.

The next lemma states that the maximum diameter of the stars of sdV (K, A)
of vertices in the supplement |A| tends to 0.

LEMMA 4.4.2. Let K be a simplicial complex with a subcomplex A. Suppose
that there are finitely many simplices of K ~ A. Given any € > 0, there exists N
such that

sup{diam St(v,sd" (K, A)) | v € |A|} <e.

Before to give the proof, let’s make some observations. Let 7 be a 1-simplex of
sdQ(K, A). Suppose that 7 has a vertex v in A. Then another vertex of 7 is either
in A or the barycenter ¢ for a simplex o of sd(K, A) having v as a vertex. Thus
o € A by the definition of A, and so & & |A|. In other words, NO I-simplices of
sd?(K, A) that can have vertices in both A and |A|. It follows that NO n-simplices
of sd*(K, A) that can have vertices in both A and |A|. (If an n-simplex had vertices
vin A and w in |A|, then its face from v to w is a 1-simplex having its vertex v in
A and w in |A| which contradicts to that no 1-simplex can have vertices in both A
and |A].)

PROOF. Let A denote the supplement of A in sd(K, A), that is, A is the set
of simplices of sd?(K, A) that have no vertices in A. If 7 is a simplex of sd?(K, A)
with a vertex in |A], then 7 has no vertices in A from the above observation. Thus
7 € A. Note that the subdivision sd™ (K, A) includes the non-relative subdivision
sdV"2 A of A. Thus sdV 2 A4 is a subcomplex of sd™V (K, A).
Now we show by induction that:
For each N > 2 if T is a simplex of st(K, A) having a vertex in |A|,
then T € sd¥ 2 A.
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This statement has been proved when N = 2. Suppose that it holds for NV — 1 with
N > 3. Let 7 be a simplex of sd”¥ (K, A) with a vertex in |A|. Then 7 has the
expression a'a®---aPéy - - 04, where a',...,aP span a simplex oy of A, each o; is
a simplex of st_l(K, A)N Afor 1 <j < g¢with g < 01 <--- < gq. Since each
a’ is not in |A|, we may assume that 6, € |A| for some 1 < j < ¢. It follows that
o; has a vertex in |A|. Since o is a face of o, as 0; < 0, 04 has a vertex in |A|.
By induction, o4 € sdV¥ 73 A and o must be empty as it is a face of the simplex o,
of sdV73 A. Tt follows that 7 € sd¥ =2 A. The induction is finished and hence the
statement.
Thus for any vertex v of sd™ (K, A) such that v € ||

St(v,sd™ (K, A)) U{Int(7) | 7 is a simplex of sd™¥ (K, A) with v < 7}
U{Int(7) | 7 is a simplex of sd¥ "2 A with v < 7}
St(v,sdV 72 A4).

n

By Theorem ?7?, the diameters of simplices in sd”¥ 2 A tends to 0 as N — co. The
assertion follows. O

Now we construct a new simplicial complex K+ = sd(sd(K,A),AU A). In
other words, K is obtained by doing barycentric subdivision on those simplices of
sd(K, A) that are not in A and A. Thus K7 is a subdivision between sd(K, A) and
sd? (K, A). A picture is as follows:

The vertices v of K1 are one of the following three cases:

Type I. v is a vertex of A;
Type II. v is a vertex of A;
Type I1I. v is the barycenter & for a simplex o of sd(K, A) that has vertices in both
A and A.
By Proposition there exists a simplicial approximation h to the identity of
|Kt| = |sd(sd(K, A), AU A)| — |sd(K, A)| such that h on the vertices of Kt is
given by the following rule:
(1). If v is a vertex of A, then h(v) = v;
(2). If v is a vertex of A, then h(v) = v; B
(3). If v = 6 for a simplex o of sd(K, A) that has vertices in both A and A,
then h(v) is a vertex of ¢ in A.
The first two rules requires that h|4 5 = id4, 5. The last rule forces h to push
down the vertices of the form & into A.
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LEMMA 4.4.3. If v is a vertex of A, then h(St(v, KT)) C St(v, A).

PROOF. Let 7 be a simplex of K+ having v as a vertex. Since
KT =sd(sd(K,A), AU A),

7 has the expression

r=a'a® --aféy -6y,
where a',a?,--- ,aP span a simplex o in AUA, o1, ..., o4 are simplices of sd(K, A)
that have vertices in both A and A, and 09 < 01 < -+ < 04. Since v € A is a vertex
of 7, p>1and v € {al,...,aP}. Tt follows that a’ ¢ A for each 1 < i < ¢ because
if not, then og is a simplex having vertices in both A and A which contradicts to
that o € AU A. Thus 7 only have Type I and Type III vertices, namely 7 has NO

vertices in A. By the definition of the map k, we have
h(a"),h(5;) € A

for 1 <i<pand1l < j <gq Hence h(7) is a simplex of A having v as vertex
because h|g = id4. The assertion follows by taking the union of the interior of
having v as a vertex. O

PROPOSITION 4.4.4. Let K and L be a simplicial complexes and let A be a
subcomplex of K. Let

he K| = [sd(sd(K, A), AU A)| = |[K| — [sd(K, 4)| = |K]|
be the simplicial map defined above. Let f: |K| — |L| be any continuous map
such that f| | is a simplicial map. Suppose that there are finitely many simplices
of K ~ A. Then there exists N such that the composite f o h has a simplicial
approximation
g: sdV(K,A) — L
with the property that glja; = f| |-
PRrROOF. Let
A= {(foh) Y (St(w, L)) | wis a vertex of L}

be an open covering of | K|. Let A be the supplement of A in sd(K, A) as discussed
in the proof of Lemma By the assumption, K ~ A has only finitely many
simplices. Thus A is a finite complex and so |A| is compact. Hence the covering
AN |A| of |A] has a Lebesgue number . By Lemma there exists N > 2 such
that
sup{diam St(v,sd" (K, A)) | v e |A]} < \.

(Note. Here we replace Aas Ain Lemma by considering sd(K, A) as K.)

From Proposition it suffices to show that, for every vertex v of sdV (K, A),
there exists a vertex w of L such that

St(v,sd™ (K, A)) C (f o h)"L(w).

Case I. v € |A|.
Then
diam St(v,sd™ (K, A)) < A
and so there exists a w such that St(v,sd™ (K, A)) C (f o h)~!(w)

Case IL v ¢ |A|.
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By Corollary [£:3:2]
St(v,sd™ (K, A)) C St(b,sd?(K, A))

for some vertex b of sd?(K, A) NOT in |A|. Then b € A. (This is because, by
definition, A is the subcomplex of sd?(K, A) of the simplices having no vertices in
A. In particular, A contains all of vertices, as O-simplices, that are not in A.) We
claim that

St(b,sd? (K, A)) C St(b, KT).
Let 7 be a simplex of Sd2(K ,A) having a vertex b € A. Then 7 has the expression

T=a'a® - aP6169 - 09,

where a', ..., a? span a simplex o of A, 0 is a simplex of sd(K, A)\Afor1 < j <g,
with 09 < 01 < -+- < 0,. Since b is a vertex of 7, b € {a',...,aP} with p > 1.
Since oy is a face of each o; for 1 < j <gq bis a vertex of g; for 1 < j < gq. It
follows that 7 € K = sd(sd(K, A), AU A). This proves that
St(b,sd*(K, A)) C St(b, KT).
Now by Lemma we have
h(St(b, K*)) C St(b, A).

Since f||4 is a simplicial map, we have

f(St(b, A)) € St(f(b), L).
By combining the previous equations, we have

St(v,sd™ (K, A)) St(b,sd? (K, A))
St(b, KT)
h=1(St(b, A))
(f o h)~1(St(f(b), L))
Hence f o h has a simplicial approximation g: st(K7 A) — L.
For checking that, we can make a choice of g such that g4 = f[ja. Let

v be a vertex of A. In the argument of Case II above, we can choose b = v by
Corollary [£.3.2] Thus we have

St(v, St™ (K, A)) C (f o h) 7 (St(f(v), L)).

NN N

Thus the simplicial map ¢ sends v to f(v) for each vertex v € A. It follows that
glja) = flja)- The proof is finished now. O

THEOREM 4.4.5 (Relative Simplicial Approximation Theorem). Let K and L
be a simplicial complexes and let A be a subcomplex of K. Let f:|K| — |L]
be any continuous map such that f| 4| is a simplicial map. Suppose that there
are finitely many simplices of K ~~ A. Then there exists N and a simplicial map
g: sd™ (K, A) — L such that glia) = flja) and g is homotopic to f relative to |A|.

PRrROOF. Let g be the simplicial map in Propositi Then g|ja] = [l
and ¢ is homotopic to f o h relative to A by Theorem .1.4] Since h is a simplicial
approximation to the identity map with h|4 = id4, h =~ id|| relative to A and so
foh >~ f relative to A. It follows that g ~ f relative to A. g
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4.5. Some Applications. Recall that the homotopy groups 7, (X) is defined
by
m™(X) = [S", X]

the set of homotopy classes of the pointed continuous maps from S™ to X up to
pointed homotopy (namely homotopy relative to the basepoint). A direct conse-
quence of simplicial approximation theorem is as follows:

THEOREM 4.5.1. 7,.(S™) =0 for r <mn.

PROOF. Let f: S™ — S™ be a pointed continuous map. Let K be the simplicial
complex such that | K| = S and let L be the simplicial complex such that |L| = S™.
(We can choose K and L as the boundary of an (r 4+ 1)-simplex and an (n + 1)-
simplex, respectively.) Consider S and S™ as polyhedron of simplicial complexes.
By the simplicial approximation theorem, there exists a subdivision K’ of K and
a simplicial map g: |K'| = |[K| 2 8" — |L| = S™ such that g is homotopic to f
relative to the basepoint. Since g is a simplicial map, the map g must send K’
into the skeleton sk,.(L) because K’ is an r-dimensional simplicial complex. Since
r < n, sk.(L) # L and so g is not onto. Thus there is a point € S™ such that
g(S”™) € S™ ~{z} =2 R™. Hence g is homotopic to the constant map relative to
the basepoint by a linear homotopy. It follows that f is homotopic to the constant
map relative to the basepoint. (I

Another direct consequence is to give a computation of the fundamental group.
THEOREM 4.5.2. m1(S1) = Z.

PROOF. By simplicial approximation theorem, we only need to consider the
simplicial maps from a subdivision K’ of the circle K to the circle K, where K
is the boundary of a 2-simplex with vertices wg,wi,ws in the order of counter-
clockwise along the circle, where wq is regarded as the basepoint. Let K’ has
vertices vg, v1, . .., v, in the order of counter-clockwise along the circle, where v is
regarded as the basepoint. Let g: K’ — K be a pointed simplicial map. See the
picture:

Then g maps the circle (vg, v1,...,v,,v9) (in order) into the sequence

(g(’l)o),g('Ul), s ag(vn)ag(v()))v
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where g(v;) is one of w; with g(vo) = wo. If g(v;) = g(vi+1), then g is constant on
the 1-simplex [v;, v;41] and so, up to homotopy, we can remove g(v;+1). For the sub-
sequence (g(vi), 9(vit1), 9(vit2)), if g(vi) = g(vis2), then (g(vi), g(vis1), g(vig2)) is
a path from g(v;) to g(v;y1) and backwards to g(v;) and so we can collapse this
subsequence. Assume that vg, ..., v, have minimal number of vertices in the ho-
motopy class of g. Then the only sequence of (g(vo), g(v1), ..., g(vn), g(vo)) is given
by one of the following:

(1). constant map (wyp),
(2). around the circle n-times positively:

(wo, w1, wa, Wo, W1, W2, Wo, - . ., Wo, Wi, Wa, Wp),

or
(3). around the circle m-times negatively:

(wo,w27w1,wo,w2,w1,wo7 e ,’U}O,U}Q,U)],’LUQ).

This shows that any pointed continuous map f: S* — S! is homotopic to one of
the maps

Gn: St —= 8tz 2"

for n € Z, relative to the basepoint. In particular, 7 (S?!) is generated by [g1].
On the other hand, one can show that g, is not homotopic to g,, relative to the
basepoint if n # m, as g, is the continuous mapping that goes around S' for n
times. This gives that 7 (S1) = S1. O

ExaMPLE 4.5.1 (Cohomotopy Sets). Let X be a pointed space. Then the n-th
cohomotopy set is defined to be

Wn(X) = [X’ Sn]v

the set of homotopy classes of pointed continuous maps from X to the n-sphere up
to pointed homotopy. For instance, m,.(S™) = [S", S™] = n"(S"). The fundamental
problem in algebraic topology is to determine 7,.(S™) for general r and n. When
n = 1, it was known that 7,.(S') = 0 for  # 1 and 71(S') = Z. When n > 1,
we know from the above theorem that 7.(S™") = 0 for r < n. When r = n,
T (S™) = Z. (This is a direct consequence of Hurewicz Theorem which gives that,
for simply connected spaces, the first non-trivial homotopy group is the same as the
corresponding homology group. Or one can try to directly compute 7, (S™) using
simplicial methods or other methods.) For r > n, m,.(S™) is known up to certain
range by very nontrivial works contributed by many topologists, but far unknown
for general r even if n = 2. By using simplicial methods, one might try a different
approach to study the higher homotopy groups of spheres.

Consider S™ as the boundary of an (n + 1)-simplex 0"+, So, as a simplicial
complex, S™ has (n+2) vertices labeled in order by {0, 1,2,...,n+1}. Observe that,
in o1, any nonempty subset of the vertices {0,1,2,...,n+ 1} spans a simplex of
o™t Since S™ is the boundary of 6"+, any proper subset of {0,1,2,...,n+ 1}
spans a simplex of S™.

Let K be a simplicial complex and let sky K be the set of vertices of K. Suppose
that f: K — S™ is a simplicial map. Then f sends vertices of K to the vertices of
S™. Thus, for each vertex v of K, there is a color f(v) =1 for some 0 <i <n+ 1.
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This colorizes the vertices of K by using (n + 2) different colors. Suppose that

v0,v1, ..., v" span a simplex of K. Then

{f@°), f(01), - f(07)}

must span a simplex of S™, equivalently, {f(v"), f(v'),..., f(v")} is a proper subset
of {0,1,...,n+1}. Namely at least at one color is missing in { f(v0), f(v!),..., f(v")}.

Conversely suppose that there is a coloration on the vertices of K using (n+ 1)
different colors, that is there is a function from skg K to {0,1,...,n}, such that
if v2,v!,...,v" span a simplex of K, then at least one color is missing among the
colors of v2,v!,...,v". Then the coloration induces a unique simplicial map from
K to S™.

This establishes the one-to-one correspondence between the set of simplicial
maps from K to S™ and the set of colorations on vertices of K that satisfying the
above rule. Thus, for studying simplicial maps from K to S™, one can study how to
make those colorations on the vertices of K satisfying the above rule. For studying
7-(S™), one needs to understand:

(1). The colorations on the vertices of K satisfying the above rule, where
|K| = S", namely K is a triangulation of S™. This will give simplicial
maps K — S™. In general, one may study the colorations on the vertices
of K, where K is a triangulation of a manifold.

(2). The colorations on the vertices of K satisfying the above rule, where
|K| = S x [0,1]. This will control the homotopy.

The above two problems are not well-understood so far. But it will be very interest-
ing if one could make progress on this as it attacks the fundamental open problem
in algebraic topology. O

4.6. Fundamental Groupoids and Fundamental Groups of Simplicial
Complexes. By using simplicial approximation theorem, we can compute the fun-
damental group of a simplicial complex K using the simplicial structure in K.

DEFINITION 4.6.1. Let K be a simplicial complex. An edge path in K, from a
vertex v¥ to a vertex v™, is a sequence of vertices o = (vo, vl ... ,v™) such that for
each 0 < i <n — 1, v',v""! spans a simplex of K (that is v* = v**! or viv*! is a
1-simplex). Let i, denote the initial vertex v° of @ and let e, denote the ending
vertex v™ of a. An edge loop at v means an edge path a with i, = e, = v.

Let a = (v%, 0!, ..., v") and 8 = (w® w!,..., w™) be two edge paths in K with

v™ = w’. Then the product a3 is the edge path given by (v°, v, ... v wh ... w™).
In this definition, the product ax (3 is well-defined if and only if e, = ig. The inverse
path of « is defined by

ol = ("0,
Clearly the associativity of the product
(4.6.1) (axB)*y=ax*x(B*7)

holds if e, = ig and eg = i,. So we can write ax 3%~ for (ax ) %y or a* (B*7)
whence it is well-defined. Moreover the product has the left and right identities:

(4.6.2) (io) *a=a and ax(e,) = a.
From Equations (4.6.1) and (4.6.2)), let v be a fixed vertex of K, the set
(4.6.3) Q%48 (K;v) = {a | a is an edge path in K with i, = e, = v}
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is a monoid under the product *.

DEFINITION 4.6.2. Let K be a simplicial complex. Two edge paths a and 3

are called equivalent, denoted by a ~ [, if one can be obtained from another by a
finite sequence of the following elementary equivalences or their inverses

(a) (...,vh0h .0 ~ (. vh )

(b) (.., vt o)~ (L et et ) if i 0t v spans a sim-

plex of K (not necessarily 2-dimensional).

In other words, ~ is the equivalence relation generated by the above two elementary
equivalences.

ProproOSITION 4.6.3. Let ay, (1, as, B2 be edge paths in K such that ay ~ [
and ag ~ PBy. Then

(1). If eay; = iay, then ag x ag ~ B1 * Pa.
(2). oyt~ 6"
(3). arxayt ~ (ia,) and a7t *x a1 ~ (eq, ).

PROOF. The proof follows from the definition of the equivalence relation ~. [

DEFINITION 4.6.4. Let K be a simplicial complex. The simplicial fundamental
groupoid of K is the category C™(K') whose objects are the vertices of K and whose
morphisms from a vertex v to a vertex w are the equivalence classes of edge paths
from v to w. The composition operation in the category C™(K) is induced by the
* product. Fixing a vertex v of K, the simplicial fundamental group w(K,v) is
defined to the set of the equivalence classes of edge paths from v to v. Note that
m(K,v) is the set of the C™(K)-morphisms from v to v, which is a group with the
multiplication induced by the x product.

PROPOSITION 4.6.5. Let K and L be simplicial complexes and let f: K — L
be a simplicial map. Let o and (B be two edge paths in K with a ~ 3. Then

fla) ~ f(B).
Thus f induces a functor f.: C™(K) — C™(L) and a group homomorphism

oo (K, v) — w(L, f(v)).

PROOF. The proof follows immediately from the definition of the equivalence
relation. 0

Let X be a space. Recall that the fundamental groupoid C™ (X) of X is the
category whose objects are the points in X and whose morphisms from a point a to
b are the path homotopy classes of paths from a to b. Intuitively the fundamental
groupoid is given by draw morphisms as path homotopy classes between any two
points in X. The fundamental group is then given by the path homotopy classes
of the loops in X.

Let C be category. A full subcategory of C means a category Cy whose objects
are contained in C and the morphisms between two objects in Cy are all of the C-
morphism between these two objects. For instance, let Set be the category of sets,
Group be the category of group and Ab be the category of abelian groups. Then
Group is not a full subcategory of Set because the morphisms between two groups
in Group are homomorphisms. But Ab is a full subcategory of Group. We are
going to show that C™(K) is a full subcategory of C™ (| K|). As a consequence, we
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obtain that (K, v) = 71 (|K|,v), namely the simplicial fundamental group coincides
with the fundamental group.

We can consider an edge path in K as a path in the polyhedron |K|. More
precisely, given an edge path a = (v°,v!,...,v") in K, define a path

Ao [0,1] — |K]|

such that A, () = v’ and ), is linear between i/n and (i +1)/nfor 0 <i <n-—1.

n

LEMMA 4.6.6. Let K be a simplicial complex and let o and (3 be two edge paths.
Suppose that i =ig and e, = eg. Then o ~ B if and only if Ay, = Ag.

PrOOF. = If a ~ (3 is given by an elementary equivalence or its inverse, it is
directly to construct a path homotopy from A, to Ag. Since 3 is obtained from «
by a finite sequence of the elementary equivalences, we have A, ~ Ag.

< Let a = (v, 0',...,0") and B = (w° w!,...,w™) with v° = w° and
v™ = w™. Suppose that A, >~ Ag. Then there is a homotopy

F:IxI—|K|

such that F(s,0) = A\y(s), F(s,1) = Ag(s), F(0,t) = v° and F(1,t) = v" for
0 <s,t < 1. Let I x I be triangulated by the simplicial complex T" given by joining
the line segments from (1/2,1/2) to the points given by (i/n,0) and (j/m,1) for
0<i<nand0<j<m. Let A be the simplicial subcomplex of T" with |A| given
by the boundary of I x I. The picture is as follows:
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Then F)| |4] is a simplicial map. By the Relative Simplicial Approximation Theorem,
there exists IV and a simplicial map

g: sd¥(T, A) - K

such that g|j4| = F|4) and g ~ Frel |A|.
Let 6; be the edge path in T given by

b1 = ((Oa 0)7 (07 1)3 (1/m7 1)v (Q/mv 1)a ) (1v 1)7 (17 0))7

that is the edge path goes through the left edge, top edge and right edge of I x I.
Let 65 be the edge path in T given by

02 = ((0,0),(1/n,0),(2/n,0),...,(1,0)),

that is 0, is the bottom edge of I x I. Then, in the simplicial complex sd™ (T}, A),
we have
b1 ~ 0o
because 05 can be obtained from 6; by a finite sequence of elementary equivalences
or their inverses. (Note. The iterated relative barycentric subdivisions of (T, A) is
a triangulation of I x I without changing the simplicial structure on the boundary
of I x I. The equivalence between 6, and 6> can be obtained by moving down the
edge path 6 to 6y through 2-simplices in sd™ (T, A).)
Now we have the following:

a = (0. .. 0"

= (9(070)’9(1/n70)7g(2/n’ 0)7 . 79(17 0))
because g[a) = F| 4
= g(62)
~ g(bh)
because g is simplicial
= (9(0,0),9(0,1),9(1/m,1),9(2/m,1),...,9(1,1),4(1,0)

J— m n
= (W, w? whw, ... w™ ")
0 1 2 m
~ (W wh wE L w™)
because w™ = v"
The proof is finished. O

THEOREM 4.6.7. Let K be a simplicial complex. Then C™(K) is a full subcat-
egory of C™(|K]|).

PRrROOF. The objects in C™(K) are the vertices of K and so we can identify the
objects of C™(K) as the objects of C™ (|K|). Consider the function o — A, from
edge paths in K to paths in |K|. By the definition of path product, we have

)\a*ﬁ >~ /\a * /\5.
By Lemma [£.6.6} if a ~ f, then A\, =~ Ag. Thus the function o — A, from edge
paths in K to paths in |K| induces a functor
A: CT(K) — C™(|K)).
We show that
A: Homer gy (v, w) — Homer x|y (v, w)

is an isomorphism for any vertices v and w.
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By Lemma a~ Bif Ay = Ag. Thus \: Homer gy (v, w) — Homen 5y (v, w)
is one-to-one.

Let u be a path in |K| from v to w. By the Relative Simplicial Approximation
Theorem, there exists N and a simplicial map

g: sdV(1,{0,1}) = K
such that g ~ p relative to {0, 1}, that is g is path homotopic to . The simplicial
map g: sd™ (I,{0,1}) — K defines an edge path o of K with
Aa > g
under path homotopy. It follows that A: Homer () (v, w) — Homem (k) (v, w) is
onto and hence the result.
COROLLARY 4.6.8. Let K be a simplicial complex and let v be a vertex of K.
Then m(K,v) 2 m (| K|, v).
Proor. By above theorem,
A
W(Ka U) = HomC”(K) (U7 U) = 771(|K‘7 U) = Homer, (|K|)(Uv U)'

O

EXAMPLE 4.6.1. Let K be the boundary of a 2-simplex. The vertices of K

has v°, v' and v? with 1-simplices v%v', v'v? and v°v%. The edge loops at v° are
1,2 0,2 ,1

given by (v°, vt v2,0%), (v°0,v2, v, 0Y), (00,01, 02,00, vt 02, 00) and ete. From this

information, we can see that m(K,v%) = Z and so m;(St) = Z. O

A simplicial complex K is called path-connected if the polyhedron |K]| is path-
connected. A simplicial complex K is called simply connected if |K| is path-
connected and 7 (| K|, z0) = {1} for some z € |K]|.

COROLLARY 4.6.9. Let K be a simply connected simplicial complex and let v
and w be two vertices of K. Let o and 8 be two edge paths from v to w. Then

a~ f3.

PROOF. Since |K| is path-connected and 71 (|K|,z0) = {1} for some z( € |K|,
m1 (| K|, x) = {1} for any point = € |K|. Thus

7(K,v) = mi (K], 0) = {1}.
It follows that ax 8~ ~ (v) and so

o~ axf 5B (0) 5B~ B
and hence the result. O

A 1-dimensional simplicial complex A of K is called a tree in K if | A] is simply
connected. A tree A of K is called maximal if, for any tree B of K with A C B,
we have A = B.

LEMMA 4.6.10. Let K be a path-connected simplicial complex. Then

(1). There exists a mazimal tree of K.
(2). Any path-connected simplicial subcomplex of a tree is also a tree.
(3). A tree A of K is mazimal if and only if A contains all vertices of K.
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PROOF. (1) We use Zorn Lemma to show the existence of maximal trees. The
trees in K are partially ordered by the inclusions. By applying Zorn Lemma, it
suffices to show that every chain of the trees has an upper bound of a tree. Let
{A. | @ € J} be a chain of trees, that is the index set J is a well-ordered set and
Ay C Ap for o < 3. Let

A= U Ay

aelJ
To see that A is path-connected, let v and w be two vertices in A. Then there exists
« such that v,w € A,. Since A, is a tree, A, is path-connected and so there is an
edge path in A, (and so in A) joining v and w. Now let v = (v°,v!,...,v™) be an
edge loop in A. Since 7 is a finite union of 1-simplices and {A,} is a chain, there
exists « such that v € A,. Since A, is simply connected, v ~ (vp) in A, (and so
in A) by Corollary Thus A is simply connected and so A is a tree.

(2) Let A be a tree and let Ag be a path-connected simplicial subcomplex of
A. Let v° be a vertex of Ag. It suffices to show that m(Ag,v%) = {1}.

Let o and (8 be two edge paths in Ag. Denote o ~4 B if @« ~ § in A (that
is there is a finite sequence of elementary equivalences in the simplicial complex A
that moves « to ), and a ~4, B if @ ~ (3 in Ay.

Let us make an observation on the equivalence relation in A. The first type
elementary relation is just given by repeating a vertex in an edge path. The second
type elementary relation is given as follows: Let v, v’, w be vertices of A such that
v,v', w spans a simplex of A. Since A has no 2-simplices, at least two of v,v’, w are
the same. Thus the second type elementary equivalence becomes:

a) (.. ,U1_17vi_17vi_1,...) N(... 7vi_17vi_1’...).
b) (... ,U?_17UVL:_1?IU’L4+1’...) ~ (. 7'Ui-_1’fui+1’...).
C) (.. ”l}1717vz7vl7..')N(.."UZ717U27'.')'

d) ( aviilaviaviila"') ~ ( 7Ui713vi717"')'

Together with the first type elementary relation, the equivalence relation in A is
given by finite sequences of the first type elementary relation and Relation (d)
above.

Given two edge paths «, in Ag such that a ~4 (, we may assume that
(B is obtained by a single elementary relation from «. Thus « and g are given
either in the form (--- ,v%, v, ---) and (--- ,0%,---) or (--- 0" vt v~1 ...) and
(-, vttt ...). In both cases, a ~4, 3. It follows that

OlNAﬁ :>04NA0ﬁ.

Now let o be an edge loop at v° in Ay. By considering o as an edge loop in
A, since A is simply connected, o ~4 (v°) in A. From the above, a ~4, (v°). It
follows that m(Ag,v%) = {1} and so Ay is a tree.

(3) Suppose that A is a tree in K such that A contains all vertices of K. Then
clearly A is a maximal tree in K. Now suppose that there exists a vertex w of
K such that w ¢ A. Choose v to be a vertex in A. By the assumption, |K| is
path-connected and so there is a path from v to w. By Theorem there is an
edge path a = (v°,v!,...,v") with v = v and v" = w. Let

r=max{i | v, v!,... 0" € A}.

Then r < n, v" € A, v"T1 & A and v"v"t! spans a l-simplex of K because
v" # vt Now let B be the simplicial subcomplex of K given by adding the
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1-simplex v"v" ™1 and the vertex v"*! to A. Then |B| ~ |A| because |A| is obtained
from | B| by collapsing the 1-simplex v"v"*1. It follows that B is a tree in K with
A a proper simplicial subcomplex of B. Thus A is not maximal. O

For a path-connected simplicial complex K, there is a combinatorial methods
for computing the fundamental group described as follows. Let A be a fixed max-
imal tree in K and let the set of vertices of K be totally ordered. Define a group
Gp(K) combinatorially as follows: The generators of Gp,(K) are given by the
letters

g'Uw7
where vw is a 1-simplex of K with v < w with defining relations given by
(1). gyw =1 if the 1-simplex vw lies in A and
(2). Gow = Gov' Gorw If v <V’ < w and vv'w is a 2-simplex of K.
Equivalently Gp4(K) is generated by gy, where vw is a 1-simplex in K \ A with
v < w, subject to the defining relation given in (2).

THEOREM 4.6.11. Let K be a path-connected simplicial complex and let v° be
a verter of K. Then Gp4(K) = m(K,v°).

PRrROOF. Let v be any vertex of K. By Lemma [4.6.10, v € A. Since |A] is
contractible, |A| is path-connected and so there is an edge path a,o , in A from 10
to v. Let al, , be another edge path in A from 19 to v. Then

/
Q0 ™ Qo )

because |A| is contractible. Thus the edge path a,o , is unique up to equivalence.
For any 1-simplex vw of K with v < w, let

o(ng) = [O‘vo,v * (1}, w) * O‘JO{UJ

be the equivalence class of the edge path a0, * (v,w) * a;olw. If vv’w spans a

2-simplex of K with v < v’ < w, then

9<gvv’)9(gv’w) = [avo,v * (’U, UI) * 0‘;0171)/ * Qo g7 K (’U/’ U}) * a;()l,w]
o)

= [oo,, * (v,0") % (V,w) x g,
= [ogo, * (v,w) * a;ol’w]
= 0(gow)-
If vw is a 1-simplex of A, then 6(gyw) = [0, * (v, w) *a;}‘w] is a loop in A. Since
|A| is contractible, §(gyw) = 1. Thus the function gy, — 0(gyw) defines a group
homomorphism
0: Gpa(K) — 7(K,0Y).
Now we construct a group homomorphism ¢: m(K,v") — Gp4(K) as follows:
Let
a= (%0, .. 0"
be an edge path in K with v™ = v°. Write it as a product of edge paths
a= %0 % (vl ) -k (T2 0" ) x (0 00).
For each edge path (vf,v**1), define ¢(v?,v**1) € Gp,4(K) by setting
1 if vl =pitt
(ﬁ(vl, UH_l) = Goiyi+l if vt < pitt

Gt i 0t >0ttt
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and define
d(a) = (0, v )p(v!, v?) - ("2, 0" B(v"0°) € Gp(K).

Observe that if v*~!,v%, v**! spans a simplex of K, then
S0 1, v (v, vt Y) = B(vi=L, vt
in Gp4(K). Thus if a ~ 3, then ¢(«) ~ ¢(3). Clearly ¢(a* ) = ¢(a)d(8). Thus
the function ¢ defines a group homomorphism
¢: T(K,v°) — Gp,(K).

We check that ¢ is the inverse of 6. Let vw be a 1-simplex of K with v < w.
Then
¢o e(ng) = ¢[avo,v * (U, w) * a;t)l’w]
= ¢(av0,v)¢<v7w)¢(av0,w)_l
= (b(avo,v)ng(b(avo,w)_l
Since a0, is an edge path in A, ¢(ay0 ) is a product of giw, with the property
that v'w’ spans a l-simplex of A with v < w’. Thus ¢(a,) = 1. Similarly
¢(0o ) = 1. Thus ¢ 0 § = id. Now let

be an edge path of K with v = v°. Then
Oog(a) = 0(6(0°,0")0(o(v!,v?)) - O(p(v" 20" 1))0($(v" 1, 00))

= [oo 0 * (09, v!) % a;ol,vl][avo’w * (v, v?) a;olwg]
- [avo,vnfl * (U'rb—l7 UO) * a;ol,uo]
= Jayo.0x (00,0 *a s xa o1 * (Vh02) x g ok
- 09,0 y 00yl v0 v ) 00 ,v2
Sk Q0 -1 Kk (v, 00) % a;olvo]
= [0‘]’
where we use the formula
1= [ x (0,0 0zl ] if i = vt
[0 i % (U, 0 ) S 1y] if ol <opif?

0(p(v',v" ™)) = Z _
(@l ) 9(gvil+1vz‘) = Q(gvj'“vi) ! ) )
= o0 i % (V1,0 ) wa) ] i ot > 0t

Thus 6 o ¢ = id and hence the result. O

COROLLARY 4.6.12. Let K be a 1-dimensional simplicial complex. Then
(1). m(|K],v) is a free group for any vertex v.

(2). Let L be a simplicial subcomplex of K and let v be a vertex of L. Then
w(L,v) is a subgroup of w(K,v) with rank(w(L,v)) < rank(n(K,v)).

PROOF. (1) Let A be a maximal tree of K. By Theorem m(K,v) is
the group generated by g,,, with v < w. Since K has no 2-simplices, the defining
relations are given by g, = 1 for vw a 1-simplex in A. Thus 7(K,v) is the free
group with a basis given by g, with v < w and vw is not a 1-simplex in A.

(2) Let Ag = AN L. Then, by (2) of Lemma [4.6.10} A, is also a tree. By (3)
of Lemma A contains all vertices of K and so Ay contains all vertices of L.
By applying (3) of Lemma again, Ag is a maximal tree of L. From Part (1),
m(L,v) is the free group with a basis given by g,, with v < w, vw is a 1-simplex
in L . Ag. The assertion follows.
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EXAMPLE 4.6.2. Let K be a simplicial complex with twelve 2-simplices and
their faces as in the following picture, where the maximal tree A is given by the
red colored 1-simplices.

We compute 7(K,v") using the above theorem. Write g;; for g,i,i. If v'o/ is a
1-simplex of A, then g;; = 1. So 7(K, %) is generated by g;; for those 1-simplices
v*v? not in A. Thus there are 12 generators

{901, go2, 9o4, 94os, goe, 912, gis, 916, 924, 925, 946, 956}~
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Now the twelve 2-simplices give 12 relations:

gor = 1
gz = 1
g2s = 1
goa = go2924 = go2
gos = 1
gse = 1
g = 1
gos = YJoa946 = Jo4 = go2
gos = 9go2925
= gos = 9(;21
915 = 9g12925 = g25
916 = 915956 = 915 = 925
gos = doi19i6 = gie = 925
= 925 = Go2
Thus 7(K,v°) is generated by goa with goa = ggs and so 7(K,v°) = Z/2. O

As an application of Theorem we have the Seifert-van Kampen Theorem

for simplicial complexes.

THEOREM 4.6.13 (Seifert-van Kampen Theorem). Let K be a simplicial com-
plex and let K1 and Ks be simplicial subcomplexes of K such that K = K1 U K»
and K1 N Ky # 0. Let v° be a verter of K1 N Ky. Suppose that K1 N Ky, K, and
K5 are path-connected. Then

m(K,v°%) = w(Ky,0°) H m(K3,1°)
Tr(KlﬁKz,’UO)

the free product with amalgamation.

PROOF. Since K and K> are path-connected with K1 NKs # 0, K = K1 UKy
is path-connected.

Let Ag be a maximal tree in K1 NK5. Let A; be a maximal tree in K contains
Ap and let As be a maximal tree in K5 contains Ag. Then Ag = A1 N K1 N Ky
because Ag C A1 N K1 N Ky and Ap is a maximal tree in K7 N K. Similarly
AO = A2 N Kl N KQ. Thus AO = Al N AQ. Let A= Al U AQ. We check that A is a
maximal tree in K. Since A; and A, are path-connected and A; N Ay = Ag # 0,
A = Ay U Ay is path-connected. Note that A contains all vertices of K as A;
contains all vertices of K; and Ay contains all vertices of K». It suffices to show
that m(A4,v%) = {1}. Let

a= (%0, .. 0"

be an edge path in A with v" = 0. We show that a ~ (v°) by induction on
the number k(a) of vertices v® in a with v* & Ag. If all v* € Ag, then a ~ (v°)
because m(Ag,v?) = {1}. Thus the statement holds for k(«) = 0. Suppose that
the statement holds for edge paths 8 with k() < k(a). Note that a ~ (v°) if all
vt € A; and a ~ (v°) if all v € Ay. We may assume that there exist v'A; \ Ay
and v/ € Ay \ A; for some %, j. We may assume that 7 is the smallest integer with
v' € A; N Ay and j is the smallest integer with v/ € Ay~ A; with i < j. Then there
exists 1 <r <n—2suchthatvl,...,v” € A; and v"T! € Ay~ A; and v € A1\ Ay
for some 1 < ¢t < r. Consider the 1-simplex v"v"t! of A. Then v"v"t! € A, if the



52 1. SIMPLICIAL COMPLEXES

barycenter v"v"t1 € |A;] and v"v" T € Ay if the barycenter v"v"t1 € |As|. Since
vt & Ay, v"v" T is a 1-simplex of A,. Thus v" € Ay and so v” € Ay = A; N As.

Since Ay is path-connected, there is an edge path o/ = (v°,w!,...,w? v") in Ay.
Since A is simply connected,
(W20t 0" ~ (00wt w? )
by Corollary If follows that
a=@%vl et o)~ B= (00w, wd v o o)
~ (")

because k() < k().

The induction is finished and so A is a maximal tree in K.
The group Gp 4 (K) is generated by

Gvw
for 1-simplices vw of K with v < w, with the defining relations given by
(a) gow =1 for 1-simplices vw € A with v < w and
(b) gow = Guu' Gurw for 2-simplex vv'w of K with v < v/ < w.

Now the Gp 4, (K1) HGpAmAQ(Ksz) Gp 4, (K?2) is generated by g, for 1-simplices
vw of K1 with v < w, and g, 4 for 1-simplices v'w’ with v < w’. Note that the
group Gp 4,4, (K1 N K>) is generated by gy = gorwr for 1-simplices vw = v'w’ of
K7 N Ks. Thus the defining relations for the group

Gpa, (K1) H Gpa, (K2)
GPa,na, (K1NK32)

can be given by

(1). gow = Gurw for 1-simplices vw = v'w’ of K1 N Ko;
). Guw = 1 for 1-simplices vw of Ay;
). gorr = 1 for 1-simplices v’'w’ of As;
). Guivs = GoyveGugws fOr 2-simplices (vq,va,vs) of K7 with v1 < vy < ws,

and

(5)- Guyvy, = Gy Guyey for 2-simplices (vi, vy, v3) of Ky with v] < vy < vj.
By Relation (1), the group Gp 4, (K1) HGPAIOAZ Gpa, (K?>) is also generated by guw
for 1-simplices vw of K with v < w.

Let 0 = vw be a l-simplex of A. Since |A|] = |A1| U |A2|, 0 € A; if the
barycenter & € |A;| and o € As if & € |Ag|. This o is either in Ay or Ay. It follows
that Relations (2) and (3) are the same as Relation (a). Similarly Relations (4) and
(5) are the same as Relation (b). The assertion follows by Theorem [4.6.11|now. O

EXERCISE 4.1. Determine all possible simplicial maps from K — S*, where K
is a simplicial complex such that |K| = S2.

Projects

Triangulations of Surfaces. A Hausdorff space M is called an n-manifold
if each point of M has a neighborhood homeomorphic to an open set in R™. In
this proposed project, one can work out a classification of triangulable 2-manifolds,
namely 2-manifolds given by the polyhedron of a finite simplicial complex.
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Abstract Simplicial Complexes, A-sets and
Simplicial Homology

Week 7 September 30 (T) October 3 (F): Sections 1.1, 1.2, 1.3
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Week 9 October 14 (T) October 17 (F): Sections 3.1, 3.2

1. Abstract Simplicial Complexes

1.1. Definition and Geometric Realizations of Abstract Simplicial
Complexes.

DEFINITION 1.1.1. An abstract simplicial complex K is a collection of finite
nonempty sets, such that if A is an element in K, so is every nonempty subset of
A. The element A of K is called a simplex of K; its dimension is one less than
the number of its elements. Each nonempty subset of A is called a face of A. The
dimension of K is the supremum of the dimensions of its simplices. The vertex
set V(K) is the union of the one-point elements of K; we shall make no distinction
between the vertex v and the 0-simplex {v}. A sub collection of K that is itself a
complex is called a subcomplex of K. Two abstract simplicial complexes K and K’
are called to be isomorphic if there exists a bijective correspondence f mapping the
vertex set of K to the vertex set of X’ such that {ag,a1,...,a,} € K if and only if

{f(ao), f(ar),..., flan)} € K'.

REMARK 1.1.2. In some references, the empty set may be allowed in the defi-
nition of abstract simplicial complex. For such a case, we call augmented abstract
simplicial complex. In other words, an augmented abstract simplicial complexr K
means a collection of finite sets such that if A is an element in K, so is every
subset of A. O

DEFINITION 1.1.3. Let K be a geometric simplicial complex. Let V' be the
vertex set of K. Let K be the collection of all subsets {ag,as,...,a,} of V such
that ag, a1, - .., a, span a simplex of K. The collection K is called the verter scheme
of K, or abstraction of K. The geometric simplicial complex K is called a geometric
realization of the abstract simplicial complex .

THEOREM 1.1.4. A relation between abstract simplicial complexes and geomet-
ric simplicial complezes is as follows:

(a) Ewvery abstract simplicial complex K is isomorphic to the vertex scheme
of some geometric simplicial complex.

(b) Two geometric simplicial complexes are linearly isomorphic if and only if
their vertex schemes are isomorphic as abstract simplicial complexes.

53
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PROOF. We leave (b) as an exercise. To prove (a), we proceed as follows:
Given an index set .J, let A7 be the collection of all simplices in E” spanned by
finite subsets of the standard basis {eq}acs for E7. It is easy to see that A7 is
a simplicial complex. Moreover if o and 7 are two simplices of A”, then their
combined vertex set is geometrically independent and spans a simplex of A”.

Now let I be an abstract simplicial complex with vertex set V. Choose the in-
dex set J = V. We specify a subcomplex K of A’ by the condition that for each ab-

stract simplex {ao, ...,a,} € K, the geometric simplex spanned by €4, €q,, - - -, €a,,
is to be in K. It is immediate that K is a geometric simplicial complex and K is
isomorphic to the vertex scheme of K. [l

By the above theorem, up to isomorphisms, geometric simplicial complexes are
one-to-one correspondent to abstract simplicial complexes. As a tool, abstract sim-
plicial complexes help to give some canonical constructions on simplicial complexes
as well as to set up mathematical models in applications.

ExaMpPLE 1.1.1. Let V = {a% a!,...,a"} be a nonempty finite set. Let K
be the abstract simplicial complex given by all nonempty subsets of V. Then the
geometric realization of K is an n-simplex. (I

ProPOSITION 1.1.5. Any finite geometric simplicial complez is linearly isomor-
phic to a simplicial subcomplezx of a simplez.

PROOF. Let K be a finite geometric simplicial complex and let C be its abstrac-
tion. Let V = {a®,a,...,a"} be the vertex set. Let K’ be the abstract simplicial
complex given by all nonempty subsets of V. Let K’ be a geometric realization of
K’. Then K’ is an n-simplex. Note that K is a simplicial subcomplex of K'. By
taking geometric realization, K is linearly isomorphic to a simplicial subcomplex of
K. |

1.2. Face Posets and Subdivision of Abstract Simplicial Complexes.
Recall that a partially ordered set, or simply poset, V is a set together with a binary
relation < such that

(1). idempotency: x < x for any = € V;

(2). antisymmetry: for any z,y € V, if z <y and y < z, then z = y;

(3). transitivity: for any z,y,z € V,if x <y and y < z, then = < z.
Given a poset V, let

S(V)={ao,a1,...;an} | a; €V ap <ar <--- <an}.

Then S(V) is an abstract simplicial complex with V' as its vertex set because if
{ap,a1,...,a,} is well-ordered, then any nonempty subset of {ag,ai,...,a,} is
well-ordered. Roughly speaking S(V') is the set of all finite well-ordered sequences.

DEFINITION 1.2.1. Let K be an arbitrary abstract simplicial complex. A face
poset of I, denoted by FP(K), is the poset whose elements are given by all simplices
of K with partial order relation given by the inclusions. In other words, FP(K) is
the same set as K with partial order given by

A<B
if Ais a face of B.
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The subdivision of abstract simplicial complexes follows the ideas of barycentric
subdivision of geometric simplicial complexes. Let I be an abstract simplicial
complex. Then we have the face poset FP(KC). Define

sd(K) = S(FP(K)),

which is called the subdivision of K. The simplices of sd(K) are given by the
sequences
{0'1, g9, ... 7O'q}
with 01 < 09 < -+ < g4. If K is the geometric realization of C, then, by definition,
the geometric realization of sd(K) is sd(K).
The subdivision of (abstract) simplicial complexes can be described by the
following commutative diagram

{(abstract) simplicial complexes} — {posets}

sd 5

{(abstract) simplicial complexes} — {posets},

where the right column is the functor that sends a poset to the poset of its finite
well-ordered sequences with new partial order given by the inclusions.

1.3. Simplicial Joins. The notion of the cone K * w of a simplicial complex
K and a point w can be generalized to have a notion of join. As we see from the
definition of cone, we need to have the point w in a good position that is each
ray from w intersecting with |K| at most one point. By using abstract simplicial
complexes, we do not have to be worried about the technical assumption on good
position of w. Namely, we can start with two abstract simplicial complexes and
then construct a new abstract simplicial complex. Its geometric realization gives a
construction in geometry. The precise definition of join is as follows.

DEFINITION 1.3.1. Let K7 and Ky be abstract simplicial complexes. The join
K1 % Ko of K1 and K is the abstract simplicial complex with the vertex set given
by the disjoint union of the vertices of 1 and that of Ko, and its simplices given
by the disjoin unions of the simplices of Iy and that of ICy along all faces of such
simplices. More precisely,

V(K1 Ks) = V(K [ V(K2)

and a nonempty subset A[[ B of V(K; * K3) with A C V(K;) and B C V(K2) is
an simplex of Ky * Ky if and only if A is an empty set or a simplex of Ky and B is
an empty set or a simplex of ICs.

EXAMPLE 1.3.1. Let Ky be an abstract simplicial complex and let Ko = {w} be
an (abstract) O-simplex. Then, from the definition of cone, the geometric realization
of IC1 % K5 is a cone of the geometric realization of ;. O

ExaMPLE 1.3.2. Let K1 = {a,b} and let Ko = {¢,d}. Then K; x Ky has the

simplices:
{a,c} {a,d}, {b,c},{b, d},{a}, {0}, {c}, {d}.

Its geometric realization is a circle S* as one can see from the following picture:
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RN

DEFINITION 1.3.2. Let K; be a geometric simplicial complex with its abstrac-
tion K7 and let Ky be a geometric simplicial complex with its abstraction /Cy. The
join K1 % Ko of K7 and K is defined to be the geometric realization of Iy and Cs.

PrROPOSITION 1.3.3. Let K1 = o" be an n-simplex and let Ko = 7™ be an
m-simplex. Then Ky * Ky is an (m +n + 1)-simplez.

PrOOF. Let K71 = a%!---a™ and let Ky = 9b! --- ™. Then the abstraction
K1 of Kj is given by all nonempty subsets of {a,a’,...,a"}, and the abstraction
K2 of K, is given by all nonempty subsets of {b°, b, ..., b™}. Thus K1 x K5 is given
by all nonempty subsets of {a’,al,...,a™ % b!,... 6™} and hence the result. [J

ProrosiTiON 1.3.4. Let K1, Ko and Ks be geometric simplicial complezes.
Then
(1). Ky Ky is linearly isomorphic to Ko % Kj.
(2). (K1 x Ka) x K3 is linearly isomorphic to Ky % (Ka * K3).

ProOF. Let K; be the abstraction of K;. The assertion follows from that
lCl*ICQ%ICQ*ICland(ICl*ICg)*InglCl*(ICQ*ICg). O

ProrosiTION 1.3.5. Let K and L be geometric simplicial complexes and let

{Ku | @ € J} be a collection of simplicial subcomplex of K such that K = |J Ka.
acJ
Then there is a linear isomorphism

K+ L= U(KQ*L).
aeJ

PRrROOF. Let K and L be the abstraction of K and L, respectively. Let IC, be
the abstraction of K,. Then
K= K.

acJ
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From the definition of the join of abstract simplicial complexes, we have
KL= |]J(KaxL
acJ

The assertion follows by taking geometric realization. O

PROPOSITION 1.3.6. Let K be a geometric simplicial complexr and let v be a
vertex of K. Then

St(v) = v * Lk(v).

PROOF. Recall St(v) = |J o. Given asimplex o having vertices v, a’,al, ..., a".
veo
Let 7, = a%a'---a™ be the face of o opposite to v. (If o = v, we allow 7 = () in

this proof.) From the definition of the join,
0 =1V%Tg.

It follows

Stv) = Uo

vEoT

U v*7s

veEoT

v * (UUEO_ T(,) .

Thus it suffices to show that

Lk(v) = (U TU> :

veEoT

Let t, be the barycentric coordinate function with respect to v. Recall that
x € St(v) if and only if ¢,(z) > 0. Thus

Lk(v) = St(v) Nt;*(0).

For any simplex ¢ = va’a'---a” of K having v as one of its vertices, observe

that a point = € o lies in its face 7, = a®al - - - a™ if and only if ¢, (x) = 0. It follows
that 7, C Lk(v) and so
U 7 < Lk().
vET
Now let x € Lk(v) = St(v) \ St(v). There exists a simplex o of K having v as
one of its vertices such that « € o. Since t,(z) = 0 as z € Lk(v), we have t, € 7,.
Thus

Lk(v) C U Ty

veo

and hence the result. O

Let X and Y be topological spaces. The join of X and Y, denoted by X#Y, is
defined to be the quotient space of X x Y x I by the equivalence relation generated
by:

(1) (x7y170) ~ (x7y270) for = € X7 Y1,Y2 ey and
(2). (z1,y,1) ~ (z2,y,1) for z1,20 € X and y € Y.

LEMMA 1.3.7. Let o™ be an n-simplex and let 7™ be an m-simplex. Then
o"MHT™ X o™ x 7™ is an (n+m + 1)-simplex .
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PROOF. Let 0 = a%at---a™ C RM and let 7 = %! --- ™ C RM2. For hav-
ing the join o * 7 as a geometric realization of an (n + m + 1)-simplex, we may

put the vertices a®,a',...,a™, % b, ..., 0™ in RV V2 gsuch that a°,a',...,a" €
RN = RN x 0 C RM+N2 and 80,b1,...,0™m € RY2 = 0 x RV2 € RVMi+N2, Then
a,al,...,a", b0, b, ..., b™ are geometrically independent and the simplex o * T is
given by

ox1=a’al - a0 .. p™

as an (n +m + 1)-simplex. Now define a map ¢: 0 X 7 x I — o * 7 by setting
Zt a’ Zsjlﬂ t) Z(l —t)tia; + > _ts;b;,
i=0 §=0

where the right-hand side is also the barycentric coordinates because (1 — t)t; > 0,
ts; > 0 and

n

STtti+3 A-t)s; =t ti+(1-1) sj=t+(1-t)=1
j=0 i=0 §=0

=0

Note that

and
qj)(z tiai, Z Sjbj7 1) = Z Sjbj.
=0 7=0 7=0

Thus the map ¢ factors through the quotient space o#7 because

(b(zn:tiai, 5;b7,0) = Zt a’ Zs'-bj,())
i=0

m
=0 =0
for any Y77 5567, > 850 € 7 and

Zta Zsjb 1) Zt Emjsjbj,l)
7=0

for any > tjaf, > " tia' € 0. Let
(1.3.1) b: oOfT —> T*T

be the map induced by ¢. Then ¢ is one-to-one and onto. Since o#7 has quotient
topology, ¢ is continuous.

To see ¢~ ! is continuous, let ¢: 0 x 7 x I — o#7 be the quotient map and
let A be closed subset of o#7. Then ¢~ 1(A) is a closed subset of o x xI. Since
o x 7 x I is compact, g~ *(A) is compact. It follows that

$(A) = d(a~"(A4))

is compact subset of o 7. Thus ¢(A) is closed and so ¢! is continuous. The proof
is finished. O



2. A-SETS 59

Let K and L be geometric simplicial complexes. Then

KI#|Ll= |J o#r
ce K
T€L

The weak topology on |K|#|L| is defined by requiring that a subset A to be closed
if and only if AN (o#7) is closed in o#7 for any 0 € K and 7 € L.

THEOREM 1.3.8. Let K and L be geometric simplicial complexes and let | K |#|L|
have weak topology. Then there is a homeomorphism

|K|#|L| = |K « L|.

PROOF. Let |K| C R’ and let |L| € R7". Consider .J and J’ as disjoint index
sets and regard |K| and |L| as subsets of R7Y/" C R7 x R7". By the proof of above
lemma, for ¢ € K and 7 € L, the join o % 7 is the simplex spanned by the vertices
of 0 and 7. Let

(Eo’,‘r: OHT —> O *T
be the homeomorphism defined in . Then we obtain the function
6=bor IKI#ILI= | o#tr — KL= |J o7
o ceK ce K
TeL T€L

which is one-to-one and onto. The function ¢ is continuous because the restriction

$|U#T:0#T¢—U’T>0*T§\K*L|

is continuous for each o € K and 7 € L. Also the inverse ¢! is continuous because
its restriction .

6 ours 0 %7 2% oithr C |K|#IL]
is continuous for every 0 € K and 7 € L. (Note that all simplices in |K * L| are
given in the form ¢ % 7, o, 7 for ¢ € K and 7 € L. The function ¢! restricted to
the last two cases is also continuous because o and 7 are subspaces of o#7.) The
proof is finished. O

2. A-sets

2.1. Definition of A-sets. A generalization of abstract simplicial complex is
so-called A-set. The definition of A-set is as follows.

DEFINITION 2.1.1. A A-set means a sequence of sets X = {X,, },>0 with faces
di: X, = X,n_1, 0 <17 <n, such that

(2.1.1) didj = djdit1
for ¢ > j, which is called the A-identity.

In this definition, a A-set refers to a sequence of sets together with structured
functions called faces rather than a single set. For helping to remember the A-
identity, one can look at the coordinate projections

dit (To,. - @) — (Tose oo, Tim1, Tit1s -+, Tn)

to catch the identities d;d; = d;d;41 for ¢ > j, where x; are letters.
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ExAMPLE 2.1.1. Let K be an abstract simplicial complex. Let the vertices of
K be well-ordered. Let IC,, be the set of n-simplices of K. Define the faces

di: Ky = Kpo1, 0<0<n,

by

di{a®a', ..., a"} = {a®dt,...,a"" a" Y am)
for any n-simplex {a®,a',...,a"} with a® < a' < --- < a™. Then the sequence
KA = {Ky}n>0 forms a A-set. Note that the faces depend on the choice of well-
order on vertices. O

There is a categorical way to describe A-set. Namely we can describe A-sets
as functors from a category OT below to the category of sets.

DEFINITION 2.1.2. Let O be the category whose objects are finite well-ordered
sets and whose morphisms are functions f: X — Y such that f(z) < f(y) f x < y.

Note that the objects in O are given by [n] = {0,1,...,n} for n > 0 and the
morphisms in OF are generated by d': [n — 1] — [n] with

iro j if j<i

d(])_{ jE1 i >

for 0 < i < n, that is d’ is the ordered embedding missing . We may write the
function d’ in matrix form:

di— 01 -+ -1 i i+1 -+ n-—1
{01 -+ i—-1 i4+1 i4+2 --. n. )

The morphisms d’ satisfy the following identity:
ddt = dttdl
for i > j.
REMARK 2.1.3. For seeing that morphisms in OF are generated by d?, observe

that any morphism in OF means an ordered embedding, which can be written as
the compositions of d*’s.

Let S denote the category of sets.

PROPOSITION 2.1.4. A-sets are one-to-one correspondent to contravariant func-
tors from O to S.

PROOF. Let F': OF — & be a contravariant functor. Define X,, = F([n]) and
di = F(d"): X, = F([n]) = X1 = F([n —1]).
Then X is a A-set.

Conversely suppose that X is a A-set. Define the F': OF — S by setting
F([n]) = X,, and F(d’) = d;. Then F is a contravariant functor. d

DEFINITION 2.1.5. A A-set G = {G,}n>0 is called a A-group if each G,, is
a group, and each face d; is a group homomorphism. In other words, a A-group
means a contravariant functor from O™ to the category of groups. More abstractly,
for any category C, a A-object over C means a contravariant functor from O to C.
In other words, a A-object over C means a sequence of objects over C, X = {X,,}n,>0
with faces d;: X,, — X,,_1 as morphisms in C.
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EXAMPLE 2.1.2 (n-simplex). The n-simplex A™[n], as a A-set, is as follows:
A*[n]k = {(i0, 1, -, ix) | 0 <idg < iy < -+ < iy <}

for k <mn and At [n], = 0 for k > n. Namely, A*[n], is the collection of the subsets
of cardinal (k4 1) of the set (0,1,2,...,n).

The face d;: At[n], — AT [n]y_1 is given by

dj(ioyit, .. ik) = (i0,01, .-y ijs- .y ik),
that is deleting ¢;. Let 0, = (0,1,...,n). Then
(io,’il,... ,ik) = djldjg coed

jnfko—n’

where j1 < jo < -+ < fp—p with {j1,...,0k} = {0,1,...,n} ~ {io,i1,...,ix}. In
other words, any elements in Al* can be written an iterated face of o,. Note
that A*[n] is the abstraction of an n-simplex by considering A*[n] as an abstract
simplicial complex. (I

DEFINITION 2.1.6. A A-map f: X — Y means a sequence of functions
[ Xn =Y,
for each n > 0 such that f od; = d; o f, that is the diagram
/

Xn Y,

d; di

Xn—l EE——— Yn—l
commutes. A A-subset A of a A-set X means a sequence of subsets A4,, C X, such
that
dz(An) g Anfl
forall 0 <i<n < oo. A A-set X is called to be isomorphic to a A-set Y, denoted
by X 2 Y, if there is a bijective A-map f: X — Y.

Let X be a A-set and let A be a A-subset. Clearly the inclusion A C X, that
is, A, C X, for each n > 0, is a A-map.

PRrRoOPOSITION 2.1.7. Let X be a A-set and let x € X,, be an element. Then
there exists a unique A-map
fo: ATn] — X
such that fi(oy) = x.

PROOF. Suppose that f: AT[n] — X is a A-map such that f(o,) = z. From
the assumption f(o,) = x, we have
f(i()?ila"wik) = f(djldjz '.'djn—ka—n)
= djldjz e dy, f$(0n)
= djdj, - dj, .
This proves the uniqueness because the value f(ig,1,...,%x+1) must be given by
dj, dj, -+ -dj, . x. Now define the functions

(fo)e: ATy — X,
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by setting (fx)k(io, il, . ,ik+1) = dj1 de s djnika:. Then
fo=A(fo)r}: AT [n] — X
is a A-map. The proof is finished. O
The simplicial map f,: AT[n] — X is called representing map of z.

DEFINITION 2.1.8. Let X be a A-set and let S C [J,—,X,,. The A-subset
generated by S is defined by

<5>A:ﬂ{AgX |S C U A, A={A,} is a A — subset of X}.

n=0
For z € X,,, ({z})? is simply denoted by (z)2. A A-set X is called monogenic if
it is generated by a single element.
PROPOSITION 2.1.9. Let X be a A-set and let S C J,—q X,,. Then

<S>$ =(SNXn)U U dj, dj, - - - dj, (SN Xontk)
0<ji<jo<---<jr<n+k
1<k<
for each n > 0.
PROOF. Let
K, =(SNX,)U U djydj, -+ dj, (SN Xnpr)
0<j1<ja<---<jp<n+k
1<k<oo
Then d;(K,) C K,_1 by the A-identity (2.1.1)) for 0 <i <n. Thus K = {K,, }n>0

is a A-subset of X. If A is a A-subset of X with S C 7, A,, then clearly
K, C A, for each n > 0. Thus K = (S)® and hence the assertion. O

2.2. Polyhedral A-sets. Given an abstract simplicial complex K (with a
well-order on the vertices), as in Example we obtain a A-set 2.

DEFINITION 2.2.1. A A-set X is called polyhedral if there exists an abstract
simplicial complex K such that X = 2.

In general, a A-set may not be polyhedral.

EXAMPLE 2.2.1. Let X = A*[1] Up+p1;, AT[1] be the union of two copies of
AT[1] by identifying the vertices. We show that X is not polyhedral. Note that
X has two vertices 0 and 1 and X; has two elements o1 = (0,1) and 71 = W,
where (0,1) is a copy of ;. Assume that there is an abstract simplicial complex K

such that £ = X. Then K has only two vertices that is impossible to create two

1-simplices oy and 7. O
Now let X be a A-set and let 2%° be the set of all subsets of Xy. Define
o: H X, — 2%0
n>0

by setting ¢(x) = {f2(0), fu(1),..., fo(n)} for x € X,,.

THEOREM 2.2.2. Let X be a A-set. Then X is polyhedral if and only if the
following holds:
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(1). There exists an order of Xo such that, for each x € X,

2). The function ¢: X,, — 2%0 45 one-to-one.
( ) n>0

PrOOF. If X = K2 for some abstract simplicial complex K, then each n-
simplex is uniquely determined by its vertices. Thus ¢ is one-to-one. From the
construction, we have f,(0) < f,(1) <--- < fz(n).

Conversely suppose that X is a A set satisfies the two conditions in the state-
ment. First we show that, for € X,,, the cardinal of {f,(0), fz(1),..., fz(n)}
is n 4+ 1. Otherwise there exists 0 < i < j < n such that f,(¢) = f.(j). Then

di(z) = fodi(0,1,...,n) = f,(0,1,...,i—1,i+1,...,n)

P(di(x)) = {f2(0), fa(1),... fali = 1), fa(i+1),..., fa(n)}
= ({ﬁ{wgo)’fm(l)v"'vfw@_1)7fw(i)7fw<i+1 ,,fz(n)}

Thus d;(z) = z, which contradicts to that X, N X,,_1 = 0.
Let the vertices of I be the elements of X. Define a subset

{a®,a',...,a"} C X,

to be an n-simplex of K if and only if {a®,a,...,a"} € Im(¢), where the elements
are given in the order that a® < a' < --- < a™.

For checking that K is an abstract simplicial complex, let {a° al,...,a"} be
an n-simplex of KC such that {a°,a',...,a"} = ¢(x). From the above arguments,
z € X,, and so we may assume that a’ = f,(i) for 0 <i < n. Let {a%,a™,... a%}
be a subset of {a®,al,... ;a"} with 0 <ig < iy <--- <i, <n. Let

{jOajlv' <. aj’nfpfl} = {0717° .. ,n} N {7;07i17' . 'aip}
with 0 < jo < j1 < -+ < jp—p—1. Then
djodjl ced T = fwdjodh "'djin—p—l(ovlv“-vn)
= fm(’to,ll,...,lp).

Jn—p—1

Thus
o(djodj, -+ dj,_,_x) ={a",a",... a"}
and so {a%,a®,... a%} is a p-simplex of K.
Finally the function
g: X — KA
with g(ic) = {fz(0),..., fz(n)} for x € X,, is a bijective A-map. This proves that
X =K. (I

2.3. A-complexes and the geometric realization of A-sets. Recall that
the standard geometric n-simplexr A™ is defined by

A" ={(to,t1,...,tn) ER™ [ 1; > 0and Y t; =1},
1=0
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Let ¢ = (1,0,...,0),e! = (0,1,0,...,0),...,e™ = (0,...,0,1) be the vertices
of A". For 0 < i < n, the i-th face of A™ is given by the image of the map
d': A»1 — A" defined by

d'(to,t1s .y tn1) = (to, .. tio1, 0,5, tn_1).
Namely d’: A1 — A" is a simplicial map with
i g el if j<i
L0\ )
d(e)_{eg+l if ]21
It is straightforward to check that the maps d' satisfy the identity:
(2.3.1) dd = dTd

for 4+ > j. This identity is dual to the A-identity. In such a sense, the map
d': A" — A" is called i-th coface map and its image d*(A""1) C A” is called
i-th face of A™. Recall that the boundary O(A™) = |J d*(A[n — 1]) is the union of

=0
all faces of A™ and the interior of A™ is given by Int(A™) = A™ \ OA™.

DEFINITION 2.3.1. A A-complex structure on a space X is a collection of maps
C(X)={oa: A" - X |a € J, n>0}
such that

(1). oalmeany: Int(A™) — X is injective, and each point of X is in the image
of exactly one such restriction o |mmi(an)-
(2). For each o, € C(X), each face

oo 0d €C(X).

(3). A set A C X is open if and only if o, !(A) is open in A™ for each
0q € C(X).

The last condition says that the topology on X is given by the weak topology
with respect to the structure maps o,: A™ — X. Define

CAX)={0a: A" = X | @€ J,} CC(X)
with d;: C2(X) — C2 (X)) given by
di(oy) = 0g0d: A"t — X
for0<i<n.
PROPOSITION 2.3.2. C2(X) = {C2(X)}n>0 is a A-set.
PRrROOF. The assertion follows from Identity ( for the cofaces maps d*. [

DEFINITION 2.3.3. Let K be a A-set. The geometric realization |K| of K is
defined to be

|K| = H (A", z)/ ~= H A" X Kp/ ~,
re K, n=0
n>0

where (A", z) is A™ labeled by = € K,, and ~ is generated by
(2.3.2) (z,d;z) ~ (d'z,z)
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for any z € K, and z € A" ! labeled by d;z. For any = € K, let 0,: A" =
(A", z) — |K| be the canonical characteristic map. The topology on K is defined
by U C |K]| is open if and only if the pre-image o, '(U) is open in A" for any
x € K, and n > 0. Equivalently the topology on |K| is given by the quotient
topology under the quotient map

¢ [ A"z — K|
T € K,
n>0

The geometric realization of a A-set K can be intuitively described as follows:
Consider every element = € K, as a n-simplex. We assign a copy of A" to each
n-simplex . Then we obtain a collection of geometric simplices and make them as
a disjoint union. The gluing procedure is then given in the way that the simplex
A" 1 labeled by d,z is identified with the i-th face of the simplex A” labeled by z
under the coface map d*: A"~! — A™. From this, we obtain the set |K| and then
put the weak topology on |K].

EXAMPLE 2.3.1. We show that the geometric realization |A™[n]| = A™. Note
that the elements in A*[n] are given by

(igy i1y ..., 0K)
with 0 < dg < -+ < i < n. Let « = (0,1,...,n). By definition, |A*[n]| is the
quotient of the disjoint union of
|AT[n]| = 1T (A%, oy yik))/ ~ -
0<ip<i1<...<1p <n

Let ¢ = 04: A" = (A", @) — |AT[n]| be the characteristic map. Then ¢ is
continuous because, for any open subset U of |[A*[n]|, ¢~1(U) = o, (U) is open in
A",

Now we define a continuous map

P 11 (A (ig, ... ,ig)) — A"

0<ip<i1 <...<ip<n
as follows. Let
Ylar,a: (A" a) —> A"
be the identity map. For each (ig,41,...,ix) with k < n, let
{0,1,...,n} ~{io, i1, yik} = {J1,d2, - s Jn—k}
with j1 < ja < ... < jn—k. Let
V(AR (g in,in)) = A r It d s (AR (ig, iy, ... i) — A”

be the iterated face. This defines a continuous map .
Let

q: IT (A*, (ig, .. i)) — [A*[n]]

0<ip<ii<...<ix<n
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be the quotient map. Then the map 1 factors through the quotient map ¢ because,
for any z € AF,

(2,dj,dj, -~ d

jn—ka) ~ (djlzv dj2 e djn—k

~ (dj2djlz7dj3 . d

a)

i @)

~ (djnfkdjnfk—l "'djlz,()l).

Let ¢: |[A*[n]| — A™ be the function with 1) = 1) og. Then 1 is continuous because
|A*[n]| has the quotient topology.

From the definition of ¢ and 1, the composite 1 o ¢: A™ — A™ is the identity
map. This forces that ¢: A™ — A%[n] is one-to-one. Since each simplex A¥ labeled
by (i0,1,-.-,%%) is identified with a face of A", the map ¢: A™ — |A™[n]| is onto.
Thus ¢ is bijective and ¢ = ¢~!. Hence |AT[n]| = A™. O

Similarly we have |0A™[n]| & OA™.
PROPOSITION 2.3.4. Let K be a A-set. Then |K| is A-complex.

PRrROOF. Let sk, K = {Kj}o<j<n be the n-skeleton of K. Then sk, K is a
A-subset of K. Let 0A™[n] = sk,,_1 AT[n] be the boundary of A*[n]. Note that
|AT[n]| =2 A™ and |0AT [n]| =2 OA™.
From the push-out diagram

|_| OAT[n] — sk, 1 K

zeEK,

1 push

|_| At[n] — sk, K,
zeKy,
there is a push-out diagram
| | oA™ — |sk,_1 K|

zeK,

1 push

|| A" — |sk, K.

ze K,
Thus |sk,, K| is obtained from sk,,_; K| by attaching cells with labels in K,. By
induction, it follows that | K| is a A-complex. O

PROPOSITION 2.3.5. Let K be an abstract simplicial complex. Then |K?| is a
geometric simplicial complex whose abstraction is K.

PROOF. Let K be a geometric realization of . We identify the vertices of K
with the vertices of K. For each copy of the simplex (A" z) with = € K,,, the
element x is determined by its vertices {a®,al,... ,a"} with " < a' < --- < a™
Since K is the abstraction of K, we have the simplex o, = a’a’ ---a" in K. Define
the linear map

o: (A", x) — o,
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by
n
B(tostr, .. tn, ) = Y tial.
i=0
Note that d;x = {a®,at,...,a*"ta’*, ... a"}. We have
Pto t1,. .. tn—1,diz) = toa® +tiat + -+ tiqa T F a4+ b qa”

= d)(tq,tl,...,ti_l,O,ti,...,tn_l,:c)
= ¢(d'(tost1y- - tn—1),)).
Namely ¢(z,d;x) = ¢(d'z, ) for (z,d;z) € (A""1, d;x) with x € K,,. Thus the map
¢ induces a (continuous) map
¢: |K2] — |K]|
that is one-to-one and onto. By the definition of the weak topology on |K|, ¢ is a
homeomorphism and hence the result. ([l

3. Homology

3.1. Homology of A-sets. Recall that a chain complex of groups means a
sequence C' = {C,} of groups with differential 9,,: C,, — C,,_1 such that 9,, 0 941
is trivial, that is Im(9,41) C Ker(d,,) and so the homology is defined by

H,(C) =Ker(dy,)/Im(p41),

which is a coset in general. A chain complex C is called normal if Im(9,41) is a
normal subgroup of Ker(9,,) for each n. In this case H,(C) is a group for each n.

ProroSITION 3.1.1. Let G be a A-abelian group. Define

O = (=1)'di: Gp — Gy
i=0
Then 0,,_1 0 0, = 0, that is, G is a chain complex under 0,.

PRroOOF.
n—1 . n .
an—l o an = Z (_l)zdi (_1)]dj
=0 7=0
= Y (-D)Fdd;+ Y (—=1)itdd,
0<i<j<n 0<5<i<n—1

= X (O)Mddi+ X (1) didig
0<i<j<n 0<j<i+1<n

= X ()Wdidj+ 3 (1) dd;
0<i<j<n 0<j<i<n
= 0.
O

Let X be a A-set. The homology H,(X;G) of X with coefficients in an abelian
group G is defined by

H.(X;G)=H.(Z(X)® G,0.),
where Z(X) = {Z(X,,) }n>0 and Z(X,,) is the free abelian group generated by X,,.
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PROPOSITION 3.1.2. Let
11— 02" 1

be any short exact sequence of chain complexes of (possibly non-commutative) groups.
Then there is a long exact sequence

D Hpn (C7) 25 H(C) —s H(C) 2 H(CV) —— -

Moreover if C' and C" are normal chain complexes, then Ox11 is a group homo-
morphism for each k.

ProoOF. Consider the commutative diagram

{ D
! 1
Cipo &> Cry2 — Cip

{ D
! 1!
Cip1 & Cpp1 — Cipy

8/ a 8//
Y Z y Y
Cl O - Y
8/ a a//

Y . y Y
(3

Choy > Ol — O,
Let x € C}/,, with 0”(z) = 1. There exists & € Cj41 such that p(Z) = z. Since
p(0(F)) = 9" (p()) = 0"(z) = 1
there exists & € C}, such that i(Z) = 9(Z). Now
i(0'(z)) = 0(i(z)) = 0o 0(z) = 1.
Thus Z is a circle in C” and so {Z} defines an element in Hy(C").
Let & be another element in Cj41 such that p(Z) = . Then
p(E™h) =1

1

and so there exists an element z € Cj_ , such that i(z) = Z7'2. Now

-
i(30/(2) = O(F)(O(F) 10(3) = 0().

Thus {Z} € Hy(C") is independent on the choice of the pre-image of x in Cyy;.

Suppose that »’ = 29" (y) with 9"(x) = 1 for some y € C}/,,. There exists
7 € Ciy2 such that p(g) = y. Then

a' = p(20(y))
with
¥ =0(z0(y)) = 0(z) = z.
This shows that
Op41: Hea (C7) — H(C') - {z} = {2}
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is well-defined. Assume that C’ and C” are normal chain complexes. For x,z’ €
Cyq with 0" (x) = 0"(2') = 1. Then p(23') = z2’ and so
1 ({zHz'}) = Opr1 ({2} 1 ({2'})

provided that C’ and C” are normal.
The composite i, o Opy1 is trivial because i(z) = 9(z). Let y € C) with
0'(y) =1 and 4, (y) is trivial in Hi(C). Then there exists § € Cy41 such that

i(y) = 9(3).
By the construction of dgy1, Ok+1(p(7)) = y. This shows that

Hia(C") 2% Hy(C) —" Hi(C)
is exact.
Now we show that
. )
Hy1(C) 2> Hipr (C") =55 Hi(CY)

is exact. Let y € Ckq1 such that d(y) = 1. Then by the construction of Jky1,
Or+1(p(y)) = 1. Thus the composite Jx11 © p« is trivial. Suppose that » € C}/,;
with 8"(x) = 1 and & = O11(x) is trivial in Hy(C"). There exists an element
z € O}, such that

J'(z) =1z.
Let & =i(z)~*2. Then

with
o(z) = 0(i(2)"'z) =i(0'(2) 'z) = 1.
Thus Z defines an elements in Hy41(C) with p.({2}) = {z}.
Finally we show that
Hi(C') —“+ Hy(C) 2~ Hy(C")
is exact. Since p o is trivial, so is p. 0 ix. Let y € Cj with d(y) = 1 and p,(y) is
trivial in Hy(C"”). There exists an element z € C}/, ; such that
p(y) = 9"(2).
Let Z € Ck11 such that p(2) = z. Then
p(ya(z71) = 9"()p(d(z))
_ 8”(z)8”(p(2)‘1

— 8”(2)8”(2_1)
= 1.

)

Thus there exists w € C}, such that i(w) = yd(z~!) with
i(0' (w)) = 0(i(w)) = 0(yd(z7")) = 1.
and so 0'(w) = 1. Hence i,.({w}) = {y}. The proof is finished now. O

Let X’ be a A-subset of X. The relative homology H. (X, X’; G) is defined by
H. (X, X';G) = H.(Z(X)/Z(X") ® G, d.).
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COROLLARY 3.1.3. Let X' be a A-subset of X. Then there is a long exact
sequence

D Hya (X, X56) 25 Hy(XG) —2 Hy(X3G) 2 Hy(X, X5G) — -
for abelian group G. |
3.2. Simplicial and Singular Homology.

DEFINITION 3.2.1. Let X be a A-complex. Then simplicial homology of X
with coefficients in an abelian group G is defined by

H2(X;G) = H.(CH(X); G).
For any space X, define
Su(X) = Map(A™, X)
be the set of all continuous maps from A™ to X with
di = d™: S,(X) = Map(A™, X) — S,,_1(X) = Map(A™ !, X).

for 0 < ¢ < n. Then S,(X) = {S,(X)}n>0 is a A-set. This allows us to define
singular homology:

DEFINITION 3.2.2. For a pair of spaces (X, A), the singular homology H.(X, A; G)
with coefficients in an abelian group G is defined by

Ho (X, 45 G) = H(S.(X), S.(A); G).

For any continuous map f: X — Y, there is an induced A-map If
Let (X, A) and (Y, B) be pairs of spaces and let f: X — Y be a continuous
map such that f(A4) C B. Then the map f induces a A-map

Fat 8.(X) — S.(Y)
given by fx(A) = fo A for any A\: A" — X with
F4(S.(A) € S.(B)
and so it induces a group homomorphism
fo: H (X, A;G) = Ho (S4(X), S4(A); G) — H.(Y,B;G) = H,(S.(Y), S«(B); G)

for each n. Thus the homology is a functor from the category of (pairs) of spaces to
the category of graded abelian groups. See Hatcher’s book [[7] for further properties.
We only list few properties without proofs here.

PROPOSITION 3.2.3. If X ~ Y, then H.(X;G) = H.(Y;G). Thus the homology
only depends on the homotopy type of spaces. (I

PRrROPOSITION 3.2.4. Let X be a A-complex and let G be an abelian group. Then
there is a natural isomorphism

HA(X;G) 2 H,(X;G).

Thus the simplicial homology is the same as the singular homology.
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ExaMPLE 3.2.1. If X = {z(} be the space of a single point, then Hy(X;G) = G
and Hy(X;G) = 0 for ¢ > 0. Let X = A™. Since X ~ {z¢} a single point,
H.(A™G) = Hi({z0}; G).

Now we compute the homology of a sphere S™. If n = 0, then Hy(S%;G) =
G ® G and H (S G) =0 for ¢ > 0. We assume that n > 0. Since S™ = 9(A"F1),
we have

H,.(S™;G) = H,(9(A™1); @) = HA(9(A™); G).
Let

D= (Z(AT[n+1])) ® G)/(Z(d(AT[n +1])) @ G).
Since

A(AT[n+ 1))k = AT [n + 1
for k <n and (A" [n+1]),4+1 = 0, we have
D=0
for k <n and
Dpi1 =Z(A I+ 1]pt1) ® G =G

as AT [n + 1] has only one element in dimension n + 1. Thus

_J G for g=n+1
(D) {O for ¢#n-+1.

From the short exact sequence of chain complex
Z(O(AT[n])) ® G — Z(AT[n]) ® G — D,
there is a long exact sequence
= Hy(0(AT[n+1)) = Hy(A%[n+1]) — Hy(D) — H 1 (9(AF[n+1])) — --- .
Since |AT[n + 1]| = A" FL,

G for ¢=0
+ . _
Hy(AT[n+11:6) = { 0 for ¢#0.
Thus
H,(S™:G) = HA0A™ G) = Hy A n+ 16y =4 ¢ a=0n
= 4 ’ a ’ 0 otherwise.

THEOREM 3.2.5 (Brouwer Fixed-point Theorem). Any continuous map f: D™ —
D™ has a fixed point.

PROOF. Suppose that f: D™ — D" has no fixed point. For any = € D", let

BT
r(z) be the intersecting point of the line segment from ¢(z) in the direction ¢(z)z.
This defines a continuous map r: D™ — S™ 1 such that
T|Sn71 = ids’nfl .

In other words, there is a commutative diagram

D" r Sn—l
Sn—l
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By applying the functor H,_1(—;Z) to this diagram, we have the commutative
diagram

If n =1, this gives the commutatlve dlagram

Z YASY/

YASYA
which is impossible. For n > 1, the above diagram gives a commutative diagram
0 Z

Z

which is impossible and hence the result. [

)

Note. A generalization of Brouwer Fixed-point Theorem is Lefschetz Fixed-point
Theorem [?, Section 22].



CHAPTER 3

Covering Spaces

Week 10 October 21 (T) October 24 (F): Sections 1.1, 1.2
Week 12 November 4 (T) November 7 (F): Sections: Section 1.3

1. Covering Spaces
1.1. Covering Spaces.

DEFINITION 1.1.1. A map p: X — X is a covering projection and X (or (X, p)
is a covering space of X if
1) p is onto, and
2) for any x € X there is an open neighborhood U (called an elementary
neighborhood) of x such that
p_l(U) = H Ua
aelJ
is a topological disjoint union of open sets (called sheets), each U, is
mapped homeomorphically onto U by p. So p~1(U) = U x( discrete space.)
Roughly speaking covering space just means that ‘locally’ the pre-image p~1(U)
is disjoint union of copies of U.
ExAMPLE 1.1.1. (1). Any homeomorphism p: X — X is a one-sheeted
covering projection.
(2). Let F be a discrete space and X = X x F. Then the coordinate projection
p: X > Xisa covering projection.
(3). The projection p: S™ — RP™ is a two-sheeted covering projection.
(4). p: St — S 2z 2", is an n-sheeted covering.
(5). The exponential map e: R — S is a covering with infinite sheets.

EXERCISE 1.1. Let p: X — X and ¢: Y — Y be covering projections. Show

that p x ¢: X x Y — X x Y is also a covering projection.

Let G be a group and let Y be a G-space. For g € G and a subset S C Y, let
g - S denote the set {g - z|x € S}.

DEFINITION 1.1.2. Let G be a (discrete) group and let Y be a G-space. A
G-action on Y is called properly discontinuous if

for any y € Y there exists a neighborhood W, such that
nFge = g -W,Ng W,=0
(or, equivalently, g #1 = ¢ - W, NW, =0).

THEOREM 1.1.3. Let X be a G-space. If the G-action on X is properly discon-
tinuous, then X — X/G is a covering.

73
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PROOF. Let p: X — X/G be the quotient map. By Theorem ??, p is an open
map. For any z € X, let W be an open neighborhood satisfying the condition of
proper discontinuity. Then p(U) is an open neighborhood of p(z) and

W) =g W
geqG
is a disjoint union of open subsets of X. Furthermore p|g.w: g-W — p(W) is a
continuous open bijective map and hence a homeomorphism. O

EXERCISE 1.2. Let X be a G-space. Suppose that X — X/G is a covering,.
Show that the G-action on X is properly discontinuous.

Now the next question is how can we know a group-action is properly discon-
tinuous. Recall that a group G acts freely on X if g-z #z forallxz € X and g € G
with g # 1.

EXERCISE 1.3. Let X be a G-space. Suppose that the G-action on X is properly
discontinuous. Then G acts freely on X.

THEOREM 1.1.4. Let G be a finite group and let X be a Hausdorff G-space.

Then the G-action on X is properly discontinuous if and only if G acts freely on
X.

PROOF. = is obvious (see Exercise .

< Let G = {go = 1,91, ,gn}. Since X is Hausdorff, there exist open
neighborhoods Uy, --- U, of go -z, -+, gn - z, respectively such that Uy N U; = 0
for1<j<n. Let U= ﬂ?=09;1 -Uj. Then U is an open neighborhood of x with
g; -UNU =0 for each 1 < j < n because

9;-U=g;-(o:'Ui=()gilg;i" - U)
=0 =0

n
=((gig:") Ui € (95971 - Uj = U;.
i=0
Thus the G-action on X is properly discontinuous. ([l

Note: If G has infinite elements, a free G-action may or may not be properly
discontinuous. In other words, the quotient X — X/G may or may not be a
covering even if G acts freely on X and X is Hausdorff.

Now we have more examples of covering spaces.

EXAMPLE 1.1.2. 1) Let Z act on R by & +— x 4+ n. Then this action is
discontinuous and so R — R/Z = S! is a covering.

2) Let Z™ = Z®" act on R™ by (1, ,xn) — (21 + 11, -+ ,2p + 1) for
z; € R and l; € Z. Then this action is discontinuous and so R" —
R"/Z"™ = S x -+ x S is a covering. In particular, when n = 2, we have
the covering projection : R? — T = S x S*.

3) Let p be a prime integer and let ¢, - ¢, be integers prime to p. We
define a Z/p-action on

S+l — {(z0,-+ ,2n) € C”||zo|2 + \Zl|2 +-+ |Zn\2 =1}
by

2mal 2mil 2milgn,
I (20, ,2n) = (e /”zo,e ql/pzl,... ,e2mila /pzn).
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We show that this action is free. Suppose that

U (20, s 2n) = (20, , 2n)-

Then

eZﬂ'ilqj/p zj = 2
for each 0 < j < n, where qo = 1. Since (29, - 2,) € S?"*1, there exists
zj, # 0 for some jo. It follows that

eQﬂ"ilq]’o/p -1

and so lg;, = 0 mod p. Since g;, # 0 mod p and p is a prime, [ = 0 modp,
that is [ is the identity in Z/p. Thus this action is free.

Since S?"*1 is Hausdorff, $?"*1 — §27+1/(Z/p) is a covering. The
quotient S?"*1/(Z/p), denoted by L"™(p,q1,- -+ ,qyn), is called a lens space.
Note that L™(2) = RP?"+1,

4) Let p be any non-zero integer. We define a Z/p-action on

SQn—i-l = {(207... ’Zn) c CHHZOlQ + ‘z1|2 4ot |Zn‘2 _ 1}
by
l- (207 - )Zn) — (627ril/p Zo,ezﬂil/p 21, ,627ril/p Zn>

The argument above show that this action is free. (Note: in this case, we

do not need to assume that p is a prime.) The quotient S?"*1/(Z/p) is

denoted by L"(p). Again we have a covering projection S2"*! — L"(p).
5) Let M be a manifold and let

F(M>n> Z{(.T17~-~ ;mn) eMn|$i 75£Ej fori;’éj}

be a ordered configuration space. Let the symmetric group ¥, act on
F(M,n) by permuting positions. Then F(M,n) — F(M,n)/%, is a
covering. The quotient F'(M,n)/%,,, denoted by B(M,n), is called the
space of unordered configurations.

6) Let G be a (Hausdorff) topological group and let H be a finite subgroup
of G. Let G/H be the set of left cosets with quotient topology. Then
G — G/H is a covering. (Note: One can directly show that G — G/H
is a covering if H is a discrete subgroup of G (without assuming that H
is finite).

1.2. The Lifting Theorem For Covering Spaces. If p: X — X is a cov-
ering and f: Y — X is a map, then a lifting of f is a continuous map f: Y - X
such that f =po f

The lifting problem is: Given a map f: Y — X.

i) When does there exist a lifting of f7
ii) Must such a lifting be unique?

The ‘uniqueness’ can be answered as follows.
LEMMA 1.2.1. Let p: X > X bea covering and let f,
of f: Y — X. Suppose that Y is connected and f(yo) =

Then f = f.

f:Y — X be two lifting
f(yo) for some yo € Y.
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PROOF. Let Y/ = {y € Y|f(y) = f(y)}. Then yo € Z. It suffices to show that
Z is open and closed. (Note: A space Y is connected if and only if Y and @ are
only open and closed subsets of Y (or, equivalently, Y is not disjoint union of two
open subsets). A path-connected space is connected, but a connected space may
not be path connected in general.)

First we show that Y’ is an open subset of Y. Let y € Y’ and let U be an
elementary neighborhood of f(y) in X. There is a (unique) sheet U, of p~1(U)
such that f(y) = f(y) € Ua. Then f~1(U,) N f~1(U,) is an open neighborhood of
y. Since ply, : Uy — U is a homeomorphism,

Hi-=waoni-w. = N wani-w.:
Thus
FHU) N Ua) Y
and so Y’ is open.

Now we show that Y\ Y’ is open. Let y € Y\ Y’ and let U be an elementary
neighborhood of f(y) in X. Since f(y) # f(y), there are two different sheets U, and
Us of p~*(U) such that f(y) € U, and f(y) € Us. (o # (3 because p restricted to
each sheet is a homeomorphism.) Now f~1(U,)N f~'(Us) is an open neighborhood
of y. Since U, NUsz =0, f(2) # f(z) for any z € f~1(U,) N f~1(Up) and so

FHUanfHUs) CY\Y".
Thus Y \ Y’ is open and hence the result. O

COROLLARY 1.2.2. Suppose that X is connected and ¢: X — X is a map such
that po ¢ = p. If ¢(x1) = x1 for some x; € X, then ¢ is the identity map.

Proor. Both ¢ and the identity map id ¢ are liftings of the map p: X - X.
Since ¢(x1) = id ¢ (1), the assertion follows from Lemmam O

Let X be a pointed space with a base-point xo and Zy € X such that p(Zg) = zo.

THEOREM 1.2.3 (Path-lifting Theorem). Let p: (X, &0) — (X, x0) be a cover-
ing. Then
i) Every path \: (I,0) — (X, z0) has a unique lifting X: (I,0) — (X, Zo).
i) Every map F: (I x I,(0,0)) — (X,z0) has a unique lifting F: (I x
1,(0,0)) — (X, &o).

PrOOF. We already prove the uniqueness of a lifting. So we only need to prove
the existence.

i) There exist 0 = tg < t1 < -+t = 1 such that A([t;, t;41]) is contained in
some elementary neighborhood of each i. We show that there is a lifting \; : [0,t;] —
X of Aljo,t;) by induction on i. When i = 0, Xo: [0,0] — X is given by A(0) = .
Suppose that there is a lifting \; : [0,t;] — X. Since A([ts, ti41]) lies in an elementary
neighborhood. There is a unique lifting p: [t;,t;11] — X of Alits tis,) Such that
p(t:) = Ai(t;) (The map g is obtained by composing Alfti tipa] With the inverse
homeomorphism to p—restricted—to—the—sheet—containing—j\i(ti). Let

5\i+1 = ;\i U M [O,ti_,_l] — X

Then 5\i+1 is a lifting of Aljg,,,)- This gives a construction of A by induction.
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ii) The proof essentially follows from the same idea, that is there are sequence
0=s90<s51<-<sp=1land 0 =1ty <t; < --- <t, =1 such that F maps
each small rectangle R; ; = [s;, S;i41] X [tj,tj4+1] into an elementary neighborhood
and then defined F inductively over the rectangles

Roo,Ro1, - ,Rom, R10, - .
O

COROLLARY 1.2.4 (Monodromy Lemma). Let 5:0, Ar: (1,0) — (X, %0) be paths
with poXg ~poAy. Then Ao~ Ai. In particular, Ag(1) = A1(1).

PRrROOF. Let \p = po Xo and \; = poA. Let F': I X I — X be a homotopy
relative to {0,1} from Ag to A1. Then there is a unique lifting F:IxI—Xof F
with £(0,0) = A(0) = A;1(0). Then

1) F(t,0) = ~)\0( ) for any ¢ because both of them are lifting of Ay with
F(0,0) = 3(0). And F(1,0) = Jo(1).

2) F(0,s) = €5, because both of them are liftings of F/(0,s) = €x(9) with
F(0,0) = Xo(0). And F(0,1) = X (0) = X1 (0).

3) F(t,1) = A\ (t) because F(0, ,1) = A1(0) and both of them are liftings of

A1. In particular, F(1,1) = Ay(1).
4) F(1,s) = €5,(1) because F(1,0) =

6)\0(1).
This show that F is a path homotopy from Xo to Ar. O

Ao(1) and both of them are liftings of

If in Corollary |’17_ﬂ| we consider only loops, then we immediately have

THEOREM 1.2.5. If p: (X,Z0) — (X, x0) is a covering, then p,: m (X, %o) —
m1(X, x0) is @ monomorphism. O

Let p: (X', Zo) — (X, xg) be a covering projection. The function ¢: m (X, zo) —
p~1(xg) is defined by [a] — d( ), where a: (1,0,1) — (X, Zo,&(1)) is the unique
lifting of «v as in Theorem [ The function 1) is well-defined by the Monodromy
Lemma (Corollary [1.2.4).

EXERCISE 1.4. Suppose that X is path-connected. Show that the function
i w1 (X,z0) — p~L(xp) is onto.

Hint: Let y € p~(x¢). There is a path 3 from g to y. Let a = po 3. Then
B = & by the uniqueness of the lifting and so ¥ ([a]) = a(1) = 8(1) = y.

THEOREM 1.2.6. If X is simply connected, then v is a bijection.

PRroOF. By Exercise it suffices to show that 1 is one-to-one.

Suppose that [a], [8] € m1 (X, o) with ¥([a]) = ¥([8]) =y € p~(z0), that is
a(l) = (1) =y, where & and (3 are the liftings of [a] and 0, respectively. Since X

is simply connected, [@* 7] =1 € m1(X, Zo). Thus
(8]t =[(pod) = (pof -t =lpo(axf )] =pulaxb"]) =p.(1) =1.
Hence [a] = [6] € m1(X, o). O

Now suppose that the quotient p: X — X /G, & — [], is a covering space
arising from a properly discontinuous group action. Here we can do much better.
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Since p~([Z0]) = G -7 = {g - To|lg € G}, we can identify p~1([Zg]) with G by
g-Zo < g. (Recall: g-Zg = ¢'- %o = g = ¢’ by the properly discontinuous property.)

THEOREM 1.2.7. If X is path-connected, then 1: m (X/G,[#0]) — G is a group
epimorphism with kernel p,m (X, Zo).

PROOF. (i) By Exercise the function ¢ is onto.

(ii) To see that it’s a homomorphism, recall that the lifting &: (I,0,1) — (X, Zo, @(1))
of a loop a representing [a] € 7 (X /G, [Zo]) has a(1) = gq - & for some unique
go € G (independent of choice of « € [a].)

Given [a],[0] € 771()~(/G, [Z]), with «a,f lifting to &: (1,0,1) — (f(,j':o,ga .
Zo), B: (1,0, 1) — ()~(,5c07gﬁ - &), note that in general & £ is not defined (since
Jo - To # o). However the map g,-: X — X composes with 3 to give

Yo 6 (170’1) - (nga 'i'Oaga : (gﬁ -%O))

which lifts 8 (Note g - 8 is from g, - Zo t0 go - (g3 - To)). Thus

@ (9a - B): (1,0,1) — (X, F0, gags - T0)
is well-defined and lifts a * 8. Since this lifting of a * 8 has final point g.gg - 2o, we
have ¢([a * 3]) = gags and hence

P([al[B]) = Y[ B]) = gags = ([ ([6]).

(iii) If ¥([a]) = e € G, then &(1) = e - &g = &¢, making & a loop. Hence

[o] = [poa] = p.([a)) € p.mi (X, &o).
Conversely, for any &: (I,0I) — (X, &), po & has lifting & with a(1) = e - Zo,
and so Y(p«([a])) = Y([poa]) =e € G. O

COROLLARY 1.2.8. Suppose that X is path-connected space on which the group
G acts properly discontinuously. Then

V: m(X/G, i) — G
is an isomorphism if and only if X is simply-connected.
ExAMPLE 1.2.1. 1) Since S™ is simply connected for n > 2, we have
m(RP") = m(S"/2)2) = 72

for n > 2.
2) m(L*(p)) = m(S*"*/Z/p) = Z/p (n > 1).
3) m(SY) =m(R/Z) = Z.

A space X is called to be locally path-connected if for each point x € X and any
neighborhood U of x there exists a path-connected open neighborhood V' of = with
V C U. (Note. In Spanier’s book [21], the definition of locally path-connected
is as follows: A space X is said to be locally path-connected if, for each x € X
and any neighborhood U of z, there is an open neighborhood V of z such that
x € V C U and any two points in V can be connected by a path in U. Thus
our definition of locally path-connected is stronger than Spanier’s definition. Our
definition follows from Hatcher’s book [7), pp.62]. This more restrictive definition
simplifies the proofs. But keep in mind that the following statements hold for
locally path-connected in the sense of Spanier’s book.)
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THEOREM 1.2.9 (Lifting Theorem). Let p: (X, &) — (X,20) is a covering
space. Let f: (Y,y0) — (X,z0) be a map. Suppose that Y is path-connected
cind locally path-connected. Then f: (Y,yo) — (X,x0) admits a unique lifting
[ (Yyo) = (X, Zo) if and only if

felm1 (Y, 90)) € pami (X, Fo).
PROOF. = is obvious.

< By Lemma if f admits a lifting, then the lifting is unique. Thus it
suffices to prove the existence of the lifting. The construction of f is as follows:
For each y € Y, since Y is path-connected, there is a path A: (1,0,1) —
(Y, yo,y). So lift foX: (I,0) — (X, z0) uniquely (by Theorem |1.2.3)) to
FoA: (I,0) — (X, &0). Let

fly) = foA).
Then po f = f.
We must prove that
i) f(y) is independent of choice of A: (1,0,1) — (Y, yo,y), that is f is well-
defined as a function, and

ii) f is continuous.

To see (i), let A and X' be two paths in Y from yo to y. Then the path product
Ax XN lisaloopin Y from yg to yo. By the assumption

[(f o X) % FIN"H] € fulm (Y, 50)) C pumi(X, Zo).

Thus the loop (f o) * f(N~!) admits a lifting in (X, Z) as a loop. By uniqueness
of lifting, the first half lifting of this loop is given by f o A and second half lifting
is given f o X. In particular, f o A(1) = f o M (1) because they form a loop.

For showing (ii), let W be an open neighborhood of f(y). Choose a small open
neighborhood U of f(y) such that p=*(U) is disjoint union of open sets in X with
one piece f(y) € U =2 U and U C W. By the assumption of locally path-connected,
there exists a path open neighborhood V' of y with V' C f~1(U). Fix a path X from
yo to y. For any 3y’ € V, there is a path 5 from y to 3’. Then the path product
A7 is a path from yo to y'. Since

p:U—U
is a homeomorphism, p|51(f on) is a path in U from f(y) from a point in U. Now
the path product fg/)\ * p|51(f on) is a lifting of f(A % 7). By the uniqueness of
lifting,
FOvxm) = foXsp|s'(fon)
In particular

It follows that o ~
Vel c i w)
and so f is continuous. This finishes the proof.
O

COROLLARY 1.2.10. Any maps from a simply-connected locally path-connected
(Y, yo) lifts (uniquely).
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COROLLARY 1.2.11. Any map from (S™,(1,0,---,0)) lifts uniquely (n > 2).
COROLLARY 1.2.12. Forn > 2, p,: (X, &) — mn (X, 20) is an isomorphism.
Proor. By Corollary ps is onto. By Corollary P, is one-to-one

because S™ x [ is simply connected for n > 2. O

THEOREM 1.2.13 (Borsuk-Ulam). There ezists no map f: S* — S' such that
f(=z) = —f(x) for any .

PROOF. Let ¢q: S? — RP? be the covering projection, and suppose that for all
xr € S5?
f(=x) = =f(x).
Then we can define g: RP? — St by g(£z) = (f(z))?, making goq = po f, where

p: St — S is defined by z — 22.

rpz 9 . gt

Since m (RP?) = Z/2, g.m1(RP?) is a torsion subgroup of 71(S') = Z and hence
g«m1(RP?) = 0. Thus, by Theorem there is a lifting §: RP? — S' such that
g =pog. (Note the map p is a covering.) Since goq and f are two liftings of go g,
we have

gogq=f.
It follows that

a contradiction. O

COROLLARY 1.2.14. If g: S? — R? is an antipode-preserving map, that is
g(—z) = —g(x), then some x € S? has g(x) = 0.

PROOF. Otherwise f: §? — S! 2 — ”gg((”;)” contradicts Theorem [1.2.13 O

COROLLARY 1.2.15. If h: §? — R?, then some z € S? has h(z) = h(—z); so h
18 not injective.

PRrOOF. If this were not the case, then g: S2 — R? x> h(z) — h(—2) would
contradicts Corollary [1.2.14 O

COROLLARY 1.2.16. No subspace of R? is homeomorphic to S2.

EXAMPLE 1.2.2. Regard the Earth as S? and the functions

P: S? - R, x — barometric pressure at z,
T: S%? - R, x — temperature at

as continuous. Then Corollary says that
h: S? = R?* h(z) = (P(x),T(z))

has h(—z) = h(z) for some = € S?, in other words, there are always two antipodal
places on Earth with the same temperature and pressure.
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1.3. Universal Covering. Let X be a path-connected space. A covering
p: X — X is called universal if X is simply connected.

ProPoOSITION 1.3.1. Let X be path-connected and locally path-connected. Then
the universal covering over X is unique provided that it exists.

PROOF. Suppose that p: X — X and p’: X’ — X be two universal coverings
over X. By the definition, both X and X’ are simply connected. In particular, both
X and X’ are path-connected. Since X is locally path-connected, so are X and X'.
Let xo be a basepoint of X. Choose basepoints Zy € p~!(x¢) and &} € p'~*(zo).
By the lifting theorem, there exist liftings

xS x99 %
D 14 P
X X X

with f(Z) = &} and g(i}) = Zo because 71 (X) and 71 (X’) are trivial. By the
uniqueness of the lifting, go f =id¢ and f o g = id 3, and hence the result. O

1.3.1. Euxistence of Universal Covering Space. A space X is called semi-locally
simply-connected if for each point x € X there exists a neighborhood U of x such
that m (U, z) — m1 (X, z) is trivial.

THEOREM 1.3.2. Let X be path-connected, locally path-connected, and semi-
locally simply connected. Then there exists the universal covering X — X.

PROOF. The proof is given by constructing a universal covering over X. Let
xo be a basepoint of X.
Construction: Define

X ={[\] | M0) = w0},

where [A] is the homotopy class relative to the ending points, that is, with respect
to the homotopies that fix the endpoints. Define p: X — X by p([A]) = A(1).
Topology on X. Let

U ={U C X |U path-connected open m1(U) — m1(X) is trivial }.

By the assumption of semi-locally simply connected, for any x € X, there exists

a neighborhood U of x such that 7 (U) — 71 (X) is trivial. By the assumption of

locally path-connected, there exists a path-connected open neighborhood V of =

such that V' C U with 71 (V) — m1(X) is trivial as it is the composite 7 (V) —

m1(U) — m1(X). Thus U is a basis for the topology on X. (Note. We use the

assumptions that X locally path-connected and semi-locally simply connected.)
For U € U and a path A from x( to a point in U, define

Uy = {[A*n] | 7 path in U with n(0) = A(1)}.

1) Uy depends only on the path homotopy class of A, that is, if A ~ A'rel0, 1,
then U[)\] = U[)\/].
2) p: Upy — U is onto because U is path-connected.
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3) p: Uy — U is one-to-one. Let 1 and 7" be two paths in U such that
n(0) = 7/(0) = X\(1) and n(1) = »’(1). Then n*n'~! form a loop in U.
Since 7 (U) — 71 (X) is trivial, [n] * [5'~1] is trivial in X and so the loop

[(Am)+ (Axn) 7] =1L

It follows that the path homotopy class [A % n] = [\ *7/].

4) If [N'] € Upy, then Up = Upyy. For seeing this, let A = X x 7. For any
A n'] € Upyy, let pbe a path in U from (1) to 7/(1). Then n s psxn'~*
is a loop in U from A(1) to A(1). By using the assumption that m (U) —
71 (X) is trivial, [ p* '~ is trivial in w1 (X, A(1)). Thus

[(Asenx )« (Axn) 71 =1
in 71 (X, z0) and so
(A n'] = [(Axm) * pl,
that is [A x '] € U[)\’]~ Or U[)\] - U[)\/]. Similarly, U[)\’] - U[)\]. Thus
U[)\/] = U[/\]
Now we show that
U ={Up | U €U, path from z a point in U}
forms a basis for a topology on X. Let Uy Vivg € U with [\'] € Uy N V. Then
Uy =Un Vivy = Viag
by assertion (4) above. Let W be in U with A”(1) ¢ W CUNV. Then
[)\”] E W[)\//] g U[)\”] ﬂ ‘/[)\//] = U[)\] ﬁ ‘/[)\/]

and so U forms a basis for a topology on X.
p: Upy — U is a homeomorphism: Recall that the open subsets of Uy is given

by Uy N W for open sets W in X.

First we show that p is continuous. Let [\ * 1] be any element in Uy and let
V be an open subset of U with & = Ax (1) € V. There exists V' € U such that
zeV' CV.

p V) = {0 |/ (0) = A1) /(1) € V')
Note that
N xn) € Vi = {xnxn"] [ 0"(0) =2, /(1) e V'} Cp~H (V) Cp~ (V).
Thus p is continuous.
Next we show that p|5[1M is continuous. Let x be any point in U. Fix a path n in

U from A(1) to z. For any open subset W in X with p|a[1” (x) = [Axn] € WNUy /
since U is basis, there is V|, such that
A xn) € Viag €W N U
Then
V =p(Ving) = (lg,,) " (Vi)
is open. Thus p|5[1ﬂ is continuous.

p: X — X is a covering: For U € U,
p ' (U) = J{Un | A1) € U}
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Assume that Upy N Upp # 0. Let [A'] € Upy N Uy, By assertion (4) above,
Uy = Uy = Upng. Thus p~1(U) is a disjoint union of Uy and so p is a covering
map.

The space X is simply connected. First we show that X is path-connected.
Given two points [A], [\] € X. Since X is path connected, there is a path 7 in X
from A(1) to A'(1). Let n; be part of the path n from 7(0) to n(¢). Then [A x n]
gives a path in X from [)] to [\']. Thus X is path-connected.

Finally we show that w1 (X, [z¢]) is trivial. Since pis a covering map, p,: 71 (X, [xo]) —
m1(X, o) is a monomorphism. Let w be a loop in X, which means that w(t) is the
path homotopy class of a from zy to w(t)(1) with w(0) = w(1) = [xg] the constant
path. Consider the homotopy Fy := w(t)(s), namely the path w(t) evaluating at
s. Then Fs(0) = w(0)(s) = zo, Fs(1) = w(1)(s) = xo, Fo(t) = w(t)(0) = zo and
Fi(t) = w(t)(1) = (pow)(t). Thus Fs defines a null homotopy for p o w. Thus
[pow] =1 and so w1 (X) is trivial. O

Note. In Spanier’s book [21], the construction of the universal covering space
is given as the quotient space of the path space PX = {A: I — X | A(0)} with
compact-open topology. In his book, the arguments use the knowledge of compact-
open topology.

COROLLARY 1.3.3. Let X be path-connected, locally path-connected, and semi-
locally simply connected. Then for every subgroup H C (X, xo) there exists a
covering space p: Xy — X such that p,(m(Xg,&0)) = H for a suitably chosen
basepoint Ty € Xy

PROOF. In the universal covering space X, define the equivalence relation
(AT~ [N
if A(1) = A'(1) and [A*XN~1 € H. Define Xy = X/ ~. Then the resulting covering
Xpg — X is the desired coving. See Hatcher’s book [7] for details. O

An application to combinatorial group theory is to give a geometric proof of
the following theorem:

THEOREM 1.3.4. Any subgroup of a free group is free.

PROOF. Let F be a free group. Then we can choose X a connected 1-dimensional
cell complex such that 71(X) = F. Let H be a subgroup of F. Then there is a
covering p: Xg — X such that p, (wl(XH)) = H. Since any covering over X is still
a 1-dimensional cell-complex, X is homotopy to a wedge of circles. It follows that
H =~ m(Xg) is a free group. O

_ EXERCISE 1.5. Let p: X — X be a covering and let B be a subspace of X. Let
B = p~!(B) with projection

p=plzg:B—B
be the induced covering. Suppose that

(1). X, X and B are path-connected;
(2). m(B) — 7(X) is onto.
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Show that B is path-connected.

[Hint: Try a proof by the following steps:

Step 1. By using the Changing-base theorem, show that 71 (B,b) — m1(X,b) is
onto for any b € B.

Step 2. Let 2,y € B. Show that there is a path X\ in B such that A\(0) = z and
P (M1)) = p/(y). (Thus it suffices to show that there is a path in B joint any two
points in the fibre.)

Step 3. Let 2,y € B such that p'(x) = p'(y). Let b = p'(x). Since X is path-
connected, there is a path A in X from z to y. Then po A is a loop in X from b
to b. By using the statement in Step 1, there is a loop w in B from b to b such
that w ~ po A. Let X’ be a path lifting of w with \’'(0) = z. By using Monodromy
Theorem, A" ~ Arel0, 1. In particular, A’ is a path from z to y. Since X is a lifting
of a loop w in B, X is a path in B joint = and y.]

ProprosIiTION 1.3.5. Let X be path-connected and let' Y be a simply connected.
Suppose that

(1). There exist small contractible open neighborhoods of xoy and yo, Tespec-
tively.

(2). p: X — X is the universal covering over X.

Then o R
VY ={(z,y) e X xY | (p(x),y) e X VY}

with p’ = (p X idy |5 X VY — X VY is the universal covering over X VY.

PROOF. Since p: X—>Xisa covering, so is p X idy : X xY — X xY. Thus

P =(pxidy)lsg: XVY - X VY

is a covering because it is induced from p x idy. By the above exercise, X VY is
path-connected. From the commutative diagram

(X VY) s m(X xY) =m(X) x m(Y) = {1}

7T1(X\/Y) = 7T1(X) H{l} = 771(X) — 7T1(X X Y) = 7T1(X) X 7T1(Y) = 7T1(X),

m1(X VY) = {1} and hence the result. O
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