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Tw'o.:Reactlon Theory of. Synchronous Machmes

Synops -S rt;np unth the basw aaaumptwn of no aaturatwn
: *or hysterests, and'wuh distribution of armature phase m. m. f.
L eﬁ’ectwely amuamdal as far as regards phmomma dependent upon
1 rotor posmon, general formulas are developed for current, vollage,
']-'powcr,,and torque ‘under steady and transient load condilions.
' Special detailed  formulas are also developed ‘which “permit the
' ‘:deurmmalwn of . current -and torque on three-phase short circuil,
~.. during starting,: and. when only small deviations jrom an average
S operatz}na angle are involved.

5‘Generahzed ‘Method of. Analybls—Part I
. . BYRH PARK*
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I n addztwn, new and more. accurate equivalent circuils are
developed for’ synchronous and asynchronous machines operating
in parallel, and the domain of validity of such circuils is established.

Throughout, the treatment has been generalized to include salient
poles and .an arbitrary numbér of rotor- circuits. The analy-,
sis i3 thus adapled to machines equipped wilh field pole collars,
or with amortisseur windings of any arbitrary construction.

It 13 propoaed to continue the analysis in a subsequent paper.
» q = * »

e

HIS paper presents a generahzatxon and extension
; of the work of Blondel,’ Dreyfus, and Doherty
‘ nd Nlckle, and wtabhshes new and general
methods of calculatmg current power and torque in
sahent‘ andhnon-sallent pole synchronous machines,
under both transrent and steady load conditions.

Attention' is restricted to symmetrical three-phasef
machines | with - field structure symmetrical about
the axes of the field winding and interpolar space,
but salient poles and.an arbitrary number of rotori
circuits is considered.

Idealization is resorted to, to the extent that satura-
tion and,hygteresis in every magnetic circuit and eddy

: Axis of Phase a
. Direct ijs .

_ Direction of
Rotation

Axxs of Phase b

Fa. 1 .

currents in. the armature iron are neglected, and in
the assumptxon that, as far as concerns effects depend-
ing on the position of the rotor, each armature winding
’ may be regarded as, in effect, sinusoidally dlstnbuted 3
_ A. " Fundamental Circuit Equations i
Con51der the 1deal synchronous machme of Fxg 1,
and let - :

*General. Engg. Dept
tady, N. Y. -

tsmgle-pha.se ma.ch.mes may be regarded as three-phn.se
machines with ¢ one phase open circuited.

{Stator for a mu,oluno with stationary field structure.

" 3For numbered references see Bibliography. :
; Pramucd at the Wintér Conuenuan of the A I.E. E’., New York,
. ,N. Y.. Jan. sa-Fab 1,1929.
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Goneral Electric Compa.ny, Schenec-
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{n.b., = fdcos (0— 120) —

ey o e . = per unit instantaneous Il)lhase' currents
€s) €y, €. © = Per unit mstantaneous phase voltages
Ve Wb, Yo = per unit instantaneous phase linkages

B b= time ' in electrical radxaus .
_a
. P="a1
- Then thereis

€a =D ‘pa._ T ia
€& =DpyYs— Tl
e =D Ve—T1

- It has been shown previously?.that .
Yo'=Iscos 8 — I,sin @

M

- %o

o [ ]

i '
——=—"liacos 2 6 + 4y cos -(2 6.~ 120)

© " 41, cos (2 0 + 120)]
I sin (6 — 120) -
za + 7'b + 1'1:

_.?O. _ Ta+ T, [;b— i,—}z-ia ]

3 3.
—_ o '
— —5 liacos (2 6 — 120).+ 4, cos (2 6 + 120)

+ 1. cos-2 0]

L ()
Y. = I4cos (6 + 120)
) / . . .

— I,sin (6 + 120) xo—ﬁ'i;f-ii‘-

"Ta+ZTo 1. Ta + 7
E [“‘ 2 ]
Tqg— zq . .
© - —3'—[zacos (26 4+ 120) + 7, cos2 6
+ i,c0s (2 6 — 120)]

-where, !
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I, = per-unit excitation in direct axis
I, = per-umt excitation in quadrature axis

14 = direct synchronous reactance
%, = quadrature synchronous reactance
Zo zero phase-sequence reactance

As shown in the Appendix, if normal linkages in
the field circuit are defined as those obtaining at no
load* there is in the case of no rotor circuits in the
direct axis in addition to the field,

& = per-unit instantaneous field linkages

=1— (xa— 24') ta
where,
I = per-unit instantaneous field current

A ,
=3 {acos 0 + i, cos (6 — 120) + i. cos.(6 + 120)}

(3)

On the other hand, if n additional rotor circuits
exist in the direct axis there is,

o =1+ Xpalw + XjaaIaq
+. . .+ andIud— (Ta— za") ta

where, .

I, I.q . . etc., are the per-unit instantaneous cur-

rents in circuits 1, 2, ete., of the direct axis, X;14, X/24,

. etc., are per-unit mutual coefficients between the

field and circuits 1, 2, etc., of the direct axis.

Simiiar relations exist for the linkages in each of the
additional rotor circuits except £, — z.’ is to be replaced
by a term z.. However, since all of these additional
circuits are closed, it follows that there is an operational
result v
Ij=I+La+TIu+.. ..+
. ~GWE+H® i, (4)
where E is the per-unit value of the instantaneous field
voltage, and G (p) and H (p) are operators such that

G(@) =1 G(o) =0
H@) =0 H(o)=24— "
z4” = the subtransient reactance’

It will be convenient to write H (p) = 24— za (D)
and to rewrite (4) in the form,

I.=G®@E+ [xa— za (D)]%a (4a)
If there are no additional rotor circuits, there is, as

shown in Appendix I,
v =1I-— (Zd— xd’)id
E=Typ¥+1
where T is the open circuit time constant of the field
in radians. : '
There is then,
G . 1
® =7Tp+1
' zs Top +z
24 (p) = Ta LoP T Td

Top+1

*This definition is somewhat different from that given in
reference 2. ' )
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If there is one additional rotor circuit in the direct
axis there is,

E-1
v =T+ Xuli— (Ta— 2NV 00 = Twp
Wy =Xwlut Xul—zmdis = — I
' ' " ! Towa p

which gives,
. [Xiwa— Xna) Torap + 1
To Toru [Xlld (Ta— x4") — X)1a Tmi1d] D*
+ [(xa— 2'a) Tora + Zara Tol P
A(p)

x4 (p) = Tu—

where,
A () =[Xui~Xndl To Tora P*+[X 114 To+Tod) p+1

If there is more than one additional rotor circuit the -
operators G (p) and z4 (p) will be more complicated but
may be found in the same way. The effects of external
field resistance may be found by changing the term F
in the field voltage equation to RI. Open cxrcmted' '
field corresponds to R equal to infinity.. e

Similarly, there will be

= [z, — z, (D)) 4, (5

where, -

2 | o
iq=— g lixsin 04y sin(6~120) +4,sin(0+120)} - (3a)

xc(o)-xwzc( )'_'xq .

So far, 10 equations have been established relatmg.‘ :
the 15 quantities ea, ¢, €., 1a) % to Vo Vo Vo by B
I, I, E, 6 in a general way. It follows that when =
any five of the quantities-are known the remammg 10
may be determined. Their. debermmauon is: -very-
much facilitated, however, by the mtroductlon of
certain auxiliary quantities e, e,, €, 1.‘,, Ya, Yor Yoo -

Thus, let :

-3- fia + s + W @b) -

ee=3 (eacos 0 + ey cos (8~ 120) + . cos (8 + 120)}

2 _ A . L
e=— g lea sin 0+e, sin(6—120) +-e.sin(+120)} (6)

e = z,"{e.+e»+ec}

2 ' .
Va= g‘{xb.c080+nhcos(0 120)+4«,cos(0+12
¥ =—"g ¥asin 8+ y» sin(6—120)+ ¥ sin(6 +.120

-P-82
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-1 : ‘ e, = eqc0s (0 — 120) — e sin (6 — 120) 4+ e, . (16)
o= 3 { Vo + ¥ + Vol e, = egcos (6 + 120) — e, sin (0 + 120) + ¢

Referring to Fig. 2, it may be seen that when there
are no zer6 quantities, that is, when e, = ¢o = 4, = 0,
the phase quantities may be regarded as the pro;ectlon
of vectors e, ¢, and ¢ on axes lagging the direct axis by

o v‘then-‘from Equation (1) there is

e e,_ 3 {cos 0 p ya+cos(§—120) p ¢b+cos(6+120) D Yo}

— ria Axis of Phase b
2 sm 0 P xb. + sin (6 — 120) P e ®a  Direct Axis
; + sin (6 + 120) p Vol — 71, -

| | . y
p'p., {cos 6 p Va + cos ( 8 — 120) p ¥» s of Phase 2

- + cos‘~~0 + 120) p )

Axis of Phase ¢
" Fia. 2

angles 8, 06— 120 and 6 + 120, where taking the direct
axis as the axis of reals,

e =eq+Je

'l’ Yat+iv,
T =1i+ Jig

If. we introduce in addltlon the vector quantity,
I Is+7 I

" the circuit equations previously obtained may be

’/
27 Direct Axis
~"~i drop

Fm. 3

i4.008: 9._ ¢, sin 8 + i ' S transferred mto the con-ospondmg vector forms,

4 )—z.sm(a. 120)+z., (14). : Ce=py-ri+Oliv

'-—ucos(ﬂ+120)—z,sm(0+120)+zo L ¥ = I- _‘m+. .

,—iacoso—hmna-{-%..‘ o we.re, :u.=:c_¢n.1:c¢z, '

o Fig. 3 shows these relatio: hically.

B R I o it i

PR O ,?;,#‘905;(9 + 120) — ¥qsin (§ + 120) + ¥o The per-unit instantaneous power output from the
P e = egcon §— e, sin 6 + e : armature is necessarily proportional to .the sum

P-283
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e.i, + e iy + €. 1. By consideration of any instant
during normal operation at unity power factor it may
be seen that the factor of proportionality must be 2/3.
That is,
P = per-unit instantaneous power output
=2/3 { €a iu + ebib + (A ic }

Substituting from Equations (14) and (16) there
results the useful relation,

P = edid+eq‘l‘q + 301:0
. C. Electrical Torque on Rotor

It is possible to determine the electrical torque
on the rotor directly from the general relation,

{Total power output} = .
{mechanical power transferred across gapt

+ {rate of decrease of total stored magnetic energyl

— {total ohmic losses} (18)

However, since this torque depends uniquely only
on the magnitudes of the currents in every circuit of
the machine, it follows that a general formula for torque
may be derived by considering any special case in which
arbitrary conditions are imposed as to the way in which
these currents are changing as the rotor moves.

The simplest conditions to impose are that I, I,
14 14 and i, remain constant as the rotor moves. In
this case there will be no change in the stored magnetic
energy of the machine as the rotor moves, and the
power output of the rotor will be just equal in magni-
tude and opposite in sign to the rotor losses. It follows
that under the special conditions assumed, Equation
(18) becomes simply,

{armature power output}. =
{mechanical power across gap} — {armature losses}

an

2
or,P=Tp6—TT{i,’+£,,’+z’,2l

=Tpl—r{is 412+ 42}
Then,

T = per-unit instantaneous electrical torque
ety + e,7, + €0 to + 7 {17 + 1,2 + 1%
pl
but subject to the conditions imposed,

' eg=—yY,pl—r1e,
€ =vapl—r ‘i.,

e = — T
It therefore follows that,
T=i¥a—tavy 19)
= vector product of ¢ and 7
=¥ X1 (19a)

a result which could have been established directly by
physical reasoning. Formula (19) is employed by
Dreyfus in his treatment of self-excited oscillations of
synchronous machines.!

PARK: SYNCHRONOUS MACHINES
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D. Consiant Rotor Speed
Suppose that the constant slip of the rotor is s.
‘Then there is,
es =py¥a—ria— (L—38)y,
€ =P¥e—Ti,+ (1 —8) ¢y
but, Ve =G (D) E— 24 (D) 14
Vo = — Zq (D) tq
Putting PZa(p) + 7 =24(p)
P2 (P) + 7 =2, (D)
there is )
ea=pG (@) E - za(p)ia+ (1 —5)z, (D)1, (20)
¢ =(1—98)[G(P)E— 24 () tal — 2, (D) 1, (21)

Solving gives, )
ia={[pz,®) + (1= 8z, ()] G () E — 2, (p) ea
—(1=-9z (@) e} +D(p) . (22)
. Q=89 rG@E—za@ e+ (1—5) z,(p) ea
ta = D (p) -

where, D (p) = 24(p) 2 @) + (1 — 8)* 2. (7) 7. (p)

E. Two Machines Connected Together

Suppose that two machines which we will designate
respectively by the subscripts ¢ and %, are connected:
together, but not to any other machines ‘or circuits,
and assume in addition that there are no zero quantities..
In this case the voltages of each machine will be equal

Axis Phase b
\

Direct Axis. of
g Machine -

. DirectAxisof
“h-Machine:

Axis Phase'a

Axis Phase ¢

Fic. 4

phase for phase, and it therefore follows that the vc’;ltageb '
vectors of each machine must’ coincide; ‘as: shown in" "’
Referring to the figure it will be seen: that the direct -
and quadrature components of voltage of the two
machines are subject to the mutual relations,”
€ra = €,4C08 § — e, 8N K :

(24)

eng = €,45in 8 + €, COS S
€,d = €34C08 0 + &,,8ind - R
€q = — €)45IN 0 + ex 088 (25)

P-84
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On the other hand, for currents there will be

ina = — {14a€08 0 — 2,4 sin 8)
ine = = liasind +ipccosd)  (26)
Gga = — {14a€08 & + 1a, sin 8}
Gge = — [— taaSin & + 45, cos 5} (27)

F. One M achine on an Infinite Bus

In (E), if machine & has zero impedance, it follows
from (20) and (21) that e =0, ex, = bus voltage

say = e.
Then for machme g there is,
: - : eq = ¢ sin §

- . .eg=e€cosd - (28)

'G Torque Angle Relatwns .

From Equatlons (11, (12), and (19), there is,
I Y 1, Vo 2'4- z,
: T = 9.'«," - T - 34.1. ‘I’d ll'c .
- ",*Then 1f the rotor leads the vector ¥ by an angle H
. thereis
' ' Vo =—¢sind

PARK: SYNCHRONOUS MACHINES

where the summation is extended over the roots of

Transactions A. 1. E. E.

zd' Top + 24
Top +1 Za
zs 2, To P°
+lza'r To + (xa + 7 To) 2] p°
+lr@i+z.+7To) + 242, To]p
+ 4+ 2x57,

Top+1
_d
“Top+1 @31
By the expansion theorem there is, finally,
. .22
=g + T4T,
2 (TO Xy + 1) (Iq (229 + T) €40 + xq e.,o) E-a"‘
a, d’ (a,)

3
i >
e 1’2 +Id Iq+
) 1

(:cd T a,.’ + (@a+1 To) ata + 1) €q0—
and' (an)

(Toanz’a + 24) €a0

—apt

€ (32)

’:. d.(a) =_0 and d' (p) = -ﬁ d (p)

- Thephase currents may, of course, be found from
-ocais ’
'0.@15 ' \
_-uoou a
v. O.le ' . \

e .onqlow--: L

ca ';.:.':".’Equatlons =32) by ‘the apphcatlon of Equatlons (14).
¢ Fortheparticular case:-

To=2000 z,;=100 x. —‘.:0-.60 x4’ =0.30

s the’ Toots ai,- as, o of the equatmn d (p) = 0, were

’ ifoundtobeasshowanlgs 5,6,and 7, where

az—a¢+aa _'
a;—a,—a; -

- It w111 be noted that, as would hec&sa.n]y be the
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case, where r = 0, «, is equal to the reciprocal of the
_short circuit time constant of the machine, 1. e., for
r =0,
2L gooteer
o = — x.ll Tu = — U,

whileforr = =

. 1 ‘
W =-— == 0.009500 .

Values of a.A

0 —_—
0 05 10 15 20 25 30
Values of r

I"m 6

The root a, is found to be almost exactly equal to
the value which it would have were T’ = =, i.e.,
T (xdl -+ xq) ]

T2y z, approxlmately _

Values of.a,

Vi
O 9 ¢
o
}
LI B B 3

11
LI !
3

Values of r

ues
-
o
!
| S U N O B B B

Fia. 7 -

Thus, in the special case considered this approximate
formula gives :

(0.30 4 0.60) r

% = 57030 x 0.60 ~ 2207

which checks the result found by the exact solution
of the cubic.
I. Starting Torque :

On 1nﬁmte bus and with slip s, there will be choosing

PARK: SYNCHRONOUS- MACHINES

: . A:- T
= .[ ]xq(JS)_l—z

© 721

o

0 =-—2——- — st and referring to Equation:(28),
4= cosst '
e, = sinst

If we now introduce a system of vectors rotating
ats per-umt angular velocity there 1s

ed = 1.0 :
eq=".7” K
P =7s (33)

Then from (22) and (23), L
={jsz, (Gs) +r—j7(1—9)z, JS)l +.
{Dsz408)+rlbsxq(JS)+rl
+ (11— xa(JS)mq(JS) l
_ J(I—ZS)x.,(JS)—r '
E r’-I-(l—,_2i §) 2a'(7 8) T, (7 8) +5 s (24" (5 8) +2,'(5 8)]-

s.] + 12 G) %4 (7'3)

t1 g rtIs@a s+ ecqlfb".'s.) )]} '. (34) -

lszalis) +rl ()= G2 2i(Ge
'+ (1=2 ) 24 G 8)2q G 8)+5 5 7[2a (U 8) +2,(j5)]

iq=-—

i

g rzs r + J' s {xa (G s)"_-F Q;q‘tl(j 8)'} ]'] . (35)

The expressions for average power and torque then
become,
" P, =1/2 [ed tat €. tq]
Tow=1/2[iq. ya— ia. ¥
where the dot indicates the sca]ar product or.
P,=1/2[1.5a—j .4, '

= 1/2 [Real of 7, — Imaginary of i) (36) -

There is in general,
eq + T 1a —P'Pd— (1"'3) 'Pq
eq+7'.zq 1=y ‘/’d+p\[’q
Cled + T da— (1'——.s)
e +rt, .D
l - (1=y5)
1-15%) P
_r (ea + 71a) + (1 —5) (e + T 1)
= P+ (1= sy (37
P (ea + 7i0) = (1= ) (ea + 74a) )

= '+ (1—s)

P-86
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Js(ed-l-rw) + (1—5) (eq+mq)
‘ 1—-2s ’

d

JS(eq+rzq)— D) (ea-l-ru)
- 1—-2s

.‘Pa

'Wxthed—lo e,‘——-j : ‘ .
Js+Jsru+(1—s) (—])+(1—s)m, '
- 1-2s !

i

d

(1—23)1 +T[JN¢+ (1—8)%]
Tt 1=2s

y +1 '2 Gsiat (1—s) 2l (39)

JS(—J +Hq)—(1—8)—r(1—3)za
i 1—23 :

a 98 lisi— (- 8)id
" 1-2s :

A= s)id (40)

—1+1 23{'7“"

(]sz,,+(1——s)z¢)

-

(—J)—H.,-1

Thus,

T.,,=1/2

—: Zd.(— 1)— 14
+ Zsz, sz

'rs

+1d)+'2_(1_—_“

(i'— 8) ia)

1—2s<"“'""
Q-5 G+ i)

128)

[i,’.+ il
+ 21.

-+ e Gt o)’

.

(41)

- Mr. Ralph Hammar, who has been engaged in the
. application of the general method of calculation out-
lined above, to the predetermination of the starting
torque of practical synchronous miotors, has suggested
an interesting modification of formulas (36) and (41),
based upon the fact that, since the total m. m. f. con-
sists of direct and quadrature components pulsating at
slip frequency, it may be resolved into two components,
one moving forward at a per-unit speed'1 — s + s = 1.0,
and the other moving backward at a per-unit speed
1—s—s=1-2s. Thus from this standpoint half
of ‘both the direct and quadrature components will move
forward, and half backward. Since the quadrature
axis is ahead of the direct it follows that as far as con-
cerns the forward component the quadrature current 7,
is equivalent to a d-c. j 7,, while as regards backward
component it is equivalent t6 a direct component

P - 87
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-7 7’1
and backward m. m. {. or cwrrent are

Transactions A. 1. E. E.

It follows that the vector amounts of forward

.v ferward current =1, = E-(i" e ED)

backward current = 4, = 5 (ta— 7 tg) (42)
. If we define b)% analogy,
forward voltage = '% (ea+7eq) .
' ‘A backward voltage = —;* (ea— 7 €q) (43)
There is,

_—2r
qT—os tJ [%(JS)'I'%(JS)]

-

(rA-F’js{x_a(js)

1
2 .
[ z4(J9) x, (]S)—I—
+:c,(js)]) }

1 A
i =E{ Jra(Gs) = 24 (5 9)) }-—( za (78) 2, (J8)

_'.4'—1._23(r+93[xa(Js)+x¢(J.S)l) ]
ey = 1.0 (44)
- ey =0 (45)
Pw = €r. ?:f = real Of_'l:f (46)
T =Po + 112+ 1= 231‘,,2 47

J. Zero Armature Resistance, One Machine Connected
to an Infinite Bus ‘

Assume that a machine of negligible armature

resistance is operating from an infinite bus of per-unit

-voltage e, at synchronous speed, with a steady excita-

tion voltage E,, and displacement -angle §,. At the
instant¢ = 0, let § and E change.
: There is,
. o= Yao 1 G (p)
o= 2 o VT o A
S
‘Pao 1
=—— A
ST, Tt
Ya =lecos
Yo =—esind

From which there is, by obvious re-arrangement,
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! . : .
E— ecosé zi— Za (D) ' . %4 — zd gt T gt ciois
L _ ————— o € Sdn n 6 6’ d
bd Zg a4 (D) (cos 80 — cos 9) T TaTd" E a{ € Bf ‘ ,,ﬁm (u) W) & u
ce ()= G (D) 70 1 it (s g
- - g% (D) AE T oay bn € J‘eﬂ e (u)du (482)
esin g’ To— a:., ® . . ' esin 8
| = sin § — sin & 48 _ s
te T, T, 2, (D) ( o (48) te = T,
Then ) v ) . .
. Xq— Tg Conl Gt s (NS
- —_— Qg € %am e'!"“cosé w)-6' (u) du
_Eesinb  m-m o, +e B EE San e | o (3" @)
. Ta S 2maz, . : . )
: Eesind .- e(za—< O
— 2, (p) 5 s 40 = e:‘m 2 (de ) 1n25
2 i Bt T 4 d
+ e? cos 5 2.2, (D) (sin sin o) (49) Zq |
— x4 (D) +e? ——,,—sm 62:14 e“"‘""‘bf € gin S(u) B’V(u) du
+ e? sin 6 B L (cos 8o — cos 0) : ;
Za2a (D) . .

. . Za(p)— 2aG (D) S 4
—esind 22 Za (D) -AE ) +e‘-"—-'cos 52 Ggn e—“v' f "‘«"“ cos 5(u) 8’ (u) du‘
But quantities Gun, Cgn, Cuny Agny bn, B MAY be found . sm 5 ;

such that - 2 b e ﬁf g E’ Wdu (o)
T~ T, (D) 1 _  Za— z," ~.-°‘dyd
——_x,, o LT _—_—x.," 2 Qan € Formula (49a) may be used to determme starting .
' . torque and current with zero armature resistance, by
) (50) introducing & (t) = st, 8’ () = s. Thus the average
Za — Za (D) Ta— T . . component of torque is found to be,
z4 (D). T4 , ' T 1zs— 2 2 Qgn 8
- av — 2 T4 xd” Qdn adnz _I_ 32
za (p) — 24 G (p) 1= Stp, e -
x4 () ' —‘—J, "€ + = lz,—z, 2‘1 ' Qgn S’ (52)
an 2 2
2 = 3, () . 2 ozt . Qga? + §
zd" = 24 () Since
2 ag =10 , .
= Zd _ ‘;2(1:_;2 is never greater than 14, and .
gqn - .
b, =10 | N a = Dag =10
It therefore follows from the operational rule that, it follows that T, is never greater than
: - ” - v’ ’
JOFQ =F@o®+ [ ot-wF @du (1) l{ Zaz Pa | Zam ] (53)
i) . 4 TaTa T, %,
where, ; Equation (53) thus provides a very simple criterion
. ) ¢ (t) =f(@.1 of the maximum possxble startlng torque of a syn-
that if chronous motor of given dlmensmns when' armature
6 =050 resistance is neglected.
pd =10’ (t) The same formula may also be used to obtain
AE =AEQ a simple expression for the damping and synchronizing
pAE = AE' (1) compgnents of pulsating torque due to a given small
Equations (48) and (49) may be rewrittenin the form, ~angular pulsation of the rotor. :
- i 5 Thus if the angular pulsation is
Gy = 2O = [a8]sin (s 1)
Za

and if the pulsation of torque is expressed in the form E
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(adn)z + 32

Lo e
+'e? cos? §, —— 2
RERATEN RN PE- 74

[ s2
(atgn)? + 8?

(54)

Qdn S Uan

. . '_xd”
sT —e”sm’&
; e '.); Za xd.

’ aqn.saq.nr:‘ P

(o) + 8t

et (g — x,)
T4 a:.,

05250

60 = average angular dlsplacement e e.,

: angle 0 =.00+.A0.
It can be. shown that for the case of no additional
rotor circuits, Equatxons (54) are exactly equivalent to

»Equatlons (24) and (25) in Doherty and Nickle’s paper, -

. Synchronous Machines III. The new formulas herein
developed are, however, very much simpler in form,

‘especially. smce in the case which Doherty and Nickle -
have treated there is only one term in the summation;.

thatis,n = 1, and « is merely the reciprocal of the short
cireuit tlm' constant of the machlne, expressed in
radians. i i
AK The Equwalent Circuit of Synchronous Machines
. Operating in Parallel at No Load, Neglecting the
Eﬁect of Armature Resistance S I

e angle of rotor a and bus

~ w7 2y = angle of rotor @ in space -

In general the shaft torque of a "machine depends
~ on its acceleration and speed in space, and the magni-

tude and rate of change of the bus voltage as a vector.
If all of the machines are operating at no load and if

there is no armature resistance, a small displacement

of ‘any one machine will change the magnitude of the
bus voltage only by a second order quantity; conse-
quently for small displacements the magnitude of the
bus voltage may be regarded as fixed, and only the
angle of the bus and rotor need be considered. Further-
"more, the’ electncal torque may be found in terms
of () by employing an infinite -bus formula. But
Equation (49a) ‘implies the alternatlve general opera-
tlonal form,

e (a:.,. — z,)sin24

o v elusind
T4 2x¢xq- '
I"I:éd_x V ndp
T, — e s1n6 P+ a .cos b (49b)
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— ¢ cosdz a,.,,p

Therefore in the case under conszderatlon there is
for machlne a, . -

.sin &
xq -q

o (Taa — x’qu) ] 6,

Lda xqu
L Zea — Lo "2 ' )

-.i— Tga Tea" ¢ E finae D+ Cuga’ ,60'
e .= per-unit bus voltage )
. I, = per-unit excitation of machine g, etc.
Thls equatlon can be represented by Fig. 8, in which

eI..
. Tda

(55)

Where:

‘the charge through the circuit represents (6.) and the

Fxc 8

voltage across the circuit represents the electrlcal
torque of the machine (T,).

“The capacitances and resistances must be chosen
so that :

Tda xr]u
el, 2z + €% (Taa— Tqa)

Coa = (56)

L Tga Tea"
Chra ;
s €° Qnga (xqq -
1

Cmr Qnga

z) .

R =

The equation for the mechanical 'torciue is
~ T =Ti+ M.ps. (57)
where:
M, = 1nert1a factor of machine a in radlans
2 X stored mech. energy at normal speed

base power

rev. per min.)z

0.462 W k2 ( 1000

=27 f

base kw.

Sa = per-unit speed of machine a
d )
di
ba

Tw = To+ M. p? 6, | (57a)
which corresponds to the equivalent’ circuit- of Fig. 9,
in which change = 6,

t = time in seconds ( p=

Sa=1D
Thus there is

La =M a . .
The machine operating on an infirjite bus can be
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represented_by the equivalent circuit of Fig. 10, since in the inductive branch of thexcircuit.. Thus a gover-

the condition . _ nor which acts through a single time constant may be
0a=0,=0 represented by the circuit of Fig. 14, where - ;i
is fulfilled. S I o

Several machines in parallel on the same bus may be

© L
. T,

Fi1a. 9

représented by the diagram of Fig. 11, since the con-
ditions ' ' ' :
0a—08s=0y— 08 =. . .(= bus angle in space)
To + T + T., ete. = bus power output =0 - -
A transmission line may be represented by a
condenser. . R
Thus two machines connected by a line of reactance -
(x) would be represented by the circuit of Fig. 12, where - I

e - (58)
Shaft torques are, of coﬁrse, represented by imlté.ges.

P, o

i
1
1i
it
WA
i
H

“—Coa

Cia
T, \
| b
. S »
T

R A

Fra. 10

Mechanical damping, such as that due to a fan on a ' Fia. 14
motor shaft or that due to the prime mover, is repre-

sented by resistance in series with the inductance (L) , 1 -

as in Fig. 13. (R) must be chosen equal to the rate R, =

" of decrease in available driving torque with increase regulation

in speed. . L time constant of governor in elec. radians
Governors and other prime mover characteristics C, = B (59)
[

may also be represented by connecting their circuits
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An induction. motor is represented by the simple circuit
of Fig. 15 and is precisely the circuit of a synchronous
machine with only one time constant and Cy = = on
account of I. = 0.

Results similar to these have been prev1ously shown
by Arnold, .Nickle," and others, but simpler and more
approxxmate circuits were used, the branches of the
several CerUItS were not directly evaluated in terms of
machine constants, and the derivation was incomplete -

_in that the limitation to no load and zero resmtance was

not appreciated.

L. Torque Angle Relations of a Synchronous M achme
Connectgd to an Infinite Bus, for Small Angular
Dematzons‘ from an Average Operatzng Angle

There is,'In general

T To + A T = (Yao + Ava) G0+ A 'Lq)
— (a0 + A1) (\qu + A Y,)
For small angular deviations,
; Ay_ll’d + Yao & 1g— a0 A ‘/’q — YAt
ox, (P)} Aty— Yoo + g0 Ta (P)} Atg

(60)

Fi1gc. 15

eao+ A ea—P A Ya—T(tao+ A 1a)— (‘l/qo-l'A l,'/,,)(1+p A6)
eqo+A =P A ¥~ P(iqo48 1)+ (et A Ya) (14D 4 8)
Aeg = pAn/zd—rAzd-— VoD AO— Ay,
Aec—PA‘h—TMq-l- Yaop AO + A Yy
from which there is-

C24(P) Ala— T, (P) Adg=— Aea— YpP A

zq(p)Mq+xa(p)Aza =— Aeq+¢aopA5
Atg = -
Zq (p)(— Aea— Y0P Ad) + 2, (P)(— Aeg + Yaop AD)
: D (p) '
(61)
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Ad, =

24 (p) (— Aeq+‘//dopA5)—-xd(p)(— Aeqi— Y0P B 8)
D (p) i

where,

_ D (p) = 24 (p) 2, (P) + 24 (P) 24 (D)
but from Equations (28),
’ : e¢o+Aed=esin,.(6o+A6)
Deq0+ Aeg = ecos (6o + AD)

Aeg =¢ecoSbpAD

Ae, =—esindoAd ~(62)
A 14 = . i
— (e cos ao + Va0 P) 24 (P)+(esin & + Yuo p) % (p>
‘ D (p) '
A 1q =
(e sin &, + Vao p) 24 (p) + (ecos 5o + ¥q0 D) Ta (p)
D (p)
(63)
S : [ (esin do + Yao D) 2a (D) - .
[YaotTa0 2, (D)) t . ' .
L ' +(e cos 8o + Vq P) za (D)
AT = : (64)
SR (e €08 8o + 40 D) 2, (D)
+{¥q0+200%a (D)) }
— (esin 8o + Yao D) %, (D) LA
D (P)
vsay,‘- , '
A T f(p).asd

From (57a) the equatlon for shaft torque becomes

AT =(Mp+f®)). a0

Thus, o
1

SRR s

AT, (65)

Appendix

Formula for Linkages and Voltage tn Field Circutt with

no Additional Rotor Circuits

In this case the per-unit field linkages will depend
linearly on the armature and field currents. That is,
in general,

v=qal-0 id-
. Then if normal linkages are defined as those existing
at no load there must be ¢ = 1.0.

The quantity b may be found by suddenly impressing
terminal linkages y4 with no initial currents in the
machinesand £ = 0.

By d'e_ﬁnition there is, initially

e

’I:d = -
I,l'
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but also there must be from the definition of 2
I - ‘l/rl

Zq

1q =

hence there must be an initial induced field current of
amount

Ta
I=¢d(1-— 2y )
But, initially the field linkages are zero, thus
: b
=yl - =0
hence k}b =Zq— xd
Similarly, there will

E = per-unit field voltage
cp¥ +dI
Normal field voltage will be here defined as those
existing at no load and normal voltage. This requires
thatd = 1. The quantity ¢ may then be recognized
as the time constant of the field in radians when the
armature is open circuited, since with the field shorted
under these conditions there is
Top+1)I=
cpV¥ + 1
: 12
= T, = time -constant of field with armature
open circuited. -

0
0
I
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Discussion

- H. C. Specht: I should think Mr. Park’s t.heory. could be
applied just as well to the so-called synchronous ‘induection -
motor, that is an induction motor in which .the rotor teeth

_between the poles are cut out for a distance of about one-third
of the pole pitch. Such a motor runs at synchronous speed.
However, the pull-out torque is much less than tha,t of an indue-
tion motor with the full number of teeth.

C. MacMillan: There was one statement in the ﬁrst page
of Mr. Park’s paper to, the effect that *“Idealization is resorted
to, to the extent that saturation and hysteresis in every ma.gnet.lo ’
circuit and eddy currents in the armature iron are negleoted
And with regard to Fig. 5 Mr. Park remarked that it represented
a rigorous solution. Perhaps Mr. Park could give us a little more
insight into the effect of taking into account saturation, and give
other cases in which certain elements have been neglected with
more or less effect upon the final results. .

W. J. Lyon: In a paper of this description, oertam premises
should be chosen and, with these always in mind, the mathe-
matical development should be rigorous. The paper may then,
be criticized - either because of insufficient premises or because
of incorrect: mathematical development. I believe: that the
former is.the kinder method; it is the one I shall employ.

The premises that Mr. Park chooses are that.the field and
armature windings are symmetrical, that saturation and hystere-
sis are neglected and that the armature windings are in effect .
sinusoidally distributed. I take this last to mean that the air-
gap flux due to the armature currents is sinusoidally distributed,
for if the armature windings themselves were sinusoidally distrib-
uted, there would be produced space harmonics in the air-gap
flux distribution due to the saliency of the poles, which, as we all
know, would complicate the problem tremendously. In order
that the mathematical method used by Mr. Park shall be rigor-
ous, I believe it is necessary to make one further assumption.
I think I can best explain this by asking you to consider the
result of supplying the field winding with a sinusoidal current
while- the armature rotates at some speed which may be called
synchronous. Under these conditions, there will first be pro-
duced in the armature windings two sets of balanced currents
each of which will produce 3 component flux distributions in the
gap. The first of these is what would be produced if the air-
gap were uniform, and is proportional to 1/2 (z4 +. Tg — Za),
where z, equals the armature leakage reactance.’ Thé second
of these components is proportional to 1/2 (za — z4). - The
third component is of the same size as the second. Using the
values that Mr. Park gives under Section H of his paper, the
relative magnitudes of these components would be (0.8 ~ z,)
and 0.2. The first and second components react on the field,
and produce in it a current of the impressed field frequency.
These are the components that Mr. Park has recognized, but the
third component produces an entirely different frequency in the
field, which will then be reflected into the armature and the
process will be repeated. That is, in this respect, it is similar
to the condition that exists in a single-phase alternator. Asfar
as I am aware, the Heaviside operational method cannot be used
to obtain a rigorous solution for the single-phase alternator.
In spite of this, I think the objection that I have raised is of no
more importance than the effect of neglecting saturation or
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hysteresis or the space harmonics in the air-gap flux that are
actually produced, but I do think that Mr. Park should have
mentioned thxs point in order that the mathematical work which
he builds up should be rigorous. I discovered the necessity of
this additional premise about a year ago while working on the
problem of the tra.nsxent short-circuit currents in a salient-pole
alternator. : -

There is- amother problem of considerable mterest that Mr.
Park has not mentioned. , About two years ago I became aware
that Mr. Fortescue s historic 1918 paper could be extended . to
.the transient ‘case by using an operational method. That is
to say, any of, the problems mvolvmg unbalanced circuits that
Mr. Fortescue rlgorously solved in the steady state can also be
solved in the tra.nsxent state by an opera.txona.l met.hod
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Ww. B. Heix{zi (communicated after adjournment) Since the
completion of Mr. Park’s paper as presented, experimental work
has been. done thch illustrates the worth of the new theory
developed. :3”

A small synchronous motor rated 15 hp., 220 volts, 1800 rev.
per min. was selected for study. Its squirrel-cage winding was
removed in order to simplify the mechanical work of calculation.

- This motor: was set up with an electric dynamometer, and its
torque-slip curve was taken at 110 volts over the entire range of
slip from 100.per cent to zero. Power was supplied to it by a
special 220-volt sine-wave generator of 375-kv-a. capacity. The

- constants of this machine as well as of .the connecting line and
switches were,determined, and these constants were included in

- the calculation of torque in order to snmulate as closely as possible

infinite-bus conditions.

The torque as indicated by the dynamometer was corrected for
‘windage and friction and for dynamomaeter errors, the net elec-
tnca.l torque exerted on the rotor thus being obtained.

"By the use of measured constants of the test machine and its
circuit, a mathematical evaluation of torque was made for a
temperature of 25 deg. cent. These constants as determined,
on a per unit base of 24, 75 kv-a. at 220 volts, are as follows:

PARK: SYNCHRONOUS MACHINES
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zq = 1.0
=0.178
2, = 0.442
z, = 0.442
r . = 0.0325

Ty = 159 radians
Normal torque = 96.8 1b-ft.
The calculated curve appears as a solid line in Fig. 1 herethh and
near it is the dotted curve obtained experimentally.

During the progress of the test run with the dynamometer no
control or regular measurement of the synchronous motor
temperature was made. It fluctuated ‘widely with changes in
slip, and the only points taken at a known temperature are the
ones near the beginning of the run.” For the first six, those
surrounded by circles, the tempera.ture probably had not risen
far from ambient of 25 deg. cent " They check quite closely the
calculated curve. ’ :

In order to evaluate the effect of temperatlure change eight
points were calculated on the basis of 100 deg. cent. These are
shown within squares. They show a better coincidence of slips
at which maximums occur, but little improvement in the maxi-
mum error. Previous theories have usually neglected the effect.
of sn.hent poles. The solid line in Flg 2 shows the calculated
curve. in this case, that is, for Ty = 'A comparison of the
solid curves in Figs. 1 and 2 shows tha larga d.\ﬁerences between
the two calculations. e

~Jo*H. Summers: (communicated after ad]ournment) One

outstanding feature of this paper is that the equations are
expressed in ‘‘per-unit’’ quantities. This feature presents the
important advantage that the quantities involved are those
which are known directly from test or from the design of the
machine. Furthermore, machines are more readily compared
w1|:h others of different rating when their constants are known in
“‘per-unit’’ values.

.
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However, these equations may not look familiar at first sight
to those who are more used to dealing in the physical quantities
such as ohms, amperes, volts, henrys, and farads. It therefore
seems appropriate to point out the correlation between this new
method and the more usual one. Consider, for example, Equa-
tions (4a) in the paper, together with the two lmmedmtely
following. - !

Ordman]y we should have written for a machine with no rotor
circuits in addition to the eld,.

(Ry + Lyp) Iy — M pljacos @ + jbcos (6 — 120")
+ jccos (6 + 120°)) = E, ¢))
In this equation Ry is field resistance, Ly is field inductance, M
is mutual inductance between field and any one armature phase
in the position of maximum mutual inductance, ja,, j», and j.
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are armature phase currents, and Ey is field voltage.
quantities are in practical units.
Let

All these

2
ju= [jacos 8 + jocos (8 — 120°) 4+ jocos (0 + 1209  (B)
Divide through by I, B, where I is that value of field current
that causes normal voltage to be generated in the armature at

no load.

Ey I, 3 Ly M, .
1+7T —_——— — 3
Lor, QT 2 R I.L; ¢ @
“where Ty = Ly/Ry 4)
Let E//I.Rf = E .
Lila =1 L@
Jalta =14 L
Where 1 in 1s normal armature current, maximum va.lue. : Then .
3 M i, .
= ] -_— 3 r .
E Top( T w) EAC)
This equation may be put into the form:
E=TipV +1 . )
3 Min .
¥ =7I- (—2 -EI—,. > 14 (¢9)

These results may be compared with those immediately follow-:
It is easy to show by methods similar to,

ing (4a) in the paper.
those used by Mr. Park that

3 M ,
TN -L_/T =za-al - (8)

‘where z4 and z4' are the per-unit direct axis synchronous and
transient reactance respectively Then the ecjuations are the
same as those given by the anthor.

Without this last relation we should doubtless ha.ve written
the equations as in (7) or even as in (1). But both of these con-

tain cumbersome quautities involving mutual and self induc-

tances. The expression used by Mr. Park is simpler and more
expressive and contains quantities which are familiar to most
engineers who have to do with synchronous machines.
Throughout this paper, although the problem is mherently
complex and some of the demonstrations appear long, the results
are relatively simple and in terms adapted for immediate use.
‘R. H. Park: Mr. Specht is entirely correet in his thought
that the present theory could be applied to synchronousinduction
motors such as those to which he refers.

motor with an amortisseur winding.

In reply to Mr. MacMillan’s question, T would point out that
it is always necessary to make some assumptions; in fact, even
in the simplest problems there invariably exists an.enormous
number of assumptions most of which are not recognized as such.
Thorefore & rigorous solution invariably means only ‘‘rigorous
on the basis of the assumptions.”
paper are rigorously correct in this sense.

Professor Lyon has criticized the assumptions ma.de in the
paper. This is due to a very definite rnisconception as to their
character. Thus, referring to the assumiption ‘‘that the armature
windings are in effect sinusoidally distributed,” Professor Lyon
states that it is necessary to interpret the statement to mean
something other than it says. I believe, however, that this is
not necessary. Thus he states that were the armature windings
themselves sinusoidally distributed, there would be produced
space harmonics in the air-gap flux distribution due to the
salioney of the poles, which ‘“would complicate the problem
tremendously.” The reason that it does not complicate the

problem is that with a sinusoidal distribution of turns only space

fundamental flux produces any armature flux linkages.
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This follows from the fact that

2 ) 21: . EAE
fcosnl)cosr'nod'ou—-_'j cvsnlOsinmodo =0
0 ' B IR

if n and m are integers and n . S

Although this answers Professor Lyon’s objection the impres-
sion should not be derived that the theory developed strictly
presupposes an exactly sinusoidally distributed winding. The
full statement of the assumption referred to is that the armature
windings are in effect sinusoidally distributed “as far as concerns
effects depending on rotor position.” Interpreted in terms of
self and mutual inductive coefficients this sta.tement is exa.ctly
eqmvalent to the two a.ssumptmns :

(a) tha.t the self mducta.nce of the armature elrcults is expres- '
sible by an équation of the form, .

L = Lo + Lacos2 0

(b) that the mutual inductance between the armature and

any rotor circuit is expressible by an equation of the form,
M = M,cos ¢

The a.ssumptlons which have been made in prevxous studles,
such as those which Mr. Ku in his paper ‘‘Transient Analysis of -
A-C. Machinery” has referred to as ‘‘exact,’”’ have been precisely
the same except that the second harmonic term in the armature
self inductance equation has not been considered, while amortis-
seur and other circuits in addition to the field have been neglected.

" Actually the expressions for both armatyre and rotor self
inductance will involve all of the even harmonics of angular
position, and the expression for armature mutual inductance will
involve all of the odd harmonics of angular position. - However,
tests on actual machines have shown that in most cases only the
zero and second harmonics of armature self inductance, the first
harmonic of mutual inductance, and the zero harmonic of rotor
circuit self inductance are of primary importance. About
the only case in which a’ consideration of any other  harmonies
would be of value appears to be in the study of locking torques.
With proper design, however, the tendenecy to Tock at other t.ha.n
half speed is slight.

Professor Lyon is, in my opinion, also in error when he en-
deavors to point out the inadequacy of the theory by means of an
example in which alternating current is supplied to a rotating
field in a salient-pole machine. In this connection he merely
makes cer:tfa.in dogmatic statements without proof, which would
not agree with the writer’s findings. However, such mere state-
ments or opinions do not constitute a proof, and the writer con-
tinues.to disagree with them. ' )

As I understand the example given, it corresponds to the
application of alternating current to a synchronous machine
field winding with a three-phase short circuit across the armature
terminals..

From Equat;ions' (ll) and (22) of the paper there is in this case

Iy Ll + <z4-— za(p)> <pzq(p) +(1 =)z, (p) > ]
D (p

= total per unit rotor excitation.
Evidently this is of the same frequency as that of the field volt.age
E. That is, there are no harmonies, Mr. C..A. Nickle has sub-
mitted a physical interpretation of thisresult. Thus he states

“‘Let I'cost.be impressed on the field which is running at a
speed S expressed as a fraction of synchronous speed for the
frequency of the current impressed on the field winding. The
current J cos ¢ produces a space fundamental flux 7 cos ¢ in the
direct axis and space harmonies alternating in time. DBut since .
the armature winding is assumed to have sine distribution, these
harmonic fluxes can induce no voltage and may be neglected.
The fundamental flux, I cos {, may be resolved into two rotating
components [ /2 rotating forward at normal speed with reference

m.

@) E
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to the pole structure and I/2 rotaling backward at the same
speed. The first component rotates forward with respect to the
armature at a speed 1 + S and since the armature is short
circuited polyphase, a positive phase sequence current of fre-

quency 1 + S will flow in the armature winding. Similarly.

a negative phase sequence current of frequency 1 — S will flow
in the armature winding due to the backward rotating component
of field flux. - The polyphase current ¢,4.¢ will produce a rotating
m. m.f. also 1145 and this m. m. f. rotates forward relative to the
pole structure at normal speed. Two fluxes are produced due to
dissymmetry of the direct and quadrature axes. These are

ti4s (zd + z)

2

rotating forward with respect to the poles at normal speed or
1 + S with respect to the armature, and

Tits
2

rotating backward with respect to the poles at normal speed or
at 1 — S backward with respect to the armature. The first will

(zd" = 2,")
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induce an armature voltage of frequency 1 + S, and tho second
a voltage of frequency 1 — S.

The armature current of frequency 4.5 produces an m. m. f.
1, .g rotating backward with respect to the poles at normal speed
and produces two rotating fluxes. One,

il -S

2

(xd’ + Iq/)

rotates backward with respect to the armature at a speed 1 — S

and

_ R S
rotates forward with respect to the armature at a speed 1 + S.
Thus, this: current also produces armature voltages of frequencies
1 4+ Sand 1 — 8. Therelore, no frequencies other than (1 + S)
and (1 — &3) need be assumed, in thearmature winding and there-
fore, these are the only frequencies that exist there. Moreover,
this implies: that only fundamental frequency can exist in the
rotor.” :




