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Local Normal Forms of Functions

V. 1. Arnold (Moscow) To Jean-Pierre Serre

Introduction

This article contains lists of normal forms of functions in the neighbourhoods
of critical points (the classification of all singularities with the number of
modules m=0, 1 and 2 or with multiplicity u< 16 included) and the proofs of
most of these classification theorems (the classification of unimodular singularities
included).

For instance, the number v of stable u-equivalence classes (see the definitions
below), is given for u<16 by the following table:

u112345678910111213141516
v‘111223344 7 11 15 14 17 22 32

The motivations for and the applications of the classification of critical points
of functions, and their relation to Coxeter groups, braids, automorphic functions,
platonics, caustics, wavefronts and stationary phase method are discussed in [1].

The technical results are formulated in §§1 and 2. We begin with some
general remarks, arising from these empirical facts.

1. Normal Forms

For many classes of singularities there exist simple normal forms.

The following definitions give an exact meaning to these words.

The group of germs (or jets) of difffomorphisms of €", leaving O invariant,
acts on the space of germs (jets) of functions at 0. A singularity class is a subset
of the space of germs of functions, invariant under this action. Each orbit is
such a class. Two germs (jets) belonging to the same orbit are equivalent.

Another example of a class is the p-equivalence class. The multiplicity (or
the Milnor number) y of a critical point OeC” of a function f is the Poincaré
index of the vector field grad f at the singular point 0. Germs of functions
Jo, f1 at a critical point O are u-equivalent, if there exist a holomorphical familie
of functions f, with critical point O of constant multiplicity u (independent of ¢,
0=t=1).
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To define the normal forms, let us consider the space of polinomials,
M=C[x,,...,x,], as a subset in the space of germs of functions f(x,, ..., x,) atO.

The normal form for a given class K of functions is a mapping @: B— M from
a finite dimensional linear “parameter space” B to the space of polynomials,
satisfying three conditions:

1. & (B) intersects all the orbits, belonging to K;

2. the counterimage of every orbit in B is a finite set;

3. the counterimage of the whole complement to K lies in some hypersurface
in B.

The normal form is polynemial (resp. affine) if & is a polynomial (resp. affine)
mapping. An affine normal form is simple, if @ is of the form:

B(by,...,b)=@+b X™ + - +b,x™,

where ¢ is a fixed polynomial, b, are complex numbers and x™ are monomials.
In most applications the polynomial ¢ itself is “simple”, that is—a sum of few
monomials.

The existence of a unique normal form (even a polynomial one) for the whole
u-equivalence class is by no mean evident a’priori. It is a rather surprising
empirical fact, that such normal forms exist for all the singularities in the lists
of §1 (and hence for all the singularities with modules number m=0, 1 and 2).

Most of our normal forms are simple; perhaps, all singularities of §1 have
simple normal forms. It is not known, how vast is the class of singularities,
whose p-equivalence classes admit simple (or polynomial) normal forms (here
it is natural to consider stable equivalence classes, see 5).

2. The Series of Singularities

All singularities in our lists are divided into some series, such as A4, or Z,. We
shall use light characters A,...,Z to denote u-equivalence classes and bold
characters A, ..., Z to denote singularity classes which contain more than one
p-equivalence classes.

While the series undoubtely exist, they have yet no formal definition. Let us
consider, for instance, series A and D, formed by the orbits of germs

Ay=x1 4 y*kz1), Dy=xPy+y-l(k=4).
The A, and D, classes adjacences are

A —A, Ay A, -

1

D, Dy .

[A class L of singularities is adjacent to class K, K « L, if every germ (suf-
ficient jet ) of fe L can be deformed into a germ (sufficient jet) in K by an arbitrary
small deformation.]

It is clear, that 4, and D, are two different series. What is, however, the exact
meaning of this?
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To define series A is to define such a rule of reversing adjacency arrows, that
leads from A, to 4,,, and not to D, ,. In the case of A singularities the rule is
easy to find (A singularities have corank 1). In more complicated cases (see §§ 1, 2)
one can also find the rules of reversing arrows (different in different cases). So,
series with one or more subscripts and parameters occur (e.g., T, ,=axyz
+ x4y + 2™

In all these cases one can find the definition of the series after one have found
the series, while no a’priori general definition is known. It is clear, however, that
the series are connected with singularities of infinite multiplicity (e.g. D ~x?y,
T~xyz). So the hierarchy of series reflects the hierarchy of nonisolated singu-
larities.

3. Periodicity

The decomposition of many singularity classes into p-equivalence classes is in
some sence periodic. The whole decomposition (stratification) can be regarded
as a chain of similar fragments (“animals”). Each animal is built of points
(u-equivalence classes), two of which are distinguished (the “head” and the
“tail”). An animal can also contain some classes whose adjacency arrows join
the tail to the head and some “legs” (infinite series of classes). The tail of each
animal in the chain is adjacent to the head of the following one. For example,
the stratification of the corank 2 singularities with the 3-jet equal to x* is a chain
of animals each consisting of 5 points and 1 infinite leg:

O ¢ ¢t 4—* 0

1 (J, in the list of §1).

¢ e

The phenomenon of periodicity is only partialy explained and for quasi-
homogenous singularities only (the explanation is based upon some root
technique for the quasihomodenous Lie algebra, related to that of Enriques and
Demazure [2], see §3). However this periodicity arises in all the calculations,
connected with our classification theorems (so that it is sufficient to consider only
first animal from every animal chain). This empirical periodicity have at present
no satisfactory explanation. Like the existence of series, it suggests some algebraic
structure of the set of all u-equivalence classes.

4. Small Modules Number Classes

The main characteristic of a singularity class is from the point of view of applica-
tions its codimension ¢ in the space of germs of functions with critical point O
and critical value 0. Indeed, a generic function has only nondegenerate singularities
(singularities with codimension ¢=0). Degenerate singularities appears inevitably
only when families of functions depending upon parameters are considered.
A class K of codimension ¢ is unavoidable by small deformation if the number
of parameters [ is 2c.
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So in all the applicatious to l-parametrical problems we need classification
of all singularities up to codimension I (that is, we need classify such a set of classes,
that the complement to their union be of codimension larger than ).

This problem is not to be confused with the classification of singularities with
orbit codimension <1 (that is, with u<I+1). The only value of the last problem
for applications is its relation with the former one.

From the topological point of view the main characteristic of a singularity
is the multiplicity p of the critical point (equal to the number of nondegenerate
critical points, to which a given point bifurcate after a small variation; not to be
confused with the algebraico-geometrical multiplicity of the hypersurface f~1(0)
at 0).

An unexpected result of our calculation is the fact, that algebraically the
most natural classification theorems are not those of singularities of small co-
dimension ¢ or of small multiplicity p, but the classification of singularities with
small modules number, m.

The modules number m of a germ of function f: (€", 0} — (C, O) at critical
point O is the minimal number M, such that some neighbourhood of a sufficient
k-jet of the function f at O is covered by a finite number of no more than M-para-
metrical families of the orbits of the group of diffeomorphisms germs
(€", 0)— (C", 0) acting on the space of functions with critical point O and critical
value 0.

The modules number m is equal to the dimension of the y=const stratum
in the base space of the versal deformation minus 1 (see Gabrielov [3]). So the
codimension ¢ of this stratum in the space of germs of functious with critical
value O at the critical point O, the multiplicity 4 and the modules number m are
related by the formula

p=c+m+1.

At present, the complete classifications are known for:

(i) all singularities with ¢<10;
(ii) all singularities with u<16;
(iii) all singularities with m<2.

The singularities with the modules number m=0, 1 and 2 are called simple,
unimodular and bimodular respectively. Lists of them are given in §1. A study of
these lists leads to the following 4 conclusions:

1. The simple singularities are classified by the Coxeter groups A4,, D, E,,
E,, Eg4 (that is, by the platonic in the usual 3-space, see [4]).

2. The unimodular singularities form one infinite series T, , , and 14 “ex-
ceptional” families, generated by 14 quasihomogenous singularities ([5]).

All the quasthomogenous unimodular singularities can be constructed from
14 remarkable Lobatchevski triangles and 3 remarkable Euclidean triangles like
simple singularities are constructed from platonics (Dolgatchev [6]).

3. The bimodular singularities form 8 infinite series and 14 “exceptional”
families, generated by quasihomogenous singularities.

All the quasihomogenous bimodular singularities can be constructed from
6 Lobatchevski quadrangles and 14 Lobatchevski triangles. In the last case one



Local Normal Forms of Functions 91

has to consider 2-, 3- and 5-fold coverings of the surface, constructed in the
canonical way (Dolgatchev).

4. All the singularities with the modules number m=1 and 2 are classified
by the degenerations of elliptic curves, studied by Kodaira (Koulikov [7]). The
Koulikov construction begins with a blowing up of 1, 2 or 3 points of the surface
on the minimal resolution of the degenerate fiber; then one has to blow down
this (resolved) fiber.

Unfortunately, all these coincidence of different classifications have only
a’ posteriori proofs and thus depend on our calculations.

5. Stabilization

Two germs f: (C", 0) — (€, 0) and g: (C™, 0) — (€, 0) are stably equivalent, if they
become equivalent after a direct addition to both of nondegenerate quadratic
forms (e.g, f(x)=x3 is stably equivalent to g(x,y)=x>+y% but not to
h(x, y)=x3). Two stably equivalent germs on equidimensional spaces are equiva-
lent. In §1 we shall not show explicitely the arguments of functions when all the
arguments are presented in the formulae.

The corank of a germ of a function at a critical point is the nullity of its second
differential. Every germ of corank r is stably equivalent to a germ of a function
in r variables. Classifying functions up to the stable equivalence one normally
chooses a normal form with a minimal number of variables (equal to the corank).

Our calculations show, however, that sometimes one can obtain more natural
normal forms with more variables.

The simplest case is the inclusion of the singularities x?+ax2y*+)? in the
series T} series W* ~(x2 + y3)? provides more interesting examples.

To formulate the general stabilisation problem we need some definitions.
Let feC{[x,, ..., x,]]. The support of f is the set supp f = Z" = R" of all indexes m
of the monomials x™ with nonzero coefficients in f. The Newton polyhedron
I'=T(f) is the boundary of the convex hull of the union of all positive ortants
m+R" , mesupp f.

A function f is I'-nondegenerate if the multiplicity u of its critical point O has
the minimal possible value v, for functions with a given Newton polyhedron I’
An explicite formula for this Newton number v(I') is given by A.G. Kouchnirenko
(see [1}).

Most of our normal forms are I'-nondegenerate functions. It is not known,
how vast is the class of functions stably equivalent to I'-nondegenerate ones.
For I'nonedegenerate functions classification and reducing to normal forms can
be done in a very explicit way: these problems are rather stereometrical (see
(8D

Our lists of normal forms are given in §1. They contain all the singularities
with the modules number m=0, 1 and 2, all the singularities with y <16, all the
singularities of corank 2 with nonzero 4-jet, all the singularities of corank 3 with
a 3-jet, which determine an irreducible cubic, and some other singularities.

§2 is an outline of the proofs of these resuits. It contains the statements of
105 theorems. These theorems together with the lists of §1 form a kind of singu-



92 V.1 Arnold

larity determinator like plant determinators: an algorithm is described for finding
every singularity’s place in the lists of §1.

Most of the theorems of §2 are proved in § 3. All these proofs depend heavily
on the geometrical technique, described in [8]. From this geometrical point of
view, the formulae of §§1 and 2 are to be considered as descriptions of supports
and Newton polyhedrons, and to prove the theorems one has rather to manipu-
late with these polyhedrons than to calculate.

§1. Lists of Normal Forms
Letters A, ..., Z stand here for stable equivalence classes of function germs (or

families of function germs).

1. Singularities with Modules Number m=0, 1 and 2

1.0. Simple Singularities (m=0). There are 2 infinite series A, D, and 3 “ex-
ceptional ” singularities Eq, E,, Eg:

A, Xk k>

D, Xy +pl k24
Eg x3 +y*

E, x3 +xy?

Eg x3 +y5

The adjacency diagram

AD<Ej—E,«E; A=A «—A,eA3« A4«

|1 0

P X @ D=D4<—D5<—D64_‘..~_
T
(E)
The definitions of P, X, J are to be found below (see II).

1.1. Unimodular Singularities (m=1). There are 3 families of parabolical
singularities, one series of hyperbolical singularities (with 3 subscripts), and
14 families of exceptional singularities.

The parabolical singularities

PR, x3+y3 +23 +axyz a®+27%0
X, x* 4y* +ax? y? a’+4
Jio x3 +y% +ax? y? 4a% 42740

The hyperbolical singularities

111
T, 4 X" +y1+2"+axyz, a+0, —+-+-<1.
P qr
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The 14 exceptional families

E,, x3+y7 +axy’ Es x3 +xy5 +ay®

E., x3 +y® +axy® Z,, x3y+y° +axy*

Z,, x3y+xy* +axty’ Z,s x3y +y® +axy®

Wi, x* +y% +ax?y? W, x* +xy* +ay®

Q.0 x3 +y* +yz? +axy? 014 x3+y?z4+xz23 +az®
0.2 x> +yS +yz? +axy* 8, x*+y?z +xz% +ax’z
Si, x?y+y?z+x23+az® Uy, x3 4y +z* +axyz?

Some of the adjacencies between the unimodular singularities

Jio= 2,3,6 (Eg)

o T 55> T, 57 By Epy —~E ()
X9=T2,4,4“* (E5)
1

1
o Ty 46 Tha s 2y 2y —Zi3(2y)

N T T

- T 56— Tp 5,5 — Wi W, ‘“”(Wx,o’N)
B=T; 33— (Ee)

o Ty 55 T3 53,44 Qro— Qi < Q12 < (Qy)
7 T 7 7
a5 13,448 < Sy, ‘_(51,0)

1 I
T4,4,5 - T4,4,4 <~ U, “(ULOsV)

w

T
1

()
The singularity classes enclosed in brackets are not unimodular.

L1.2. Bimodular Singularities (m=2). There are 8 infinite series and 14 exeptional
families. In all the formulae of this section a=a,+a, y.

The 4 infinite series of bimodular singularities of corank 2

Notation Normal form Restrictions Multiplicity u
Ji0 x3 +bx?y® +y° +cxy’ 46* 42740 16
J3p x3 +x2y® +ayd+r p>0,0,%0 16 +p
z x3 +dx2y? +cxy® +y%) 443 +27+0 15

1,0 ¥
Z,, y(x3 +x2 32 +ay®+y) p>0,a,%0 15+p
W o x* +ax?y® +5° al+4 15
Wi, x* +x?yd +ayt+e p>0,a,%0 15 +p
Wiieo1 (x2 +y%)% +axy+e q>0,a,+0 15+2q~1
Wi, (x2 +y)? +ax? y>+e a>0,a,%0 15+2q
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The 4 infinite series of bimodular singularities of corank 3

Notation Normal form Restrictions Multiplicity p
Ds0 x3 +yzt +ax?y? +xy* ab+4 14
Q20 x3 +yz? +x2y? +azb+? p>0,a,%0 144p
S0 x2z+yz? +y° +azy? ay+4 14
L.p x2z+yzt +x2y? tayS+e p>0,a,%0 14 +p
St ey xtz+yzt +zy +axy?+e q>0,a,+0 14 +2g-1
o x2z4+yzt +zy? +ax?y?tt g>0,4040 14 42¢g
U, x3+xzt+xy* +ay’z agfai +1)+0 14
Ulzget x* +x22 +xy® +ayt +4z2 §>0,a,%0 14 +2g—1
U2, x3 +xz2 +xy? +ay’tiz 4>0,a,%0 14 +2¢q

The 14 exceptional families

Eq x3 +yt° +axy’ E,, x3 +xy” +ayt
E,, x3 +y® +axy® Z,, x3y +y® +axy®
Z,q x3y+xy® +ay® Z, x3y+y° +axy’
W, x*+xy°® +ay’ W,g x* +y7 +ax?yt
Qi x% +yz2 +y" +axy’ Qs+ x3+yz? +xyS +ayd
Qis x3 +yz? +y% +axy® Si6 x?z +yz? +xy* +ays
847 x?*z+yz? +y® +azy* U, x* +xz? +y° +ax?y?
All the functions of all these families are bimodular (when the restrictions
hold).
Some of the adjacencies between the bimodular singularities
J3,0 3,1~ Eqg Ejg — Eyq, Lo Ly Ly —Zyg—Zy,
Wi Sia e
Ve N N N
Wio Wi« Wis Si0 Si6 <S5
N 7 N v
# #
AR Sf e

Qz,o‘_Qz,l‘_Qw‘“Qn“'sta Ul,o‘_ 1,1 ¥ Yi6-

The pvramids of excentional sineularities with modules numbers m=1 and 2_

e

| .

|

34
|

>
>
D_
>
>
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Each vertical joins the singularities of the same Kodaira class in the Koulikov’s
construction [7].

II. The Corank 2 Singularities with Nonzero 4-Jets
Through this section a=a,+---+a,_,)* "2 for k>1 and a=0 for k=1.

II,. The Corank 2 Singularities with Nonzero 3-Jets. These are the simple
singularities A, D, Eq, E,, E; and the singularities of the following infinite series
of classes,

J=J,Jy, where Jy=«J g J 1« Eg e Eg e Egpy 3 (hyy)

Ja s

Notation Normal form Restrictions Multiplicity g Modules
number m

Jeo x3 +bx2y* 4+y3F fex kel k>1,4b% +2740 6k~2 k—1

Jos x3 42y 4yt k>1,i>0,a,%0 6k +i—2 k-1

Eg, x3 43+l g x y2het k=1 6k k-1

Egiir X3 +xy2Etl paydke? k=1 6k +1 k-1

Egya x3 4y3k+2 pqx p2ht? k>1 6k <42 k—1

Here c=cy+--+¢,_3)* "3 for k>2; ¢=0for k=2.

II,. The Corank 2 Singularities with Zero 3-Jets and Nonzero 4-Jets. These
singularities form one infinite series of classes

X=X X,
where
Y,

VAN
X=X, 0 X§ W,
AN

Z,

U !

*_ _ k K
Xi=e XX ¢, Y=Y, «—Y, &,

here

— k k k_ K k k
Ly=—Zy—1Zi< oy Lo= 2l 1 =2 Zisksas

K _ k k k k k k .
= ‘_Zi,o‘*‘zi,l “—Zisk16i-1 “Z1Zk+6i‘_212k+6i+1‘—(Zi+1)» i>0
k k
Zi,z*"Zi,s““'

Wi i Wi aeo

W= W, 12k+1 < Wao

/Wl2k+5*_ 2k 6 Xign)

¥* #
AT AT
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Classes X and Y

Notation Normal Form Restrictions Multiplicity p Modules

number m

Xio0 x* +bx3 yk +ax?y?* 4x y3* A+0,a0by+9 12k-3 k-2
k>1

X, x* +axdyt +x2yk 4 pyther ad+4,b,+0 12k—3 +p 3k—-2
p>0,k>1

Yk [(x +ay)? +by?ee](x2 +y2k+r)  1<s57,k>1 12k=3+r+s  3k—2
a,+0%b,

The case k=1:

X, x*+agx?y? +y* at+4 9 1

Lp x* +x2y? +q,y4*? a,+0 9+p 1
Y, x4+ gy x? y? dytts ay+0 9 +4r+s 1

- = (-
Of course, X; o=Xo, X; ,=Ts 4.4, p» Yrs=T3 4.r4,s Here

A=4(ad+b3)—aib2—18a,b,+27,
b=by+-+by_,y* 2

Class 7.

For singularities Z} ; and Z% (k>1) normal forms are f=(x+a)")f,, where

a,+0 and f, is given in the following table:

Notation f2 Restrictions Muitiplicity, 4 =~ Modules
number, m
zt, X3 +dx? et pex y2hr 2ivl 4343 443 42740 12k—3 +6i 3k+i—2
k>1,i20
Zisipeimy X0 Hhxy el ke divg k>1,i20 12k +6i—1 3k +i—2
VAP x3 4x y2kt2itl 4y 3k+3is2 k>1,i20 12k +6i Ik +i—2
akagia1 X0 FbxyH2ia g ska3iv2 k>1,i20 12k +6i +1 3k +i—2

Singularity Z’i‘, » (k>1,i>0, p>0) admits the normal form

(x2+axyk+by2k+i)_(x2+y2k+2i+l7), ao*()’ b0=t=0’

its multiplicity is p=12k-+6i+ p—3, the modules number m=3k+i—2.
For k=1 one modifies the above formulae in the following way:

1. One omits the index k==1 in the notations.

2. Singularities Z; o, Zg,;, 11> Z6i 12> Z6is13 (i>0) have normal forms f=yf,,

where f, is given by the table above.

3. Z; , y(xP+xTy by 3, b0, i>0, p>0.

Through this section
b=b0+ +b2k+i_2y2k+i—2’

- 2k+i—3
C=Cot+ -+ Cppyi a3y T
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Class W
Notation Normal form Restriction Mutltiplicity 4 Modules
number m
Wik x4 Fyhrt pax phrl pex2 et k=1 12k 3k-2
Wi2ke1 x4 +xyPhHl fax2yhal qoptke2 k=1 12k +1 3k—2
0 x* +bx? y?eHl pax p3he? 4pthe2 kz1,b2+4  12k43 3k-1
W, x* +ax y"“ +x2yth+l fpyrhe2e i>0,by+0 12k +3 +i 3k—1
W a1 (x2 +y?eey2 phxydkriea fqytke24a 5450 b0 12k+2+2q  3k-—1
AP (x2 FyH+1)? phx? phalTa paxyht24a 550, b %0 12k+3+2q  3k-1
Wizkes x4 +x 32 4 x? p2ke ppythe3 k=1 12k +5 3k—1
Wizkre x* ytt3 paxydhed ppx2 k2 k=1 12k +6 3k—1

Here b=by+ - +b,y,_,y** !, c=co+-+cy_,y** 7% as always, a=
ag+-+a, 5y for k>1 and a=0 for k=1.

IIL. The Corank 3 Singularities with Reduced 3-Jets

Besides the unimodular singularities T (see I,), there are 3 infinite series of
classes Q, S, U of such singularities.

II1,. Series Q. The singularities with the 3-jet x>+ yz? form one infinite
series of classes:

Q=«Q,« Q-+, where Q=00 03,
Q= “Qk,o‘_%m Qo avQox. 5 Qo 6 Qi 1)

k>1 PR

Notation Normal form Restrictions Multipli- Modules.
city number m

Qio @ +bx2yk +xy2  k>1,bE+4 6k +2 k

Qi @ +x2yt byt k>1,b,+0 6k+2+1 Kk

Qokra @+y¥* i bxy?iHl k21 6k +4 k

Doiss @ +xy?rt+by 2 > 6k +5 k

Doxse @ +y¥+2 +bxy* 221 6k +6 k

Here o =x3+yz? b=by+ --+b, ,y* .

II,. Series S. The singularities with the 3-jet x2z+yz? form one infinite
series of classes:

S= 8,85, -,

where
Sk 1

Sy=<S126 1 “‘S1zk‘_Skfo/ ‘/Sum e Sk s S < Syp)
S 1

k,
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Notation Normal form Restrictions Multiplicity g~ Modules
number m
Siake1 @ +y** +axy3* ezy?F+? - 12k—1 3k—2
Sk @ +xy¥ feythtl a7kl - 12k 3k—2
Sio @ +y*+l faxy3ktl thzy2k+l p24g 12k 42 3k—1
S @ +x2y2* +ax3 yt +hytirisi i>0, by %0 12k+2+i 3k—1
Sk 2g-1 @ +zyHr 4hxy3*ta-l e 450 b0 12k +2q9 +1 3k—1
8¢ aa @ +zy?rl 4hx? yrkra pq x y3Rrarl 950, by %0 12k +2q +2 3k—1
Si2kra @ +xy3tt fazy?hr2 ppyther 12k +4 3k—1
812645 @ +y** 2 fax el pp g2k 12k+5 3k—1

Here p=x2z+yz%;
a=a,+--+a,_, Y% for k>1, a=0 for k=1;
b=by+ - +by_ ¥

C=Cot ey, y2F 2.
The Sf (k> 1) singularities are:
SQ

Sf=«S},<SP, /(Sk)
\SRk

u(St o)=12k—4, m(S¥,,...,SR,)=3k—2, codim S} =9k—3.

III,. Series U. The singularities with the 3-jet x>+ xz® form one infinite
series of classes

U= —UjUge--r,
where

—_— *
U=« 12&““Uk,o“Uk,1‘_ b2k s < Uk < (Ugyy)

e

Notation Normal form Restrictions  Multiplicity g Modules
number m

Ullk @ +y3k+1 +axy2k+1 +bzy2k+1 +dx2yk+1 . 12k 4k—3

Ui 2 @ +xy?*Ht fax?yitl 1hy3kr24d oz y2ktltd g >0 %0 12k+2+2q  4k-2

U 241 @ +xy?*rl pax? il 4hzy2helra ez Pt g5.0; ¢ %0 12k+142q 4k-2

Uzers @775 7 +axy? + 2 +bzy?i+2 yex?yhe! - 12k +4 4k~2

Here ¢ =x3+x2?; ¢c2+ 140 for g=0; and trough the table

a=ay+-+a_,y* % for k>1, a=0 for k=1,
b=by+---+b,_,y*"% for k>1, b=0 for k=1,
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e=cot- ey VT,
d=do+-+dy_,y** 2

The Uy singularities (k> 1) are

U=« Uk, «UP, < UR, < UT,
1 T 1
UQ,«—US, < (U,
wUFo)=12k—4, m(U},, ..., UT)=4k—3, codim (U})=8k—2.

IV. Series V. The corank 3 singularities with the 3-jet x2y belong to the classes

Vl,x‘*‘Vl,z““"'

/

V=V, v+

~ A

‘_V1#2*_

Notation Normal form Restrictions Multiplicity p Modules
number m

Vio xty4z* +azdy +bz2y? +zy° A(a, bo)*0 15 3

Vi, x2y+z* +bz3y +22yt +ayttr b 44, a,+0 15+p 3

| A/ xty+z23y+ay?z? +y* +bxz2+1 443 +2740,b,4#0 154291 3

A x2y+23y +aytzt +y* +bztte 4a® +2740,by+0 15+2¢ 3

Here p>0,9>0,a=a,+a, y, b=>b,+b, z. For the V* singularities u(V*)=17,
m(V¥)=3, c(V¥)=13.

V. Other Singularities. All the singularities, which normal forms are not
given in this article, belong to the following 7 classes:

Notation Corank  Adjacency Definition cz uz mz Theorem
N 2 N-oW,, Jja=0 12 16 3 47-49
S* 3 SF—S k0 th. 77 15 20 4 77-81
uU* 3 Uf—>U s th. 90 14 20 5 90-96

A\ A 3 A AR AU A4 th. 98 13 17 3 97-102
v 3 VY jy=x3 13 18 4 103

v 3 V'V Ji= 16 27 10 104

(0] >3 0-T 44 corank =24 10 16 5 105
Here k> 1.

Remark. For every arrow K« L in §1 (say, J, < J,), every singularity in
class K has a neighbourhood which does not intersect L (e.g there is no adjacency
Jy,i— J3 o for any i).
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§2. Singularity Determinator
Notations

f a germ of a holomorphic function at an isolated critical point O,
with finite multiplicity u; its Taylor series at O; a formal series in
X,y or in x, y, z, with multiplicity u.

f~g germs (or series) f and g at O are equivalent (there exists a germ of
a diffeomorphism £ (or a formal series h) such that f=go h.

= “implies”

B> “see” (references =>1 are not parts of the theorem statements; they

give the number of the theorem containing the classification of the
given singularity classes).

WS k-jet of f at O (or the Taylor k-polynomial).

A,...,Z stable equivalence classes defined in § 1.

m(f) modules number of the germ of f at O.

c(f) codimension of the p=const stratum of a function germ f in the
space of germs of functions having critical value 0 at the critical
point O.

c(K) codimension of the singularity class K in the same space.

j{x™1f quasijet (or quasi Taylor polynomial of f at O determined by the
monomials x™, see the explanation below).

j{x™}f~g quasihomogenous equivalence of two quasijets or of two quasi
Taylor polynomials, see the explanation below.

j*, @ abbreviations used in theorems 58-65, 66-81, 82-89, 98-102; their
meaning is to be found above the first theorem of each group.
4 discriminant. In theorems 36, 37, 47, 48, 98, 99, A=4(a>+b*)+

27—a*b*—18ab.

Explanation. A system {x™} of n monomials in n variables x,,...,x, with
linearly independent exponents m,eZ"cR" defines an hyperplane I'<R”,
I'={m: (a, m)=1}. If all the components «; of the vector a are positive, a is called
the quasihomogenity type. The number («, m) is then called the order of the mono-
mial x™.

A polynomial f=Y f, x™ is quasihomogenous, of degree d and of type « if
(a, m)=d for all m with f, +0.

The type a defines a graded ring structure in C[[x,,...,x,]] and a ring
filtration §,> ..., &;={f: (@, m)=dVm: f,+0}.

The factor space &,/&,, d>1 is by definition the quasijet space defined by the
monomials {x™} (or by the type «). For a fixed coordinate system one can in-
dentify quasijets with the polynomials having only monomials of order £1 (that
is, their exponents lie on I" or the same side of I" as 0).

Quasihomogenous diffeomorphisms are diffomorphisms of C" which preserve
the degrees in the graded ring C[[x,,...,x,]]. The Lie group of the quasi-
homogenous difffomorphisms acts on the space of quasijets and on the space of
quasihomogenous polynomials. Two quasijets (or two polynomials) are quasi-
homogenously equivalent if they belong to the same orbit of this action.
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Determinator

1.

11,.
12,.

u(f)< o= one of the four possibilities holds:
corank f < l=2,

=23,

=350,

> 3= 105.

corank f<1=fed, (k=1).

Through theorems 3-49, feC[x, y]].
J»f=0=>one of the four possibilities holds:
j3f~x y+yies4,

~x? y =5,
X =0,,

= =13.
Jsf=x*y+y*=feD,.
Jsf=x*y=feD,(k>4)
Through theorems 6-9, k> 1.

2

o Js e f (X, Y)= x* = one of the four possibilities holds:

]xs y3k+1f X +y3"+1 =T,
jxs y2k+1f~x +xy2"“'=8
Js, peinf RX +y3"”‘ =9,
]xa y3k+2f =x3 '=>10k+1.

1
. Jx3'y3k+1f X +y3k+ 9f€E6k.
. jxsyxy2k+1f=x3+xy
. k+2
. ]xa,y3k+2f=x3+y3 * :>fEE6k+2'

2k+1
=feEg, -

Through theorems 10-12, k> 1.

< s, i1 f=53 =>one of the three possibilities holds:

Jxs, yakf~x +ax y +y* 4a3+2740=11,;
Aux *‘x y h>12k’
~x? =6,.

Jo,pmf=x>+ax?y +y3%,  4a*+274£0=>feJ, ,.

Jes, e f =X +x2 Y =>fed, , (p>0).

Series X

13.

14.
15.

Jaf(x, y)=0=>one of the six possibilities holds:
Jamx*+ax?yr 4yt al+4=14;

~xt+x?y? = 15;
~x? y? = 16;
~x’y =17;
~x* =125
=0 =47;

Jof=x*+ax?y?+y*,  a’+4=feX, =X 0=Ts4,4-
Jaof =x*+x?y? =feX| ,=T5 4,4.,>0)

101
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16.
17.

18

19
20
21

2,

23,
24

p*

V.1 Arnold

Jaf=x*y? =feY, 4 =Ts 4. pasq (P>0,9>0).
Jaf =x*y=js, f=x>y=>18,.
Through theorems 18-21, p>1.

« Jxay o] = x>y =>one of the four possibilities holds:

]xa y3p+2f X y+y3‘”2 b19
fx3y xyzl’”f"‘x )’+Xy2p+2'=>20
jxa y3p+3f X y+y3"+3 i=>21
]xay y3p+3f =x3 y b22p+,.

3p+2
. Jxay,yapuf =x> y+y*? 9fF-Z6p+5'
; — 3 2p+2
. ]xay,xy2p+2f—x y+xy P $fez6p+6‘
; — 3 3p+3
’.]x’)’»)”i’*’l*f =x"y+y’*f =>f€Z6P+7‘

Through theorems 22-24, p> 1.

ey e f =% y=> one of the three possibilities holds:
]xay y3p+!f y(x +bx? y"+y3”) 4b3+27=|=0=>23
y(e+x%y7) 24
x3y :»18,,.

. jx3y,y3p+1f=y(x3+bx2yp+y3p), 4b3+274=0$fezp_1’0.

jxsy'y3p+1f=y(x3+x2yp)=erp_1,r (r>()).

Series W

25.

26,.

27,.
28,.
29,.

30,.
31,.
3,.
33,.

. ]xa,xyam»zf—x +xy

Jaf ) =x = o f = x> 26, .
Through theorems 26-34, k> 1.

Jxt, yf = x* = one of the three possibilities holds:
]xa y4k+1f X +y4k+1 =27,

jxd xy3k+1f~x +xy3"“l=>28k

]xd y3k+1f x @29

]x“,y‘“‘*‘f =X +y4k+l :>fEVVle'

jx4 xy“‘*‘f_x‘t-i_xysk+1 :fFVVIZIHl

Jxa, w1 f=x*=>one of the four possibilities holds:
]x“ y4k+2f~x +bx2 2k+1 +y4k+2 b2 *4':30“
X +x2y2k+1 b31ka
~(x +y2k+1)2 b32k;
=x* =33,.
]xd 4k+2f___x +bx2 2k+1+y4k+2’ b2¢:4$f€m,0'
2 .,2k+1

Ja yeeaf=x+x2y =feW i is0)-

jx“ 4k+2f_(x2+y2k+1)2=>f9m#l (> 0)-

Jxa, a2 f=x*=> one of the three possibilities holds:
Jxe, y3k+zf~x +xy* 234, ;

_]xa 4k+3f X +y4"+3 b353,

]x‘ 4k+3f =x* ’1’361(4-1

3+ 2= fe Wiskss-
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35k' _]',64,“,4k+3.f=)€4’*‘y‘“(Jr 3 $fEVVle+6.
Through theorems 36-46, k> 1.

Series X,

36,. j,u, yax-1f =x*=one of the five possibilities holds:
Je e fmxt+bx3 P rax? yP 4 x ¥, A0, ab+9=37;

~x? (x?+axy +y*o), a*+4 => 38, ;
xx? (x+y)? =39, ;
~x3 (x4 )9 =>40, ;
~xt > 26, .

3 ey =X +bX° Y +ax®y*+xy**, A$0=feX, .
38ye Jyua S =X2 (P +axy +y*),  d’+4=feX, (p>0)
39, Jye e/ = X2 (<24 Y = fe Y, (1 S5SP)
40y jooyof =+ PV = fify,  Where j, uf,mx+ )
Jopef=x 41,
Through theorems 41-44, i=0, p>0.
41,. js s f,=x> = one of the five possibilities holds:
f2€Egq.y =45

f2€Egq iy 1= 43 5
F2€Egu iy, ,= 44y i

f26diiivt,0 =45 s

f2€diiivtp =46, i, 1.p-
Through theorems 42-46, f(x, y)=f, f,, where
jx,ykflzX‘i'yk, jx3’y3kf2=x3.

42, [1€Ega.y =1€Zi5, 61

B i [1€Egpsyi 1 =€ Zt 50 61

4“4, ;. szEs(anz:fEZ’fzuﬁiH-

Through theorems 45-46, i=1, p>0.

45, ;. fZGJk+i,0¢f€Z{“,O'

46, ; o frei, i > feZt .

47. j,f=0=>one of the two possibilities holds:
Jsfex*y+ax®y’ +bx?y +xy*, 440, ab+9=>48;
Jsf is degenerate =49,

48. jsf=x*y+ax’y*+bx?y*+xy*, A+0=feN,, ie.
faxty+ax®y +bx?y3+xy*+ex?y3,  ab+9, A(a,b)+0;
uH=16, m(f)=3, c(f)=12.

49. jsf is degenerate = u(f)>16, m(f)>2, c(f)>12.

Corank 3 Singularities

Through theorems 50-104, feT{[x, y, z]]}.
50. j,f(x,y,z)=0=>one of the ten possibilities holds.
jafxx*+y*+22+axyz, a®+27+0=51;
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~x3+y3+ xyze> 52 (series P);
~x +xyz  =>54 (series R=T; , );
xXyz E>56 (series T),
A x3+yz? =58 (series Q);
rx*z+yz? =66 (series S);

mx3+xz? =>82 (series U);
~xy =97 (class V);
~x3 = 103;
= = 104.

Series T

51. jif=x*+y*+z22+axyz, a*+27+0=>fePF=T, , ;.

52. jyf=x3+y’+xyz=f~xP+y +xyz+a(z), j,a=0, =53.
53. f=x’+y’+xyz+a(z), jya=0=>feb, s=T;, ,(p>3).

54. jyf=x3+xyz=f=x3+xyz+a()+B(2), jya=j,f=0, =55
55. f=x*+xyz+a(W+B), Jjs(aB)=0=feR, =T, ,, (g2p>3)
56. jyf=xyz=>f~xyz+ax)+BM+y(), Jjs3(xp,7)=0, =57

57. f=xyz+oa(x)+B)+7(2), Jj3(B,n=0=feT,,, (r=2qgzp>3)

Series Q
Through theorems 58-65 ¢ =x>+yz?, j¥= Jyz2, 5,2 (A is @ monomial).
58. jif=¢=f~o+a()+xB(y), Jjile,xp)=0, =59,.
Through theorems 59-62, k=1,
9. f=o+a(+xB(y), jk«f=¢=>o0ne of the four possibilities holds:
j;‘akuf z(p+y3"“ b60k;
j:y2k+ 1fz(p+xy2"”|=>61k;
P mo+y*H? =62
j;‘akq-zf =@ b63k+1'
60,. jf i f=0p+y** = feQq, 4.
61k' j:yz;” 1f=(p+xy2"“ =>fEQ6k+5‘
62k' j;‘ak+zf=¢+y3k+2$fEQ6k+6.
Through theorems 63-65, k> 1.
63,. f=p+a(y)+xB(y), jh«-f=¢=one of the three possibilities holds:
s fre+ax?y +xy?, a?£4=64,;
rRp+xy > 65, ;
= |=>59k.
64y jpf=9+ax?y*+xy,  al+d=feQ ,.
65, jff=0+x*y'=feQ,, (i>0)

Series S
Through theorems 66-81 ¢ =x>z+yz?, j*=j,., ;.. ; (A is.a monomial).

66. jif=o=f=0+a(y)+xB)+zy(y), Jilx,xp,zy)=0, =67,.
Through theorems 67-76, k= 1.



Local Normal Forms of Functions 105

67, .

68, .
69,.
70, .

,.
72,.
73,.
74, .

75, -
76, .

77,.

78,.
79,.
80, .

81, .

f=o+a(+xpy)+zy(y)
o f=0 =one of the three possibilities holds:

Jhaf mo+y* =68,;

Jroef 2o +xy>es69,;

j:yakf =(,0 b?ok.

Jiaf=0+y¥=>1e54 ;.

PAef=p+xyt=feS .

f=o+a(y)+xB()+zy(y), Jj¥sf=¢@=oneofthefour possibilities holds:
j;"u+1fz(p+y“"“ +bzy2"+1, b2='=4‘:>71k;

~p+x2y* =72
z(p_l_zy2k+l b73k’
=g =74,.

j;4k+1f=(P+y4k+1 +bzy2k+1’ b2=‘=4$fESk)0.
j;"4k+zf=(p+x2y2"=>fes,‘,i (l>0)
Jreaf=@+zy* i =fe8F  (i>0)
f=o+a()+xB()+27 (), N

JYwrif =@ = one of the three possibilities holds:
Jr e f R+ xy¥ =75,

P f me+y**? =76,

j;<4k+2f =@ '=>77k+l‘
j;y3k+\f=(p+xy3k“:feSle+4.
j;4k+2f=§0+y4k+2:f€S12k+5.

Through theorems 77-81, k> 1.

f=o+a(y)+xB()+2zy(y), jlx-2f=¢@=>one of the five possibilities holds:
Faofre+ax®y - l+bxyfz+xy** -l A440=78,.
cp+xyz+ax®yl,  a’#a =79,
~p+x3yt = 80,.
~p+xytz =81, .
=¢ =67,.

Jrucaf=ax? Pl bxyfz4xy? Tl A£0=feSt,,  u(f)=12k—4,
m(f)=3k=2, c(Sto)=9k—3.

JEoaf=p+xyz+ax®y 1, a*+a=feSPB, u(f)z12k-3,
m(f)=3k—2," c¢(SB)=9k—2.

oo f=o+x*y 1= feSQ,,  u(f)212k=2, m(f)=3k-2,
¢(SQ)=9k—1.

Sl f=@+xyz=feSR,, u(f)Z12k=2, m(f)=3k-2,
c(SR)=9k—1.

Series U

82.

Through theorems 82-89, ¢=x+xz% j*=j, ., (1 is a monomial).

Jaf=o=f~p+a(y)+xpy)+zy(1)+x26(y),  j3(o xB, 2y, x20)=0=>83,.
Through theorems 83-89, k= 1.
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83,

84, .
85, .

86, .
87,.
88, .

89,.

90, .

91,.
92,.
93,.
94,.
95,.

96, .

V.1 Arnold

. f=o+a)+xB)+zy()+Xx*8(y), %« f=¢=>one of the two possibilities
holds:
Jee fre+y> e84,
= =85, .

j;3k+1f=¢+y3k+1$f€U12k.
f=o+aM+xBG)+zy()+x25(y), Jke1 f=@p=>one of the three pos-
sibilities holds:
oo fre+xy*  rezy?* 1 c(c? +1)+0=>86,;

z(p+xy2k+1 I:>87k;

=@ =88, .
P f=@+xy?* pezy?* 1 (P +1)+0=fel ,.
JFpenf=e+xy**i=fel] ,  (p>0).
f=o+a()+xBW)+zy(+x28(y), j¥wxf=@=>o0ne of the two pos-
sibilities holds:
Jiefre+y 289, ;

=¢ =90,y

J';Skﬂf:‘!"i‘f“z:fe Uoksa-

Through theorems 90-96, k>2;
@=x?z+x2; j*=j. ;2 ; (Ais a monomial).

f=x>+x22+a()+xB)+zy()+x28(y), %1 f=x>+x2*=> one of the

seven possibilities holds:

Jafro+ax®y +bxyz+ )22 +exy?,  A+0=91; =91, ;
ro+axty+bxyz+yz2,  4a%b?, ala+1-b)+0=92,;

xPtax?z4xz?+z22y,  al+4 =93, ;
~p+xty+axytz, a**a 94, ;
z(p+x2y" b95k;
xo+xyz =96, ;
=@ = 83,.

A f=p+ax?yF+bxyz4+y 22 +exy?,  A+0=feUr,,
u(f)=12k—4, m(f)=4k-3, c(U¥,)=8k-2.

Paf=@+ax?y +bxyfz+y*z% 4a+b* ala+1-b)+0=feUR,
wu(Hz12k-3, m(f)=4k-3, c(UPB)=8k-1.

M f=x*+ax’z+x22+2%y, al#d=feUQ,, u(f)212k-2,
m(f)=4k—3, c(UQ)=8k.

JBef=0+x*Y+axyz, d+a=fcUR,, pu(f)212k~-2,
m(f)=4k—3, c(UR,)=8k.

Jpef=0+x2y = feUS,, u(f)212k—1, m(f)=4k-3,
c(US,)=8k+1.

s f=0+xy z=feUT,, u(f)Z12k—1, m(f)=4k-3,
c(UT)=8k+1.
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Class V

97. jif (x,y,2)=x*y=f~x*y+a(y, z)+x B (z)=98.
In theorems 98 and 102 ¢ is one of the 10 polynomials:
24423y, By+22y? 22y 428, 2t 422yt 24 2By, 22y zyR, oyt O

98. f=x?y+a(y,z2)+xB(z), jsf=x>y=>one of the four possibilities holds:
Jeryy X2y +2t a2 y+b2?y? +2y?,  A+0, ab+9=99;

axty+zt+bzdy+22yt,  b?+4 =100,
zx2y+z3y+a22y2+y4, 4a3 42740 =101;
~x2y+eo = 102.

99. jooy pi o f =X2y+zt+a y+ b2y +2y°,  A£0=feV, .

100. j,o, o o f =X2y+2*+b2 y+2%y?,  b**d=feV, ,, p>0.
101, jop o o f =x2y+20y+az?yr +y*,  4a>+270=>feV*,, p>0.
102. joy oo f =Xy +o=p()217, m(N)23, c(fHZz13.

103. j5f(x,y,2)=x*=u()218, m(f)z4, c(f)z13.

104. j3f(x,y,2)=0=pu(f)227, m(f)210, c(f)=216.

105. Corank f>3=u(f)=16, m(f)=5 c(f)=10.

§ 3. The Proofs

Theorems 1, 17 and 25 are obvious. Theorems 12,, 15, 16 are proved in [8].
The proofs of theorems 12, (k> 1), 24, 31, 32, 38-46, 65, 72, 73, 79, 80, 81, 87, 92-96,
100, 101 are based on new techniques as compared with [8] (some spectral
sequence) and are not given here.

The proofs of the classification theorems for unimodular singularities do not
depend on these theorems.

The classification of unimodular singularities is obtained from the following
theorems:

1-5, 6, ,-9, ,, 10,, 11,, 13-17, 18,-21,, 22,, 23,, 25, 26,-30,, 36,, 37,,
47, 48, 50-58, 59,-62,, 63,, 64,, 66, 67,-71,, 82, 83,-86,, 97, 98, 105.

Here one needs only the simplest cases (the first one) of theorems 10,, 22,,
29,, 36, 47, 63,, 70,, 85,, 98.

To classify all bimodular singularities one needs in addition theorems:

6,-11,, 12,, 18,-21,, 22,, 23,, 24,, 31,-35,, 36,, 37,, 59,-62,, 63,, 64,,
65,, 72,-76,,77,, 78,, 87,-89,, 90,, 91,, 99.

(In fact, only the simplest cases of theorems 10,, 225, 36,, 63,, 77,, 90, are
needed.)

Theorems 6, 18, 26, 33, 59, 67, 74, 83, 88 are proved by the Newton method [9]
of a moving ruler (line, plane). This method reduces the proof to the counting
of the integer points in triangles resp. polyhedrones on the exponent plane (resp.
in the space).

The proofs of theorems 3, 10, 13, 22, 29, 36, 47, 50, 52, 54, 56, 58, 63, 66, 70,
77, 82, 85, 90, 97, 98 can be reduced to the classifications of orbits of the actions
of some quasihomogenous diffeomorphism groups on the spaces of quasi-
homenous polynomials.
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Some quasihomogenous Lie algebra “roots” technique reduces all these
classification problems to geometrical problems as shown in the table below.

Theorem  Series Geometrical problem

3 D Linear classification of the 3-forms in C2.
10,22 3, Z Affine classifications of the triples of points in C'.
13 X Linear classification of the 4-forms in €.
29 w Linear classification of the couples of points in €.
36 X Affine classification of the quadruples of points in €'.
47 N Linear classification of the 5-forms in €2
50 P Linear classification of the 3-forms in €3.
63 Q Affine classification of the cubics with a finite cusp point in C2.
70 S Affine classification of the cubics with at least 2 finite nodes in C2.
77 S* Affine classification of the cubics in €2, having the infinity line a simple tangent.
85 U Affine classification of the cubics in €2, admitting a centre of symmetry and having
exactly 3 points at infinity.
90 U* Affine classification of the cubics in €2, having exactly 3 points at infinity.
98 v Affine classification of the polynomials of degree <4 in 1 variable in €',

Theorems on the normal forms of the semiquasihomogenous functions
(theorems 2, 4, 5,7, 8,9, 11, 14, 19, 20, 21, 23, 27, 28, 30, 34, 35, 37, 48, 51, 60, 61,
62, 64, 68, 69, 71, 75, 78, 84, 86, 89, 91, 99) and theorems 52, 54, 56, 58, 66, 82, 97
follow from section 7.3 in [8]. Theorems 49 and 102 are corollaries of 48 and
100, 101.

To prove theorems 53, 55, 57 we use the following lemmata (the terminology
is that of [8]).

Lemma 1. Let fy=ax, x,x;+x} + x5 +x%5°, where 35p, <p,<p;>3, a+0.
Then
1) at O f, has an isolated critical point with u=p,+p,+p;—1;

2) monomials 1, x,x,x,, x§ (0<s;<p,, i=1,2,3) define a regular basis of the
local ring;

3) condition A holds for the Newton filtration, defined by the 4 monomials of f,,.

To prove this lemma we use the crossword technique (see [8], section 9.7).
We find the following 2 geometrical facts:

Lemma 2. All the cycles formed by the admissible segments for f,, are trivial.

This follows from the linear independence of the 3 main segments; this in-
dependence holds when p; satisfies the above stated restrictions.

Lemma 3. The maximal admissible chains are:

1) every point x3 (0<s;Sp,—2) is a trivial chain formed by this point;

2) there exist 4 finite maximal chains x; X, — x5 71, X, X3 —xP' 71 xyx, —xB2 1,
Xy X, Xy — X0,

3) all other points have infinite admissible chains.

Lemma 1 is an easy corollary of lemmata 2 and 3.

The proofs of theorems 53, 55, 57.
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These theorems can be stated as follows.

Theorem. Let f have a critical point O of finite multiplicity and
f=xyz+a(x)+p(y)+7(), j (=0, js(y)=0.

Then in some neighbourhood of O
f~fo=axyz+xP+y'+z7, a+0, 3<p<qs<r>3.

Proof. Let the first nonzero terms of the Taylor series for «, 8, y have exponents

p,q,r. By changing if nesseserly the notations, we obtain 3<p<q<r>3. By
dilatations of coordinates we reduce f to the form f, +f,, where all the exponents
of the monomials of f; are above the Newton polyhedron of f,.

According to lemma 1, all the monomials of f; belong to the ideal (3 f,/0x,),

and f, satisfies the condition A4 of [8].

By theorem 9.5 of [8] we have f~ f,; theorems 53, 55, 57 are thus proved.
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