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The inequality
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relates the geometric and arithmetic means of an infinite sequence a1, a2, . . . , where
ak ≥ 0 for all k and a > 0 for at least one . The constant e is best possible
[1, 2, 3, 4, 5].
A number of refined versions of Carleman’s original inequality have appeared

including [6, 7]
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and a generalization exists [8, 9, 10, 11, 12, 13]:
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where m is any positive integer and b1 = 1/2, b2 = 1/24, b3 = 1/48, b4 = 73/5760,
b5 = 11/128, b6 = 3625/580608, . . . are generated via
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j
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, b0 = −1.

In different directions, we have
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and a common extension of these also exists [14, 15].
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Our interest is in the nth finite section of Carleman’s inequality:

nX
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(a1a2 · · · ak)1/k < Cn
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ak.

It is known that the best constant Cn satisfies [16, 17]

Cn = e− 2π2e 1

ln(n)2
+O

µ
1

ln(n)3

¶
asymptotically as n→∞. The rate at which Cn approaches e is quite slow. What
can be said for small values of n?
It is not difficult to show that
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, C3 =

4
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via direct minimization of
Pn

k=1 (a1a2 · · · ak)
1/k subject to the constraint

Pn
k=1 ak = 1.

A symbolic technique in [18] gives that C4 = 1.4208443854... is algebraic of degree 24
with minimal polynomial

109049173118505959030784x24 − 654295038711035754184704x23

+1472163837099830446915584x22 − 1387347813563214701002752x21

+220843507713085418766336x20 + 361130725214496730644480x19

+18738444188050884919296x18 − 149735761790067869220864x17

−20033038006659651207168x16 + 14417509185682352898048x15

+16905530303693690241024x14 − 2098418839125516877824x13

−198705178996352483328x12 + 427447433656163893248x11

+41447678188009291776x10 − 2629784260986273792x9

+660475521813381120x8 + 342213608420278272x7

+42624005978423296x6 − 201976270848000x5

+274965186525696x4 + 12841816536576x3

+373658292864x2 + 22039921152x

+387420489;

also we have C5 = 1.4863532289... and C6 = 1.5379375565... by numeric means. The
minimal polynomials of C5 and C6 are presently unknown.
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[3] J. Pečaríc and K. B. Stolarsky, Carleman’s inequality: history and new general-
izations, Aequationes Math. 61 (2001) 49—62; MR1820809 (2002m:26029).

[4] J. Duncan and C. M. McGregor, Carleman’s inequality, Amer. Math. Monthly
110 (2003) 424—431; MR2040885 (2004k:26027).

[5] M. Johansson, L.-E. Persson and A. Wedestig, Carleman’s inequality - history,
proofs and some new generalizations, J. Inequal. Pure Appl. Math. 4 (2003) A
53; MR2044402 (2005a:26027).

[6] B. Yang and L. Debnath, Some inequalities involving the constant e, and an
application to Carleman’s inequality, J. Math. Anal. Appl. 223 (1998) 347—353;
MR1627296 (99h:26026).

[7] J.-L. Li, Notes on an inequality involving the constant e, J. Math. Anal. Appl.
250 (2000) 722—725; MR1786093 (2001h:26032).

[8] X. Yang, On Carleman’s inequality, J. Math. Anal. Appl. 253 (2001) 691—694;
MR1808160 (2001h:26036).

[9] X. Yang, Approximations for constant e and their applications, J. Math. Anal.
Appl. 262 (2001) 651—659; MR1859330 (2002g:26035).

[10] M. Gyllenberg and Y. Ping, On a conjecture by Yang, J. Math. Anal. Appl. 264
(2001) 687—690; MR1876758 (2002j:26019).

[11] H. Chen, On an infinite series for (1 + 1/x)x and its application, Internat. J.
Math. Math. Sci. 29 (2002) 675—680; MR1902838 (2003c:26026).

[12] H. Yue, A strengthened Carleman’s inequality, Commun. Math. Anal. 1 (2006)
115—119; MR2301825 (2008b:26034).

[13] X. Yang, Y.-I. Kim and K. Lo, Approximation for constant e and its applications,
Appl. Math. Comput. 206 (2008) 50—55; MR2474956.



Carleman’s Inequality 4

[14] B.-Q. Yuan, Refinements of Carleman’s inequality, J. Inequal. Pure Appl. Math.
2 (2001) A 21; MR1873861 (2002i:26020).

[15] D.-Y. Hwang, Some refinements and generalizations of Carleman’s inequality,
Internat. J. Math. Math. Sci. 2004, 2171—2180; MR2100097 (2005i:26043).

[16] N. G. de Bruijn, Carleman’s inequality for finite series, Nederl. Akad. Wetensch.
Proc. Ser. A 66 = Indag, Math. 25 (1963) 505—514; MR0156141 (27 #6073).

[17] H. S. Wilf, Finite Sections of Some Classical Inequalities, Springer-Verlag, 1970,
pp. 6-7, 70—78; MR0271762 (42 #6643).

[18] Y.-D. Wu, Z. H. Zhang and Z. G. Wang, The best constant for Carleman’s
inequality of finite type, Acta Math. Acad. Paedagog. Nyházi. 24 (2008) 235—
241; MR2461634 (2009i:26043).


