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Let I,,, denote the set of all injections {1,...,m} — {1,...,n} where m < n.
An element of I,,, can be thought of as a permutation on n symbols taken m at a

time. We define Iy, to possess one element (the empty permutation) for convenience;

therefore [1, 2, 3]
n!

Ly = —
# Lnon (n —m)!
and
n‘ |nle]  ifn >0,
7 U L = { 1 ifn=0
0<m<n =
where e is the natural logarithmic base [4]. In counting all injections, we treat
extensions as distinct; for example, the function f: {1,2} — {1,2} with f(z) = x is
not the same as the function g : {1,2} — {1,2,3} with g(x) = z, nor is it the same
as the function h : {1,2,3} — {1,2,3} with h(z) =
Let J,m denote the set of all surjections {1,...,n} — {1,...,m} where n > m.
An element of .J, ,, can be thought of as an ordered m-tuple consisting of preimage
blocks (m disjoint nonempty sets that cover n symbols). We define Jyo to possess
one element (the empty tuple) for convenience; therefore [5, 6, 7]
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0<m<n

as n — oo, where S, ,, is a Stirling number of the second kind [8]. In counting all
surjections, we treat extensions as distinct; for example, the preceding function f is
not the same as the function g : {1,2,3} — {1,2} with g(z) = z mod 2, nor is it the
same as the preceding function h.
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Various refinements of surjections are available. An /-surjection has the prop-
erty that every value in the range {1,...,m} is taken with multiplicity at least /.
(The phrase “double surjection” was used in [6], while “2-surjection” meant some-
thing different.)  Asymptotic counting results for 2-surjections, 3-surjections and
4-surjections are

|
B (0.8724532496..)"  where 1 = 1.1461932206... solves e” = 2+ 1,
(1+7)r
|
— L (0.6377063010...)"  where 7= 1.5681199923... solves 2¢" = 4 + 2r + 12,
(]_ + 57"2) r
|
ﬁ (0.5060319662...)"  where = 1.9761597421... solves 6¢” = 12 + 67 + 312 + 1
67“ r

respectively (the numerical value within parentheses is 1/7). The formulas for ¢ = 3
and 4 are due to Kotesovec [5].

Another way of imagining a surjection is as a labeled clique, that is, a hierarchy
on {1,...,n} in which vertical ordering is important but horizontal ordering is not.
We illustrate # J3 1 = 1, # J32 = 6, # J3 3 = 6 here:

|]‘7273|7
1 2 3 1,2 1,3 2,3
2,3V 1,3 1,2 3 0 2 0 10
1 1 2 2 3 3
2, 3|, 3|, 11, 1], 2
3 2 1 3 2 1
If we remove labels, then just 4 hierarchies emerge:
*
* *, %
|*7*7*’7 J 7 Y *
*, % *
*

More generally [9], the number of unlabeled cliques on n integers is 2".

A labeled society on {1,...,n} is created by distributing the elements into
cliques. The ordering of the cliques is not important. Let S,, denote the number
of such societies and s,, denote the unlabeled analog. The cliques are visually sep-
arated by bars and (as before) hierarchy within a clique is indicated by the vertical
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arrangement. We illustrate S3 = 23 and s3 = 7, omitting the 13 one-clique cases for
the former and the 4 one-clique cases for the latter (which were already given):

L2 | 3, L3 2] |23]1]

1 1 2

2 3 0 3 2 I 3 1|

2 3 3

1 3 0 1 2 | 2 1|
1] 23]

‘*,*\*,‘ '*, }*[* *‘

More generally [10, 11, 12],

dr 1
Sn = dx™ exp (2—65‘j B 1)

G (— 1
) Sp = — n 1
n! dx IH (1 — zk)?*

=0

x=0
and
2n/ In(2) V2n—-1/4
S~ Ce—n!, 5~ gn-3/4
n3/41n(2)" Vor nd3/4

as n — 00, where

1 /2\¥* /et/ @\ V4 i
C=—|(= — ) =(1038.9726974426...)"
() () |

- 1
¢ = exp (Z m) — 1.3976490050....

=2

The constant ¢, overlooked in [10], was subsequently determined in [13].

Let us focus entirely on the labeled scenario henceforth. A clique is elitist if, given
any two adjacent levels, the number of elements in the higher level never exceeds the
number of elements in the lower level. Define R, to be the number of elitist cliques
on {1,...,n}. Clearly Ry =3 and R3 = 10. More generally [9, 12, 14],
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and R, ~ Bn! as n — oo, where

o) -1
B = <1 — %) = 2.5294774720....
k=2 ’

Another interpretation involves multinomial coefficients [15]: for suitably large m,

(@1 + 22+ am)? = 3af + 23wy,
i i<j
(x1 + 29+ +2)° = Zx?+32xix?+6 o wixxy,
i i#j i<j<k
(T1aot - Fap) =D ai+4Y a6 Y wfai+12 Y map 424 Y
i i#j i<j i<, i<j<k<t
ik, j#k
hence Ro =142, R3=1+3+6and Ry=1+4+ 6+ 12+ 24.
Finally, a society is elitist if all of its cliques are elitist. Define (),, to be the number
of elitist societies on {1,...,n}. Clearly Qs =4 and ()3 = 20. More generally,

dr = AN

k=1

but an asymptotic expression for (),, appears to be open.
In closing, we give a sequence [9, 16]

-1
L T _ a1
P =01 dam (2 H(l “) ) ! dan f(x)

k=1 =0

=0

which arises from unlabeled cliques on set partitions rather than integers. It is quite
similar to the sequence 2" mentioned earlier. We illustrate ps = 8 here:

Tl ol EReRe |5

) &) RO

{, %} ‘ {x}, {+} {+} | 14
It is easily shown that p, ~ ab™ where b = 2.6983291064... is the unique positive
solution of the equation f(1/y) =0 and
—b
fr(1/b)

= 0.4141137931....

a =
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The fit is excellent. Moreover, the occurrence of the Dedekind eta function [17]
is unexpected. Replacing f(z) by f(z) — 1 spawns another (alternating in sign)
integer sequence [16]; we wonder whether this perturbation possesses a combinatorial
interpretation. Societies (labeled or not, elitist or not) can also be imposed in the
new partitional framework and more asymptotic results await discovery.
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