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A typical survey of a plot of land gives as data the successive displacements required
to traverse the boundary of a simple plane polygon. From this data, we wish to
determine the area of the plot. In a simple example, such as Figure la, one could
break up the polygon into triangles whose areas could be laboriously found using
trigonometric methods. A better way (Figure 1b) is to introduce rectangular
coordinates and change the displacement vectors from polar to rectangular form, so
they can be added to give the coordinates of the vertices of the polygon. Then a
general formula can be applied, which expresses the area of the polygon as a
function of the coordinates of its vertices. Such a polygonal area formula is well
known to surveyors but, despite its elementary nature, does not appear in most
precalculus or calculus textbooks.

Besides its intrinsic interest, at least two reasons can be advanced for including
this surveyor’s area formula in the calculus course, when plane vectors are intro-
duced:

1. The derivation provides an excellent opportunity to introduce and use the
geometric interpretation of a 2 X 2 determinant as the oriented area of a parallelo-
gram in RZ% This makes it easier later on for students to understand geometric
properties of the cross product of vectors in R3.

2. The surveyor’s formula provides a geometric interpretation of an otherwise
mysterious formula in multivariable calculus, expressing the area inside a simple
closed curve in parametric form as an integral around its boundary. An elementary
derivation of this curvilinear area formula closely resembles that of the arc-length
formula, so both can be derived together. An important advantage of the area
formula is that the area integrals for many familiar curves are easily evaluated.

The Surveyor’s Formula. If the vertices of a simple polygon, listed counterclock-
wise around the perimeter, are (X, ¥y), (X1, ¥1)---5>(X,—1, Vu—1), the area of the

polygon is
A= l Xo X1 Xy X3 Xp—2  Xp-1 Xn-1 %o
2 Yo N N Y2 Yn—2 Yn-1 Yn-1 Yo )

Note that each oriented edge of the polygon corresponds to a 2 X 2 determinant in
the surveyor’s formula.
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(x3,13)

Xy = x| + rycos 0,

» =y +nsinb,

X1 = x( + rycos 6,

(x1, 1) » =)o+ nrsinb,

Figure 1a. Figure 1b.

Our derivation of the surveyor’s formula is based on the geometric interpretation
of a 2 X 2 determinant as the oriented area of the parallelogram whose sides are the
vectors comprising the columns of the determinant. We formally state this and
provide a proof suitable for a calculus course.

w1
w2
termined by the vectors V = (v, v,), W = {(w,, w,), and the determinant is positive
just if the (shorter) direction of rotation of V into W is counterclockwise.

v
Lemma. The absolute value of ’v; ' is the area of the parallelogram de-

To prove this, let N denote the vector obtained by rotating V = {v,, v,) counter-
clockwise by /2 radians. If @ is the polar angle of V (the angle between the
positive x-axis and V), then 8 + (7 /2) is the polar angle of N. Since

V =(rcosb,rsinf),
where
r=|Vi,
- we have

. \ N=<—rsin0,rcosﬂ>=(—02,U1>-

N N The altitude of the parallelogram with
N base V and adjacent side W is the absolute
\ value of the component of W along N; that

\Y% is, |W-N|/|N|. Therefore, the area 4 of
9 this parallelogram is |V ||W-N|/|N|. But
IN|=|V], so 4=|W-N|=|vw,—v,w]|,
the absolute value of the determinant with V
and W as column vectors. Moreover, this
determinant is positive just if the angle be-
tween N and W is acute; that is, if the angle
from V to W, measured counterclockwise, is
between 0 and 7.

Figure 2.
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Now let’s turn to the surveyor’s formula. The case n = 3, when the polygon is a
triangle, is the key to our proof.

(-\'1 N )

(X2~ )

(x0. 3)

Figure 3.

From the Lemma, we know that the area of a triangle having vertices
(xg> Yo)» (X1, ¥1), (x5, »,) listed counterclockwise (so that the shorter direction of
rotation of V = (x; — xy, y; — ¥y into W = {x, — x,, y, — ¥, is counterclockwise),
is

1ix,—x Xy)— X
1 0 2 0
A=—

211~V 2o

Now let D be the 3 X 3 determinant whose rows are r; = (1,1,1), r, = (x4, X1, X;),
and r;=(y,, Y1, ¥,)- Comparing the two expansions of D,

1 0 0
D=|Xq X=Xy X,—Xo|=
Yo V1= V2= Wo

X1 7 Xp X7 Xg

Y1i= o V2o =24

and
_|[*1 X2 X0 X2 Xo X
P=lyr w7 n% »nltln »n
_[*0o X X1 X3 X2 X
Tl ntn o nlTn wl
we obtain the surveyor’s formula
4= Lilxe x| % le X, X
21|10 N Y Y2y (Y2 Mo

for the area of a triangle. Note that the determinants appearing in the formula
correspond to the three oriented edges of the triangle.

To establish the surveyor’s formula for a polygon with n >3 sides, we use the
fact (see [4], p. 286) that any oriented simple polygon can be triangulated; that is,
we can add » — 3 auxiliary diagonals through the interior to decompose the polygon
into n— 2 triangles, each diagonal being an edge of two adjacent triangles but
inheriting opposite orientations from them (Figure 4). Since the vertices of our
polygon are listed counterclockwise, all the triangles inherit this positive orientation;
so the oriented area of the polygon is the sum of the areas of the triangles.
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(x45 Ya)

(x3, 53)

(Xo+ ¥o) (x2, 12)

(x1> »)
Figure 4.

Applying the surveyor’s formula to each triangle and summing gives

1 X, X;
—_— ! "
A—2Z

Yi Y
with one determinant for each oriented edge in our collection of triangles. Since
each diagonal occurs twice (as the common edge of adjacent triangles) and with

opposite orientations, the two determinants corresponding to each diagonal cancel
X, X X X

o /'|=0), and we're left with the sum of the determi-
Yi Y Yi Vi
nants corresponding to the oriented edges of the original polygon. This completes
the proof.

>

out (because +

Exercises based on a sketch like Figure 1, or on survey data (e.g. [7]) will
reinforce the student’s grasp of the surveyor’s formula.

The Area Inside a Simple Closed Curve. In a typical calculus course, paramet-
ric equations of curves are introduced in the 2nd semester and the arc-length
formula for a curve in parametric form is derived, but no mention is made of the
problem of finding the area inside a simple closed curve. Except for curves in polar
coordinates, the student can find area only by breaking up the region into pieces
bounded by graphs of functions and lines parallel to the coordinate axes.

Late in the 3rd semester, or perhaps in a multivariable calculus course, the
formula

1
A= ) ¢x dy —ydx

appears, as a trivial consequence of Green’s theorem. Often no geometric explana-
tion is given, and the formula makes little impression. The surveyor’s formula leads
naturally to this integral formula, if one thinks of a curve as the limit of inscribed
polygons. And since the area formula in polar coordinates is an easy consequence of
the general integral formula for parametric curves, class time spent developing the
surveyor’s formula can be partially regained. The result is an elementary treatment
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of the calculus of curves, which makes clear the fundamental role of the parametric
form.

Example. Let the circle C of radius r, with center at the origin, be given by the
parametric equations x(¢) =rcost and y(t)=rsint (0 <t <2x). For any natural
number n, the points ¢, =(2kw)/n (0 <k <n) form a regular partition of the
parameter interval [0,27], and the corresponding points (x,, y,) = (rcost,, rsint,)
are the vertices of a positively oriented, regular n-sided polygon inscribed in our
circle. (See Figure 5a.) Note that (x,, y,) = (x,,, ,)-

(X1, 07)

(x4 ¥)

Figure 5a.

Applying the surveyor’s formula to each triangle and summing gives

0 27 2m 4m
1 ||rcos rcos — rcos — rcos —,
A,== + 4o
2 . . 27 . 2w . 4m
rsin0 rsin =— rsin —  rsin —
n n n
2n—1)m
rcos ————  rcos2w
n
-+
. 2n-D)m
rsin ————  rsin2w
n
—}. 2] G _2_'”_+ 3 2_7)' +si _2_'”_
—2r sin — smn+--- sin —
;2 yar sin 27
= — 1 —_—= 2 L
3 nsin — - =mar 5
n

Thus, the area of this circle is 4 =lim, 4, = 7r? Note also that

1 7
—fxdy—ydx= /2 [rcost(rcost) —rsint(—rsint)] dt =mr?.
2J¢ 0

N =
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To show that the limit of the areas of inscribed polygons is given by the integral
(1/2)[-xdy — ydx for any simple, closed, rectifiable curve C, we modify our
notation slightly, writing the surveyor’s formula as

1 n
A=_
5

Xi_1 X

1

Yi-1 i

; (1)

with the convention (x,, y,) = (xg, y,). Setting Ax,=x,—x,_; and Ay,=y,—y,_;,
and using the identity

Xio1 X | Xi-1 Ax;
Yicr Wil Yio1 Ayl
we obtain
1 2 0x,_, Ax
A=— - ‘. 2
2 igl Yio1 Ay, @

Now suppose C: t = C(t) = (x(t), y(¢)) for t €[a, b] is a simple, closed, smooth,
plane curve traversed in the positive (counterclockwise) direction; so that the
interior of the curve lies to the left of the moving point C(t). Each partition
a=t,<t <t,< --- <t,=b of the parameter interval [a, b] determines the vertices
C(t;) of a positively oriented polygon ‘inscribed’ in the curve. (See Figure 5b).

Figure 5b.

Using the Mean Value theorem, the length of the inscribed polygon
n n 2 2 1/2
YIC()—Clt)l =X {[x(ti) —x(t;,2 )]+ [y(2) = y(1,20)] }
i=1 i=1

can be expressed as

3 )Y+ () (1)

where the derivatives are evaluated at points u;,v; in (¢,_,,¢;). Similarly, the
surveyor’s formula (2) for the area of the polygon,
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19—

R ETOM O RSO EHTOMIRGENOMIE
can be expressed as
£ (x()y () =t )x ()01,

As the mesh of the partition of [a, b] tends to zero, these ‘generalized Riemann
sums’ converge (see [2], p. 133) to the integrals

L= [0y + () d

and

b

x(t) x'(t)
y(t) (1) @ ®

That the integral L does in fact give the arc-length of C is shown convincingly in
[6]. See Remark 2 below for a proof that A4 is indeed the area inside C.

A= [Tx(0) (1) = y(0)x'(1)] de = i/

a a

The connection between the area formula (3) and the surveyor’s formula (2) can
be displayed most clearly by using the notation for the integral of a differential form
over a curve. In this notation ([5], p. 290), the integral (3) over [a, b] is the integral of
the form w = (%)(x dy — ydx) over the curve C, denoted

x dx

%fcxdy—ydx, or %fc)’ dy

One might simply say that as Ax;, and Ay, become infinitesimals dx and dy, the
summation in the surveyor’s formula (2) is transformed into the integral (3).

Remarks. 1. By including in each partition of [a, b] all f-values at which either
C’(t) is zero or C(t) fails to be differentiable, the arc-length and area formulas are
seen to be valid for piecewise smooth curves, a large enough class to include all
curves studied in elementary calculus.

2. For certain pathological curves, the inscribed polygons corresponding to
partitions of the parameter interval [a, b] might cross themselves, even for arbi-
trarily fine partitions. This unfortunate complication could be circumvented either
by simply excluding such curves from consideration ([3], p. 187), or better, by
broadening the discussion to cover polygons and curves with self-intersections ([2],
p. 311).

Better still, by an application of Green’s theorem,

fcf(x,y)dx+g(x,y)dy=ffR(§—i-— %)dA,

which is valid for an arbitrary Jordan region R with boundary curve C ([1], p. 289),
the difficulty with pathological curves vanishes. Choosing f(x, y)= —(3)y and
g(x, y)=(3)x, we get (3)[/cxdy —ydx = [[r1dA, which (by definition) is the area
of the region R. Thus, our formula (3) is valid for any simple, closed, rectifiable,
oriented curve. The only point in mentioning the inscribed polygons is to provide a
geometric motivation for the line integral formula, and for this purpose we may
restrict attention to well-behaved curves.

332



Variants of the Area Formulas. The formula for the arc-length of a polar curve
r=f(0) (a <6 <b) is usually derived as a special case of the arc-length formula for
curves in parametric form, using the parametrization by polar angle: x(6)=

f(@)cos @ and y(8)=f(8)sind.
Since {x/(8))? + (7(8))> = (f(8))* + ( 1/(6))?. we have
L= ["{1(0))*+ (1(0))" ap.
Similarly, x(8)y’(8) —y(8)x’(8) = { f(8)}% and this yields the area formula
a=1["(/(0)) a0

for a simple, closed, polar curve.

The usual geometric argument, based on the formula 4 = (3)r?6 for the area of a
circular sector, shows that the polar area formula applies not only to simple closed
curves but more generally (1) [?{ f(6)}* d8 gives the area of the ‘sector’ bounded by
the rays § = a and 6 = b, and the curve r = f(8). (See Figure 6.)

(f(b). b)

(f(a).a)

polar ray

Figure 6.

This more general result can be derived by observing that \; ;» ‘ is identically 0

along any ray through the origin, since along such a ray the tangent vector (x’, y’)
is a multiple of the radius vector (x, y). So the integral () /xdy — ydx along the
segments from the pole to the point with polar coordinates (f(a), a) and from
(f(b), b) back to the pole will both vanish, leaving (1)/2{ f(8)}?d6 as the only
nonvanishing part of the integral of (1)(xdy —ydx) around the boundary of the
‘sector.’

In this connection, another view of the surveyor’s area formula should be
mentioned. Observe that

Xi-1 X

Yi-1 i

is the area of the triangle having vertices (x,_;, ¥;_;), (x;, y;) and (0,0), with the
orientation determined by the orientation of the ith edge in the original polygon.
Thus, the surveyor’s formula can be viewed as expressing the area of a polygon as
the sum of the oriented areas of the triangles formed by joining successive pairs of
vertices to the origin. (See Figure 7.)

1
2
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Figure 7. A= |A| + |A,| — |A;3| + |A4] — |As|. the sum of the oriented areas of the triangles
subtended by-the edges of the polygon.

This view leads to considering the differential form w = (3)(xdy —ydx) as the
‘radial area element’ in rectangular coordinates, just as one speaks of (1)r2d#@ as the
area element in polar coordinates. As the parameter ¢ runs from a to b, the ray
from the origin to the point C(t)=(x(¢), y(¢)) sweeps out an area which is
computed by integration of w over the curve C. Note that this interpretation of w
provides a simple explanation of Kepler’s law of equal areas for motion in a central
force field. In such a field, (x”, y”’) is a multiple of (x, y), so

’

i‘x x| _|x  x”
aly Yily oy

This means xy’ — yx’ is constant; that is, the area is swept out at a constant rate.

=0.

!’

We round out this discussion by briefly considering two useful variants of the
integral formula for the area inside a simple, closed curve:

A=fbx(t)y’(t)dt (4)
and

A= —Lby(t)x’(t)dt. (5)

Adding these together and dividing by 2 gives the symmetric formula (3). How are
(4) and (5) related to the surveyor’s formula for the area of a polygon? Defining
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(X,11> Vos1) to be (xg, y;), and collecting the coefficients of each x; in the
surveyor’s formula, one easily verifies the identity

D

19 |—
19—

yll i

i‘. (Vi — Yi- )

Writing the right side as

n

n
Z (=) + 52 x(vi—yi0),

i=1

19 =

it follows (as noted earlier) that as the mesh of the partition of [a, b] approaches 0,
this converges to

L5y (@ dee [x(0)(e) de= [x(0) /(1) .

A similar argument gives formula (5). As a matter of fact, the surveyor’s formula is
often expressed in the corresponding forms

= %in(yi+1 —Yi1) or A= %Zyi(xi—l —X;11)

in surveying books. (See [7], p. 202, or [8], p. 483.)

Some Exercises. A drawback of the formula L= ["/{x"(¢)}*+ {y'(¢)}* a1,
for classroom purposes, is that this integral is non-elementary for most curves. The
area integrals (3), (4), or (5) for many familiar curves, however, are easily evaluated.
Indeed, we invite readers to verify the area formulas for the following curves given
in parametric form.

. . x=bcost ., x=uacos’t
Ellipse: y=asint O<t<2m) Astroid: )= asin' O<t<2m)
Area = wab Area =}md’
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x=2acos t—acos 2t . x=2acost+acos2t
y=2asin t—asin 2t O<t<2m) Deltoid: ) _ 5 sint—asin2s

Area = 6ma? Area = 2ma?

Cardioid: O<t<2m)

x=a(1*-1)/(1*+1)

_ . loop:
. . X=acost+acos2t Strophoid:
. 2n/3<t<4m/3
Trisectrix: y=asint+asin2e 2m/ /3) (—l=<t<1)
3\/5) y=at(12—1)/(t2+1)

Area=a2(7r——2— Area=a%(4 —7)/2

inner loop:
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x=uasin2t One loop: x=2acost—asin2t
y=bsint (0<1<w) y=bsint
Area=%ab Area = 2mab

Hourglass: Teardrop: O<r<2m)
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All the pictures which science now draws of nature and which alone seem capable of according
with observational fact are mathematical pictures... . From the intrinsic evidence of His creation,
the Great Architect of the Universe now begins to appear as a pure mathematician.

Sir James Hopwood Jeans (1877-1946), The Mysterious Universe, 1930.
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