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Derivatives and the Shapes of Graphs

INCREASING/DECREASING TEST:
(a) If f'(z) > 0 on an (open) interval I, then f is increasing on /.

(b) If f'(z) < 0 on an (open) interval I, then f is decreasing on I.
EXAMPLES:

1. The function f(x) = 3z + 8 is increasing on (—o0,00), because f'(z) = 3 is positive on
(—00,00).

1-2 2
2. The function f(z) = z Tis decreasing on (—o00,00), because f'(z) = ~% is negative on
(—00, 00).
3. The function f(x) = z? is decreasing on (—oco,0) and increasing on (0, 00), because f'(z) =
2z is negative on (—oo ) and positive on (0, 00).
4. The function f(m) 3 is increasing on (—o0, 00), because f'(x) = 3x? is positive (nonneg-
ative) on (—o0, 00).
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5. The function f(z) = — is decreasing on (—o0, 0) and (0, 00), because f'(z) = ——; is negative

x x

everywhere except for x = 0.
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EXAMPLE: Find where the function f(z) = 3z* — 423 — 122 4 5 is increasing and where it is
decreasing.
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EXAMPLE: Find where the function f(z) = 3z* — 42® — 1222 + 5 is increasing and where it is
decreasing.

Solution: Since

f'(z) = (32* — 42® — 1207 + 5) = 122° — 122% — 242 = 122(2* — v — 2) = 122(2 — 2)(x + 1)

we have
Interval |12z |z —2|xz+ 1| f'(x) f T
r<—1 - - - — | decreasing on (—oo, —1) . R ﬂ
-l<z<0| — - + + | increasing on (—1,0)
O<zr<2 | + - + — | decreasing on (0, 2) v
x> 2 + + + + | increasing on (2, 00) 30

B J + ¥

[ (e}
\
N\

Therefore f is increasing on (—1,0) and (2, 00); it is decreasing on (—oo, —1) and (0, 2).

THE FIRST DERIVATIVE TEST: Suppose c is a critical number of a continuous function f.

(a) If f’ changes from positive to negative at ¢, then f has a local maximum at c.
(b) If f" changes from negative to positive at ¢, then f has a local minimum at c.

(c) If f" does not change sign at ¢ (that is, f’ is positive on both sides of ¢ or negative on both
sides), then f has no local maximum or minimum at c.

fx)>0 i fx) <0 Fx)>0
! Fl) <0 £ >0 | f>0
| |
| | |
C

/ ¢ \ X ¢ X o 1

(a) Local maximum (b) Local minimum (c) No maximum or minimum (d) No maximum or minimum
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EXAMPLE: Find where f is increasing and where it is decreasing. Find the local maximum
and minimum values of f.

(a) flz)=a"—42° + 4a? (b) flz) =2z +3Va?
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EXAMPLE: Find where f is increasing and where it is decreasing. Find the local maximum
and minimum values of f.

(a) f(z) =2 —42® + 42? = 2*(2? — 4w + 4) = 2%(z — 2)?
Solution: Since
fl(z) = (z* — 42® + 42?) = 42® — 122° + 8x = 4w(2? — 32+ 2) = 4o (x — 1)(x — 2)

the critical numbers are x = 0,1 and 2. We have

= 0 - 1 R 2 —F

Therefore f is increasing on (0, 1) and (2, 00); it is decreasing on (—o0,0) and (1,2). Because
f'(x) changes from negative to positive at 0 and 2, the First Derivative Test tells us that
f(0) =0 and f(2) = 0 are local minimum values. Similarly, since f’(x) changes from positive
to negative at 1, f(1) =1 is a local maximum value.

4

(b) f(z) =2z + 3¥/a2

Solution: Since
2 2 23 ) 2(3 1
f,(x):(2$+3$2/3),=2—|—3-§x2/3_1:2_|_2x—1/3:2+ _ \/E—i— (\/E‘l' )

or
2 2( 1
Fla)= 2o +30%) =243 242 =24 2078 = 2713 4 1) = Ve +1)
3 Jr
the critical numbers are x = —1 and 0. We have

Tl - 0 ¥

Therefore f is increasing on (—oo, —1) and (0, 00); it is decreasing on (—1,0). Because f'(x)
changes from positive to negative at —1, the First Derivative Test tells us that f(—1) = 1is a
local maximum value. Similarly, since f’(x) changes from negative to positive at 0, f(0) =0 is
a local minimum value.
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DEFINITION: If the graph of f lies above all of its tangents on an interval I, then it is called

concave upward on [. If the graph of f lies below all of its tangents on an interval I, then it
is called concave downward on /.

DEFINITION: A point P on a curve y = f(z) is called an inflection point if f is continu-
ous there and the curve changes from concave upward to concave downward or from concave
downward to concave upward at P.

VA

EXAMPLE: In the picture above, B, C, D, and P are the points of inflection.
CONCAVITY TEST:

(a) If f”(x) > 0 on an (open) interval I, then the graph of f is concave upward on I.
(b) If f”(x) <0 on an (open) interval I, then the graph of f is concave downward on /.

EXAMPLES:

1. The function f(z) = z? is concave upward on (—o00,00), because f”(z) = 2 is positive on
(—00,00). There are no inflection points.

2. The function f(z) = z® is concave downward on (—o0,0) and concave upward on (0, cc)
because f”(z) = 6x is negative on (—o0,0) and positive on (0,00). The point x = 0 is the
inflection point.

1
3. The function f(z) = — is concave downward on (—o0,0) and concave upward on (0, c0)
T

because f”(r) = — is negative on (—o0,0) and positive on (0,00). There are no inflection
T
points.

EXAMPLE: Find intervals of concavity and the inflection points of f(z) = 2* — 423 + 422
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EXAMPLE: Find intervals of concavity and the inflection points of f(z) = 2* — 423 + 422
Solution: Since f'(z) = 423 — 122 + 8z, we have
f(z) = (42® — 122% + 8x) = 122 — 24w + 8 = 4(32* — 62 + 2)

Solving the quadratic equation 3% — 6z + 2 = 0, we obtain that f”(z) =0 at

x6i\/62—4-3-26i\/ﬁ{6 V12 Vi3 Vi3 2v/3
B B B 2.3
1

-+t —=1t——=1+H+——=1=
2-3 6 6 6 6 6

w

=1+ —

V3

We have

Therefore f is concave upward on (—oo,1 — 1/v/3) and (1 +
1/v/3,00); it is concave downward on (1 — 1/4/3,1 + 1/4/3). The N
points 1 + 1/4/3 are the inflection points since the curve changes
from concave upward to concave downward and vice-versa there. : T 3

THE SECOND DERIVATIVE TEST: Suppose f” is continuous near c.
(a) If f'(c) =0 and f”(c) > 0, then f has a local minimum at c.

(b) If f’(¢) =0 and f"(c) <0, then f has a local maximum at c.

VA
/f
J. (x)

P
fla=0 f
( | f(c)[
L
C

X X

EXAMPLES:
1. Let f(x)=1% Since f'(0)=0 and f”(0)=2>0, it follows that f has a local minimum at 0.

2. Let f(x)=ux. Since f'(x)=1, the test is inconclusive. Note, that f(z) does not have local
extreme values by the First Derivative Test.

3. Let f(z)=a" Since f'(0)=0 and f”(0)=0, the test is inconclusive. Note, that f(x) has the

local minimum at x = 0 by the First Derivative Test.

EXAMPLE: Discuss the curve f(z) = 2% — 42% with respect to concavity, points of inflection,
and local maxima and minima. Use this information to sketch the curve.
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EXAMPLE: Discuss the curve f(z) = 2% — 42% with respect to concavity, points of inflection,
and local maxima and minima. Use this information to sketch the curve.

Solution: We have
fl(z) = 42® —122% = 42*(z - 3), f"(v) = 122° — 24z = 122(2z — 2)

To find the critical numbers we set f'(z) = 0 and obtain x = 0 and x = 3. To use the Second
Derivative Test we evaluate f” at these critical numbers:

F0)=0, f'(3)=36>0

Since f'(3) = 0 and f"(3) > 0, f(3) = —27 is a local minimum. Since f”(0) = 0, the Second
Derivative Test gives no information about the critical number 0. But since f'(z) < 0 for x < 0
and also for 0 < x < 3, the First Derivative Test tells us that f does not have a local maximum
or minimum at 0O:

= 0 B 3 ¥

Since f”(z) = 0 when = 0 or 2, we divide the real line into intervals with these numbers as
endpoints and complete the following chart.

Interval | f"(z) = 12z(x — 2) | Concavity

(—00,0) + upward -
(0,2) — downward inﬂ;ﬁﬁfﬁi

(2,00) + upward
T - 2 T

The point (0,0) is an inflection point since the curve changes from concave upward to concave
downward there. Also, (2, —16) is an inflection point since the curve changes from concave
downward to concave upward there.

NOTE: The Second Derivative Test is inconclusive when f”(c¢) = 0. In other words, at such a
point there might be a maximum (for example, f(z) = —z?), there might be a minimum (for
example, f(z) = %), or there might be neither (as in the Example above). This test also fails
when f”(c) does not exist. In such cases the First Derivative Test must be used. In fact, even
when both tests apply, the First Derivative Test is often the easier one to use.
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Appendix

EXAMPLE: Let f(z) = 322.

(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.

(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:

(a) We have
f'(x) = (32%) = 3(2*) =3 - 2x = 62

Since
6r=0 <«<— x=0

it follows that the critical number of f is x = 0.

(b) We have
= 0 T

Therefore f is increasing on (0, 00); it is decreasing on (—o0, 0).

2010 Kiryl Tsishchanka

(c) Because f'(z) changes from negative to positive at 0, the First Derivative Test tells us that

f(0) = 0 is a local minimum value.

(d) We have
f'(@) = (62) = 6(a) =6-1=6

Since f'(0) = 0 and f”(0) = 6 > 0, the Second Derivative Test tells us that f has a local

minimum at 0.

EXAMPLE: Let f(x) = 7z? — 3z + 2.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(¢) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(z) = 722 — 3z + 2.
(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have

fl(x)= (T2 =30 +2) = (7T2*) — B2) +2' =7(2*) —=3(2) +2=7-20—3-1+0 =142 -3

Since 9
14dr —3=0 <= ldr=3 <+— x:ﬁ

it follows that the critical number of f is x = %

.

(b) We have

3 3
Therefore f is increasing on (ﬂ’ oo); it is decreasing on (—oo, ﬂ) .

: . 3 : o
(c) Because f'(z) changes from negative to positive at 7 the First Derivative Test tells us

4
that f (%) = 2—; is a local minimum value.

(d) We have

(@) =14z —3) = (14z) =3 =14(z) =3 =14-1-0=14

3 3
Since f’ (ﬂ) =0 and f” (ﬁ) = 14 > 0, the Second Derivative Test tells us that f has a

local minimum at —.
14

EXAMPLE: Let f(x) =5 —x — 92°.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(x) =5 —x — 92°.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.
Solution:
(a) We have
flxy)=(—-2-92%) =5 —2"—(92%) =5 -2’ —9(2*) =0-1-9-20 = -1 - 182
Since
—1-18r=0 <+—= —-1=181 +— x=-——

1
it follows that the critical number of f is x = TS
(b) We have

I e U

1 1
Therefore f is increasing on (—oo, —1—8); it is decreasing on (—1—8, oo) )

1
(c) Because f'(x) changes from positive to negative at 13’ the First Derivative Test tells us

1 181
that f (_E) =35 is a local maximum value.

(d) We have

F(z) = (=1 —18z) = (1) — (18z) = (1) — 18(z) =0 — 18 -1 = —18

1 1
Since f’ (_1_8> =0 and f” (_E) = —18 < 0, the Second Derivative Test tells us that f has

a local maximum at ——

18
EXAMPLE: Let f(x) = 223 — 2722 + 4.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.
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EXAMPLE: Let f(x) = 223 — 2722 + 4.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Use the First Derivative Test to find the local extreme values of f.
(d) Use the Second Derivative Test to find the local extreme values of f.
Solution:
(a) We have
f(z) = (223 —272°+4) = (223) = (272%) +4" = 2(2®) —27(2?) +4' = 2:322—27-224-0 = 62> —5da
Since
62° —5dr =0 <= 6r(z—9)=0
it follows that the critical numbers of f are x =0 and z = 9.
(b) We have

¥ 0 - +

[ =)

Therefore f is increasing on (—o0,0) and (9, 00); it is decreasing on (0, 9).

(c) Because f'(z) changes from positive to negative at 0, the First Derivative Test tells us that
f(0) =4 is a local maximum value. Similarly, since f’(x) changes from negative to positive at
9, £(9) = =725 is a local minimum value.

(d) We have
f"(x) = (62% — 542) = (62°)" — (54x) = 6(2*) — 54(x) =620 — 54 -1 = 122 — 54

Since f'(0) = 0 and f”(0) = —54 < 0, the Second Derivative Test tells us that f has a local
maximum at 0. Similarly, since f'(9) = 0 and f”(9) =54 > 0, f has a local minimum at 9.

EXAMPLE: Let f(z) = 3z — 4a3.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.

10
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EXAMPLE: Let f(x) = 3z — 4a3.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.

(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have

f'(x) = (3x — 42®) = (32)' — (42*) = 3(z) —4(2*) =3-1—4-32° =3 — 1222

Since
31220 e 3-122 e PS-o-b o pox/ioid
B B 12 4 V4 T2
. o 1 1
it follows that the critical numbers of f are x = 3 and z = —5

(b) We have

T2 12—

Therefore f is increasing on (—1/2,1/2); it is decreasing on (—oo, —1/2) and (1/2, c0).
(c) Because f’(x) changes from positive to negative at 1/2, the First Derivative Test tells us

that f 5) = 1 is a local maximum value. Similarly, since f'(z) changes from negative to
positive at —1/2, f (—%) = —1 is a local minimum value.
(d) We have
() =(3-122") =3 — (122°) =3 - 12(2*) =0 - 12 - 22 = —24z
Since f’ (%) =0 and f” (%) = —12 < 0, the Second Derivative Test tells us that f has a

1 1 1
local maximum at 7 Similarly, since f’ (—§> =0 and f” <—§) =12 > 0, f has a local

minimum at 5

11
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EXAMPLE: Let f(z) = §x3 + 2% — 152 + 1.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.
(

d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have
/ 1 3 2 , 1 3 / 2\/ ! ! 1 3\/ 2\/ / !
fl(x) = 37 +a2°—15c+1) = 3” + (%) — (15z)" + 1 :5(30) + (z7) — 15(x)" + 1
L
:§~3x +2r—15-140
=1"+2z—15
Since
420 —15=0 <= (z—-3)(z+5)=0
it follows that the critical numbers of f are x = 3 and x = —5.
(b) We have
Interval |z —3|z+5| f(x) f
r <=5 — — + | increasing on (—oo, —5)
—S<r <3| — + — | decreasing on (—5, 3)
r >3 + + + | increasing on (3, c0)
g

Therefore f is increasing on (—oo, —5) and (3, 00); it is decreasing on (-5, 3).

(c) Because f'(x) changes from positive to negative at —5, the First Derivative Test tells us

that f(—5) = —— is a local maximum value. Similarly, since f’(x) changes from negative to

positive at 3, f (3) = 26 is a local minimum value.

(d) We have
f(z) = (2* + 22 — 15) = (%) + (2z) — (15)' = (2*) +2(x) — (15) =22 +2-1 -0 =27 + 2

Since f'(—5) =0 and f”(—5) = —8 < 0, the Second Derivative Test tells us that f has a local
maximum at —5. Similarly, since f'(3) =0 and f”(3) =8 > 0, f has a local minimum at 3.

12
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EXAMPLE: Let f(x) = 3z* — 1623 + 242% + 1.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Use the First Derivative Test to find the local extreme values of f.

(d) Use the Second Derivative Test to find the local extreme values of f.

Solution:
(a) We have
fla) = (3a" =162 + 200 4 1) = (30") = (162°)'+ (24%) 41
=3 (%) — 16 (2%)" + 24 (2*) + 1
=3-42° — 16 - 32" +24 -2z + 0
= 1223 — 482 + 48z
Since

120° — 4827 + 487 =0 <= 120(z> —4da+4)=0 <= 12z(z-2)>=0

it follows that the critical numbers of f are x =0 and = = 2.

(b) We have
Interval |12z | (z —2)? | f'(x) f
x <0 - + — | decreasing on (—o0,0)
O<z<2| + + + | increasing on (0, 2)
x> 2 + + + | increasing on (2, 00)
= 0 T 2 —

Therefore f is increasing on (0, 00); it is decreasing on (—o0, 0).

(c) Because f'(x) changes from negative to positive at 0, the First Derivative Test tells us that
f(0) =1is alocal minimum value. Since f’(x) does not change its sign at 2, f (2) = 17 is not
a local extreme value.

(d) We have
() = (1223 — 4822 + 48x) = (1223) — (482%) 4 (482)" = 12(2®) — 48(x?)’ + 48(z)’
=12-32% —48-2x +48-1
= 362% — 96z + 48

Since f'(0) = 0 and f”(0) = 48 > 0, the Second Derivative Test tells us that f has a local

maximum at 0. However, since f'(2) = 0 and f” (2) = 0, the Second Derivative Test test is
inconclusive.

13
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1
EXAMPLE: Let f(z) = —.
T

(a) Find the critical numbers of f, if any.
(b) Find the intervals on which f is increasing and decreasing.
(c) Find the local extreme values of f, if any.

Solution:
(a) We have

9 1

e

Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is
x = 0, but this number is not from the domain of f. Therefore f does not have critical numbers.

(b) We have

Therefore f is decreasing on (—oo,0) and (0, 00).
(c) Since f does not have critical numbers, it does not have local extreme values.

EXAMPLE: Let f(z) = 3

x?
(a) Find the critical numbers of f, if any.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f, if any.

Solution:
(a) We have

3 !/

f(a) = (—) = (307 =3() =3+ (-2a = 6P =~
x

Note that there are no numbers at which f’ is zero. The number at which f’ does not exist is

x = 0, but this number is not from the domain of f. Therefore f does not have critical numbers.

(b) We have
_l’_

[l
\

Therefore f is increasing on (—o0,0); it is decreasing on (0, o).

(c) Since f does not have critical numbers, it does not have local extreme values.

14
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4
EXAMPLE: Let f(z) =2+ —.
x
(a) Find the critical numbers of f, if any.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f, if any.

Solution:
(a) We have

4 !

f’(x):(x—i-;) (x+4x ) = (4™ ) =2"+4(z7)
—1-1 —2 4

Since 4 4

l-5=0 <= 1= <+ =4 <— =42

x x

it follows that f/ =0 at x = —2 and x = 2. We also note that the number at which f’ does not
exist is = 0, but this number is not from the domain of f. Therefore the critical numbers of
f are x = —2 and x = 2 only.

(b) Note that

/ p— pa— p— p— pa—
fla)=1- = - =—% =% = 2
hence
Interval | 2% |z —2 |2+ 2| f'(x) f
r<-=2 |+ | - - + | increasing on (—o0, —2)
—2<z<0|+| - + — | decreasing on (—2,0)
O<z<2 |+ | — + — | decreasing on (0, 2)
x> 2 + | + + + | increasing on (2, 00)
T E 0 B 2 —F

Therefore f is increasing on (—oo, —2) and (2, 00); it is decreasing on (—2,0) and (0, 2).

(c) Because f'(x) changes from positive to negative at —2, the First Derivative Test tells us
that f(—2) = —4 is a local maximum value. Similarly, since f’(x) changes from negative to
positive at 2, f(2) =4 is a local minimum value.

15
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EXAMPLE: Let f(z) =azlnz — x.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.
(c) Find the local extreme values of f.

Solution:
(a) We have

fl(x)=(rlnz —2) = (zlnz) —2' =2'Inz +2(nz) — 2’

1
=1l-lnz+z-——1l=lharx+1—-1=lnz
T

Since
Inz=0 <«— z=1

it follows that f* = 0 at & = 1. Therefore the critical number of f is z = 1.

(b) We have

= 1 +

Therefore f is decreasing on (—o0, 1); it is increasing on (1, c0).

(c) Because f'(z) changes from negative to positive at 1, the First Derivative Test tells us that
F()=1-In1—1=1-0-1=0-1=—1

is a local minimum value.

EXAMPLE: Let f(z) =2z lnx — 3z.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f.

16
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EXAMPLE: Let f(z) =2zlnx — 3.

(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.
(c) Find the local extreme values of f.

Solution:
(a) We have

fl(r) = (2rInz —32) = 2zlnz) — (3) =2 (xInz) — 3(z)

=2(2'Inz +x(Inz)) — 3(z)

1
:2<1-lnas+x-—)—3-1
T

=2(nz+1)—-3=2lhz+2-3=2hz—-1

Since

1
2lnx —-1=0 <= 2hzr=1 <= ln:c:§ — z=c2=\/c

it follows that f' = 0 at @ = y/e. Therefore the critical number of f is x = /€.
(b) We have
- N

@

Therefore f is decreasing on (—oo, +/€); it is increasing on (v/e, 00).

(c) Because f'(x) changes from negative to positive at /e, the First Derivative Test tells us
that

1
f(Ve) =2 Ine? — 3e'/? = 2¢% . —Ine — 3¢'/?

N = Do

=22 21— 3e! /2 =el/2 _3el/2 = 212 = 2/

is a local minimum value.

EXAMPLE: Let f(z) = (z —2)e ™.
(a) Find the critical numbers of f.
(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f.
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Section 4.3 Derivatives and the Shapes of Graphs 2010 Kiryl Tsishchanka
EXAMPLE: Let f(z) = (z — 2)e.

(a) Find the critical numbers of f.

(b) Find the intervals on which f is increasing and decreasing.

(c) Find the local extreme values of f.

Solution:
(a) We have
o) = (@=2e) = (@=2e +(@-2) ()

=@ -2)e "+ (x —2)e " (—x)
=(1-0)e "+ (x—2)e " (-1)
=l-e®—(xr—2)e"
- e—x<1 (- 2))
=e " (l—z+2)
=e *(3—x)

Since

e’B3-2)=0 <= 3—-2x=0 <= x=3
it follows that f' = 0 at x = 3. Therefore the critical number of f is z = 3.
(b) We have
- 3 =

Therefore f is increasing on (—o0, 3); it is decreasing on (3, c0).
(c) Because f'(z) changes from positive to negative at 3, the First Derivative Test tells us that
fB=0B-2e?=1-e?=¢"

is a local maximum value.
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